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Abstract
Reinforcement learning generalizes multi-armed bandit problems with additional difficulties of a
longer planning horizon and unknown transition kernel. We explore a black-box reduction from
discounted infinite-horizon tabular reinforcement learning to multi-armed bandits, where, specifi-
cally, an independent bandit learner is placed in each state. We show that, under ergodicity and fast
mixing assumptions, any slowly changing adversarial bandit algorithm achieving optimal regret in
the adversarial bandit setting can also attain optimal expected regret in infinite-horizon discounted
Markov decision processes, with respect to the number of rounds T . Furthermore, we examine our
reduction using a specific instance of the exponential-weight algorithm.
Keywords: Multi-armed bandits, reinforcement learning, discounted Markov decision processes,
black-box reduction.

1. Introduction

Reinforcement learning (RL) and multi-armed bandits (MAB) are long-standing models for decision-
making problems. RL generalizes bandits with a long-term planning horizon and unknown transi-
tion dynamics. Due to these additional complexities, RL is typically viewed as a more challenging
problem compared to MAB. However, there is a large literature (Kearns and Singh, 2002; Osband
et al., 2013; Dann et al., 2017; Osband and Van Roy, 2017; Agrawal and Jia, 2017; Fruit et al.,
2018a; Jin et al., 2018; Dann et al., 2019; Simchowitz and Jamieson, 2019; Russo, 2019; Zhang and
Ji, 2019; Zhang et al., 2020; Cai et al., 2020; Zhang et al., 2020; Neu and Pike-Burke, 2020; Pac-
chiano et al., 2021; Ménard et al., 2021; Li et al., 2021; Zhang et al., 2021) that guarantees RL can
achieve the optimal regret Ω(

√
T ) in the dependency of the number of rounds T , and is often opti-

mal in terms of the cardinalities, S and A, of state and action spaces. Recent episodic horizon-free
works (Wang et al., 2020a; Zhang et al., 2021, 2022; Li and Yang, 2023) further show the potential
to close the formal complexity gap between RL and bandits, with RL’s regret approaching the lower
bound of the (contextual) MAB problem Ω(

√
SAT ) (Bubeck et al., 2013; Auer et al., 1995; Gerchi-

novitz and Lattimore, 2016). These findings imply that the longer planning horizon and unknown
transition kernels in RL may not introduce additional difficulties compared to bandits.

We therefore ask: Is there a reduction from tabular reinforcement learning to multi-armed ban-
dits? Specifically, in a decentralized setting, could one place an independent bandit learner in each
state (referred as local learners), such that this set of local learners achieves sub-linear regret in
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MDPs collectively, without needing to acquire information (for example value estimations) from
their co-learners, except for the shared global rewards?

We answer this question positively for discounted infinite-horizon MDPs. We prove that, under
ergodicity and fast mixing assumptions, one could trivially place Õ(S)1 arbitrary slowly changing
bandit algorithms to achieve a regret bound of Õ(poly(S,A,H, τ, 1

β ,
1

1−γ ) · (
√
T + cTT )) (which

depends on various problem parameters specified in later sections), if the bandit learners are opti-
mal in the adversarial bandit setting. Here, cT represents the changing rate for the chosen bandit
algorithm. The regret bound is optimal with respect to T (up to polylogarithmic factors) when cT is
Õ(1/

√
T ), which is a mild requirement as discussed in later sections.

Despite the decentralized framework where each state is managed by an independent learner be-
ing a compelling problem in itself, the decoupling from the temporal difference framework makes
it straightforward to leverage techniques from the bandit toolbox. For instance, in Section 5 we
show how our reduction framework effectively handles delayed feedback, benefiting from the ro-
bustness of adversarial bandits to such feedback. This also opens up possibilities for straightforward
translation of existing bandit results, such as delayed or aggregated feedback (Joulani et al., 2013;
Pike-Burke et al., 2018), to MDPs, especially since these settings are gaining traction in RL as
well (Howson et al., 2021; Jin et al., 2022b; Mondal and Aggarwal, 2023). In addition, under-
standing the reduction to independent learners can be connected to multi-agent RL, where such
decentralization allows mitigating the curse of multiagency (Jin et al., 2022a; Cravic et al., 2023),
and can be also bridged to Monte Carlo methods, as detailed in Section 2.

2. Related Work

The work most closely related to ours is perhaps that of Cheng et al. (2020a), who propose a reduc-
tion from RL to continuous online learning (Cheng et al., 2020b) under a generative oracle setting.
This setting allows algorithms to query transitions from the true dynamics without interacting with
the environment. In addition to the generative model requirement, our work is significantly differ-
ent from theirs in the sense that their work considers centralized no-regret learners, communicating
through the value function estimations while ours is decentralized.

On the other hand, diverging from the canonical temporal difference scheme makes the Monte
Carlo evaluation a natural choice for our reduction, as detailed in Section 4. This positions our work
within the realm of Monte Carlo methods: for example, Monte Carlo Exploring Starts (MCES) (Sut-
ton and Barto, 2018). Similar to MCES, our reduction associates each state with an independent
decision-maker using Monte Carlo estimations. The primary difference lies in the exploration tech-
nique: MCES uses exploring starts2, whereas in our reduction, exploration is partly delegated to the
bandit learners. Despite being considered as “one of the most fundamental open theoretical ques-
tions in reinforcement learning” (Sutton and Barto, 2018), MCES had relatively few guarantees
until recent works on its convergence (Wang et al., 2021; Liu, 2021; Dong et al., 2022; Winnicki
and Srikant, 2023), while an earlier result by Tsitsiklis (2002) requires more restrictive assumptions.

In terms of implementations and technical tools, our reduction aligns more closely with research
in the area of online MDPs (Even-Dar et al., 2009; Neu et al., 2010; Rosenberg and Mansour, 2019;
Jin et al., 2020). Specifically, Even-Dar et al. (2009) implemented a framework where each state is
managed by an expert algorithm, while Neu et al. (2010) proposed a model with a bandit learner

1. Õ(·) compresses polylog dependencies.
2. Exploring starts sample an initial (s0, a0) randomly for each episode, ensuring all (s, a) are visited infinitely often.
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assigned to each state. Yet, in the work on online MDPs, policy evaluation is still done in a temporal
difference fashion, which differs from our reduction. The “slowly changing” property required by
our reduction, is also an important insight from these works. One can analyze slowly changing
policies with their stationary distributions which are generally easier to handle, see Lemma 11 for
details. But in general our analysis is still very different because of our decentralized setup. We
further leveraged the slowly changing property to give our results in Section 5.2 and Section 5.3 to
address the corresponding difficulties raised by such decentralization.

Additional Related Works. We consider infinite-horizon discounted MDPs, akin to the setting
considered by the reduction in Cheng et al. (2020a). We would like to note that one could often
translate the results from infinite horizon setting to episodic setting but not vice versa (Ortner, 2020;
Wang et al., 2020b), because of infinite planning horizon and lack of restarting mechanism. In
contrast to episodic MDPs listed in Section 1, the study in the area of infinite-horizon discounted
MDPs (Wang et al., 2020b; Liu and Su, 2020; He et al., 2021; Zhou et al., 2021; Yang et al., 2021;
Yan et al., 2023, etc.) is relatively limited. In terms of planning horizon, in addition we have the
category of infinite horizon average reward setting (Auer et al., 2008; Ouyang et al., 2017; Talebi
and Maillard, 2018; Fruit et al., 2018b; Ortner, 2020; Dewanto et al., 2020; Wei et al., 2021; Zhang
and Xie, 2023, etc.). While the majority of works discussed above are measured by regret, the line
of works (Kakade, 2003; Strehl et al., 2006; Strehl and Littman, 2008; Kolter and Ng, 2009; Bartlett
and Tewari, 2009; Szita and Szepesvári, 2010; Lattimore and Hutter, 2012; Lattimore et al., 2013;
Dann and Brunskill, 2015; Modi et al., 2020; Xu et al., 2020, etc.) that established with sample
complexity of exploration (Kakade, 2003) is also a major direction.

3. Preliminaries

3.1. Discounted Infinite Horizon MDPs

A tabular MDP M is often described by a 5-tuple (S,A,P, r, γ), where S and A are finite state and
action spaces, respectively. We denote their cardinality by S := |S| and A := |A|. Let ∆(X) be
all probability distributions over space X , P : S × A → ∆(S) is the unknown stochastic transition
function, r : S ×A → ∆([0, 1]) is the unknown reward function, and γ ∈ [0, 1) is a discount factor.
Policy. A policy is a mapping π : S → ∆(A). In our case, a policy πt, at time t, is collectively
determined by the set of bandit learners, as each learner determines the strategy for a state πt(·|s),
see Algorithm 1 for details.
Value Functions. Given a policy π, the state value function V π(s) and state-action value function
Qπ(s, a) are defined as,

V π(s) := E

[ ∞∑
t=0

γtRt|π, S0 = s

]
, Qπ(s, a) := E

[ ∞∑
t=0

γtRt|π, S0 = s,A0 = a

]
.

Optimality. The optimal policy π∗ := argmaxπ V
π(s), for all s ∈ S . V ∗, Q∗ denote value func-

tions corresponding to π∗.
State Distributions. The state distribution ν at t+ 1 is recursively characterized by νt+1 := νtPπt ,
where Pπ is the transition kernel induced by π and we denote ν1 as the initial distribution. The
stationary distribution µ of a policy π is the left eigenvector of Pπ, i.e. µπPπ = µπ.

