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Abstract

We study the problem of learning “good” interventions in a stochastic environment modeled by its
underlying causal graph. Good interventions refer to interventions that maximize rewards. Specif-
ically, we consider the setting of a pre-specified budget constraint, where interventions can have
non-uniform costs. We show that this problem can be formulated as maximizing the expected
reward for a stochastic multi-armed bandit with side information. We propose an algorithm to
minimize the cumulative regret in general causal graphs. This algorithm trades off observations
and interventions based on their costs to achieve the optimal reward. This algorithm generalizes
the state-of-the-art methods by allowing non-uniform costs and hidden confounders in the causal
graph. Furthermore, we develop an algorithm to minimize the simple regret in the budgeted setting
with non-uniform costs and also general causal graphs. We provide theoretical guarantees, includ-
ing both upper and lower bounds, as well as empirical evaluations of our algorithms. Our empirical
results showcase that our algorithms outperform the state of the art.

Keywords: Causal inference, Multi-armed bandits.

1. Introduction

Multi-armed bandits (MAB) problem has been widely studied in sequential decision-making litera-
ture (Lai et al., 1985; Even-Dar et al., 20006). In this problem, a learner sequentially selects an arm to
pull and receives a stochastic reward. The learner tries different arms with the goal of maximizing
the expected reward. A commonly used assumption in the literature is that the arms are statistically
independent. In other words, the distribution of one arm’s reward contains no information about the
reward of the other arms. Under this assumption, a variety of approaches have been developed in the
literature to solve the MAB problem, such as Thompson sampling (Thompson, 1933) and variants
of Upper Confidence Bound (UCB) (Auer et al., 2002; Cappé et al., 2013). Recently, a variant of the
problem where dependencies among different arms are allowed has been studied. In such a setting,
prevalent in real-world problems, pulling an arm reveals additional information about other arms.
Examples of applications can be found in various settings, such as linear optimization (Dani et al.,
2008), combinatorial bandits (Cesa-Bianchi and Lugosi, 2012), and Lipschitz bandits (Magureanu
et al., 2014).

An effective and succinct representation of interdependencies among a set of variables (e.g.,
arms) can be captured by its corresponding causal graph (Pearl, 1995). In the field of causal dis-
covery, a significant array of algorithms has been devised with the goal of identifying the underly-
ing causal graph (Spirtes et al., 2000; Margaritis and Thrun, 1999; Chickering, 2002; Mokhtarian
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et al., 2022). Moreover, the study of sample complexity, crucial for understanding the efficiency of
these algorithms, has received considerable attention (Kalisch and Biihlman, 2007; Jamshidi et al.,
2023b; Acharya et al., 2023). Such graphs have been successfully used in a wide range of appli-
cations from agriculture (Splawa-Neyman et al., 1990) and genetics (Meinshausen et al., 2016) to
marketing (Kim et al., 2008) to model the causal relationships. In this work, we study the MAB
problem in a stochastic environment in which the dependencies among different arms are modeled
by the underlying causal graph. We assume that this causal graph is available to the learner as side
information '. This formulation is known as causal MAB, and it has recently gained increasing
attention in literature (Bareinboim et al., 2015; Lattimore et al., 2016; Lee and Bareinboim, 2018,
2019; Lu et al., 2020; Nair et al., 2021; Maiti et al., 2022).

In certain variants of the MAB problem, pulling an arm is associated with a cost (Kocaoglu
etal., 2017; Lindgren et al., 2018; Nair et al., 2021). In this setting, the challenge of the learner with
a limited budget is to use the budget for exploring different arms effectively in order to maximize
the reward. As an example, consider a treatment-effect problem in which the goal of a practitioner
is to measure the effectiveness of different treatments and ultimately find the most effective one. In
this example, the effectiveness of the treatments (e.g., the percentage of recovered patients) denotes
the reward. On the other hand, different treatments may have different costs. Suppose that there are
two treatments available: A) a medicament and B) a surgery. As pulling arm B is more expensive
than arm A in this problem, the practitioner’s challenge is to use her given budget effectively to try
both treatments and maximize the reward.

We study causal MAbs with non-uniform costs for pulling arms. As we discuss in Sections 3
and 4, having non-uniform costs leads to different learning algorithms and theoretical guarantees.
Additionally, we relax the existing structural assumptions on the underlying causal graph, as such
structural assumptions may not be valid in many real-world problems. These assumptions were put
into place to simplify accounting for the information pulling an arm reveals about other arms. For
instance, a standard result in causal inference literature implies that when the causal graph does
not have any unblocked backdoor path (see Appendix A for definitions) between the intervened
variables and the reward variable, the effect of any intervention (pulling any arm) is equal to the
conditional expectation of the reward given that arm (Pearl, 2009). Lastly, previous work has mainly
considered the case where the causal graph is fully observable. We relax this assumption by allowing
for so-called unobserved confounders, i.e., variables we cannot observe.

Contribution: Our main contributions are as follows.

* We generalize the setting studied in the state of the art in causal bandit literature by allowing
non-uniform costs and hidden confounders in the causal graph. Non-uniform costs introduce
additional complexity to the MAB problem in terms of the trade-off between exploration and
exploitation. It becomes crucial for the learner to select an arm for exploration not only based
on its reward but also its associated cost. To address this complexity, we propose algorithms that
incorporate cost-dependent exploration criteria both in the setting of simple and cumulative regret.
General causal graphs with hidden confounders add yet another challenge: how to avoid spurious
correlations in the data as a result of the confounders and harness true causal relationships to
learn about other arms besides the one being played. To overcome this challenge, we propose

1. It is pertinent to note that using side information is observed in other domains, such as causal effect identification
(Tikka et al., 2019; Akbari et al., 2023) and causal imitation learning (Jamshidi et al., 2023a).
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estimators in Section 3.1 for the expected reward of arms that leverage both observational and
interventional data.

* We propose two algorithms (Algorithm 1 in Section 3 and Algorithm 2 in Section 4) to minimize
the cumulative and simple regrets, respectively’ and upper bound their expected regrets. We
prove that by leveraging causal information, Algorithm 1 achieves better cumulative regret than
the optimal classic MAB algorithm. In Algorithm 2, we propose a new threshold that accounts
for the cost of pulling arms to identify infrequent arms more effectively. As a result, Algorithm 2
outperforms prior work (Nair et al., 2021) even in their own settings (when the costs are uniform
and the causal graph has no backdoor). Moreover, we present lower bounds on both simple and
cumulative regrets of any algorithm and discuss their relations with the presented upper bounds
in Section 5.

* We evaluate our proposed algorithms in Section 6. Our simulation results show that our algorithms
perform well for general causal graphs and non-uniform costs and outperform the state of the art
even in the settings they were specifically designed for.

1.1. Related Work

Authors in Tran-Thanh et al. (2012) propose F-KUBE, an algorithm for a budgeted MAB problem
without utilizing the underlying causal graph. Lattimore et al. (2016) study the problem of minimiz-
ing the simple regret in a special causal graph called parallel graphs® after 7" steps where the cost of

pulling all arms is one. They propose an algorithm with average regret of (9(\ / 7 log %), where a
defined in Remark 9 depends on the underlying causal model and N is the number of intervenable
variables.

The authors in Nair et al. (2021) study a causal MAB problem in which the learner has a lim-
ited budget B, all interventions have the same cost ¢ > 1, and the cost of observation is one.
They consider the problem of minimizing the simple regret in special causal graphs called no-
backdoor graphs*. They show that their proposed algorithm’s expected regret is upper bounded by

(’)(\ / 5 log %) We also study this particular setting in Section 4 as a special case of our setting
but allow for non-uniform costs and derive a tighter bound for the expected regret (Remark 9).
Nair et al. (2021) studies non-budgeted a causal MAB problem with general causal graphs when
the objective is the cumulative regret. The proposed algorithm in Nair et al. (2021) requires access
to the distribution of parents of the reward variable for each intervention. This restrictive assumption
is also required in Lu et al. (2020). Maiti et al. (2022) studies a causal MAB problem when all costs
are assumed to be one for both simple and cumulative regret objectives. In the case of simple regret,
the proposed algorithm for causal graphs with possibly hidden confounders attains an expected

simple regret upper bounded by (’)(\ / % log %) , where b depends on the causal model. In the case
of cumulative regret, the proposed algorithm only works for causal graphs with no hidden variables.

2. Our theoretical results both generalize the results in Nair et al. (2021) and Maiti et al. (2022) (to allow for non-uniform
costs and general causal graphs) and correct the oversights and errors in the proofs of these papers which affect the
validity of the bounds claimed therein (see Section H for details).

3. It is composed of variable set V.= {X1,..., Xn, Y} and edges from each X; to Y.

4. The graphs in which all backdoor paths from each intervenable variable to the reward variable are blocked. Please
refer to Appendix A for details.
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We generalize both aforementioned results to non-uniform cost settings and derive tighter theoretical
bounds on the regret.

2. Preliminaries

Throughout this paper, random variables and their realizations are denoted by capital and lowercase
letters, respectively. We use bold capital and lowercase letters to denote sets of variables and their
realizations, respectively.
Causal structure: Let G = (V,E? E?) denote an acyclic-directed mixed graph (ADMG) with
the set of observed variables V, the set of directed edges E? C V x V and the set of bidirected
edges EV C (\2/) The existence of a bidirected edge between nodes V7 and V5 represents a hidden
confounder that influences both V; and V5.

Given two arbitrary variables V1, V5 € V, when (V1, V3) € E Viisa parent of V5 and V5 is a
child of V;. The set of parents of V3 is denoted by Pa(V3).

Given two subsets of variables R and S and their realizations r and s, respectively, let Ps(r) :=
P(R = r|do(S = s)) denote the post-interventional distribution of R after intervening on S.

Definition 1 (C-component (Tian and Pearl, 2002b)) Two observed variables Vi and V5 are said
to be in a c-component of an ADMG G, if and only if they are connected by a bi-directed path.

As an example, in Figure 1, { X7, Xo, X3, X5} and { X4} are two c-components of G.

Definition 2 (Identifiability (Tian and Pearl, 2002b)) Given an ADMG G = (V,E% E?), and
two disjoint subsets R, S C 'V, Ps(r) is said to be identifiable in G if Ps(r) is uniquely computable
from P(V).

Causal multi-arm bandits: Let X = {X;,..., Xy} € Vand Y € V denote the set of inter-
venable variables (variables that the learner is allowed to intervene on) and the reward variable,
respectively. For ease of presentation, we assume that all variables are binary. All our results can be
extended to sets of finite-domain variables.

