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Abstract

Hyperbolic space embeddings have been shown
beneficial for many learning tasks where data
have an underlying hierarchical structure. Con-
sequently, many machine learning tools were ex-
tended to such spaces, but only few discrepan-
cies to compare probability distributions defined
over those spaces exist. Among the possible
candidates, optimal transport distances are well
defined on such Riemannian manifolds and en-
joy strong theoretical properties, but suffer from
high computational cost. On Euclidean spaces,
sliced-Wasserstein distances, which leverage a
closed-form solution of the Wasserstein distance
in one dimension, are more computationally ef-
ficient, but are not readily available on hyper-
bolic spaces. In this work, we propose to de-
rive novel hyperbolic sliced-Wasserstein discrep-
ancies. These constructions use projections on the
underlying geodesics either along horospheres or
geodesics. We study and compare them on dif-
ferent tasks where hyperbolic representations are
relevant, such as sampling or image classification.

1. Introduction

In recent years, hyperbolic spaces have received a lot of
attention in machine learning (ML) as they allow efficiently
processing data that present a hierarchical structure (Nickel
& Kiela, 2017; 2018). This encompasses data such as graphs
(Gupte et al., 2011), words (Tifrea et al., 2018) or images
(Khrulkov et al., 2020). Embedding in hyperbolic spaces
has been proposed for various applications such as drug
embedding (Yu et al., 2020), image clustering (Park et al.,
2021; Ghadimi Atigh et al., 2021), zero-shot recognition
(Liu et al., 2020), remote sensing (Hamzaoui et al., 2021)
or reinforcement learning (Cetin et al., 2022). Hence, many
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works proposed to develop tools to be used on such spaces,
such as generalization of Gaussian distributions (Nagano
et al., 2019; Galaz-Garcia et al., 2022), neural networks
(Ganea et al., 2018b; Liu et al., 2019) or normalizing flows
(Lou et al., 2020; Bose et al., 2020).

Optimal Transport (OT) (Villani, 2003; 2009) is a popu-
lar tool used in ML to compare probability distributions.
Among others, it has been used for domain adaptation
(Courty et al., 2016), learning generative models (Arjovsky
et al., 2017) or document classification (Kusner et al., 2015).
However, the main tool of OT is the Wasserstein distance
which exhibits an expensive, super-cubical computational
cost w.r.t. the number of samples of each distribution.
Hence, many workarounds have been proposed to allevi-
ate the computational burden such as entropic regulariza-
tion (Cuturi, 2013), minibatch OT (Fatras et al., 2020) or
the sliced-Wasserstein (SW) distance (Rabin et al., 2011).
In particular, SW is a popular variant of the Wasserstein
distance that computes the expected distance between one
dimensional projections on some lines of the two distribu-
tions. Its computational advantages and theoretical prop-
erties make it an efficient and popular alternative to the
Wasserstein distance. For example, it has been used for tex-
ture synthesis (Heitz et al., 2021) or for generative modeling
with SW autoencoders (Kolouri et al., 2018), SW GANs
(Deshpande et al., 2018), SW flows (Liutkus et al., 2019) or
SW gradient flows (Bonet et al., 2022).

The theoretical study of the Wasserstein distance on
Riemannian manifolds is well developed (McCann, 2001;
Villani, 2009). When it comes to hyperbolic spaces, some
optimal transport attempts aimed at aligning distributions
of data which have been embedded in a hyperbolic
space (Alvarez-Melis et al., 2020; Hoyos-Idrobo, 2020).
Regarding SW, it is originally defined using Euclidean
distances and projections, which are not well suited to other
manifolds. Recently, Rustamov & Majumdar (2020) pro-
posed to defined a SW distance on compact manifolds using
the eigendecomposition of the Laplace-Beltrami operator
while Bonet et al. (2023) proposed a SW distance to tackle
this problem for measures supported on the sphere by using
only objects intrinsically defined on this specific manifold.
Contrary to the elliptical geometry of the sphere, the
negative curvature of hyperbolic spaces calls for drastically
different strategies to define geodesics and the associated
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projection operators. This work proposes to close this gajsliced-Wasserstein Distance on Euclidean SpaceOn
by proposing new SW constructions on these spaces. Euclidean spaces, a popular proxy of the Wasserstein

_— . . .. distance is the so-called sliced-Wasserstein distance. On
Contributions. We extend sliced-Wasserstein to data living . o
the real line, fop 1, thep-Wasserstein distance between

n hyperbollg spaces. Analogousl){ to EucI!dean SW, we. 2 P,(R) admits the following closed-form (Peyr

project the distributions on geodesics passing through the )
L . ; 2 étal., 2019, Remark 2.30) :

origin. Interestingly enough, different projections can

be considered, leading to several new SW constructions z to .

that exhibit different theoretical properties and empirical Wh(s )= JF S(u) F H(u)jfdu 2)

bene ts. We make connections with Radon transforms 0

already de ned in the literature and we show that hyperbolicwhereF ! andF ! denote the quantile functions ofand

SW are (pseudo-) distances. We provide the algorithmic . This can be approximated in practice very ef ciently as

procedure and discuss its complexity. We illustrate thet only requires to sort the samples, which has a complexity

bene ts of these new hyperbolic SW distances on severabf O(nlogn). Therefore, Rabin et al. (2011) de ned

tasks such as sampling or image classi cation. the sliced-Wasserstein distance by projecting linearly the
probabilities on all the possible directions. For a direction
2. Background 2 S% 1 denote, foralk 2 RY, P (x) = hx; i the pro-

jection in direction , and the uniform measure o8¢ 1.
In this Section, we rst provide some background on Then, the SW distance between 2 Pp(Rd) is de ned as
Optimal Transport with the Wasserstein and the sliced- 7
Wassers'gem distance. We then review twq,common SWE(; )= WP(P, ;P )d () (3)
hyperbolic models, namely the Lorentz and Poiadaall sd 1
models, on which we will de ne new OT discrepancies in

the next section. Using a Monte-Carlo approximation, this can be approx-

imated inO(Ln(d + log n)) wherelL is the number of

. projections andh the number of samples.
2.1. Optimal Transport

. . . . Moreover, the slicing process has many appealing prop-
Optimal transportis a popular eld which allows comparing giies  such as having a sample complexity independent
dI.StI:IbL.JtI.OI‘]S of probabilities by determlnl_ng atransport Planof the dimension (Nadjahi et al., 2020), being topologi-
minimizing some ground' cost. The main tool of OT is thecally equivalent to Wasserstein (Bonnotte, 2013) and being
Wasserstein distance which we introduce now. an actual distance. For the latter point, it can be shown

to be a pseudo-distance using th'g§ is a distance. The
Wasserstein Distance on Riemannian Manifolds. Let indiscernible property relies on the link between the pro-
M be a Riemannian manifold endowed with a Riemanjection used in SW and the Radon transform (Bonneel
nian distanced. Forp 1, the p-Wasserstein distance etal., 2015; Kolouri et al., 2019) which is injective on the
betweegtwo probability measures 2 Pp(M) = f 2 space of measures (Boman & Lindskog, 2009, Theorem
P(M); , d(x;x0)Pd (x) < 1 foranyxe 2 Mgis de- A). More precisely, lef 2 L1(RY), then its Radon trans-

ned as formR :LYRH ! LYR S? Yisdenedfort 2 R,
7 2 s9 1as,
. Z
Wg(; )= inf doy)Pd (xy); (1)
P 2(:) M ™ RE(E )= F()lny =g dx: 4)
R
where( ; )=f 2P(M M); i =; % = g This transform admits a dual operatBr : Co(R

is the set of couplings,*(x;y) = x, 2(x;y) = yand S% 1) I Co(RY), with Co(R S® 1) the set of con-
# is the pushforward operator de ned as, for all boreliantinuous functions that vanish at in nity, such that for all
A M, T: (A)= (T %(A)). For more details about g2 Co(R S 1),MRf;gig g« 1+ = ;R gigs (Bonneel
OT, we refer to (Villani, 2009). et al., 2015). This allows de ning the Radon transform of a

d 1
The main bottleneck of the Wasserstein distance is its Comrpeasure 2M (RY) asthe measuR 2M (R S )

) ) . =~ satisfying for allg 2 Co(R S 1), R;gig ga 1 =
putational cqmplexﬂy. Indged, for two dlscrgte probabllltyh; R gins (Boman & Lindskog, 2009). Then, it was shown
measures witlm samples, it can be solved using linear pro-

grams (Peyé et al., 2019) with a complexity @(n® log n), in (Bonneel et al., 2015) that, by denoting@® ) the dis-

; . integrationw.r.t. to the uniform distribution o1 1,
which prevents its use when large amount of data are 2

at stake. Hence, a whole literature consists at deriving N 0 _ _
alternative OT metrics with a smaller computational cost. SWp(h )= o 1Wp (R)R) d () 6

2
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Therefore, SWP(; ) = 0 implies that, for -ae , Atany pointx 2 L9, we can associate a subspac&df
(R ) =(R ) ,whichimpliesthat = by injectivity of orthogonal in the sense of the Minkowski inner product.
the Radon transform on measures. These spaces are called tangent spaces and are described

formally asT,LY = fv 2 RI*1: hv;xi, = 0g. Note

Many variants of this distance were recently proposeq.hat on tangent spaces, the Minkowski inner-product is a
Most lines of work considered different subspaces for, '

o ) , real inner product. In particular, 6FoLY, it is the usual
e o one Eulean mer roducte for v 2 T, v, =
) \si d —
dimensions (Lin et al., 2020; 2021). When it comes to datam’ vi- Moreover, forally 2 TxoL%, vo = 0.
living on Riemannian manifolds, Rustamov & Majumdar We can draw a connection with the sphere. Indeed, by

(2020) de ned a variant on compact manifolds and BonetendowingR%** with h; i, we obtainR"“ the so-called

et al. (2023) extended SW for spherical data. Minkowski space. Therl, ¢ is the analog in the Minkowski
space of the sphe®” in the regular Euclidean space (Brid-
2.2. Hyperbolic Spaces son & Hae iger, 2013).

Hyperbolic spaces are Riemannian manifolds of negativ€oincaré ball. The second model of hyperbolic space we
constant curvature (Lee, 2006). They have received recentlf/ill be interested inis the PoindaballB! ~ R?. This space
a surge of interest in machine learning as they allowfan be obtained as the stereographic projection of each point
embedding ef ciently data with a hierarchical structure X 2 L onto the hyperplanéx 2 R ; xo = 0g. More
(Nickel & Kiela, 2017; 2018). A thorough review of the Precisely, the Poincarball is de ned as

recent_use of hyperbolic spaces in machine learning can be BY = fx 2 RY: kxk, < 1g; 9)
found in (Peng et al., 2021).