For brevity, we use Qt, Vt, µt to denote Qπt , V πt , µπt , respectively.
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3.2. Regret

An obstacle to address is the different languages used in bandits and infinite-horizon discounted
RL literature. While bandits community often measures algorithms’ performance by regret, the
community of infinite-horizon RL often uses the sample complexity of exploration (Kakade, 2003)
(sample complexity in short). These two notions are often not translatable to each other, as regret
measures the quantity of cumulative sub-optimailities but sample complexity counts the number of
sub-optimailities that violate a threshold ϵ. In addition to the difference between cumulative sub-
optimality value vs. number of sub-optimailities, the sample complexity is not a function of the total
number of rounds T . Two T -step optimal MDP learners, in the sense that they reach the optimal
policy in T steps, could be considered equally “good” in terms of sample complexity during those
initial T steps, but they could show significant differences in terms of regret measures.

To the end of a black-box reduction, we align the performance measures by leveraging a recent
regret definition for discounted infinite-horizon MDPs, used by Liu and Su (2020); He et al. (2021);
Zhou et al. (2021), which measures the cumulative sub-optimality V ∗(st) − Vt(st) that defined by
the state value function.

Definition 1 Regret for infinite-horizon discounted MDPs

Regret(T ) :=
T∑
t=1

[
V ∗(st)− Vt(st)

]
.

While this regret and sample complexity are not directly comparable (for example, a policy with
fewer, yet larger suboptimalities may have worse regret but better sample complexity, or vice
versa), bounds on sample complexity can however imply upper bounds on regret. He et al. (2021)
shows that a sample complexity bound of O(Mϵ−α) implies a maximum regret of O(M1/(α+1)(1−
γ)−1/(α+1)Tα/α+1). This suggests that, for instance, a O(ϵ−2) sample complexity implies a worst-
case regret of O(T 2/3). Although quantifying the tightness of this approximate translation is chal-
lenging, it offers a general sense of the regret notion’s strength. Further insights into the comparison
between sample complexity and this regret notion are discussed in Liu and Su (2020).

3.3. Assumptions

We make two additional assumptions.

Assumption 1 The stationary distributions are uniformly bounded away from zero.

inf
π,s

µπ(s) ≥ β for some β > 0.

Assumption 2 There exists some fixed positive τ such that for any two arbitrary distributions d
and d′ over S,

sup
π

||(d− d′)Pπ||1 ≤ e−1/τ ||d− d′||1,

where τ is the mixing time, we further assume τ ≥ 1 without loss of generality.

Assumption 2 bounds the mixing time, of Markov chain induced by some policy π, by τ . It also
implies the existence and uniqueness of stationary distribution µπ. These assumptions combined
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guarantee the MDP is “well behaved” in the sense that all states are likely to be visited often, thus
ensuring frequent updates for each bandit learner, regardless of the policy and starting point. This is
essential as an “out-dated” bandit would potentially hurt the overall performance. In addition, our
assumptions play a similar role to the exploring starts in MCES, as it ensures exploration over S,
akin to the exploration over S×A provided by exploring starts. These assumptions have been used
in prior work on online learning in MDPs such as that of Neu et al. (2010); Rosenberg and Mansour
(2019), and the latter is also made in literature of stochastic games such as Etesami (2022).3 For
scenarios without these assumptions, a counter-example is provided in Appendix A.

3.4. Slowly Changing Algorithms

Our main result requires that the bandits placed in each state are slowly changing, for which we now
provide a formal definition. To measure the change rate of an algorithm, we first introduce the 1-∞
norm. For a “conditional matrix” M(y|x), it is defined as ||M||1,∞ := maxx

∑
y |M(y|x)|, which

can be used to measure the difference between two policies ||π − π′||1,∞ = maxs
∑

a[π(a|s) −
π′(a|s)].

Definition 2 (Slowly Changing) An algorithm A is slowly changing with a (non-increasing) rate
of cT if, for all t, ||πt+1 − πt||1,∞ ≤ cT , where πt is the policy produced by A at time t.

Note that, throughout this paper, we assume the number of rounds T is known. When T is unknown,
it can be managed using the standard doubling trick, see Shalev-Shwartz et al. (2012) for example.

Our analysis relies on using bandits in our algorithm that themselves are slowly changing. This
slowly changing definition also applies to bandit algorithms, as one could consider the state space
of bandit learners as a singleton {s}. The assumption of slowly changing bandits is mild and has
been used in prior works on online learning in MDPs, such as Even-Dar et al. (2009); Neu et al.
(2010). For completeness, we prove in Section 6 that EXP3 (Auer et al., 2002) is slowly changing
in this respect, a fact also observed and indirectly used by Neu et al. (2010).

4. A Black-Box Algorithm

We now present our framework in Algorithm 1, which is based on a slowly changing bandit al-
gorithm, referred to as LOCAL. Accordingly, Algorithm 1 is named MAIN. The key idea of our
reduction is to deploy an instance of LOCAL in each state, thereby determining the strategy for that
particular state.

Furthermore, we require that this bandit algorithm can accommodate delayed feedback. Ro-
bustness to delays allows us to wait to provide feedback to the algorithm, until a time such that the
difference between the return at that time and the return of the full trajectory is sufficiently small,
ensuring the return estimation is sufficiently accurate for the corresponding action pulled. We dis-
cuss how delayed feedback can be addressed in a black-box fashion in Section 5.4. In addition, as
bandits may be updated over the course of the trajectory, the slowly changing property guarantees
these changes have only a “small” effect on the expected return. Combined, these properties ensure
that error in the feedback used to update the bandit, relative to the true value, is manageable.

3. Our setting is akin to cooperative games to certain extend, in the sense that local learners aimed to maximize shared
global payoff without knowing the strategy of its co-learners.
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Algorithm 1: (MAIN) Bandits for MDPs

Require: γ ∈ [0, 1), T,H :=
⌈
logγ

1−γ√
T

⌉
, LOCAL

Initialize: {LOCALs : s = 1, 2, · · · , |S|} ▷ Initialize one instance for each state.
for t = 1, 2, . . . , T do

Observe state St

Obtain action distr. πt(·|St) (from LOCALSt)
Draw At ∼ πt(·|St)
Observe reward Rt

if t > H then
Cumulative gain Ḡt−H =

∑t
i=t−H γiRi

Return Ḡt−H to LOCALS{t−H} as feedback ▷ Delayed feedback and local update.
end

end

4.1. Monte Carlo Estimator

To estimate the value of a policy, one could straightforwardly use a Monte Carlo estimator Gt :=∑∞
i=t γ

i−tRi, as implemented in methods such as REINFORCE and MCES (Sutton and Barto,
2018). In our setting of infinite horizon MDPs, we practically use its finite horizon counterpart
Ḡt :=

∑t+H
i=t γi−tRi, with the effective horizon H = O(log

√
T/ log(1/γ)) = Õ(1/ log(1/γ)), as

defined in Algorithm 1. However, given that our policy changes due to local bandit updates during
the period of collecting Gt, Gt is not an unbiased estimator of Qt(St, At). This issue also applies
to Ḡt. Instead, Gt and Ḡt are unbiased to the conditional expectations below,

Ut(s, a) := E[Gt|St = s,At = a,Ft−1], Ūt(s, a) := E[Ḡt|St = s,At = a,Ft−1].

Note that Ut is a non-stationary analogue of action-value function Qt. The difference is that
Qt(s, a) depends only on the stationary policy πt while Ut depends on the past histories Ft−1 :=
{(Si, Ai, Ri) : 1 ≤ i ≤ t − 1}, in additional to the MDP. As with Qt, Ut is well defined even at
states and actions other than those visited at time t.

5. Regret Analysis

In developing the proof for our main theorem, Theorem 20, we (1) begin by decomposing the
global regret into local regrets; (2) then address the challenges posed by our algorithm designs and
the regret decomposition; (3) and conclude the final theorem with prior results.

5.1. Global to Local

We begin by defining local regret with oracle feedback (referred to as local regret when no confusion
arises) as follows,

Definition 3 For s ∈ S, the local regret with oracle feedback Qt is defined as:

Rs(T ) :=
T∑
t=1

[
Ea∼π∗(s)Qt(s, a)− Ea∼πt(s)Qt(s, a)

]
=

T∑
t=1

∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a).
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We adapt the idea by Even-Dar et al. (2009) that the global regret can be decomposed into local
ones, to our discounted setting along with the new (global) regret definition. In Lemma 4, we show
that the expected regret of learning in MDPs can be bounded by the cumulative regret of the set of
local bandit problems, assuming the feedback Q-functions are given by an oracle. This can be done
with the help of performance difference lemma (Kakade and Langford, 2002; Kakade, 2003), which
is deferred to Appendix D along with the proof of Lemma 4.

Lemma 4 The global Regret(T ) can be bounded by the cumulative local regret, scaled by 1
1−γ

Regret(T ) =

T∑
t=1

(V ∗(st)− V πt(st)) ≤
1

1− γ

∑
s∈S

Rs(T ).

Now we decompose our problem into smaller pieces, where each state is in fact corresponding
to a LOCAL bandit learner. This decomposition allows us to conduct analysis at the bandit level.

5.2. Objective Mismatch

While Lemma 4 helps us to break down our problem into sub-problems, it also introduces some
challenges. The first major challenge is the discrepancy between the oracle feedback Qt and our
approximation target Ūt. As discussed in Section 4.1, Ḡt is an unbiased estimator of Ūt but is biased
to Qt, while the local regret Rs is unfortunately measured using Qt. Therefore, we refer to this issue
as objective mismatch.

To address the mismatch between objectives, we rely on the slowly changing property. Intu-
itively speaking, the deviation of expected return, Ūt versus Qt, should be relatively small if the
policy changes sufficiently slow. Thanks to the slowly changing guarantee, we show that one could
bound the gap between Ūt and Qt in Lemma 5.