In the causal MAB setting, at each round, a learner can explore either by intervening in the
system or merely observing it. If the learner decides to intervene, they will select an intervenable
variable, e.g., X; € X, set its value, e.g., do(X; = z), and observe the remaining variables, i.e.,
V \ {X;}. This choice of action (arm) is denoted by a; . On the other hand, when the decision is
to observe, i.e., do(), she merely observes all observed variables. This action is denoted by ag.

Figure 1: An ADMAG G over V = {Xj,..., X5}. Bidirected edges are represented by dashed
edges.
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We denote the set of possible actions by A := {a;,|i € [N],z € {0,1}} U {ao}. We assume
that the cost of pulling an arm a € A is ¢, € R, and denote the set of costs by C := {c,|a € A}.
Moreover, without loss of generality, we assume that the cost of ag is one, i.e., cog = 1. Attime ¢, the
arm pulled by the learner is denoted by a’, the reward received is denoted by 3, and the observed
values of the variables in an arbitrary subset S C V are denoted by s’.

Problem Setting: We study a causal MAB problem, in which a learner with a budget B > 0
aims to minimize either its simple regret (Section 4) or cumulative regret (Section 3). It is assumed
that the learner knows the underlying causal graph. This problem is known as the budgeted causal
MAB (Nair et al., 2021). Regret is a commonly used measure to evaluate the performance of learn-
ers in a bandit setting, and it captures the foregone utility from the actual action choice against the
optimum action (Cesa-Bianchi and Lugosi, 2006).

In order to formally introduce the regret, we first define the average reward of action a € A as
follows: 1, := E[Y'|a]. For example, pi,, , denotes E[Y|do(X; = x)].

Simple regret: Let a* denote the arm that maximizes the expected reward with budget B. The
simple regret of a learner using budget B is defined by

RS(B) = Ha* _/*LdBv (1)

where ap denotes the arm selected by the learner after exhausting budget B. When the learner’s
objective is the minimize simple regret, it suffices to find the best arm at the final step (i.e., after
spending their budget) without having to worry about the intermediate actions that they chose.

In many real-world applications, it is important that the learner does not pull sub-optimal arms
too often during her exploration. In this case, the objective function should reflect the intermediate
regrets the learner accumulates.

Cumulative regret: Let Tf; denote the time step that a learner ¢ consumes its budget B, i.e., at
time step ng + 1, it does not have enough budget to perform even the lowest cost action. In this
case, the expected reward accumulated by the learner ¢ will be R*(B) := 3, <1t Hats where f1,:
is the rewards of action taken at time ¢. Furthermore, let R*(B) denote the expected reward accu-
mulated by the optimum learner with budget B. Then, the cumulative regret of the learner £ using
budget B is given by

R.(B) := R*(B) — R(B). ()

As we consider a single learner in this work, in the rest of the paper, we drop the superscript {. A
learner minimizing cumulative regret must trade off exploration vs. exploitation.

Remark 3 We can define a non-budgeted causal MAB problem in which there is no cost associated
with pulling an arm, but the learner has limited time T to either identify the best arm or minimize
cumulative regret during T' steps. This problem is a special case of the budgeted MAB problem.
Assume all arms have the same cost c, = ¢ > 0, then a budgeted causal MAB with budget B
is equivalent to a non-budgeted causal bandit with the time limit T = B/c and the simple and
cumulative regrets are given by Rs(B/c) and R.(B/c), respectively.
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3. Cumulative Regret in General Graphs

In this section, we study the budgeted causal MAB problem in general causal graphs with hidden
confounders when the learner’s objective is to minimize cumulative regret. We propose Algorithm
1, developed based on Upper Confidence Bound (UCB) algorithm (Auer et al., 2002), which gen-
eralizes the state-of-the-art in causal MAB in two ways: it allows for non-uniform costs among the
arms and as well as the existence of hidden confounders in the causal graph.

Non-uniform costs change the optimal exploitation policy as, depending on the costs, pulling
the arm with the highest reward repeatedly, in general, does not maximize the learner’s accumu-
lated reward within the budget. Indeed our empirical studies in Section 6.1 show that Algorithm 1
outperforms existing causal MAB algorithms designed for uniform costs.

Algorithm 1 works in general graphs and relaxes existing structural assumptions on the under-
lying causal graph in the literature. Recently, Maiti et al. (2022) studied the non-budgeted causal
MAB problem with graphs that have no hidden confounders. This is a limiting assumption in many
real-world applications such as medical science, epidemiology, and sociology when it is impossible
to ensure that all common confounders are measured in a study (Leek and Storey, 2007; Imai et al.,
2010; Colombo et al., 2012). Our proposed algorithm merely requires the identifiability assumption
for all intervenable variables in G. A sufficient graphical condition for identifiability of P, (y) is
that there does not exist a path of bi-directed edges from X to its children (Tian and Pearl, 2002b)
which significantly relaxes the existing structural assumptions in the state of the art.

Algorithm 1 takes as inputs the causal graph G, the budget B, and the cost set C. In the be-
ginning, it pulls each arm once (line 1). Assuming that the intervenable variables are binary, i.e.,
X; € {0,1}, this requires 2V + 1 number of steps and costs ) _; , ¢z + 1.

Algorithm 1 Budgeted Cumulative Regret in General Graphs
Input: G, B, C

1: Pull each arm once and set ¢t = 2N + 1;

2: Set Bt = B — Zm Ciy—land =1,

3: while Bt > 1 do

4: if NS*I < 62 logtor Bt < min; ; ¢; , then

5: pull a’ = ag

6: else

7: pull @’ = arg max, 4 it

8: foraec Ado

9: Update N} = NI=! + 1{a’ = a}.

10: Update /it and i}, using Equations (5), (8), and (9).

11:  Leta = argmax,e 4(L/ca)-

122 if 4l < (L /cz) then

13: Update 5 = min{%, Vlogt}
14:  sett=t+1.

15:  Update B! = B'=! — ¢ 1.

Let N! denote the number of times that arm a € A is pulled at the end of ¢ rounds. We denote
the estimated average reward by pulling arm a and its estimated UCB at the end of round ¢ by i}
and ji}, respectively. The procedure for these estimators will be discussed in Section 3.1. As long
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as the remaining budget at round ¢, B?, is larger than one, Algorithm 1 continues to explore and
exploit by checking at round ¢ whether arm a is pulled at least 32 log ¢ times (this threshold might
change in line 17). If so, Algorithm 1 pulls an arm with the highest fil, in line 8; otherwise, it pulls
arm ag. Afterward, in lines 10-14, it updates i}, and fil, using the newly acquired observational or
interventional data, which is discussed in Section 3.1. In the end, the threshold 5 and the remaining
budget are updated in lines 16-19.

3.1. Estimation and update steps

Herein, we explain how to estimate and update i and zi!, in Algorithm 1. Recall that p; , =
E[Y |do(X; = x)]. Therefore, to estimate 1; 5, it suffices to estimate P(Y = 1|do(X; = z)).

Let C; and W denote the c-component containing X; and V \ {X;}, respectively. Given two
subsets S and R of observed variables such that S C R and a subset of realizations r for R, we use
(r)s to denote the restriction of r to the variables in S. Given two subsets of variables S; and So,

and realizations s; for S; and s, for So, we denote the assignments to S; U Sg by s 0 s9.
Under the identifiability assumption for intervenable variables, Bhattacharyya et al. (2020)
shows that P, (w;) := P(W; = w;|do(X; = x)) can be factorized as follows,

Z H P xowZ |(x oW,z H P va‘a:owlz) 3)

2'€{0,1} V;€C; V;¢C;

where Z; = (kaecha(Vk) U C;)\V; and C; is c-component of V.
Using (3), the expected reward of pulling a; , would be

E[Y |do(X Z P(W, = w)|do(X; = )
w y=1
Z Z HPxow v, | (@' o wi)z HP V\&:OW)Z), 4)
wiy=12'€{0,1} V;€C; V;¢C;

where the first summation is over all realization of W; = V \ {X;} in which Y = 1. This is
because the terms with Y = 0 have no contribution to the expectation.
Define O' := {t' < t| a’ = ap}, and I¢ _ := {¢' < t| a’ = a;,}. O and I} , denote the
set of time steps at which arms ag and a; are pulled by the end of time ¢, respectivefy. Hence, an
empirical estimation of average reward of ag is given by

1 / /
,&6 = N Z ]l{at :ao,yt :1}. &)
0 tleot

To estimate j1; , from observational data, it suffices to estimate each term in (4). To do so, we
partition O! into [V| number of subsets randomly and denote the j-th partition by OE-. We will use

the data in O to estimate P(V;|Z;). Given a realization 2’ of X; and a realization w; of W/, let

O}(a',wj) := {t' € O§-|z§/ = (2’ o w})z, }. Recall that w, is an arbitrary realization of W; in
which Y = 1. To proceed, we require the following definitions,
St = n;lvilpnii/n\o;(x’,w;)|, ifV;eCy, S, = nvlvip|o§(x,w;)\7 ifV; ¢ C;,

where |O| denotes the size of set O. We also define the minimum number of data points in the
partition sets as

t Gt
Si,=min{ min 5%, min S, }.

§V;eC; P jviec; Y
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In the next step, we partition each OE» («', w!) into Six number of subsets randomly and denote the
s-th subset by O;’S(.%/ ,w'). Let

. Dte0b (o w! 0 ]1{' =(wioa)y}
Py (2! wh) = . , V,ecC,, 6
J ( Z) |Ot 6(.’1? w )l J 2 ( )
A Z / L (p,w! 1{’1} = (W;)V}
Pz, wi) = reo, @ t’g ], V€0, @)
105" (2, w))|
Finally, the expected reward of pulling a; . is estimated as follows,
- Zt/eI;I ]l{yt/ =1} + Zse[S}ym] Yo
Hj g 2= ®)

7, 13 t )
Ni,a: + Si,:z:

At A,
where [Sfx] ={1,..., Sfx} and Y%, ::ZW;:?J:1 Zz’E{O,l} H\/jeCin (o, W) HVﬁéCin *(z, wl).

Lemma 4 [L;x in (8) and fi in (5) are unbiased estimators of [i; . and [ip.

Analogous to UCB algorithm in bandits literature (Auer et al., 2002; Cesa-Bianchi and Lugosi,
2006), Algorithm 1 computes UCB estimate of j, at round ¢ using the following equations,

2Int 2Int
—t ~t =t ~1
gt | 2mt T by 9
/”'z,a: :ulw Nlt’T Sf,,x IU’O /’[’O Né ( )

Let a* := argmax, 4 &* < and for a € A, let§, = Lot ’é—;‘ Recall that p; , = P(X; = x).

Cqg*

Theorem S The expected cumulative regret of Algorithm 1 is bounded by

2

8InB w2 8InB 8pi,z

pI z/( ‘VD} and Wz denotes

where b; == 55— ln(maxac )+ 1, Tizp :=max {0,1— V|- W;- b;

the alphabet szze of variables in V \ {X;,Y}.

