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Abstract

We introduce a class of networked Markov po-
tential games where agents are associated with
nodes in a network. Each agent has its own local
potential function, and the reward of each agent
depends only on the states and actions of agents
within a neighborhood. In this context, we propose
a localized actor-critic algorithm. The algorithm is
scalable since each agent uses only local informa-
tion and does not need access to the global state.
Further, the algorithm overcomes the curse of di-
mensionality through the use of function approx-
imation. Our main results provide finite-sample
guarantees up to a localization error and a function
approximation error. Specifically, we achieve an
O(é~*) sample complexity measured by the av-
eraged Nash regret. This is the first finite-sample
bound for multi-agent competitive games that does
not depend on the number of agents.

1 INTRODUCTION

Large-scale systems where agents interact competitively
with each other have received significant attention recently,
motivated by applications in power systems [Shi et al.|
2022]], EV charging [Lee et al.| [2022], and board games
[Silver et al.l [2017], etc. Controlling such systems can be
challenging due to the scale of the system, uncertainty about
the model, communication constraints, and the interaction
between agents. Inspired by the recent success of reinforce-
ment learning (RL), there is an increasing interest in ap-
plying RL methods to environments with multi-agent in-
teractions. However, in multi-agent RL (MARL), the anal-
ysis of the system behavior becomes challenging due to
the time-varying nature of the environment faced by each
agent, which results from the (time-varying) competitive
decisions of other agents. As a result, the theoretical analy-

sis of MARL, especially in the competitive setting, is still
limited especially when it comes to large-scale systems.

Results on MARL in competitive settings to this point have
tended to focus on games with a small number of players,
e.g., 2-player zero-sum stochastic games [Littman, 1994], or
games with special structure, e.g., Markov potential games
(MPGs) [Fox et al.l [2022]]. MPGs in particular provide a
setting in which the challenges of large-scale systems can be
studied. The intuition behind an MPG parallels that of clas-
sical (one-shot) potential games. Specifically, the existence
of a potential function guarantees that agents can converge
to a global equilibrium even when using greedy localized
updates. MPGs have wide-ranging applications including
variants of congestion games [Leonardos et al.||2022} [Fox
et al.| [2022]], medium access control [Macua et al.| 2018]],
and the stochastic lake game [Dechert and O’ Donnell, 2006].
However, existing theoretical results for MPGs rely on the
assumption that a centralized global state exists and can be
observed by each individual agent. Such an assumption rules
out applications in many large-scale systems including trans-
portation networks [Zhang and Pavone, [2016] and social
networks [Chakrabarti et al.,|2008]], where the global state
space can be exponentially large in the number of agents
and/or each agent can only observe its own local state.

A promising approach for the design of scalable and lo-
cal MARL algorithms in competitive settings is to exploit
the networked structure of practical applications to design
algorithms with sample complexity that only depends on
local properties of the network instead of the global state.
This approach has recently been successful in the case of
cooperative MARL. For example, |Qu et al.[[2020], [Lin et al.
[2021]],|Zhang et al.|[2022c|| provides a scalable localized
algorithm with a sample complexity that does not depend
on the number of agents. However, to this point, local al-
gorithms that exploit network structure do not exist in the
competitive MARL setting. Thus, we ask: Can we design
a scalable and local algorithm with finite-time bounds for
networked MARL with competitive agents?
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1.1 MAIN CONTRIBUTIONS

We address the question above by introducing a class of net-
worked Markov potential games (NMPGs) as the networked
counterpart of classical MPGs. Importantly, NMPGs repre-
sent a broader class of games than MPGs, and draw focus
to algorithm design that uses only local information.

We design a localized actor-critic algorithm that is a combi-
nation of independent policy gradient and localized TD(\)
with linear function approximation. Notably, our algorithm
is model-free, uses only local information, and successfully
incorporates function approximation. This avoids both the
need for communication of the global state and the so-called
“curse of dimensionality” in MARL.

Our main results provide a finite-sample bound on the aver-
aged Nash regret for our proposed algorithm, which implies
an (7)(€_4) sample complexity (where € is the accuracy) up
to an approximation error of using local information and a
function approximation error. To our knowledge, we are the
first to develop a localized algorithm in competitive MARL
settings with provable performance guarantees that do not
depend on the number of agents.

Our results are enabled by a novel analysis of the critic in our
localized actor-critic framework. In particular, we propose
a localized cost evaluation problem, a new MARL setting
to investigate the performance of a local algorithm under
a fixed policy. As a critical part of the proof, we propose a
novel concept called a “sub-chain” that connects local algo-
rithms to their global counterparts, enabling performance
bounds via bounds on the gap between the two.

1.2 RELATED WORK

Markov Potential Games. Our work adds to the literature
on MPGs in MARL. Analytic results for non-cooperative
MARL are challenging to obtain because agents learn in
a non-stationary environment as other agents update their
policies. As a result, existing analysis has focused on special
cases like 2-player stochastic games [Littman) |1994], adver-
sarial team Markov games [Kalogiannis et al., [2022], and
MPGs [Fox et al.l [2022]]. The case of MPGs has received
considerable attention recently because the potential games
are broadly applicable [Leonardos et al.,[2022]] and the ex-
istence of potential functions enables provable guarantees
[Zhang et al., [2022b} [Ding et al.| 2022| [Fox et al., 2022,
Zhang et al.,20224]. While these papers provide algorithms
with provable convergence guarantees, they assume that all
agents share a common global state and can observe the
global state to decide local actions. An important open ques-
tion is understanding how to learn in settings where global
information is not available. Our work studies the MARL
setting where each agent has its own local state and can only
decide local actions based on the local states.

MARL in Networked Systems. The Markov decision pro-
cess (MDP) model we study is inspired by a series of works
on Networked MARL [Qu et al., 2020, [Lin et al., 2021},
Zhang et al.,|2022c]], where RL agents are located on a net-
work. In such models, the local state transition of an agent is
affected by its own local state/action and its direct neighbors’
local states. Networked MARL is applicable to a wide range
of applications, including communication networks [[Vo{
gels et al.|,|2003]], social networks [Chakrabarti et al., [2008],
and traffic networks [Zhang and Pavone, |2016]. Compared
with general MARL, the additional structure of networked
MARL enables us to establish a critical exponential decay
property on the local Q-functions, which leads to the design
of localized actor-critic algorithms [Qu et al., 2020, Lin
et al.||2021]]. All prior works on networked MARL study the
case when agents cooperatively maximize the sum of all lo-
cal rewards. In contrast, our work studies a non-cooperative
NMPG in which each agent has its own objective.

Another approach to study MARL problems is to use mean-
field control (MFC) [Gu et al.,[2021, Mondal et al.| [2022alb].
The major difference between the mean-field setting and our
setting is that mean-field MARL focuses on homogeneous
agents, while we allow each agent to have different transition
probabilities and local policies.

Finite-Sample Analysis of TD-Learning Variants. TD-
learning and its variants are widely used for policy evalua-
tion in RL, which plays a critical role in most policy-space
algorithms. The asymptotic analysis of TD-learning dates
back to|Tsitsiklis| [[1994]], Jaakkola et al.| [[1994], while finite-
sample convergence bounds have received attention in the
last decade. In TD-learning, function approximation is a use-
ful technique to reduce the dimension of learning parameters
at the cost of incurring an approximation error that depends
on the function class. Recently, many breakthroughs are
made on finite-sample error bounds for TD-learning with
function approximation [Bhandari et al.l 2018| |Srikant and
Ying} 2019, Dalal et al.l 2018 [Yu and Bertsekas|, [2009].
Meanwhile, in multi-agent settings, localized TD-learning
is crucial for limiting communication and the need for global
information [Lin et al.| 2021]]. Our work provides a novel
finite-sample error bound for localized TD-learning with
function approximation.

2 PROBLEM DESCRIPTION

Network Structure. We study MARL in the context of
networked multi-agent Markov games. Specifically, we con-
sider a setting with n agents that are associated with an undi-
rected graph G = (N, &), where N = {1,2,...,n} is the
set of nodes and £ C N x N is the set of edges. We denote
by dist(z, j) the graph distance between agents 7 and j. The
local state space and local action space of agent ¢ are denoted
by S; and A;, respectively, which are both finite sets. The



global state is denoted as s = (s1,...,s,) €S :=[[1, S
and the global action is defined similarly. For any subset
I C N, we use s; to denote the joint state of the agents
in I and use Sy := [],.; S; to denote the joint state space
of agents in I. Similarly, we define a; and A; as the joint
action and joint action space of the agents in /. Denote
p € A(S) as the initial state distribution, where A(S) de-
notes the |S|-dimensional probability simplex.

Transition Probabilities. At time ¢ > 0, given current state
s(t) and action a(t), for each agent ¢ € N, its successor
state s;(t 4 1) is independently generated according to the
following transition probability, which is only dependent on
its neighbors’ states and its own action:

P(s(t+1) | s(t),a(t) = [ Pilsi(t + 1) [sx (), as(1)),

i=1

where N; = {i} U{j € N | (i,4) € £} denotes the
neighborhood of 4, including ¢ itself. In addition, given an
arbitrary integer k > 0, we use IV;® to denote the x-hop
neighborhood of i, i.e., NF = {i} U {j € N'| dist(i, j) <
k}, and use — N/ = N/NF to denote the set of agents that
are not in N*. We use U}* = N/*/{i} to denote the agents
in the x-hop neighborhood of 7, excluding ¢ itself.

Remark 2.1. We require that each agent’s transition prob-
ability depends only on the states of its neighbors and its
own action, which is common in networked MARL liter-
ature [Qu et al., 2020, |[Zhang et al.| 2022c]. Intuitively, it
implies that the impact from far-away agents on the network
is “negligible”, which eventually leads to the exponential

decay property (cf. Lemmal4.T).

Reward Function. Each agent i € A is associated with
a deterministic reward function r; : S x A — [0, 1]. The
interval [0, 1] is chosen without loss of generality over the
set of bounded reward functions. In general, agent ¢’s re-
ward depends on the global state and the global action.
Due to the network structure, we assume that there ex-
ists a non-negative integer x, such that the reward func-
tion of each agent depends only on the states and the ac-
tions of other agents within its «,.-hop neighborhood, i.e.,
ri(s,a) = 1;(spr, apenre) for all 4. This makes intuitive
sense as we expez:t the &ependence between two agents to
weaken as their graph distance grows.

Policy. In this work, we consider stationary policies [Zhang
et al.| 2021]]. Specifically, each agent i € N is associated
with a localized policy &; : S; — A(A;). Given a subset
I C N, we define &1 : S; — A(Aj) as the joint policy
of agents in I. Note that &7(as | s) = [[;c;&i(ai | s0).
We use =; to denote agent ¢’s local policy space, and =7 to
denote the joint policy space of agents in I. When I = N/,
we omit the subscript and just write £ for o (and = for Z /).
Throughout, we also use £ = (£1,&2, -+, &, ) to highlight
the local policy components. In this work, we will frequently

work with softmax policies, which are defined as

eXp(oi,si,ai)
aleA; exp(ei,si,a;)

€0 (az]s;) = , Vi, siai, (1)
(ailsi) 5

where §f ‘ stands for agent i’s local policy parametrized
by the weight vector §; € RISl We denote § =
(61,05, ,0,,) as the parameter of a global policy £°.

Value Function. Given a global policy £ and an agent 7, we
define agent i’s Q-function Q¢ € RISIMI a5

Q5(s.a) = > 7'Ee [ri(s(t), a(t)) | s(0) = s, a(0) = a]
t=0

for all (s,a), where v € (0,1) is the discount factor,
and E¢[-] is taken w.r.t. the randomness in the (stochas-

tic) policy ¢ and the transition probabilities. With Qf de-

fined above, the averaged Q-function @f e RISIAl and
the value function Vf € RISI of agent i are defined as

Q5 (5,0:) = B (15 0[QS (s,ai,a-,)] for all (s, a;)
and VE(s) = Eaimfi(.‘si)[@f(s,ai)] for all s, where we
use s_;, a_;, and £_; to denote the joint state, the joint
action, and the joint policy of the agents in A /{i}, re-
spectively. With the initial state distribution u, we define
Ji (&) = ESNH[Vf(s)]. Finally, we define the advantage
function of agent i as A$ (s, a) = Q%(s,a) — V(s) for all
(s,a), and the averaged advantage function of agent 4 as
A (s,a:) = Q5(s,a;) — VE(s) for all (s, a;). When the
policy uses softmax parameterization with parameter 6, we
may abuse the policy parameter 6 to represent the policy &
for simplicity. For example, we may write J;(6) for J;(£%).

Discounted State Visitation Distribution. Given a policy
¢ and an initial state s’, we define the discounted state visi-
tation distribution as dg, (5) = (1 —7) 325, ' Pré[s(t) =
s]5(0) = s'] forall s € S, where Pré[s(t) = s | 5(0) = ]
denotes the probability that s(t) = s given that the ini-
tial state is s’ and the global policy is £&. We use d(s) :=
Eq~p[dS (s)] to represent the discounted state visitation
distribution when the initial state distribution is .

3 NETWORKED MPGS

Our focus is a class of networked multi-agent Markov games
that we named NMPGs, which is defined in the following.

Definition 3.1. A multi-agent Markov game is called a k-
NMPG (where k¢ is a non-negative integer) if there exists a
set of local potential functions {®; };cnr, where ®; : = — R
forall i € N, such that the following equality holds for any
ieN,je ./\/fc, fj,E;‘ € Zj, andg_j €E_;:

Ji (&2 €-5) = Ti(&5, 6-5) = Pi(&5, €-5) —Pi(§5,€-5)- ()



Definition states that when agent j changes its local
policy, the change in its objective function J; (-, _;) can be
measured by the change of local potential functions from any
agent in its Kg-hop neighborhood. The non-negative integer
K¢ 1s determined by the networked MPG setting and reflects
the extent to which the networked MPG is relaxed from
an MPG. Recall that in the definition of a standard MPG
[Leonardos et al., 2022], there exists a (global) potential
function ® such that Eq. (2) holds with ®; being replaced
by @ for all ¢. Therefore, an MPG is always an NMPG (by
choosing ®; = ® for all 7), and hence NMPG represents a
strictly broader class of games. More discussions are given
in Appendix F.1, and a concrete example of an NMPG is
presented in Section[3.1]

Due to the boundedness of the reward function and Eq. (2)),
the local potential functions are uniformly bounded from
above and below, i.e., there exist @i, Prax > 0 such
that ®;(¢) € [Pmin, Pmax) forall i € N and € € =. See
Appendix F.6 for more details.

Unlike in single-agent RL or cooperative MARL, the op-
timal policy is not well-defined in the competitive setting,
and thus our goal is to design algorithms that learn Nash
equilibria of NMPGs. We next introduce the concepts of
Nash equilibrium, Nash gap, and averaged Nash regret.

Definition 3.2. A global policy £ is a Nash equilibrium if
Ji(&i, &—i) > Ji(&L,62) forall & € E;and i € N.

To measure the performance of a policy by its “distance” to
a Nash equilibrium, we use the Nash gap.

Definition 3.3. Given a global policy &, agent i’s Nash gap
and the global Nash gap are defined as

NE-Gap,(§) = mgX Ji(&€—i) — Ji(&ir E—i),

NE-Gap(§) = max NE-Gap,(§).
1€

With NE-Gap(-) defined above, given é > 0, we say
that a policy £ is an é-approximate Nash equilibrium if
NE-Gap(¢) < é. When using a softmax policy with param-
eter 6, we may abuse the notation to denote NE-Gap, (6) for
NE-Gap; (¢7) and also NE-Gap(6) for NE-Gap(¢9).

While Definition [3.3]enables us to measure the performance
of a single policy, in MARL, most algorithms iterate over
a sequence of policies. To measure the performance of a
sequence of policies, we use the averaged Nash regret, which
is defined in the following.

Definition 3.4. Given a sequence of M policies
{£(0),&(1),...,&(M — 1)}, the averaged Nash regret of
agent i and the global averaged Nash regret are defined as

M—1
1
Avg-Nash-Regret;(M) = i Z NE-Gap;(&£(m)),
m=0

Avg-Nash-Regret(M) = m%{Avg-Nash-Regreti (M).
1€

Note that a similar concept called “Nash Regret” was previ-
ously introduced in|Ding et al.| [2022], and is defined as

M-1
Nash-Regret(M) = % Z r%ajm\)/(NE—Gapi(f(m)). 3)

m=0

By using Jensen’s inequality and the fact that the max-
imum of a set of positive real numbers is less than
the summation, we easily have Avg-Nash-Regret(M) =
O(Nash-Regret(M)). See Appendix F.4 for the proof. As
a result, Avg-Nash-Regret(}) and Nash-Regret(M ) have
the same rate of convergence (up to a multiplicative constant
that depends on the number of agents).