Lemma 5 If MAIN is slowly changing with a rate of cT , then

∣∣Ūt(s, a)−Qt(s, a)
∣∣ ≤ H(S +HA)

1− γ
cT +

1√
T
.

This gap shows that the additional error introduced by the non-stationarity during the effective
horizon H can be controlled. We defer its proof to Appendix E as it is quite technical.

Corollary 6 Let RŪ
s (T ) :=

∑T
t=1

∑
a∈A(π

∗(a|s)− πt(a|s))Ūt(s, a), we have

∣∣∣RŪ
s (T )−Rs(T )

∣∣∣ ≤ 2H(S +HA)

1− γ
cTT + 2

√
T .

Corollary 6 shows that the difference between local regret measured with Ūt and local regret
with oracle feedback Qt is manageable, if cT is sufficiently small. It hence allows us to analyze the
local problems using the oracle feedback Qt, instead of Ūt that the actual feedback Ḡt approximates.
This largely simplifies our subsequent analysis as Qt is much easier to handle.
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5.3. Sticky Bandits

Another challenge is that at each time we are only in a single state so only a single bandit is updated,
while local regret Rs(T ) is measured over the entire time span T . We term this the sticky bandit
setting, in the spirit of sticky actions in the Arcade learning environment (Machado et al., 2018),
because from the perspective of a bandit it is given feedback and the opportunity to change its policy
only occasionally.

5.3.1. GENERAL DEFINITIONS

We start with a general definition to isolate the issue of sticky bandits.

Definition 7 (Sticky Bandit) Let T be the total number of rounds, and Xi be the time t at which
the bandit is allowed to act for the i-th time. The action is sticky in the sense that pt(a) = pXi(a)
for Xi ≤ t < Xi+1, where pt is the distribution over A at time t.

As the decomposition lemma requires the regret of a local bandit during the full time span T , we
thereby define three regret notions, full (time) span regret, observed regret and unobserved regret.

Definition 8 Full-span regret Rfs(T ), observed regret Rob(T ) and unobserved regret Run(T )

Rfs(T ) :=
T∑
t=1

∑
a∈A

(p∗t (a)− pt(a)) rt(a)

Rob(T ) := E{Xi}
∑

t∈{Xi}

∑
a∈A

(p∗t (a)− pt(a)) rt(a)

Run(T ) := Rfs(T )−Rob(T ).

It is note-worthy that Rfs(T ) degenerates to local regret Rs(T ), if one apply pt(a) = πt(a|s),
p∗t = π∗(a|s) and rt(a) = Qt(s, a). Therefore, if one could prove that sub-linear observed regret
implies sub-linear full-span regret, then we could translate observed regret of local bandits to global
regret in MDPs. Assumptions made in Section 3.3 ensure that each state will be visited sufficiently
often, meaning each local bandit will be updated often. However, it is also generally impossible for
an arbitrary bandit algorithm to be no-regret, for the full time span, with these assumptions alone.
A Hard Instance for Sticky Bandits. Consider a sticky and adversary setting with two actions a1
and a2. We assume the bandit learner is only able to pull every 10 rounds and the first pull is at
t = 1 without loss generality. And the adversary choose the reward function below

ra1(t) =

{
1 t%10 ∈ [1, 5],

0 otherwise.
ra2(t) =

{
0 t%10 ∈ [1, 5],

1 otherwise.

Then a bandit learner is likely leaning to pull a1, as it is never able to observe that a2 achieves
a reward of 1. It in turn implies that the bandit player will have an O(T ) full-span regret. This
challenge is caused by the possibility of dramatic reward changes. Therefore one could not predict
what is the regret while the bandit player cannot pull and observe, even if it pulls frequently enough.
However, in Section 5.3.2 we prove that the reward/feedback function of local bandits are also in
the family of slowly changing functions. Therefore one could estimate the regret occurred, when
bandits are not able to react, by its latest regret seen.

8



BANDIT ALGORITHMS FOR MDPS

5.3.2. LEARNING IN MDPS

We now connect these regret definitions to learning in MDPs, by applying π∗ as the comparator and
Qt as the feedback function.

Definition 9 Full-span regret, observed and unobserved regret in MDPs are defined as follows

Rfs-mdp :=
∑
s∈S

T∑
t=1

∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a) =:
∑
s∈S

Rs(T ) ≥ (1− γ)Regret(T )

Rob-mdp :=
∑
s∈S

T∑
t=1

νt(s)
∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a) Run-mdp := Rfs-mdp −Rob-mdp

where the inequality follows from Lemma 4, and νt := νt−1Pπt−1 denotes the state distribution at
t.

In MDPs, the full-span regret Rfs-mdp is simply defined by accumulating all local regret Rs(T ),
given the aforementioned choices of comparator and feedback function. The observed regret Rob-mdp

similarly accumulates the observed local ones, based on the state visitation distribution νt.
It is clear that the observed regret is sub-linear if the bandit learners are no-regret. However,

this conclusion is not sufficient to help us infer anything about full-span regret. As discussed in
Section 5.3.1, the first challenge is the potential dramatic change of feedback, which in turn leads
to difficulty to measure the unobserved regret. We show, in Lemma 10, that Qt is indeed slowly
changing because πt is, with its proof deferred to Appendix F.

Lemma 10 If MAIN is slowly changing with a non-increasing rate of cT , we have

|Qt+n(s, a)−Qt(s, a)| ≤
(S +HA)n

1− γ
cT +

2√
T
.

The second difficulty is raised by the state distribution νt. It is generally difficult to analyze
νt because it is a product of a sequence of prior policies. We therefore leverage the insight from
the online MDPs literature (Even-Dar et al., 2009; Neu et al., 2010) that νt is close to its stationary
distribution µt if the algorithm is slowly changing, as shown in Lemma 11 whose proof can be found
in Appendix G. It is much easier to conduct analysis with the stationary distributions.

Lemma 11 If the sequence of policies {πt} is slowly changing with rate cT , then

||νt − µt||1 ≤ τ(τ + 1)cT + 2e−(t−1)/τ .

Corollary 12 As a result of Lemma 11, one could bound the observed/unobserved regret as follows,

Rob-mdp ≤ κT +
∑

s∈S

∑T

t=1
µt(s)

∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a)︸ ︷︷ ︸=:R̃ob-mdp

Run-mdp ≤ κT +
∑

s∈S

∑T

t=1
(1− µt(s))

∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a)︸ ︷︷ ︸=:R̃un-mdp

κ =
(
τ(τ + 1)cT + 2e−(t−1)/τ

)/
(1− γ).
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These bounds are useful as µt is uniformly bounded below given Assumption 1, which in turn
implies uniformly sufficient visitation. Combined with the slowly changing feedback as established
in Lemma 10, these conditions together are adequate to address the challenges posed by the sticky
bandit issue. We have now converted the original problem associated with νt, to a surrogate problem
with stationary distributions µt.

The observed and unobserved regret, R̃ob-mdp and R̃un-mdp, for this surrogate problem are defined
in Corollary 12. Bounding the surrogate unobserved regret R̃un-mdp leads to a bound of the original
regret Run-mdp. Now we are ready to show, in Lemma 13, that R̃un-mdp can be bounded by R̃ob-mdp

up to a factor β as well as additional terms that are sub-linear in T , with proper choice of cT .

Lemma 13 If Assumption 1 and 2 are satisfied, and the LOCAL learner is slowly changing with a
rate cT , we have

R̃un-mdp(T ) ≤ R̃ob-mdp(T )

β
+

2(S +HA)

(1− γ)β3
cTT + 4S

√
T .

It in turn leads to our second key result regarding the full-span regret Rfs-mdp(T ) in Corollary 14,
following from Corollary 12 and Lemma 13.

Corollary 14 Suppose assumption 1 and 2 are satisfied. If a slowly changing LOCAL bandit, with
a rate of cT , enjoys Rob-mdp(T ) = Õ(g(·)S

√
T ) observed regret, then the full-span regret is

Rfs-mdp(T ) = Õ
(
g(·)S
β

√
T +

(
S +HA

(1− γ)β3
+

τ2

1− γ

)
cTT

)
where g(·) is a function of other problem parameters, such as A and H , specified in later sections.

5.4. Delayed Feedback

Due to our construction, we introduced constant feedback delays into our Algorithm 1. For the
purpose of black-box reduction, one need to address the delays in a black-box fashion. We leverage
the result from Joulani et al. (2013), which bounds the regret of delayed problems for arbitrary bandit
algorithm with its non-delayed guarantees. They provide a black-box algorithm for (arbitrary) delay.
The algorithm is presented in Algorithm 2, in the context of constant delay. However, this step
may not be necessary in practice, as many adversary bandit algorithms have been shown robust to
constant delay (Neu et al., 2010; Joulani et al., 2013; Cesa-Bianchi et al., 2016; Pike-Burke et al.,
2018; Bistritz et al., 2019; Thune et al., 2019), etc. See further discussion in Section 6.2.

The essence of the construction is using H+1 BASE instances, so that each instance can update
after receiving the feedback of its last decision. Therefore, a delayed problem is reduced to H + 1
non-delayed problems. Now it is possible to handle the delayed feedback in a black-box fashion.

Lemma 15 [Joulani et al. (2013)] Suppose that the BASE used in LOCAL enjoys an expected
regret bound RBASE(T ) in non-delayed setting. Assume, furthermore, that the delays are constant
H . Then the expected regret of LOCAL after T time steps satisfies

RLOCAL ≤ (H + 1)RBASE (T/(H + 1)) .

