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1 PROOFS AND DERIVATIONS

In this appendix, we report the proofs and derivations, we have omitted in the main paper.

1.1 PROOFS OF SECTION|4|
Proof of Proposition {.1]

Proof. Let us consider the following derivation:

B,z 1)/ ()] — Eoplf(2)] = L %mdx _E,p[f(@)]
)

_ Bavp[h(f(2))f(@)] — Ean p[f(2)]Ear p[A(f(2))]
E; p[ ( (x))]
_ Coveeplh(f(2)). f(x)]
Eovp[h(f(z))] 7
where we have exploited the definition of Zj,.y and the definition of covariance. The result is obtained by recalling that h

is increasing and the covariance between two increasing functions of the same random variable (i.e., h and the identity
function) is non-negative [Cuadras}, 2002]. O

Proof of Theorem [4.2]

Proof. We are going to actually prove a more general statement in which we consider a non-negative monotonic increasing
function A that is composed to function f, i.e., h o f. The theorem statement can be obtained by setting h to be the identity
function.

We start with (i). First of all, we observe that since & is monotonically strictly-increasing it holds that Var, . p[f(z)] = 0 if
and only if Var,..p[h(f(x))] = 0. P is a fixed point of T}, 7, i.e., P = Zj,o¢[P] a.s. if and only if for all z € X’ it holds a.s.:

 p@h(f(@)
o) = g, (@)

that occurs if and only if either p(z) = 0 (z ¢ supp(P)) or h(f(x)) = Eywp[h(f(z))]. (=) Whenever p(z) is not
zero, function h(f(x)) is a constant in supp(P) and, consequently, its variance under P is zero. (<) Suppose that

Vary~p[h(f(z))] = 0, then h(f(z)) = E,~p[h(f(x))] almost surely and, consequently % = p(z) almost
surely. Let us now consider (ii). First of all, we can easily observe that for every k € N:
p(x) f(x)*

k j—
(Zner)” IPN() = g o3
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k
Let f* = maX,esupp(p) 1/ ()}, consider the function gx.(z) = p(z) (f(z)> and the limit:

E
. . F@)\* _ [p) ifzex
1 =1 - |
kg&gk(x) kgnoop(ir) < 1= 0 otherwise
Thus, we have:
p(@)f(x)*
— i of ) LPN(@) = lim e e
Qo Jim. (T, f) [P](z) = Py §yp(x)f(2)kde
_p@) *
= lim _gilz) = { Sxx p(@)de roed .
Jim. SX g (z)dz 0 otherwise

Thus, the support of Q4 is given by X'*. Consequently, the expectation of f under Qo is given by:

Eo-q. [f(2)] = L oo () f (2)daz = f*.

Proof of Theorem

Proof. We are going to actually prove a more general statement in which we consider a non-negative monotonic increasing
function h that is composed to function f, i.e., h o f. The theorem statement can be obtained by setting h to be the identity
function.

Let us consider the following derivation:

3 T oarads [ (P@RE@) T
Ii= [ ortPD @) e ar = [ (LI ayroeq
 Eor[h(f(@)]
Eovp[h(f(z))]*
By observing that D, (Inof[P]|P) = 5 , i . = 1, we provide an independent derivation:

p(2)h(/ (2)) p()h(f (2))
Dra (ol PIP) = | B[R @)] 8 By p[(f (2)]0(2)
 Eawplh(f(2)) og h(f ()] — Bawp[A(f ()] Ee pllog h(f (2))]
E, ([ ()]
_ Covawplh(f(2)), logh(f(z))
E (@]

where we exploited the definition of covariance in the last line. O

dx

1.2 PROOFS OF SECTIONJ3|

Proof of Proposition

Proof. We are going to actually prove a more general statement in which we consider a non-negative monotonic increasing
function A that is composed to function f, i.e., h o f. The theorem statement can be obtained by setting h to be the identity
function.