The proof of Theorem 5 is provided in Appendix B. This theorem ensures that the maximum
number of pulling a sub-optimal arm « is bounded by a factor of 4.

4. Simple Regret in General Graphs

In this section, we study the budgeted causal MAB problem with general graph G for a learner whose
objective is simple regret. The novelty of our results is that they generalize the state-of-the-art by
allowing non-uniform costs for arms. As discussed in the previous section, having non-uniform
costs may change the trade-off between exploration vs. exploitation and hence requires a different
treatment than non-budgeted causal MAB. Our experiments in Section 6 showcase that, indeed, our
algorithm outperforms the state of the art, which is designed for uniform costs.

430



CONFOUNDED BUDGETED CAUSAL BANDITS

Algorithm 2 Budgeted Simple Regret in General Graphs
Input: G, B,C
fort € {1,2,...,B/2} do
Pull arm a( and observe v*
~ B/2 ¢
o = 2Ly B
for a;, € Ado
Estimate /i; , using Alg. 3 in Appendix C
Estimate ¢; , using Equation (11)
Compute n(q) using Equation (10)
Construct A" := {a; , € A|(jf; < %q)}
if |[A’| = 0 then
Pull arm ag for the remaining g rounds

Re-estimate [ig = (Zf:/f y')/B

for a; , € Ado
Re-estimate /i; ,, using Alg. 3

D AU o e

_— = = =
w2 2@

. else

—_ =
U

_ B
Compute n = 31 cie {01 AT
Pull each arm a; ,, € A’ for n rounds
for a;, € A' do
B ’

~ 1 7+n\A | t t )

Hix =5 Zt:%—i—l y'Ha' = aiz}
: return a* € arg max,¢ 4 fla-

—_ =
A

P
o »

Under the identifiability assumption for all intervenable variables in G, we present Algorithm
2 to minimize the simple regret for a budget B. This algorithm generalizes the one in Maiti et al.
(2022) to a budgeted causal MAB setting when the arms have non-uniform costs. It uses its given
budget B to estimate the average reward of each arm and then outputs an arm with the maximum
estimated average reward. More specifically, Algorithm 2 takes the causal graph G, the budget B,
and the cost set C as inputs.

It pulls arm ay, i.e., collects observational data until it has exhausted half of its budget. This
leads to an initial estimate of the expected reward of each arm a € A (lines 4-8). Note that estimat-
ing the expected rewards is possible due to the identifiability assumption of intervenable variables
and is done by Algorithm 3 presented in Appendix C.

Algorithm 3 is proposed by Bhattacharyya et al. (2020) to estimate E[Y'|do(X)] from observa-
tional data when the causal effect P,(y) is identifiable in G.

When an arm is observed frequently during the first part of the algorithm, the initial estimate of
its expected reward becomes accurate. Algorithm 2 spends the other half of its budget to explore
the so-called infrequent arms (lines 9-23). An arm a;, € A is considered to be infrequent if

in,x < (#) Lks

) , where

n(q) ::min{7| z:ci,yg]l{(ji,JJ < (%)ﬁ} < 7'}, (10)

B/2
iz = %mzln{Z]l{xi = :E,i;f;lt(xi) = z}}, (11)
t=1
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where Pa(X;) := (Uvj cc, Pa(V;) U C;) \ X;, and C; denotes the c-component in G containing
X;. The size of C; is denoted by k;.

Let A’ denote the set of all infrequently observed arms. If A" = (), Algorithm 2 spends the
remaining budget for observation, i.e., pulls ag. Otherwise, it uses the remaining budget to pull
the infrequent arms and update their corresponding estimations. Finally, it outputs an arm with the
maximum estimated average reward.

Remark 6 Consider the special case of no-backdoor graphs (causal graphs with no unblocked
backdoor paths from intervenable variables to the reward variable Y ). This graphical constraint
ensures that for all X € X, E[Y|do(X = z)] = E[Y|X = z]. This is due to the second rule of

do-calculus (Pearl, 1995). For causal MABs with no-backdoor graphs, |i; » can be estimated using
observation as follows Z;,B:/f y'1{zl = z}/ Zf:/f 1{x! = x}. When the interventions have non-

uniform costs, redefining q¢; , = % Zf;f 1{x! = x} yields drastically lower regrets. This special
case and our improvements are discussed in Appendix E.

Theorem 7 The expected simple regret of Algorithm 2 is bounded by (9( % log %).

The proof of this theorem is provided in Appendix D.

Remark 8 Maiti et al. (2022) proposes an algorithm for non-budgeted causal MAB with general
causal graphs, which is a special case of our setting in all costs are one. By setting c; , = 1 for all
i and x in Theorem 7, we can recover their expected simple regret bound.

Remark 9 Nair et al. (2021) studies the causal MAB problem with no-backdoor graphs and an
additional constraint on the costs that is ¢;, = ¢ > 1 for all i and x and cy = 1. Note that
this setting does not satisfy the non-budgeted assumption in Maiti et al. (2022). Moreover, their
algorithm uses a different exploration set than A’ that seems to result in both worse performance
and theoretical bound. Specifically, the threshold for determining the infrequent arms in Nair et al.
(2021) is given by m/(q) := min{7|>_, , I{p;» < 1} < 7}. As we show in Appendix E, in this
setting, n(q) < em/(q) for all ¢ > 1 and q. Nair et al. (2021) shows that the expected simple

regret of their algorithm is bounded by (’)<\/ cm];(q) log - g,j(gq) ) Given that n(q) < c¢cm/(q) for

all ¢ > 1, even in the special setting of Nair et al. (2021), our algorithm achieves better expected
simple regret. This is also shown empirically in our experiment in Section 6.2.

5. Lower Bounds

Simple regret: As mentioned earlier, Maiti et al. (2022) studies a special setting of causal MAB
problem with uniform costs (c; , = 1 for all ¢, x) in general causal graphs when the objective func-
tion of the learner is simple regret. In particular, they showed that there is a large class of causal
graphs called tree graphs, such that for any graph 7 in this class with N intervenable nodes and a
positive integer M < N, there exists a joint distribution P(-) compatible® with graph 7T, such that
n(q) = M and the expected simple regret of any causal MAB algorithm is Q( n(q)/ B). Com-
paring this result with the bound introduced in Theorem 7, we observe that for certain categories
of graphs with uniform costs, the expected simple regret yielded by Algorithm 2 differs from the

minimum value at most by a factor of \/log (NB/n(q)).

5. Compatibility also known as Markov property (Pearl, 2009) means that the P(-) factorizes according to the graph 7.
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Cumulative regret: We prove miny, maxc g, ,p’ Rc(Ap,Gn, P,C) > Q(y/[B/c]KN) in ap-
pendix F, where R.(Ap, Gn, P,C) denotes the cumulative regret of an adaptive algorithm Ap with
total budget B on a causal graph Gy with N nodes each of which has domain {1, ..., K}. The
reward distribution is P and the set of costs is given by C = {1 < ¢, < c|a € A}. This shows
that for any algorithm, there exists a causal bandits problem characterized by (G, P,C) such that

it suffers at least (/[ B/c| KN) of cumulative regret.

6. Experiments

Herein, we present our empirical evaluations of our algorithm in comparison with state of the art.
Throughout, each point in figures is obtained as an average of 100 trials®.

6.1. Cumulative Regret in General Graphs

In this section, we compared the performance of Algorithm 1 with algorithms CRM and F-KUBE
by Maiti et al. (2022) and Tran-Thanh et al. (2012), respectively. CRM is a causal MAB algo-
rithm designed for general causal graphs where all of the variables are observable (no hidden con-
founders exist). F-KUBE is a budgeted MAB algorithm with non-uniform costs that does not use
the knowledge of the causal graph. We used a graph with 6 intervenable variables, N = 6, and
modeled each V; with at least a parent in G to be the XOR of its parents with probability 0.8 or the
XNOR of its parents, otherwise. Moreover, for each variable V; without any parents, we modeled
Vi ~ Bernoulli(0.5 + 0.5¢), where € ~ Uni form(0,1).
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Figure 2: Cumulative regret on a general graph with N = 6.

The cumulative regret vs. budget plot in Figure 2 depicts the performance of algorithms by
assuming that the cost of pulling a; ,, for ¢ € [N],z € {0,1} is selected randomly from {2, 3}. As
the budget increases, the cumulative regret of all of the algorithms increases. However, the growth
rate of the cumulative regrets of F-KUBE and CRM are higher than our algorithm. Moreover, since
the cumulative regrets of F-KUBE and CRM do not converge to a constant for B < 2500, they
fail to identify the optimal arm within this budget range while the regret of our algorithm remains a
constant for large budgets, which indicates that it could identify the best arm in the experiment.

The cumulative regret vs. intervention cost in Figure 2 illustrates the performance of the al-
gorithms when the budget was fixed to 1000 and ¢;, = c for all i € [N],z € {0,1} such that

6. Python implementations are provided in the supplementary.
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c €{2,3,...,20} (uniform cost for all interventional arms). As shown in this figure, the cumula-
tive regret of Algorithm 1 grows slower than the others. Note that since CRM considers only the
causal graphs without hidden variables, for fairness, we compared these algorithms for the graph
without hidden variables. The underlying graph for this experiment and additional experiments on
graphs with hidden variables are provided in Appendix G.1.

6.2. Simple Regret in No-backdoor Graphs

In order to be able to compare our algorithm for simple regret with several related works, we stud-
ied the causal MAB for the special case of no-backdoor graphs in this section. We compared the
performance of Algorithm 2 with two causal bandit algorithms v-NB (Nair et al., 2021) and PB
(Lattimore et al., 2016). PB is a non-budgeted algorithm that is designed to minimize the simple
regret when the graph has no backdoor. v-NB is a budgeted version of PB that allows uniform costs
on arms, i.e., ¢; = ¢ > 1 for all 7 and z.

We used the same setting as in Nair et al. (2021) and Lattimore et al. (2016) in which the
underlying graph has 50 intervenable variables and all of these variables are parents of the reward
variable Y. This particular structure is called a parallel graph. We modeled X; ~ Bernoulli(p;)
with p; = po = 0.02 for i € {1,2} and p; = 0.5 fori € {3,...,50}. Moreover, we modeled the
reward variable as Y ~ Bernoulli( + €) if X1 = 1, and otherwise, Y ~ Bernoulli(} — €'),

where e = 0.3 and € = %.
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Figure 3: Simple regret on the parallel graph with N = 50.

