FE(2)-Equivariant Vision Transformer
(Supplementary Material)

Renjun Xu*! Kaifan Yang*' Ke Liu*"! Fengxiang He>

!College of Computer Science and Technology, Zhejiang University
2JD Explore Academy, JD.com, Inc.
3 Artificial Intelligence and its Applications Institute, School of Informatics, University of Edinburgh

A  ERRORS IN GSA-NETS

In this part, we first review the proof of equivariance of the GSA-Nets [Romero and Cordonnier;, |2020], and then point out
the mistakes in the proof process using the positional encoding as:

p((i,h), (3, h)) = p"(a(j) — 2 (i), i)
A.1 DEFINITIONS AND NOTATIONS.

A.1.1 Definition of Group Equivariant Self-Attention.

If the group self-attention formulation m&[ £, p(i, R) is G-equivariant, if and only if it satisfies:
mg[Ly[f1; pl (i, 1) = Ly[mg[f, pll (0, 1), g € G

A.1.2 Input under g-Transformed

A g-transformed input can be expressed as:

Loy[f1(i,h) = LyL5[f1(i,~) = F(p (A (p(i) —y)), A h),
g=(y,h), ye R he .

A.2  MISTAKES IN THE PROOF PROCESS OF GSA-NETS

me [LyLi[f1, ] (i, R) (1)

= o\ D0 D04 (ol (Lo 1106 ) ol (LyLi 17 )

he[H] fed (j,k)en(i,k)

+ Lalpl (6, R), ()l (Lo 117 ) )
= U DY (0 (f™ (B (2(0) = ) A R)), )

he[H] fedt (j,)en(i,k)
o) (& (R (2 () — ), A YR) + Lalpl (6, R), (. £))))
Al (F@™ (B (@()) = ), A'A)))
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Using the substitutions:
and

the formula can be expressed as:

v U XX T iy i (25 (RN o1y (F () 3)
n’

he[H] hii’ e (z =1 (hz(f)+y) AR ) eN(z—1 (Re(D)+y) kR")

Lol D) + ), A7), (2 R (7) + 9), RO 0B (77, A)))

By using the definition:

p((i,h), (G, ) = p (a(j) — x(i), A~ R)

and

Lilpl(6, 7). (G, B)) = o7 (A (2(G) — (), A~ (R 'A)).
The above formula can be further derived:

=t U X 0raiiyrnr i (68 FER). o) (£ @

helH] fir € (o (Ra(j)+y) i) €N (= (ho(@)-+y) i)

PP (R (Rao(f) +y — (Ra(@) + ) A (R RRDDN) @) (F(7.R)
=von( U 323 ousautenine (A R A () )

he[H] ik’ edt (x =1 (Rx(j)+y),kh)eN(x—1 (Rz(D)+y),kAR")

P (8 R ) + oy — (Rl + ), ROl (£ A)))

=

Rather than the formula in the GSA-Nets [Romero and Cordonnier, [2020]:

h < 7
v U XX siaiimiin (G TR, o (£ A (©)
helH] fi/ edt (x—1 (ke (f)+y) kA" eN(z—1 (Rx(D)+y),kR")

P (R (Ra() +y — (Re(D) + ), iR RO R (FGA))

The difference between the formulas is shown in red. Therefore the subsequent derivation in the [Romero and Cordonnier,
2020] is wrong and the group self-attention module of the GSA-Nets is not group equivariant.

B PROOF OF GE-VIT

In this part, we demonstrate that using the positional encoding as follows:

p((i, k), (j, h)) = p" (x(j) — =(i), kA ")

the group self-attention of GE-ViT is group equivariant.
In the process of proving, We also used the substitutions:

P=a G @) — ) = i = @) + ) A=

and



The complete proof process is as follows:
mg [LyLi[f1, p) (i, 1) ()
=g U D020 (05 (Lol 106 R)), o) (£, L £10, )

he[H] hes (4, men(l )

+£ﬁ[p]<<i,/%>,u,/%>>>>¢5i?<c€yocf;[f1u,/%>>)
= o U D0 (el (@™ R () = ) A ), ®)

he[H] fedt (j,/)en(i,k)

Prog (F (@ R (@) — ), A7) + Lilp) (1, R), (7, 7))

P (@ (B () = ), A 'R))

= %‘“< U Z Z Op—1(Ra(f)+y). ik (<‘/’qry (f(i
)

), iy (P A) ©)
helH] fi/ edt (z=1 (ha(f)+y) kR ) eN(z—1 (R (D) +y) kR’

)
+ Li[p) (™ ha (D) + y), AR, (2~ L (Ra(f) +y), AR ))>)<P5Z1)(f(/ ﬁ/)))

)
h

By using the definition:

and
Lilp)((i, 1), (5, ) = p" (A~ (w(§) — w(3)), A~ (RAT'R)).
The above formula can be further derived:

—vo( U XX tsaiimiin (6B, A G A (10)

he[H] ki €dt (w1 (Rx(f)+y),AkR")EN(x =1 (Ra (i) +y),AA")
+ pP (R Y (ha(f) +y — (hz(@) +v)), AL (AR ) (RA") " (AR’ »»)@5?(1”(]/1’)))
T h) -
=vo( U XX tesguaiyenan (S TG, 6 (G (1n
he[H] Eﬁleﬂ(m—l(ﬁw(f)_;'_y) fm’)en(w_l(ﬁx(f)-&-y)ﬁfi’)
o () +y = (Rald) +9), A RRR RO (7 R)
< 7 h — A
- %“‘( U Z D Tmsaramai (P55 PR, o) (F(7. 1) (12)

R ed (x=1 (Ra())+y),kh" ) eN(z—1 (hz (D) +y),RA")

P (0 R () = (@O, R RN (PG A))
v U XX asaiimin (6B GG, ARG A (13)
i’

he[H] i edt (=1 (hz () +y), kR’ )eN (=1 (ha (D) +y),AR")

+ Lo PR, (AN (PG )

The subsequent proof is similar to the GSA-Nets [Romero and Cordonnier, 2020]. For unimodular groups, the area of
summation remains equal for any transformation g € ¢, which means that:

>0 = > [

(= (Rz(])+y), ki) eN (=1 (Rz()+y),kA") (x=1(ha()),hR")EN(x=1 (Rx (D)), kR")

- > 1

(=1 (@()).h")EN(@ =1 (x(0)),k")

= > I

(A en(ii

and because of the basic properties of groups, we can get > iz, -5 [-] = >/ 5[]. Consequently, the above formula can be
further simplified as:



1726[4,4};[}“], } @out( U Z Z 95 v <Pq1y h))

H] freqt (7, en(ii’)

soﬁi?(f( B) + Ll o), G A0 el (£ A7)
=i f. )i )
= f.p)a (B ((0) ) h )
=Ly L5 [ 1, 1] 0. F):

From the above formula, it can be seen that:

mg Ly Ly [f]; pI(E, 1) = LyLi[me[f, PII(E: R),

(14)

which is the same as:
me [Ly[f], pI(i, h) = Lo[me[f, pll (4, /), g €G-

Therefore, with the positional encoding we proposed:

p((i, 1), (G, ) = p (2(j) — 2(i), AR o),
the group self-attention is group equivariant.
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