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Autoencoders excel at generating models for natural images, but often lack struc-
ture and interpretability due to their use of generic deep networks. In this work,
we make the explicit assumption that the image distribution is generated from a
multi-stage sparse deconvolution. The corresponding inverse map, which we use as
an encoder, is a multi-stage convolution sparse coding (CSC), with each stage obtained
from unrolling an optimization algorithm for solving the corresponding (convex-
ified) sparse coding program. Instead of directly minimizing the distributional
gap between actual and generated images, we employ the closed-loop transcription
(CTRL) framework to enhance the efficiency of the sparse representations. Our
approach achieves comparable results on datasets like ImageNet-1K while using
simpler networks and less computational power. Our method enjoys several side
benefits, including more structured and interpretable representations, more stable
convergence, and scalability to large datasets. Our method is arguably the first to
demonstrate that a concatenation of multiple convolution sparse coding/decoding
layers leads to an interpretable and effective autoencoder for modeling the distribu-
tion of large-scale natural image datasets.

1. Introduction

In recent years, deep networks have been widely used to learn generative models for real images, via
popular methods such as generative adversarial networks (GAN) [20], variational autoencoders
(VAE) [29]], and score-matching based diffusion models [23, 24} [56]]. Despite tremendous empirical
successes and progress, these methods typically use empirically designed, or generic, deep networks
for the encoder and decoder (or generator and discriminator, in the case of GAN). The recently
proposed closed-loop transcription (CTRL) [[12]] framework aims to learn autoencoding models with
more structured representations by maximizing the information gain, in terms of the coding rate
reduction [135]68]] of the learned features. Nevertheless, like the aforementioned generative methods,
CTRL uses two separate generic encoding and decoding networks which limit the potential of such a
framework. We seek to remedy this issue in this work.

In image processing and computer vision, it has long been believed and advocated that sparse
convolution or deconvolution is a conceptually simple and interpretable model for analyzing or
synthesizing natural images. That is, natural images at different spatial scales can be explicitly
modeled as being generated from a sparse superposition of a number of atoms/motifs, known as
a (convolution) dictionary [65]. One conceptual benefit of such a model is that the encoding and
decoding can be interpreted as mutually invertible (sparse) convolution and deconvolution processes,
respectively, as illustrated in Figure[T|right. At each layer, instead of using two separate convolutional
networks with independent parameters (which has been the case for most aforementioned generative
or autoencoding methods), the encoding and decoding processes now share the same learned
convolution dictionary. Despite their simplicity and clarity, most sparse convolution-based deep
models are limited to tasks like image denoising [44]] or image restoration [32]]. Their empirical
performance on image generation tasks has not yet been shown to competitive with the above
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Figure 1: Left: A CTRL architecture with convolutional sparse coding layers in which the encoder and decoder
share the same convolution dictionaries. Right: the encoder of each convolutional sparse coding layer is simply
the unrolled optimization for convolutional sparse coding (e.g. ISTA/FISTA).

mentioned methods [[1]], in terms of either image quality or scalability to large datasets. Hence, in
this paper, we try to investigate and resolve the following outstanding question:

Can we use convolutional sparse coding layers to build invertible deep autoencoding
models whose performance can compete with tried-and-tested deep generative models?

In this work, we provide an affirmative answer to this question, using invertible convolutional
sparse coding layers within the CTRL framework. We improve the CTRL framework and achieve
precise sample-wise alignment with the convolutional sparse coding layers. In addition, we show
that deep networks constructed purely with convolutional sparse coding layers yield superior
practical performance for image generation, with fewer model parameters, and less computational
cost. Our work provides compelling empirical evidence which suggests that a multi-stage sparse
(de)convolution has the potential to serve as an interpretable and effective model for natural image
analysis and generation. To summarize, the proposed CSC based autoencoders enjoy the following
benefits:

1. Good performance on large datasets. Compared to previous sparse coding based generative
methods, our method scales well to large datasets such as ImageNet-1k, with a comparable
performance than the common generative methods based on GAN or VAE, under fair
experimental comparisons.

2. Better sample-wise alignment and dataset generalizability. The learned autoencoder achieves
striking sample-wise consistency despite only optimizing alighment between distributions.
We also show the generalizability of the CSC based autoencoder to unseen datasets — an
autoencoder trained on CIFAR-10 can be applied to reconstruct CIFAR-100.