3.1 AN EXAMPLE OF NMPGS

To illustrate the model, we present an extension of classical
congestion games [Roughgarden and Tardos, |2004] and
distributed welfare games [Marden and Wierman), 2013].
In this example, n agents are located on a traffic network
T = (V, (), where V denotes the set of nodes and ¢ denotes
the set of directed edges with self—loopsﬂ The objective
of each agent ¢ is to commute from its start node h; to its
destination d;. In this example, the local state s;(t) of agent
7 at time ¢ is its current location (a node v € V). By choosing
a directed edge (v, u) € ( as its local action a;(t) at time
t, agent 7 will transit to state s;(¢t + 1) = w at time ¢ + 1.
Without the loss of generality, we assume an agent will stay
at the same node after it arrives at its destination.

The reward of agent ¢ is defined as r;(t) = 0 if s;(t) =
d;, ’I"z'(t) = —€if Si(t + 1) = Si(t), and ’/‘i(t) = —€ —
N(a;(t),t) otherwise, where € > 0 is a constant and N (e, t)
denote the number of agents that chooses edge e at time
t. The reward is designed so that the agent incurs a time
cost of € for every step spent on its trip and a congestion
cost of N(a;(t),t) depending on the traffic on the edge it
travels through. The congestion cost is avoided if the agent
chooses to wait at its current location (i.e., s; (t+1) = s;(t)).
Each agent’s goal is to maximize its expected discounted
cumulative reward E [>°,° ) v'r;(¢)].

To see that this congestion game fits in our NMPG frame-
work, consider the following communication network G:
agents ¢ and j are neighbors if and only if there exists a
global policy & such that Y7 Pr(s;(t) = s;(t),s,(t) #
d;, s;(t) # d;j) > 0. Under this communication network,
the transition kernel is completely local because the next
state of any agent ¢ is decided completely locally and the
local reward of agent ¢ is a function that depends on the
1-hop local states and actions (spr1, a1 ). We provide more
discussion of this example and numerical simulations using
it in Appendix A.

"Note that the traffic network and the communication network
G may be different.



4 ALGORITHM DESIGN

We now present a novel algorithm for solving NMPGs. Our
approach uses a combination of independent policy gradient
(IPG) with localized TD-learning to form a localized actor-
critic framework.

4.1 ACTOR: INDEPENDENT POLICY GRADIENT

Suppose that the agents have complete knowledge about
the underlying model (e.g., reward function and transition
dynamics). Then a popular approach for solving MPGs is
to use IPG, which is presented in Algorithm [I] [Leonardos
et al., 2022, [Zhang et al.| [2022b} Ding et al., 2022, [Fox et al.,
2022, Zhang et al., [2022a].

Algorithm 1 Independent Policy Gradient
: Input: Initialization 6;(0) = 0,V i € N.
:form=0,1,2,--- ,M —1do

0;(m+ 1) = 6;(m) + BV, Ji(0(m)) foralli € N
end for

e

In each round of Algorithm |1} each agent simultaneously
updates its policy by implementing gradient ascent (in the
policy space) w.r.t. their own objective function (cf. Algo-
rithm [T| Line 3). Notably, to carry out Algorthm [T} each
agent only needs to know its own policy. While Algorithm ]
is promising, it is not a model-free algorithm as computing
the gradient requires knowledge of the underlying MDP
model. This motivates the design of a critic to help estimate
the gradient.

4.2 CRITIC: LOCALIZED TD()\) WITH LINEAR
FUNCTION APPROXIMATION

To motivate the design of the critic, we first present an
explicit expression of the policy gradient of agent ¢ [[Sutton
et al.,{1999]:

o0

Vo Ji(0) = Y 7' Ees [Vo, log & (ai(t)]s:(1))

t=0
x Q1 (s(t), ai(1))]. @)

Similar versions of policy gradient theorems under different
multi-agent settings were previously developed in |[Zhang
et al.| [2022a], Mao et al| [2022]]. For completeness, we
present a proof of Eq. () in Appendix F.2.

In view of Eq. (), to estimate V,J;(6), the key is to con-
. . —=f

struct an estimate of the averaged -function (), . However,

directly estimating the averaged Q-function of agent ¢ re-

quires information about the global state, incurring long-

distance communication. To localize the algorithm, we in-

troduce a hyper-parameter . € N, and for each agent, we

learn an approximation of the averaged (-function (which
we refer to as the k.-truncated averaged ()-function) using
only information in its «.-hop neighborhood.

Truncated Averaged ()-functions. Given the non-negative
integer k., agent 7 € A/, and a global policy parameter
6, we define Qf’““ as the class of k.-truncated averaged

Q-functions w.r.t. @f Specifically,

0,k¢ —b0,kc ‘S NCHALI
Qi = {Q7" e RN

=0k

—0
Qi (SN,fc,(li) :ES,NECNW [Qz (SN:C,S_N:C,G»L')} 5
i

V (snre,ai) € Syre X Al-} .

Note that when k. > max; ;dist(7,j), there is essen-
tially no truncation, i.e., any element in Qe’”"

. ¢ 1s equal to
@f When k. < max; ; dist(4, j), we have the following

exponential-decay property. See Appendix F.3 for the proof.

Lemma 4.1. For any k. € N, agent i, and global policy
parameter 0, it holds that

—0,k —0

Qi " (snre,ai) — Q; (s, a5)

sup max
@f’““ le,mc $,a4

2 min ('y”C”‘TJrl, 1)

1—v

&)

In view of Lemma the rk.-truncated averaged (-
function approximates the averaged (-function (at a geomet-
ric rate) as . increases. Therefore, it is enough for the critic
to estimate an arbitrary r.-truncated averaged ()-function
within the class Qf’”c. It is worth noting that the use of
truncated Q-functions and the exponential-decay property
have been widely exploited in the cooperative MARL litera-
ture for communication and dimension reduction in recent
years [Qu et al.l 2020, |Gu et al. 2022} [Lin et al 2021].
In this work, we show how to use such an approach in a
non-cooperative setting for the first time.

Linear Function Approximation. While using the .-
truncated Q-functions enables us to overcome the com-
putational bottleneck as the number of agents increases,
there is still the challenge due to the curse of dimension-
ality. To further reduce the parameter dimension, we use
linear function approximation. To be specific, for each
1€ N,letg; : S e X A; — R be a feature map-
ping of agent i. Then, with weight vector w; € R%, we
consider approximating the x-truncated Q-functions using
Qi(s,/\/’i"c , Qg ’LUZ) = <¢L(3/\/f° y ai), ’LUZ> for all (5/\/: > ai).
Let qgi(s,ai) = ¢i(syre,a;) forany 1 € N, s € S, and
a; € A;. That is, givén an agent 4, for each pair (s, a;)
of global state and local action, we look at the states of
agents in agent i’s x.-hop neighborhood (i.e., sy~=c) and
agent ¢’s action (i.e., a;) and assign the vector ¢(s;viwc , ;)
to ¢i(s,a;). Then agent i’s feature matrix ; is defined



to be an |S|[A;| x d; matrix with its (s, a;)-th row being
o] (s,a;), where (s,a;) €S x A,.

We propose a novel policy evaluation algorithm called lo-
calized TD(X) with linear function approximation, which
is presented in Algorithm 2} The algorithm can be viewed
as an extension of the classical TD(A) with linear function
approximation [Tsitsiklis and Van Roy, |1997] to the case
where we estimate the r.-truncated averaged ()-functions
using local information.

Algorithm 2 Localized TD()) with Linear Function Ap-
proximation

1: Input: Target policy &9, positive integers K and k. >
K., initializations w;(0) = 0 for all 4, step size a > 0,
A€ [0,1),and e > 0.

2: Construct e-exploration policy &;(a;|s;) = (1 —
)&% (ai|si) + €/ | Ay, for all i, a;, and s;.

3: The agents use the joint policy £ = (£1,&,--- , &)
to collect a sequence of samples T

{(s(t),a(t),r(t)) Yo<i<x—1 U {s(K)}

4: fori=1,2,--- ,ndo

500 Tl = {(sare(t), ai(t), ri(t)) o<k —1 U
{sprme (K)}

6: fort=0,1,---,K—1do

7 0i(t) = dilsnrme(t),ai(t) Twi(t) — ri(t) —

Yhi(sprme (t+1),a:(t + 1)) Tw;(t)

i

8 wi(t+1) =wi(t) — adi(t)(e(t)

0: (1) = (PG (1) + (s (E+ 1), st +
1))

10:  end for

11: end for

12: Return {w;(K)};cn-

Note from Algorithm [2] Line 2 that we use e-exploration
policies to ensure exploration in localized TD()). Denote
the set of all e-exploration policies by Z¢. Importantly, agent
1 requires only the states and the actions of the agents in
its x.-hop neighborhood to carry out the algorithm, where
ke can be viewed as a tunable parameter that trades off
the communication effort and the accuracy. In particular,
the larger k. is, the closer the x.-truncated averaged Q-
function is to the true averaged (Q-function, albeit at a cost
of requiring more communication among agents.

4.3 LOCALIZED ACTOR-CRITIC

Combining IPG with localized TD(\), we arrive at a local-
ized actor-critic algorithm for solving NMPGs, which is
presented in Algorithm

The algorithm consists of three major steps. First, in Algo-
rithm 3| Line 3, each agent calls localized TD(X) with linear
function approximation for policy evaluation and outputs a

weight vector w;" for all i € A. Then, in Algorithm[3|Lines
4 — 8, each agent uses the averaged )-function estimate to
iteratively construct an estimate of the independent policy
gradient. Specifically, since the independent policy gradient
is an expected discounted sum of the averaged ()-functions
(cf. Eq. @)), we essentially construct an estimator A7 (m)
(cf. Algorithm [3] Line 8) of it by taking average of total
T samples {n!(m)}o<t<7—1 (cf. Algoritthine 6). Fi-
nally, in Algorithm 3| Line 9, using the estimated gradient,
each agent implements an approximate version of the IPG
algorithm presented in Algorithm [I]

Compared with Algorithm [I] Algorithm [3|has the follow-
ing strengths: (1) the algorithm is model-free, (2) due to
the use of truncated @)-functions, each agent only requires
information from its x.-hop neighborhood to carry out the
algorithm, which eliminates long-distance communication
along the network, and (3) the algorithm, to some extent,
overcomes the curse of dimensionality thanks to the use of
linear function approximation.

S ALGORITHM ANALYSIS

We next present the main results of the paper. We formally
state our assumptions in Section [5.1]and then present con-
vergence bounds for Algorithms|[I} [2] and[3]in Section[5.2]
A proof sketch of our main theorems is given in Section[5.3]

5.1 ASSUMPTIONS

We make the following assumptions.

Assumption 5.1. There exists a decreasing function v :
N — R such that:

D;(Ong, 0 nr) — Pi(Onz, O-n5)
, Ve eN, 6)

< A"
< y(/@)jgl_aﬁf HHJ 0;
where ®;(0) is the short-hand notation for ®;(£).

Assumption [5.T] captures the idea that, for each agent, its
potential function is less impacted by the agents far away,
and can be viewed as a generalization of the decay property
of the Q-functions in the existing literature to the networked
MPG setting [Qu et al.,|2020 Lin et al., 2021} |Zhang et al.,
2022c]). In the extreme case where ~ exceeds the diameter
max; ; dist(¢, j) of the network, we have v(x) = 0. Note
that this assumption is automatically satisfied for our illus-
trative example in Section[3.1] where changing the policy of
an agent will only affect its direct neighbors. In Appendix
E.5, we show that this assumption is also satisfied when each
local potential function admits a stage-wise representation
[Zhang et al., 2022a]].



Algorithm 3 Localized Actor-Critic

1: Input: Non-negative integers M, T, K, H, k. > K, and a positive real number ¢ > 0, initializations 6;(0) = 0 for all

i, and AY(m) = 0 for all i and m.
2: form=20,1,2,--- ,M —1do

3:  All agents simultaneously execute localized TD(\) with linear function approximation (with K iterations) to estimate

. . i ~0
their r.-truncated averaged Q-function T} Q; ()

,4 € N, and output weight vectors {w! };cnr. > Critic Update

4: fort=0,1,---,T—1do

5: The agents use the joint policy /(™) = ( fl(m),532(m), - f,,"(m)) to collect a sequence of samples
{(s' (k). a'(k)) o<h<m-1

6 mi(m) = Y0 oV, log & (al (k)|st (k) @i (K), al (k) Ty

7: AT (m) = gy Al(m) + g7ni(m)

8: end for

9:  0;(m+1)=0;(m) + BAT (m) > Actor Update

10: end for

Assumption 5.2. It holds that infg min,es d’(s) > 0,
where we recall that d° is the discounted state visitation
distribution under a softmax policy €°

Assumption states that every state can be visited with
positive probability under any policy, which easily holds
when the initial state distribution () is supported on the
entire state space. This assumption is standard and has been
used in, e.g.,|Zhang et al.| [2022a], |Agarwal et al.| [2021]],
Mei et al.| [2020]. Under Assumption we define D =
1/ infg min,cs d?(s), which is finite.

Assumption 5.3. There exists a joint policy € such that the
Markov chain {s(t)} induced by & is uniformly ergodic.

Under Assumption [Zhang et all 2022¢, Lemma 4]
implies a uniform exploration property for the Markov
chain {(s(t),a(t))} induced by any policy with entries
bounded away from zero, which includes e-exploration
policy. Therefore, for any f € =€, the Markov chain
{(s(t),a(t))} induced by ¢ has a unique stationary dis-
tribution, denoted by 7 € A(S x A), which satisfies
Tmin := infg g, mingen minSNfc’ai fg(s./\/‘:c ,a;) > 0.
While Assumption to some extent, already ensures uni-
form exploration of our policy class, we further impose
Assumption [5.3] to deal with the Markovian sampling in
Algorithm [3] This type of assumption is standard in the
existing literature even for the single-agent setting [[Srikant
and Ying} 2019, [Tsitsiklis and Van Roy,|1997].

Assumption 54. For all i € N, the feature mapping
is normalized so that max; s q, g?)l(s, a;)|| < 1. In addi-
tion, the feature matrix ); (the row vectors of which are
(o] (s, i)} (s,0:)eS x A, ) has linearly independent columns.

Assumption[5.4]is indeed without loss of generality because
neither disregarding dependent features nor performing fea-
ture normalization changes the approximation power of the
function class [Bertsekas and Tsitsiklisl [1996].

To state our last assumption, let D¢ € RISIMIXISIAl pe the
diagonal matrix with diagonal entries {7 (s, @)} (s,a)eSxA-
Since D¢ has strictly positive diagonal entries under
Assumption [5.3] and the feature matrix ; has lin-
early independent columns for all ¢, we have A :=
min;enr inféeae Amin (Q2:D8€;) > 0, where Apin(-) re-
turns the smallest eigenvalue of a positive definite ma-
trix. For any i € N and 6 € RISIAL let ¢;(0) =

: 0
min, Za;‘ carg maxaiaf (s,ai) 5" ' (CL? ‘57)

Assumption 5.5. ¢ := inf,,>ominj<;<y ¢;(0(m)) > 0,
where {0(m)} >0 are policy parameters encountered from
the algorithm trajectory (cf. Algorithm 3).

The inequality stated in Assumption [5.5]is called a non-
uniform Lojasiewicz inequality [Zhang et al., [2022al Mei
et al.} 2020], which is used to connect the NE-Gap with the
gradient of the objective function through gradient domina-
tion. This assumption automatically holds in the existing
literature when the policy gradient is exact [Zhang et al.|
2022al]. However, for Algorithm due to the more challeng-
ing model-free setup and the presence of noise in sampling,
c is not necessarily strictly positive, which motivates As-
sumption [5.5]as a means for analytical tractability. Further
relaxing this assumption is our immediate future direction.
One approach for removing Assumption [5.3]is to regular-
ize the problem (e.g., using log-barrier regularization like
in|Zhang et al.|[2022b]]), which prevents the policy gener-
ated by IPG from being deterministic, albeit at a cost of
introducing an asymptotic bias due to regularization.

5.2 RESULTS

We are now ready to present our main results. We first
present the averaged Nash-regret bound of the IPG algo-
rithm (cf. Algorithm [I)) as a warm-up, then we present the
finite-sample bound of Algorithm 3] which involves a critic



error. Finally, we present a concise bound of the critic es-
timation error when using our localized TD(\) with linear
function approximation. Given an arbitrary integer «, let
n(k) := max;en |NJ°| be the size of the largest x-hop
neighborhood.