(z)
is smaller or equal than the (non-central) a-moment. Thus, for v € [2, +00), we have:

<o | (Bnan) |

First of all, we observe that since E g [p(w) h(f(x))] =E,.p[h(f(z))], for « € [2, +0), the absolute central c-moment

IM T)) — X
E,-o Hq(x)h(f( ) = Eawr[h(f(x))]




(@) e e
_ L (M[h(f(x)]) 0(@)' 2By p[h(f(2))]
)

- | (@i lPY@)" ale)'Bp @)

— o {0~ 1) 108 [ (@eglPD@)" ale)' e Eempln( )"
where the first inequality follows from Lemmawith Y= (zg;) h(f (x))) /Ex~p[h(f(x))]. By applying the definition
of Rényi divergences, we get the result. O
Proof of Theorem

Proof. Let us consider the following derivation:

E,-o[h(f(x)"] = f ¢(@)h(f (x))*dz

X

)
(z))*dz + L p(x) (q(x) — 1) h(f(z))*dx

p(x)

q(x)
= Eor[h(f (@) + —— J ) da

! Lp@c) (ggxi) h(f () d

o 1 p(x)\* ! o
. Lp(m)h(f( praes 2 [ o (1—() )h(f(x)) da M

- Enr ()" e { (0= )L log [ (M

>]> o)

=E,p[h(f(z))*] + Eqp[h(f(2)]* (e(afl)Da(IhofHP) - e(afl)Da(IhofHQ)> ,
where line (T)) derived from Lemma|[T.2] The second inequality was provided in Proposition 6 of [Ghosh et all2020]. O

Proof of Theorem

Proof. We are going to actually prove a more general statement in which we consider a non-negative monotonic increasing
function h that is composed to function f, i.e., h o f. The theorem statement can be obtained by setting h to be the identity
function.

Let us consider the sequence of distributions (Q)ren, generated by the iterate in Equation , where possible ties are
broken with an arbitrary (possibly with a tie-breaking rule T}, different for every k). From Theorem[5.2] we have for every
keN:

Em~Qk+1 [h(f(x))a] - Ew~Qk [h(f(‘r))a]



s Eorau [h(ii(x))]a (e(omDPeBier QuIIQ0) _ o) (Faer Q@) 2.,
a—

where we simply exploited that Q) € argmingeg {Da(Zhof[Qk]|Q)}. Thus, Ex g, [A(f(2))?] is a non-decreasing
function of k. Since h o f is bounded, it must be that limy_,o Exq, [R(f(2))¥] = pteo < 00, that proves convergenceﬂ

Furthermore, being convergent, for £ — o0 it must be that E, ., [h(f(x))*] = Ez~q,., [R(f(x))*] and consequently
Do (Zhos[Qk)|Qk) = Da(Zhor[Qk]|Qr+1)- Therefore, even if the tie-braking rule prescribes to select Q41 # Qr wWe
could select (Y instead, since it lead to the same divergence value. Consequently, being ) a solution, we can assert that it
is a stationary point of the function D, (Zpo[Qr]||-) (as well as Qr41):

0= Vq(.)Da (Ihof [Qk] HQ) |Q=Qk

1 « «@ 11—«
= (a1)6((11)Da(IhOf[Qk]|Q)EI~Qk[h(f(I))]vq(')JX h(f(x))%qr(x)*q(x)“dz|g=q,
1 —a
T e VDT [QUIDE, o [A(f(2)) f Mf @) ax(e)"a() ™" drlo-qu
1 Oé
- e(afl)Da (Zhos [Qk]”Q)]Ez~Qk J h dz.

We observe that the latter expression is zero if and only if the gradient of E,.q[h(f(z))*] w.r.t. Q is zero. Indeed:

Vi Eznglh f h(f(x))*dx.
Thus, the process converges to a stationary point of E, g, [A(f(x))%]. O
Proof of Theorem 5.4
Proof. The proof is a simple application of Lemma by taking Q < P, Q* «— Qf, and P — Zi[P]. O

1.3 PROOEFS OF SECTION@

Proof of Theorem

Proof. We start observing that each addendum of d, (Zr[Qe,] ®; ;) is non negative. Since all terms are i.i.d., we can
apply unilateral Bernstein’s inequality that allows achieving an exponential concentration. Thus, for every ¢ € [0, 1], with
probability at least 1 — ¢ it holds that:

B[ (28 10) | < 4. (1@ lIQes 1

R 1
+ \/ 2Var,, <o, , [da (Z[Qe.] @i,j)] log .

Thus, it remains to provide a bound on the variance term. We exploit the fact that h(f(z)) < 70 and that each addendum
represents an i.i.d. random variable:

Varz,~e, [‘?a (Z5[Qe ] (I)i,j)]
qe, (T)” a>2
E. ~
() k;] ZEZ S l(q)m(a?k,z)qg(xk,z)“_lf(x)
i) % Eewys. (G petma )
(ng)? i T\ @ (k) ge (wr )

Esvg, [A(f(2)]*

"Notice that the improvement holds also for & < 1. Indeed, while it is true that p—

< 0, but in such a case function
e D0 jg decreasing in its argument.