3. More structured representations. The learned feature representations for each class of images
tend to have sparse low-dimensional linear structure that is amenable for conditional image
generation.

4. Higher efficiency and stability. Our method can achieve comparable or better performance
compared to other autoencoding methods, with smaller networks, smaller training batch
sizes, and faster convergence. The autoencoder learned is more stable to noise than generative
models based on generic networks.

Our current implementation remains rather basic, and is meant to demonstrate its simplicity. There
are many aspects of the implementation which may be further improved and refined for better
performance and image quality.

2. Connections to Related Work

Sparse Dictionary Learning. Inspired by neuroscience studies [45}146]], sparse coding or sparse dic-
tionary learning (SDL) has a long history and numerous applications in modeling high-dimensional



data, especially images [2,[16, 41,65 [67]. Speci cally, given a dataset fy;g, , SDL considers the
problem of learning an dictionary A such that y; has sparse representationsy;  Ax ;8i 2 [n]
with x; sparse. To understand the theoretical tractability of SDL, several lines of works based on

*1-norm minimization [ [3,[18,[19,/58,160], "P-norm maximization (for p  3) [[49,[55,169,[7]], and

sum-of-squares methods have been proposed [4,134,54]. Inspired by the empirical success of SDL
on tasks such as face recognition and image denoising [15, 38 |41, 66], our convolutional sparse

coding-based networks seek to learn a sparse representation from input images and use the learned
sparse representation for image generation or autoencoding purposes.

Sparse Modeling for Generative Models. We are not the rst to consider incorporating sparse
modeling to facilitate generative tasks. To our knowledge, most existing approaches focus around
using sparsity to improve GANs. For example, Mahdizadehaghdam et al. [37] exploits patch-based
sparsity and takes in a pre-trained dictionary to assemble generated patches. Ganz & Elad [17]
explores convolutional sparse coding in generative adversarial networks, arguing that the generator
is a manifestation of the convolutional sparse coding and its multi-layered version synthesis process.
Both methods have shown that using sparsity-inspired networks improves the image quality of
GANSs. However, these two works either use a pretrained dictionary or limit to smaller scales of data,
such as the CIFAR-10 dataset. Aberdam et al.[1] uses sparse representation theory to study the
inverse problem, developing a a two-layer inversion pursuit algorithm with great invertibility on
datasets like MNIST. Nonetheless, most sparse-coding inspired generative frameworks have only
been shown to work on smaller datasets like MNIST and CIFAR-10. In this work, we demonstrate
that by incorporating convolutional sparse coding into a proper generative framework, namely CTRL,
the convolutional sparse coding-based networks demonstrate striking performance on large datasets,
and also have several bene ts unseen by any of the previous generative methods.

3. Our Methods

Our goal is to learn an autoencoder from large image datasets that can achieve both distribution-wise
and sample-wise autoencoding with high image quality. Our method will be based on a classic
generative model for natural images: a multi-layer sparse (de)convolution model. The autoencoding
will be established through learning the (de)convolution dictionaries at all layers. Such dictionaries
are learned through the recent closed-loop transcription (CTRL) framework [ 12,61, 62]. In particular,
the coding rates of the sparse representations sought by the convolutional sparse coding are optimized
during the learning process.

Classic Autoencoding and Its Caveats. In classic autoencoding problems, we consider a random
vector x 2 RP in a high-dimensional space whose distribution is typically supported on a low-
dimensional submanifold M . We seek a continuous encoding mapping f (; ), say parameterized by

, that maps x 2 RP to a compact feature vector z = f (x) in a much lower-dimensional space RY. In
addition, we also seek an (inverse) decoding mapping g(; ), parameterized by , that maps the
feature z back to the original data space RP :

f(;):x7z2RY g(; ):z7R2RP 1)

in such away that x and ® = g(f (x)) are close, i.e., some distance measureD(x;X) is small.

RY " with z' = f(x'; ) 2 RY be the set of corresponding features. Similarly let X = g(Z; ) be the
decoded data from the features. The overall autoencoding process can be illustrated by the following
diagram:

x 110z 9@ g @)
In general, we wish that X is close toX based on some distance measureD (X ;)(\). In particular,
we often wish that for each sample x', the distance betweenx' and ®' is small.