Corollary 16 Suppose BASE has Õ(f(A)
√
T ) regret, Algorithm 2 then enjoys Õ(f(A)

√
HT )

regret, where f(A) denotes the dependency on A.
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Algorithm 2: (LOCALs) black-box online learning under (constant) delayed feedback

Require: constant delay H

Initialize: BASEh
s : h = 1, 2, . . . ,H + 1

for t = 1, 2, . . . , T do
Set ht = [t mod (H + 1)] + 1

Choose BASEht
st to make prediction

if t > H then
Receive feedback Ḡt−H

Update BASE
ht−H
st−H with Ḡt−H

end
end

5.5. MAIN is Slowly Changing

To summarize, the black-box reduction flow is now

MAIN
Algo. 1−−−−→ LOCALs

Algo. 2−−−−→ BASEh
s

with O(H) bandit learners per state, and O(HS) in total.
While Section 5.2 and Section 5.3 rely on the slowly changing property of MAIN, we have

not yet show that MAIN is slowly changing if BASE is slowly changing. It is not difficult to see
that MAIN is slowly changing if LOCAL is. The corresponding lemma and its proof can be found
in Appendix I. Unfortunately, even if BASE is slowly changing, LOCAL is not necessarily slowly
changing due to the switching mechanism - alternating among various BASE instances - designed
by Algorithm 2, as each of the H + 1 BASE bandits could have arbitrarily different policies.

However, one could preserve the slowly changing property by incorporating the timestep h as
part of the state. In other words, one could augment the state space S by concatenating a state s with
a time stamp h ∈ H := {1, 2, . . . ,H + 1}. Definition 17 gives a formal statement of H-augmented
MDPs. Similarly, constructing timestep (of episodes) as part of the state is often seen in episodic
settings (Jin et al., 2018; Wang et al., 2021, etc.).

Definition 17 Given a MDP M = (S,A,P, r, γ), and let H := {1, 2, . . . ,H + 1}. We define
the H-argumented MDP as M̃ = (S̃,A, P̃, r̃, γ), where S̃ := S × H, r̃(s ◦ h, a) := r(s, a),
P̃(s◦h, a, s′ ◦h′) := P(s, a, s′)1 {h′ = [h+ 1modH + 1]}, where 1 {·} is indicator function and
◦ denotes concatenation.

Lemma 18 While applying Algorithm 2 as LOCAL, π̃ is slowly changing in M̃, where π̃t(a|s ◦
h) := πt(a|s) and πt is produced by MAIN.

Proof of Lemma 18 is deferred to Appendix I. The switching mechanism in Algorithm 2 is now
part of the transition function and it is then possible to preserve the slowly changing property. The
costs are that (1) we increased the cardinality of state space to O(HS), (2) the stationary distribution
is now bounded below by O(β/H), as β was a uniform bound which is therefore independent of t
and h. For completeness, Lemma 19 shows that M̃ satisfies our assumptions on M. The proof is
deferred to Appendix J. Besides, as π uniquely determines π̃, we therefore simply use π to denote
π̃ for brevity, for example we write µ̃π, P̃π instead of µ̃π̃, P̃π̃.

11
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Lemma 19 If assumption 1 and assumption 2 hold for an MDP M, then for its H-augmented
counterpart M̃,

(1) there is an unique stationary distribution µ̃π for any π;
(2) infπ,s̃ µ̃π(s̃) ≥ β/(H + 1), where s̃ ∈ S̃;
(3) supπ ∥(d̃− d̃′)P̃π∥1 ≤ e−1/τ∥d̃− d̃′∥1, for any d̃, d̃′.

5.6. Main Theorem

We are now ready to present our main theorem. Theorem 20 concludes our reduction from RL to
adversary bandits, by combining our prior results.

Theorem 20 When assumption 1 and assumption 2 hold, apply Algorithm 2 as LOCAL, suppose
BASE of Algorithm 2 enjoys Õ(f(A)

√
T ) expect regret in standard adversary setting and is slowly

changing with rate cT , then MAIN enjoys an expect regret of

Regret(T ) = Õ
(
H2.5Sf(A)

(1− γ)β

√
T +

τ2H4S(S +A)

(1− γ)2β3
cTT

)
.

where f(A) is the dependency on A of running BASE in a standard adversarial non-delayed setting.

Proof The regret analysis is structured into aforementioned components. Let’s first consider the
full-span regret that accumulates all local regrets Rfs-mdp =

∑
s∈S Rs(T ).

1. Delayed Feedback: Given Corollary 16, LOCALs has a regret of Õ(f(A)
√
HT ) for state s.

2. Sticky Bandits: Since the observed regret at state s is now at most Õ(f(A)
√
HT ), applying

g(A,H) = f(A)
√
H for Corollary 14 leads to Õ

(√
HSf(A)

β

√
T +

(
S+HA
(1−γ)β3 + τ2

1−γ

)
cTT

)
.

3. Objective Mismatch: Corollary 6 establishes that the additional error from objective mismatch
is at most

∑
s 2(mcTT +

√
T ), where m = H(S +HA)/(1− γ). It in turn leads to a bound

of Õ
(√

HSf(A)
β

√
T +

(
S+HA
(1−γ)β3 + τ2

1−γ + HS(S+HA)
1−γ

)
cTT

)
.

4. H-augmented MDPs: As we expand S to S̃, the cardinality of state space is then O(HS). To
accommodate this expansion, we replace S with HS and β with β/H , leading to a bound of
Õ
(
H2.5Sf(A)

β

√
T +

(
H4(S+A)
(1−γ)β3 + τ2

1−γ + H3S(S+A)
1−γ

)
cTT

)
.

We now translate Rfs-mdp into Regret(T ).

5. Lemma 4 establishes that Regret(T ) ≤ 1
1−γ

∑
s∈S Rs(T ) = 1

1−γR
fs-mdp, leading to the

regret bound of Õ
(
H2.5Sf(A)
(1−γ)β

√
T + τ2H4S(S+A)

(1−γ)2β3 cTT
)
.

This concludes our main result.

Corollary 21 Suppose the conditions in Theorem 20 are met. Given that H = O(log
√
T/log(1/γ)),

when γ is close to 1, the bound presented in Theorem 20 becomes Õ
(

Sf(A)
(1−γ)3.5β

√
T + τ2S(S+A)

(1−γ)6β3 cTT
)
.
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6. Case Study: EXP3

We further extend our discussion on our reduction by providing an example with a well-known
exponential-weight bandit algorithm EXP3 (Auer et al., 2002).

6.1. EXP3 as BASE

We first present a regret bound while applying EXP3 as BASE in our reduction. In a standard
adversarial non-delayed setting EXP3 has Õ(

√
AT ) regret (Auer et al., 2002) and a slowly-changing

rate of cT = Õ(
√

1/AT ). Applying Theorem 20 with aforementioned regret and changing rate
leads to Corollary 22, and discussion on this rate cT can be found in Section 6.3 and Appendix K.

Corollary 22 Applying EXP3 as BASE, MAIN has a regret bound of Õ
(
τ2H4S(S+A)
(1−γ)2β3

√
T
)

, which

becomes Õ
(
τ2S(S+A)
(1−γ)6β3

√
T
)

, when γ is close to 1.

6.2. EXP3 as LOCAL

It is known that the optimal regret is Õ(
√
(A+ z)T ) for constant delay z (Cesa-Bianchi et al.,

2016), and remarkably, EXP3 achieves the optimal bound (Thune et al., 2019). Furthermore, for un-
restricted delays, Bistritz et al. (2019) and Thune et al. (2019) show that EXP3 enjoys Õ(

√
AT + Z)

, where Z is the total delay. EXP3 therefore enjoys Õ(
√
(A+H)T ) regret under our delay H .

In previous sections, we use Algorithm 2 as LOCAL, for the purpose of black-box reduction.
However, LOCAL can be any delay-robust adversarial bandit algorithm, such as EXP3. Corollary 23
establishes the result when one use EXP3 as LOCAL, refining the dependency on H compared to
Corollary 22, which handles delays in a black-box fashion using Algorithm 2.

Corollary 23 When using EXP3 as LOCAL, the observed regret of LOCAL is Õ(
√

(A+H)T ),
and MAIN meets the slowly changing condition without needing the H-augmented trick, leading to
a regret of Õ

(
τ2(HS2+H2SA)

(1−γ)2β3

√
T
)

, which turns to Õ
(
τ2(S2+SA/(1−γ))

(1−γ)3β3

√
T
)

when γ is close to 1.

6.3. EXP3 is Slowly Changing

It can be shown that EXP3 meets the slowly changing requirement with a rate of ηT /A, where ηT is
the learning rate of EXP3. See Appendix K for a pseudocode of EXP3 and the proof of Lemma 24.

Lemma 24 Let ηt be the learning rate of EXP3, EXP3 is slowly changing with a rate of O(ηT /A),
assuming the feedback is bounded within the range [0, 1/(1− γ)].

We note that to achieve Õ(
√
AT ) regret EXP3 is run with a learning rate of ηT = Õ(

√
A/T ),

which means it is slowly changing with a rate of cT = Õ(
√

1/AT ).

7. Conclusion

In this work, we explore the mathematical connections between RL and bandits, in a natural decen-
tralized setting. Our result could serve as a theoretical tool to facilitate generalizing existing bandit
results to MDPs, as demonstrated with the example of delayed feedback in Section 5. It can also be
linked to multi-agent RL and Monte Carlo methods, as discussed in Section 1 and 2. However, our
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results require additional assumptions, and the parameter dependencies, such as those on S and H ,
could still be improved. We further extend our discussion on these limitations and future directions.