Theorem 5.6. Consider {0;(m)}o<m<nr—1 generated by
Algorithm[l} Suppose that Assumptions B B2 and[5.3are

(1—y)° Then,
émin))

satisfied, and the step size 3 = Gn(m 3

Avg-Nash-Regret(M)
<0 <D\/manEN [ A; In(56) (Prmax —
- c

(1=v)*M
D\/maxjeN |A;|v(ke)
+0< i ). )

The first term on the right-hand side of Eq. (7)) goes to zero
at a rate of O(M ~'/2), which matches with the existing
convergence rate of IPG for solving MPGs [Zhang et al.|
2022al]. Note that, unlike in existing results, the total num-
ber of agents n does not appear in the bound. Instead, we
have n(kq), which captures the impact of network struc-
ture. The second term on the right-hand side of Eq. (7) arises
because of the relaxation from MPG to NMPG (see Defi-
nition @, which decreases with k¢, and vanishes when
kg > max; ; dist(i, 7).

We next move on to study Algorithm 3]

Theorem 5.7. Consider {6;(m)}o<m<n—1 generated by
Algorithm[3] Suppose that Assumptions[5.1|-[5.5] are satis-

fied, and 3 = m Then,

E [Avg-Nash-Regret(M )]

\/max]e,\/ |./4 D - q)mln)
o 1 S5)f1/4

1 )ecritic]
o)

(G ofie n(rka)y"/?
+O(Ow>+o<ﬂvﬁ>} ®)

where €..iric Stands for the critic estimation error in policy
evaluation:

\/n HG’ mdx

2
0
i .

The first two terms on the right-hand side of Eq. (§) are
analogous to the two terms on the right-hand side of the IPG
error bounds presented in Theorem[5.6] The last 4 terms are
approximation errors for the independent policy gradient,
which (in the order as they appear in the bound) consist

Ql(s,a;) —

Ecritic = Sup]El/Q |:Sup

0,1 s,a;

i(spme, i)

of a localization error, an error incurred by using a finite
sum (Algorithm [3| Line 6) to approximate an infinite sum
(cf. Eq. @)), a critic error, and an error incurred by using a
finite average (Algorithm 3] Lines 4 — 8) to approximate an
expectation (cf. Eq. (@)).

To establish an overall sample complexity bound of Algo-
rithm 3] we need to specify how the critic error decays as
a function of the number of iterations in localized TD(\)
with linear function approximation, which is presented in
the following.

Theorem 5.8. Consider {w;(K)}icn generated by Algo-
rithm[2] Suppose that Assumption[5.3|is satisfied. Then, with
appropriately chosen step size o (see Appendix D for the
explicit requirements) and large enough K, we have

€criric < O(1 — (1 — )/\a)g o [alog(l/a)} 1/2

(1=72A
€q e r
+0’”)+O( )
<7rmm(1 -7) 1—~
ne
“9((1—7)2)’ ©

where €, stands for the function approximation error. See
Appendix D for the explicit definition.

The first two terms on the right-hand side of Eq. (9) rep-
resent the convergence bias (which has geometric conver-
gence rate) and the variance (which decreases with the step
size «v), and their behaviors agree with existing results on
stochastic approximation [Srikant and Ying, 2019} |Chen
et al., [2022]]. The third term arises from using linear func-
tion approximation and vanishes in the tabular setting where
we use a complete basis. The fourth term represents the
error between the averaged Q-function and the k.-truncated
averaged (Q-function, which is introduced to overcome the
scalability issue when the number of agents increases. Note
that the fourth term decays exponentially with the choice
of k., and vanishes when «. is greater than the diameter
(i-e., max; ; dist(z, 7)) of the network. The last term arises
because of using e-exploration behavior policies to ensure
sufficient exploration.

Combining Theorem [5.7]and Theorem [5.8]leads to the fol-
lowing sample complexity bound.

Corollary 5.9. To achieve E[Avg-Nash-Regret(M)] < é +
Eex + Em + ELo, the sample complexity is (5(%*4), where
Eex stands for the induced error from exploration (cf. the
last term on the right-hand side of Eq. (9)), E stands for
the function approximation error (cf. the third term on the
right-hand side of Eq. (9)), and E1o stands for the induced
error from localization (cf. the summation of the second last
term on the right-hand side of Eq. ({9) and the third term on
the right-hand side of Eq. ({8)).



In Corollary[5.9| The presence of Egx + Epa + ELo are due
to the fundamental limit of the problem, such as the approx-
imation power of function class, using truncated averaged
Q@-functions to approximate global averaged (Q)-functions,
and using “soft” policies to ensure exploration.

In single-agent RL, popular algorithms such as ()-learning
and natural actor-critic are known to achieve O(¢~2) sam-
ple complexity [Qu and Wierman, [2020, |Lan, |2022]. While
we study the more challenging setting of using localized
algorithms to solve MARL problems, it is an interesting di-
rection to investigate whether there is a fundamental gap. In
addition, while Localized Actor-Critic (cf. Algorithm[3)) is
an independent learning algorithm, our theoretical results re-
quire all agents to follow the same learning dynamics, which
suggests some implicit coordination among the agents. Al-
though this is common in the existing literature [Leonardos
et al.l 2022, Ding et al., 2022| [Zhang et al., [2022a], de-
veloping completely independent learning dynamics is an
interesting future direction.

5.3 PROOF SKETCH

Analysis of the Actor. At a high level, we use a Lyapunov
approach to analyze the policy update, where the potential
function is a natural choice of the Lyapunov function. The
key is to bound ®;(6(m + 1)) — ®;(6(m)), i € N, in
each iteration using the gradient of objective function J;(-),
which is related to NE-Gap of agent ¢ through the non-
uniform Lojasiewicz inequality [Zhang et al.| 2022al [Mei
et al.| [2020]). To exploit the network structure and to remove
the raw dependence on the total number of agents in the
NMPG setting, instead of directly bounding ®;(0(m—+1))—
®,;(0(m)), we perform the following decomposition:

O;(0(m + 1)) — D;(0(m)
= [ @0 (m+1),0_ o (m)) — @4(0(m)]

i

(a)
+ [@:(00m + 1)) = Bi(Ore (m+1),0_yra (m))] -

(b)

The term (a) captures the policy change of the agents inside
the xg-hop neighborhood of agent 7, and the first step of
bounding it is to use the smoothness property of the potential
function, which is similar to that of Zhang et al.| [2022al].
However, unlike existing analysis of IPG, we also need to
bound the error in approximating the gradient, which can be
decomposed into three error terms:

e1: error due to estimating the averaged QQ-function, which
is exactly the critic error;

eo: error due to the randomness in the trajectory sampling
(see AlgorithmE] Lines 4 — 8), which has zero mean,;

es: error resulted from truncating the sample trajectory at

horizon H (see Algorithm [3] Lines 6), which decays
exponentially with H.

Term (b) results from the policy change of agents outside
the kg-hop neighborhood of agent ¢, and is a decreasing
function of k¢ (cf. Assumption[5.T).

Analysis of the Critic. The critic is designed to perform
policy evaluation of a softmax policy £? using localized
TD()) with linear function approximation. Similar to|Chen
et al.| [2022], [Srikant and Ying| [2019], we formulate lo-
calized TD()\) as a stochastic approximation algorithm and
again use a Lyapunov approach to establish the finite-sample
bound of the difference between w; (K ) and w¢, where w!
is the solution to a properly defined projected Bellman equa-
tion associated with agent 4.

The challenge lies in bounding the difference between the
Q-function associated with the weight vector w{ (denoted

by Q(w?)) and the true averaged Q-function @f of policy
€9, which we decompose into a function approximation
error, an error due to using e-exploration policy, and an error
due to truncating the averaged @)-function at its k.-hop
neighborhood, and bound them separately. To achieve that,
we develop a novel approach involving the construction of a
“sub-chain”, which is an auxiliary Markov chain with state
space S e X A;. See Appendix D for more details.

6 CONCLUSION

We study MARL in the context of MPGs and introduce a
networked structure that allows agents to learn equilibria
using local information. In particular, we develop a localized
actor-critic framework for minimizing the averaged Nash
regret of NMPGs. Importantly, the algorithm is scalable
and uses function approximation. We provide finite-sample
convergence bounds to theoretically support our proposed
algorithm and conduct numerical simulations to demonstrate
its empirical effectiveness.

An immediate future direction is to investigate whether there
is a fundamental gap in the convergence rates between local-
ized MARL algorithms and single-agent RL algorithms. It is
also interesting to see if localized algorithms (with provable
guarantees) can be designed to solve other classes of games
beyond NMPGs.
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A MARKOV CONGESTION GAME EXAMPLE

In this section, we provide the detailed settings and proofs of the Markov congestion game example in Section[3.1] Since our
Markov congestion game is an extension of the classic potential game, it is natural to conjecture that it is a MPG because
every single time step is a one-shot potential game. However, this intuition does not hold in general (see counterexamples in
Leonardos et al.|[2022])). To show that the Markov congestion game is actually a MPG, we need the critical observation
that the transition probability of each agent in this congestion game is completely local, i.e., the next local state of agent is
determined by its current local state and local action. In Theorem[A.T] we show that completely local transition probability
is a sufficient condition for a networked Markov game that is potential at every single step to be an NMPG.

Theorem A.1. If the networked MDP satisfies that for an arbitrary fixed global state, the one-round game is a potential
game, Le., there exists a global potential function ¢ : S x A — R such that

i (8i, a5, S—isa—;) — 1i(sy, a5, s, a_;) = O(si,ai, 55, a—;) — P(s5, a5, $_i,a_;),

and the transition probability of each agent is completely local, i.e., s;(t + 1) ~ P;(- | si(t), a;(t)), then the networked
MDP is an Markov potential game, i.e., there exists a potential function ® : II x § — R such that

Vifi’ﬁ—z‘(s) _ Vf;vf—i(s) _ (I)Euf—i(s) _ q)ﬁévﬁﬂ(s).

We defer the proof of Theorem|[A.T|to Appendix [A.2] Note that the Markov congestion game satisfies the assumptions of
Theorem [A.T|because at each time step ¢, we can set the potential function ¢ as

B(s,0) = —5 3 Nie,t) (N(e,t) 1),

ec(

where N (e, t) (the number of agents that choose edge ¢) is decided by the global state/action pair (s, a). Since MPG is a
special case of NMPG, we know the Markov congestion game is an NMPG.

A.l1 SIMULATION RESULTS

In the numerical simulation, we consider a problem instance with 12 agents moving from 4 different start nodes to the same
destination node on an acyclic graph (see Figure . Specifically, for i € {1,2,...,12}, agent i travels from start node br; /3
to the destination d. The local state space of each agent ¢ is the set of all possible locations ¢ can visit. For example, the local
state space of agent 4 (starts from bs and goes to d) contains 4 locations {b2, ¢1, 2, d}. Since the maximum out degree of
each node in this example is 2, the local action space of agent ¢ contains 3 actions {0, 1,2}, where 0 means “wait for one
step at the current node” and 1(2) means “go through the first(second) out edge”. When a node only has one out edge (e.g.,
node c1), local action 2 is treated as action 1. We set the time elapse cost ¢ = 0.5 in this simulation.

b1
by .
d
b3
ba
Figure 1: Illustration of the simulation setting. On this directed acyclic graph, each agent s € {1,2,...,12} travels from

start node br; 37 to the same destination d. The policy of each agent is a mapping from its local state (its current location) to
the distributions of local actions (pass through an outgoing edge or wait for one time step).

We simulate our Localized Actor-Critic algorithm (Algorithm[I)). For the policy evaluation subroutine, we adopt localized
TD(0) with linear function approximation and k. = 1. For each agent i, we use the one-hot encoding of 1-hop state s /1
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Figure 2: Nash regret (left) and averaged Nash regret (right) of Localized Actor-Critic (Algorithm . The blue curve
represents the mean and the cyan area represents the standard deviation over 10 random initial policies.

and local action a; as the feature vector ¢;(sns1, a;). During training, we evaluate the Nash gap NE-Gap, (£) by fixing the
local policies of all agents except ¢ and use poficy gradient to learn the best response of agent ¢ under other agents’ policy
profile. We list the detailed choice of hyperparameters in Appendix [A.3]and present the code infhttps://github.com/
yihenglin97/Networked MPG_Traffic_Gamel We plot the Nash regret curve and the averaged Nash regret curve
in Figure[I] The results show both the Nash regret and averaged Nash regret converge to zero as learning proceeds.

A.2 PROOF OF THEOREM

Under the completely local transition probability, the distribution of local state of agent ¢ at time ¢ only depends the initial
state s;(0). We denote this local distribution as d5*[t](- | s;(0)) and the joint distribution as df\[ [¢](- | s(0)). We define the
potential function as

) =D A" D dil((sd) [ 5(0) = s) - g(s', ).

t=0 s’€S,a’e A


https://github.com/yihenglin97/Networked_MPG_Traffic_Game
https://github.com/yihenglin97/Networked_MPG_Traffic_Game

The potential function can be rewritten as

¢§i)€7i( )
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Therefore, we have
(I;ﬁi;&—i(s) _ @52,571(8) _ Vifz"f—i(s) B Viéwﬁﬂ'(s)'

A.3 CHOICE OF HYPERPARAMETERS

In numerical experiments, we use the following hyperparameters: Localized TD(\) with Linear Function Approximation
(Algorithm2): A = 0, K = 10, = 0.001, € = 0. Localized Actor-Critic (Algorithm[3): M/ = 4000,7 =1, H =15, K =
10, ke = 1, 8 = 0.001. We construct the feature ¢; (sxr=<,a;) by concatenating the one-hot encodings for s, j € N;* and
;.

B PROOF OF THEOREM

For any k < k¢ and 8 < 1/L(k), we have by Lemma[B.3|that

M—-1

O (0(M)) — @;(0(0) = Y [®:(6(m + 1)) — ®;(6(m))]

m=0
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It follows that
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where the last line follows from Lemma[E7] Note that
2
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(¢ = infg min; ¢;(0) and D = sup, D(6))



Therefore, we have

]- &= 2 maX'GN’|A'|D2 2((pmax* mln) 2\[”( )
37 2 NEGap, (00m)? < =55 ME T2

It then follows from the definition of Avg-Nash-Regret; (M) that

M—1
1
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where the last line follows from v/a + b < y/a + v/b for any a,b > 0. Since the RHS of the previous inequality is not a

function of 4, choosing kK = kg and 8 = 1/L(kqg) = é;%gj), and we complete the proof.

B.1 SUPPORTING LEMMAS

Lemma B.1. The following inequality holds for all 0,6’, and i € /\/ :

I90.50) = V@, < 5 311 -

Proof of Lemma(B-1] Using Lemmam and we have
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Therefore, we have
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where the last line follows from [Zhang et al.,|2022al, Corollary 37]. O

Lemma B.2. The following inequality holds for all k < kg, 0 = (On7,0_nx), and 0" = (Oyr,0_nx):

[ Vo, @:(6) = Vo 2.0

7) || O

where L(k) = %.

Proof of Lemma[B.2} Using the definition of NMPG (cf. Definition [3.1)) and we have
2
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where the last line follows from the definition of n(x). Taking square root on both sides of the previous inequality and we
have the desired result. O

Lemma B.3. Consider {6;(m)}o<m<nm generated by Algorzthm Suppose that k < kg and § <

L(m) , where L(k) is
defined in Lemma|B.2] Then we have for any i € N and m > 0 that

V2v (k)8

Proof of Lemma(B.3| For any i € N and m > 0, we have

;(0(m +1)) — ;(0(m)
= [@;(0(m + 1)) — @;(On; (m +1),0_nr (m))]
+ [®i(Onr (m +1),0_n5(m)) — B;(0(m))] - (10)



To bound the first term on the RHS of Eq. (10}, using Assumption[5.1]and the update equation in Algorithm[I|Line 3 and we
have
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where the last line follows from Lemma[E11]

To bound the second term on the RHS of the previous inequality, note that the smoothness property (cf. Lemma [B.2) implies
that
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where the last line follows from 8 < 1/L(k).

Using the previous two bounds in Eq. (I0) and we have

2v(k)p
(1=m)2’

which completes the proof. O
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Lemma B.4 (Lemma 1 of Zhang et al.| [20224d]] ). It holds for all i € N that
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C ANALYSIS OF CRITIC

In this section, we generalize the localized TD()\) algorithm (cf. Al gorithm to localized stochastic approximation and
analyze its performance. The localized stochastic approximation problem can be of independent interest.