L , with geodesic distance, for ally 2 BY,
There are ve usual parameterizations of a hyperbolic man-

ifold (Peng et aI:, 2021). They are equivalgnt (isometric) ds(x:y) = arccosh 1+ 2 kx  yk3

and one can easily switch from one formulation to the other. (1 k xk3)(1 k yk3)

Hence, in practice, we use the one which is the most conve-

nient, either given the formulae to derive or the numericalVe see on this formulation that the distance can be subject
properties. In machine learning, the two most used modelt numerical instabilities when one of the points is too close
are the Poincérball and the Lorentz model (also known to the boundary of the balll.

as the hyperboloid model). Each of these models has it§e an switch from Lorentz to Poincausing the following
own advantages compared to the other. For example, thgometric projection (Nickel & Kiela, 2018):
Lorentz model has a distance which behaves bettet.

numerical issues compared to the distance of the Pd@ncar 8x 2 LY Py, g(x) =

ball. However, the Lorentz model is unbounded, contrary to ' 1+ Xo
the Poincag ball. We introduce in the following these two and from Poincdr to Lorentz by
models as we will use both of them in our work.

(X1:7:75Xd) (11)

1
d. — 2.0y e .
Lorentz model. First, we introduce the Lorentz model 8% 2 B™: Per 1(X) = 3— X2 (14 kxkg; 2x17::05 2Xa):
LY RI*! of ad-dimensional hyperbolic space. It can be (12)

de ned as

L9 = f(xo:::::Xqe1) 2 RY: h;xiL = 1xo> Og (6) 3. Hyperbolic Sliced-Wasserstein Distances

where In this work, we aim at introducing sliced-Wasserstein type
xd of distances on hyperbolic spaces. Interestingly enough,
8x;y 2 R%™: hyiL =  XoYyo+ XiVi (7)  several constructions can be performed, depending on the

i=1 projections that are involved. The rst solution we consider

is the extension of Euclidean SW between distributions
ose support lies on hyperbolic spaces. We also provide

sheet of a two-sheet hyperboloid. In the following Wevariants that involve a geodesic cost. To do so, we rst
' de ne the subspace on which the Wasserstein distance can

will denotex® = (1;0;:::;0) 2 LY the origin of the hy- ) . .
perboloid. The geodesic distance in this manifold, which?Je e_f ciently COmF’“tEd anq then provide tWO. different pro-
ection operators: geodesic and horospherical. We nally

denotes the length of the shortest path between two points, AR -
can be de ned as e ne the related hyperbolic sliced-Wasserstein distances

and discuss some of their properties. All the proofs are
8x;y 2 LY; d_(x;y) = arccosh( h x;yi_): (8) reported in Appendix A.

is the Minkowski pseudo inner-product (Boumal, 2022,
Chapter 7). The Lorentz model can be seen as the upp
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(a) Euclidean. (b) Geodesics. (c) Horospheres. (d) Euclidean. (e) Geodesics. (f) Horospheres.

Figure 1: Projection of (red) points on a geodesic (black line) in the Pdrzat and in the Lorentz model along Euclidean
lines, geodesics or horospheres (in blue). Projected points on the geodesic are in green.

3.1.Euclidean Sliced-Wasserstein on Hyperbolic Spaces ef cient way to compute the discrepancy, we need a practi-

The support of distributions lying on hyperbolic space arecal way to compute the Wasserstein distance on geodesics.
. : . P As the distance between any point on a geodesic line
included in the ambient spacB8 (Poincaé ball) orR%*! yp 9

. and the origin can take arbitrary valuesRn, we project
(Lorentz model). As such, Euclidean SW can be used fo[)oints from the geodesic to the real life Indeed, on

such kind ofd_ata. On the POi_nH’ Inall,_the projections Iie_ R, there exists a well known closed-form (see Section
onto the_ mar_m‘old as geod(_esms passing thr_o_u_gh the Orlgll5.1) that can be ef ciently computed in practice. In the
are straight lines (see Section 3.2), but the initial geometryporentZ model, let 2 T,oL9\ S be a direction such that

of the d_ata might not be fully taken care of as tr_]e orthogona (R)= L9\ span(x®; V). Then, we propose to project a
projection does not respect the Poiricgeodesics. On the pointx 2 (R) using
Lorentz model though, the projections lie out of the man-

ifold. We will denote SWp and SWI the Poinéadball and t¥ (x) = sign( hx; vi)d, (x; x9): (14)

Lorentz model version. These formulations allow inheriting _ _ _ _

from the properties of SW, such as being a distance. The scalar product witlv gives an orientation to the
geodesic, and the distance to the origin the coordinate

3.2. Projection Set and Wasserstein Distance of x. We can do the same on the Poirdrall with

tg(x) = sign(hx; vi)dg(x; 0), wherew is one of the ideal
To generalize the sliced-Wasserstein distance on othgjoint to which the geodesic is perpendicular. In the remain-
spaces, we rst de ne on which subspace to project. Euger, we will remove the subscriptsandB when it is clear
clidean spaces can be seen as Riemannian manifolds #6m the context. Finally, we need to check that this projec-
null constant curvature whose geodesics are straight linegen keeps the geodesic Wasserstein distance unchanged. We

Therefore, analogously to the Euclidean space , we projegbrmulate the following proposition in the Lorentz model.
on geodesics passing through the origin. We now describ

Br ition 3.1 (W rstein distan n i
geodesics in the Lorentz model and in the Poiadazall. oposition 3.1(Wasserstein distance on geodesichet

v 2 Tol9\ S%andG = span(x®v) \ L% a geodesic
GeodesicsIn the Lorentz model, geodesics passing throughpassing througix®. Then, fop  l1and; 2 Py(G),
the originx® can be obtained by taking the intersection Dr . N MDY ek v
betweerL9 and a 2-dimensional plane containixg(Lee, W )= \évp (ty ity )
2006, Proposition 5.14). Any such plane can be obtained as o . (15)
0. dy <d — d. \, — = jFw=(u)  Fp™ (WjP du:
span(x®”;v) wherev 2 T,oL®\ S% = fv 2 SY% vg =0g. 0o W t
The corresponding geodesic can be described by a geodesic
line (Bridson & Hae iger, 2013, Corollary 2.8).e.amap  The last ingredient of hyperbolic SW is the way the points

~tR! LYsatisfying for allt;s 2 R, di( (s); (1)) = lying in the manifold are projected onto the geodesic. We
jt sj, of the form introduce here two different projections that are illustrated
on Figure 1.

8t 2 R; (t) = exp,o(tv) = cosh(t)x® + sinh(t)v: (13)

3.3. Hyperbolic Sliced-Wasserstein
On the Poinca ball, 9ef’des'cs are circular arcs perpendlcWith geodesic projections. We discuss here the results
ular to the boundar$® - (Lee, 2006, Proposition 5.14). In . .
. . . - -y the Lorentz model, but we can also obtain all the re-
particular, geodesics passing through the origin are straigh

lines. Hence, they can be characterized by a peon the sults in the Poincdr ball. Letv 2 T, \ S% andG’ =
borderS® 1. Such points will be called ideal points. fexpo(tv): t 2 Rga geodesic passing through. As a

rst generalization of the sliced-Wasserstein distance on hy-
Wasserstein distance on geodesicén order to have an perbolic spaces, we propose to use the geodesic projection

4
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PV, which projects points o’ following the shortest path obtained by taking the inner product. A rst viewpoint is to

(geodesics), and which is de ned as see it as the geodesic projectiorxo? RY on the geodesic
_ span( ):
8x 2 LY PY(x) = argmin d(x;y): (16) h; i = argmin kx yko: (23)
y2G? y2span( )

We report in Appendix A.2 the closed-form formulas on In this case, using a similar projection @sl), the coordi-
both the Lorentz model and the Poinednall. Here, we are nates on the line are obtained as the inner product:
mostly interested into the coordinate Bnwhich can be

obtained either by computiry PV, or as t (x) =sign(hx; i)khe; i Okx = hx; i (24)

8x 2 LY PV(x) = argmin d. expo(tv);x : (17) However, the inner produdi; i can actually also be
t2R seen directly as a coordinate on the Isgan( ). This
Regarding the implementation, we derive a closed-form iran be _transla_ted by the Busemann function on gmt-spe_ed
; L geodesics, which can be generalized on certain Riemannian
the following proposition. . . . .
N . ) o manifolds. More precisely, the Busemann function associ-
Proposition 3.2(Coordinate of the geodesic projection)  ated to the geodesic ray i.e. a geodesic fronR, to the
manifold satisfyingd( (t); (s)) = jt sj, isdened as
1. LetG' = span(x% V) \ L% wherev 2 TwoL9\ S%  (Bridson & Hae iger, 2013, De nition 8.17)
Then, the coordinatB¥ of the geodesic projection on
G’ ofx 2 LYis B (x)=lm dix (1) t; (25)

h’(;"i} : (18) Wherex belongs to the corresponding manifold ahis
hx; x 01 the geodesic distance. It can be checked that on Euclidean
spacesBsP2"( )(x) = h x; i. While the Busemann func-
2. Letv 2 SY ! be an ideal point. Then, the coordi- tion is not well de ned on positively curved spaces such
nate P¥ of the geodesic projection on the geodesicas the sphere (as geodesics are periodic), closed-form are

PVY(x) = arctanh

characterized by of x 2 B% is available on hyperbolic spaces and provide different projec-
v tions. We report them in the next proposition. As we only
P¥(x) = 2arctanh s(x) ; (19)  work with geodesics passing through the origin, we put as

indices the directions which fully characterize them (either

where v2 ToldinLd orv2 S¢ 1inBY).
5(x) 1+ kxk3 (;ka_kﬁ)z axvi? e wigo  Proposition 3.3(Busemann function on hyperbolic space)
= W !
0 if ;wi =0: 1. OnLY, for any directionv 2 T,o L9\ SY,

(20)
8x 2 LY; BY(x) =log( hx;x°+ vi_):  (26)

Now, we have all the tools to de ne the geodesic hyperbolic

sliced-Wasserstein discrepancy (GHSW) between 2 2. OnBY, for any ideal pointr 2 S% 1,
Pp(LY) as, forp 1, K K2
z 8x 2 BY; B¥(x) = log % @7)
GHSWP(; )= WE(PY ;P Y )d (v): e
T, oLd\ ¢

(21) To conserve Busemann coordinates, it has been proposed by
Note thatT,o L9\ S9 = S¢ 1 and thatv can be drawn by Chami et al. (2021) to project points on a subset following
rst samplingw  Unif(SY 1) and then adding @inthe the level sets of the Busemann function. Those level sets
rst coordinate,i.e. v = (0;v) with w2 S9 1. Note also  are known as horospheres, which can be seen as spheres
thatGHSW,(; )< 1 for ; 2Py(LY). We also have of in nite radius (Izumiya, 2009). In the Poincaball, a
the Poincag formulation usind? ¥, and de ned between horosphere is a Euclidean sphere tangent to an ideal point.