However, the nature of the distribution of images is typically unknown. Historically, this has caused
two fundamental di culties associated with obtaining a good autoencoding (or generative model)



for imagery data. First, it is normally very di cult to nd a principled, computable, and well-

de ned distance measure between the distributions of two image datasets, say X and X . This is the
fundamental reason why in GAN [ 2(], a discriminator was introduced to replace the conceptual
role of such a distance; and in VAE [ 29], variational bounds were introduced to approximate such a
distance. Second, most methods do not start with a clear generative model for images and instead
adopt generic convolution neural networks for the encoder and decoder (or discriminator). Such
networks do not have clear mathematical interpretations; also, it is di cult to enforce sample-wise
invertibility of the networks [12].

Below, we show how both di culties can be explicitly and e ectively addressed in our approach.
Our approach starts from a simple and clear model of image generation.

3.1. Multi-Stage Convolutional Sparse Coding and Decoding for Images

A Generative Model for Images as Multi-Stage Sparse Deconvolutions. We may consider an
image X, or its representation at any given stage of a multi-stage model, as a multi-dimensional
signal x 2 RM H W where H; W are spatial dimensions and M is the number of channels. We
assume the imagex is generated by a multi-channel sparse codez 2 R H W deconvolving with a
multi-dimensional kernel A 2 RM € & k which is referred to as a convolution dictionary Here C
is the number of channels for z and the convolution kernel A. To be more precise, we denotez as

z=( 1;::1; ¢)whereeach .2 R" W isa 2D array (presumably sparse), and denote the kernel
A as 0 1
11 12 13 i 1c
. 21 22 23 i 2C
A:'%_ _ o § 2RM C Kk k (3)
M1 M2 M3 ... MC

where each j; 2 R¥ ¥isa 2D motif of size k k. Then, for each layer of the generator, also called
the decoder, g(z; ), its output signal x is generated via the following operator A() de ned by
deconvolving the dictionary A with the sparse code z:

X
Xx=A(z)+n= 1? ¢ Mc? ¢ #n 2RM H W (4)
c=1
where n is some small isotropic Gaussian noise (modeling sampling or quantization errors etc.). For
convenience,we use and ? todenote the convolution and deconvolution operators, respectively,
between any two 2D signals ( ; ):
X X

. . X X
¢ Mijl= [ pjod [ed; ( ?)Ej]= [+pi+d [pid: (5
P q P q
The overall decoder g(z; ) is a concatenation of multiple such sparse deconvolution layers and the
parameters are the collection of learned convolution dictionaries A's (to be learned), as illustrated
in Figure 1. Only batch normalization and ReLU are added between consecutive layers, to normalize
the overall scale of the features and to ensure positive pixel values of the generated images. Details
can be found in Appendix A.

An Encoding Layer as Convolutional Sparse Coding.  Now, given a multi-dimensional input
x 2 RM H W gparsely generated from a (learned) convolution dictionary A, the function of each
layer of the encoder f (x; )isto ndthe optimal z 2 R® " W from solving the inverse problem
from equation 4. Under the above sparse generative model, according to [ 65], we can seek the
optimal sparse solution z by solving the following LASSO type optimization problem:

. 1
z =argmin  kzky + ékx A (z)ks 2RC H W (6)
z
We refer to such an implicit layer de ned by equation 6 as a convolutional sparse coding layer. The

reconstruction di erence between x and A(z) is penalized by the “,-normof x A (z) attened into
a vector.



The optimal solution of z given A will be a close reconstruction of x. Sparsity is controlled by the
entry-wise “i-norm of z in the objective. controls the level of desired sparsity. In this paper, we
adopt the the fast iterative shrinkage thresholding algorithm (FISTA) [ 5] for the forward propagation.
The basic iterative operation is illustrated in Figure 1. A natural bene t of the FISTA algorithm is
that it leads to a network architecture that is constructed from an unrolled optimization algorithm,
for which backward propagation can be carried out by auto-di erentiation.

Hence, the encoderf (x; ) is a concatenation of such convolutional sparse coding layers. Recently,
the work of [ 11] has shown that such a convolution sparse coding network demonstrates competitive
performance against popular deep networks such as the ResNet in large-scale image classi cation
tasks. Note that in the generative setting, the operators of each layer of the encoder f are determined
by the same collection of convolution dictionaries A's as the decoderg. Thus, in the autoencoding
diagram in equation 2, the parameters of the encoder f (x; ) and of the decoder g(x; ) are
determined by the same dictionaries. As we will see, this coupling brings tremendous bene ts to the
learned autoencoder, even besides interpretability.