C.1 LOCALIZED STOCHASTIC APPROXIMATION

To make this section self-contained, we first introduce the problem setting of localized stochastic approximation, and then
propose the generalized TD(\) algorithm. After that, we state assumptions and the main result of the localized stochastic
approximation problem.

A localized stochastic approximation problem consists of an infinite-horizon, multi-agent Markov chain M =
(N,E, Z,P, 7,7, ) and a fixed agent ig € N. Here N = {1,2,---  n} is the set of agents, associated with an undirected
graph G = (N, ). Z = [, Zi is the global state space, where Z; is the local state space of agent i.



At time t > 0, given current state z(¢) € Z, for each ¢ € A, the next individual state z;(¢ + 1) is independently generated
and is only dependent on its neighbors’ states and its own action:

n

P(z(t+ 1) | 2(t) = [[Pizi(t + 1) | 2, (1)) (11)

i=1

~ is the discount factor. 1 is the initial state distribution. 7 : Z N [0, 1] is the reward function.

Before the learning stage, the learner can observe partial information of a trajectory sampled from the Markov chain:
T = (e (0),7(0), -+ 2 (K)).

Here K is the horizon of the sampled trajectory, k. > k, measures the observability of the learner.

The goal is to estimate agent i’s cost function C(z) = >_,° ’ytIE[F(szJ» ()]=(0) = z].

The localized stochastic approximation problem has the following two applications in localized stochastic approximation,
depending on the choice of z;’s.

* Estimate local Q-function Q;(s, a). Let z; = (s;,a;),Vj € N.
* Estimate averaged Q-function Q;(s,a;). Let z; = s;,Yj # k, z;y = (4, ai,)- Notice that {s(t), a;, (¢)} forms an
induced Markov chain of agent iy’s averaged MDP [Zhang et al.| 2022b].

Additional notations. We introduce some other notations that will be used in this section.
We denote by m; € A(Z) the state distribution at time ¢ and denote by 7 € A(Z) the stationary state distribution.

We use the notation 7, +(zx~< ) to represent the marginal probability of state zy~. at time ¢ and use 7 (2~ ) to represent
i0 0 : 0
the marginal probability of state z~. under stationary distribution.
0

For any set X" and two distributions 71, 75 € A(X), define

TV (1, m2) = max |mi (4) —ma(A)]. 12)

to be the total variation distance between 7 and 7s. The total variation distance has the following property [Levin and Peres|
2017]:

1
TV(my,m) = B | —mef; < 1. (13)
Given a Markov chain with state space X = X; X --- x A} and transition probability T, for any set I CUY = {1,2,--- ,1}
and any x € Xy, any z € X, let
Ly (2flz) = > T(}, ) (14)
x’b{/]

be the marginal transition probability of =, given previous global state .

C.2 GENERALIZED TD()\) ALGORITHM

Now we design a generalized version of Algorithm[2]to make it compatible with more classical policy evaluation methods.
We consider approximating the cost function C' with function class C' : Zy~. x R? — R, where k. > k,.. That is, C(z) is
S

approximated by C (zn=e,w), where w € R? is the parameter. Notice that we allow arbitrary function approximation class,
20

and C only depends on states of agents in x.-hop neighborhood.

Furthermore, we denote by 1) : Zy=. — R the feature vector. Assume
i0

Y(2nre)
iQ

introduce the feature vector for compatibility with linear function approximation. Nevertheless, we emphasize that our

algorithm still allows general function approximation class by choosing A = 0. See Algorithm @] for the complete algorithm.

’ < 1 without loss of generality. We

We point out that Algorithm@]reduces to Algorithmif we choose ty = 0 and let F' be the temporal difference d;, (¢) in
Algorithm 2] Besides, many other classical single agent policy evaluation algorithm, such as LSTD [Boyan, [1999], are a
special case of Algorithm 4]



Algorithm 4 Generalized TD(\)
1: Input: 7,
2: Parameter: \ € [0, 1), to > 0, function F : (ZNZ]C)’fOJr2 x RY — R.
Initialization: w(0) := 0, {(0) := ¥ (zn=(0)).
fort =ty,to+1,--- ,K —1do b

)-t

3:

4. X(t):= (zNy%c(t—to) PENge (t+1)).

5:  Update parameter w(t + 1) = w( )+ aF (X (t),w(t))C(t).
6:  Update eligibility vector (¢t + 1) = A((¢t) + ¥ (zn (t +1)).
7: end for

8: Return w(K)

C.3 CONVERGENCE RESULT

To make the section self-contatined, we restate assumptions needed for localized stochastic approximation. We point out
that all assumptions below can be satisfied by localized TD(\) with linear function approximation under the assumptions in
the main text.

Assumption C.1. P is aperiodic and irreducible.
Assumption [C.1| guarantees the existence and uniqueness of stationary distribution. In addition, AssumptionC.1|ensures that
there exists ¢ > 1 and p’ € (0, 1) such that

TV (m, 7) < cp't. (15)

We further define the stationary distribution of (¢) [Tsitsiklis and Van Royl|1997]]. Consider a stationary Markov process
{z(t)} (—o0 < t < 00), in which the state distribution at each time ¢ is the stationary distribution. Let

t

=D N F(ene (R)),

k=—o0

where {z(k)} is sampled from the stationary Markov process. ((t) is well-defined, and its distribution is invariant of ¢. Thus
we can use the distribution of ¢(¢) under stationary Markov process as the stationary distribution of ((¢). We use E[-] to
represent the expected value of a formula, given that {z(¢)} follows the stationary Markov process and ¢ (t) is sampled from
the defined stationary distribution.

Let G(¢(¢), X, w) = ((t)F(X,w) and denote
G(w) =E[((t)F(X, w)].
Assumption C.2. [. There exists L1 > 1 such that

|F(z,w1) — F(x,ws)| < Ly |Jwy — we||, Vwy, we, x
|F(z,0)| < Lqi,Vx
2. G(w) has a unique zero w*. In addition, there exists co > 0 such that
(w —w*)TG(w) < —collw — w* |, Yw € RY,
Point 1. ensures that our updating term is Lipschitz, while point 2. guarantees the existence of negative drift, which is crucial

in Lyapunov analysis. Both assumptions are standard in non-linear stochastic approximation problems [[Chen et al., 2022].

Assumption C.3. C/(zyrc,w) is Lo-Lipschitz with respect to w, i.e.,
20
Clanm,wi) — Clayr,w2)| < Laflwy — ws|

for all ZNr € ZNin,wl,wg € R,



Given the assumptions above, we can show a geometric mixing rate of G(¢(t), X (t), w) to G(w) w.r.t. t. To be concrete,
there exists ¢, (¢, p’, A\, to) > 0 and pgy(p’, X) € (0,1), such that for any ¢ > ¢, we have

[EIG(®), X (1), w)] = G(w)|| < La(lwll + Deg (€, o', A to) lpg (o', M) (16)
This can be viewed as a generalized result of [Bertsekas and Tsitsiklis, [1996, Lemma 6.7], and we defer the proof to
Appendix[C.5.2] In order to state conditions on stepsize, we introduce the concept of mixing time of function G.

Definition C.4 (Mixing time of function G). The mixing time of function G with precision 6, for any § > 0, is defined as
t5:==min {t > 1| [[E[G(¢, X (t),w)] — G(w)]|| < 0L1([Jw] + 1)} .

Eq. (T5) ensures that
t5 = O(log(1/9))
for any 6 > 0, so lims_,o 6t = 0.

The performance of Algorithmﬁis related to its globalized version on state space Zp~.. To illustrate this idea, we define
io
the concept “sub-chain”.

Construct transition probability P on state space Z . satisfying
S

ﬁ(ZNz)C7Z—NZ)") ,
—)]P)Nir;c (ZNZ)C|(ZN%C7Z,N%C)). (17)

@(va;;c |ZN;;) = Z

Z_ ke

ﬁNﬁc (sz"C
_ Nt ig i
0

Here

]P)NZ)C (Z;V:E)c |(ZN7':)C y 27N720) = Z P(Z;V:jc y Z/_N:)c ‘(ZN:BC y Z?N{Bc )

’7
Z_nre
i

Notice that 7 y=c (2% ) > 0 due to Assumption
0 0
Definition C.5. Let En~c C N/*° x N[ denote the edges with two end points in N;*¢. Let [\~ denote the marginal initial
ig 0 20 70 Ni(J

state distribution of state space Z yrc.
0

Then Markov chain Mpyxc = (Nj© SN_NC,ZN_KC,FF,%MQVKC) is called the sub-chain of Markov chain
io io io io

10
(N, E, Z,P, 7,7, u') with respect to agents N;*.
We denote by C:2 nre — R the sub-chain’s cost function.
0

The following concept is critical for the reduction of a localized algorithm to its globalized version.

Definition C.6. The reduction error is defined as
€red ‘= sSup

Zyre €Z ke
io io

(i'(zN;]c,w*) —CN'(ZNT)F) . (18)

The reduction error is dependent on the actual algorithm used, including update rule, choice of function approximation class.

We now present our main theorem of localized stochastic approximation. The proof sketch is given in subsection[C.4} and
the detailed proofs are deferred to section[C.3]

Theorem C.7. Suppose Assumptions and are satisfied. Choose stepsize o satisfying at!, < min {ﬁ, Tasr }
1 1
where L = .. Then we have for all K > t.,

/
E i[O w00 = 0| 5313 (0~ )

Co
Ke—Kp+1 2
g

Here c1 = (|[w(0)|| + [|w(0) — w*|| + 1)2, co = 114LE(||w*|| + 1)?, €req is defined in Deﬁnition




Notice that t§ = O(log $). So at], — 0 when v — 0. Thus the conditions for o in Theoremcan be satisfied when « is
small enough.

C.4 PROOF OF THEOREM

Key idea: A Reduction Approach. The key to analyzing the localized stochastic approximation algorithm is to reduce it
to a globalized policy evaluation algorithm on the sub-chain with respect to agents IV, i’zc. To be specific, AlgorithmE]itself
can be regarded as a globalized policy evaluation algorithm for the sub-chain M pc.

0

The most important part of the proof is that the sub-chain has the following properties:

1. The “sub-chain” is an aperiodic and irreducible Markov chain.

2. The local transition probabilities of agents in N, irzc—l are the same for the sub-chain and the original chain. The local
transition probabilities in the sub-chain do not need to be independent.

3. The stationary distribution of sub-chain equals the marginal stationary distribution of Z N in the original chain.

We formulate the properties as the three lemmas below. The proofs are deferred to Appendix [C.5.1]

Lemma C.8. P is aperiodic and irreducible.

. =1
Lemma C.9. We have for any agenti € N~ that

P;(2)|znne ) = Pi(2]|2n,), V2] € 2, 2yne € Zyre. (19)
k3 7,0 7‘0

Notice that N; C N when i € NZ.'ZC’l,

Lemma C.10. Consider the stationary Markov chain (N, &, Z, P, 7,~,7T). That is, the initial state distribution ' = T is
the stationary distribution.

!

Then for anyt € N, znre, 2 we € Znre, we have
y NFe, Zn N
io io ig

Pr [ZN/KC (t+1) = 2yre|zyme (t) = ZNf‘cj| = P(2)yre|znrme).
L0 ig 0 0 i0 0

Now we can discuss the proof of Theorem We can think that Algorithmﬁ]is executed on the local chain M p=c, with
iQ

cost function denoted by C'. Then w* can be regarded as the fix point of parameter update in a globalized algorithm. In this



regard, we can do the following error decomposition.

E [sup

Clengg i) - )|

<E [sup (

O, w(t) = Clayse, w*)‘ +

io

CA’(ZN;LC y w*) - C’(ZN:[‘JL)

+ [Clen) - )]
3 {IE {sgp )

B [sup|Clevgy) - 00

~ N 2 A ~
C(ZN[:)C,w(t ) — C(szbc,w*)‘ } +E [sup ‘C(zN;]c,w*) - C’(ZN{:)C)

]

. . 2 R s 2
=3¢ E | sup |C(zyre,w(t)) — C(ZN,"Cv"U*)’ + sup [C(zyre, w") — C(znre)
e i i0 Zyre io io
io i0

(a) (b)

2
| (20)

+ sup ‘CN'(ZN%L) —C(2)

(c)
Here (7) is by Cauchy-Schwarz inequality.

To interpret the error terms, (a) is related to the convergence of w(t) to the fix point w*, which can be viewed as a globalized
non-linear stochastic approximation problem [Chen et al.,[2022]. () is the inherent property of the globalized algorithm
and the Markov chain, which is defined as €,.4 in Deﬁnition We point out that for some algorithms, such as TD(\)
with linear function approximation, €,..q4 can be bounded by the function approximation error. (c) is the difference of the
cost function in the sub-chain and in the original chain, which originates from the use of a localized algorithm and decays
exponentially with ..

Bound (a). This can be done in two steps. The first step is to analyze the convergence rate of w(t) to the stationary point
w*, which can be viewed as a stochastic approximation problem. Thus we can adopt Lyapunov approach to bound the
convergence rate, which is a standard method in stochastic approximation [Srikant and Ying, |[2019, |Chen et al.| [2022].

The second step is to combine the Lipschitz assumption of C (Assumption | with convergence result of w(t) and derive
the bound of (a).

With the proof idea above, we proceed to bound the convergence rate of w(t). In order to utilize the mixing of function
G(C(t), X (t),w(t)), we take expectation conditioned on X (t — ¢,)), ((t — ¢/,) and w(t — ¢,,). For convenience of notation,
weuse E,[] =E[|X(t —t),{(t —t,), w(t —t.)].

For any ¢ > t/,, we have

Ea [t +1) = )] - Ea [lu(t) - w*|?]
(

=20 E, [(w(t) — w*)Té(w(t)]
(a1)
+ 20 B, [(w(t) —w) T (GC(1), X (1), w(t)) — Clw(t))]
(a2)
+ a2 B, [IIG(C0), X (1), w(®)P] @D
(as)




Term (a1) corresponds to the negative drift, and Assumptionindicates that

(a1) < —coBafllw(t) —w*|*],
Before we bound (a2) and (a3), we show that function G is Lipschitz. See Appendix [C.5.3]for the proof.
Lemma C.11. Let L} = 2

||G(C(t)7m,w1) - G(<(t>7x’w2)” < Lll le - w2|| ; Vwr, we
1G(¢(t),x,0)]| < Lj.

Besides, Lemma [C.T1]also implies for any ¢, z, w, wy, wo that

[Gwn) — Glws) | < LG, X(0),w1) G, X (1), wa)ll] < L4 [fwr — o]
16, w)l < G, 2,w) = G, 2,0)]| + |G, 2, 0) < Ly (] +1)
|G| < BUIGE). X (1), wll| < Zi(uw +1).

We apply Lemma and bound term (a3) as

(as) =Ea [|GC(0), X (0),w()]]

)
(

<SLPEq [(lw(®)ll +1)?]
<SLPEa [(w(t) = w*|| + [Jw*] +1)?]
<P, [t = w** + (lw*]| +1)?]

Finally we bound (az). Before that, we need to control the difference of w(¢;) and w(ts) for any ¢1,t2 under certain
conditions of stepsize. This can be formulated as the lemma below, with proof deferred to Appendix [C.5.4]

Lemma C.12. Foranyt; >t > 0, ifa(t] — t2) < then we have

= 4L”
Jw(t1) —w(t2)]| < 2Lja(ts — t2)(Jlw(tz)]] + 1)

< ALja(ty —t2)(lw(t)|| +1).

With Lemma|C.12] we are able to control (a3). The proof is given in Appendix [C.5.5]

Lemma C.13. Suppose at, < Then the following inequality holds for all t >t/ :

— 4L’

(a2) < 56LPatLE [[lw(t) — w | + ('] +1)?] .

Now we apply the upper bounds for (a1), (a2) and (a3) to Eq. (21, and we get

Ea [lw(t +1) = w*|*] = Ea [llw(t) = w*|]’]
<2a(ay) + 2a(as) + a*(as3)
< — 200aEq () — v |
+ 120202 E, [[lw(t) = w' P + (o] + 1)?]
+2L20%E, [[lw(t) - w* | + (Juw*]| +1)?]
< — 200aB, [[lw(t) - w* ]
+ 1L, [fw(t) = w * + (o] +1)?] -



Rearranging the terms, we derive that
Eo | lo(t +1) = w|?]
< (1-2coa + 114L202t,) E, [||w(t) - w*ﬂ 11412028, (|Jw*]| + 1)2
<(1 - coa)Eq [fut) = w* || + 114L202 (" | +1)2,
where the last inequality is due to at!, < 11;’7%,12. Taking total expectation on both sides, we get

E [t +1) = w ] < (1= con)B [lw(t) - w|*] + 114122, (w*]| + 1)2.