One limitation of our work is the need for two extra assumptions not typically needed for dis-
counted infinite-horizon MDPs. These assumptions ensure that all states are visited sufficiently
often, hence making the exploration in MDPs less difficult. Yet it remains unclear to us whether
more aggressive local exploration or algorithm-dependent exploration incentives for local bandit
learners could mitigate the need for these assumptions. However, from the perspective of Monte
Carlo learning, our assumptions play a role akin to the exploring starts in the MCES algorithm,
as both ensure adequate exploration. Hence, eliminating such assumptions could be an important
direction for our framework with Monte Carlo evaluation. Another limitation of our result is the
relatively large dependency on parameters such as the effective horizon H and the state space size
S. In Section 6, we show that the dependency on H can be refined if one directly applies EXP3 as
LOCAL. As for the dependency on S, we believe that, in our current framework, one could not do
better than linear dependency on S, as accounting for possible policy changes on all states during
the effective horizon H unavoidably creates an additional S. While our work considers adversarial
bandits, the varying feedback is in fact not caused by the environment but by the policy changes of
its co-learners. Hence, alleviating the requirement of adversarial bandits to stochastic ones could be
another important direction. For example, one may consider stochastic bandit algorithms with pre-
defined policy-change times to address the non-stationary feedback, since it is known that stochastic
bandits attain optimal bounds when the number of changes is known in advance (Auer et al., 2019).
Moreover, while we focus on the tabular setting, prior work (Brown et al., 2019) has shown how al-
gorithms using a regret minimizer in every state, such as CFR (Zinkevich et al., 2007), have practical
implementations via function approximation, which could be another intriguing direction.
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Appendix A. A Hard Instance

s1 s2 s3 . . . sN

w.p.1, r=0

1/3, 1

1/3, 0

1/3, 1

1/3, 1

1/3, 0

1/3, 1

1/3, 1

1/3, 0

1/3, 1

1, R

Figure 1: A hard instance for bandits,
p,r−−→ denotes transition probability p and reward r.

Consider the following deterministic MDP, where most nodes, except s1 and sN , have three
actions l1, l2 and r, which stand for action going left and action going right, respectively. And let
S0 = s1 w.p. 1. Going left with l1, l2 always admits a small reward 1, but the transition sN → s1
has a large reward R.

Now we place in each state a bandit learner. As bandits are often initialized to assign equal
probability to all actions, therefore p(At = r) ≤ p(At = li) prior to the first time hitting sN .
Therefore, one could consider a uniform policy π(a|si) = 1/3 for a = l1, l2, r, without losing
generality.

As a result, the Markov chain induced by π is equivalent to random walking on positive integers
with a biased coin, prior to first hitting sN . Let Mn be the first hitting time of sn, then Eπ[Mn] =
O(2n). Let N be O(

√
T ), as if N ≥ T then no policy can be no-regret, (and for example, one

could choose R = Ω(1/γT ) so that the optimal policy is π∗(r|s) = 1). Then, we have Eπ[MN ] =

O(2
√
T ) ≥ O(T ). The expected first hitting time Eπ[MN ] being O(2

√
T ) implies bandits will have

O(T ) expected regret. Besides, O(T ) first hitting time implies that this instance is an violation of
our assumptions. Therefore, we need additional assumptions on MDPs made in Section 3.3.

But this instance will not be an issue for temperal difference approaches with UCB exploration,
for example ∞-UCB (Wang et al., 2020b). UCB exploration assigns an exploration bonus to all
(s, a) pairs based on the number of visitations of (s, a). Therefore, the states on the right will
carry a larger bonus because they are rarely visited and the bonus will be propagated via temperal
difference backupsto states on the left. As a result, ∞-UCB will be encouraged to choose r for
exploration, although one has to fine-tune the value of bonus. In contrast to our approach, one could
consider UCB exploration is centralized as there is a central controller to compute exploration bonus
for all state-action pairs (s, a). As our reduction is in a decentralized setting, explorations purely
rely on independent bandit learners, which leads to this additional difficulty.
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Appendix B. Technical Tools

We first introduce some technical tools, which are useful for our omitted proofs

Lemma 25 || · ||1,∞ is a norm

Proof. Let X and Y be n by m matrices, and Xij be the element corresponding to row i and col j
Triangle inequality:

||X + Y ||1,∞ = max
i

∑
j

|(X + Y )ij | ≤ max
i

∑
j

(|Xij |+ |Yij |) (1)

≤ max
i

∑
j

|Xij |+max
i

∑
j

|Yij | = ||X||1,∞ + ||Y ||1,∞ (2)

Absolute homogeneity:

||aX||1,∞ = max
i

∑
j

|(aX)ij | = |a|max
i

∑
j

|Xij | = |a| × ||X||1,∞ (3)

Positive definiteness (||X||1,∞ = 0 ⇐⇒ X = 0):

1. Let ||X||1,∞ = 0,

||X||1,∞ = max
i

∑
j

|Xij | = 0 (4)

implies Xij = 0 for all i, j

2. Let X = 0

||0||1,∞ = max
i

∑
j

|0| = 0 (5)

Non-negativity:

||X||1,∞ = max
i

∑
j

|Xij | ≥ 0 (6)

■
One can easily extend the slowly changing property in Definition 2 to a multi-step version,

Lemma 26 If an algorithm A is slowly changing with a non-increasing rate of cT , then

||πt+k − πt||1,∞ ≤ kcT (7)

Proof. Trivially by triangle inequality.

||πt+k − πt||1,∞ ≤
k−1∑
i=0

||πt+i+1 − πt+i||1,∞ ≤
k−1∑
i=0

cT ≤ kcT (8)

■
It is useful to quantify the state distribution gap by following different policies, starting from the

same initial state distribution.
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Lemma 27 Suppose ||π − π′||1,∞ ≤ c. Then, for any state distribution vector d, we have

||dPπ − dPπ′ ||1 ≤ c (9)

where Pπ is the transition matrix induced from π.

Proof.

||dPπ − dPπ′ ||1 =
∑
s′

|dPπ(s′)− dPπ′
(s′)| (10)

=
∑
s′

|
∑
s

[d(s)Pπ(s, s′)− d(s)Pπ′
(s, s′)]| (11)

≤
∑
s′

∑
s

d(s)|Pπ(s, s′)− Pπ′
(s, s′)| (12)

=
∑
s′

∑
s

d(s)|
∑
a

P(s, a, s′)π(a|s)− P(s, a, s′)π′(a|s)| (13)

≤
∑
s′

∑
s

∑
a

d(s)P(s, a, s′)|π(a|s)− π′(a|s)| (14)

=
∑
s

d(s)
∑
a

|π(a|s)− π′(a|s)| (15)

≤
∑
s

d(s)||π − π′||1,∞ = c (16)

■
Similarly, it is also helpful to bound the state distribution difference after following the same

policy, if starting from different state distribution.

Lemma 28 For any state distribution vectors d and d′, we have

||dPπ − d′Pπ||1 ≤ ||d− d′||1 (17)

where Pπ is the transition matrix induced from π.

Proof.

||dPπ − d′Pπ||1 =
∑
s′

|dPπ(s′)− d′Pπ(s′)| (18)

=
∑
s′

|
∑
s

[d(s)Pπ(s, s′)− d′(s)Pπ(s, s′)]| (19)

≤
∑
s′

∑
s

Pπ(s, s′)|d(s)− d′(s)| (20)

=
∑
s

|d(s)− d′(s)|
∑
s′

Pπ(s, s′) (21)

= ||d− d′||1 (22)

■
The case when starting from different distribution and following different policies for one step.
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Lemma 29 Given policies π and π′, and state distribution vectors d and d′, if ||π − π′||1,∞ ≤ c
and ||d− d′||1 ≤ δ, then we have

||dPπ − d′Pπ′ ||1 ≤ c+ δ (23)

Proof.

||dPπ − d′Pπ′ ||1 = ||dPπ − dPπ′
+ dPπ′ − d′Pπ′ ||1 (24)

≤ ||dPπ − dPπ′ ||1 + ||dPπ′ − d′Pπ′ ||1 (25)

by Lemma 28 and Lemma 27

≤ ||dPπ − dPπ′ ||1 + ||d− d′||1 (26)

≤ c+ δ (27)

■

Appendix C. Key Technical Lemma

Extension to n-step case

Lemma 30 Given two set of policies (of equal size) {π1, . . . , πk, . . . , πK} and {π′
1, . . . , π

′
k, . . . , π

′
K}

and initial state distribution vectors d and d′. If ||πk − π′
k||1,∞ ≤ c and ||d − d′||1 ≤ δ, then we

have

||d(Pπ1 · · ·PπK )− d′(Pπ′
1 · · ·Pπ′

K )||1 ≤ Kc+ δ (28)

Proof. We prove this by induction on K,

K = 1: by Lemma 29

||dPπ1 − d′Pπ′
1 ||1 ≤ c+ δ (29)

K = n: assume we have,

||d(Pπ1 · · ·Pπn)− d′(Pπ′
1 · · ·Pπ′

n)||1 ≤ nc+ δ (30)

K = n+ 1:

||d(Pπ1 · · ·Pπn+1)− d′(Pπ′
1 · · ·Pπ′

n+1)||1 (31)

= ||dnPπn+1 − d′nPπ′
n+1 || (32)

≤ nc+ δ + c (33)

■

Corollary 31 Let πt be slowly changing with non-increasing rate cT , then we have ||πt+n −
πt||1,∞ ≤ ncT . Apply Lemma 30 with πk = πt+n, π′

k = πt and d = d′, then

||d(Pπt+n)K − d(Pπt)K ||1 ≤ KncT (34)
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Corollary 32 Let πt be slowly changing with non-increasing rate cT , then we have ||πt+n −
πt||1,∞ ≤ ncT . Apply Lemma 30 with πk = πt+k−1, π′

k = πt and d = d′, then

||d (Pπt · · ·Pπt+K−1)︸ ︷︷ ︸
K transition kernels

−d(Pπt)K ||1 ≤ K2cT (35)

Corollary 33 Let πt be slowly changing with non-increasing rate cT , then we have ||πt+n −
πt||1,∞ ≤ ncT . Apply Lemma 30 with πk = πt+n+k−1, π′

k = πt+k−1 and d = d′, then

||d (Pπt+n · · ·Pπt+n+K−1)︸ ︷︷ ︸
K kernels

−d (Pπt · · ·Pπt+K−1)︸ ︷︷ ︸
K kernels

||1 ≤ KncT (36)

These lemmas and corollaries describe how the state distribution would change by follow-
ing different sequence of policies, which will be eventually used to prove Lemma 5 that bounds
|Ūt(s, a)−Qt(s, a)| and Lemma 10 that bounds |Qt+n(s, a)−Qt(s, a)|.

