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A ERRORS IN GSA-NETS

In this part, we first review the proof of equivariance of the GSA-Nets [Romero and Cordonnier, 2020], and then point out
the mistakes in the proof process using the positional encoding as:

ρ((i, h̃), (j, ĥ)) = ρP (x(j)− x(i), h̃−1ĥ)

A.1 DEFINITIONS AND NOTATIONS.

A.1.1 Definition of Group Equivariant Self-Attention.

If the group self-attention formulation mr
G[f, ρ](i, h) is G-equivariant, if and only if it satisfies:

mr
G[Lg[f ], ρ](i, h) = Lg[m

r
G[f, ρ]](i, h), g ∈ G

A.1.2 Input under g-Transformed

A g-transformed input can be expressed as:

Lg[f ](i, h̃) = LyLh̄[f ](i, h̃) = f(ρ−1(h̄−1(ρ(i)− y)), h̄−1h̃),

g = (y, h̄), y ∈ Rd, h̄ ∈ H.

A.2 MISTAKES IN THE PROOF PROCESS OF GSA-NETS

mr
G

[
LyLh̄[f ], ρ

]
(i, h) (1)

= φout

( ⋃
h∈[H]

∑
h̃∈H

∑
(j,ĥ)∈N(i,h̃)

σ
j,ĥ

(
⟨φ(h)

qry (LyLh̄[f ](i, h̃)), φ
(h)
key (LyLh̄[f ](j, ĥ)

+Lh[ρ]((i, h̃), (j, ĥ))⟩
)
φ
(h)
val (LyLh̄[f ](j, ĥ))

)
= φout

( ⋃
h∈[H]

∑
h̃∈H

∑
(j,ĥ)∈N(i,h̃)

σ
j,ĥ

(
⟨φ(h)

qry (f(x
−1(h̄−1(x(i)− y)), h̄−1h̃)), (2)

φ
(h)
key (f(x

−1(h̄−1(x(j)− y)), h̄−1ĥ) +Lh[ρ]((i, h̃), (j, ĥ))⟩
)

φ
(h)
val (f(x

−1(h̄−1(x(j)− y)), h̄−1ĥ))
)
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Using the substitutions:

ī = x−1(h̄−1(x(i)− y)) ⇒ i = x−1(h̄x(ī) + y)), h̃′ = h̄−1h̃

and

j̄ = x−1(h̄−1(x(j)− y)) ⇒ j = x−1(h̄x(j̄) + y)), ĥ′ = h̄−1ĥ

the formula can be expressed as:

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (3)

+Lh[ρ]((x
−1(h̄x(ī) + y), h̄h̃′), (x−1(h̄x(j̄) + y), h̄ĥ′))⟩

)
φ
(h)
val (f(j̄, ĥ

′))
)

By using the definition:

ρ((i, h̃), (j, ĥ)) = ρP (x(j)− x(i), h̃−1ĥ)

and

Lh[ρ]((i, h̃), (j, ĥ)) = ρP (h−1(x(j)− x(i)), h−1(h̃−1ĥ)).

The above formula can be further derived:

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (4)

+ ρP (h−1(h̄x(j̄) + y − (h̄x(ī) + y)), h−1(h̄h̃′)−1(h̄ĥ′)))⟩
)
φ
(h)
val (f(j̄, ĥ

′))
)

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (5)

+ ρP (h−1(h̄x(j̄) + y − (h̄x(ī) + y)), h−1h̃′−1ĥ′))⟩
)
φ
(h)
val (f(j̄, ĥ

′))
)

Rather than the formula in the GSA-Nets [Romero and Cordonnier, 2020]:

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (6)

+ ρP (h−1(h̄x(j̄) + y − (h̄x(ī) + y)), h−1h̄h̃′−1ĥ′))⟩
)
φ
(h)
val (f(j̄, ĥ

′))
)

The difference between the formulas is shown in red. Therefore the subsequent derivation in the [Romero and Cordonnier,
2020] is wrong and the group self-attention module of the GSA-Nets is not group equivariant.

B PROOF OF GE-VIT

In this part, we demonstrate that using the positional encoding as follows:

ρ((i, h̃), (j, ĥ)) = ρP (x(j)− x(i), h̃ĥ−1h̃)

the group self-attention of GE-ViT is group equivariant.
In the process of proving, We also used the substitutions:

ī = x−1(h̄−1(x(i)− y)) ⇒ i = x−1(h̄x(ī) + y)), h̃′ = h̄−1h̃

and

j̄ = x−1(h̄−1(x(j)− y)) ⇒ j = x−1(h̄x(j̄) + y)), ĥ′ = h̄−1ĥ



The complete proof process is as follows:

mr
G

[
LyLh̄[f ], ρ

]
(i, h) (7)