;. 2P (BY as Chami et al. (2021) argued that this projection is bene cial
Z against the geodesic projection as it tends to better preserve
GHSWP(; )= WE(PY ;P ¥ )d (v): (22) the distances. This motivates us to project on geodesics
sd 1 following the level sets of the Busemann function in order

to conserve the Busemann coordinates,we want to have
With horospherical projections. As we saw in Section BY¥(x) = B¥(P¥(x)) (resp.BY(x) = BY(PVY(x))) on the
2.1, the projection on geodesics in the Euclidean space Boincagé ball (resp. Lorentz model) wheve2 S¢ 1 (resp.

5
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v 2 T,oL9\ S9)is characterizing the geodesic. We reportAlgorithm 1 Guideline of GHSW

the closed-forms in Appendix A.5. In practice, noting that Input: (xi)1, V)", Comy, ()0 2
. . . . 1= 1 = ’ =1 =

B (x)= B ( (t))= t,we obtain that the coordinate is "L the number of pro}ectionmhe order

t= B (x). for’=1toL do

Using the projections along the horospheres, we candene ~ Drawy  Unif(S¢ 1), letv =[0;v]
a new hyperbolic sliced-Wasserstein discrepancy, called  8i; % = PYxi), ¥} = Pvp()éj)

horospherical, between 2 P,(LY) as, forp 1, ComputeWp(" {L; i g5 | iy)
end for
P ‘ P(BY v ReturniPL Wp(Pn L )
HHSWP(; )= Wg(By ;B 4 )d (v): L =1 Wpl =1 i 2> =1 iy
T oLd\ Sd
(28)

Note thatHHSW(; )< 1 for ; 2P,(LY) (see Ap-
pendix B.1). We also provide a formulation on the Poigcar
ball between; 2 P,(BY), usingB¥, as
Z
HHSWP(; )= . WP(BY ;B i )d (v): (29)
S

Using that the projections formula betweehandB¢® are
isometries, we show in the next proposition that the two
formulations are equivalent. Hence, we choose in practice
the formulation which is the more suitable, either from the
nature of data or from a numerical stability viewpoint.

Proposition 3.4. Forp 1,let;; 2P(BY) anddenote Figure 2: Runtime comparison in log-log scale between

~=(Pg L)# ,~=(Pg L)# .Then, Wasserstein and Sinkhorn using the geodesic dist&iag,
GHSW, andHHSW , with 200 projections, including the
HHSW (5 )= HHSW (5 -); (30)  computation time of the cost matrices.
GHSW/J(; )= GHSW}(5 ~): (31)

similar as in the Euclidean case (Nadjahi et al., 20R26),
the sample complexity is independent of thB dimension and
the projection complexity converges @(1= L) with L

It can easily be showed that GHSW and HHSW are pseudahe number of projections.

distances as it only depends on the distance properties of the

Was;erstem distance. Whether or not the_y satisfy the |r_1d|%_ Implementation

cernible property remains an open question. As describe

in the introduction for SW, we can derive the correspondingin this Section, we discuss the implementation of GHSW
Radon transform. More precisely, we can show that and HHSW, as well as their complexity.

VA
oL v. v ] Implementation. In practice, we only have @ccess to dis-
GHSWE(: )= WE(R)I(R)' d i ctedisributions, = T 1 andhy = Ty ory
(32) where(x;); and(y;); are sample locations in hyperbolic
whereR is the hyperbolical Radon transform, rst intro- space, and i&; and( ;); belong to the simplex , =
duced by Helgason (1959) and more recently studigdn f 2 [0;1]; i”:l i = 1g. We approximate the inte-
(Berenstein & Rubin, 1999; 2004; Rubin, 2002). We cangral by a Monte-Carlo approximation by drawing a nite
also show a similar relation between HHSW and the horoaumberL of projection directiongv-)'_; in S¢ 1. Then,
spherical Radon transform studied). by Bray & Rubin  computing GHSW and HHSW amount at rst getting the
(2019); Casadio Tarabusi & Picardello (2021). If these transeoordinates ofR by using the corresponding projections,
forms are injective on the space of measures, then we wouldnd computing the 1D Wasserstein distance between them.
have that GHSW or HHSW are distances. However, to th&Ve summarize the procedure in Algorithm 1 for GHSW.
?r?(:ts()f our knowledge, the injectivity of such transforms onCPmpIexity. For both GHSW and HHSW, the projection
pace of measures has not been studied yet. We detai :
the derivations in Appendix B.2. proped_ure has a complex_lty .@(T‘d)- Hence, forl.
projections, the complexity is irO(Ln(d + log n))
We also provide in Appendix B.3 the sample complexitywhich is the same as for SW. In Figure 2, we compare
and the projection complexity. We note that the results aré¢he runtime between GHSW, HHSW, SW, Wasser-

3.4. Properties

6



Hyperbolic Sliced-Wasserstein via Geodesic and Horospherical Projections

(a) SW on Poinca (SWp), GHSW (b) HHSW and Wasserstein (c) SW on Lorentz (SWI)

Figure 3: Comparison of the Wasserstein distance (with the geodesic distance as cost), GHSW, HHSW and SW between
Wrapped Normal distributions. We gather the discrepancies together by scale of the values. SW on the fouielnas

very small values as it operates on the unit ball, while on the Lorentz model, it can take very high values. GHSW returns
small values as the geodesic projections tend to project the points close to the origin. HHSW has values which are closer to
the geodesic Wasserstein distance as the horospherical projection tends to better keep the distance between points.

stein and Sinkhorn with geodesic distancesLih for
n2f10%;10%10*5 10% 10°g samples which are drawn
from wrapped normal distributions (Nagano et al., 2019),
andL = 200 projections. We used the POT library
(Flamary et al., 2021) to compute SW, Wasserstein and
Sinkhorn. We observe the quasi-linearity complexity of
GHSW and HHSW. When we only have a few samples,
the cost of the projection is higher than computing the 1D
Wasserstein distance, and SW is the fastest.

5. Application

In this Section, we perform several experiments which aim
at comparing GHSW, HHSW, SWp and SWI. First, we study
the evolution of the different distances between wrapped
normal distributions which move along geodesics. Then, we
illustrate the ability to t distributions on.? using gradient
ows. Finally, we use HHSW and GHSW for an image clas-
si cation problem where they are used to t a prior in the

embedding space. We add more informations aboutdistribLi:—. 4 Log 2-W tein bet ¢ tand th di
tions and optimization in hyperbolic spaces in Appendix C Igure . Log ~-Vvasserstein between a target and the gradi-

Complete details of the experimental settings are reporte8nt ow of GHSW, HHSW and SW (averaged over 5 runs).

n Appendlx D. We also reportin _App_endlx D_'4 prehmma_ry the horospherical projection better preserves the distance
experiments on autoencoders with hierarchical latent Priorgyanveen points compared to the geodesic projection. As

SWp operates on the unit ball using Euclidean distances,

Comparisons of the Different Hyperbolical SW Discrep- the distances are very small, even for _distriputi(?ns close
ancies. On Figure 3, we compare the evolutions of GHSW,tO the.border. Interestingly, as _g(_aodesm projections tend
HHSW, SW and Wasserstein with the geodesic distance b&2 Project points close to the origin, GHSW tends also to

tween Wrapped Normal Distributions (WNDs), where oneSdueeze the distance between distributions far from the ori-

is centered and the other moves along a geodesic Mor@n- This might reduce numerical instabilities when getting

precisely, by denoting( : ) a WND, we plot the evo- far from the origin, especially in the Lorentz model. This
lution of the distances betwed®(x?; I,) and G(x;: |5) experiments also allows to observe that, at least for WNDs,

wherex; = cosh(t)x? + sinh(t)v fort 2 [ 10;10] and the iljdiscerni_bl_e property is observed in practi_ce aswe only
v 2 T,oL2\ S2. We observe rst that SW on the Lorentz pbtaln one minimum when both measures comc!de. Hence,
model explodes when the two distributions are getting faft SUggests that GHSW and HHSW are proper distances.
from each other. Then, we observe thdl SW , has values

with a scale similar tdV,. We argue that it comes from Gradient Flows. We now assess the ability to learn dis-
the observation of Chami et al. (2021) which stated thatributions by minimizing the hyperbolic SW discrepancies

7
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(HSW). We suppose that we have a target distribution Table 1: Test Accuracy on deep classi cation with proto-

from which we have access to samp(gg)"_, . Therefore, types (best performance in bold)

we aim at learning by soIvingF;he following optimization
n

problem: min HSW3} ; 1 We model CIFARIO

CIFAR100

' n i=1 Xi - Dimensions 2 4 3 5 10
as a set oh = 500 particles and propose to perform a ~— peBuse 9064 005 9059 011 4928 105 5344 076 5919 o5
Riemannian gradient descent (Boumal, 2022) tolear the §i 0 BEtcr Ry @w 28
H 4 H SWp 91:84 91:68 53:25 3. 59.77 o 60:36 1:
distribution. swi 113 ou 9174 o1 5388 o0y 6062 os 6230 0
i i . ) w 91:67 018 9183 o 50.07 458  57:49 094 5882 166
To compare the dynamics of the different discrepancies, we MMD 9147 010 9168 o009 5059 sas 5810 073 5891 oo

plot on Figure 4 the evolution of the exact lagNVasserstein
distance, with geodesic distance as ground cost, between : _ 5~ _ 5
the learned distribution at each iteration and the target, with.~ 15:/3%%;5;’ V_Vesu\i/@'z_t GHSW; t’hDir_ H I—llj\t/vzn
the same learning rate. We use as targets wrapped normg I_I robl ma nd _m ; Exw?uszseiz Mﬁ/lDuv?/?tlh Ly? a
distributions and mixtures of WNDs. For each type of target, eal problem and compare 2a apia
: : . : ...~ cian kernel (Feragen et al., 2015). (et )., be a batch of

we consider two settings, one in which the distribution is oints drawn from this mi t e then theIIBlss e minimize is
close to the origin and another in which the distribution liesP? W IS mixture, we minimize

closer to the border. We observe different behaviors in the

two settings. When the target is lying close to the origin,
SWIand HHSW, which present the biggest magnitude, are ~( ) = 1
the fastest to converge. As for distant distributions however, n
GHSW converges the fastest. Moreover, SWI suffers from

X
BPi(z)+ D
i=1

(34)

many numerical instabilities, as the projections of the gradiOn Table 1, we report the classi cation accuracy on the
ents do not necessarily lie on the tangent space when pointgst set for CIFAR10 and CIFAR100 (Krizhevsky, 2009),
are too far of the origin. This requires to lower the learningusing the exact same setting as (Ghadimi Atigh et al., 2021).
rate, and hence to slow down the convergence. Interestinglyve rerun their method, called PeBuse here. We report

SWhp is the slowest to converge in both settings.

Deep Classication with Prototypes. We now turn
to a classi cation use case with real world data.
f(Xi;Vyi){L; g be a training set wherg; 2 R™ andy; 2

perform classi cation on the Poincaball by assigning to
eachclass 2 f 1;:::;Cga prototypep. 2 SY 1, and then

Let

results averaged over 3 runs. We observe that the proposed
penalization outperforms the original method for all the
different dimensions.