Appendix D. Proof of Lemma 4 (Decomposition Lemma)

We first introduce Performance Difference Lemma (Kakade and Langford, 2002; Kakade, 2003)

Lemma 34 (Performance Difference Lemma.) Let M be an MDP, then for all stationary policies
π and π′, and for all s0 and γ,

V π′
(s0)− V π(s0) =

1
1−γ Es∼dπ′

s0
Ea∼π′ [Qπ(s, a)− V π(s)]

where dπ
′

s0(s) = (1 − γ)
∑∞

t=0 γ
t Pr(St = s|π′,M, S0 = s0) is the normalized discounted occu-

pancy measure starting from s0 and following π′.

Lemma 4 The expected regret in MDPs can be reduced to cumulative local regret with oracle
feedback Qt

Regret(T ) ≤ 1
1−γ

∑
s∈S

Rs(T ) (37)

Proof. Let {πt : 1 ≤ t ≤ T} be the sequence of policies obtained by running by any algorithm A.

Regret(T ) =
T∑
t=1

V ∗(st)− Vt(st) (38)

apply Performance Difference Lemma 34 with π′ = π∗ and π = πt

= 1
1−γ

T∑
t=1

Es∼dπ∗
st

Ea∼π∗ [Qt(s, a)− Vt(s)] (39)

= 1
1−γ

T∑
t=1

Es∼dπ∗
st

∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a) (40)

≤ 1
1−γ

T∑
t=1

∑
s∈S

∑
a∈A

(π∗(a|s)− πt(a|s))Qt(s, a) (41)
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by definition 3

= 1
1−γ

∑
s∈S

Rs(T ) (42)

■

Appendix E. Proof of Lemma 5 (Objective Mismatch)

As the local regret considers objective of state-value function Qt but our Monte Carlo estimator
approximate the target Ūt, we now show the gap is bounded.

We define Q̄t := E[
∑H

t=0 γ
tRt|π, S0 = s,A0 = a], a finite horizon counterpart of Qt, we will

use this notation for proof in later sections as well. We first show the gap between Qt and Q̄t, as it
is easier to compare Ūt and Q̄t because of the same finite horizon

Lemma 35 Let {Xi, i = 1, · · · , } be an arbitrary infinite sequence such that Xi ∈ [0, 1] for all i,
γ be the discounted factor of a MDP, we have∣∣∣∣∣

∞∑
t=0

γtXt −
H∑
t=0

γtXt

∣∣∣∣∣ ≤ 1√
T

(43)

Proof. ∣∣∣∣∣
∞∑
t=0

γtXt −
H∑
t=0

γtXt

∣∣∣∣∣ =
∣∣∣∣∣

∞∑
t=H+1

γtXt

∣∣∣∣∣ (44)

=

∞∑
t=H+1

γt =
γH+1

1− γ
(45)

by the definition of H in Algo. 1

≤ γlogγ (1−γ)/
√
T

1− γ
=

1√
T

(46)

■

Corollary 36 As a result of Lemma 35, we have

|Q̄t(s, a)−Qt(s, a)| ≤
1√
T
, |Ūt(s, a)− Ut(s, a)| ≤

1√
T
. (47)

Before giving the first key lemma, we first note a fact that |a1b1 − a2b2| ≤ |a1 − a2|+ |b1 − b2|
when a1, a2, b1, b2 ∈ [0, 1]. Let a1, a2, b1, b2 ∈ [0, 1], we have

|a1b1 − a2b2| = |a1b1 − a1b2 + a1b2 − a2b2| (48)

≤ |a1b1 − a1b2|+ |a1b2 − a2b2| (49)

≤ |a1 − a2|+ |b1 − b2| (50)

Now we are ready to give the first key lemma
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Lemma 5 If MAIN is slowly changing with a non-increasing rate of cT , then

|Ūt(s, a)−Qt(s, a)| ≤
HS +H2A

1− γ
cT +

1√
T

(51)

Proof. Let k = 0, 1, 2, . . . , and Ut as defined in the main text. And recall that Corollary 32
described the state distribution gap after running different sequence of policies, starting from same
distribution, shown as below

Corollary 32 Let πt be slowly changing with non-increasing rate cT , then we have
||πt+l − πt||1,∞ ≤ lcT . Apply Lemma 30 with πk = πt+k−1, π′

k = πt and d = d′, then

||d (Pπt · · ·Pπt+K−1)︸ ︷︷ ︸
K transition kernels

−d(Pπt)K ||1 ≤ K2cT (52)

Noticing that the following facts perfectly fit the conditions of applying Corollary 32

• πt is used to evaluate Qt(s, a), {πt, . . . , πt+k, . . . } are used to evaluate Ut(s, a), and the
initial policy is the same πt

• The initial state are both s, because we are evaluating Qt(s, a) and Ut(s, a). Let this deter-
ministic distribution be ds.

• The future state distributions dk (that used to evaluate Ut) follows dk+1 = dkPπt+k

• The future state distributions d′k (that used to evaluate Qt) follows d′k+1 = d′kPπt

We introduce the symbols ds and dk instead of using dt and dt+k as to avoid confusion with the
actual state distributions produced by running MAIN. dk indicates k steps in the future starting from
ds, where s is not necessarily the actual visited state at time t. Therefore, the notions dk and ds are
less attached with the distributions realized by algorithm.

Therefore, by Lemma 26 and Corollary 32, we have

||πt+k − πt||1,∞ ≤ kcT (53)

||ds (Pπt · · ·Pπt+k−1)︸ ︷︷ ︸
k kernels

−ds(Pπt)k||1 ≤ k2cT (54)

Now we are ready to bound the difference between objectives, note that we will use the prime
notion dk and d′k as used in the bullet-points above. And we slightly abuse notation here by denoting
an element of a vector by e.g. d′k(x), as both subscript and superscript are occupied∣∣∣Ūt(s, a)−Qt(s, a)

∣∣∣ ≤ ∣∣∣Ūt(s, a)− Q̄t(s, a)
∣∣∣+ 1√

T
(55)

=
∣∣∣ H∑
k=0

∑
x∈S

∑
i∈A

γk
[
dk(x)πt+k(i|x)− d′k(x)πt(i|x)

]
r(x, i)

∣∣∣+ 1√
T

(56)

≤
H∑
k=0

∑
x,i

γk
∣∣∣[dk(x)πt+k(i|x)− d′k(x)πt(i|x)

]
r(x, i)

∣∣∣+ 1√
T

(57)
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by the assumption r(s, a) ∈ [0, 1]

≤
H∑
k=0

∑
x,i

γk
∣∣∣dk(x)πt+k(i|x)− d′k(x)πt(i|x)

∣∣∣+ 1√
T

(58)

by the fact |a1b1 − a2b2| ≤ |a1 − a2|+ |b1 − b2| for ai, bi ∈ [0, 1]

≤
H∑
k=0

∑
x,i

γk
{∣∣∣dk(x)− d′k(x)

∣∣∣+ ∣∣∣πt+k(i|x)− πt(i|x)
∣∣∣}+

1√
T

(59)

≤
H∑
k=0

γk
{∑

x

∑
i

∣∣∣dk(x)− d′k(x)
∣∣∣+∑

x

max
x

∑
i

∣∣∣πt+k(i|x)− πt(i|x)
∣∣∣}+

1√
T

(60)

=

H∑
k=0

γk
{
A||dk − d′k||1 + S||πt+k − πt||1,∞

}
+

1√
T

(61)

given dk = ds(Pπt · · ·Pπt+k−1) and d′k = ds(Pπt)k

=
H∑
k=0

γk
{
A
∣∣∣∣∣∣ds(Pπt · · ·Pπt+k−1)− ds(Pπt)k

∣∣∣∣∣∣
1
+ S||πt+k − πt||1,∞

}
+

1√
T

(62)

follow Eq.(53) and Eq. (54)

≤
H∑
k=0

γk(SkcT +Ak2cT ) +
1√
T

(63)

by k ≤ H and the sum of geometric sequence

≤ HS +H2A

1− γ
cT +

1√
T

(64)

■

Appendix F. Proof of Lemma 10

Lemma 10 If MAIN is slowly changing with a non-increasing rate of cT , then

|Qt+n(s, a)−Qt(s, a)| ≤
1

1− γ
(S +HA)ncT +

2√
T

(65)

Proof: Recall

Corollary 31 Let πt be slowly changing with non-increasing rate cT , then we have
||πt+l − πt||1,∞ ≤ lcT . Apply Lemma 30 with πk = πt+n, π′

k = πt and d = d′, then

||d(Pπt+n)K − d(Pπt)K ||1 ≤ KncT (66)
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By Lemma 26 and corollary 31, we have

||πt+n − πt||1,∞ ≤ ncT (67)

||ds(Pπt+n)k − ds(Pπt)k||1 ≤ nkcT (68)

