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Abstract

Like many optimizers, Bayesian optimization
often falls short of gaining user trust due to
opacity. While attempts have been made to
develop human-centric optimizers, they typi-
cally assume user knowledge is well-specified
and error-free, employing users mainly as su-
pervisors of the optimization process. We re-
lax these assumptions and propose a more bal-
anced human-AI partnership with our Collab-
orative and Explainable Bayesian Optimiza-
tion (CoExBO) framework. Instead of explic-
itly requiring a user to provide a knowledge
model, CoExBO employs preference learn-
ing to seamlessly integrate human insights
into the optimization, resulting in algorithmic
suggestions that resonate with user prefer-
ence. CoExBO explains its candidate selec-
tion every iteration to foster trust, empow-
ering users with a clearer grasp of the op-
timization. Furthermore, CoExBO offers a
no-harm guarantee, allowing users to make
mistakes; even with extreme adversarial inter-
ventions, the algorithm converges asymptoti-
cally to a vanilla Bayesian optimization. We
validate CoExBO’s efficacy through human-
AI teaming experiments in lithium-ion battery
design, highlighting substantial improvements
over conventional methods. Code is available
https://github.com/ma921/CoExBO.
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Figure 1: In Collaborative and Explainable Bayesian
Optimization (CoExBO), a human expert collaborates
with BO to refine electrolyte materials. While experts
excel in discerning material differences rather than
identifying the best one, pairwise comparisons and ex-
planations boost their feedback accuracy and trust.
This guides the BO to produce better candidates, en-
suring quicker convergence.

1 Introduction

Bayesian optimization (BO) is a popular blackbox
optimizer for expensive-to-evaluate tasks. While it
is widely applied in diverse domains (Feurer et al.,
2015; Wu et al., 2020; Adachi, 2021), it has yet
to fully gain human users’ trust. Surveys from
NeurIPS2019/ICLR2020 (Bouthillier & Varoquaux,
2020) found that most AI researchers prefer manually
tuning hyperparameters. This is surprising given that
Bergstra & Bengio (2012) has shown manual search
performs worse than simple random search and lacks

https://github.com/ma921/CoExBO
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Which do you think larger?
xBO: [0.158, 1.257, -0.431, 0.275, 0.531]
xpref: [-0.058, 1.023, 1.217, 0.375, 0.432]

Can you visualize 
your internal models?

Sure! Here is my current GP and user preference.
GP mean GP STD Preference mean Preference STD

di
m

 1

dim 0 dim 0

di
m

 1

di
m

 1

di
m

 1

dim 0 dim 0

Thanks! Then, I choose xpref 
because it explores more uncertain region.

Query results: f (xpref ) = 2.510
The probability of correct answer: 0.761 ± 0.201.
You probably made the right decision. Keep it up!

The two dimensions were selected by the two largest 
Shapley values. All values are as follows.

xBO

xpref

GP-UCB GP mean GP STD

Figure 2: Explanation flow: Spatial relation: BO
visualizes the surrogate model’s predictive distribu-
tion and estimated human preference models for the
two primary dimensions determined by Shapley values.
Feature importance: Users’ values are provided for
both candidates’ predictive mean, standard deviation,
and acquisition function. Selection accuracy feed-
back: After observing the function value, a post-hoc
evaluation of the correct selection probability is given.

global convergence guarantees (Gupta et al., 2023).

To make BO trustworthy, recent research has moved
towards human-AI collaborative paradigms (Kanarik
et al., 2023). These methods often make contrast-
ing assumptions about human exploration abilities.
Suppose humans are superior to BO (Colella et al.,
2020; AV et al., 2022), their intervention can enhance
convergence—but this potent assumption also implies
manual search would be superior to BO, undermining
the core justification for using BO. Conversely, if hu-
mans are viewed as imperfect agents, existing works
such as Gupta et al. (2023); Khoshvishkaie et al. (2023)
treat humans as a central optimizer, and BO supports
human manual search via exploratory adjustment, that
can assure the global convergence even with erroneous
human selection. When one side is better, the inferior
side’s selection is wasteful, leading to a worse conver-
gence rate than vanilla BO (Khoshvishkaie et al., 2023).

To build a balanced human-BO partnership, we believe
an ideal method should satisfy the following criteria:
(a) Explainability: The method should enhance user
understanding of the optimization process, promoting
transparency. While Li & Adams (2020) introduced ex-

plainability by limiting the search space, it may overly
restrict it, lacking a global convergence guarantee. (b)
User-centric knowledge integration: An ideal ap-
proach should seamlessly incorporate human insights
from user interactions without requiring users to define
an exact knowledge model. For instance, materials of-
ten exist in a high-dimensional feature space, whereas
BO typically uses a reduced low-dimensional feature set
due to limited chemistry data (Jordan, 2019). Chemists
have discernment to assess materials using information
inaccesible to the model but struggle to articulate it
quantitatively (Cisse et al., 2023). Hence, users face
challenges with existing methods; e.g., Hvarfner et al.
(2022) mandates a prior function capturing the users’
optimal location belief, while AV et al. (2022) requires
users to select the next query point quantitatively. In
short, knowledge elicitation in high-dimensional do-
mains is notoriously intricate (Rousseau, 2001; Garth-
waite et al., 2005; Mikkola et al., 2023a). (c) Robust-
ness: The method should be robust against human
errors, offering a no-harm guarantee to ensure that
even adversarial interventions do not adversely impact
the vanilla BO convergence rate. To the best of our
knowledge, only Hvarfner et al. (2022) can theoreti-
cally assure the no-harm guarantee. Crucially, none
encompass all three comprehensively.

This paper introduces the Collaborative and Explain-
able Bayesian Optimization (CoExBO) framework to
tackle the above challenges. For criterion (a), CoExBO
employs Shapley values (Shapley, 1953), a cornerstone
of explainable AI, to ensure users can effectively un-
derstand and interpret the candidate acquisition mech-
anism. Addressing criterion (b), CoExBO deviates
from conventional methods that require users to in-
put an exact knowledge model. Instead, it presents
users with candidate pairs, empowering them to se-
lect the perceived optimal one. This approach allows
CoExBO to implicitly assimilate human insights via
preference learning (Bradley & Terry, 1952). This is
grounded that humans excel at relative comparisons
rather than quantifying an absolute preference for a
singular choice (Kahneman & Tversky, 1979). For cri-
terion (c), inspired by Hvarfner et al. (2022), our can-
didate generation strategy prioritizes expert knowledge
in the early optimization stages. As more experimental
data accumulates and refines the surrogate model, the
influence of human input gradually diminishes. Theo-
rem 2 proves this offers a no-harm guarantee.

Our contributions are summarized as:

1. We introduce CoExBO, a novel framework promot-
ing a balanced human-BO partnership. CoExBO
is characterized by its transparency, capacity to as-
similate human insights seamlessly, and resilience
against human errors.
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2. We establish the efficacy of CoExBO via real-world
optimization tasks on lithium-ion battery design
problems, and the expert-BO team can gain sig-
nificant speedup over eight popular baselines.

2 Bayesian optimization and existing
human-in-the-loop extensions

Bayesian optimization. We aim to optimize the
function f when f can only be queried pointwise.

x∗
true = argmax

x∈X
f(x), (1)

where X ⊆ Rd is the d dimensional continuous input
domain, and x∗

true is the global optimum. We assume
that f(x) is costly to query and can only observe a noisy
estimate y = f(x) + ϵ with i.i.d. zero-mean Gaussian
noise ϵ. The goal is to find the optimal f(x) under a
given number of queries.