6. Conclusion and Discussion

In this work, we propose different sliced-Wasserstein dis-
crepancies between distributions lying in hyperbolic spaces.

by learning an embedding on the hyperbolic space using {! Particular, we introduce two new SW discrepancies
neural network followed by the exponential map. Then, which are intrinsically de ned on hyperbolic spaces. They

by denoting byz = exp, f (x) the output, the loss to be
minimized is, for a regularization parameter 0,

1 X

= B z sd log 1 k zk3 (33)

i=1

The rst term is the Busemann function which will draw
the representations a&f towards the prototype assigned to

the classj, while the second term penalizes the overcon -
dence and pulls back the representation towards the origi
Ghadimi Atigh et al. (2021) showed that the second term ca

be decisive to improve the accuracy. Then, the classi catio
of an input is done by solving = argmax . hZe;pei.

are built by rst identifying a closed-form for the Wasser-
stein distance on geodesics, and then by using different
projections on the geodesics. We compare these metrics
on multiple tasks such as sampling and image classi cation.
We observe that, while Euclidean SW in the ambient space
still works, it suffers from either slow convergence on
the Poincak ball or numerical instabilities on the Lorentz
model when distributions are lying far from the origin.
On the other hand, geodesic versions exhibit the same
omplexity and converge generally better for gradient ows.
urther works will look into other tasks where hyperbolic
embeddings and distributions have been showed to be

r‘bene cial, such as persistent diagrams (Carriere et al., 2017;

Kyriakis et al., 2021). Besides further applications, proving

We propose to replace the second term by a global priothat these discrepancies are indeed distances, and deriving

on the distribution of the representations.
cisely, we add a discrepan&y between the distribution
(expy T )& px, wherepx denotes the distribution of the
training set, and a mixture @ WNDs where the centers
are chosen agp )&, , with (pc). the prototypes and <

More prestatistical results are interesting directions of work. One

might also consider different subspaces on which to project,
such as horocycles which are circles of in nite radius and
which can be seen as another analog object to lines in
hyperbolic spaces (Casadio Tarabusi & Picardello, 2021).
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A. Proofs
A.1. Proof of Proposition 3.1

Let ageodesic oh® passing througk® and with directiorv 2 T,o L9\ SY, i.e. the geodesic is obtained sgan(x®; v)\ LY.
Let ; probability measures on.

First, we need to show that for adly 2 span(x%;v)\ LY,
do(x;y) = jt'(x)  t'()i; (39)

i.e. thatt" is an isometry fronspan(x®;v) \ L% toR.
As x andy belong to the geodesig there exiss;t 2 R such that

x = (s) = cosh(s)x° + sinh(s)v; (36)
and

y = (t) = cosh(t)x? + sinh(t)v: (37)
Then, on one hand, we have

do( (s); (1) =arccosh(h (s); (t)iL)
=arccosh h cosh(t)x® + sinh(t)v; cosh@)x® + sinh(s)vi

= arccosh coshg)cosh(s) sinh(t) sinh(s) (38)
=arccosh cosht s)
=jt s

where we used thdx®;x%, = 1, x%vi_ = 0, hv;vip = hv;vi = 1 andcosht)cosh(s) sinh(t)sinh(s) =

coshg s).

On the other hand, we have

jex)  t(y)j

sign(h; vi)dy (x;x%)  sign(hy; vi)di(y; x°)
sign(hx; vi)do( (s); (0))  sign(hy;vi)di( (t); (0))
sign(hx; vi)jsj  sign(hy; vi)jtj

=jt sj;

(39)

where we use at the last line thsign(hx; vi) = sign(s) (resp. sign(hy;vi) = sign(t)) ands = sign(s)jsj (resp.
t = sign(t)jtj) supposing that is oriented in the same sense of

Therefore, we have
)ty = du(xy): (40)

Now, we can show the equality for the Wasserstein distance:
z

WP(; )= |inf do(x;y)?d (x;y)
2(; )ZLd Ld

B ORRNCTLNEY

I
5
=

ZL
_ xooyiPdtt  t)e (xy) (41)
2(: ) R R
inf jX iP d~(x;
PR L RRJ yj? d~(x;y)
Zl
WPty sty )= . Fet(u) Fyt (WP du;

1
=

where we apply (Paty & Cuturi, 2019, Lemma 6).
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A.2. Geodesic Projection

Proposition A.1 (Geodesic projection)

1. LetG’ =span(x%v)\ L9 wherev 2 T,oL9\ SY Then, the geodesic projecti® onG’ ofx 2 L9 is

1
PY(x)= p h x;x%  x% + hx;viLv
()= p hx;x%i2 h x;vi? ) :
Pspan(xo;v)(x)

" P span(x%v) (x); PSpan(XO?V)(X)iL,

(42)

wherePsPan(x°v°) is the linear orthogonal projection on the subspapan(x®; v).

2. Lety 2 SY 1 be aninideal point. Then, the geodesic project®dhon the geodesic characterized bpfx 2 BY is

PY(x) = s(x)¥; (43)
where p
1+ kx k2 (1+ kxk2)2 4hx;wi2 . L
s(x) = v if b vi & 0 (44)
0 if x;wi =0:
Proof.

1. Lorentz model. Any pointy on the geodesic obtained by the intersection betvieenspan(x°; v) andL® can be
written as

y = cosh(t)x® + sinh(t)v; (45)

wheret 2 R. Moreover, asrccoshis an increasing function, we have

PY(x) = argmin d_(x;y)

y2E\ Ld (46)
=argmin h x;yi.:
y2E\ Ld
This problem is equivalent with solving
argmin  coshg¢)hx;x% . sinh(t)hx;vi: 47
t2R
Letg(t)= cosht)hx;x%  sinh(t)hx;vi_, then
hx; vi
ot) = tanh(t) = =L 4
=00 tanh(= _=oE (48)
Finally, using thatl  tanh?(t) = by andcostf(t)  sinh’(t) = 1, and observing that necessartiy; x % O,
we obtain
1 h x: 0;
cosht) = * =p 0’_"2X LR (49)
1 hovip 2 b, x%if hx;vif
hx;x Oi
and
hxv i .
. Fxx 01 hx; vi
sinh(t) = ¥ ’ =p : 50
® 1 hvi, 2 rJh><;x°if h x;vi?2 (50)
h;x 91

14
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2. Poincaré ball. A geodesic passing through the origin on the Poiadzll is of the form (t) = tp for an ideal point
p2 SY tandt 2] 1;1[ Using thatarccoshis an increasing function, we nd

PP(x) = argmin dg(X;y)
y2span( )

_ S OLS
=argmin arccosh 1+2
9 @ kxk)T k (DK (51)

=argmin log kx  (1)k3 log 1 k xk5 log 1 k (t)k3
tp

=argmin log kx tpks log 1 t2:
t

Letg(t)=log kx tpk3 log 1 t? . Then,

( 2 TRy 120 if hp;xi &0
gt =0 focp - MRS (52)
t=0 if hp;xi =0:
Finally, if hx; pi & 0, the solution is
S
2 2 2
{ = 1+ kxll<2 1+ kxl'<2 (53)
2hx; pi 2hx; pi
Now, let us suppose thak; pi > 0. Then,
S
1+ kxk3 N 1+kxk3 2 1+ kxk3
2hx; pi 2hx; pi 2hx; pi (54)
1
becauséx pk3 Oimplies thatl;h'x‘:)kig 1, and therefor the solution is
s
+ 2 + 2 2
_1 I<xl.<2 1 kxl'<2 (55)
2hx; pi 2hx; pi
Similarly, if hx; pi < 0, then s
1+ kxk2 1+kxk3 2 1+ kxk2
2hx; pi 2hx; pi 2hx; pi (56)
1
becauséx + pk3 0implies 1;&);",% 1, and the solution is
s
2 2 2
1+ kxl.<2 N 1+ kxll<2 (57)
2hx; pi 2hx; pi
Thus, 8 r _
1+ kxk2 1+ kxk2 2 e
S(X) _ 2hx;xvi r 2hx;X\fi 1 ifhgwi>0
- 2
Prads LG 1 fhgvico
S
1+ kxkd 1+ kxkd 2
= Thew oontwvi oo L (58)
1+ kxk3 sign; v @

= 1+ kxk3)2  4hx; wi?
v 2signiwvincwi T Kk2) s

1+ kg @+ k@7 dnc iz
2 v '
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O

We observe that the projection on the geodesic in the Lorentz model can be done by rst projecting on the subspace
span(x?; v) and then by projecting on the hyperboloid by normalizing. This is analogous to the spherical case studied in
(Bonet et al., 2023), the differences being that, in the hyperbolic case, we are on the Minkowski space and that the geodesics
are not periodic, contrary to the sphere. Moreover, we only integrategeodesics passing through the origin when Bonet

et al. (2023) integrate over all possible geodesics, as the sphere does not have a natural origin.
A.3. Proof of Proposition 3.2
1. Lorentz model. The coordinate on the geodesic can be obtained as

PY(x) = argmin d_ expoo(tv);x :
t2R

Hence, by using (48), we obtain that the optirnahtis es

hx; viL
hx; x0i

hX; vi
hx; x0i

tanh(t) = 0 t = arctanh

(59)

(60)

2. Poincaré ball. As a geodesic is of the form(t) = tanh ‘i pforallt 2 R, we deduce from Proposition A.1 that

s(x) = tanh % 0 t = 2arctanh s(x) :

A.4. Proof of Proposition 3.3
1. Lorentz model.
The geodesic in direction can be characterized by
8t 2 R (1) = cosh(t)x® + sinh(t)v:
Hence, we have

8x 2 LY di( (t);x) = arccosh( cosht)hx;x%  sinh(t)hx; vi,)

gdret g et

= arccosh

hx; x i h; Vi

\
= arccosh % (1 e Z)hexOi,+( 1+e Z)hviL

=arccosh x(t) :

Then, on one hand, we haxét) tl!1 1 , and using thaarccoshfk) =log x + P x2 1 ,we have

G(u()ix) t=log x)+ x@7 Le'

S |
1
=1 X))+ et 1 —
og e ‘x(t)+ e 'x(t) MOE
1 1
— t t
= log e 'x(t)+ e "x(t) 1 2x(t)2+o MOE
Moreover, 1 1 1
e 'x(t) = é( 1 e hxli+ é( 1+e Y vi, iy Eh><;x°+ Vi
Hence,

BY(x) =log( h x;x°%+ vi,):

16
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2. Poincaré ball.

Note that this proof can be fouradg.in the Appendix of (Ghadimi Atigh et al., 2021). We report it for the sake of
completeness.