∣∣∣Qt+n(s, a)−Qt(s, a)
∣∣∣ ≤ ∣∣∣Q̄t+n(s, a)− Q̄t(s, a)

∣∣∣+ ∣∣∣Q̄t+n(s, a)−Qt+n(s, a)
∣∣∣+ ∣∣∣Q̄t(s, a)−Qt(s, a)

∣∣∣
(69)

by Corollary 36, we have

≤
∣∣∣ H∑
k=0

∑
x∈S

∑
i∈A

γk
[
d′k(x)πt+n(i|x)− dk(x)πt(i|x)

]
r(x, i)

∣∣∣+ 2√
T

(70)

≤
H∑
k=0

∑
x

∑
i

γk
∣∣∣[d′k(x)πt+n(i|x)− dk(x)πt(i|x)

]
r(x, i)

∣∣∣+ 2√
T

(71)

r(x, i) ∈ [0, 1]

≤
H∑
k=0

∑
x

∑
i

γk
∣∣∣d′k(x)πt+n(i|x)− dk(x)πt(i|x)

∣∣∣+ 2√
T

(72)

by the fact |a1b1 − a2b2| ≤ |a1 − a2|+ |b1 − b2| for ai, bi ∈ [0, 1]

≤
H∑
k=0

∑
x

∑
i

γk
{∣∣∣d′k(x)− dk(x)

∣∣∣+ ∣∣∣πt+n(i|x)− πt(i|x)
∣∣∣}+

2√
T

(73)

≤
H∑
k=0

γk
{∑

x

∑
i

∣∣∣d′k(x)− dk(x)
∣∣∣+∑

x

max
x

∑
i

∣∣∣πt+n(i|x)− πt(i|x)
∣∣∣}+

2√
T

(74)

=

H∑
k=0

γk
{
A||d′k − dk||1 + S||πt+n − πt||1,∞

}
+

2√
T

(75)

=
H∑
k=0

γk
{
A
∣∣∣∣∣∣ds(Pπt+n)k − ds(Pπt)k

∣∣∣∣∣∣
1
+ S||πt+n − πt||1,∞

}
+

2√
T

(76)

≤
H∑
k=0

γk
(
nS + nkA

)
cT +

2√
T

(77)

by k ≤ H and the sum of geometric sequences

≤ 1

1− γ
(S +HA)ncT +

2√
T

(78)

■
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Appendix G. Proof of Lemma 11

We follow the proof by Even-Dar et al. (2009); Neu et al. (2010), to give a lemma that νt tracks the
stationary distribution µt slowly

Lemma 11 If the sequence of policies {π1, . . . πt} is slowly changing with rate cT , then ||νt −
µt||1 ≤ τ(τ + 1)cT + 2e−(t−1)/τ

Proof. Suppose k + 1 ≤ t

||νk+1 − µt||1 = ||νkPπk − νkPπt + νkPπt − µtPπt ||1 (79)

≤ ||νkPπk − νkPπt ||1 + ||νkPπt − µtPπt ||1 (80)

by Assumption 2

≤ ||νkPπk − νkPπt ||1 + e−1/τ ||νk − µt||1 (81)

by Lemma 27

≤ (t− k)cT + e−1/τ ||νk − µt||1 (82)

Then, by expanding the recursion we have

||νt − µt||1 ≤ cT

t−1∑
k=1

(t− k)e−(t−k−1)/τ + e−(t−1)/τ ||ν1 − µt||1 (83)

by ||ν1 − µt||1 ≤ 2

≤ cT

t−1∑
k=1

(t− k)e−(t−k−1)/τ + 2e−(t−1)/τ (84)

notice that
∑t−1

k=1(t− k)e−(t−k−1)/τ ≤
∫∞
0 (k + 1)e−k/τdk = τ2

≤ τ(τ + 1)cT + 2e−(t−1)/τ (85)

■

Appendix H. Proof of Lemma 13 (Full-Span Regret)

We first give two technical lemmas, by consider a single sticky bandit

Lemma 37 Let Xi be the timestep of i-th time that a sticky bandit could react, and suppose each
time t, the probability of the bandit could react is at least β, while assuming each draw is indepen-
dent

EXi+1|Xi
[Xi+1 −Xi] ≤ 1/β (86)
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Proof. As Xi+1 −Xi ≥ 1

EXi+1|Xi
(Xi+1 −Xi) ≤ β × 1 + (1− β)

[
EXi+1|Xi

(Xi+1 −Xi) + 1
]

(87)

⇒ (88)

EXi+1|Xi
(Xi+1 −Xi) ≤ 1/β (89)

■

Lemma 38 Let Xi be the timestep of i-th time that a sticky bandit could react, and suppose each
time t, the probability of the bandit could react is at least β, while assuming each draw is indepen-
dent

EXi+1|Xi
(Xi+1 −Xi)

2 ≤ 2

β3
(90)

Proof.

EXi+1|Xi
(Xi+1 −Xi)

2 =

∞∑
t=Xi+1

Pr(Xi+1 = t)(t−Xi)
2 (91)

as Pr(Xi+1 = t) ≥ β for all t

≤
∞∑

t=Xi+1

[
(1− β)t−Xi−1 × 1

]
(t−Xi)

2 (92)

let k = Xi + 1, q = 1− β and given Xi > 0, we have

=

∞∑
t=k

qt−k(t− k + 1)2 (93)

=

∞∑
t=0

qt(t+ 1)2 (94)

let Sn =
∑n

t=0 q
t(t+ 1)2

= lim
n→∞

Sn (95)

= lim
n→∞

1− q

1− q
Sn (96)

observe that Sn − qSn = 1− qn+1(n+ 1)2 +
∑n

t=1(2t+ 1)qt

=
1

1− q
lim
n→∞

[
1− qn+1(n+ 1)2 +

n∑
t=1

(2t+ 1)qt

]
(97)

=
1

1− q
lim
n→∞

n∑
t=0

(2t+ 1)qt (98)
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where
∑n

t=0(2t+1)qt is an arithmetico-geometric series, by the sequence sum of arithmetico–geometric
series

≤ β2 − 3β + 2

(1− β)β3
≤ 2

β3
(99)

■
Now we are ready to bound the full-span regret by the observed regret.

Lemma 13 If Assumption 1 and 2 are satisfied, and the LOCAL learner is slowly changing with a
rate cT , we have

R̃un-mdp(T ) ≤ R̃ob-mdp(T )

β
+

S +HA

β3(1− γ)
cTT + 4S

√
T . (100)

Proof. Recall that the definitions of observed/unobserved regret in MDPs are,

R̃ob-mdp :=
∑
s∈S

T∑
t=1

µt⟨π∗
s − πt,s, Qt,s⟩ (101)

=
∑
s∈S

E{Y s
i }

∑
t∈{Y s

i }

⟨π∗
s − πt,s, Qt,s⟩ (102)

R̃un-mdp :=
∑
s∈S

T∑
t=1

(1− µt)⟨π∗
s − πt,s, Qt,s⟩ (103)

=
∑
s∈S

E{Y s
i }

∑
t/∈{Y s

i }

⟨π∗
s − πt,s, Qt,s⟩ (104)

where Y s
i is a random variable that stands for the time step t the bandit at s was allowed to pull, and

πt,s := πt(·|s) and Qt,s := Qt(s, ·) denote vectors corresponding to state s for the sake of space.
One could divide the sequence into segments (Y s

i , Y
s
i+1), and without loss of generality, we

assume bandit at s is pulled Ns times in total, define Y s
0 = 1

R̃un-mdp =
∑
s

E{Y s
i }

Ns∑
i=0

∑
t∈(Y s

i ,Y s
i+1)

[
⟨π∗

s − πt,s, Qt,s⟩
]

(105)

because of the sticky setting

=
∑
s

E{Y s
i }

Ns∑
i=0

∑
t∈(Y s

i ,Y s
i+1)

[
⟨π∗

s − πY s
i ,s, Qt,s⟩

]
(106)

given |Qt+n(s, a)−Qt(s, a)| ≤ S+HA
1−γ ncT + 2√

T
, let b(n) = S+HA

1−γ ncT

=
∑
s

E{Y s
i }

Ns∑
i=0

∑
t∈(Y s

i ,Y s
i+1)

[
⟨π∗

s − πY s
i ,s, QY s

i ,s⟩+ 2b(t− Y s
i )
]
+
∑
s

T∑
t=1

4√
T

(107)
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by the chain rule

=
∑
s

EY s
Ns

|Y s
Ns−1,...,Y

s
0
. . .EY s

1 |Y s
0

Ns∑
i=0

∑
t∈(Y s

i ,Y s
i+1)

[
⟨π∗

s − πY s
i ,s, QY s

i ,s⟩+ 2b(t− Y s
i )
]
+ 4S

√
T

(108)

as the expected length of [Y s
i , Y

s
i+1) is independent of Y s

j conditioned on Y s
i for j > i+ 1

=
∑
s

∑
i

EY s
i+1|Y s

i ,...,Y s
0

∑
t∈(Y s

i ,Y s
i+1)

[
⟨π∗

s − πY s
i ,s, QY s

i ,s⟩+ 2b(t− Y s
i )
]
+ 4S

√
T (109)

because of the Markov property

=
∑
s

∑
i

EY s
i+1|Y s

i

∑
t∈(Y s

i ,Y s
i+1)

[
⟨π∗

s − πY s
i ,s, QY s

i ,s⟩+ 2b(t− Y s
i )
]
+ 4S

√
T (110)

by Lemma 37

≤
∑
s

[∑
i

⟨π∗
s − πY s

i ,s, QY s
i ,s⟩

β
+
∑
i

EY s
i+1|Y s

i

∑
t∈(Y s

i ,Y s
i+1)

2b(t− Y s
i )

]
+ 4S

√
T

(111)

=
∑
s

[∑
i

⟨π∗
s − πY s

i ,s, QY s
i ,s⟩

β
+
∑
i

EY s
i+1|Y s

i

∑
t∈(Y s

i ,Y s
i+1)

2
S +HA

1− γ
(t− Y s

i )cT

]
+ 4S

√
T

(112)

=
∑
s

[∑
i

⟨π∗
s − πY s

i ,s, QY s
i ,s⟩

β
+

S +HA

1− γ

∑
i

EY s
i+1|Y s

i
(Y s

i+1 − Y s
i )

2cT

]
+ 4S

√
T

(113)

by Lemma 38

≤
∑
s

[∑
i

⟨π∗
s − πY s

i ,s, QY s
i ,s⟩

β
+

S +HA

1− γ

∑
i

2

β3
cT

]
+ 4S

√
T (114)

∑
i⟨π∗

s − πY s
i ,s, QY s

i ,s⟩ is the observed regret at s, and summing over s and i results in T steps

=
R̃ob-mdp(T )

β
+

2(S +HA)

β3(1− γ)
cTT + 4S

√
T (115)

■

Appendix I. Proof of Lemma 18

We first show that the slowly changing property of LOCAL is preserved by MAIN.