Repeatedly use the above inequality starting from ¢/, and we have

E [[lw(t) - w'|*] <(1 = cpa) ™" [[Ju(tl,) - w?]

t—t), —1
F L2 (] + 12 Y (1 - con)®
k=0
: 114L 20t (w]| + 1)2
<(1 - cg0) " [Ju(ty) — w**] + =L allwll +1)*
Co

We can bound E [||w(tfl) - w*||2] by

E[llw(th) - w* ] <E [(lw(th) = w©O)]l + Jw(©0) - w|*)]

(@) . 9
<E [(w(0)] + w(0) - w’ || +1)°]
=C1,

where (i) is by Lemma|C.12| with ¢ = t{, and t> = 0, and by at;, < ﬁ.

Noticing that ¢z = 114L72(||w*|| + 1)2, we substitute ¢ with K and get

/ t/
E [llw(k) — w|?] < er(1 - coa) " + 22, VE > 1), (22)
co

For the second step, we combine Assumption [C.3] with Eq. (22) and get the following result, the proof of which is in
Appendix [C3.6

Lemma C.14. For K >t , we have

' t
(a) < L3 <cl(1 — acy) K ta +czaca) .
0

Bound (b). We have (b) = €2_, by Deﬁnition
Bound (¢). This can be derived by the exponential decay property of the cost function. See Appendix for the proof.
Lemma C.15. The cost function of the sub-chain and the original chain differs by

Ke—kKp+1

sgp ‘C’(ZN%C) — C(z)‘ < ﬁ’Y

Ke— Ky 2
Thus (c) < (77“) .

1=y

Eventually. we combine bounds for (a), (b), (c) (Lemmal|C.14] Definition|C.6|and Lemma [C.15)) and plug into Eq. (20).
Then we complete the proof.



C.5 PROOFS OF TECHNICAL LEMMAS IN APPENDIX

C.5.1 Properties of Sub-Chain

We give the proofs of Lemma[C.8] [C.9] [C.10}

Proof of Lemma|C.8} For any Markov chain with transition probability I" on some state space X', we write I*(2'|z) =
Priz(t+ k) = 2'|z(t) = x, forany t € N, z, 2’ € X.

For any zyre, 2y € Zyre, we randomly pick z_ yre, 2’ \re € Z_ Npe and let z = (ZNNC z_pyre), 2 = (Zre, 2 pre)-
0 ig t0 %0 Y t0 ig Vg

0
Since P is irreducible, there exists 79 > 0, such that P¥(2'|z) > 0, so PN'“( NM| z) > 0. ]P’NHL( 'vre |2) represents the
0

marginal probability of z». given previous state z. By the interpretation of P given in Lemma C.lO
o

T(znges 2onpe) .

=k, , _
P (ZN:Z/)L|ZN1K(’)C) = Z

Z_nre€Z_Nre
io io

7(2) k

> — PV .. e

= T (zyme)” Nio (ZN 12)
0 0

ﬁNi'ioc (ZN:BC

> 0.

Therefore, P is irreducible.

To show that P is aperiodic, we assume that P has period 7' > 2. Then for any ig not divisible by 7" and any zy~,
0

=k
P (ZNZ;

zN:Oc) = 0. For any z € Z, since for iy not divisible by T,

— T(anpes Zonte) R
0=Flawglog) = X o R G )
Z_Nre€Z_pyre

20 0

*
T nree \ BN Fe
Ni':f( Nl.0

we have P .. (zne |[(2yre, 2_yre)) = O forany 2_yxe € Z_yre. In particular, @f\,_ﬁc (zn=c|z) = 0 and thus @k(z|z) = 0.
i io iQ iQ i i io i

This implies that the period of state z is at least 7' > 2, which contradicts the assumption that P is aperiodic. Hence Pis
aperiodic.

In conclusion, P is irreducible and aperiodic. O
Proof of Lemma For simplicity, let I = N> /{i}. Then we have

|ZN“L Z]P) 2, ZI|ZN”°)

(2 2one)

— , re
:Z Z - o) ) IP)NK,C (ZNN‘"
i
ﬁ(ZNficwz—Nf‘C)
ig iQ e o ke ke
fnc(ZN{;c) ZPNiO (zNZ)C|(ZNi0 VNG )

Z_NFe 27

T(znge, 2o Nrie)

3 Pz,

WKC(ZN;‘(;)

(”) ﬁ(ZN{ic’Z_Nfic)

s v 0 i
= Z(ZZ‘ZNq,) Z %KC(ZN::)C)



Here (4) uses the fact that the local transition probability ; only depends on the states of agents in IV;, and (i4) is because
N;N =N =g. O
io

Proof of Lemma|C.I0] Since we consider the stationary Markov chain, the state distribution at any time ¢ is equal to the
stationary state distribution 7, so we have

Pr |:ZNFC (t+1) = 2yre|zyne (t) = ZN{W::|
) ig ig i
Pr |:ZN{“VC (t + 1) = Z;vNC7ZNf€’C (t) = ZNEC:|
_ *0 iq ig iQ
Pr |:ZN:)C (t) = ZN:)ci|

2 e FY [ZN{‘D“ (t+1) = zjyne, 2(t) = (e, 2 npe)
i0 0 0

)

ZZ*N?& ﬁ(ZN;:; 1 F-Nje )PNfOC (Zkfbc |(ZN:; 1 F-Nje )

a Te (2n7e)
‘0 0

:]P)(Z;V.HC |ZNf\'c )
iq i0

C.5.2 Geometric mixing of the function GG

We prove the geometric mixing property of function G (cf. Eq. (I6)), which can be formalized as the lemma below:

Lemma C.16. There exists cq(c', p', A, t0) > 0and py(p', X) € (0,1) € (0,1), such that for any t > to, we have
[E[G(¢(1), X (1), w)] = G(w)|| < La(llw]l + Deg(c, o, X, to) g (0", N

To prove Lemma|C.16| we need some auxiliary results. Let Y1 (t) = (z(t — t1),- -+, 2(t + 1)) € Y = Z%1+2 Denote by

Ty, + € A(Y') the distribution of Y1 (¢) and by Ty ¢, € A(Y*') the corresponding stationary distribution.

Ty, ¢ and Ty,;, can be computed by

t

WY,tl,t(thtU ce ,Zt+1) = Wtftl(ztftl) H P(zi+1|zi) (23)
i=t—t;
t+1
Ty (20, s 20+2) = 7(20) [ [ Plaia ). (24)
i=0

The following lemma states the convergence rate of my ;, .

Lemma C.17. Forany t > t1, TV (Ty.4, ¢, Tye,) < ¢ p/t7 1.

Proof of Lemma|C.I7] We have by Egs. (23)) and (24)

_ 1 _
TV(Ty 0,6 Tve) = b} Z 1Tyt (Ze—tys w5 2e41) = Ty (Ze—tys oo Ze41))|
Zt—tyy 3 Rt41
1 t
=3 o Imenien) = 7)) [ Peialzo] |
Zt—ty, "t 1 Zt+1 i=t—tq
1 _
D) Z Tty (2t—t,) — T2, )|
Zt—tq
= TV(’/Tt—tl ,ﬁ)
!ttt

<cp



Lemma C.18. Fort > m, any w and any X (t) = (znne(t — tg), -+ , z2y=c (t + 1)), we have
0 20

B[y (2(t — m)) F(X(t),w)] = E[p(2(t — m))F(X (1), w)]]
S2L1(||IU|| + l)clp/tfmax{m,to}.

Proof of Lemma[C.I8 Letset 8" = {(z(t —t1),---,2(t+1)) € Y | (ZN:OC (t—t1), - 2N (t+1)=X(t))}, for

any t1 € N.

When m > tg, we have

[ Bl (2(t = m))F(X (1), w)] — E[p(=(t —m)) F(X(t), w)]|

Do WDt = m)FX (1), w)(mym (V™) — 7Ty,m(Ym))H

ymesm

< Y = m) [ [FX ), w)] [mym (V™) = Fym(Y™))]
ymesm

<Li(lwll +1) D7 1mvms(Y™) = Fym(Y™))]

YnzeSnl
=2La(Jwll + DTV (T, Tvom)
<2Ly (Jw] + 1)e'p" .

Here the last inequality is due to Lemma[C.17]

We can similarly prove the case for m < t¢. In that case, z(t — m) is included in (z(¢t — t), - -+ , (¢t + 1), so we just need

to replace m with ¢, in the proof above.
Now we can bound the convergence rate of function G.

Proof of Lemma[C.16] We have by definition of function G and G that

IEIG(C(t), X (t), w)] — G(w)]|

D ATE[(2(t —m)F(X (), w)] = Y NE[(2(t —m)F(X(t),w)]
m=0

<D N ER(2(t = m))F(X (1), w)] — E[(2(t —m)F(X(t),w)]|
m=0

+ ) A ERb(z(t — m)F(X (1), w)|-

m=t+1
Notice that Assumption[C.2]indicates that
[E[(2(t —m)F(X(t), w)]|| < Ly (J|w]| + 1),
and Lemma [C.T8]implies that

[E[(=(t = m))F(X(t), w)] = E[gp(2(t — m))F(X(¢), w)]|
§2L1(Hw” + 1)clp/t—max{to,m}'

O



Plug in the two bounds back, and we have

IE[G(C(1), X (t), w)] = G(w)]|

to—1
<Y A2 (||w]| 4+ 1) + Z N2Ly ([Jw]l +1)e'p"* ™ + Z A" Ly (Jlw] + 1)
m=0 m=to m=t+1
to—1
=Ly (|lw| +1) |2¢ ZAm "t 4o Z AT/t Z AT (25)
m=tg m=t+1
—_———

(a) ©)

where we use Assumption|C.2]as well as Lemma Obviously, (a) = O(p’*) and (c) = O(\?). For (b), there are three
cases:

. )\<p then (b) = O(p™).

e A =p/, then (b) = (t — tp + 1)p' ¢, which also decays exponentially fast with ¢, with any decay rate less than p’.

« A >, then (b) = SoL-f0 AT g = O(AY).

In conclusion, (a), (b), and (c) all decays exponentiallly fast with ¢, with decay rates depending only on A or p’. Let p'(p’, \)
be the maximum value among the three decay rates, then there exists some ¢, (¢, p’, A, tg) > 0, such that

to—1
2c Z)\m ft=to o Z AT/t Z N < eg(d,p s A to)[pg (0, N)E
m=0 m=tg m=t+1
Plug into Eq. (23), and we complete the proof. O

C.5.3 Proof of Lemmam

The key is to notice that

Then by Assumption[C.2} we get
1G(C(t), 2, w1) = G(C(E), z, wa) |

— GO @) - Fa, wa)]|
< GOl [P w1) = P, w2)
<o D= s

=L} Jwy — wa|.

Furthermore, we have

1G(C(2), 2, 0)
=[[C(t)F(z,0)|
<@ [F(z,0)]

Ly
<
“1-A
—I.




C.5.4 Proof of Lemma
By Lemma|[C.TT} we have for ant ¢ that

[w@ = flw(t = DI < Jlw(t) —w(t - 1)
=a[[G(C—1, X(E = 1), w(t = 1)]|
<ali(fw(t =1 +1),

So Jw(@®)|| +1 < (1+ «Li)(Jw(t —1)|| + 1). Then we have for any ¢ > to,
lw®)] +1 < (1+aLy) "2 (Jlw(tz)]| +1).
Therefore, we get
[w(t) —w(ta)]|

< 3 ol +1) - w(t)]|

t'=to

tl—l

< > aLi(lw(t)]| +1)

t'=to

tl_l

<D aLi(l+aly) R (u(t)] +1)

t'=to

= [+ aL})" " — 1] (lw(t2)]| + 1)

Notice that (1 + z)? < 1+ 2pz forany p > 0 and z € [0, 2—11)] So for a(t; — t2) < 577, we have

(14 L))" <1+ 2L a(t; — ta).

Therefore, we have ||w(t1) — w(t2)|| < 2L a(ty — t2)(|lw(t2)]] + 1).

. 1
Since a(ty — ta) < I e further have

Jw(ty) —w(ta)]]
<2Lia(ty —t2)(lw(t2)]l + 1)
<2Lia(ty — t2)(|lw(ty) — w(ts)|| + |lw(ty)]| + 1)

<5 lota) — w(ta)]| + 240(tr — ) (o) +1).

Rearrange the terms, and we have ||w(t1) — w(t2)|| < 4L a(ty — t2)(|lw(ty)| + 1).

C.5.5 Proof of Lemma

We can decompose (aq) as

(a2) =Eq [(w(t) —w*) " (G(C(1), X (), w(t)) — G(w(t)))]
=Ko [(w(t) —w(t —t,) " (G(C1), X (1), w(t)) — G(w(t)))
+ (w(t —t,) —w*) " Ea [G(C(), X (1), w(t —t},)) — Gw(t —t},))]
+Eq [(w(t —t,) —w) " (GC(), X (1), w(t)) — G(C(), X (8), w(t —t},)))]
+Eq [(w(t —t,) —w*) " (Glw(t—t,)) — G(w(t)))] .

(b1)
(b2)
(b3)
(ba)



For term (b, ), we apply Lemma witht; = tand t3 = ¢t — ¢/,. Thus we get

(b1) < Ea [[lw(t) —w(t — )] |G(C(1), X (t),w(t) Ol
< Ea [lw(®) —w(t = )] (IGC@®), X (@), w®)] + HG w(t)])]
< 4LjotyEo [(lw(®)] +1) (IGC®), X (&), w®)]| + [|[Gw(®)]])]
< 8L ot Ea [(Juw ()] +1)%]
< 8LPatEo [(w(t) — w*|| + [lw*|| +1)?]

< 6L 0t e [Jun(t) —w* + (| +1)7]

= 16220t} (Ea [Ju(t) - w'P] + (lw*]| +1)?).
Now we bound (b»). We have by Definition [C.4] that

(b2) < flw(t —t,) — w | |[Ea [(G(C(1), X (), w(t — 1)) — Gw(t —t,)] |

< Lia((lw(t = to)ll + 1) [lw(t — t,) — w”|
= LioBq [([[w(t — t5)[l + 1) [Jw(t — ) — w”|].
We further bound (bs). By Lemma and the fact that ait!, < L, , we have

lw(t) = w(t — ;)] < 4Liaty, (Jw(®)] +1) < w(®)] + 1.

Thus we have

lw(t =t )l + 1) [lw(t — ) — w”|

lw®)] + llw(t) = w*[| + || + 2)(Jw @] + [w(t) = w*[| + 1)
2{jw(t) = w*|| + 2[Jw*] + 2)2 Jw(t) — w*[| + [w*]| + 1)
<A(flw(t) — w|| + [Jw*]| +1)?

<8 [lw(®) = |l + (o] +1)?] -

IA A CIA

So we can bound (b2) as

(bg) < 8L1aKq [Ilw(t) —w*|” + (]| + 1)

Finally we bound the sum of (b3) and (b,). We apply Lemma and get

(b) + (ba) S2L1Eq [[w(t — to) — w*{| [Jw(t) —w(t -t )]l]
<8LP oty B [|lw(t — t,) — w|| (Jw(®)]| +1)]
<8LPatyEo [(Jw(t) — w(t — to)]| + [w(t) — w*[[)(|lw(?)

<8LPat’ E,

<16LPat, B [([|w(t) — w*|| + [[w*[| + 1)?]

<820t Eq [[w(t) - w* + ('] +1)?] .

Now we combine the bounds for (by), (b2), (b3), (bs) (Eq. 26)., (28), (29)) and get
(az) =(b1) + (b2) + (b3) + (bs)
<1610t (Eo [[lw(t) —w ] + (o) +1)?)

+8L10Eq [[lu(t) — w* |+ (] + 1]
+ 320201 E, [Hw(t) —w*||* + (o] + 1)2}

<S6L2atEa [fuw(t) — w|* + ('] +1)?] |

(fJw(

(lw(®) = w(t = )l + [lw(t) — || + [w*l| + D((lw(t) — w(t — to)]| + w(t) -
(fJw(

(

(Lemma[C.12)

(26)

27

(28)

(Lemmal[C.12)

[ — w*[| + [Jw*]| + 1)]
<SLPatoEo [(Jw(®)]| + w(t) — w*| + D(Jw(t) — w*|| + [w*[| +1)]
(2 fw(®) = w*[| + [lw* | + D([lw(t) — w|| + [lw"]| + 1]

(Eq. 7))

(29)



where the last inequality is derived by 1 < Ly < L (cf. Assumption|C.2)) and ¢, > 1.