The simple regret vs. budget plot in Figure 3 was obtained by selecting the cost of pulling each
arm a; , for i € [N],x € {0, 1} randomly from {2, 3,4, 5}. The simple regrets of all of the algo-
rithms converge to zero as the budget increases, but Algorithm 2 demonstrates faster convergence.
In the simple regret vs. the cost of intervention plot in Figure 3, we considered the setting in which
the budget was fixed to 1500 and ¢; , = ¢ for i € [N],z € {0,1} such that ¢ € {1,2,...,20}.
The simple regret is increasing in terms of intervention costs, as expected. Since Algorithm 2 uses
a different exploration set compared to the others, it drastically outperforms them even in a setting
favorable to them. Additional experiments are presented in Appendix G.2 including an experiment
using Successive Rejects algorithm in Audibert et al. (2010) which is a baseline MAB algorithm’.

7. Successive Rejects is not included in the experiments of the main text as it fails to perform well for large N.
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6.3. Simple Regret in General Graphs

We compared the performance of Algorithm 2 with two algorithms, SRM (Maiti et al., 2022) and
Successive Rejects for general graphs in addition to the special structures of the previous section.
SRM is a causal MAB algorithm for minimizing simple regret in the non-budgeted setting where
the underlying graph is general. Here, we used a causal graph that violates the no-backdoor crite-
rion. The graph has NV = 7 intervenable variables, i.e., it has 15 arms (14 interventional and one
observational arm). We used the same procedure to construct the model as Section 6.1.
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Figure 4: Simple regret on a general graph with N = 7.

The simple regret vs. budget plot in Figure 4 illustrates the performance of algorithms when
the cost of each interventional arm was selected randomly from {5, 6,7}. Algorithm 2 converges
to 0 faster than the others as B grows. The simple regret vs. the cost of intervention plot in Figure
4 compares the performance of the algorithms when the budget is fixed to 800, and the cost of
all interventional arms is equal to ¢, where ¢ € {2,3,...,20}. Additional experiments and the
underlying graph of this experiment are provided in Appendix G.3.

7. Conclusion

We studied the budgeted causal MAB problem with non-uniform costs for different arms in general
causal graphs in which all intervenable variables have identifiable causal effects. We considered
two different learners; one with simple regret as its objective and the other with cumulative regret
objective. For each learner, we proposed an algorithm and provided theoretical guarantees. Fur-
thermore, through empirical studies in different scenarios, we evaluated the performances of our
proposed algorithms and showed that they outperform the state-of-the-art.

References

Jayadev Acharya, Sourbh Bhadane, Arnab Bhattacharyya, Saravanan Kandasamy, and Ziteng Sun.
Sample complexity of distinguishing cause from effect. In International Conference on Artificial
Intelligence and Statistics, pages 10487-10504. PMLR, 2023.

Sina Akbari, Fateme Jamshidi, Ehsan Mokhtarian, Matthew James Vowels, Jalal Etesami, and Negar

Kiyavash. Causal effect identification in uncertain causal networks. In Thirty-seventh Conference
on Neural Information Processing Systems, 2023.

435



JAMSHIDI ETESAMI KIYAVASH

Jean-Yves Audibert, Sébastien Bubeck, and Rémi Munos. Best arm identification in multi-armed
bandits. In COLT, pages 41-53. Citeseer, 2010.

Peter Auer, Nicolo Cesa-Bianchi, and Paul Fischer. Finite-time analysis of the multiarmed bandit
problem. Machine learning, 47(2):235-256, 2002.

Elias Bareinboim, Andrew Forney, and Judea Pearl. Bandits with unobserved confounders: A causal
approach. Advances in Neural Information Processing Systems, 28, 2015.

Arnab Bhattacharyya, Sutanu Gayen, Saravanan Kandasamy, Ashwin Maran, and Vinodchandran N
Variyam. Learning and sampling of atomic interventions from observations. In International
Conference on Machine Learning, pages 842—853. PMLR, 2020.

Olivier Cappé, Aurélien Garivier, Odalric-Ambrym Maillard, Rémi Munos, and Gilles Stoltz.
Kullback-leibler upper confidence bounds for optimal sequential allocation. The Annals of Statis-
tics, pages 1516-1541, 2013.

Nicolo Cesa-Bianchi and Gébor Lugosi. Prediction, learning, and games. Cambridge university
press, 2006.

Nicolo Cesa-Bianchi and Gdbor Lugosi. Combinatorial bandits. Journal of Computer and System
Sciences, 78(5):1404—1422, 2012.

David Maxwell Chickering. Optimal structure identification with greedy search. Journal of machine
learning research, 3(Nov):507-554, 2002.

Diego Colombo, Marloes H Maathuis, Markus Kalisch, and Thomas S Richardson. Learning high-
dimensional directed acyclic graphs with latent and selection variables. The Annals of Statistics,
pages 294-321, 2012.

Varsha Dani, Thomas P Hayes, and Sham M Kakade. Stochastic linear optimization under bandit
feedback. COLT, pages 355-366, 2008.

Eyal Even-Dar, Shie Mannor, Yishay Mansour, and Sridhar Mahadevan. Action elimination and
stopping conditions for the multi-armed bandit and reinforcement learning problems. Journal of
machine learning research, 7(6), 2006.

Kosuke Imai, Luke Keele, and Dustin Tingley. A general approach to causal mediation analysis.
Psychological methods, 15(4):309, 2010.

Fateme Jamshidi, Sina Akbari, and Negar Kiyavash. Causal imitability under context-specific in-
dependence relations. In Thirty-seventh Conference on Neural Information Processing Systems,
2023a.

Fateme Jamshidi, Luca Ganassali, and Negar Kiyavash. On sample complexity of conditional in-
dependence testing with von mises estimator with application to causal discovery. arXiv preprint
arXiv:2310.13553, 2023b.

Markus Kalisch and Peter Bithiman. Estimating high-dimensional directed acyclic graphs with the
pc-algorithm. Journal of Machine Learning Research, 8(3), 2007.

436



CONFOUNDED BUDGETED CAUSAL BANDITS

Dan J Kim, Donald L Ferrin, and H Raghav Rao. A trust-based consumer decision-making model
in electronic commerce: The role of trust, perceived risk, and their antecedents. Decision support
systems, 44(2):544-564, 2008.

Murat Kocaoglu, Alex Dimakis, and Sriram Vishwanath. Cost-optimal learning of causal graphs.
In International Conference on Machine Learning, pages 1875-1884. PMLR, 2017.

Tze Leung Lai, Herbert Robbins, et al. Asymptotically efficient adaptive allocation rules. Advances
in applied mathematics, 6(1):4-22, 1985.

Finnian Lattimore, Tor Lattimore, and Mark D Reid. Causal bandits: Learning good interventions
via causal inference. Advances in Neural Information Processing Systems, 29, 2016.

Tor Lattimore and Csaba Szepesvari. Bandit algorithms. Cambridge University Press, 2020.

Sanghack Lee and Elias Bareinboim. Structural causal bandits: where to intervene? Advances in
Neural Information Processing Systems, 31, 2018.

Sanghack Lee and Elias Bareinboim. Structural causal bandits with non-manipulable variables.
In Proceedings of the AAAI Conference on Artificial Intelligence, volume 33, pages 4164-4172,
2019.

Jeffrey T Leek and John D Storey. Capturing heterogeneity in gene expression studies by surrogate
variable analysis. PLoS genetics, 3(9):e161, 2007.

Erik Lindgren, Murat Kocaoglu, Alexandros G Dimakis, and Sriram Vishwanath. Experimental
design for cost-aware learning of causal graphs. Advances in Neural Information Processing
Systems, 31, 2018.

Yangyi Lu, Amirhossein Meisami, Ambuj Tewari, and William Yan. Regret analysis of bandit prob-
lems with causal background knowledge. In Conference on Uncertainty in Artificial Intelligence,
pages 141-150. PMLR, 2020.

Stefan Magureanu, Richard Combes, and Alexandre Proutiere. Lipschitz bandits: Regret lower
bound and optimal algorithms. In Conference on Learning Theory, pages 975-999. PMLR, 2014.

Aurghya Maiti, Vineet Nair, and Gaurav Sinha. A causal bandit approach to learning good atomic
interventions in presence of unobserved confounders. In The 38th Conference on Uncertainty in
Artificial Intelligence, 2022.

Dimitris Margaritis and Sebastian Thrun. Bayesian network induction via local neighborhoods.
Advances in neural information processing systems, 12, 1999.

Nicolai Meinshausen, Alain Hauser, Joris M Mooij, Jonas Peters, Philip Versteeg, and Peter
Biihlmann. Methods for causal inference from gene perturbation experiments and validation.
Proceedings of the National Academy of Sciences, 113(27):7361-7368, 2016.

Ehsan Mokhtarian, Sina Akbari, Fateme Jamshidi, Jalal Etesami, and Negar Kiyavash. Learning
bayesian networks in the presence of structural side information. In Proceedings of the AAAI
Conference on Artificial Intelligence, volume 36, pages 7814-7822, 2022.

437



JAMSHIDI ETESAMI KIYAVASH

Vineet Nair, Vishakha Patil, and Gaurav Sinha. Budgeted and non-budgeted causal bandits. In In-
ternational Conference on Artificial Intelligence and Statistics, pages 2017-2025. PMLR, 2021.

Judea Pearl. Causal diagrams for empirical research. Biometrika, 82(4):669-688, 1995.
Judea Pearl. Causality. Cambridge university press, 2009.

Peter Spirtes, Clark N Glymour, and Richard Scheines. Causation, prediction, and search. MIT
press, 2000.

Jerzy Splawa-Neyman, Dorota M Dabrowska, and TP Speed. On the application of probability
theory to agricultural experiments. essay on principles. section 9. Statistical Science, pages 465—
472, 1990.

William R Thompson. On the likelihood that one unknown probability exceeds another in view of
the evidence of two samples. Biometrika, 25(3-4):285-294, 1933.

Jin Tian and Judea Pearl. On the testable implications of causal models with hidden variables.
In Proceedings of the Eighteenth Conference on Uncertainty in Artificial Intelligence, UAT’ 02,
page 519-527, San Francisco, CA, USA, 2002a. Morgan Kaufmann Publishers Inc. ISBN
1558608974.

Jin Tian and Judea Pearl. A general identification condition for causal effects. eScholarship, Uni-
versity of California, 2002b.

Santtu Tikka, Antti Hyttinen, and Juha Karvanen. Identifying causal effects via context-specific
independence relations. Advances in neural information processing systems, 32, 2019.

Long Tran-Thanh, Archie Chapman, Alex Rogers, and Nicholas Jennings. Knapsack based optimal
policies for budget-limited multi—armed bandits. In Proceedings of the AAAI Conference on
Artificial Intelligence, volume 26, pages 1134-1140, 2012.

Thomas Verma and Judea Pearl. Causal networks: Semantics and expressiveness. In Proceedings
of the Fourth Annual Conference on Uncertainty in Artificial Intelligence, UAI ’88, page 69-78,
NLD, 1990. North-Holland Publishing Co. ISBN 0444886508.