BO (Mockus, 1998; Garnett, 2023) is a model-based
black box optimizer that employs a Gaussian process
(GP) (Williams & Rasmussen, 2006) as a surrogate
model. At optimization step t, the GP approximates
the true function f using the current observations
Dobjt = (Xobjt,yobjt) as ft ∼ GP(µt, κt), with

µt(x) = k(x,Xobjt)K
′ −1
XXtyobjt,

κt(x, x
′) = k(x, x′)− k(x,Xobjt)K

′ −1
XXtk(Xobjt, x),

where µt and κt are the GP’s posterior predictive
mean and covariance functions at round t. k is the
kernel, λ > 0 is the Gaussian likelihood variance,
KXXt := k(Xobjt,Xobjt), K′ −1

XXt := (KXXt + λI)−1,
and I ∈ Rd×d is the identity matrix. Using GP pre-
dictive uncertainty, BO solves the blackbox optimiza-
tion problem as active learning and selects the next
query point by maximising an acquisition function
(AF). One popular class of AF is the upper confi-
dence bound (UCB) (Srinivas et al., 2010): αft(x) :=

µt(x) + β
1/2
t σt(x), where σt(x) :=

√
κt(x, x) is the

standard deviation of the GP predictive posterior, βt

is the user-specified parameter indicating the trade-
off between exploitation (using current knowledge of
optimum from µt) and exploration (considering the
uncertainty from σt).

Human-in-the-loop extensions. There are four pre-
vailing approaches to integrate human knowledge into
BO: (1) By treating human knowledge as a prior over
the input space (Souza et al., 2021; Ramachandran
et al., 2020; Hvarfner et al., 2022; Cisse et al., 2023).
(2) By adopting a hyperprior over the function space
(Hutter et al., 2011; Snoek et al., 2014; Wang et al.,
2021). (3) By considering it as a multi-fidelity informa-
tion source (Song et al., 2019; Huang et al., 2022). (4)

Implementing human knowledge as hard constraints
(Gelbart et al., 2014; Hernández-Lobato et al., 2015;
Adachi et al., 2024). Among these categories, only
the work of Hvarfner et al. (2022), belonging to the
first category, provides a no-harm guarantee against
potential human errors. Notably, all these methods
operate under the assumption that human knowledge
can be well specified to the algorithm. A more detailed
related work section is delineated in Supplementary B.

πBO. CoExBO is inspired by the πBO algorithm
(Hvarfner et al., 2022), which characterizes human
knowledge as a prior distribution representing their
belief in the global optimum location, i.e., π(x) :=
P
(
f(x) = maxx′∈X f(x′)

)
. This prior can then be in-

corporated into an AF αt to act as a soft constraint for a
warmer start on the optimization. Specifically, at round
t, we search for xnext = argmaxx∈X αt(x)π(x)

γ/t

where γ > 1 controls the decay rate of this constraint.
This decay of human contribution is justified as fol-
lows: at the start of the BO, expert knowledge can
help substantially, whereas, at later stages, the BO will
likely have enough data to reach the optimum confi-
dently. Furthermore, this decaying property is the key
reason behind the no-harm guarantee in Corollary 1 in
Hvarfner et al. (2022).

While πBO’s formulation is straightforward, requiring
the user to specify a prior over high-dimensional input
space could be very challenging in practice (Garthwaite
et al., 2005). The following section demonstrates how
CoExBO can relax this assumption by interacting with
users through preference elicitation.

3 Collaborative and Explainable BO

In this section, we present our Collaborative and
Explainable Bayesian Optimization (CoExBO) algo-
rithm. While its objective aligns with the conventional
BO objective (Eq. 1), CoExBO differentiates itself by
explaining the acquisition process and incorporating
human knowledge through preference learning. Specif-
ically, the query procedure consists of the following
steps: At round t > 1 with surrogate GP ft and pref-
erence model π̂t, we have

Γ(ft, π̂t) → (x1, x2), (Acquire candidates)

E(ft, x1, x2) → (ϕ1,ϕ2) (Explain acquisition)

H
(
{(xi,ϕi)}2i=1

)
→ x̃ ∈ (x1, x2), (Elicit preference)

Π (π̂t, x̃, x1, x2) → π̂t+1, (Update π̂t)

and finally we run the experiment with x̃ to obtain
ynext = f(x̃). We denote Γ as the candidate gener-
ation function (see §3.2) that takes in the surrogate
and current preference models and generates a pair
of candidates. E is an explanation function that ex-
plains the acquisition process (see §3.3) and returns
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true Copeland score
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Figure 3: Preference learning concepts: we aim to
model the ordinal relationship f(x) < f(x′) and its
inverse with GP, utilizing the dataset Dt0

pref, represented
by white dots. Soft-Copeland score is used for the proxy
of true function estimate.

explanation ϕi for the ith candidate. H denotes the
human users’ choice when pairs of candidates and the
subsequent explanations are given. Preference function
π̂t is then updated to π̂t+1 by taking into account the
human preference through an update function Π (see
§3.1), and at last we end the iteration by running an
experiment on the chosen candidate x̃.

3.1 Model human knowledge through
preference learning

While πBO requires the user to provide the preference
function π explicitly—which might be challenging to
elicit in practice—we relax this assumption and esti-
mate π by π̂ : X → R+ using preference learning. At
its core, preference learning aims to model the order
relationships among a candidate set, X . For this paper,
our emphasis is on binary preference learning, as de-
tailed in (Bradley & Terry, 1952; Chau et al., 2022b).
However, this concept can be straightforwardly ex-
tended to more complex preference models such as
choice functions (Benavoli et al., 2023b).

To initiate the optimization process, we randomly select
candidate pairs from X , then solicit the users’ opin-
ion on which one is more likely the optimal location.
Formally, at t = t0, we sample Jt0 binary comparisons,
denoted as Dt0

pref := {x(j)
1 , x

(j)
2 , y

(j)
pref}

Jt0
j=1, where ypref is

1 if x(j)
1 is preferred over x

(j)
2 , and 0 otherwise. Using

Dt0
pref, we can construct a binary preference function

g : X ×X → R based on the following likelihood model
for any candidate pair x1, x2:

P(ypref | x1, x2) = S(ypref; g(x1, x2)),

where S(ypref; z) := zypref(1− z)1−ypref is the Bernoulli
likelihood and g(x1, x2) denotes the users degree of pref-
erence of x1 over x2. There are various ways to learn
such a g (Bradley & Terry, 1952; Chau et al., 2022a).
We choose to model g with a GP to encapsulate the
inherent estimation uncertainty, pivotal for designing
an acquisition in §3.2 that considers both surrogate and

preference model’s uncertainties. As the exact method
we choose to learn g is not the primary focus of this
work, we defer this discussion in Supplementary C.

Figure 3 visualizes the GP preference function gt0 on
the left, and π̂t0 on the right, estimated by:

π̂gt0
(x) :=

∫
X
gt0(x, x2)dx2. (2)

This approach mirrors the soft-Copeland score1 in
González et al. (2017) and models the (unnormalized)
likelihood of x being the Condorcet winner2. Hence,
we can integrate out gt0 and obtain the following rep-
resentation of our estimated user preference

π̂gt0
(x) ∼ N (Egt0

[π̂gt0
(x)],Vgt0

[π̂gt0
(x)]).

Importantly, while the soft-Copeland score does not
replicate the original function f(x), the location of
its maximum still corresponds to the maximum of
f(x). Furthermore, the maximum of the soft-Copeland
score converges to the true maximum as the dataset
size increases, namely limt→∞ argmaxx∈X πgt(x) =
argmaxx∈X f(x) if |X | < ∞. As the optimization pro-
gresses and the acquisition of more binary comparison
data, we can iteratively update the posterior of gt−1 via
Bayes’ theorem and recalibrate the preference model
π̂t at each iteration t.