= φout

( ⋃
h∈[H]

∑
h̃∈H

∑
(j,ĥ)∈N(i,h̃)

σ
j,ĥ

(
⟨φ(h)

qry (LyLh̄[f ](i, h̃)), φ
(h)
key (LyLh̄[f ](j, ĥ)

+Lh[ρ]((i, h̃), (j, ĥ))⟩
)
φ
(h)
val (LyLh̄[f ](j, ĥ))

)
= φout

( ⋃
h∈[H]

∑
h̃∈H

∑
(j,ĥ)∈N(i,h̃)

σ
j,ĥ

(
⟨φ(h)

qry (f(x
−1(h̄−1(x(i)− y)), h̄−1h̃)), (8)

φ
(h)
key (f(x

−1(h̄−1(x(j)− y)), h̄−1ĥ) +Lh[ρ]((i, h̃), (j, ĥ))⟩
)

φ
(h)
val (f(x

−1(h̄−1(x(j)− y)), h̄−1ĥ))
)

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (9)

+Lh[ρ]((x
−1(h̄x(ī) + y), h̄h̃′), (x−1(h̄x(j̄) + y), h̄ĥ′))⟩

)
φ
(h)
val (f(j̄, ĥ

′))
)

By using the definition:
ρ((i, h̃), (j, ĥ)) = ρP (x(j)− x(i), h̃ĥ−1h̃)

and
Lh[ρ]((i, h̃), (j, ĥ)) = ρP (h−1(x(j)− x(i)), h−1(h̃ĥ−1h̃)).

The above formula can be further derived:

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (10)

+ ρP (h−1(h̄x(j̄) + y − (h̄x(ī) + y)), h−1(h̄h̃′)(h̄ĥ′)−1(h̄h̃′)))⟩
)
φ
(h)
val (f(j̄, ĥ

′))
)

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (11)

+ ρP (h−1(h̄x(j̄) + y − (h̄x(ī) + y)), h−1h̄h̃′ĥ
′−1h̃′))⟩

)
φ
(h)
val (f(j̄, ĥ

′))
)

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (12)

+ ρP (h−1h̄(x(j̄)− x(ī), h̃′ĥ
′−1h̃′)))⟩

)
φ
(h)
val (f(j̄, ĥ

′))
)

= φout

( ⋃
h∈[H]

∑
h̄h̃′∈H

∑
(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

σx−1(h̄x(j̄)+y),h̄ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)), φ

(h)
key (f(j̄, ĥ

′) (13)

+Lh̄−1h[ρ]((ī, h̃
′), (j̄, ĥ′)))⟩

)
φ
(h)
val (f(j̄, ĥ

′))
)

The subsequent proof is similar to the GSA-Nets [Romero and Cordonnier, 2020]. For unimodular groups, the area of
summation remains equal for any transformation g ∈ G, which means that:∑

(x−1(h̄x(j̄)+y),h̄ĥ′)∈N(x−1(h̄x(̄i)+y),h̄h̃′)

[·] =
∑

(x−1(h̄x(j̄)),h̄ĥ′)∈N(x−1(h̄x(̄i)),h̄h̃′)

[·]

=
∑

(x−1(x(j̄)),ĥ′)∈N(x−1(x(̄i)),h̃′)

[·]

=
∑

(j̄,ĥ′)∈N(̄i,h̃′)

[·].

and because of the basic properties of groups, we can get
∑

h̄h̃′∈H[·] =
∑

h̃′∈H[·]. Consequently, the above formula can be
further simplified as:



mr
G

[
LyLh̄[f ], ρ

]
(i, h) =φout

( ⋃
h∈[H]

∑
h̃′∈H

∑
(j̄,ĥ′)∈N(̄i,h̃′)

σ
j̄,ĥ′

(
⟨φ(h)

qry (f(ī, h̃
′)),

φ
(h)
key (f(j̄, ĥ

′) +Lh̄−1h[ρ]((ī, h̃
′), (j̄, ĥ′)))⟩

)
φ
(h)
val (f(j̄, ĥ

′))
)

=mr
G[f, ρ](ī, h̄

−1h)

=mr
G[f, ρ](x

−1(h̄−1(x(i)− y)), h̄−1h)

=LyLh̄

[
mr

G[f, ρ]
]
(i, h).

(14)

From the above formula, it can be seen that:

mr
G[LyLh̄[f ], ρ](i, h) = LyLh̄[m

r
G[f, ρ]](i, h),

which is the same as:
mr

G[Lg[f ], ρ](i, h) = Lg[m
r
G[f, ρ]](i, h), g ∈ G.

Therefore, with the positional encoding we proposed:

ρ((i, h̃), (j, ĥ)) = ρP (x(j)− x(i), h̃ĥ−1h̃),

the group self-attention is group equivariant.
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