438



CONFOUNDED BUDGETED CAUSAL BANDITS

Appendix A. Technical preliminaries

Definition 10 (Directed Path) Ler Vi, Vs, ..., V,, be a set of distinct vertices in an ADMG G.
There is a directed path from Vi to Vi, if V; € Pa(Viy1) forevery 1 <i <m — 1.

Definition 11 (Descendant) Let X; and X be two vertices in an ADMG G. X is called a descen-
dant of X; if there exists a directed path from X; to X .

Definition 12 (Blocked) Given a causal graph G and two vertices X1, X,, € 'V, a path between
X1 and X, is called blocked by a set of vertices W (with neither X1 nor X,, in W ) whenever there
is a vertex Xy, such that one of the followings holds:

(1) X e Wand X1 — X — XkJrl or Xp_ 1+ X +— Xk+1 or Xp_ 1+ X — Xk+1,

(2) Xyx—1 — Xk < Xk41 and neither Xy, nor any of its descendants is in W.

Lemma 13 (Chernoff inequalities) Let X be a random variable. Then, for every s > 0, the
followings hold.:

(1) P(X > E[X] + s) < miny>o E[exp (A(X — E[X]))] exp(—As)
(2) P(X <E[X] - s) <minyso E[exp (A(E[X] — X))] exp(—As)

Lemma 14 (Hoeffding inequalities) Ler X be a random variable such that X € |a,b]. Therefore,
for every A € R:
A2(b— a,)2)

E[exp (MX — ]E[X]))} < exp ( 3

Lemma 15 (Chernoff-Hoeffeding inequality) Assume X', ..., X" are independent random vari-
ables such that 0 < X' < 1 fort = 1,...,T. Then, for every ¢ > 0, the following inequalities
hold:

" P(Etem X B[ e X] 2 6) < exp(59),

(2) P(ZtG[T] Xt _E[ZtG[T] Xt < _6> < exp(%g).

Appendix B. Proofs of Section 3

In order to prove Theorem 5, we require several technical lemmas which we present below.
In the following lemma, we show that ﬂg}x is an unbiased estimator of fi; ;.

Lemma 16 ﬂf}x in (8) and jif, in (5) are unbiased estimators of i; , and p.
Proof Recall Equation (8):

Yper, WY' =13 +3 o Vi
Nio+ 5. '

Nt
Mi,x T
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Note that Y;%, is an unbiased estimator of /i , because we partition the time steps that arm ag
was pulled into | V| different number of subsets. Taking expectations from both sides of the above
equation yields

Yper, HY" =134+ 3cro Vi

Bl ) =
Nig+Si,
o oo Y, MYV =13+ 3 i
t'elt . 5
= E S 7,7 SE[ ] — a St — P(Nt f— a7 St — b)
Nt 4+ st i,x i,x
a=1 b=0 1,T 1,%
b
= SB[ v st 1] POV, = a5, =)
a=1 b=0
o0 oo
= Hiz Z Z P(Nzt,x = a, Szt,x = b) = Uizx-
a=1b=0
Similarly, one can show that if; is an unbiased estimator of 1. |

Next, we show a concentration result for ﬂ;x in (8).

Lemma 17 For ﬂg}x given in Equation (8), we have P(\ﬂfﬂx—ui,m\ >€) < 2exp (—2(ny$ + wa)eQ).

Proof
P(ji; >e)=P Diery, HY* = 1+ Derr, Vi >
fli g — Miw > €) = : ’ 2 Hig 1€
i,z 1,2 Niw + Six e
=P S ay" =13+ Y V> (VL + S mie + (N, + SE,)e

tell selst ]

S minE |exp (A( YY" =1 — i)+ > (V- Ni,x))) exp (— A(Nj, + 57, )e)

A>0

t'ell , se[st ]
= 1}121%1153 H exp ﬂ{Yt = l} i, :z: H exp ,Uzz)) exp ( — )\(Nztw + Sf,:v)e)

vert s€lst ]

(b) ) o t t

= min E[exp (AI{Y" =1} - ui,z))] 11 E[exp (A(Yi, — m,x))} exp (— AN}, + 57, )e)
- t’eI’;’x SE[Sf’w}

© Nt A2 8t )2

< mi i,z i,z

< minexp (5= 4 =

(@
< exp ( — Q(Nit’m + Sf’x)g).

- )‘(Nzt,x + Szt,z)e)

(12)
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The inequality in (a) holds using Lemma 13. The equality in (b) is true since the terms in the
product are independent. The inequality in (c) follows from Lemma 14 where Y, Y7, € {0,1}.
Finally, the inequality in (d) follows after substituting the optimal A := 4e. In a similar way, it can
be shown

P(ﬂim — Hix < _6) < exp ( - 2(Nzt,z + Sf,m)62)'
Therefore, we get
P(‘/Aj’g,x - Mi,x’ > 5) < 2exp ( - Q(Nix + 55,1)62)'

In the following lemma, we introduce a bound for the expectation of SlTx Recall that ng =

. . T
min {mlnjyjec SJ H MmNy ec, S5 w} where

S}ji '= MmNy, Ming \O}“(x’ng)’ if V; € C;,

ST, o +=ming, |OT (z, w))| if V; ¢ Ci.
Lemma 18 Let W, be the size of the domain set ofV\ {Xi, Y} and p; o »= min; ming: p;; . (w7).

pz:l.‘

Moreover, define 7; , 7 = max(0,1 — |[VIW,T™ 2V

"). Then,

T Dix T
[Sz x] = 2’V’E[NO ]Ti,x,T -1
Proof
We define
min g/ |OF (z/,w})| .
A / — T OJ.T| if V; € C;,
Pie(Wi) = 4 10T (s w])| .
W otherwise.
j
T
where |O | = LVJ Moreover, let p7 .z 1= IMin; miny, ﬁ]Tw(w;) Using the above definition, we
have

o\ ® 2 InT 7
P a(wl) < 252) 2 P (w) < psn(w)) = 22) L exp (- 2P 2T i,

Inequality (a) holds because ) — 7’2 z

we have

d 1235 < pjie(w and (b) follows from Lemma 15. Therefore,

2
Py,

. . (a) T
. . AT ’ Dix T / Dix
P(rnjmrrvlvlppj,z-,x(wi) < )é > > P(pj,z-,m(wi) <= )< VIW,T 2viL (14)

i ; /
J w;
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where W, is the alphabet size of V' \ {X;, Y} and the inequality (a) follows from Equation (13).
Finally, from the definition of S¥ , we get

2,T°

NT
EIST) 2 B [minmin g w) | 12 |
5 j W; sty |V|

o .
> gy minmin g (W) (V] (V]|

7

L X
= m]E | min ml{np;‘ci,x(wg)]\fg — max H‘lﬁxpgjlx(wg)‘vq
I A
> [ minmmin £ (WONG | 1

1 & S
= S o [minin 7, (WIN] = ] POV =) -1
n=1

1 & : '
> 7 2oy P (mimming (wh) > P ING = ) PONT =) —1
n=1 i

Jjoow 2
, Pra
> Pt BINT max(0,1 — [VIWT~2¥T) — 1
2[V|
bi,
= 2|Z‘;’]E[Ng’}nﬂ — 1.
|
Lemma 19 Suppose that a; ;. is not the optimal arm, i.e., a* # a; 4. In this case, we have
8InT Dix . 2
E[N7,] < 2 — T BINn —
[ z,x] — 612733 + 2lv‘ [ O]T’L,LB,Z + 3 )
where | := 851_2£ + 1. Moreover, if a* # ay, then,
7 8InT w2
E[Ng] < —5—+1+ —-.
05 3
Proof Define E; , to be effective number of pulling arm a; , at the end of time ¢ and let Ef , :=
N}, + S} . Using this definition, we rewrite N, as follows
NG =Y 1{d =a, B, <1} + Y Ua' =ai,, B}, >1}. (15)

tel(l] te[l+1,T]

Letm := max{t|Ef7x < 1}, then, the first part of Equation (15) will be equal to N/, i.e.,

NE =No+ > e =ai., B, > 1}
te(l+1,T]
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Since N7, = — Si
Equation (15) as

NS =1-87+ > W{a' =ais, Ef, > 1},

te(l+1,T]

we get Ni% = 3 e 1{a" = a; .} = | — S}, This allows us to rewrite

and since m > [, we have S, > Sf .- Therefore,

NS <1-8,+ > W{a' =ais Ef, >1}. (16)
te(l+1,T]

By taking expectation on both sides of Equation (16) we have

ENL] <I-E[Si,]+ Y Pla'=ai. Ef,>1).
tell+1,T]

Using Lemma 18, we rewrite the above inequality as

Di,
E[NS] <1+1- 2";'1@ N7 e +te[§ﬂ a' =aiqz, Ef, > 1). (17)

Next, we bound Zte[lﬂﬂ P(a' = a;z, Efx > 1),

S P man B0 Y P )= Y P, g B 2 ).

te(l+1,T] te(l+1,1] te(l, T—1]

For clarity, we use fi% (E.) instead of ji,. By substituting the definitions of the UCB, the right hand
side of the equation becomes

> P(MM EHC)Jr 221m . ﬂg*(Eg*)+ 2t 21)
E? Ca 2. Et, T
tE[lT 1} ’LCL‘ 1,T a a

/\t A~
(<a) Z ( max M'L,x(tl) 2Int . MZ* (tQ) 21Ht>

+ 5 >  min + 3
tEel+LY]  Cig cmtl to€ll+1,t] Cg* cixto

tell,T—1]

E: Z Z Mmtl) 2Int _ fit.(t2) 21nt
CZ tl - C(Z* 02*t2
te[T] ti€[l,t—1] ta€ll,t—1] ad iz :

Inequality (a) holds because

2Int 2Int
Al At t
max f; (1) + ; ie) T )
i t]'u ( 1) = /Lz,x( z,ac) E'Lt,a:
and
2Int ., 4 2Int
min «(t2) + " L)+
taellH1,] Ha ( 2) ty = Hq ( a ) E(tl*
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"t_ ~t
It can be shown that if none of the following hold, then “”Cf (jl) C%lnti > M“c* (f2) + CQQIHtZ does
not hold as well, B ’
. 2Int
Nix (t1) — piw > 77 (18)
. 2Int
flgs (t2) — par < — : (19)
to
x ; 2Int
Har i <2 : n . (20)
Ca* Cix Cmtl

Now, we bound the probability of events in Equations (18) and (19),

2Int 2Int
P(ﬂg,m(tl) — Wiz = \/7 %) < exp (—2 tlll tl) =4
2Int 2Int
P(ﬂfl* (tQ) — HMa* S _\/?) S exp (—2 tI; t2) = t747

where we used Lemma 15 to obtain the both above inequalities. Furthermore, by assuming that

[:=382T 1 1 the event in Equation (20) is false,

07
Y Pl =agE,>0<> Y > ot< 7;2 1)

te[l+1,T] te|T) tr1€[l,t—1] ta€[l,t—1]

Therefore, if a* # a; .., using Equations (17) and (21), we obtain the following bound for N{x:
2

3

8InT Dia !
E[NL] < +2 — L RBIN T g +
1,T 512@ 2’V‘ 1,

For the second part of the proof, suppose that a* # ag. In this case, we decompose NOT in two

parts,

Ng: Z ﬂ{at:ao}:Zﬂ{at:ao,Nggl}+ Z ]l{at:ao,NOT>l}.
te[T) tell] tel+1,71]

By taking expectation from both sides of the above inequality, we get

EIN{1=> Pld' =ao,NJ <)+ Y Pla'=ao,NJ >1)

te(l] te(l+1,T]
<l+ Z P(a" = ag, N} > 1).
te(l+1,T]
Following the same procedure used to bound 3=, ;1 71 P(a’ = ajz, Ef , > 1) and for | = Sl(s%T +
1, we obtain
2
Z P(a' = ag,N§ > 1) < 3
te(l+1,T]
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This implies the following bound for E[N{ ],

Lemma 20 Ifa* = ag, we have the following bound for E[N{ ],

]E[NO]>T—2N2+ ZglnT.