3.2 Candidate generation with no-harm
guarantee

New acquisition function. Following Hvarfner
et al. (2022), we can use Egt [π̂gt ] as a discounting fac-
tor for αft and redefine it as αft(·)Egt [π̂gt(·)]

γ
t . How-

ever, this approach does not consider the predictive
uncertainty of π̂gt represented by the GP model g, i.e.,
Vgt [π̂gt(x)] = Egt [π̂gt(x)(1− π̂gt(x))]. This could result
in overly optimistic acquisitions. πBO’s performance
depends on the peak centre of π, which must be close
to the true global optimum for speedup. However, the
peak centre of Egt [π̂gt ] can be unreliable, especially
when the user inputs are insufficient or inconsistent
to confidently construct π̂gt . Hence, we aim to uti-
lize Egt [π̂gt ] information only when it is confident, i.e.,
when Vgt [π̂gt(x)] is sufficiently small.

To account for uncertainties in both the surrogate and
preference model, we multiply the two Gaussians. For
any x ∈ X , ft(x) is a Gaussian random variable in the
target space of f , and π̂gt is a Gaussian random vari-
able indicating the likelihood of x being the Condorcet
winner. We therefore scale the preference function to

1True Copeland score is calculated by Eq.(2) but using
true π instead of estimated π̂, thus there is no uncertainty.

2typically defined as the most favoured player within X .
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Figure 4: The CoExBO AF synthesizes GPs, utilizing one GP to represent the true function (red) and another
to reflect user belief (blue), leading to the product GP (green). This product GP effectively assimilates the
uncertainty inherent in user belief, adjusting the level of user belief integration during the acquisition process.
Whereas the CoExBO AF is designed to adaptively manage the integration of uncertain user beliefs, the πBO
approach tends to excessively depend on user belief, overlooking the uncertainty.

align with the surrogate model’s scale. Using the prop-
erty that the product of Gaussians is Gaussian, we
derive a UCB-style AF.

Proposition 1. Given ft(x) ∼ N (µft(x), κft(x, x)),
π̂gt(x) ∼ N (µgt(x), σ

2
gt(x)) and a scaling function ρ

that maps π̂gt to the scale of ft and γ > 0, our new
acquisition function αf,π takes the following form:

αft,π̂t
(x) := µft,π̂t

(x) + β
1
2σft,π̂t

(x) (3)

where

µft,π̂t
(x) =

σ2
ft,π̂t

(x)

σ2
π̂t
(x)

µπ̂t
(x) +

σ2
ft,π̂t

(x)

σ2
ft
(x)

µft(x), (4)

σ2
ft,π̂t

(x) =
σ2
π̂t
(x)σ2

ft
(x)

σ2
π̂t
(x) + σ2

ft
(x)

, (5)

µπ̂t(x) := ρ(Egt [π̂gt(x)]), (6)

σ2
π̂t
(x) := ρ2(Vgt [π̂gt(x)]) + γt2σ2

ft(x), (7)

ρ(x) := E[yobjt]x+
√

V[yobjt] (8)

The new AF adheres to the following principle:

1. (Uncertainty in Preference Estimation) The in-
formation provided by π̂t(x) becomes valuable
only when its variance, denoted as Vgt [π̂gt(x)], is
smaller than the variance of the surrogate model,
represented as σ2

ft
(x).

2. (Uncertainty in Efficacy of User Information)
π̂gt(x) becomes less significant as iterations pro-
ceed. This mirrors πBO’s principle that human
knowledge is most valuable in the early stages.

The simple product of two Gaussian distributions offers
a heuristic solution to the above assumptions. Firstly,
the resulting Gaussian mean is a weighted sum of
two means weighted by their variances, aligning with
our first assumption, where the mean µft,π̂t

stays un-

changed from µft when Vgt [π̂gt(x)] ≫ σ2
ft
(x). To ad-

dress the second, we introduce a decay hyperparameter
γ term in Eq. 7. When γt2 ≥ 1, σ2

π̂t
(x) > σ2

ft
(x) holds,

causing information from π̂gt to decay. While other
methods could meet these principles, we choose the
computationally simplest one.

Figure 4 illustrates typical behaviors of πBO and Co-
ExBO. With a confident and accurate π̂gt , both meth-
ods perform well. However, when dealing with uncer-
tain π̂gt , the peaks do not align with the true global
maximum location. πBO tends to rely on user be-
lief regardless of uncertainty, while CoExBO mitigates
over-reliance on user belief in uncertain situations.

Candidate generation. Given ft and π̂t, we generate
a pair of candidates as follows:

x1 = argmax
x∈X

αft(x) (standard UCB)

x2 = argmax
x∈X

αft,π̂t(x) (π̂ incorporated UCB)

This approach is similar to other human-AI collabora-
tive BO methods (Gupta et al., 2023; Khoshvishkaie
et al., 2023), involving a direct comparison of BO with
human recommendations. Opting for x2 speeds up
convergence if human input is superior while choosing
x1 is optimal if BO performs better. This represents a
greedy approach to optimizing choices for both sides.
A greedy approach is optimal in both scenarios since
we assume that either human or BO is superior. The
key difference lies in the decision-making process: in
previous approaches, each agent independently selects
their preferred option, necessitating separate queries.
In contrast, our method employs BO to generate both
candidates and then makes a selection. As our acquisi-
tion function αf,π̂ gradually converges to the standard
UCB, the selection process becomes equivalent over
time. This prevents budget wastage resulting from
suboptimal choices made by either side.
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Note that our AF αf,π̂ combines GP information and
user beliefs, meaning it does not always align with
user preferences. The GP component corrects any
uncertainties or inaccuracies in user beliefs, preventing
a persistent bias toward selecting x2.

Regret analysis. By following Srinivas et al. (2010),
we analyse the regret of preference-based AF rπ̂t

:=
f(x∗

true) − f(x2) and the standrd UCB regret rt :=
f(x∗

true)− f(x1). We assume good and bad user beliefs.
A good user belief assumes to contain the true function
within the standard deviation, whereas a bad user belief
does with extra error with mean estimation.

Theorem 2. Fix t ≥ 1 and γ > 0. If |f(x) −
µft−1(x)| ≤ β

1/2
t σft−1(x) for all x ∈ D , |D| < ∞

hold, the ratio of regrets for with and without π aug-
mentation rt, rπ̂t

is bounded by:
(Good user belief) If |f(x) − µft−1,π̂t−1

(x)| ≤
β
1/2
t σft−1,π̂t−1(x) holds,

rπ̂t
rt

−1 ≤ Rπ̂t
< 1, (9)

where

Rπ̂t
=

√
ρ2(Vgt−1

[π̂gt−1
(x2)])+γ(t−1)2σ2

t−1(x2)

ρ2(Vgt−1
[π̂gt−1

(x2)])+γ(t−1)2σ2
t−1(x2)+σ2

t−1(x1)
.

(Bad user belief) If |f(x)−µft−1,π̂t−1(x)| ≤ |µft−1(x)−
µft−1,π̂t−1

(x)|+ β
1/2
t σft−1,π̂t−1

(x) holds,

rπ̂trt
−1 ≤ ∆µt +Rπ̂t t, (10)

where ∆µt =
|µt−1(x1)−µft−1,π̂t−1

(x2)|

2β
1/2
t σft−1

(x1)
.

The proof is given in Supplementary A. Using Theorem
2, we obtain the convergence rate of αft−1,π̂t−1 . This
trivially follows the original convergence rate on UCB
as in Srinivas et al. (2010):

Lemma 3. (No harm guarantee) Given the regret in
Theorem 2, The regret of a preference-based acquisition
function, αpreft, asymptotically equals to the regret of
an upper confidence bound strategy, UCB:

lim
t→∞

rπt rt
−1 = 1, (11)

so we obtain a convergence rate for αfT ,π̂T
of

O(
√
TγT log T ), an original UCB convergence rate.