Letp 2 SY 1, then thS geodesic frof@ito p is of the form (t) = exp(tp) = tanh( 2)p Moreover, recall that
arccoshi) = Iog(x + x2Z 1)and
1
ktanh(5)p  xk3

ds( p(t);x) = arccosh 1 +2 @ () K XK = arccosh(1 + x(t)); (67)

where

X(t) = 2 ktanh(5)p xk3 69)
(1 tanh?(5)(L k xK3)’

Now, on one hand, we have

BP(x)

m (de( p()ix) 1)
tIﬁn log 1+ x(t)+ P x(t)2+2x(t) t (69)

lim log e '(1+ x(t)+ P Xz ax) -

On the other hand, using thmnh( )=

e1+1’
kedp  xk3
e 'x(t)=2e ' — *iz
1 (5H9Q k xk3)
:Zetketp p e'x xki
4et(1 k xk3) (70)
_lkp e'p x e 'xkd
) 1 k xk3
Lk xk5,
21 k xk3°
Hence, s _ 1
2 kp xk3
p t t t R R 71
BP(x) = rln log e "+ e 'x(t)+ e "x(t) 1+x(t) log 1 kxkZ (71)

q
usingthat 1+ &5 =1+ 45

A.5. Horospherical Projections

Proposition A.2 (Horospherical projection)

1. Letv 2 T,oL9\ SY be a direction ands = span(x°;v) \ L9 the corresponding geodesic passing throu§hThen,
for anyx 2 LY, the projection orG along the horosphere is given by

+ 2
1 U0+ 27uv; (72)

BY(x) =
()= u2 1 u?

1+ hx;x O+ vi

whereu = ¢ X T

2. Letv2 S 1 pbe an ideal point. Then, for ak 2 B,

1 k xk3 kv xk3

V() —
BT= 7 k xk3 + kv xk3

W (73)

17
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Proof. 1. Lorentz model.

First, a point on the geodesig is of the form
y(t) = cosh(t)x° + sinh(t)v; (74)

witht 2 R.

The projection along the horosphere amounts at following the level sets of the Busemann fBrictiamd we have

BY(x)= BY(y(t)) 0 log(h x;x%+ vi_) =log( h cosht)x® + sinh(t)v;x° + vi,)
0 log(hx;x%+ vi_)=log( cosht)kx°k? sinh(t)kvk?)

75
0 log(h x;x° + vi_ = log(cosh(t) sinh(t)) (75)
0 h x;x°+ vi_ =sinh(t) cosht):
. 2L . t
By noticing thatcosh() = % andsinh(t) = % letu = tanh( %), then we have
BY(x)= BY(y() 0 h xxO+vi = 4 1ru_ U 1 _u 1
-EY ’ 1w 1 w2 @ w@+u u+1l 76)
0 1+ X0+ v
T 1 hxx0+ vig
We can further continue the computation and obtain, by denetindx; x° + vi,
BY(x) = 1+u2x°+ 2 v
1w 1 uw?
2
1+ 1+c l+c
_ 1c 0 1c
- 1 1+c ZX +21 l+c 2V
Tc Tc
_ (@ 9P+ 0o, (1+90 9 (77)

T @ 02 @+or S oz (a+op
1+c¢ , 1 ¢
2c X 2c v

—_ 1 . 0 .2 0 . 0 o )
= Shoxorvis XXV (L hxx®+ Vi

2. Poincaré ball.

Letp 2 S 1. First, we notice that points on the geodesic generatepl dnyd passing through 0 are of the form
x( )= p where 2] 1;1].

Moreover, there is a unique horosph&@; x) passing through and starting fronp. The points on this horosphere
are of the form

_ ptx() p x( ) , X hx;pip

y()= > + > ) cos( )p + sin( )7kx h X: pipks -
1+ 1 2 cos()p-+sin( ) x hx;pip
-T2 P P kx_h x; pi pka

where characterizes the intersection between the geodesic and the horosphere.

18



Hyperbolic Sliced-Wasserstein via Geodesic and Horospherical Projections

Since the horosphere are the level sets of the Busemann function, wB P@je= BP( p). Thus, we have

BP(x)=BP( p) 0

A.6. Proof of Proposition 3.4

First, we show some Lemma.

kp xk3 kp pk3
°0 The T T
kp xk§ _ (1 )?
1 kxks 1 ()2

kp xk3 1
1 k xk3 1+
2 2
kp xk§+1 _1 kp xkg
1 k xks5 1 k xk5

1 kxk3 kp xki
"1 k xk3+ kp xk3’

(79)

Lemma A.3 (Commutation of projections.)Letv 2 span(x®)? \ S¢ of the formv = (0 ; ¥) wherev 2 S¢ 1. Then, for all

x2Bd y2Ld

Pei L BY(X) = BY Pai L(X) ;
BY(P: 8(Y)) = P (BY(y))
Pei L PY(X) =PY Pg L(X) ;
PY(PLi 8(y)) = P s(PY(Y)):

Proof. We rst show (80). Let's recall the formula of the different projections.

On one hand,

8x 2 BY; BY¥(x) =

8x 2 LY; BY(x) =

and

8x 2 BY; Py ()=

2 X0 + vi

1 k xk3 k v xk3
1 k xk3+ kv xk3

@+ hxO+vid)x°+ @ hx;x%+ vi2)v ;

1
m(1+ kxk3:; 2X1;:00 2Xq):

Letx 2 BY. First, let's computé®g, | B¥(x) . We note thakvk3 = 1 and therefore

1 k xk3 kv xk3

1 k xk3+ kv xk3

19
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Then,
!
1 1kxk3 kv xk3 2 _ 1 kxkZ kv xk
P B—\f - 1+ 2 2 ) 2 2
e L BT L kK v xi 2 Tkxk+ke xk2 '~ 1 kxk+ke xk
1k xk3+kv xkj | I
B 1 L. Lk kv xid 2'X0+2 1 kxkE kv xkB
_1 1k xk2k v xk3 2 1 k xk3+ kv xk3 1 k xk3+ kv xk3
1k xk3+kv xkj3 I
1 k xk3+ kv xk3 2 21 k xk3)? + 2 kv xk‘z‘x0+2 1 k xk3 kv xk3 v.
dkv  xk3(1 k xk3) 1 k xkZ+ ke xkZ° 1 k xk3+ kv xk3
= 21 s (1 k xk3)?+ ke xk3 x°+(1 k xk3 k v xk3)(1 k xk3+ kv xk3)v
2k xks5(1 k xks)
1

- 2\2 4 ,,0 2\2 4 .
= 2kv xKZ(L Kk xK2) (1 k xk3)?+ kv xki x°+ (1 k xk3)2 k v xkj v :
(88)

Now, let's computeBY Pg, | (X) . First, let's remark that foraly 2 L9, hy;x° + vi_ = yo + hya.q; vi. Therefore, for
all x 2 BY,

HPg; | (X); X%+ vi, = hﬁlka(“- kxk3; 2x1; 000 2Xq); X0 + vi
5
1 .
= Tk %K 1 k xk3 +2hx; v (89)
1
= ——k wk2:
1T kxgn e
Moreover, 1

hPg L (x);x°+ viZ = ka- xkj: (90)

Therefore, we have

1
BY Pg (x) =B m(1+ kxk3; 2x1; 1005 2Xq)

1 k xk3 _ _

= 2( 1k Xk2+22h('\7"i) 1+ P L(X);XO+ VIE x°+ 1 h Pg: L(X);x0+ VIE Vv
2 ’

_ 1 kxk3 (1 k xk3)?+ kv Xk4xo+ (1 k xk2)? k v xk4v (91)
2k W (1 k xKkg)2 T k xK2)2
T okx szj(-l K xk2) (1 k xk3)?+ kv xki x°+ (1 k xk3)?2 k v xkj3 v

2 5
= Pa L BY(x) :

For (81), we use thaPg, | andP,, g are inverse from each other. Hence, foraR B¢, there existy 2 L% such that
x=PL s(y) 0 y = Pgi L (x), and we obtain the second equality by plugging it into (80).

Now, let's show(82). The proof relies on the observation tfigkp. (tv); t 2 Rg= Pgi L (fexpy(t¥); t 2 Rg) (i.e. the
images byPg, | of geodesics in the Poindaball are geodesics in the Lorentz model). Thus,

PY(Par L(x)) = argmin do(Psr L(X);2)
z2f exp,o(tv); t2Rg

= Pg | argmin dg(PLr (X);Par L(2))
z2f expy(tv); t2Rg (92)

= Pgi L argmin ds(X;2)
z2f expy(tv); t2Rg

Pei L PY(x) :
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Similarly, we obtain (83). O
Lemma A.4. Letv = (0;v) 2 span(x®)>. Forallx 2 L9,y 2 BY,

B'(x)= t' BY(X) ; (93)
BY(y)= t"(BY(Y): (94)

Proof. First, let us show that
di (BY(x);x%) = jBY(x)j: (95)

By recalling thaBY PV(x) = BY(x)=log h x;x%+ vi_ and that by (77),

BY(x) = @+ h;x%+ vi2)x? hx;x%+ vizv : (96)

2 X0 + vi
Now, by remarking thatx; x° + vi_ 0, then we have,
do BY(x);x° =arccosh(h BY(x);x%)
1
=arccosh ———— (1 + h;x%+ vi2)x%; xOi
2hx; x0 + VI|_( L) L
1
=arccosh —————(1+ h;x%+ vi?
2hx; X0 + VILS( L)
1+ h;x%+ vi? (L+ h;x0+ vip)?
2h; X0 + vi| ahx; X0 + vi?
0 q 21
1+ h;x0+viz+  hgx0+viz 1 A
2hx; X9 + vi

! (97)
=log

=log @

If ;x%+ viz 1, then

1+ hGxO+ viz + hoxO+viz 1
2h; X0 + Vi (98)
=log( h x;x°%+ vi_ )= BY(x):

d. BY(x);x° =log

And if h;x%+ viZ 1, then

do BY(x);x° =log L+ hixP+ vig+1 hxix®+ vig

2hx; X9 + vi
) X0+ Vi (99)
= —— = BY(x):
9 h x;x%+ vi, (x)
Hence, we showed that for adl2 LY,
d. BY(x);x° = jBY(x)j: (100)
Then, using (77), we have
1 hx;x%+ vi?
BY(x);vi = — L 101
(x)svi 2hx; x0 + vi (101)
Then, on one hand, we can show thgtx® + vi.  0sincex = X%+ 1V + Xgpan(xox)? - THUS,
b xC+vip= o+ g (102)

pP—P P .
But, o= 1+ 4 2 2 1. Therefore, 1 o= h;x%+ vi, 0.
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Therefore, we havéh x;x° + vi_, 0. And we have
BY(xx);vi 00 1 hxx%+viZ 00 1 hxx°+viZ () BYxx) O (103)
using thatB"(x) = log( h x;x% + vi_).
Similarly,
BY(x);vi 00 1 hxx%+viZ 00 1 hxx°+viZ () BYx) O (104)
Hence,
sign(BY (x);vi) = sign(BY(x)): (105)
Finally, we deduce that
tV BY(x) =sign(hBY(x);vi)d. BY(x);x° = BY(X): (106)
For the second equality, Igt2 BY, then,
t"(BY(y)) = sign( hB™(y); vi) dg(B™(y); 0)
= sign(Pg; L (B™(y));Vi)di(Per L(B™(y));x°)
sign(hB" (Pa: L(y));Vvi)dL(BY(Pgi L(y));x% usingLemmaA.3
tY(BY(Psi L(y))) by de nition of t¥
BY(Psi L(y)) by (106)
B¥(y);

(107)

where the last line comes from

BY(Par L(y)) = lim  di(expeo(tv);Par L(y)) t
= lim di(Per L(Pur s(eXpyo(tv));Pai L(Y)) t
= lim  de(PLi s(expeo(tv))}y) t (108)
= lim  de(expo(t¥);y) t
= BY(y):
O
Proof of Proposition 3.4Let ; 2P (BY),~=(Pg L) ,~=(Pa )& ,v2 S% lanideal pointand = (0;v) 2

span(x®)? .