Proof From definition of N, we know N§ =T — Zm NZTJ: If a* # a;, we have the following
by Lemma 19:

8InT 2
E[NL 24 —.
Then,
81 T
E[NT] > T — 2N2+ § il

Lemma 21 Suppose that a* # ag and let §y :=

min, |O?(w’,w;)\
T ' |07
C (W) = 7
Pjie(Wi) 07 (z,w))|
|0 |

ifVye Gy,

otherwise.

T s . ~T / . ._ T . . . / — in - .
Moreover, let p; , := min, miny,/ pjyi,m(wi), Pi,p i= Minj miny, Pji,x (W), and p := min; 4 p; 4.
Then,

2
5
8

0
P(1id - ol 2 2) <277,

and

A- 2 pSO F70%,x

(e @) < |VIWT™ VT 421 w6

Cix Ciz 4
where W; is the size of domain from which V \ {X;, Y} takes values.
Proof By Algorithm 1, the number of times that arm ag is pulled at the end of 7" rounds, denoted
by NI is at least 62 InT and since 8 > 1, we have NOT > InT. Using Lemma 15, we

2 62

1) 0,
P(1id — 1ol = %) < 2exp(—2 InT) =277
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Next, we prove the second inequality as follows.

P(|ﬂi,x i 5O>_P(|ﬂi,x Mig) 5 00 o1 >+P(|ﬂi,z um‘_éo ﬁT>g)

Ciz G 4 Ciz  Cig 4’ bt =9 Ciz G 47779

i, do .
P(pm_2>+P(\ 0> Tl > )

Ciz G 4 Pie
(22)
Now, we bound the first part in Equation (22). To do so, first, we get
(@) (b) 2 10T 2
p p p~ n — ST
P(pfiatw) < §) < P(#iaw) < pise(wl) = §) < exp(-25 g =T @23)

Note that in Equation (23), the inequality in (a) holds because § < p;; (W) — & and the inequality
in (b) follows from Lemma 15. Therefore,

<o

(@
P p p __p
P(p;, < 3= P(nljlnnvlvyflpjzx <3< E E P(pl.(w)) <3) IVt e
(24)
where the inequality in (a) follows from Equation (23).

Next, we bound the second part of Equation (22). From Algorithm 1, we have 8 > 1, and

therefore, NOT > InT. Now, if ﬁ% 2 then ST > 72’ |V| > 2|V InT". Therefore, using Lemma
17 and 15 we have the following bound for the second part of Equation (22):
~ 2 2
:ui x iz do T p 0 1 T péqci’z
P( : , 7)<2 _9. P o) —or oV (25
|cm o = a'Pia” ) S exp ( 16 2(v| " ) (25)

Finally, using Equations (24) and (25), we rewrite Equation (22) as follows,

i, W do re e
P(’ 1,T za:| > 7) < |V|WiT_W + 27 TeIV[
Cix Cix 4

p52
Lemma 22 Assume that «* # ag and let 6p = £ — uo If T > max {650 arg min {thlV\ >

Cq

W}}, where W := max; W, then E[3?] >

~T
Proof For each arm a € A, let ¢, be the event that |‘é—” —Ba] < %0 and define e := Ngecaéq.

Furthermore, let €, and € denote the compliment of the events e, and e, respectively. Lemma 21
implies the following inequalities for ag and every a; , € A,

62

P(ep) < 2T+,

2.2
p2 p(SOCi,z

P(éi,w) < ‘V|WZ‘T_2\V| + 27T T16[VT |
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Therefore, using the above equations and the union bound, we get

@ 82 2 ps3

P(e) < 2T~ + 2N (|VIWT ™ 2V1 4 27 161V
(b) »53 P63 P63
< ONT IOV 4 2N (|VWT ™ 16IVT 4 27" T61VT)
P60

NG+ [VIW)T~ 1V,

where the inequality in (a) holds since ¢; , > 1 for every i € [N],z € {0,1} and (b) holds since
b S 1’ 50 S 1.

Let ,a& ‘= MaXgec A iaT By the definition of @ and g, we have ’é—: — o < &p. If event e is true,
then

o0 _ flzg .t fa _ 0
_ < a )< =
9 = e 0 + (1o C&)_2
T
39,
— Ha T <20 (26)
Cg 2

From Algorithm 1, at time 7', we have § = min{—+—*— AT e \f AT Vlog T'}. By assuming log 7" > > and
using Equation (26), we have the following bound at the end of round T’

32
2

> —
7= o

This implies that if event e is true, then, 32 > ;522 Now, we bound [E[3?]:

32 32
2 _ \V\
B 2 55 Ple) 2 g (1= 2N G+ VW) “).
3
Since 7'16 w , then,
8
E[3? —.

We are now ready to prove Theorem 5.

Theorem S The expected cumulative regret of Algorithm 1 is bounded by

2

5O<815ngB ) Z‘S”(glnB 188§2L|§f|1 b Toao o)

By gy = max {0,1— [V Wi b7 YO and Wi denores
the alphabet size of variables in V' \ {X;,Y }.

where b; == 5% In(
i,
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Algorithm 3 Compute /i; , using observational samples

Input: ADMG G, observational samples, indices ¢ € [N]andz € {0,1}
Reduce ADMG G to H,; using Algorithm 4;

Compute ﬁm by Algorithm 5 (use H; as input);

Use Equation (28) to compute fi; ;;

Return: /i; ;.

bl

Proof Let Tz denote the number of rounds that Algorithm 1 plays the arms before the budget B is
exhausted. Therefore, we know < Tp < B. Using Lemma 19, we get the following for T’z
satisfying Lemma 22:

maXg Cq

2

81n TB s 81n TB Dix s
E[RC(B)] < (50( 52 + 1+ §> Z (51 x( +2- Q‘V‘E[Né]n,m,l + ?)
0 8i,e>0 ’

@) SIHTB s 8lnTB Pix 7'1'2
<5( 1—) 5( 4o Pir g2 . 7>
A ”20 AR, vyt T
(®) 81nTB 2 8InTg 8Dix 2
5( —) 5; ( yo— P gL 7)
R 7) 2 e T g e
8InB 81nB 8Pix 72
<5< 1 ) 5; ( S 7),
= 00 58 + 1+ Z>0 i,x 1858‘\[‘ n T’L,:p,b"" 3
(27)
2
where | = 31318 11 p = () + 1 Tigy = max{0,1 — [VIW;l~ z\w} Tiap =

pZ,
max{0,1 — [V|W, lfﬁ} Furthermore, the inequality in (a) follows from the fact E[N}] >
IE[5?] In{ and the inequality in (b) follows from Lemma 22. The last inequality holds since —2— <
Tp < B. |

Appendix C. Estimating the expected reward from observational distribution

In this section, we use a procedure (proposed by Bhattacharyya et al. (2020); Maiti et al. (2022))
to compute fi; , for each a; ;, using the observational data obtained by pulling arm ag. Algorithm 3
summarizes the steps of this procedure.

Algorithm 3 takes the underlying causal graph G, observational data that were collected by
pulling arm aq for the first g rounds and indices 4, as inputs. In line 1, it reduces G to H;
using Algorithm 4. Then, it computes the Bayes-net ﬁm in H; using Algorithm 5 proposed by
Bhattacharyya et al. (2020) in line 2. Finally, using f)i,x, it computes fi; , by substituting the
distribution Pp, . (Y = 1, V' = V') in the following equation with its empirical estimation,

iz = Pg(Y = 1]do(X;) = ) = Py, (Y = 1|do(X ZPDM =1,V =v'), (28)
where V' is the set of variables in H; except { X;, Y} and v’ is an arbitrary realization of V.
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Algorithm 4 Reducing G to H;
Input: Causal garph G and index i € [V].
I: Let W; = X; UPa(X;) UY
2: Let G; be the graph obtained from G by considering V \ W, as hidden variables.
3: Using Projection Algorithm (Tian and Pearl, 2002a; Verma and Pearl, 1990) do the following
steps:

(a) For each observable variable V; € V in G;, add an observable variable V; in H,;.

(b) For each pair of observable variables V;,V, € V in G;, add a directed edge from V; to
Vi in H; if one of the followings hold:
1) There exists a directed edge from V; to V}, in G;, or
2) There exists a directed path from V; to V}, in G; such that it contains only unobservable

variables.

(c) For each pair of observable variables V;,V;, € V in G;, add a bidirected edge between
V; and V}, in H; if there exists an unobservable variable U in G; such that there exist two
paths from U to V; and from U to V}, in G such that both paths contain only unobservable
variables.

4: Return: H;

Appendix D. Proofs of Section 4

Theorem 7 The expected simple regret of Algorithm 2 is bounded by (’)( % log == ).

Proof Recall
Giz(2) = P(X; =z, PNa(XZ-) =1z),
Gz = mzin i,2(2),
¢ =min{¢; »|giz > 0:4i € [N],z € {0,1}}.
When g; , = 0 for all 4, x, we define ¢ = ﬁ
For each X; € X, let k; be the size of the c-component containing X;, and £ = min; k;.

Moreover, let Z; be the size of the domain from which Pa(X;) takes its values and let Z :=
max; Z;. Next, we prove a lemma that is useful in the proof of Theorem 7.