Hence, we can ensure that the worst-case convergence
rate remains unaffected, even with inaccurate user be-
liefs, for large t, where γt2 ≫ 1. While short-term
performance may not match the standard UCB, it of-
ten yields better empirical results. Particularly, a good
user belief has a provably better regret bound. In our
scenario, humans choose candidates from the UCB or
αft,π̂t , reinforcing the no-harm guarantee. The human
selection process does not impact the convergence rate

because αft,π̂t determines tighter or looser bounds than
the UCB, depending on user beliefs. In practice, human
knowledge evolves over iterations, positively influenc-
ing convergence, as demonstrated in our experiments
section. The parameter γt2 balances the integration of
evolving human knowledge with the no-harm guarantee.
It is worth noting that our approach differs from that
of multitask GPs, as multitask GPs are vulnerable to
unreliable low-fidelity GPs (Mikkola et al., 2023b).

3.3 Explaining candidate generation through
Shapley values

To foster trust in the black-box optimizer among users,
we employ Shapley values (Shapley, 1953), a popular
solution concept from game theory adopted by the
machine learning community (Lundberg & Lee, 2017;
Chau et al., 2022c; Hu et al., 2022) to provide feature at-
tributions for the acquisitions and the surrogate model.
This provides users with a clearer understanding of the
factors influencing the selection of candidates.

Shapley values follow a set of favourable rationality
axioms, setting them apart from heuristic methods like
extracting the length scale from a GP kernel. For a
given function h : X → R, a query location x, the
Shapley value for feature j is expressed as

ϕj,x(h) =
∑

S⊆[d]\{j}

c|S| (νx,h(S ∪ i)− νx,h(S))

where [d] := {1, . . . , d}, c|S| = 1
d

(
d−1
|S|
)−1

, XS is the
subfeature vector of X for features in S and νx,h(S)
measures a notion of contribution features S has to
the prediction h(x). We utilize the recently introduced
GPSHAP (Chau et al., 2023) to explain the surrogate
GP f . We illustrate how to estimate the Shapley values
for αf , but extending to αf,π is straightforward. While
in the Shapley explanation literature, it is suggested
one should take the conditional expectation of the to-
be-explained function, i.e. EX [αf (X) | XS = xs], to
structure the cooperative game. However, for compu-
tational reasons (see appendix), we opted to establish
the game using its upper bound instead:

νx,f (S) := E[µf (X) | XS = xS ]

+ β
1/2
t

√
E[κf (X,X) | XS = xS ].

νx,f (S) can be interpreted as the significance of the
feature subset S measured by how much the upper
bound has changed if we remove the contribution from
other features in Sc by integration. This formulation
allows us to estimate the quantity in analytical form:

Proposition 4. Given f ∼ GP(µ, κ), for a given fea-
ture subset S ⊆ {1, . . . , d}, and location x, νx,f (S) can
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Table 1: Comparisons between our proposed CoExBO with baselines used in the ablation study.

Novel contributions

Baselines Human
selection BO π aug-

mentation
Interative
π update

Uncertainty
in π estimation Explanation

random ✓ ✗ ✗ ✗ ✗ ✗
manual search ✓ ✗ ✗ ✗ ✗ ✗
UCB/TS ✗ ✓ ✗ ✗ ✗ ✗
prior sampling ✗ ✗ ✓ ✗ ✗ ✗
batch UCB/TS ✓ ✓ ✗ ✗ ✗ ✗
πBO (Hvarfner et al., 2022) ✗ ✓ ✓ ✗ ✗ ✗
CoExBO (πBO) ✓ ✓ ✓ ✓ ✗ ✗
CoExBO ✓ ✓ ✓ ✓ ✓ ✓

be estimated from observations as

BS(x)
⊤f̃ + β

1/2
t

√
BS(x)⊤K̃XXBS(x) (12)

where BS(x) = (KXSXS
+ λSI)

−1kS(XS ,xS), λS > 0
is a regularisation parameter, f̃ is the posterior mean,
and K̃X,X is the posterior covariance matrix of the GP.

To obtain this quantity, we utilized the fact that the
conditional expectation of GPs also admits an analyti-
cal form; see Chau et al. (2021a,b) for further details.
Other explanation features based on Shapley values
are detailed in Supplementary F.

4 Experiments

CoExBO has been tested for synthetic and real-world
tasks and is implemented using PyTorch (Paszke et al.,
2019), GPyTorch (Gardner et al., 2018), BoTorch (Ba-
landat et al., 2020), and SOBER (Adachi et al., 2023a).
All experiments were averaged over 10 repeats, com-
puted with a laptop PC3. We set the initial random
samples for objective queries as nobj = 10 and for
preferential learning npref = 100, respectively.

Table 1 provides a summary of the baseline algorithms
we evaluated. These include Random: This method
generates a pair of i.i.d. samples uniformly, after which
a human selects the preferred one. Manual Search:
In this approach, a human selects the next query with-
out any algorithmic assistance. UCB (Srinivas et al.,
2010) and Thompson Sampling (TS) (Thompson,
1933): Both methods autonomously select the next
query without human intervention. Prior Sampling:
This technique involves choosing the next query point
as an i.i.d. sample from the estimated prior π̂, de-
rived from the initial preference samples npref, without
BO assistance. BatchUCB (Azimi et al., 2010) and
BatchTS (Kandasamy et al., 2018): These algorithms
generate pairs of candidates, from which a human se-
lects one. They do not integrate human knowledge π̂

3MacBook Pro 2019, 2.4 GHz 8-Core Intel Core i9, 64
GB 2667 MHz DDR4

in the candidate generation process. πBO (Hvarfner
et al., 2022): This algorithm selects the next query
point based on a π̂-augmented AF, incorporating hu-
man knowledge through π̂. However, it is not interac-
tive (as it is fixed before running the BO) and does not
account for uncertainty in π̂ estimation or human inter-
active selection. Our proposed algorithm, CoExBO,
incorporates all these elements. Its variant, CoExBO
(πBO), specifically analyzes the efficacy of our new AF
by replacing it with the πBO’s AF, αft(·)Egt [π̂gt(·)]

γ
t .

Following the methodology in the original πBO paper,
we set the decaying hyperparameter to 10 for πBO and
γ to 0.01 for our algorithm.

4.1 Synthetic Functions with Synthetic
Human Selection

Synthetic functions. First, CoExBO was tested with
synthetic functions and a synthetic human selection
as H(x1, x2) such that fhuman(x1) > fhuman(x2), where
fhuman(x) := f(x) + ϵpref, and ϵpref ∼ N (x; 0, σ2

pref).
The correct human selection rate can be modified by
changing σ2

pref. σ2
pref = 0.1 throughout this experi-

ment. We have chosen the five commonly used test
functions (Surjanovic & Bingham, 2023) (see details in
Supplementary G.1).

Figure 5 shows the results on simple regret. CoExBO
consistently outperforms four baselines except for the
Rosenbrock function. This suggests human feedback
is particularly effective for multimodal functions with
many local minima. This is evident as there are no big
differences between the algorithms with and without
human intervention in the Rosenbrock function. Fur-
ther details and computational complexity analysis can
be found in Supplementary G.1.

Robustness evaluation. We tested CoExBO’s ro-
bustness with the Ackley function regarding (a) uncer-
tain prior and (b) incorrect human selections. We
varied the prior confidence by changing the num-
ber of initial random samples (npref = 10, 100, 500).
To vary human selection correctness, we adjusted
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the noise variance of the synthetic human function
(σ2

pref = 0.1, 1, 100). We simulated adversarial selection
cases by flipping the feedback from σ2

pref = 0.1, 1.

Figure 6 demonstrates that CoExBO is robust against
uncertain prior knowledge and incorrect human selec-
tions. While the optimistic πBO AF becomes less
effective with reduced selection accuracy, CoExBO
maintains its effectiveness better. The key distinc-
tion between πBO and CoExBO AFs is that the former
only modifies the UCB in uncertain areas, whereas
πBO adjusts it regardless of uncertainty (see Figure 4).
In other words, once the wrongly believed position is
queried, the uncertainty in that area decreases, leading
to unbiased UCB. This feature offers greater resilience
to incorrect and uncertain human selections compared
to πBO AF. Note that both πBO and CoExBO are
guaranteed to asymptotically approach the standard
UCB, so longer iterations should yield similar results.
Both batchUCB and CoExBO exhibited robustness
against adversarial selection. However, the difference

in adversarial selection falls within the standard er-
ror of UCB, indicating that it does not outperform the
standard UCB in adversarial cases. Relative differences
in tendencies provide more reliable insights. Further
details are explained in Supplementary G.1.