First, by Lemma A4BY = t¥Y BY. Using the proof A.1t" is an isometry and we have that (by using the invariant of the
Wasserstein distance),

WP (B B 4 ~) = WH(BY + By ~): (109)
Then,
WP(BY 5B ¥ )= WE(BY + BY )
WP (B (EB! Vs 5 BE(Per L)# )

= 2ir(1f_ ) d. BY(Ps: L(X));BY(Pe L(y) "d (x;y) by (Paty & Cuturi, 2019, Lemma 6)
’ ZBd Bd

= ,inf di Per L(BY(X);Per ((B¥(y)) "d (x;y) bylemmaA3
’ ZBd Bd

= inf ds B¥(x);B¥(y) P d (x;y) asPg . isanisometry

2( ) ) Bd pd
W§(BY ; BY ) by (Paty & Cuturi, 2019, Lemma 6)
WE(BY ;B ¥ );

(110)
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where for the last line, we use that by Lemma B3, = t¥ B" and that" is an isometry. Indeed,

8x;y 2 fexpy(tw; t 2 R; jt¥(x) t¥(y)j = jsign(hx; wi)dg(x; 0)  sign(hy; wi)ds(y;0)j
= jsign(Pe L (X);Vi)dL(Par L(X);x°)  sign(tPg: L(y);vi)dL(Ps: L(y);x?)j
= jt"(Per L(x))  t'(Pai L(Y))]
= d.(Pgr L(X);Psr L(y)) by Proposition 3.1
= dg(X;y) asPg/ L isanisometry

(111)
Itis true for allv 2 S 1, and hence for -almost allv 2 S® 1. Therefore, we have
HHSWP(; )= HHSWJ(5 ~): (112)
Similarly, with the same reasonment, using ttYaandt¥ are isometries and Lemma A.3, we obtain
GHSW/(; )= GHSW} (5 -): (113)
O

B. Properties

We derive in this section additional properties of HHSW and GHSW. First, we will start by showing that f@& P (L),

we have welGHSW,(; )< 1 andHHSW,(; )< 1 .We also show that the Busemann coordinates can directly be
used in HHSW to compute the coordinatesRorThen, we continue by showing that GHSW and HHSW are pseudo-distances.
And nally, we make connections with Radon transforms known in the literature.

B.1. Finiteness of GHSW and HHSW
Proposition B.1. Letp 1,thenfor; 2 Pp(Ld),GHSWp(; )< 1 andHHSW,(; )<1.

Proof. Rigst, we will deal with GHSW and then with HHSW. Lt 1 and ; 2 Pp(Ld) = f 2
P(L9); La dL(X;X0)Pd (x) < 1 for somexg 2 L9g. Note that the choice of, is arbitrary, since for any;y 2 LY, we
have by the triangular inequality

di(x;y)  di(X;x0) + dL(Xo;Y): (114)

Then, both proofs will follow from (Villani, 2009, De nition 6.4) using that

8x;y 2 L% du(xy)P 2P 1 di(x;X0)P + di(XosY)P : (115)

GHSW. Let; 2 Pp(Ld). Then, usingd115), we have, denoting 2 ( ; ) an arbitrary coupling and using (Paty &
Cuturi, 2019, Lemma 6),
z
WPy Py )= Wl(PY ; Py )= inf do(x;y)P d (xy)
2(Py B ) Ld oL
zZ
= inf d. PY(x);PY(y) " d (x;y)
ZZ( ;) Ld Ld
d PY();PY(y) P d (xy) (116)
L L
2 1 d PY(x);xo P+ dl PY(y)ixo © d (x:y)
A z
=2°P 1 d. PY(X);Xo "d (x)+
d

do PY(y);xo °d (y) :
L d

L
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If we take xo belonging to the geodesic, then necessardy, PY(x);x d. (Xo;x) using thatPV(x) =
argminy, span(xo:v) Le dL(X;y). Hence, by using again (115), we have
z z
WP(PY ;P ) 2% 2 do(PY(x);x)Pd (x)+  di(x;%0)Pd (x)
z Le z L
+ di(PY(y:iy)Pd (0)+  di(y;xo)Pd (y)
LZ Z Ld
du(xoPd )+ di(xx0)Pd (y) (1)
z v z v
o di(xo;y)Pd (y) + ) d(y; xo)Pd (y)
L L
<1:

And henceGHSW,(; )< 1.

HHSW. Let's take rstxq = x° as the base point. Then, by using again (115), we have:
A Z

WP(BY ;B Y ) 2¢1 . d. BY(x);x° Pd (x)+ . d. BY(y);x° Pd (y) : (118)
Now, by recalling thaBY BY(x) = BY(x)=log hx;x%+ vi_, and
BY(x) = m @+ h;x%+ vi2)x® hx;x%+ vidv : (119)
Now, by remarking thatx; x° + vi_ 0, then we have,
d. BY(x);x° =arccosh(h BY(x);x%)
_ 1 0 4 vi2Ypy O- (O
—arCCOSh m(l"‘ h>(,X + VIL)hX ,X ||_
- ey 0 4 yi2
= arccosh X0+ vi._(1+ h; x° + vit)
L, S , ! (120)
1o 1+ hx0%+ vi? (1+ G x0+ vig)?
=109 2hx; X0 + vi| 4hx; x0 + viZ
0 q 21
1+h;xO+viz+  hx0+viz 1
=log @ . A
2 X0 + vi

If ;x%+ vi2 1, then
1+ h;x%+ viz + hx0+ viz 1

2h¢; X0 + vi (121)
=log( h x;x°+ vi_) = BY(x):

d. BY(x);x° =log

Andif hb;x%+ viZ 1, then

de BY(x);x° =log L+ hixP+ vig+1 hxix?+ vig

v 0 H
. 2hx; X0 + vi (122)
= - - = \ .
= log h X X0 Vi, BY(x):
Then, using thaB" is 1-lipschitz, we have
jBY(x) BY(X%)j di(xx9%; (123)
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and therefore

BY()j  du(xx%; (124)
sinceBY(x%) =log( h x%;x° + vi_ ) = 0. Hence we have weHHSW ,(; )< 1. O

B.2. Pseudo-distance

Proposition B.2. Letp 1, thenGHSW, andHHSW , are pseudo-distances.

Proof. Letp 1,thenforall; 2 Pp(LY), itis straightforward to see th@&HSWp(; ) O, HHSW,(; )p O
GHSWy(; ) = GHSW,(; ) andHHSW,(; ) = HHSW,(; ). Itis also easy to see that = =)
GHSW(; )=0 andHHSW,(; )= 0 usingthaW, is a distance.

Now, we can also derive the triangular inequality using the triangular inequalitf/foand the Minkowski inequality:

z 1
8;; 2P(LY; GHSW,(; )= WP(PY ;P Y )d (v)
T,oLd\ sd
Z L
Wo(Py 1P )+ Wp(Py iP Y ) "d (v)
ZTXO Ld\ sd
1
WE(PY P Y )d () (129
T,oLd\ sd
VA 1
+ WR(PY ;P Y )d (v) ©
T,oLd\ sd
= GHSW;(; )+ GHSW,(; ):
The same holds for HHSW.
Therefore GHSW, andHHSW , are pseudo-distances. O

To show that there are distances, we need additionally the positivity propertye need to show th&@HSW,(; )=

0 2) = . AsW, is adistance, we have theHSW,(; )=0 =) Py = Py for -aev. Butshowing that this
impliesthat = is not straightforward. Following derivations obtained with SW, we can draw connections with known
Radon transforms.

Radon transform for GHSW. Letf 2 L1(LY). Then, letsde neR : LY(LY) ! LY(R SY ?)such thatforalt 2 R

andv2 S9 1,
Z

Rf (t;v) = | f(X)1ipv(x)=tg dX: (126)
L

Let's de ne a dual functiorR : Co(R SY 1)1 Co(LY) as

Z
R g(x) = - 9 PY(x);v d (v); (127)

whereg 2 Co(R  SY 1). Then, we can check that it well the duall.
Proposition B.3. Forall f 2 L1(LY9),g2 Co(R SY 1),
hRf;gig sa 1 = H; R gia: (128)
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Proof. Letf 2 L1(LY),g2 Co(R SY 1), then,

A
hRf;gig ga 1 = Rf (t;v)g(t;v)dtd (v)
Az
= f(X)1ipv(x)=1g9(t; v) dxdtd (v)
RSz
129
= () 06 V)L p ey 1g At (V) (129)
ZLd ZSd 1 R
= f (x) g PY(x);v d (v)dx
Ld 1
= H; RQid
O

Then, we can as in (Boman & Lindskog, 2009), de ne the corresponding Radon transform of a measuréLY) as the
measur®R 2M (R SY 1), suchthatforalh2 Co(R S% 1),hR;gigr s« : = h; R gia.

Next, denoting fov 2 S¢ 1, (R )V the disintegrated measunert. ,i.e. the measure satisfying forall2 C(R S¢ 1),
Z A Z

(Ev)d(R )(tv) = (EV)(R )¥(dt)d (v); (130)
R sd sd 1 R

we can show thaiR )Y = P}/

Proposition B.4. Let 2 M (LY), then for -almostevery 2 S¢ 1; (R )V = PY

Proof. In the following, we will use thaB® ' = T,oL9\ SY. And thereforeP" is well de ned.

Letg2 Co(R SY 1), then
Z Z Z

. gt v)(R )¥(dt)d (V)

gt v)d(R )tv)= R gig s 1

Sd ZR Sd 1
=  Rg(x)d (x)
Z'z
= g PY(x);v d (x)d (x) (131)
z szt
= g PY(x);vd (x)d (v)
st 1 ZLd
= g(t;v) d(Py )(x)d (v);
sd 1 R
where we use the duality properties and Fubini. O
From the previous proposition, we deduce that
Z
8; 2P (LY; GHSWJ(; )= WP (R )(R )Y d (v): (132)
sd 1

AndGHSW,(; )=0 =) (R )"=(R )" for -almostevery .

The transformatiomR is not really clear written like that. In the next proposition, we identify the integration set, which will
give a connection to a known Radon transform.