C.5.6 Proof of Lemmam

By Assumption [C.3] we have for any ¢

Clange, w(t) = Clz,w")| <Lz [Jw(t) — w* .

So we get for K >t/ that

E [Sup

N N 2
Clangg () = Clange ) |

< B [13 (k) - w|?]

2 K-t aty,
< L2 01(1 — OZC()) @+ Co - .
0

C.5.7 Proof of Lemma

Denote by 7, , the marginal distribution of Z - at time ¢ in the original Markov chain (state space Z). Let 7, ; denote
20
the marginal state distribution at time ¢ in the sub-chain (state space Zp~c.)
i

Due to the local dependence of transition probability (cf. Eq. @)), Ty, ¢ i only dependent on the initial states of agents in
NZ-’Z* +t, which is equal to 77;’” when ¢ < k. — k... Therefore we have for any z € Z

Clenze) - C(2)|
o0
< EE(s e (0) = M}_ |:t . :”
<3 [E [y O)engs 0) = 2] — B [27 e 0)1(0) =2
o0
:Z vOE. Flene) = E o F(aner)
P zN:»Or Nyt *0 le"O" ~T et ig
o0
- Z 0 E_ 7lener) — v E 7(zpnr)
et —roptl | N[ Tt © g Tt i
oo
S Z fytTV(ﬁ-’imt’ ﬂ-fimt)
t=Ke—Kr+1
1 ,ymc—tw—i-l
ST 5 .
Take sup, on both sides above, we have
= 1
sup ’C(ZN_NC) — C(2)] < ——AfeTrrtl
z o 1—7v

D PROOF OF THEOREM

In this section, we first derive the uniform properties of e-exploration policies, which are prerequisites for the critic error
bound. Then we show that assumptions of Appendix [C|can be satisfied by Algorithm 2Junder certain conditions. After that
we restate Theorem [5.8] Finally, we give the proof of the theorem, which is based on the results of localized stochastic
approximation (Appendix [C).



D.1 UNIFORMITY OF ¢-EXPLORATION POLICIES

In order to derive a uniform critic error bound for all policies, we need uniform properties, , such as convergence rate,
exploration, for the critic sampling policies, i.e., e-exploration policy class =¢. This can be done by applying the results of
Zhang et al|[2022¢] when Assumption [5.3]holds.

Lemma D.1. For any policy £ from ¢ for € > 0, the induced Markov chain {(s(t), a(t))} is aperiodic and irreducible.

Proof of Lemma@ The result is obvious by point 1. of [Zhang et al., 2022c, Proposition 3] and the fact that &(a|s) >
HieNﬁ:fw>Oforanys,a. O

For any policy £ € Z¢, we use the notation 7% (s, a) to denote the probability of (s,a) at time ¢ and use 7t (s,a) for the

probability of (s, a) under stationary distribution. According to Lemma for any é € E°, there exists cg > 1 and
p¢ € (0,1) such that

TV(ns,7) < cef- (30)
Letc:= SUPg e Cos pi= sgpéeEe Pg- Besides, recall the definitions of 7,;, and A in Subsection The uniformity of =¢
can be shown by bounds of p, 7, and A.

Lemma D.2 (Uniformity of e-exploration policy class). We have

1. p <1 So wf has a uniform convergence rate for all é € ="

2. Tmin > 0. So each (s =<, a;) pair is visited with positive probability, which has a uniform positive lower bound for all
e-exploration polices. '

3. A>0.

Proof of Lemma[D.2] Fix any é € =°. For part 1, by [Zhang et al., 2022¢, Proposition 3], for any é € =€, there exists ¢ > 0
and po < 1, such that sup;_z. maxses TV(7r§7t(~|s),ﬁg) < ¢ph for any ¢t > 0. Here wg,t(s’|s) = Prg[s(t) = §'[s(0) = ]
for any s, s’ € S, and ﬁg € A(S) is the stationary distribution of S under policy €. Then

TV, 76 = 3
%
:5822

<5 > B |7 o (515°)€(als) — 7(s)éals)|

ﬁf(s, a) — ﬁé(s, a)‘

By 76,4 (s15)é(als)] = 75 (5)é als)

1
ZEESONH

3 |76 o (s15%) — 75 (s)

s,a

=Esop [TV(WE,t('|5)’ﬁ§)]

3 (a|8)1

<épj-
This shows that p < py < 1.

As for part 2, by 3. of [Zhang et al. [2022c, Proposition 3], m := infsezc minges ﬁg(s) > 0. Thus for any syrc €
SN:u,ai € A; and anyf € =,

fg(SNiﬁc , ai)

= Z ﬁg(sN’fc,S_Nfcaaivaf—i)



Thus mpmin > @ > 0.

Finally we show part 3. For any square matrix X, denote by A, (X) the minimum eigenvalue of X. By definition of 7,
(see Subsection, for any £ € 2, Apin(D%) > Tnin.

Since €); is full column rank, QZTQ is positive definite, so )\min(QiTQi) > (0 forany i € NV.
For any eigenvalue \ of Q;'—DEQi, let z € R% be the corresponding eigenvector. Then
Az)]? = Az Tz
=z'Q DéQim
2 Tmin ”le”2
= Tminz’ Q] Qi
= TaninAmin (4 ) [|z]|*

Therefore A\ > wmin)\min(Q;—Q ), and thus )\5 > Wmln)\mm(Q Q). As aresult, A > Ty mm(Q Q) > O

Besides the uniform convergence rate of the distribution (s(t), a(t)), we also want to establish the uniform convergence of
the marginal distribution (s(t), a;(¢)) forall € N.

For any agent i € N and policy £ € =€, we use the notation 7'('525(8, a;) to denote the marginal probability of (s, a;) at time ¢

and use ﬁf(s, a;) for the marginal probability of (s, a;) under stationary distribution. The following lemma shows that the
distribution (s(t), a;(t)) converges as fast as the (s, a), with a uniform convergence rate for all e-exploration policies.

Lemma D.3. The distribution of (s(t), a;(t)) has uniform convergence rate
V(@S 7 <e- ot

i, e

Here ¢ and p are the uniform convergence rate of the distribution of (s(t), a(t)) (see Appendix|D.]I).

Proof of Lemma([D.3] We have

TV( e fg)
LY o
s,a;
72 Zﬂ-t S, G4, @ 7, 775(570'7;701—7;)
s,a; |a—;
_2 ZZ 7Tf $,a;,a_;) 776(57(11'7&—1')
s,a; a_;
<c-p'.
Here the last inequality is due to Eq. @) and c; <T, pg <. O

D.2 VERIFYING ASSUMPTIONS OF APPENDIX

In order to apply the results of localized stochastic approximation (Appendix [C) , we verify the assumptions needed for
Theorem [C.7} First, we correspond the problem setting of NMPG to the Markov chain setting of localized stochastic
approximation.

We fix any policy £, and any agent i € \ for the rest of this section. Then {(s(t), a;(t)} forms a Markov chain M€, Recall
that U = N7 /{7}, which is the set of agents within j’s x-hop neighborhood excluding j it self. Construct Markov chain

MiE = (N,E, Z,P, 7, ~, ), and choose iy = i. Here N, £ and -y have the same meaning as in the NMPG setting (Section



[2), which are the set of agents, the edges of the graph and the discount factor, respectively. For the other elements, they are
defined as

P;(2)lzn,) = &;(a}|s;)Pi(s)lsn,, a;),¥j € N

SN;"MCM Z fU’“ (GU“ |SU*“")7'1(3N*‘T az,an)
Gypr
7

Here Ff(s N+, @) is the expected reward function with respect to ag =~ . Furthermore, cost function C(z) of M®¢ corre-
sponds to

C(s,a;) Zv B[ (snee (1), ai()[5(0) = 5,0(0) = ]

= S A Bl (6, axs (1)]3(0) = 5, ai(0) = ]
t=0

= Qf(s.a0).
which is the averaged @)-function.
Now we represent localized TD()) with linear function approximation in the form of generalized TD(A) (Algorithm[d). Let
d=4d;, to=0
X(t) = (znpe (), 2ype (E 4 1))
F(zN:u(t), ZNre (t+1),w) = —08;(¢). (€20)
(Recall the definition of §;(¢) in Algorithm ) Then Algorithmanalyzes the averaged @Q-function of agent i.
Next we show that Assumptions|[C.1} [C.2] [C.3| are satisfied by localized TD()) under the conditions of Theorem 5.8}

Verify Assumption[C.1} This can be shown by the following lemma.

Lemma D.4. For any policy £ € E, € > 0, i € N, the induced Markov chain {(s(t), a;(t))} is aperiodic and irreducible.
Proof of Lemma[D-4] For any Markov chain with transition probability I on some state space X, we write ' (2/|z) =
Prlz(t +1) = 2'|z(t) = ], forany t € N, z, 2’ € X.

We fix i € N. By Lemma|D.2| the induced Markov chain {(s(t), a(t))} is aperiodic and irreducible. We abuse the notation
in this proof to use IP for the transition probability of (s, ai) and use P for that of (s, a).

For any s, € S,a;,a; € A;, we randomly pick a_;,a’ ; € A_;. Since P is irreducible, there exists ¢ > 0, such that
P!(s',al,a’|s,a;,a_;) > 0. We choose the smallest to > 0 such that P (s, a}, a’,|s, az, _;) > 0forany a_;,a’ ; €
A_;,s0Pi(s' al|s, a;,a—;) > 0.PL(s',a}|s, a;, a_;) represents the marginal probability of s, a given previous state- actlon
pair (s, a;, a ) Then we have

Po(s', alls, a;) = Z £ i(a_i|s_s)P(s' s, as,a;)
a_€A_;

> min IP“(S a|s,a;,a—;)

a_ LEA i
> 0.



Therefore, IP is irreducible.

To show that P is aperiodic, we assume that P has period 7' > 2. Then for any ¢ not divisible by 7" and any s, a;,
Pt(s,a;|s,a;) = 0. For any s, a, since t not divisible by 7', we have

0 =P'(s,a;ls,a;) = Z € i(a_ils_i)PL(s, ails, s, a_s).

a_;€EA_;

Thus we have P!(s,a;|s, a;,a—;) = 0 for some a_; and thus P%(s, a;, a—;|s, a;,a—;) = 0. This implies that the period of
(s,a;,a_;) is at least T' > 2, which contradicts the assumption that I is aperiodic. (Notice that the period of any state is the
same for an irreducible Markov chain.) Hence P is aperiodic.

In conclusion, P is irreducible and aperiodic. U

Verify Assumption We show that for any agent : € A and any policy é € =¢, the assumption can be satisfied for
Li=1+4~andcy = (1 —7)A

We first verify 1. of Assumption[C.2] For any wy, wo, , we have
|F (s wn) = F(awo)|

= |G (1), au(t)) w1 = wa) = (i (¢ + 1), st + 1)) wn = wa)

< [ (@itone (0, @it wn = wa)| + 7 | Gilonge (t+ Dy astt + 1)), wr = wo)|

<(1+9)llwr = ws
For any z, notice that

|F (@, 0]

m(saee (0 00(0))

<1
<1+n~.

Now we prove 2. in Assumption[C.2} We point out that our localized TD()) can be easily reduced to the classical single-agent
TD(\) algorithm, with Z being the single-agent state space. Then by Tsitsiklis and Van Roy|[1997], G(w) has a unique zero
w*. Furthermore, then according to the proof of Lemma 9 in Tsitsiklis and Van Roy|[[1997], we have

(w—w", G(w)) < —(1—7) [|Qw - QIUHDe

IN
\ |
—~ o~~~

IN
|

We will sometimes add a subscript 7 for w* and write w; to distinguish different agents.

Verify Assumption Approximate cost function C in the localized stochastic approximation problem corresponds
to the approximate averaged Q-function of agent i, i.e., Q; (s e, s, w;) = (¢i(sn=e,a;), w;). Since Hgb,'(sNu , ;) ’ <1,
we have for any w1, wo

A(Zmewl) - é(Zmewz)‘
= ‘<¢i(stc 2 @), w1 — w2>‘

=

Gi(snre,aq)| [wr — wel
< flwy — wel|-

So Assumption[C.3|can be satisfied with L, = 1.



D.3 RESTATEMENT OF THEOREM

Before giving the precise form of Theorem[5.8] We define two quantities needed for the theorem statement. The first quantity
is the function approximation error. Denote by M?v.“u the sub-chain of M%¢ (defined in Appendix l with respect to

agents in N/, and let QNf(sN:c ,a;) be the cost function of M€ at state (8nre, i)

Definition D.5. For any policy é € E¢, and any agent i € N, define the function approximation error as

€app 1= Sup sup inf sup |Q;(syre, a;, w) — Qf(stc7ai) .
5656 ieEN W osa;

Notice that we measure the representation power of the function approximation with respect to the sub-chain instead of the
original MDP.

The second quantity we need is the uniform mixing time of the update term —d;(¢)¢/ (¢) in Algorithm corresponding to
function G in Appendix |C| Notice update term —&; ()¢ (¢) does not depend on policy £, and there is a uniform decay rate
of (s(t), a;(t) for any i and any policy £ € Z€ (Lemma . Then we can apply Lemmafor all policy £ € =€ and get a
uniform decay rate crp := ¢4 (€, 9, A, 0), prp := pg(p, A). This indicates that there is a uniform “mixing time of function G
with precision §” (Deﬁnition for all policies £ € Z€ and all § > 0 , which we denote by ¢. In addition, t; = O(log ).

We now give a stronger version of Theorem [5.8] We can derive Theorem 5.8] by taking square root on both sides and apply
Jenson’s inequality on the right hand side.

Theorem D.6 (Restatement of Theorem@% Recall the definition of uniform mixing time t,, above. Choose step size o

such that at, < min { 4(11;% ’ (11—11)((11;7>\));A . Then we have for any K > t, and any i € N
]

* _ _ K—tq * aty (1 — A'Y)Eapp i
ci(1=(1-=7)Aa) Té (1—9)A + <7Tmin(1 )

n (’YKC'{TJrl)Q_'_( 6ne )2
1—x (1—7)?

2
Here ¢; = (maxien ]| + 1% ¢ = 114 (35 ) (maxsen ]| + 1)2

—0

Qi(stCaaia wi(K)) — Q; (s, ai)

2
critic

€ =maxsup E {max
ieN

0 S,a4

<4

D.4 PROOF OF THEOREM

Throughout the proof, we will fix agent i € A" and policy 7. For any policy parameter 6, let é be the e-exploration policy of
£9. We can decompose the critic error as
]

rilzgf((?) +1) (; ’Qi(sN:vc,ai7wi(K)) - Qf(&ai)

E {max Qi(sN{vc,ai,wi(K)) faf(s,ai)

5,44

(i) 2
<E

; ]Qf (s.00) — Q(s.1)

2

)
— max QAi(stc,ai,wi(K)) —@f(s,ai) +E @f(s,ai) —@f(s,ai)

S,a;

max
S,a4

(i)
<(3+1) {E

I

~ 2
Qi(sre, ai, wi(K)) — Qs (s, a:)

+ max (32)

S,Q4

max
5,Q4

(a) ®)



Here (i) uses Cauchy-Schwarz inequality, (i7) uses the fact that max,, {f(z) + g(x)} < max, f(x) + max, g(x) for any
6

two functions f (), g(z). For (iii), notice that QY (s, a;) is the short-hand notation of Q% (s, a;), and term (b) is irrelevant

of the sampled trajectory.

(a) is the policy evaluation error of estimating the value function of policy é , which can be derived using the result in
Appendix|C| (b) is the difference of value function between policy ¢ and £, which can be bounded by a function of e.

Bound (a). With all assumptions in Appendix |C|satisfied (Appendix [D.2)), the following result is a direct application of
Theorem|[C.7)in localized TD(A) with linear function approximation:

Corollary D.7. Choose step size o such that at, < min { 4(11—_:; 5 (1;11)((11;7)3)22A } Then for ig > t,, we have

. 2
3

E Qi(snre, ai,wi(K)) — Q; (s, a;)

max
S?

7

* K—t * at@ 2 7KC?KT+1 ?
S3 Cl(l - (1 — ’y)AOé) “ 4+ CQW + ei,'r'ed + ﬁ .