4.2 Real-World Tasks with Human Experts

Lithium-ion batteries are the key to realizing the elec-
trification of many sectors as a climate action. However,
due to their complicated chemical nature, a perfect sim-
ulator that predicts required material properties under
all operational and degradation conditions does not ex-
ist. Hence, researchers need to repeat costly laboratory
experiments to find the best combinations of materials
from which to build new lithium-ion batteries.

We assessed expert advice’s effectiveness with four bat-
tery researchers and compared results with and without
explainability features to gauge their impact on selec-
tion accuracy. The problem involves finding the best
electrolyte material combination to maximize ionic con-
ductivity. This task is challenging due to complex
solvation and many-body effects (Gering, 2017), mak-
ing prediction with a simulator-based approach difficult.
We applied CoExBO to two electrolyte design problems:
one involving four materials (EC-DMC-EMC-LiPF6)
(Dave et al., 2022), a well-known combination, and the
other comprising MA-DMC-EMC-LiPF6 (Logan et al.,
2018), an unfamiliar composition to all participating
experts. While materials science knowledge can deduce
the effect on lithium-ion solvation states by changing
from carbonate to acetate non-aqueous solvents, their
knowledge is qualitative and not quantitative.
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Figure 7 shows that CoExBO with expert knowledge
accelerates convergence, even without explainability
features. The addition of explainability results in a
significant speedup in time-to-accuracy and enhance-
ment in selection accuracy, which outperformed eight
baselines. Figure 8 exemplifies a typical case of Shapley
values. The black bar’s sum of Shapley values shows
that XBO has a higher UCB value, indicating that
selecting XBO is natural in standard BO. However,
the preference-based Xpref attributes more reasonable
importance to conductivity, consistent with chemical
expertise—highlighting LiPF6 as the key material. We
illustrate the CoExBO’s effectiveness with two distinct
cases: One participant initially relied heavily on BO
suggestions, a phenomenon known as automation bias
(Cummings, 2004). Goddard et al. (2012); Skitka et al.
(2000) have shown that explaining the process and hold-
ing users accountable for their decision accuracy can
reduce such biases, both of which CoExBO achieved.
Another participant consistently trusted their own pref-
erences, even when the GP improved. CoExBO’s no-
harm guarantee shepherds users to global convergence.

In summary, expert knowledge can be particularly help-
ful to the GP in two ways: (A) Assessing the reliability
of noisy ionic conductivity measurements and disregard-
ing noise to infer the true function shape. (B) Applying
their chemical knowledge to roughly optimize the com-
position, exploiting the knowledge of each material’s
importance. On the other hand, CoExBO can help

experts in three ways: (A) BO is better at fine-tuning
more precisely than experts, as expert knowledge only
focuses on the main effect. (B) Shapley values provide
accurate importance rankings conditioned on x, which
updates experts’ knowledge. (C) The feedback and
explaining feature can correct experts’ wrong under-
standing and guide them in the true optimal direction.

5 Discussions and Limitations

Our approach accelerates convergence when experts
possess accurate comparative knowledge that the GP
cannot access, which remains a strong assumption,
albeit weaker than the conventional ones with a well-
defined and error-free belief function or the optimal
query. Expert knowledge can be particularly helpful
to the GP in three ways: (a) as a good warm starter,
allowing it to begin from a promising region; (b) as a
good encoder, compensating for the information lost
during simplification to a low-dimensional search space;
and (c) as a noise reducer, providing a more accu-
rate estimation of experimental noise. These aspects
align well with fields such as chemistry and scientific
experiments, and experts can convey this complex in-
formation through simple selections. Our proofs are
specific to the UCB setting, but the decay property can
ensure convergence for any AF. In our experiments with
experts, we observed that there is a tendency to expect
both surrogate and explanation models to provide an
‘oracle’ understanding of the whole scientific process.
We emphasise this is not the purpose of explainable BO
as we are by definition, operating under a small data
regime. However, our collaboration and explanation
framework allows us to demystify the BO process and
thus mitigate over-trust.

There is a growing interest in putting humans back into
the optimization cycle. A prime example is the RLHF
to fine-tune LLMs (Christiano et al., 2017; Rafailov
et al., 2024). We also observe concurrent works centered
on enhancing human-AI collaboration (AV et al., 2024)
and explainable BO (Chakraborty et al., 2023, 2024),
showcasing this as a promising direction of research.
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A Proof of theorem

A.1 Regret analysis of normal UCB policy

We begin with the finite case, |D| < ∞. We recall two lemmas from Srinivas et al. (2010).
Lemma 5. Pick δ ∈ (0, 1) and set βt = 2 log(|D|pt/δ), where

∑
t≥1 p

−1
t = 1, pt > 0. Then,

|f(x)− µft−1
(x))| ≤ β

1/2
t σft−1

(x) ∀x ∈ D, ∀t ≥ 1 (13)

holds with probability ≥ 1− δ.

Proof Fix t ≥ 1 and x ∈ D. Conditioned on yt−1 = (y1, . . . , yt−1), {x1, . . . ,xt−1} are deterministic, and
f(x) ∼ N (µft−1(x), σ

2
ft−1

(x). Now, if r ∼ N (0, 1), then

P(r > c) = exp

(
−c2

2

)
(2p)−1/2

∫
exp

(
− (r − c)2

2
− c(r − c)

)
dr, (14)

≤ exp

(
−c2

2

)
P(r > 0), (15)

=
1

2
exp

(
−c2

2

)
(16)

for c > 0, since exp (−c(r − c)) ≤ 1 for r > c. Therefore, P
(
|f(x)− µft−1

(x))| ≤ β
1/2
t σft−1

(x)
)
≤ exp

(
−βt

2

)
,

using r =
f(x)−µft−1

(x))

σft−1
(x) and c = β

1/2
t . Applying the union bound,

|f(x)− µft−1(x))| ≤ β
1/2
t σft−1(x) ∀x ∈ D (17)

holds with probability ≥ 1− |D| exp
(
−βt

2

)
. Choosing |D| exp

(
−βt

2

)
= δ

pt
and using the union bound for t ∈ N,

the statement holds.
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Lemma 6. Fix t ≥ 1. If |f(x) − µft−1
(x))| ≤ β

1/2
t σft−1

(x) for all x ∈ D, then the regret rt is bounded by
2β

1/2
t σft−1

(x).

Proof By definition of xbo := argmaxx∈X µft−1(x) + β
1/2
t σft−1(x), we have µft−1(xbo) + β

1/2
t σft−1(xbo) ≥

µft−1
(x∗

true) + β
1/2
t σft−1

(x∗
true) ≥ ftrue(x

∗
true). Therefore

rt = f(x∗
true)− f(xbo) ≤ β

1/2
t σft−1

(xbo) + µft−1
(xbo)− f(xbo) (18)

≤ 2β
1/2
t σft−1

(xbo) (19)

A.2 Proof of Regrets

Recall the definition of the good user belief is |f(x)− µft−1,π̂t−1
(x))| ≤ β

1/2
t σft−1,π̂t−1

(x).