Proposition B.5(Set of integration) The integration set aR is, fort 2 R,v 2 S% 1,
fx 2 LY PY(x) = tg=span(v;)® \ LY; (133)

wherev, = R,V with R, a rotation matrix in the plarspan(v; x°) such thatwv,;zi = 0.
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Proof. We will prove this proposition directly by working on the geodesicst'As an isometry (Proposition 3.1), for all
t 2 R, there exists a uniqueon the geodesispan(x®; v) \ LY such that = t¥(z), and we can rewrite the set of integration
as

fx 2 L9 PY(x) = tg= fx 2 LY, PY(x) = zg: (134)

For the rstinclusion, letx 2 f x 2 LY; PY(x) = zg. By Proposition A.1 and hypothesis, we have that

1
v - n .y 0i O i — .
PY(x)= p X7 hxvi? h x;x"i x"+ W, viv = z: (135)

Let's denoteE = span(v; x°) the plan generating the geodesic. Then, by dend®ifRighe orthogonal projection o, we
have
PE(x) = h;viv+ hx; x%ix°

h;vipv h x;x% x°

(136)

hx;x%i2 hxviZ z;

using thatvyp = 0 sincemx®;vi = vo = 0, and hencéx;vi_ = hx;vi, thathx; x°% = xo = h x;x%_ and(135). Then,
sincev, 2 span(v; x°) andhz; v,i =0 (by construction oR;), we have

h;voi = PE(X); vyi

q 137
h  hx%2 hxvi2 z;v,i=0: (137)

Thus,x 2 span(v,)? \ LY.

For the second inclusion, l&t2 span(v,)? \ LY. Sincez 2 span(v,)? (by construction oR;), we can decompose
span(v,)? asspan(v,)? =span(z) (span(z)? nspan(v,)). Hence, there exists2 Rsuchthak = z + x” . Moreover,

asz 2 span(x®;v), we havex; x% = hz;x% andhx;vi_ = hx;vi = he;vi = he;vi_. Thus, the projection is
PY(x)= p ! h x;x%  x° + hx;viLv
b, x%iZ hx;vi? ' ’
1
= —p hz:x% x°+ he;viv 138
i1 x%Z hz;viZ : : (138)
= —z=sign( )z:
||
But, z 2 L9, hence necessarilp’(x) = z.
Finally, we can conclude théx 2 L9; PV(x) = zg = span(v;)” \ LY. O

From the previous proposition, we see that the Radon trandfoimtegrates over hyperplanes intersected Wwithwhich

are totally geodesic submanifolds. This corresponds actually to the hyperbolic Radon transform rst introduced by Helgason
(1959) and studied more recently for example in (Berenstein & Rubin, 1999; Rubin, 2002; Berenstein & Rubin, 2004).
However, to the best of our knowledge, its injectivity over the set of measures has not been studied yet.

Radon transform for HHSW. We can derive a Radon transform associated to HHSW in the same way. Moreover, the
integration set can be intuitively derived as the level set of the Busemann function, since we project on the only point on
the geodesic which has the same Busemann coordinates. Since the level sets of the Busemann functions correspond to
horospheres, the associate Radon transform is the horospherical Radon transform. It has been for example studied by Bray
& Rubin (1999; 2019) on the Lorentz model, and by Casadio Tarabusi & Picardello (2021) on the @biaitaKote that it

is also known as the Gelfand-Graev transform (Gelfand et al., 1966).
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B.3. Statistical Properties

Sample Complexity. By adapting the proof of (Nadjahi et al., 2020, Corollary 2), we derive a sample complexity in
Proposition B.6 for botliGHSW, andHHSW ;. Interestingly, they are similar up to some constant. Moreover, similarly as
the Euclidean SW distance, they are independent of the dimension.

Propositign B.6. Letp 1, g>pand; 2 Pp(Ld). Denote”,, and”, their counterpart empirical measures and
Mqg( )= Lo d(x x%9d (x)the moments of ordey. Then, there existSy,q a constant depending only grandgq such
that

8
2n P jfq>2p

E[GHSWp("n:%) GHSWy(; )il 27PCP(Mg( )10+ Mq( )™ _ n =P log(n)! if q=2p  (139)
" n @ PP if g2 (p;2p):

Similarly, withCp,q a possible another constant,

8

2n @R jfq>2p
EGHHSW,("ni %)  HHSW,(; )il 2CEP(Mg( )™+ Mo( )9 _ n =P log)i= ifq=2p  (140)

n (a p)=(pqg) |fq2 (p'Zp)

Proof. For this proof, we rst need to recall the following lemma adapted from (Fournier & Guillin, 2015, Theorem 2) and
reportece.g.in (Rakotomamonjy et al., 2021).

R
Lemma B.7(Lemma 1 in (Rakotomamonjy et al., 2021Petp land 2 Py(R). DenoteMq( )= jxj%d (x) the
moments of ordeg and assume thal4( ) < 1 for someq > p. Then, there exists a constay,q depending only op; g
such that foralin 1,

E[V\/;?(An; )] Cp;q Mq( )p:q n 1:21f g> 2pg +n 1=2 |Og(n)1f q=2 pg +n (@ p)=a 1f g2 (p;2p)g . (141)

Now, we will rst deal with GHSW,,. First, let us observe that by the triangular and reverse triangular inequalities, as well
as Jensen fox 7! x'*P (which is concave since 1),

E[GHSWp(Mn; ™) GHSW,(; )il = EIGHSW,(Mn; %) GHSWp(Mn; )+ GHSW p(Mn; ) GHSW,(; )il
E[GHSWp("ni ™)  GHSWp(Ma; )il + ElIGHSW,(Mn; ) GHSW(; )il
E[GHSW,(*n; )]+ E[GHSW,(%n; )]
E[GHSWS("n; )I*™ + E[GHSWH(Mn; '™

(142)
Moreover, by Fubini-Tonelli,
" ”
E[GHSWR("ni M= B WR(PY™iPY )d (V)
0
x (143)
= EIWS(Py "ni Py )ld (v):
T,oLd\ sd
By applying Lemma B.7, we get far > p that there exists a constaB.q such that,
EIWP(PY "niPY )] CpgMa(PY )P n Pliguog+ n 2log(N)ligapg + N 4 P50 nogyg 1 (144)
Furthermore, using (Villani, 2009, De ntion 6.4)e. that
8x;y; X0 2 L% du(x;y)P 2P 1(dL(x;x0)+ di(Xo0:Y)); (145)
we obtain
d(PV(x);x%)9 29 1 d(PV(x);x)9+ d(x;x°)9 ; (146)
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and by de nition of PV, d. (PV(x);x)  d(x% x). Hence, remembering tht(x) = sign( hx; vi)d, (x;x°) andP"(x) =
t'(PY(x)), we have

Z
Mq(Py )= jxj"d(Py )(X)
ZR
= jPY(x)j%d (x)
z
= j(PY(x)i*d (x)
z- (147)
= d(PY(x);x9%d (x)
Lz z
29 1 dL(PY(x);x)%d )+ di(xx9)7d (x)
Z Ld Ld
29 di(xx%9d (x)=29Mq( ):
La
Therefore, we have that
E[GHSWH("n; )] 29CpgMq( )P n Liganpg + N 2l0g(N)Lig2pg + N @ P o piopyg 1 (148)
and similarly
E[GHSWE(AH; ] CpgMq( )P n l:2:qu>2pg"' n log(n)1fg=2 pg + N (a p):qlfqz(P:Zp)g : (149)

Hence, we conclude that the sample complexity is

8

2n P ifgq>2p
E[GHSW,("ni%)  GHSW,(; )il Z7PCEP Ma( )0+ Mg( )™ _n =P logn)!= if q=2p  (150)

n (a p)=(pa) |fq2 (p’2p)

Now, we can also do the same proof fdHSW ,. By using pseudo-distance properties, we also get
E[HHSW,("n; %)  HHSW(; )il E[HHSWH(%n; )I'™P + E[HHSWR(Mn; )Y, (151)

and with Fubini-Tonelli,
Z
E[HHSWFE’("n; )] = E[Vvlf(t}; PY Aot PY)ld (v): (152)

Sd

Then, by Lemma B.7, we have that fgr> p, there exists a consta@},q such that,
E[VV;?(BX An ) B; )] Cp;q MQ(B; )p=q n 1:21f q> 29 +n 1=2 IOQ(n)lf g=2 pg +n (@ p):qlf g2 (p;2p)g : (153)

But, asBY is 1-Lipschitz, andB¥(x%) = 0, we have thajBV(x) BY(x%)j = jBY(x)j d.(x;x°) forallx 2 LY. Hence,
Z Z
Mq(Bys )= jBY(x)j%d (x) d(;x%)%d ()= Mg( ); (154)
Ld Ld

and therefore

8

2n @R ifq>2p
EGHHSW,("ni%)  HHSW,(; )il 2CEP(M( )™+ Mo( )™ _ n =69 log(n)'® if q=2p  (155)

n (a p)=(pq) |fq2 (p'Zp)

29



Hyperbolic Sliced-Wasserstein via Geodesic and Horospherical Projections

Projection Complexity. The integral.r.t the uniform measure o8¢ 1! is unfortunately intractable, and therefore is
required to be approximated by a Monte-Carlo scheme. In Proposition B.8, we report the Monte-Carlo error of this
approximation. We call this error the projection complexity. We recover here the same rate as (Nadjahi et al., 2020) in
the Euclidean case. Since the proposition and the proof are the sa@E 8w, andHHSW ;, we do it for both in the

same time by denoting SW, in place ofGHSW, or HHSW ,, and denoting by" the corresponding projection with

v2 ToLd\ s9

Proposition B.8. Letp 1, ; 2 Py(LY). We denotéi SW,, for bothHHSW , andGHSW,,. Then, the error made by

the Monte Carlo estimate &fSW,, with L projections can be bounded as follows

h i, VA
. p . 1 2
B, jHSW,, (; ) HSWAB(; )j T oroones WE(PY ;P Y ) HSWH(; ) “d (V)
<0 (156)
= Lvar, WP(P P4 )

L

p 1 P L Vi Vi . L
WhereHSWp;,_(; )= T iz WR(P,' P 4 ) with (vi)iz,; independent samples from

Proof. Let (vi)},; be iid samples of . Then, by rst using Jensen inequality and then remembering that
EVWR(PY ;P Y ) =HSWE(; ), wehave

h i,

. P . p 2
B, jHSW,, (; ) HSWA(; )j E. HSW, (; ) HSWAB(; )
2 ,3
1% .
=E4 - WPy P ) HSWR(; ) S
i=1
' #
1 X _ 157
= —Var, WER(P ;P ) (157)

2
L i=1

1
= EVarV WPy P4 )
Z
1 2
== WE(PY ;P Y ) HSWR(; ) °d (v):
T,oLd\ sd

C. Hyperbolic Spaces

In this Section, we rst recall different generalization of the Gaussian distribution on Hyperbolic spaces, with a particular
focus on Wrapped normal distributions. Then, we recall how to perform Riemannian gradient descent in the Lorentz model
and in the Poincarball.