2
1
Here ¢ = (maxev|ei] + V% ¢ = 14(E}) maxenlwi] + D2 e =
SupSNfec N QZ(SN:C y Qi w;k) - Q?(SN{% ) ai) .
For localized TD()) with linear function approximation, we can associate €; r.q With function approximation error €y, in a
similar way as Tsitsiklis and Van Roy|[1997].
Lemma D.8. Agent i’s reduction error can be bounded by the function approximation error

11—y

Tmin 1-

€i,red < €app-

Proof of Lemma([D.8| Denote by ﬁic € A(Sy=e x A;) the marginal stationary distribution of (s =, a;). Define

D= diag {75, (syre,ai)}.
(SN{%c,ai)ESfoc XA, ) ‘
Then
< : Qi) = GEC, )|
€ired S — — il 5w ) — Q7)) -
ming ., o, {75, (Sn7re, ai)} b
(@) 1 1= M. A I
< — : it |Qi s w) = QS|
MmN e ,as {ﬁic (SNvaa'i)} - b
1 1-X A ~
< : " Linfsup [Qi(syre, ai, w) — Q5 (s, ;)
minsNﬁt"’ai{ﬁic(SN:c,ai)} 1-— Y W s.a; i
1 1-X
< " Veapp
-

minSNf"c Qg {fic (SNf“ ) ai)}
i

@ 1 1=y
. ﬁeam,.

IN

Tmin

3

Here in (7), we applied [Tsitsiklis and Van Roy, 1997, Lemma 6] to the sub-chain M3,..,

and in (i¢), we used the fact that

i e , .
ming . 0 {75, (Snre, @) = Tmin. O
:



Combining Lemma and Corollary we have the bound of (a) immediately.

Corollary D.9. Choose step size o such that at, < min { 4(11;%’ (1;11)((114j7);)22A } Then for K > t, and any i € N, we

have
. 2
(e) £ lf?%x Qilsnzes assw(K) - Qi (s.a)
<3 T ]. ]_ >\ K—ta * O[ta (1 - )\’Y)Eapp 2 ny/L‘_Kwr"‘Fl 2
A i <wmin<1—7)> i <M> '

2
Here c; = (max;en ||wi|| +1)2, ¢5 = 114 (Hﬁy) (max;en [[wi]| +1)2

Bound (b). We first discuss the I, -distance of policy £’ and £ with the two lemmas belows.

Lemma D.10. For any agent i and policy &;, let éi(ai, s;) = (1 —€)&(ails;) + e‘j—_l for all s;,a;. Then

< 2e, Vs;.

&(t]si) — &(ls) .

Proof of Lemma[D.10} We have by definition of the /1-norm that

&ilsi) —&Clsi) =Z
‘Z‘IAII - &ilails:)
<X (g +etoh)

=2e.

&ilaglsi) — &i(ailss)

Consider the difference of policy of a set of agents, we have the following result.

Lemma D.11. For any set of agents T C N and any policy &1. Define fl in the same way as in Lemma or anyi €T
and let &1 be the product policy. Then

HfI('|SI) - éz('\SI)HI < 2|Z|e, Vsz.

Proof of Lemma[D11} By Lemma[FI5and Lemma[D.10| we immediately have

extlsp) = &xtlsn)|, <D0 |61 = &ic1so)|,
i€l

<2|Z|e.

Now we are ready to bound (b).
Lemma D.12. For any policy £°, we have

6

(b) = max Q% (s,a:) — QF (5. a)

s,a;

2 < < 6ne > 2

“\(1=72)
Here é is the e-exploration policy of policy £°. Please refer to Lineof Algorithm or the explicit definition of e-exploration
policy.




Proof of Lemma[D.12] Notice that for any policy £, we have
Qg(s a;)
725 k(a—rk|s—r)Q5 (s, ai a)

= Z g_k(a_k|s_k) (T,;(SN{W , Qs CLU%r) =+ Z 7)(5"5’ a;, a_k){/f(g/)) .

Then we have for any two policies £ and £’ that

’

@ (s,) = @ (5,0)

= Zf_k(a_k|s_k) (Ti(SNfT , anOr) + ZP(3’|37 a;, a—k)Vf@’))
a_g

s’/

_ s o ’ ) €
Zf a— k|5 k ( (SN,i ’awanO )+ZP<S |S7a27a*k)Vz (5 ))‘

<D (E-wlapls—r) = € plals—r))ri(snpr, as, aper )

[

> P Is anai) [Eplails ) VE(S) = € plails )V ()] ‘

a_p,s'

<

> (Eowlails—i) = & plakls—u))ri(sner, ai apgr)

a_y

+1 D P(sls aisap) [E-rlapls—i) — E g lails—i)] VE(s))

a_y,s’

a_y,s’

+| D2 P(s'ls aiak)E g (axls—r) {Vg( ) - Vf/(S')}|
<Z‘§ a—pls—x) =€ p(ai|s—p)|
+ ﬁ Z ‘5—k(a—k|5—k) - €Lk(a—k|5—k)’ ZP(8'|s,ai,a_k)

+sup V() — V()]

To bound the last term, we apply a variant of performance difference lemma (Lemma [FT3)), and we have for any state s that

£ = VE )] =72 [ (€ als) — (el ()
1 "IN ’ /
S ;;dg (s')(& (als’) — &(als"))

1 T 7 / /
Sm;;dﬁ (s') 1€ (als’) — &(als)]

2 SUP 1€'(-1s") = &C1sDIl - (33)




’

By Eq. 1| we can further bound ‘@f(s, a;) — Qf (s,a;)| as

‘@f(s,ai) —@fl (s,a;)

<=k Cls—r) = & g Cls—r)||, + ﬁ €=k (ls—k) = & 1 Cls—r)||, +

1
oy e €™ = £C1s

In particular, by choosing & < &, £ < &% and applying Lemma D.11| we have

—£ —? 1 1
Q;(s,a;) —Q; (s,a;)] <2(n—1)e+ —— -2(n—1)e + 2ne
@0 = @ (5.0 <200 et 20 - Vet
< 6ne
Ty
Taking maximization on both sides w.r.t. s and a;, we get
2 2
—£ —¢? 6ne
max (Q; (s,a;) — Q; (s,a;)| < ( )
ax @ (0~ Qf ()| < (7o
O
Finally, apply Corollary [D.9]and Lemma[D.12]to Eq. (32)), and we complete the proof.
E PROOF OF THEOREM
For any ¢ € N and m > 0, we have
®;(0(m + 1)) — @4(6(m)
= [@;(0(m + 1)) — @;(Ony (m +1),0_nr (m))]

Similar to the proof of Theorem[5.6] using Assumption [5.1]and the first term on the RHS of Eq. (34) can be lower-bounded
as

©i(0(m +1)) = Di(Ong (m +1),0_np(m)) = _\(/fi(:;f'

Now consider the second term. Denote e;(m) = Vy, J;(0(m)) — AJT(m). Using the smoothness property (Lemma|B.2) of
the local potential functions and we have

i (Onx(m +1),0_nr(m)) — ;(0(m))

> (Vng ®;(0(m)), Ons(m +1) — Onr(m)) — @ HﬁNf (m+1) — Onx (m)||2
= 3 {8090, 06, AT 0m) - T a7 o)
JENT -
_ o
= 3 |89, (00, T, 75 00m) + e50m) ~ Z 90,75 00m) + €5
jenr b
> > (8= L)BAIV0, 02 + BV, I3 (0(m)), e5(m)) — L(x)B les (m)[]°]

JEN[



where the last line follows from (a + b)? < 2(a? + b?) for any a, b € R. Using the previous two inequalities in Eq. and
we have

E[®;(0(m +1)) | Fm] — E[®:(0(m)]

\@V(K)ﬁ 2
e ZN 190,75 (00m))]
183 (Y, 1;(0m).Ele;(m) | Ful) — D)5 3 Ellley(m)|? | Fol
JENF JENF
> - Y2RE ) S V6,7, (0(m))|?

)? o

(1-
*g Z IV, J5(0(m))I? + |Ele; (m) | Full®) = L(x)5% Y Elle;(m)|* | Fonl
ENF
\f G

JENT
< ) 5 s

JENF

Z IEle; (m) | Fulll> = ()87 Y Ellle; (m)|* | Finl,

jEN” JENF

where F,,, represents the history up to the beginning of the m-th outer-loop iteration. Taking the total expectation on both
sides of the previous inequality and we have

E[®;(0(m + 1))] — E[®;(6(m)]

\fV( )B é — L(K)52 (O(m)) |12
e T (2 Liw)6 )jEZwE[nWj(e( Il
§ 3 EllEfesm) | FallP] - £695° 3 Ellesm) ),
ENF JENF
which implies
1
ME[@(@(M»] ~ E[0;(6(0)]
(1—79)? 0 jen
le > EllEles(m) | 717 - 22 le > Ellle;(m)]] (35)
J M J :
m=0 jENF m=0 jENF

Since iy < @4(0) < Prpax forall @ and 3 < L(ﬁ) after rearranging terms and we have

M—1

3 S B, S0
m=0 jeNF
4 (bma,x - IIlll’l 4fV 2 =
< o )+<1_ ZZEIIEeJ | Full]
=0jEN} T
L AL(w) )B =




We next bound the terms 7; and 73 from above. To begin with, we decompose e;(m) in the following way:

ei(m) = Vo, J;(0(m)) — AT (m)
0(m)

= 3B [ Vo, log € (@i (k) i ()@ (), ai k)]

k=0

T—1H-—
ZZ V£V, 10g & (af ()| () i (shyre (K), af () T}
t=0 k=0

-3 E [ Vo, 1og €™ (as(h) s (k)@ ™ (s(k), ai (k)] (1)
=H
H—
Z B [V, log €™ (as(h) 31 (0)Q; " (s(k), ai k)] (%)
=0
T—1H-—
Z S 20, Tog € a4 ()R 5 0, 4) (%s)
T
+7 7V, log &) (al (k) 5! ()
t=0 k=0
x (@™ (st (k). al (k) — Gi(shye (k). al (k) ™). ()

It follows that

E[el(m) | .7: ] Xl + XQ +]E[X3 ‘ ]: ] +E[X4 | fm]
=X, + E[Xy | Ful
Therefore, using Lemrna the definition of €., and the fact that the averaged Q-function is bounded (in /,,-norm) by
L, and we have
¥
[Elei(m) | Fn]ll < |X]] + [[E[Xs | Fo]ll
\/é'YH \/iecritic

< + 7
(1=9)2 1-9

which implies that

(m 2 472H 4€?ritic
= E[[[E[ej(m) | Fm]llI"] < T T

As for the term 75, similarly we have
Tz = E[flej(m)|?]
< E[||X 4 Ap + Xz + Xy
< BE[| X |1? + || X2 + Xs]|® + | Xul?]
672H _|_ 24 66grmc

SO T AT T

Substituting the upper bounds we obtained for the terms 77 and 73 in Eq. (33) and we obtain

i Z > E[[[Ve,J;(0(m))|’]

m=0 jENF
4(Pmax — Pmin) 4\/>V( ) | 8n(k)y*M 8”(“)€3ritic
T ) () LM (R

72H ec2:ritic 4
+ 24L(I€)TL(/€)B <(1 — ,7)4 + (1 _ ,7)2 + (1 _ 7)2’1") :




Recall that Lemma B.4]implies

2
C
v > v 2> __ — _NE-Gap,(d(m))>.
3 Vo L) 2 190 @) 2 ey NE-Gap, (0(m)
JEN!
Therefore, by choosing Kk = k¢ and 5 = ﬁ(n), we have

M —
Z [NE-Gap, (0(m))?]

< MaXjeN ‘Aj|D2 { (Pmax — Prmin) 4\[1/( ) (’{)’YzH 8”(H)Egritic

- c? BM Q=2 Q=7 Q=972
2H 2
2 Ecritic 4
+24L(k)n(k)pB < + + ) }
R\ T (e A (e
12n(kg) maxjen |Aj|D? [16(Pmax — Pmin)  v(ka) n 2H Ly 1
B (1 —7)? M(1—7) n(kg) ~ (1—7)> ¢ T[]
Finally, using Jensen’s inequality and we obtain
E[Avg-Nash-Regret; (M )]
| M-t
= = 3" BINE-Gap,(6(m)
m=0
(HG' /2 IIlaX]e'/\/' V |-A max_ mln)l/2 + V('%G)l/z + ’YH + L ]-
- (1) RS e o e )

Since the RHS of the bound is not a function of i, we have the desired result.

F SUPPORTING RESULTS

F.1 NMPG IS A STRICT GENERALIZATION OF MPG

We present a simple example to show that NMPG is a strict generalization of the standard MPG.

Example: Consider a networked multi-agent Markov game, denoted by MG, with 4 agents N' = {1, 2, 3, 4}. Each agent
has local state space S; = {s, s4} and local action space A; = {ay, a4} for all agent ¢ € N. The underlying undirected
graph connects edges between every “neighboring” agents, i.e., the set of edges is £ = {(1,2), (2, 3), (3,4)}.

« Initial state: All agents starts at state s,. That is, s;(0) = s;, for all s € N.

* Transition: M G has deterministic transitions. For agent 1, the next state only depends on its own action: For all ¢ > 0,
s1(t+1) = s4if ai(t) = ag and s1(t + 1) = sp if a1 () = ap. For agent ¢ € {2, 3,4}, the next state only depends on
state of "previous" agent, i.e., s;(t + 1) = s;_1(t), forall ¢t > 0.

* Reward: Each agent’s reward is only dependent on its own state and action. The local reward of agent 1,2,3 is always 0.
Thatis, 7;(s;, a;) = 0foralli € {1,2,3}, s; € S;, a; € A;. For agent 4, it receives reward 1 if it is at state s, and takes
action a, while it receives reward 0 in all other cases. In other words, 74(sg, ag) = 1, r4(s4, ap) = 0, T4(sp, a4) = 0,
r4(sp,ap) = 0.

Obviously, the expected return of agent 1,2 and 3 is always 0. As for agent 4, its state is solely dependent on the state of
agent 1 (three timesteps before), which is completely determined by agent 1’s policy. As a result, agent 4’s expected return,
or objective function, depends on local policies of both agent 1 and 4. This observation is the key to showing that M G is not
an MPG while being a 1-NMPG, which is summarized as the theorem below.

Theorem F.1. MG is a I-NMPG but not an MPG.

Proof of Theorem We first compute the objective function J;(€) for all global policy £ and agent i € N. Noticing that



agents 1,2,3 always receive reward 0, we have J;(§) = 0 for all i € {1, 2, 3}. As for agent 4, we have
o0
J1(€) =D V' Ee [ra(sa(t), aa(t)]
t=0

= Zryt Prira(sa(t), aa(t) = 1]
t=0

oo

=37 Prlsa(t) = sy, aat) = a,]
t=0

N7yt Prfay (t — 4) = ag, as(t) = a,] (36)
t=4

321« 1;54)

Here () uses the fact that s4(¢) = s fort = 0,1,2, 3, and s4(t) = s1(t — 3) = s, if and only if a; (¢t — 4) = a4 for all
t>4.

Next we show that MG is a 1-NMPG. In fact, we can choose local potential functions ®4(§) = P(&) = 0, P3(&) =
Dy (&) = f(&1,&,) for all global policy &, and Eq. (2) can be satisfied.

Finally, we prove that M G is not an MPG. Assume that there is a potential ®(£) such that
Ji(& &) = Jil&i, €-i) = (&, &) — (&, 6-0) (37)

foralli € N, &,& € 25, &-; € E_;. If we choose i € {1,2,3} in Eq. (37), we can see that ®(¢/,£_;) — (&, &) =0
forall &;,&] € E;, {_; € E_;. Thus ® is independent of &; for all i € {1,2,3}. As a result, the potential function can be
represented as ®(&4). Then we let i = 4 in Eq. (37), and we have for all £, & € Z, &) € 4 that

D(&y) — (&) = Ja(&h E—a) — Ja(&ar&—a) = f(&1,8L) — f(&1, &a)- (38)

To derive a contradiction, we take some special values of &1, ], &4. For any i € N, let £ be the policy that agent i always
4
takes a, and &Y be the policy that agent i always takes a,. Then we can derive from Eq. || that f(¢7,¢]) = =

1—v>
F(€7.€0) = F(&0,€9) = F(&0,€)) = 0. InEq. B8], let & = &f. &4 = €1, &1 € {€7,&]}, and we have

{@(52) -0 = fleheD) - fleheh =0
B(&]) — (&) = (&, €9) — F(&].€0) = £,

which leads to contradiction. As a result, M G is not an MPG. ]

kg-NMPG in general cannot be reduced to a standard MPG. Please note that in a kg-NMPG, for any agent 7, any agent
j € N;*° do share a potential function ®;, but this potential is associated with the agent 7. In the reviewer’s example, the
potential functions ®;,, ®;,,--- , ®;, ., are associated with agent i1, while the potential functions ®;, , ®;,_,,--- ,
are associated with agent i7,. Therefore, unless L < 2kg — 1, ¢; and ¢, are not guaranteed to share a same potential function.