Proof of good user belief regrets

rπ̂t

rt
=

f(x∗
true)− f(x2)

f(x∗
true)− f(x1)

(20)

≤
2β

1/2
t σft−1,π̂t−1

(x2)

2β
1/2
t σft−1

(x1)
(Lemma 5) (21)

=
σft−1,π̂t−1

(x2)

σft−1
(x1)

(22)

=
σπ̂t−1

(x2)√
σ2
π̂t−1

(x2) + σ2
ft−1

(x1)
(Proposition 1) (23)

=

√√√√ ρ2(Vgt−1
[π̂gt−1

(x2)]) + γ(t− 1)2σ2
ft−1

(x2)

ρ2(Vgt−1
[π̂gt−1

(x2)]) + γ(t− 1)2σ2
ft−1

(x2) + σ2
ft−1

(x1)
(Proposition 1) (24)

= Rπ̂t (25)

< 1 (σ2
ft−1

(x1) > 0) (26)

Proof of bad user belief regrets The bad user belief case trivially follows the same steps with the additional
term:

rπ̂t

rt
=

f(x∗
true)− f(x2)

f(x∗
true)− f(x1)

(27)

≤
2β

1/2
t σft−1,π̂t−1

(x2)

2β
1/2
t σft−1

(x1)
+

|µft−1
(x1)− µft−1,π̂t−1

(x2)|
2β

1/2
t σft−1

(x1)
(Bad user belief definition) (28)

= ∆µt +Rπ̂t (29)

These proofs are for finite decision sets. We can extend this proof to a general decision set by following Srinivas
et al. (2010) steps. We omit this procedure, but it essentially boils down to the same procedure and similar
results with slight coefficient differences.

Proof of No Harm Guarantee We first review the general large t limit properties of π-augmented GP.
Lemma 7. At the t → ∞ limit, the posterior GP is asymptotically equal to the original GP.

lim
t→∞

σ2
ft,π̂t

(x) = σ2
ft(x), (30)

lim
t→∞

µft,π̂t(x) = µft(x), (31)

lim
t→∞

αft,π̂t
(x) = αft(x), (32)

lim
t→∞

x2 = x1, (33)
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Proof of Lemma 6

lim
t→∞

σ2
ft,π̂t

(x) = lim
t→∞

σ2
π̂t
(x)σ2

ft
(x)

σ2
π̂t
(x) + σ2

ft
(x)

(34)

= lim
t→∞

(ρ2(Vgt [π̂gt(x)]) + γt2σ2
ft
(x))σ2

ft
(x)

ρ2(Vgt [π̂gt(x)]) + γt2σ2
ft
(x) + σ2

ft
(x)

(35)

= lim
t→∞

(ρ2(Vgt [π̂gt(x)])/t
2 + γσ2

ft
(x))σ2

ft
(x)

ρ2(Vgt [π̂gt(x)])/t
2 + γσ2

ft
(x) + σ2

ft
(x)/t2

(36)

=
γσ2

ft
(x)σ2

ft
(x)

γσ2
ft
(x)

(37)

= σ2
ft(x) (38)

lim
t→∞

µft,π̂t(x) = lim
t→∞

σ2
ft,π̂t

(x)

σ2
π̂t
(x)

µπ̂t(x) + lim
t→∞

σ2
ft,π̂t

(x)

σ2
ft
(x)

µft(x) (39)

= lim
t→∞

σ2
ft
(x)

σ2
π̂t
(x)

µπ̂t
(x) +

σ2
ft
(x)

σ2
ft
(x)

µft(x) (40)

= lim
t→∞

σ2
ft
(x)

ρ2(Vgt [π̂gt(x)]) + γt2σ2
ft
(x)

µπ̂t
(x) + µft(x) (41)

= µft(x) (42)

lim
t→∞

αft,π̂t
(x) = lim

t→∞
µft,π̂t

(x) + β
1/2
t lim

t→∞
σ2
ft,π̂t

(x) (43)

= µft(x) + β
1/2
t σ2

ft(x) (44)

= αft(x) (45)
lim
t→∞

x2 = argmax
x∈X

lim
t→∞

αft,π̂t
(x) (46)

= argmax
x∈X

αft(x) (47)

= x1 (48)

Proof of Lemma 2 By definition and lemma 6,

lim
t→∞

rπt = lim
t→∞

|f(x∗
true)− f(x2)| (49)

= |f(x∗
true)− f(x1)| (50)

= rt (51)

lim
t→∞

rπ̂t

rt
= 1. (52)

B Related work

Eliciting human knowledge for Bayesian optimzation There are four ways of incorporating human
knowledge, (a) prior over input space (Souza et al., 2021; Ramachandran et al., 2020; Hvarfner et al., 2022; Cisse
et al., 2023), (b) Hyperprior over function space (Hutter et al., 2011; Snoek et al., 2014; Wang et al., 2021), (c)
multi-fidelity information source (Song et al., 2019; Huang et al., 2022), (d) unknown constraints (Gelbart et al.,
2014; Hernández-Lobato et al., 2015; Adachi et al., 2024). They assume fixed and given prior knowledge; we
assume implicit and dynamic one. Only πBO and ours offer theoretical guarantees for misspecified π. π is a soft
constraint, distinct from the hard one in category (d). They overly limit the search space if incorrect.

Human preference as the objective Preferential BO (PBO) is to find the sample that maximize the
probability to be Condorcet winner via interaction with users (González et al., 2017; Astudillo et al., 2023; Takeno
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Figure 9: Comparison of Monte Carlo (MC) approximation and Bayesian quadrature approximation on marginal-
isation for soft-Copeland score. Overhead refers to the wall-clock time to compute the soft-Copeland score at x
with the 100 MC samples. The mean squared error is the error between the estimated soft-Copeland score and
the ground truth computed with massive MC samples.

et al., 2023b), then extended to preference exploration for multi-objective BO (Lin et al., 2022; Astudillo &
Frazier, 2020; Taylor et al., 2021; Giovanelli et al., 2023), non-duel-based PBO (Brochu et al., 2007; Koyama
et al., 2020; Mikkola et al., 2020; Benavoli et al., 2023a). While they treat preferences as the objective, ours
regards it as an additional information source of the original optimization task.

Human-AI teaming BO An interactive human-BO collaboration setting has recently been proposed to
accommodate time-varying human knowledge. There are two categories: (a) Human rectifies BO suggestions;
Colella et al. (2020); AV et al. (2022), (b) BO supports human manual search via exploratory adjustment Gupta
et al. (2023); Khoshvishkaie et al. (2023). While (a) has no guarantee on worst-case, (b) has a worse convergence
rate than the standard BO (Khoshvishkaie et al., 2023). We proposed the first approach with a no-harm guarantee
in an interactive setting without losing human initiative.

Explainability in BO There are two prior works on explainable BO. Li & Adams (2020) integrate explainability
as hard constraints to the optimization that restrict the search space to where humans can interpret. Liu et al.
(2023) introduced sparsity to find simple and interpretable configurations via L0 regularization. Both methods do
not consider human interaction, but these are orthogonal to ours and may be beneficial to combine.

C Modelling Human Preference via Gaussian Process

Preferential Gaussian process modelling While many algorithms, rooted in either probabilistic meth-
ods (Bradley & Terry, 1952; Luce, 1959) or spectral approaches (Cucuringu, 2016; Chau et al., 2022a), can model
human preferences, we opted for Gaussian Processes (GP). This choice enables us to consider epistemic uncertainty
more effectively during modeling. However, the classical preferential GP (PGP)(Chu & Ghahramani, 2005) has
several limitations; it is computationally expensive and unable to learn preferences that might be inconsistent
and with heteroscedastic noise. We combined two existing simple approaches instead of PGP; Dirichlet-based
GP (DGP) (Milios et al., 2018), and skew-symmetric data-augmentation (Chau et al., 2022b). DGP translates
classification problem as regression one via transforming classification labels to the coefficients of a degenerate
Dirichlet distribution. This offers a fast and heteroscedastic GP classifier that has essentially the same accuracy
and uncertainty quantification as the original GP classifier. Skew-symmetric data augmentation is to add the
symmetric data of original data Yj,i = 1−Yi,j for the duel (xi, xj). Additionally, we used Bayesian quadrature for
fast approximation of integral in Eq. (2). However, our setting is not limited to this GP and Bayesian quadrature
approximation.