Lemma 23 For every i € [N, define fi .(z) to be one, if |G (2) — gix(2)] > 3(1 — 2=k q ar
the end of £ rounds. Let f =1, if there exists i € [N],z € {0,1}, and z in the domain of Pa(X;)
and f; (z) = 1. Then, the following statements hold

(a) P(f =1) <4ANZexp ( — %(1 — 2*1/’?)2(]23)‘

(b) If f = 0, therefore, n(&) < 2n(q) holds at the end of 5 rounds.
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Algorithm 5 Computing ﬁw
Input:  Observational samples, ¢, =, H; (with set of vertices V;) and parameter
t.
1: for every variable V; € C; do
2:  for every realization V; = v and Z; = z, where Z; is the set of effective parents of V; in H;
do

3: N, < the number of samples that Z; = z,

4: N, the number of samples that Z; = z and V; = v,

50 Dig(Vy = v|Z; = 2) « Tt

6: for every variable V; € V; \ C; do

7. forevery V; =vand Z; \ X; = z, do

8: if X; € Zj then

9: N, « the number of samples that Z; \ X; = z and X; = x,
10: Ny < the number of samples that Z; \ X; =z, X; =z and V; = v,
11: if]YzZtthen

12: D;o(Vy = v|Zj = z) « Sl

13: elsg

14: Dip(V; =0|Z;\{Xi;} =2,X; =z) = 3,

15: else

16: Ny, < the number of samples that Z; = z,

17: Ny, < the number of samples that Z; = z and V; = v,

18: if ]\fz > t then

19: Dy(V;|Z5 = 2) S22t
20: else
21: D;.(Vi|Z; = z) + 1,

22: Returnf)m.

Proof (a) Using Lemma 15, we get
P = 1 _
(fiw(z) =1) <2exp(— E(l —27Uk)2¢2R).

Now, define f; , to be one, if there exists z in domain of I%(Xi) and f; ,(z) = 1. Using union
bound, we get

1 2
P(fie=1) <2Ziexp (= 0= 275 7¢"B).

Next, let f; = 1 if there exists € {0,1} and f; , = 1. Then,

1 _ 2
P(fi=1) <4Ziexp (= 15(1-27) ¢’ B)

Applying the union bound on the above equation, we get

P(f=1)<4NZexp (- %6(1 — 27k 2B,
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(b) First, we sort all qup fori € [N] and x € {0,1} in an ascending order. Without loss of
generality, assume the sorted sequence is q’fl < qu < ... < qk’?N Define g; := max{i|qk' <
%)}. The definition of n(q) implies that g; < n(q) and qZ > n( y forevery i > g1. Therefore,
by assuming |4; »(z) — ¢;.»(z)| < 1(1 — 27/k)q, we get the following for every i > gi:

k ki
@) > (g —-(1-2""%)q) > (s —-1-2""%)g) >

where the inequality in (a) holds since ¢; > q. Hence,
Z ci]l{(ji < 7} < Z ¢ = Z cZ]l{ < 7)} < n(q) < 2n(q).
1€[N] i€[g1] 1€[N]
The above equation implies that the following inequality holds for 7 = 2n(q),
1
Z e 1{g < ;} <.
1€[N]

Then, by the definition of n(q), we get

n(q) < 2n(q). (29)
n

k.
X “i B
Lemma 24 Leta;, € Abeanarbitrary armand e > 0, then P(|fi; z—f1; z| > €) < exp(—qu‘#)
at the end of % rounds, where M > 1 is a constant number which is independent of the distribution

but dependent on the underlying graph.

Proof Theorem 2.5 in (Bhattacharyya et al., 2020) implies that /i; , can be estimated with probability
1 — 6; such that |f1; » — piz| < € using O(-; 2% > log 2% log (%) number of samples, where u; =

’LI

2(1+ k;(d+1))2. Therefore, using B = K % 22 log 5, samples, where K is a constant, we achieve
4"

’L"L‘

P(|/:’fz,x - Hi,x’ < 6) >1—9;.

Next, we re-write d; in terms of € and B and get

. Bq;’ B
P(|ftip — piz| > €) <exp (62 KQZ;;) < (3%);

where M = max{1, K22%}. [

We are now ready to prove Theorem 7 using the aforementioned Lemmas. Let M’ := 2F=1\f
and

. 4M'n(q) Nb n(q)
B = mln{\/ 5 log n(Q) > 6 b }a

451



JAMSHIDI ETESAMI KIYAVASH

and assume B > max{Bj, Bs}.

For every a; , € A’, Algorithm 2 pulls each arm 53 B

ciwl{a; peca
ft; - Therefore, by the definition of n(q) and Lemma 23, we get the following if f = 0 (Please see
Lemma 23 for the definition of the event f),

T additionally to recompute

B > B > B (30)
23z Giel{aizen} ~ 20(q) ~ 4n(q)
Then, by Lemma 15, we have the following equation for every a; , € A"
B B
A 2 2
P(Jfie = pi] > elf =0) < 2exp (¢ i) <200 (=@ qpmis) 6D

For each a;, ¢ A’, we know that qf; > ﬁ. However, depending on qlk; the proof technique
varies. Below, we present the proof under two different cases:

Casel. If a;, ¢ A’ and qf; < ﬁ. Conditioning on f = 0, we have :

. . 1 N ki 1 Vk 1 1 Vki™
2 (@re = 0= 2 ()~ 3G )
(a) 1 1/k; 1 1 1/k; k;
= <(2n(q)) B Z(n(q)) )
1
% ()’

where the inequality in (a) follows from Lemma 23. Using the above bound for qf’x and

Lemma 24 yield
B B
- _ 2 _ 2
Case 2. If a; , ¢ A’ and qf’ L> ﬁ. From Lemma 24, we have
k.
X q; B B
P(|ftie — pie| > €lf = 0) < eXp(—EZ%) < GXP(—€2Wn<q))- (33)

For a = ag, Lemma 15 gives us

B

m)~ (34)

P(lfio — po| > €) < 2exp(—€’B) < 2exp(—€”

Now, let e be an event where e = 1 if there exists an arm a € A, such that |fi, — 14| > €. We
also define event e, where e, = 1 if |fiq, — pa| > €. Equations (31), (32), (33) and (34) imply that
for every action a € A,

B

Pe,=1|f=0) < Qexp(762m).
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Applying the union bound on the above equation implies

B
Ple=1|f =0) < (4N +2 —e—— ) <6N —e ).
(e |f ) < (4N + )exp( € 4M’n(q)>_ exp( € 4M’n(q))
Using the above inequalities and substituting € = \/ %?(Q) log % yield

E[Rs(B)|f = 0] = E[R(B)|e = 0]P(e = 0) + E[R(B)|e = 1]P(e = 1)
< E[R(B)le =0]+ P(e =1)
B

<2 N —
< 2e+ 6N exp(—e 4M’n(q))

(35)

Finally, Lemma 23 and Equation (35) imply

E[Rs(B)] = E[R(B)|f = 0]P(f = 0) + E[R(B)|f = 1]P(f = 1)
<E[R(B)|f =0]+ P(f=1)

M’ NB 1

B n(q)

36M'n(q) . NB
<2 lo .
= \/ B & Q)

Therefore, E[Rs(B)] € O( %log %). [

Appendix E. Discussion on simple regret bounds in no-backdoor graphs

Remark 25 Consider the special case of no-backdoor graphs (causal graphs with no unblocked
backdoor paths from intervenable variables to the reward variable Y ). This graphical constraint
ensures that for all X € X, E[Y|do(X = x)] = E[Y|X = z]. This is due to the second rule of
do-calculus (Pearl, 1995). For causal MABs with no-backdoor graphs, |i; » can be estimated using
observation as follows 21{3:/12 Yy 1{xl = :c}/Zf:/f 1{x! = x}. When the interventions have non-

uniform costs, redefining q; , = % fi/ 12 1{x! = x} yields drastically lower regrets. This special

case and our improvements are discussed in Appendix E.

Proof In general graphs, we estimate ¢; , = min, P(X; = z, Pa(X;) = z) by

B/2

2 —
Qi = Emzin{zll{xﬁ = :E,Pat(xi) = z}}

t=1
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In no-backdoor graphs, we redefine ¢; , = P(X; = z) and §; , = % f:/lz 1{z! = z}. Through
out this section, we denote the redefined g; ; and ¢; - by ¢;';" and ¢;'3".
Following the same procedure as in the proof of Theorem 7, it is straightforward to show that

Algorithm 2, using ¢*¢" and ¢'", achieves R¢(B) € O <\/ "(q;w) log n(N B ) Herein, we show

1,T ql,$ ’ qne’w)
that n(q"“") < n(q) which implies that in the no-backdoor setting, the new definitions guarantee
better regret bound for Algorithm 2. .
Note that for every i € [N], z € {0, 1} and z in the domain of Pa(X;), we have

P(X; = z,Pa(X;) = z) = P(Pa(X;) = z|X; = 2) P(X; = z) < P(X; = ).

Therefore, ¢; , = min, P(X; = a:,]?f’;l(Xi) =1z) < P(X; = x) = ¢}'g" for every i,z. From
definition of n(q) we get

1/k

1 7
o1 Gie < (—— <
%: Cix {Qz,x (n(q)) } > n(q)’
and since ¢; » < qf'5",
%;Ci,x]l{q%w < (m) }< %Ci,wn{ql}m < (@) }-
Therefore, the following inequality holds for 7 = n(q)
1 1/ks
Zci,z]l{qggw <(=) }<m

_ T

2,2
On the other hand, from the definition, we know that n(q"“") is the smallest 7 which holds in the
above equation. Therefore, n(q"*") < n(q). [

Remark 26 Nair et al. (2021) studies the causal MAB problem with no-backdoor graphs and an
additional constraint on the costs that is ¢;, = ¢ > 1 for all i and x and ¢y = 1. Note that
this setting does not satisfy the non-budgeted assumption in Maiti et al. (2022). Moreover, their
algorithm uses a different exploration set than A’ that seems to result in both worse performance
and theoretical bound. Specifically, the threshold for determining the infrequent arms in Nair et al.
(2021) is given by m/(q) := min{7|>_, , I{pi» < 1} < 7}. As we show in Appendix E, in this
setting, n(q) < em/(q) for all ¢ > 1 and q. Nair et al. (2021) shows that the expected simple

regret of their algorithm is bounded by (9<\/ Cm];,(q) log - g,j(gq)). Given that n(q) < c¢cm/(q) for

all ¢ > 1, even in the special setting of Nair et al. (2021), our algorithm achieves better expected
simple regret. This is also shown empirically in our experiment in Section 6.2.