- ”::Ew@i,j l(q)”(q;);:();mf} .

1.4 TECHNICAL LEMMAS

Lemma 1.1. Let « € [2,+00) and let y be a non-negative random variable with expectation 1. Then, it holds that
Efly — 1]*]"/* < E[y*]"/~.

Proof. When y = 0 and « € [2, 4+00), it holds that y* — |y — 1|* > y — 1. Consequently, we have:

Efly —1*] <E[y* —y + 1] < E[y"].

Lemma 1.2. For every x = 0 and « € (0,1) U (1, o), it holds that:

1 1
r—1= 1-— .
a—1 ga—l

Furthermore, for o = 1, it holds that:
x—1>=logx.

Proof. Consider the auxiliary function go(z) = # — 1 — = (1 —

=) ) We are going to prove that the minimum of
Jo () is zero. Suppose o > 1, then g, (0) = o0 and g,(0) = 0. Thus, the minimum must lie in between and since function

g 18 differentiable, we have:

1

go—1

0

—ga(x)=1—2"%=0 = 2ax=1

or 9a()
Thus, we have g, (1) = 0. Suppose now that & < 1, we have g, (0) = 12~ > 0 and g, (o) = 0. Thus, again, the minimum
must lie in between and with the same calculations as before, we conclude g, (1) = 0. The case o = 1 is trivial. U

Lemma 1.3. Let P € P(X) and let o € [0,1). Let Q € P(X) be an (1 — «)-convex [[van Erven and Harremoés, 2014,
Definition 4] subset of distributions. Let Q* € Q be the a-moment projection:

Q* = argmin {D,(P|Q)}.
QeQ

If Q* exists, then for every QQ € Q if holds that:

Do (P|Q) = Da(PQ*) + Da(QF[Q).

Proof. The proof of the result is inspired to [van Erven and Harremogs| 2014, Theorem 14]. Let A € [0, 1] and let us define
Q. as the (1 — a, (1 — A, A))-mixture of Q* and Q:

1

an(@) = 27" (L= Ng* (@)~ + Aqla)' ) 7

7\ = L{ (1= Ng* (@) + )\q(ac)lfo‘)ﬁ dx.

Let us first observe that for A = 0, we have Qy = Q* and Zy = §,, ¢*(x)dz = 1. Since Q is (1 — c)-convex and Q* is the
minimizer over Q, it holds that 5 D, (P Qx)|x—0 = 0. First of all, we compute:

|| peran@ e = 2570 [ [(0-Ap(e)*a* @) + Mol ale) ] do
X X



0 1
Y7
N 14

L (1= Ng* (@) + Ag(x) =) ™7 (g()'* — ¢*(2)'~°) da.

The latter, for A = 0, becomes: O%ZA’ = = [§, a*(2)*q(x)' = — 1]. For calculation easiness, instead of directly

A=0
operating on D, (P||@»), we consider:
(9 — o— [e% - « —x
75 | P e e = 257 [ a7+ pla) () da,

Fla-1)Z57 22 L [(1 = Np(@)*q* (@)~ + Ap(a)*g(x)' ] da.

We now evaluate it at A = 0:
6 J- p((L‘)an(CIT)l_ad!E’ z_f P *(
a)\ X A=0 X
- (

@) @) "o + | plo)a(o)' s
[ pore @[ o ea-1].

X

For a > 1, we require % §4 p(x)¥qn (x)l_“dx‘ > 0, to obtain:

Lp(x)“q(x)“adw f p(z)%q* ()~ dx J ¢ (x)%q(x) ~da.

X X

By applying both sides the log function and dividing by ﬁ > (0 we get the result. Symmetrically, for o < 1, we require

the converse 5§, p(z)“q» (x)l_"dx‘/\ < 0. Recalling that —= < 0, we obtain the desired result. O

2 CLOSED FORM OF THE INTEGRAL FOR GAUSSIANS

In this appendix, we derive a closed form for the integral involved in the computation of the bound of Theorem 6.1]in the
case that all involved distributions are Gaussians and for o = 2. Let us introduce the notation:

N:N(Hu72u)7 (b:N(NdMEd))’ Z/:N(l"wEV)' (2

We have to compute the following integral:

4
f )
x o(x)v(x)
Let us start elaborating on the integrand function, denoting for properly sized vector x and matrix S, |m||s = x”Sx and |S|
the determinant of S:

(%) (2m) 28l 2 exp (20 — pully, )

2
PO (am) k2 Zg |12 exp (—1/20x — pgl, 1 ) m)HBl exp (< Ix — molG, )

(ZTF)_k/2|Eu‘_2

= W exp (—QHX - N/JHQE‘;I +1/2x - H¢H§:¢*1 +[x - Mu”%;l) ‘

Now, we have to deal with the argument of the exponential:
2 2 2
—2[x — Nu“z‘;l +1/2x — N¢H):¢*l +x - HVH):,;I

1
= —5x" (48,7 = BT -2, ) x+ (48, M — B e =28, ') x

_

M bT

1 _ _ _
=5 (A" B i — 10" S 7 g — 240" )

Cc




We now proceed completing the square:
x'TMx —2b"7x = (x = M 'b)'M(x — M~'b) — b" M 'b.
Thus, we have:
—% (xTMx —2bTx + c) - —%(x ~ M 'b)"M(x - M~'b) + %bTM_lb - %c.

Moreover, we observe that the following expression is the density of a k-variate normal distribution with mean M ~'b and
covariance matrix M~

1
(2m)F2 M2 exp <_2(x ~M %) TM(x — Mlb)) .
Thus, its integral is 1. Therefore, coming to the initial expression:

4 2 —k/2 > —2 —1 1 1
o (X) dx = ( ﬂ—) | H‘ ((277_)7/6/2|M—1|71/2) exp <2bTM_1b o 20>

X OX(x)2T [Se[ 12, |1
1/2
— ‘2¢| ‘EV‘ exp 1 bTMilb*C
S22 2

3 GRADIENT OF THE OBJECTIVE FUNCTION OF THEOREM

In this appendix, we report the expression of the gradient of the right hand side of Theorem [6.1}

1 q&-(mkl)a
1—a)— i Velogqe(xr,)) fe)®
| )”3 kGZ[j]ZE%L] ‘I)i»j(xk,z)%(ﬂﬁk,z)a‘l( slogde(ms)) f(zes)
log(1/6) qe, (x

. — | 5
20§y et de 3% P (@)e(@

)2a

—2(a — 1)m“ 2D (Velog ge(z)) do

The integral present in the second addendum can be either evaluated from samples (i.e., replacing the expectation with
the sample mean) or computed exactly for common classes of distributions, e.g. Gaussian distributions, as we show in
Appendix

4 EXPERIMENTAL DETAILS
In this appendix, we report the experimental details and additional experimental results.

Infrastructure The experiments have been run on two machines:

¢ 2 x CPUs Intel(R) Xeon(R) CPU E7-8880 v4 @ 2.20GHz (22 cores, 44 thread, 55 MB cache) and 128 GB RAM;
¢ 4 x Intel(R) Xeon(R) CPU E5-4610 v2 @ 2.30GHz (8 cores, 16 thread, 16 MB cache) and 256 GB RAM.

Environments The environments are the rllab implementations [Duan et al., 2016]], MIT license, https://github!
com/rll/rllab. The Swimmer environment belongs to the Mujoco suite [Todorov et al., [2012]], MuJoCo Personal
License, http://www.mujoco.org/.

Algorithms The TRPO implementation is taken from baselines, MIT licence, https://github.com/openai/
baselines! For POIS we use the original implementation [Metelli et al., 2018], MIT license, https://github.com/
T3p/baselinesl
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Hyperparameters In order to properly compare the algorithms, a set of 20 seeds has been chosen. A subset of 5 seeds,
underlined, was used to test the performances during the tuning phase. Once the optimal hyperparameters were found, the
experiments were extended to the other 15 seeds. In the following, we report the hyperparameter values for MBPExPI.

The shift return refers to the need for making the return non-negative in order to perform the optimization of the a-moment in
MBPEXPI. This procedure is carried out independently at each algorithm iteration by subtracting the minimum return among
the ones observed. The variance init hyperparameter refers to the logarithm of the standard deviation. All experiments have
been carried out with Gaussian policies linear with mean linear in the state variables and constant variance uniform over the
state space.