Bayesian quadrature modelling As the integration Eq. (2) is intractable, we have to approximate it. The
original preferential BO (González et al., 2017) adopts Monte Carlo (MC) approximation, but it is slow as the
authors admit there should be a better way. We adopted Bayesian quadrature (BQ) O’Hagan (1991), particularly
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BASQ (Adachi et al., 2022, 2023b) for fast approximation. Figure 9 compares the overhead and accuracy of MC
integration and BQ. BQ yields faster computation than MC samples at inference (BQ: O((nMC + nduel)

2) vs.
MC: O(nMCnfuncn

2
duel)), which repeats the computation in the acquisition function optimization loop. Of course,

training the BQ model takes additional cost (O(nmBCGn
2
duel) for mBCG algorithm (Gardner et al., 2018)), but

this can be understood as "pretraining" to avoid the quartic cost of MC integration at each inference point. As
RBF kernel assumption of BQ is misspecified against true Bernoulli distribution, the convergence over sample
size is limiting; still, BQ works well as it is robust against misspecification (Kanagawa et al., 2016). In larger
MC sample sizes, MC integration outperforms BQ, but it produces non-negligible overhead. It should be noted
that BQ can derive the closed form of the denominator of Eq. (2), whereas MC approximation requires another
higher-level MC approximation of quintic cost, which is prohibitively slow. So, we adopt BQ in this paper thanks
to its good balance of computational accuracy and cost; however, our setting is not limited to BQ.

D Bayesian Quadrature for Fast Soft-Copeland Score Approximation

We have GP classifier g ∼ GP(µg, κg), and Monte Carlo integration via transforming sampled function with the
link function can estimate the expectation of binary probability as Bernoulli distribution:

Eg[g(x, x
′|g,Dpref)] =

∫
exp(gi)∑
exp(gi)

P(gi|x, x′,Dpref)dg (53)

As this is intractable, the forthcoming Condorset winner π̂g(x) marginalisation is also intractable.

Therefore, we apply Bayesian quadrature (BQ). Bayesian quadrature is the model-based approximation technique
for intractable integration; typically, GP is applied for the surrogate model for the integrand. We apply the
simple GP with RBF kernel to the integrand. Namely, we place the surrogate model GP with the pair of dataset:

xbq := xpref = (x1,x2), (54)
ybq := Eg[g(xpref | Dpref)], (55)

Dbq :=
(
xbq,ybq

)
, (56)

Then, all integration in equation 2 becomes analytical:

fbq ∼ GP(µbq, κbq | Dbq), (57)

µbq(X) = k(X,xbq) [k(xbq,xbq) + λI]−1 ybq, (58)

= k(X,xbq)
⊤ω, (59)

= v′N (X;xbq,W)⊤ω, (60)

κbq(X,X ′) = k(X,X ′)− k(X,xbq) [k(xbq,xbq) + λI]−1
k(xbq, X), (61)

= v′N (X;x′,W)− v′ 2N (X;xbq,W)ΩN (X;xbq,W)T , (62)

= v′N (X;x′,W)− v′ 2
N∑
i,j

Ωi,jN (X;xbq,i,W)N (X;xbq,j ,W), (63)

= v′N (X;X ′,W)− v′ 2N (xbq,i;xbq,j , 2W)

N∑
i,j

Ωi,jN
(
X;

xbq,i + xbq,j

2
,
W
2

)
, (64)

where

X := (x, x′), (65)
k(X,X ′) := v′N (X;X ′,W), (66)

v′ = v
√
|2πW|, (67)

W := ℓ2I, (68)

ω := [k(xbq,xbq) + λI]−1 ybq, (69)

Ω := [k(xbq,xbq) + λI]−1
, (70)
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v and ℓ are the output scale and length scale of the RBF kernel, and λ is the Gaussian likelihood variance.
Posterior predictive mean and variance are just a mixture of Gaussians; thus integration is tractable.

Then, we consider the soft-Copeland score, which is the marginalisation of x′ from x = (x, x′). Marginalisation of
Gaussian is just extracting the corresponding elements. We have

X =

[
x
x′

]
xbq =

[
xbq
x′

bq

]
W =

[
W′ 0
0 W′′

]
(71)

Consequently, the soft-Copeland score is reduced to be:

π̂g(x) :=

∫
X
g(x, x′)dx′, (72)

= V−1
X

∫
g(x, x′)dx′, (73)

where VX =
∫
Eg[π̂g(x)]dx is the normalizing constant to make π̂g(x) become a probability density function.

Eg [π̂g(x)] = V−1
X

∫
Eg [g(x, x

′)]dx′, (74)

= V−1
X

∫
µbq(x, x

′)dx′, (75)

= v′V−1
X

∫
N (X;xbq,W)

⊤ dx′ω, (76)

= v′V−1
X

∫
N
([

x
x′

]
;

[
xbq
x′

bq

]
,

[
W′ 0
0 W′′

])⊤

dx′ω, (77)

= v′V−1
X N (x;xbq,W′)⊤ω, (78)

Similarly, we place another GP on the variance, Vg [g(x, x
′)], then the procedure is the same:

Vg [π̂g(x)] = V−1
X

∫
Eg [g(x, x

′)(1− g(x, x′))] dx′, (79)

≈ V−1
X

∫
µ′

bq(x, x
′)dx′, (80)

= v′V−1
X N (x;x′′

bq,W
′′′)⊤ω, (81)

Then, the soft-Copeland score can be approximated by moment-matching the original Bernoulli distribution with
the Gaussian distribution.

πg(x) ≈ N (π̂g(x);Eg [π̂g(x)] ,Vg [π̂g(x)]). (82)

This is a coarse approximation of Condorcet winner probability P(y = 1|x) and is probabilistically wrong (Gaussian
is not bounded in [0, 1]). Still, recall our original motivation is to model the probability of global optimal location,
which is not bounded in [0, 1]. In this sense, precisely computing Bernoulli distribution is not required. We further
use this soft-Copeland score function to model the prior distribution on the continuous value y, which is not the
Bernoulli distribution and rather assumes Gaussian distribution. Thus we adopt Gaussian moment-matching
approximation.

However, this soft-Copeland score is not normalised over the domain, so we need to take further integral over x
domain. Bayesian quadrature makes this integral analytical:

VX =

∫
X
Eg [π̂g(x)] dx (83)

= v′V−1
X

∫
N (x;xbq,W′)⊤dxω, (84)

= v′V−1
X 1⊤ω, (85)

=
√
v′1⊤ω, (86)
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Figure 10: Dueling candidate generation algorithm. While the optimistic sample is selected by maximizing the
π-augmented GP, the pessimistic sample is selected by the original objective GP. The distance between pairwise
samples asymptotically decreases over iterations. (We set γ = 0.1).

π(x) :=
Eg[πg(x]∫

X Eg[π̂g(x)]dx
, (87)

=
1

1⊤ω
N (x;xbq,W′)⊤ω (88)

Now we have the closed-form soft-Copeland score approximation. It should be noted that the original g(x, x′)
distribution is the Bernoulli distribution, whereas this BQ-GP is the Gaussian distribution, which is a crude
approximation. So only predictive mean is reliable. To estimate the variance of Vg[π̂g(x)] at the same time,
we need to have another GP for variance estimation. Even the predictive mean of BQ-GP can be a crude
approximation. One simple solution to boost the accuracy is to increase the number of data Dbq, as this can
be augmented cheaply by fpref. However, increasing the number can lead to large computational overhead as
training GP costs cubic complexity O(n3). We wish to minimise the number of augmented data. So we adopt
BASQ Adachi et al. (2022) for selecting the next query point. This allows provably small predictive uncertainty
(see Theorem 1 in Adachi et al. (2022) and also Hayakawa et al. (2022) ).

E Dueling Acquisition Function

Figure 10 visualizes the dueling acquisition function. In the first cycle, the distance between preference-based and
standard UCB-based recommendations is large. But it gradually decreases over iterations, and it is almost the
same in the last (fourth) iteration. Furthermore, this figure also shows that the human preference successfully
avoids climbing up the wrong left peak by placing the belief over the left peak, which accelerates early-stage
exploration.