Proof Recall p; , = P(X; = x). Similar to Remark 6, we denote p; , by qgffcw. By assuming
¢y = cforalli € [N]and x € {0, 1}, and all variables are observable in the underlying causal

graph, we aim to show that n(q"*") < m’(q"*"). Note that since all the variables are observable,
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the size of the c-component for every X; is equal to one, i.e., k; = 1. By the definition of m/(q"¢"),
we have

Z ]l{qnew (;new) } < ml(qnew)‘

Moreover, we have

1
Z]l{pzx new } Z]l{qnew (qnew)}

1

Using the above equations, we can write ¢, 1{g/'s" < w} < c.m/(q™"). Finally, using

the definition of n(q"¢") implies that n(q"") < c.m/(q""). m

Appendix F. Cumulative Regret Lower Bound:

We need the following technical lemmas.

Lemma 27 (Bretagnolle-Huber inequality) Ler P and Q) be probability measures on the same
measurable space, and let A be an arbitrary event. Then

P(A) + Q(A%) 2 5o PP,

where D and A€ denote the KL-divergence and the complement of A, respectively.

Lemma 28 (Lattimore and Szepesvari (2020), Lemma 15.1) Letv = (P, ..., Py) be the reward
distributions associated with one k-armed bandit, and let v' = (P}, ..., P) be the reward distribu-
tions associated with another k-armed bandit. Choose a particular policy w and let Py and P). be
the probability measures on the canonical bandit model induced by the n-round interconnection of
m and v and V', respectively. Then,

k

D(Pr||Py) = " B o[Ni(n)| D(Pi]|p})-

=1

Lemma 29 Let {Py : 0 € R} be a parametric family of distributions such that Py has mean 6.
Suppose that the densities are twice continuously differentiable. Then, there exists xy such that
|xo| < |9| and

I(9 +l‘0)

52
2 )

D(Py||Py15) =
where 1(x) denotes the Fisher information of the family Py at x.

Proof Using a Taylor expansion of h(x) := D(Fy||Py+,) around x = 0, we get

ha) = h(O) + W (O)r + ' (a0) .
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where || < |z|. We have h(0) = 0, h"’(xo) = 1(0 4+ x¢), and

8 dP@ 8 dP9+x
I — D(Pyl|| Pyy —1 dP =— | —1 dP,
(0) = o= D(Pyl| Pos)|_ /ax o8 Jp P [ sotos | ar
0 (dPoyx
:_/aa:( ary ) apy = - [ 9 (P :_a/(dpeﬂ)dp
Pors  |geg O 0z dPy 'a=0" ' Oz apy ' lazo
dpP,
0 0
= dPpi,| =-=—1| =0.
T o Holmo ” 0z la=o

To establish the result, we use an analogous argument as in the classical multi-arm bandits and
how any algorithm suffers (/| B/c] K N) regret on a specific causal graph Gy depicted in Figure
5 with predefined reward distributions P; and P, and the uniform costs Cy := {¢; , = c}.

X, X, X
Y
Figure 5: The ADMAG Gp over V= {X,..., Xy, Y}

In this causal bandits setting, we assume that all variables can take values in [K]| = {1, ..., K'}
and consider two different distributions over the reward variable Y belonging to a parametric family
of distributions that have twice differentiable density functions, e.g., Gaussian distributions. Dis-
tribution P is selected such that E;[Y'|do(X; = x)] = b for constant b, for all ¢ € [N], and all
x € [K]and Eq[Y] = b+ ,/ w{;]\/[ 7 for constant w to be defined later. Hence, the best action to
play in this setting would be ay, i.e., no intervention.

Let Ap be an arbitrary adaptive algorithm that selects the actions possibly based on its previous
interactions with the problem and the total budget B and let P4 ; be the resulting distribution of
applying this algorithm when the rewards are distributed according to P;. In order to design the
second distribution, we select the least played action by Ap and assign a higher expected reward to
it. To be more precise, let

Qi* T = argmlnEA 1[NBI:|7

A5,z

where N2 denotes the number of times that arm a; ;- 1s played by the algorithm using all its budget
B (since all arms have the same cost ¢, that is equivalent to playing the arms over a time horizon
| B/c]) and the expectation is taken with respect to P4 1. Note that >, 4 N, 5 = |B/c], the

total number of actions are | A| = NK + 1, and thus

|B/c|
NK

Ea1[N2, 1< (36)

Now, we can design the second distribution P» that is identical to P; except at index a;« ;+ and at
this index it has Eo[Y |do(X+ = 2*)] = b+ 2,/ & wlB/e] / o Therefore, the optimal arm under this
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distribution is a;+ ,+. We have

Ru(Ap. Go. Pr.Co) — ge:AEAl NE 1w =Eas[|B/c| - NE] wﬁ;%
> Pay(NE < |B/e)j2) B0 w@[ T

Ro(Ap. Go. Pr.Co) = age:AEA2 B 10ia > Ean[NE] uﬁ?]\/[cJ
> Pap(Nyg > | B/c]/2) LBz/ . wf;]jcj’

where R.(Ap, G, P,C) denotes the cumulative regret of algorithm A on a causal graph G with the
distribution P over the rewards and the cost set C. Combining the above inequalities and using the
Bretagnolle—Huber inequality (Lattimore and Szepesvdri, 2020), we have

2max{R.(Ag, Go, P1,Co), R:(AB, Go, P2,Co)} > R.(Ap, Go, P1,Co) + Rc(Ap, Go, P2,Co)

| B/c| KN
2 w|B/c|

> (PA,l(N;i < [B/c)/2) + Paa(Ng > LB/CJ/2))

> | B/c] KN e~ D(Pa1l|Pa2)
- 4 w|B/c| ’

From the definition of P, and P» and using Lemma 28, we get
D(Paa||Pag) =Ean[Ng, ID(Pi(ai o) Po(ain z+))-

Using (36) and Lemma 29, we get

D(Paal|Pagz) <

)

B/ Ib+e) (, [ KN C (b0
NK 2 w|B/c| | w

where € < 2,/ wLB/cJ By selecting w large enough, we can ensure that 27(b + ¢) < w. Note

that (b + €) is a constant and depends on the family distribution. For instance, for the family of
Gaussian distributions with unit variance and mean 6, we have I(b + ¢) = 1. Combining the above
inequalities leads to

B KN
g?\,l,a},( R.(Ap,Gn, P,C) > max{R.(AB,Go, P1,Co), Re(AB, Go, P2,Co) } > L 8QCJ w|B/c]’

This inequality holds for any arbitrary adaptive algorithm Ap.
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Figure 7: Causal graph of experiments in Figure 8.

Appendix G. Additional Experiments
G.1. Additional Experiments on Cumulative Regret in General Graphs

Figure 6 illustrates the underlying causal graph of the experiment in Section 6.1, which we used to
compare the performance of Algorithm 1 with CRM and F-KUBE.

As mentioned before, since CRM is not designed for graphs with hidden variables, we did not
include CRM for comparison in graphs with hidden variables.

Herein, we compare Algorithm 1 with F-KUBE when the model is constructed as explained in
Section 6.1. The underlying graphs are demonstrated in Figure 7, which has 2 hidden variables.
The left plot in Figure 8 illustrates the performance of algorithms in terms of cumulative regret
versus budget when the cost of pulling each arm was selected randomly from {2, 3}. By increasing
the budget, the cumulative regret of all of the algorithms increases. Although, our algorithm has a
lower growth rate than F-KUBE and CRM.

Moreover, the right plot compares the performance of the algorithms when the budget is fixed to
1000, and the cost of all interventional arms is equal to ¢, such that ¢ € {2,3,...,20} and the cost
of the observational arm is equal to 1. As shown in this Figure, the cumulative regret of Algorithm
1 grows substantially slower than others.

G.2. Additional Experiments on Simple Regret in No-backdoor Graphs

Since y-NB is designed for settings with uniform costs over the arms, to have a fair comparison
between Algorithm 2 and y-NB, we included an extra experiment in this section. In this experiment,
the cost of pulling each interventional arm a; ,, for i € [N],z € {0, 1} is set to be 4, and the cost of
the observational arm is 1. The other setting of this experiment is similar to the one in Section 6.2.

Figure 9 illustrates the result of this experiment and it shows that when the cost of pulling
interventional arms is uniform, by increasing the budget, our proposed algorithm converges quicker
to zero than the others.
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Figure 8: Performances of different algorithms on a general graphs with N = 6 depicted in Figure
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Figure 9: Performance of different algorithms on parallel graphs with N = 50.

We also included an experiment on a smaller parallel graph (with 7 intervenable variables) to be
able to compare our algorithm with Successive Rejects. To construct the underlying model, we used
the same setting as in Section 6.2. Figure 10 illustrates the performance of different algorithms in
terms of their simple regret. For simple regret vs. budget, we set the cost of each interventional arm
randomly from {2,3,4,5}. This figure shows that Algorithm 2 convergence is faster to zero than
the other algorithms. For simple regret vs. the cost of doing an intervention, the budget is set to
1500, and the cost of all interventional arms is equal to ¢ € {1,2,...,20}. This figure demonstrates
that by increasing ¢, Algorithm 2 has a slower growth rate than others.

G.3. Additional Experiments on Simple Regret in General Graphs

Herein, we present the underlying causal graph of the experiments in Section 6.3. As shown, this
graph is not a no-backdoor graph as it has unblocked backdoor paths from intervenable variables to
the reward variable. Furthermore, it has two hidden confounders.

We also provided additional experiments on a different graph illustrated in Figure 12 with N = 5
and one hidden confounder. Note that this graph also includes unblocked backdoor paths from
intervenable variables to the reward variable. We constructed the underlying model similar to the
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Figure 10: Performance of different algorithms on a parallel graph with N = 7.

Figure 11: Causal graph of experiments in Section 6.3 with N = 7.

one in Section 6.1. The left plot in Figure 13 compares the performance of algorithms in terms of
their simple regret when the cost of pulling each interventional arm was selected randomly from
{5,6,7}. As depicted, by increasing the budget, Algorithm 2 converges to zero faster. The right
plot in Figure 13 shows that when the cost of all interventional arms is equal to c, the simple regret
increases by increasing c as expected, but our algorithm’s regret grows at a lower rate.

Figure 12: Causal graph of the additional experiments.
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Figure 13: Performance of different algorithms on the general graphs depicted in Figure 12.

Appendix H. Discussion on the previous work

In (Nair et al., 2021), Eq. (17) in the proof of Lemma B.6 (crucial for Theorem 3 pertaining to
cumulative regret bound) reads as follows

N2 < max(0,] — Z 1{a(t) = ao, X; = z}) + Z]l{a = a;., B" > 1}
te[T teT

which is wrong. As a counterexample, suppose that 77 = 3 and the pulled arms are {a(0) =
iz, (1) = ajq,a(2) = ap,a(3) = ap}, where j # i and observed X; = x at both times ¢ = 2, 3.
In this case, for [ =2, the inequality becomes 1 < 0.
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