C.1. Distributions on Hyperbolic Spaces

LetM be a manifold and denot@ the corresponding Riemannian metric. ka2 M, G(x) induces an in nitesimal change
of volume on the tangent spa&gM , and thus a measure on the manifold,

dVol(x) = P jG(x)j dx:

We refer to (Pennec, 2006) for more details on distributions on manifolds. Now, we recap different generalizations of
Gaussian distribution on Riemannian manifolds.

Riemannian normal. The rst way of naturally generalizing Gaussian distributions to Riemannian manifolds is to use the
geodesic distance in the density, which becomes

f(x)/ exp 2—12dM X )?
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It is actually the distribution maximizing the entropy (Pennec, 2006; Said et al., 2014). However, it is not straightforward to
sample from such distribution. For example, Ovinnikov (2019) use a rejection sampling algorithm.

Wrapped normal distribution. A more convenient distribution, on which we can use the parameterization trick, is the
Wrapped normal distribution (Nagano et al., 2019). This distribution can be sampled from by rst drawihg(0; )

and then transforming it inte 2 T,0 L9 by concatenating a 0 in the rst coordinate. Then, we perform parallel transport to
transportv from the tangent space &f to the tangent space of2 LY. Finally, we can project the samples on the manifold
using the exponential map. We recall the formula of parallel transport fctary:

hy; vip

d. | = + —
8v 2 TyL% PTxi y(V)= Vv 1 hxyiL

(X +y): (158)

Since it only involves differentiable operations, we can perform the parameterization triekgangtimize directly over the
mean and the variance. Moreover, by the change of variable formula, we can also derive the density (Nagano et al., 2019;
Bose etal., 2020). L& N (0;) ,z=(0;2) 2 T,oL%, u=PT o, (2),thenthe density af = exp (u) is:

sinh(kuky )

KUk, (159)

logp(x) =log p(z) (d 1)log
In the paper, we writg G (; ) .

C.2. Optimization on Hyperbolic Spaces
For gradient descent on hyperbolic space, we refer to (Boumal, 2022, Section 7.6) and (Wilson & Leimeister, 2018).

In general, for a functiondl : M ! R, Riemannian gradient descent is performed, analogously to the Euclidean space, by
following the geodesics. Hence, the gradient descent reads as (Absil et al., 2009; Bonnabel, 2013)

8k  0; Xk+1 = €Xpy, gradf (xg) : (160)

Note that the exponential map can be replaced more generally by a retraction. We describe in the following paragraphs the
different formulae in the Lorentz model and in the Poiréchall.

Lorentz model. Letf :LY9! R, then its Riemannian gradient is (Boumal, 2022, Proposition 7.7)
gradf (x) = Proj , (Jr f (x)); (161)
whereJ =diag( 1;1;:::;1)andProj,(z) = z+ hx; zi x. Furthermore, the exponential map is

8v 2 TyLY; exp, (v) = cosh(kvk,)x + sinh( kvkL)ﬁ: (162)
L

Poincaré ball. OnBY, the Riemannian gradient 6f: B | R can be obtained as (Nickel & Kiela, 2017, Section 3)

(1 k k3)2

gradf (x) = 7

r f(x): (163)

Nickel & Kiela (2017) propose to use as retractRp(v) = x + v instead of the exponential map, and add a projection, to
constrain the value to remain within the Poireaall, of the form

(
X if kxk 1
proj(x)= Rk XX (164)
X otherwise

where =10 % is a small constant ensuring numerical stability. Hence, the algorithm becomes

1 k xk3)?
L KOXKR)T

2 rf(xe) : (165)

Xk+1 = prOj Xk
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(@ =0:05 (b) =0:25 (c) =05 (d =0:8

Figure 5: Embeddings of trees using Sarkar's algorithm with different

(a) SW on Poinca (SWp), GHSW (b) HHSW and Wasserstein (c) SW on Lorentz (SWI)

Figure 6: Comparison of the Wasserstein distance (with the geodesic distance as cost), GHSW, HHSW and SW between
embedded trees. We gather the discrepancies together by scale of the values.

A second solution is to compute directly the exponential map derived in (Ganea et al., 2018a, Corollary 1.1):

x cosh( xkvkz) + hx; =i sinh( xkvkz) X + (i sinh( ckvka)v.
1+( x 1)cosh( xkvkz) + «hx; (=i sinh(* xkvk) '

exp, (V) = (166)

_ 2
where , = TR X

D. Additional Details and Experiments

D.1. Comparisons

In Section 5, we compare the evolution of GHSW, HHSW, SWI, SWp and the Wasserstein distance with geodesic cost
between wrapped normal distributions. Here, we add a more “hyperbolical” setting in the sense that we compare trees
embedded in hyperbolic space. Indeed, it is well known that hyperbolic spaces can be seen as a continuous analog of trees,
and are therefore a natural embedding space for trees.

More precisely, we generate balanced trees using NetworkX (Hagberg et al., 2008) and embed them with Sarkar's algorithm
(Sarkar, 2011; Sala et al., 2018). This algorithm takes as input a scaling fastich determines how close to the border

will the leaves be. We illustrate such embeddings with differeom Figure 5. We compare in Figure 6 the evolution of
GHSW, HHSW, SWI and SWp between a tree embedded very close to the origin with05and growing towards 1.

We observe here the same evolution than in Section 5.

Sample complexity. We showed in Proposition B.6 that the sample complexitid bfiSW , andGHSW, does not
depend on the dimension. We verify here on Figure 7 empirically this property for GHSW and HHSW between two set of
samples drawn fror(x°; 1), and computed with 1000 projections. In dimension 3 and 50, HHSW and GHSW have the
same convergence spesd.t. the number of samples, which is not the case for the Wasserstein distance which suffers from
the curse of dimensionality.
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Figure 7: Sample complexity of GHSW, HHSW and Wasserstein with geodesic distance. GHSW and HHSW have the same
convergence rate in dimension 3 and 50.

D.2. Gradient ows.

Denoting the target distribution from which we have access to sami9g, , we aim at learning by solving the
following optimization problem: |

1 X
=argmin HSW ; — X (167)
AL
P
As we cannot directly learn, we model it as® = % inzl x,» and then learn the sample locatigixs)L, using a

Riemannian gradient descent which we described in Appendix C.2. In practice, we tak@0 and use batchs &00

target samples at each iteration. To compute the sliced discrepancies, we always use 1000 projections. On Figure 4, we plot
the log 2-Wasserstein with geodesic cost between the model megsateach iteratiolk and . We average over 5 runs

of each gradient descent. Now, we describe the speci ¢ setting for the different targets.

Wrapped normal distribution.  For the rst experiment, we choose as target a wrapped nornﬂp';ll distribGion ) .
In the st setting, we usen = (1:5;1:25,0) 2 L2 and = 0 :1l,. In the second, we usa = (8; 63;0) 2 L? and

=0 :1l,. The learning rate is xed as 5 for the different discrepancies, except for SWI on the second WND which lies far
from origin, and for which we exhibit numerical instabilities with a learning rate too high. Hence, we reduced itto 0.1. We
observed the same issue for HHSW on the Lorentz model. Fortunately, the Romcsion, which is equal to the Lorentz

version, did not suffer from these issues. It underlines the bene t of having both formulations.
On Figure 8, we plotted the evolution of the particles for HHSW and GHSW with a target with mea8 ; P 63,0)
1

and = } . For GHSW, we use a learning rate of 10, and for HSHW a learning rate of 100. We observe that the

[EYN

2
trajectories are differents. With geodesic projections, the particles go towards the target by passing through the origin, while
with horospherical projections, the tend rst to leave the origin.

Mixture of wrapped normal distributions.  For the second experiment, the target is a mixture of 5 WNDs. The
covariance are all taken equal@®81! ,. For the rst setting, the outlying means are (on the Poiadzll)m; = (0; 0:5),

m;, = (0;0:5), mg = (0:5;0), my = ( 0:5;0) and the center meantiss = (0;0:1). In the second setting, the outlying
means aren; = (0; 0:9), m, =(0;0:9), mz =(0:9;0) andm4 = ( 0:9;0). We use the samms. The learning rate in
this experiment is xed at 1 for all discrepancies.

D.3. Classi cation of Images with Busemann

kxko X

expy(x) = tanh 5 sz:

(168)

33



Hyperbolic Sliced-Wasserstein via Geodesic and Horospherical Projections

(a) With geodesic projection.

(b) With horospherical projection.

Figure 8: Evolution of the particles along the gradient ow of HSW (with geodesic or horospherical projection).

The experimental setting of this experiment is the same as (Ghadimi Atigh et al., 2021). That is, we use a Resnet-32
backbone and optimize it with Adam (Kingma & Ba, 2014), a learning rate of 5e-4, weight decay of 5e-5, batch size of 128
and without pre-training. The network is trained for all experiments for 1110 epochs with learning rate decay of 10 after
1000 and 1100 epochs. Moreover, therototypes are given by the algorithm of (Mettes et al., 2019) and are uniform on

the spher&d 1.

For the additional hyperparameters in the 1634), we use by default = 1, and a mixture ofC wrapped normal
with = 0:1. The number of projection is by default set at L=1000.

D.4. Hyperbolic Sliced-Wassertein Autoencoder

As hyperbolic spaces allow to embed hierarchical data, it has been proposed in several works to put a prior on such space
for autoencoder tasks (Ovinnikov, 2019; Nagano et al., 2019; Mathieu et al., 2019). Usually, an uninformative prior
such as a Wrapped normal or a Riemannian normal distribution is used. For such distributions, the density is known and
hence the Kullback-Leibler divergence can be approximated by a Monte-Carlo scheme. Moreover, we can also use the
reparametrization trick. Then, a variational auto-encoder (Kingma & Welling, 2013) can be used. For more complicated
distributions or deterministic prior with no density, we can use Wasserstein autoencoders (Tolstikhin et al., 2017). In this
case, with a priopz for which we have access to samples, an encbdaapping the distribution datato the latent space,

and a decoday, we aim at minimizing the following loss:

L(fig) = cxg(f(x))d (x)+ D(f# ;pz); (169)

with ¢ some cost function anB some divergence. Several divergenBewere proposed such as the MMD or SW (Kolouri
et al., 2018). We propose here to study the latent space when using a tree prior, for which we cannot use a variational
autoencoder. To learn the distribution in the latent space, we use a hyperbolic sliced discrepancy.

On Figure 9, we compare several priors on the Mnist dataset (LeCun & Cortes, 201@) witt HSW 2, which we

denote HHSWAE. First, we use a Wrapped Normal distribution, and then a binary and a ternary tree as a prior. The trees are
generated with NetworkX and embedded using Sarkar's algorithm, witl0 :6 for the ternary tree and = 0:4 for the

binary tree. Moreover, we use a height of 3 for the ternary tree and of 4 for the binary one. For the HHSWAE, we used 200
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Figure 9: Embedding and reconstruction for HHSWAE. In the first column, we plot the prior. In the second column, we
plot the embedding of MNIST and in the third column, we plot the reconstructed nodes of the tree or from samples of the
wrapped normal distribution. In the first row, the prior is a Wrapped Normal Distribution. In the second row, the prior is a
binary tree and in the third row a ternary tree.
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