IL—kg

In addition, we can give a simple example that is a for your reference. The transition is deterministic. The initial states of the
4 agents are all s;,. Then J; (§) = J2(&) = J3(§) = 0.

Ja(§) = ZWt Prla; (t — 4) = ag] Prlas(t) = ag] £ (&1, &)
t=4
The above example is a I-NMPG, with @4 (&) = ®3(£) = 0, P3(&) = P4(§) = f(£1,&4), but it is not an MPG.

F.2 POLICY GRADIENT THEOREM VARIANT

We prove Eq. (@), which is a variant of the policy gradient theorem [Sutton et al.,[1999].



Lemma F.2 (Policy gradient theorem variant).

Vo Ji(0) = > 1" Ees Vo, log € (ai (1) ss(1) Q] (s(8), as(1))]

t=0

Proof of Lemma By Lemma[F.10} we have

Vo, Ji(0)
= SO0 a8l
=2 i VP [s(t) = s15(0) ~ ()] Vo, €7 (ails:) @ (5, a2)
= i 2 7P [s(t) = 15(0) ~ p()IED (ai]s:) Vo, log € (asls:)Q; (5, as)
=§¢E@ [V, 10 €0 (as(D)lsi (1)@ (5(0), as(1))]

Here Pr¢’ [s(t) = s|s(0) ~ u(-)] represents the probability that s(t) = s given that the policy is £ and initial state s(0) is
sampled from distribution . O

F3 PROOF OF LEMMA

When k. < Kk, — 1, the conclusion is obvious by the fact that both the truncated averaged @-function and the averaged
Q-function are in the range of [0, ﬁ} Below we only consider the case that k. > K.

. . . . =0,k .
Consider any agent i, global policy parameter 6, and any truncated averaged @-function Q; e Q?’”C. Then there exists
—0,k¢ —0
u; € A(S_yre), such that Q; 7 (syre, a;) = Zs,mc ui(s_nre)Q; (Syre, s_nre,a;) forany (syre,a;) € Syre X A;.
We have for any (s,a;) € S x A, that

0,k —0

‘Qz (snze,ai) — Qi (s, ai)

—0 —0
= Z uz(s/_N:‘C) (Ql (SNi*’vc s s/—NfC s (17;) - Ql (stCa S_Ni*ic s G,Z))

/

S—Nfc
/ =0 / -0

< Z ui(stfc) ‘Qz (SNiNC ) SfNi'”‘C ) a’i) - QL (SN;"'C 5 Sfo“ 5 ai)

S/—Nfc

o_.

S Zuz(SLN:C )572 <a7i|57i> Q?(SNf"aSLN:C7ai;a7i) - Q?(st"as—Nf"aaiaafi) . (39)

s . a—i

_NFe

i

We now try to give a perturbation bound for agent ¢’s ()-function w.r.t. s =, the states of agents in x-hop neighborhood.



Notice that for any s € S, a € A,
Q7 (s, a)

DT P (s()]s(0) = 5,a(0) = @)¢” (alt)s(t))ri(sxe (1), ane (2)
s(t),a(t)

v Y P (s (1), awe (8)](0) = 5,0(0) = a)ri(spe (), ay (1)

sxer (), (1)

t

I
=)

e 1

v Y P (spe (1), apee (D)]5(0) = 5,a(0) = a)ri(spree (1), anee (1)

Sprr (t),aN;T. (t)

o~
Il
=)

for simplicity of notation.

For any fixed i € N, syre € Syre, s_yre, SLN:C € S_pre,a € Aand policy &9, let

a)
a).

Due to the local dependence of network and localized policy structure, 77" is only dependent on the initial states and actions
of agents in /\/f”t, which is equal to 7;” when ¢t < k. — k... Therefore we have

T (spree (), aneer (1) = Pré” (spmr (£), aner (8)]5(0) = (syre, 5_yre ), a(0)

i

7~'('1’EW (SMM- (t), aprrr (t)) = Prfg (SNfT (t), aprer (t) |S(O) = (SN:c R SLN:C ), a(O)

i

’Qf(SN:c 5 SLN:C , Qg G,_i) — Qf(stc s S_N:c , A, a_i)
o0
=10 Y (6 G an (0) = 7 (sae (8, ane (8)
t=0 Sprfr (t)»aj\/’f"r (t)

x1i(sprmr (), aprer () ‘

< Z At Z ’ o (sN-i»er (1), aprr () —7p" (SN:T (1), anrr (t))’

t=0 SnpT (t),aNirir (t)

X ri(sprer (t), anrer (1))

(1) — t Koy ~K
SZ’Y [t =7
t=0

[e's)
= Y A=A
t=Ke—kr+1
[e%S)

@ 3

t=Ke—Kp+1
< 2 ,yncfnwrl
_]-_,y .

Here (i) is by 7i(sysr, aysr) < 1 forany i € A" and any s s, ayr-. Plug into Eq. , and we have

’*9,}% 0

Qs (SNf”’ai)*@i (s,a;)
6 2 B
<2 Zui(SLN;c)Li (aﬂ‘Isﬂ‘)ﬁy“c Kpt1

’ .
5_yre 371
i

2

_ Ke—Kp+1
l—x

v

—0,kc
Take max over s, a;, sup over ;" *, and we complete the proof.



F.4 AVERAGED NASH REGRET

The relationship between the averaged Nash regret defined in this work and the Nash regret in|Ding et al.| [2022]] is shown in
the following lemma. Recall that we denote n = |N.

Lemma F.3. Given any positive integer M, the following inequality holds for any sequence of policies

{£(0),6(1), -+, &(M = 1)}

1
—Nash-Regret(M) < Avg-Nash-Regret(M) < Nash-Regret(M).
n

Proof of Lemma By definition of the averaged Nash Regret (cf. Definition [3.4) and the Nash Regret (cf. Eq. (3)), we
have

1 M-—1
tmax NE-Gap, (€(m))

Z

3\'—‘

1

fNash -Regret(M

m:O
M-1

L ZNE Gap, (£(m))

i=1 m=0

3

IN
S

IN

max— Z NE-Gap, (£(m))

iEN
= Avg-Nash-Regret(M )

M-1

1
Z max NE-Gap;, ({(m)) (Jensen’s inequality)
1€

=M
= Na sh—Regret(M ).

/\

O
F.5 DECAY OF LOCAL POTENTIAL FUNCTIONS
We derive v(k) = O(3_;c_ v~ |A;]) given a mild assumption, which guarantees existence of stage potential.
Assumption F.4. For any agent i € N, there exists stage potential function p; : S x A — [0,9|, such that
0) = Ey lz fytgpi(s(t),a(t))] . (40)
t=0
This assumption is common in recent MPG literature [Zhang et al., [2022a].
Lemma F.5. With Assumption[F4|satisfied, we have
V2%
‘1%(91\1;, 6'_Nf) — d)i(GN;,H_Nf) S (1_77)2 jezj:vn |.A]‘ ggl—alsi{f HH; — 9]‘ H . (41)

Proof of Lemma Similar to -function and averaged Q-function, we can define “Q)-potential” function and averaged
“Q-potential” function as

QPY(s,a) = Ey lz wi(s )|s(0) = s,a(0) =a

——0 ’
QP; (s,a-nr) = Z&vﬁ (anr|snp)QPi(s, any, a—nr).

anr
7



In Lemmal@, replace the objective function J; with potential function ®;, treat agents in — /N as one agent, and we have
“I)i(QNf,G’_N;) - ®;(Onr,0-nr)

— X )

QB (s,a_n»)

_NF 0_nNr
_n (a-ngls—np) =€ i (a-nr|s—nr)

1_,)/5;0«7Nfi
0, 0_nn
s 3 @ [ (amnrlsone) € (aonglson)|
$,a_N#

By Lagrange mean value theorem, for any 7,

Here (i) uses the fact that Q(I’ (s,a-nr) < 72

‘ﬁf; (ajls;) — fej(aﬂsj)‘

< sup HV@ § '(ajs;)
t€[0,1].0;=t0/+(1-1)0

<V21|6; - ;]

1165~ 51

By Lemma [F.I5] we derive that

o'

> €0 (aonplsong) — € i (acnrls_nz)
< > e clsn—grcls|,
JE-NF
Z Z‘f (aj]s;) — aJ|53)‘
JjE— 1\/”i a;
<V2 ) |4l]l6; - 6]
JE—NF
<Vv2 Z |.A\ max, HH — 0 H
JE-NF

Therefore, we arrive at the conclusion
“I>i(9Nf79',N;) — ®;(Onr,0-n~)
77} /
S @ (V2 > Al max 16— 6]

JE-NF
V2%
=T 2 Al max 65 -]

JE-NF

F.6 BOUNDEDNESS OF LOCAL POTENTIAL FUNCTIONS

Lemma F.6. For any agenti € N, let {\~c, 55\7?6‘ € Enrc and {_ yra € Z_ = be arbitrary. Then we have

/ [V
q%(fN:c,ffNjG) - ‘I)i(foGangfG) < ﬁ



Proof of Lemma[F:6] Suppose that N°¢ = {iy,42,--- ,i;}, where k = |[N/*¢|. For any r € {1,2,--- ,k + 1}, denote

f;\[:c = &y 615 &l 5o €L, )- Note that E}VLG = 5§vfG and 5;@1@ = {y~a. Then, we have by Deﬁnitionthat

k

q>i(§;v:G>§_N:G) - q)i(ngGag_N:G) = Z {‘E(f}vfc,&]\/jc) - q’z(fjr\,?éva:G )}

r=1
k
= 3 | Erro bvre) = i (€t e )]
r=1
k

(]

Ji,,. (EL:G ) fNi"G )

IN

O

Lemma E.7. For an arbitrary NMPG, there exist a set of local potential functions {@}ie N and @ iy, Prax > 0 satisfying
0 < Prax — Prin < %ﬁj) such that ® i < $;(€) < Proax forall i € N and € € =.

Proof of Lemma Let {®;};cr be a set of local potential functions, and let £ € = be an arbitrary policy. Define {i)z}le N
as

for all i € N and ¢ € Z. It can be easily verified that {@}ie A is also a set of local potential functions. Now, for any i € N
and ¢ € =, we have by Lemma [F.6| that

() + n(kqg) 1< 2n(kq)

1—7v 1—7v

+1,

i
—
o
N/
|
S
o
>
"~
<
I
S

Bi(6) = — (fI%-(E) a6 - ’;(_Gj - 1) 1,

Therefore, we have

2
<o <M vienges
-7
The result follows by letting ®,,;, = 1 and @, = %ch) + 1. O

F.7 OTHER TECHNICAL LEMMAS

Lemma F.8. Under softmax parameterization with weights {0; };c, the derivative of the policy £ is given by

IET (ay]s:) il P ;o 6o 11
W €V (as|s:)1{s; = s;} (]l{ai —q;} — ¢ (ai|sl))

foralli € N, s;,s; € S;, a;,a;, € A;, and 6; € RISillAil,

Proof of Lemma[F'8] When s/, # s;, since ff i(a;|s;) is not a function of 91-75; .a,» the result clearly holds. We next consider
the case where s, = s;.
Given an arbitrary positive integer d, let f : R — R be the softmax operator defined as

x EZM, Vee{1,2,--- . d.
N0 =gt s eed )



It was shown in [Gao and Pavel, 2017, Proposition 2] that V f(x) = diag(f(z)) — f(z)f(z) . Therefore, we have for any
a; € A; that

O (a;si . ,
w - gfl(aﬂsi)n{ai = ai} _gi (az|51) ( |51)

The proof is complete. 0

Lemma F.9. For any softmax policy £°, we have

Ve, & (ailsi)|| < V2€0 (ailsi) < V2, Vi, s, a0,

Proof of Lemma By Lemma|[F.8] we have

_ 1/2

V6,67 (ailso) | = & (aslss) | (1= €7 (aals))® + Y & (atlsi)?

L aiF#a;

- 1/2
< ilardsi) | (1= P (ailsi)) + 3 €% (allsi)

al#a;

< V280 (ailsy).

Lemma F.10 (Multi-Agent Policy Gradient Theorem). It holds for all i € N and 6 € RISIIAl thar

Vo, Ji(0) ——Zde VWVeo,% (as]5:) Q' (s, as).

suz1

Proof of Lemma Using the policy gradient theorem [Sutton et al.,[1999] Theorem 1] and we have for any ¢ € A that
1
Vi) = 7, (600 als)Qf )

= ZZZde VQf ai, a z| )Q (5 Qi, G— l)

= ZZZC” )V, [€% (il 5:)€"~ (ails—s)]QY (s, ai,a_;)

= ZZde YWV, €9 (ailsi) 250" a—ils—i)@ (s ai, a—_;)
= Zda véf (az|31) (5 az)

sal

where the last line follows from the definition of the averaged ()-function. O

Lemma F.11. It holds for all i € N and 6 € RISIAl that

Vo, i(O)|| < m—5



Proof of Lemma[FT1] Using Lemma[F.9)and Lemma[F.10] and we have

Vo, Ji(0)]| = Zde )Vo, 5 (ails)@; (5, a:)
§ Zde (s,a;) HV9§ (a;|s:)
1 — 2 Zde al|s
B \/5
(1=
O
Lemma F.12. The following inequality holds for all © and :
(fj » Zda 50 (0l 3R (5L, 5 ).
Proof of Lemma[F12] Using Lemma[F.8|and Lemma[FI0] and we have
8J( ) 1 0 35 (ai|si)—e
691 ,8%,al 1_’}/; ( ) 691 ,85,al Ql (87a )
1 . . —0
= m DA ol = 5) (1t = @i} = € (alls:)) @ (s, )
=75 2 A aoel (es) (n{a;=az-}—ff%aﬂs;))@f(s;,s,i,ai)
RPN s><cf ) =l >)
- Zcﬁ stys €l (allsh) (@) (sl s i a)) = Vsl s >)
9 9 / !
= Zd i, 54 (al|sh) A, (s}, s—i,al),
where the last line follows from the definition of the averaged advantage function. O

Lemma F.13. The following inequality holds for all £, &' € 2,1 € N, and s € S:

VE ()= VE(s) = 2 S ()€ als) — el Q).

s',a

Proof of Lemma[F13] Using the performance difference lemma in the single agent setting [Agarwal et al, 2021, Lemma 2],



and we have

Vﬁ/(s)—vé(s)zizdﬁ (als) A5 (s, a)

de (als)(Q5(s', a) — VE(s"))

ﬁ (Zdﬁl( "¢ (als) Qf (s',a) de )

s’ a

(Zd§ ¢ (als")Q; (s, a) de £(als)Q4 (s, a))

= ﬁ > ds (5) (€ (als") — &(als)QS (s, a).

Lemma F.14. It holds for anyi € N, 0 = (0;,0_;), and 0’ = (0,,0_;) that

Ji(0') — Ji(0) = ﬁ " (5)(€)" (ails:) — €7 (as]5:)) Qs (5, as).

5,Qq

Proof of Lemma Using the performance difference lemma in the single agent setting [Agarwal et al., 2021, Lemma 2],
and we have

T(0) = 50) = 1= 2 " ()¢" (al9)4!(5.0)

1 Dy
=15 d” (5)€” (als)(Q] (s,a) = V(s))

s,a

= (ZZdO, az|31) o i (a —i|5—i)Qf(57a) _ng,(s)vio(s))

S,a; a—;

1<Zd9’<s>59’<az|sl ) = VG )

1_’7 S,a;
1 o 2
:M(gdm& (@@, = 2 e w2 <s,ai>)

1

= 75 )€ i) — € (oaks)) Q. ).

5,Q4

Lemma F.15. The following inequality holds for any T C N and any £1,&y € E

ez (-lsz) — €2 Cls)lly < D I&iClse) = &Clsi)lly, V¥ sz € Sz

ieT
Proof of Lemma[F13] The result follows by applying [Durrett, 2019, Lemma 3.4.3]. O

Lemma F.16 (Property of NMPG). In an NMPG, consider any i € N and any policy parameter 6. Then the following
equality holds for any j € N[ :

Vo, J;(0) = Vo, &:(0).



Proof of Lemma[F16] The proof essentially follows from [Ceonardos et al] [2022]. Using the definition of NMPG (cf.
Definition , we have for any 0, 0}, and 0_; that

J;(05,0_5)—i(0,0_5)=J;(0;,0_;)—Pi(0;,0_;).

Thus J;(6,,6—_;) — ®;(0;,60_,) is independent of 6,. Let J;(6,,6_;) — ®;(0,,0_,) = U;(0—,). Taking gradient with
respect to 6; on both sides, and we have

Vo, J;(05,0_;) = Vo, 2:(0;,0_;).
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