Cartpole

* seeds: 0, 3, 11, 16, 19, 42, 66, 72, 84, 87, 90, 123, 222, 343, 404, 452, 542, 875, 943, 999
* max iters: 500

* policy: linear

e policy init: zeros

* capacity: 1

e inner: 1

* variance init: -1

* step size: 1 / gradient norm

e penalization: True

e delta: 0.75

¢ max offline iters: 10
Mountain Car

* seeds: 0, 3, 11, 16, 19, 42, 66, 72, 84, 87, 90, 123, 222, 343, 404, 452, 542, 875, 943, 999
* max iters: 500

* policy: linear

* policy init: zeros

* capacity: 1

e inner: 1

* variance init: -1

* step size: 2 / gradient norm
e penalization: True

e delta: 0.9

* max offline iters: 10

¢ shift return: True

Inverted Double Pendulum

* seeds: 0, 3, 11, 16, 19, 42, 66, 72, 84, 87, 90, 123, 222, 343, 404, 452, 542, 875, 943, 999

e max iters: 500

* policy: linear

* policy init: zeros
e capacity: 1

* inner: 1

e variance init: -1



* step size: 2 / gradient norm
* penalization: True

delta: 0.99

¢ max offline iters: 10
Swimmer

* seeds: 0, 3, 11, 16, 19, 42, 66, 72, 84, 87, 90, 123, 222, 343, 404, 452, 542, 875, 943, 999

* max iters: 500

¢ policy: linear

* policy init: zeros

* capacity: 1

* inner: 1

* log-std init: -0.6

* step size: 1 / gradient norm

* penalization: True

e delta: 0.99

* max offline iters: 10

* shift return: True
For POIS (both AB and PB) and TRPO, the same hyperparameter value have been used, except for the algorithm-specific
ones that have been tuned with the same protocol discussed above (dk, € {0.001,0.01,0.1, 1}). In particular, for POIS, we

employ the line search procedure presented in the original paper for setting the step-size. The following table summarizes
the algorithm-specific hyperparameter values for the different algorithms and environments.

Environment / Algorithm MBPEXPI (delta) AB-POIS (delta) TRPO (max kl)

Cartpole 0.75 0.4 0.01
Mountain Car 0.9 0.9 0.01
Inverted Double Pendulum 0.99 0.1 0.001
Swimmer 0.99 0.8 0.01

Environment / Algorithm PB-POIS (delta) PB-MBPEXPI (delta)

Cartpole 0.4 0.6
Mountain Car 1 0.00001
Inverted Double Pendulum 0.1 0.999999
Swimmer 0.4 04

4.1 NOISE ROBUSTNESS

As we have already observed, using the trajectory return R(7) as function f does no longer allow to provide performance
improvement guarantees. Nevertheless, we conjecture that the loss of this property is compensated by the variance reduction
implicit in our approach. In the direction of empirically showing this aspect, we tested the parameter-based version
of MBPEXPI in the Inverted Double Pendulum environment, with forced stochasticity in the environment. Specifically,
whenever an action is prescribed by the policy the actual action to be executed is obtained by adding while Gaussian noise
with standard deviation o. The results are shown in Figure[I] We observe that our algorithm is overall competitive with
PB-POIS and, in the case of o = 1, significantly outperforms PB-POIS.
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Figure 1: Learning curves comparing PB-POIS and PB-MBPExPI with increasing magnitude of the noise (20 runs, 95%
c.i.).

4.2 ABOUT RETURN TRANSLATION

Our approach can be employed for non-negative functions f. Since in the PO experimental evaluation we employ f = R(7).
Under the assumption that the immediate reward is bounded R(s, a) € [Ruin, Rmax] for all (s,a) € S x A, we can make
the return function with a simple translation and preserving the optimality of policies:

11—~
|
—Cmin

1—~H . .. . . .
where Rp,in ﬁ is the minimum achievable return. Of course, we can perform the translation even by using a constant

H
C = Cmin = —Rmin % and still obtain a translated return that remains positive. It is worth noting, from Theoremthat
the size of the trust region is larger as the constant approaches the its minimum possible value.

For instance, we consider « = 2, f > 0, and we apply a further translation with ¢ > 0. From Theorem we have:

E.-p[(f(z) + ¢)?] Eovp[f(2)?] + ¢ + 2B, p[f(2)]
Da(Lseos[PI[P) = log Eﬁwpp[f(x) T s Ez~§[f(x)]2 e QCEENIi[f(x)]'

Since E,p[f(2)?] = Ex~p[f(x)]?, we have that this expression is maximized with the smallest value of ¢, i.e., ¢ = 0.
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