3.2. Closed-Loop Transcription for Consistent Autoencoding

The above explicit generative model has resolved the issue regarding the structure of the the encoder

and decoder for the autoencoding:* X !f(x; ) Z! 9z X' . It does not yet address another di culty
mentioned above about autoencoding: how should we measure the di erence between X and the
regenerated X' = g(f (X ; ); )? As we discussed earlier, it is di cult to identify the correct distance
between (distributions of) images. Nevertheless, if we believe the images are sparsely generated
and the sparse codes can be correctly identi ed through the above mappings, then it is natural to
measure the distance in the learned (sparse) feature space.

The recently proposed closed-loop transcriptiofCTRL) framework proposed by [ 17] is designed for
this purpose. The di erence between X and X' can be measured through the distance between their
corresponding features Z and 2 = f (X'; ) mapped through the same encoder:

X1 Tz gE) e 1O A (7)

Their distance can be measured by the so-called rate reduction [14, 35, 68]: namely the di erence
between the rate distortion of the union of Z and Z' and the sum of their individual rate distortions:

Rz:Z =Rz[?Z %RZ)+RZ\): (8)

where R(') represents the rate distortion function of a distribution. In the case of Z being a Gaussian
distribution and for any given allowable distortion > 0, R(Z) can be closedly approximated by
%Iog det | + n%ZZ > . Such a R gives a principled distance between subspace-like Gaussian

ensembles, with the property that R(Z;Z)=0 i Cov (Z)= Cov(Z) [35].

Ensuring Self-Consistency of Autoencoding via a Sequential Game.  As shownin[ 12, 36, 47], one
can provably learn a good autoencoding by allowing the encoder and decoder to play a sequential
game: the encoderf plays the role of discriminator to separate Z and Z' and g plays as a generator
to minimize the di erence. This results in the following maxmin program:

maxmin R Z();2(; ): (9)

The program in equation 9 is somewhat limited because it only aims to align the dataset X and the
regenerated X' at the distribution level. There is no guarantee that for each sample x' would be close
to the regenerated®' = g(f (x'; ); ). For example, [12] shows that an input image of a car can be
decoded into a horse; the so obtained autoencoding is not sample-wise consistent.

A likely reason for this to happen is because two separate networks are used for the encoder and
decoder and the rate reduction objective function only minimizes error between distributions, not

Although the e ectiveness of the choice remains to be veri ed.



individual samples. Now notice that for the new convolutional sparse coding layers, parameters
of the encoder f and decoder g are determined by the same convolution dictionaries A. Hence the
above rate reduction objective in equation 9 becomes a function of A :

RZ((A):Z((A) (A) : (10)

We can use this as a cost function to guide us to learn dictionaries A which are discriminative for the
inputs and able to represent them faithfully through closed-loop transcription. To this end, for each
batch of new data samples, we take one ascent step and then one descent step. The rst, maximizing,
step promotes a discriminative sparse encoder using only the encoder gradient, and the second,
minimizing, step promotes a consistent autoencoding by using the gradients of the entire closed
loop.

@R @
max (ay R step: Ag+ = Ag+ e G Ak; (12)
: @R @ @R @
ming R step: Ak = Akar min @ @+ @ @ A : (12)
Empirically, we nd that in the step to minimize R, taking the gradient as the total derivative with

respect to the dictionary A, i.e., using the gradients through both and , converges to better results
than just using the gradient through see the ablation studies of Appendix B. As we will see, by
sharing convolution dictionaries in the encoder and decoder, the learned autoencoder can achieve
striking sample-wise consistency even though the rate reduction objective in equation 10 is meant to
promote only distributional alignment.

We note that this optimization strategy is di erent from the usual techniques for maximin games
[47]; this is because the encoder and decoder share the parameterA . Nevertheless our alternating
steps have the same conceptual e ects as they do in the usual optimization strategy, i.e., alternatively
maximizing the encoder's power and the consistency of the autoencoding.