Lemma 39 MAIN is slowly changing if LOCAL is slowly changing.
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Proof. We use ϕs to denote the policy of LOCALs (to be distinguished from π defined over S ×A).
The state space of ϕs is the singleton {s}. We have ||ϕs

t+1 − ϕs
t ||1,∞ ≤ cT because LOCALs is

slowly changing.

||πt+1 − πt||1,∞ = ||ϕst−H

t+1 − ϕ
st−H

t ||1,∞ ≤ cT

This simply follows the fact that only LOCALst−H is updated at time t. ■

Lemma 18 While applying Algo. 2 as LOCAL, π̃ is slowly changing in M̃, where π̃t(a|s ◦ h) :=
πt(a|s) and πt is produced by MAIN.

Proof. Similar to Lemma 39, we use ϕs to denote the policy of LOCALs. In addition, we use ϕs,h
t

to denote the policy of BASEh
s of LOCALs at time t. We have ||ϕs,h

t+1 − ϕs,h
t ||1,∞ ≤ cT , given the

slowly changing BASE assumption.

||π̃t+H+1 − π̃t+H ||1,∞ = max
s◦h

∑
a

|π̃t+H+1(a|s ◦ h)− π̃t+H(a|s ◦ h)| (116)

by the fact that only BASEht
st is updated at t+H

=
∑
a

|π̃t+H+1(a|st ◦ ht)− π̃t+H(a|st ◦ ht)| (117)

=
∑
a

|ϕst,ht

t+H+1 − ϕst,ht

t+H | (118)

= ||ϕst,ht

t+H+1 − ϕst,ht

t+H ||1,∞ ≤ cT (119)

■

Appendix J. Proof of Lemma 19 (Assumptions Hold for M̃)

By definition of M̃, we have

π̃(a|s ◦ h) := π(a|s) (120)

P̃π̃ :=

S ◦ 1 S ◦ 2 · · · S ◦ (H + 1)


S ◦ 1 Pπ

S ◦ 2 . . .
... Pπ

S ◦ (H + 1) Pπ

(121)

where S ◦ h stands for concatenating all elements in the set S with h.

For brevity, we use P̃π instead of P̃π̃ as π is sufficient to avoid confusion.
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Lemma 40 (Stationary distribution µ̃π) For any H-augmented MDP M̃, if the MDP M before
augmentation satisfies assumption 2, then there is an unique stationary distribution

µ̃π =
1

H + 1

[
µπ, . . . , µπ

]
(122)

Proof.
(1) Existence:

Let xh be an row vector (with size 1× (H + 1)S ) that is defined as and 0 be size 1× S

xh := [ 0,0 . . .︸ ︷︷ ︸
h− 1 zero vectors

, µπ . . . ,0] (123)

Consider a convex combination of {xh : h = 1, . . . ,H + 1} multiplied by P̃π(∑
h

αhxh

)
P̃π =

∑
h

[ 0,0 . . .︸ ︷︷ ︸
h− 1 zero vectors

, αhµ
π . . . ,0

]
P̃π

 (124)

as density at block h always be pushed to block h+ 1

=
∑
h

[ 0,0 . . .︸ ︷︷ ︸
h zero vectors

, αhµ
π . . . ,0

] (125)

This equality implies that

[α1µ
π, α2µ

π, . . . αH+1µ
π] = [αH+1µ

π, α1µ
π, . . . αHµπ] (126)

which implies

αh =
1

H + 1
for h = 1, 2, . . . ,H + 1 (127)

Therefore,

µ̃π =
1

H + 1

[
µπ, . . . , µπ

]
(128)

(2) Uniqueness:
Suppose there exists a row vector d such that dP̃π = d and d ̸= µ̃π. Let divide d into H + 1

blocks as well

d = [d1, d2, . . . , dH+1] (129)

Multiplying d with the transition kernel P̃π

dP̃π = [d1, d2, . . . , dH+1]P̃π (130)

= [d1, d2, . . . , dH+1]


Pπ

. . .
Pπ

Pπ

 (131)

= [dH+1Pπ, d1Pπ, . . . , dHPπ] (132)
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which implies

dhPπ = dh+1 (133)

the stationary distribution of Pπ is unique, i.e. µπ, and ∥d∥1 = 1, which implies

dh =
1

H + 1
µπ (134)

which contradicts our assumption that d ̸= µ̃π, therefore µ̃π is the unique stationary distribution of
P̃π. ■

Corollary 41 For any H-augmented MDP M̃, if the MDP M before augmentation satisfies as-
sumption 1 and assumption 2, then the stationary distributions µ̃π(s) are uniformly bounded away
from zero,

inf
π,s

µ̃π(s) ≥ β

H + 1
for some β > 0. (135)

Proof. Trivially implied by Lemma 40. ■

Lemma 42 If assumption 2 holds, then for any two arbitrary distributions d̃ and d̃′ over S̃ , we have

sup
π

∥(d̃− d̃′)P̃π∥1 ≤ e−1/τ∥d̃− d̃′∥1,

where τ is the same as in assumption 2.

Proof.
Let X:,j be the j-th column of matrix X

sup
π

∥(d̃− d̃′)P̃π∥1 = sup
π

∑
s◦h∈S̃

∣∣∣(d̃− d̃′)P̃π
:,s◦h

∣∣∣ (136)

As P̃π
:,s◦h is in the form of [0, . . . , (Pπ

:,s)
⊤, . . . , 0]⊤, and let yh be the h-th block of row vector y, if

one divide y into H + 1 equal blocks (where H + 1 comes from our construction in Algorithm 2)

≤ sup
π

∑
h

∑
s

∣∣∣(d̃− d̃′)hPπ
:,s

∣∣∣ (137)

By supπ
∑

h ≤
∑

h supπ

≤
∑
h

sup
π

∑
s

∣∣∣(d̃− d̃′)hPπ
:,s

∣∣∣ (138)

By assumption 2

≤
∑
h

e−1/τ∥(d̃− d̃′)h∥1 (139)

= e−1/τ∥d̃− d̃′∥1 (140)

■
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Appendix K. Proof of Lemma 24 (EXP3 is Slowly-Changing)

We first give Algorithm 3 to provide relevant notations.

Algorithm 3: EXP3

Require: γ ∈ [0, 1), ηT ∈ (0, 1], A = |A|
Initialize: w1(a) = 1 for a ∈ A
for t = 1, 2, . . . , T do

Set Wt =
∑A

a=1wt(a)
pt(a) = (1− ηT )wt(a)/Wt + ηT /A

Draw at randomly accordingly to pt

Receive reward yt(at) ∈ [0, 1
1−γ ]

For a = 1, 2, . . . , A, set

ŷt(a) =

{
yt(a)/pt(a), if a = at

0, otherwise

wt+1(a) = wt(a) exp((1− γ)ηT ŷt(a)/A)

end

Lemma 24 EXP3 is slowly changing with a rate of O(ηT /A), assuming the feedback yt is bounded
within the range [0, 1/(1− γ)].

Proof. We observe it is sufficient to bound pt+1(a)− pt(a) of the action a chosen by the algorithm
at time-step t. We then fix an arbitrary action a to be chosen (and whose weight is updated) and
drop it from the notation below w.r.t. p, w, ŷ, etc.

pt+1 − pt = (1− ηT )

(
wt+1

Wt+1
− wt

Wt

)
(141)

= (1− ηT )

(
wte

(1−γ)ηT ŷt/A

Wt + wt(eηT ŷt/A − 1)
− wt

Wt

)
(142)

≤(1− ηT )

(
wte

(1−γ)ηT ŷt/A

Wt
− wt

Wt

)
(143)

= (1− ηT )

(
wt(e

(1−γ)ηT ŷt/A − 1)

Wt

)
(144)

≤ (1− ηT )

(
2(1− γ)

(
ηT ŷt
A

)(
wt

Wt

))
(145)

≤(1− ηT )

(
2

(
ηT
Apt

)(
wt

Wt

))
(146)

≤2ηT /A. (147)

(145) follows from that ex−1 < 2x for 0 ≤ x ≤ 1 and (147) follows from pt ≥ (1−ηT ) (wt/Wt).
As mentioned in Section 6, to achieve Õ(

√
AT ) regret, EXP3 is run with a learning rate of

ηT = Õ(
√
A/T ), which means it is slowly changing with a rate of cT = Õ(

√
1/AT ).
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