F Explaining Bayesian Optimization

We have three explanation features explained in Figure 2; Spatial relation, feature importance, and selection
accuracy feedback. For the spatial relation, we select the two primary dimensions using Shapley values. As
Shapley values are conditioned on x, we need to select x. For simplicity, we take average of Shapley values at the
pairwise candidates, x1 and x2, then take two dimensions with top 2 mean Shapley values. For the drawing range,
we first compute the rectangle which bounds the following three points; x1, x2, and the current best observed
point xcurrent := argmaxDobjt. Then, we expand this bounded rectangle 2 times as large as the original for
visibility. We set this expanded rectangle as the visualisation range. This procedure is shared with the preference
model visualisation. For feature importance, we simply visualise the Shapley values at x1 and x2 as a bar plot.

For selection accuracy feedback, we first update the GP surrogate function with the queried point xt ∈ (x1, x2)
and the queried value yt = f(xt). For the sake of argument, we assume xt = x1. Then, we compute the probability
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of correct selection, given by:

P(f(x1) ≥ f(x2)) ∼ N (Ef [ℓ(x1, x2)],Vf [ℓ(x1, x2)]), (89)

ℓ(x1, x2) := Φ

(
f(x1)− f(x2)√

λ

)
, (90)

where Φ is the cumulative density function of standard normal distribution N (0, 1). We compute the expectation
and variance over f space by Monte Carlo integration.

G Experimental details

We have tested CoExBO for 5 synthetic functions against 6 baselines. We use a constant-mean GP with an RBF
kernel. In each iteration of the active learning loop, the outputs are standardized to have zero mean and unit
variance. We optimize the hyperparameter by maximizing the marginal likelihood (type-II maximum likelihood
estimation) using L-BFGS-B optimizer (Liu & Nocedal, 1989) implemented with BoTorch (Balandat et al., 2020).
We also maximized the acquisition function using the same optimizer. The initial data sets consist of ten data
points drawn by Sobol sequence (Sobol’, 1967) and corresponding noisy observations. We generate 10 samples for
objective dataset and 100 samples for preferential dataset construction. We adopt the log regret as the evaluation
metric using the test dataset. The models are implemented in GPyTorch (Gardner et al., 2018). All experiments
are repeated ten times with different initial data sets via different random seeds (the seeds are shared with
baseline methods).

G.1 Synthetic functions with Synthetic Human Selection

G.1.1 Synthetic Functions

Ackely Ackley funciton is defined as:

f(x) := −a exp

−b

√√√√1

d

d∑
i=1

x2
i

− exp

[
1

d

d∑
i=1

cos(cxi)

]
+ a+ exp(1) (91)

where a = 20, c = 2π, d = 4. We take the negative Ackley function as the objective of BO to make this
optimisation problem maximisation. This is a 4-dimensional function bounded by x ∈ [−1, 1]d. The global
optimum is x∗

true = [0, 0, 0, 0] and f(x∗
true) = 0.

Hölder Table Hölder Table funciton is defined as:

f(x) :=

∣∣∣∣∣ sin(x1) cos(x2) exp

(∣∣∣∣∣1−
√

x2
1 + x2

2

π

∣∣∣∣∣
) ∣∣∣∣∣ (92)

where xi is the i-th dimensional input. This is a 2-dimensional function bounded by x ∈ [0, 10]d. The global
optimum is x∗

true = [8.05502, 9.66459] and f(x∗
true) = 19.2085.

Styblinski-Tang Styblinski-Tang funciton is defined as:

f(x) :=
1

2

d∑
i=1

(x4
i − 16x2

i + 5xi) (93)

where xi is the i-th dimensional input. This is a 3-dimensional function bounded by x ∈ [−5, 5]d. The global
optimum is x∗

true = [−2.903534]d and f(x∗
true) = 39.166166d.

Michalewicz Michalewicz funciton is defined as:

f(x) :=

d∑
i=1

sin(xi) sin
2m

(
ix2

i

π

)
(94)

where xi is the i-th dimensional input and m = 10. This is a 5-dimensional function bounded by x ∈ [0, π]d. The
global optimum is f(x∗

true) = 4.687658.
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Figure 11: Selection accuracy and overhead analysis over iterations for the tasks (a) EC-DMC-EMC-LiPF6 and
(b) MA-DMC-EMC-LiPF6. The solid lines and shaded areas refer to the mean and 1 standard error of the results
of four participants. To smooth out the noisy results, we take the moving average with the window size of 3 trials
for visualizing the trend.

Rosenbrock Rosenbrock funciton is defined as:

f(x) :=

d−1∑
i=1

[
100(xi+1 − x2

i )
2 + (xi − 1)2

]
(95)

where xi is the i-th dimensional input. This is a 3-dimensional function bounded by x ∈ [−5, 10]d. The global
optimum is x∗

true = [1]d and f(x∗
true) = 0.

G.1.2 Robustness evaluation

In the adversarial selection, both CoExBO and batchUCB superficially surpass the original UCB. We first point
out that this is within the standard error, but there may be possible reasons why these two are better than
others even in adversarial settings. For CoExBO, this may come from randomised effect. Recent work shows
randomizing β parameter of UCB yields faster convergence than original (Berk et al., 2020; Takeno et al., 2023a).
Our CoExBO can be understood as randomising β, which may effect positively. Still, we can confirm the trend
that confident and correct human feedback can accelerate convergence. For batchUCB, this may come from a
nonmyopic effect. González et al. (2016) pointed out the similarity between hallucination and one-step lookahead
BO, which empirically yields better convergence than the original UCB.

G.2 Real-world tasks

G.2.1 Designing battery

The problem involves finding the best electrolyte material combination to maximize ionic conductivity. Ionic
conductivity is dependent on both lithium salt molarity and the cosolvent composition. They show the complex
non-linear relationship due to the solvation effect and cannot predict even with the state-of-the-art quantum
chemistry simulator. We create the true functions by fitting the experimental data of EC-DMC-EMC-LiPF6

(Dave et al., 2022) and MA-DMC-EMC-LiPF6 (Logan et al., 2018) systems using the Casteel-Amis equation
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(Casteel & Amis, 1972). Note that the Casteel-Amis equation is just for the interpolation of experimental data
to be continuous, and is not capable of predicting different cosolvent. Both tasks are the three-dimensional
continuous input function. The input features are (1) the lithium salt (LiPF6) molarity, (2) DMC/EMC cosolvent
ratio, and (3) (EC or MA)/carbonates cosolvent ratio, respectively. The inputs are bounded with x1 ∈ [0, 2],
x2 ∈ [0, 1], and x3 ∈ [0, 1]. The noisy output is generated by adding i.i.d. zero-mean Gaussian noise with the 32

variance to the noiseless f(x).

G.2.2 Selection Accuracy and Complexity Analysis

We further analyzed the real-world task results based on selection accuracy and overhead over iterations. Figure 11
illustrates the results. For selection accuracy, while results with explanation remain stable over iterations, the ones
without explanation fluctuate largely, particularly in the later rounds. Over iterations, the pairwise candidates
become closer due to the no-harm guarantee. Hence, the later iterations are more difficult to select the correct
one. The explanation feature can help users distinguish the slight differences by the quantitative Shapley values,
leading to accurate selection even for the later iterations. The bottom row of Figure 11 shows the overhead of the
candidate selection process, including pairwise candidate generation, explanation feature, and human selection
time. We can observe the general decrease trend over iterations regardless of the explanation feature, and the
difference in overhead between with and without explanation features is negligible. This is because the most
time-consuming part is the human selection process. In the early stage, human users are also uncertain and need
more time to decide which to select. Over time, it becomes more confident and smoother to select, resulting in
quicker selection. This suggests the algorithmic overhead is negligible when compared to the human selection
process.
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