To summarize, we explicitly model the distribution of natural images as being generated from a multi-
stage sparse deconvolution model. This implies that the decoder g(; ) should be a multi-layer sparse
deconvolutional network. Thus, its inverse, the encoder f ('; ), should be a multi-layer convolutional
sparse coding network. This means that we can well-approximate the sparse code featuresz = f (x; )
by a mixture of Gaussians, so we can e ciently measure the distance between two such distributions
by R inclosed-form. For the whole process, we rely on our explicitassumptions about the generative
model to derive the overall or intermediate objectives, the overall network architecture and layer-wise
operators, and the nal optimization approach. This contrasts heavily with all extant approaches,
e.g. GAN, VAEs, and score-based models, which do not rely on such explicit generative models and
instead rely on heuristic constructions for their networks.

4. Experiments

We now evaluate the e ectiveness of the proposed method. The main message we want to convey is
that the convolutional sparse coding-based deep models can indeed scale up to large-scale datasets
and regenerate high-quality images. Note that the purpose of our experiments is notto claim we can
achieve state-of-the-art performance compared to all existing generative methods, including those that
may have much larger model complexities and require arbitrary amounts of data and computational
resources? We compare our method with several representative categories of generative models,
under fair experimental conditions: for instance, since our method uses only two simple networks,
we mainly compare with methods using two networks 2, e.g., one for encoder (or generator) and one
for decoder (or discriminator).

2For example, we will not compare with methods that require very large models such as Big-GAN[ 6] or
NSCN++ [57].

%Hence, we will not compare with methods that require multiple networks for additional discriminators
such as the VAE-GAN [48] and the Style-GAN [27].



Method Cifar-10 STL-10 | ImageNet
IS" FID#|1S" FID#| IS" FID#
GANs - - - - - -
DCGAN 6.6 353|738 - - -
SNGAN 74 293|191 40.1| 7.3 48.7
VAEs - - - - - -
VAE 52 559| - - - -
NVAE - 508 - - - -
Flows - - - - - -
GLOW - 469 - - - -
R-Flow - 508 - - - -
CTRLs - - - - - -
CTRL 8.1 19.6|84 386| 7.7 46.9
CSC-CTRL (ours) | 89 28.9|9.1 48.1|125 345

Table 1: Comparison on CIFAR-10, STL-10, and ImageNet-1K. The network architectures used in CSC-CTRL
are 4-layers for CIFAR-10, 5-layers for STL-10 and ImageNet respectively which are much smaller than other
compared methods.

Datasets and Experiment Setting. We test the performance of our method on CIFAR-10 [ 31], STL-
10 [9] and ImageNet-1k [ 13] datasets. The detailed implementation settings and network parameters
can be found in Appendix A.1 for CIFAR-10, STL-10 and ImageNet-1k.

4.1. Performance on Generative Image Autoencoding

We adopt the standard FID [ 22] and Inception Score (IS) [ 53] to evaluate the generative quality
of learned representations. We compare our method to the most representative methods from the
following categories: GAN, VAE, ow-based, and CTRL, under the same experimental conditions
except that our method typically uses simpler and smaller models.

On medium-size datasets such as CIFAR-10, we observe in Table 1 that, in terms of these metrics, our
method achieves comparable or better performance compared to typical GAN, ow-based and VAE
methods, and better IS than CTRL and VAE-based methods, which conceptually are the closest to our
method. Comparing to CTRL, Figure 2 showcases the di erent reconstructed image between CTRL
and CSC-CTRL. Itis clear that CSC-CTRL not only enjoys better visual quality, but also achieves
much better sample-wise alignment. Visually, Figure 3 further shows an amazing sample-wise
alignment between input X and reconstructed X despite our method not enforcing sample-wise
constraints or pixel-level loss functions!

On larger-scale datasets such as ImageNet-1k, Table 1 shows that we outperform many existing
methods in Inception Score. Figure 3 shows that the decoded X' looks almost identical to the original
X, even in tiny details. All of the images displayed are randomly chosen without cherry-picking.
Due to page limitations, we place more results on ImageNet and STL-10 in Appendix C.

(@) X (b) CSC-CTRL X (c) CTRL X
Figure 2: Visualizing the auto-encoding property of the learned CSC-CTRL ( X' = g f (X )) compar-
ing to CTRL on CIFAR-10. (Images are randomly chosen.)
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