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Abstract

We introduce the Random Oscillators Net-
work (RON), a physically-inspired recurrent
model derived from a network of heteroge-
neous oscillators. Unlike traditional recurrent
neural networks, RON keeps the connections
between oscillators untrained by leveraging
on smart random initialisations, leading to
exceptional computational efficiency. A rig-
orous theoretical analysis finds the necessary
and sufficient conditions for the stability of
RON;, highlighting the natural tendency of
RON to lie at the edge of stability, a regime of
configurations offering particularly powerful
and expressive models. Through an extensive
empirical evaluation on several benchmarks,
we show four main advantages of RON. 1)
RON shows excellent long-term memory and
sequence classification ability, outperforming
other randomised approaches. 2) RON outper-
forms fully-trained recurrent models and state-
of-the-art randomised models in chaotic time
series forecasting. 3) RON provides expres-
sive internal representations even in a small
parametrisation regime making it amenable
to be deployed on low-powered devices and
at the edge. 4) RON is up to two orders of
magnitude faster than fully-trained models.

1 INTRODUCTION

Recurrent Neural Networks (RNNs) represent one of
the cornerstones of Machine Learning (ML) since its
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early beginning (Elman, 1990). The key characteristic
of RNNs is to encode temporal information present
in the input into the RNN parameters and its hidden
state. RNNs can be directly implemented in physical
systems as information-processing units (Hauser et al.,
2011; Nakajima et al., 2015; Wright et al., 2022; Lee
et al., 2022). This type of RNN leverages its intrinsic
nonlinear dynamics as a resource to empower analogi-
cal systems with flexible computation capabilities.
Following the footprints of these works, we investigate
a physically-inspired RNN derived from a continuous-
time ODE describing a network of oscillators. We cast
this model into the Reservoir Computing (RC) frame-
work (LukoSevicius and Jaeger, 2009) and we dub it
Random Oscillators Network (RON). RC is a flexible
paradigm of training RNNs which leverages an un-
trained nonlinear system (the reservoir) mapping input
signals into an high dimensional space, and adapting a
linear readout layer only, thus resulting in particularly
fast training (Nakajima and Fischer, 2021).
Oscillators represent an archetypal dynamical behavior
ubiquitous in nature that can be found in chemical
reactions such as Belousov—Zhabotinsky, electronic cir-
cuits like amplifiers, business cycles, central nervous
system diseases like Parkinson’s, pendulum clocks, fire-
flies’ light pulses, and others (Pikovsky et al., 2002).
This motivates us to inspect to what extent an un-
trained ensemble of input-driven heterogeneous oscilla-
tors can be exploited for time series processing. We take
inspiration from the coupled oscillatory RNN (coRNN)
(Rusch and Mishra, 2023), a recently proposed deep
learning model based on oscillators. We extend this
model to the case of heterogeneous oscillators coupled
only in the position variable, but being uncoupled in
the damping terms. Also, our RON follows the princi-
ples of RC by leveraging untrained hidden parameters.
Our contributions can be summarised as follows:

e We introduce the RON model (Section 2.3), and
prove it to be a generalisation of a popular RC
model used in many time series processing tasks,
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like classification (Jaeger et al., 2007), and fore-
casting (Jaeger and Haas, 2004).

e A theoretical analysis of stability (Section 3) re-
veals that the linearised RON exhibits a tendency
towards the identity mapping, a widely recognised
important feature in the context of deep learn-
ing (He et al., 2016), which in turns equips the
RON with an architectural bias towards the edge
of stability (Bertschinger and Natschlidger, 2004).
Precisely, we provide an estimation of the Jaco-
bian’s norm of RON (Theorem 3.1), a characteri-
sation of its eigenspectrum (Theorem 3.2), and we
derive sufficient and necessary conditions (Propo-
sition 3.3) for the existence and uniqueness of an
asymptotically stable solution for RON.

o We test RON on several time series benchmarks
(Sections 5-6). In time series classification, RON
strongly outperforms randomised models on long-
term dependencies tasks and suffers only a slight
degradation in performance with respect to fully-
trained models, while being two orders of magni-
tude more efficient. On classification tasks requir-
ing medium to short-term memory with a relatively
small number of parameters, RON outperforms all
models, thus demonstrating remarkably expressive
internal representations. On chaotic systems fore-
casting, RON outperforms both state-of-the-art
randomised and fully-trained recurrent models.

2 FROM HARMONIC OSCILLATOR
TO RANDOM OSCILLATORS
NETWORKS

We first provide a gentle introduction to the damped
harmonic oscillator, framing it in the context of fading
memory systems. Then we introduce a recurrent layer
based on heterogeneous oscillators which takes advan-
tage of a fixed nonlinear dynamical system, called Ran-
dom Oscillators Network (RON), and a fully trained
version, called heterogeneous coupled oscillatory RNN
(hcoRNN). Finally, we link our RON model to a well-
known RC model called Leaky-ESN.

2.1 Damped harmonic oscillator

The harmonic oscillator is a mechanical oscillator
(Fig. 1(a)) with constant mass and linear damping.
The harmonic oscillator is described by the following

ODE, where we also include a time-varying forcing
f(t)2R:

(F y "y): (1)

Here, y 2 R, y, and Yy are defined as the oscillator po-
sition, its velocity, and acceleration respectively. Fur-

thermore, m is the point mass, 2 [0; 1) the constant
stiffness, and " 2 [0; 1) the damping coefficient. We
consider in the following the case with m = 1. Such a
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Figure 1: Panel (a): Schematic of a driven, damped
harmonic oscillator. Panel (b): Bode plot for har-
monic oscillators with different stiffnesses and damp-
ing coefficients . Panel (c): Time evolution of
a single harmonic oscillator with = 1 driven by
f(t) = tanh(Wy + b) for various values of ", W, and b.

simple system has already several properties that make
it ideal to serve as a fundamental cell of our learning
strategy.

First, different choices of and " give rise to quite
different transient behaviors, as shown in Fig. 1(c).
This reflects in the capability of each oscillator to isolate
different portions of the spectrum of the input signal
f(t) as can be seen in the Bode plot of the configuration
y in Fig. 1(b). Also, note that the velocity y can
serve as a high pass counterpart to y. Second, these
oscillators have fading memory. Indeed, the energy of
(1) is E = my?=2 + y2=2. This is a strictly decreasing
function of time for " > 0, since E = "y2. In rough
terms, the dynamical system forgets its initial condition
after a transient.

Still, the linear nature of (1) may be not expres-
sive enough. We thus consider a simple variation
on this system obtained by selecting the forcing as
the output of a one-dimensional neuron with a hy-
perbolic tangent as the activation function f(t) =
tanh(Wy + b) where W;b 2 R (see green and red
lines in Fig. 1(c)). This small change substantially
enriches the dynamic spectrum of this simple unit,
without changing its fundamental character. Consid-
ering a bias term b & 0 also changes the equilibria
of the spring. The equilibria of the oscillator are now
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all y verifying tanh(Wy + b) y = 0. For W < 0,
the oscillator becomes multi-stable with up to three
equilibria with one unstable and two stable ones.

2.2 Random Oscillators Network

We combine here several of the fundamental units de-
scribed above into a network of input-driven damped
harmonic oscillators that we will later use to perform
computations.

Let us start by introducing a pool of N decoupled
mechanical oscillators as in eq. (1):

y=1£(1) y " ¥ 2)

where  denotes the point-wise multiplication of vec-
tors, ;"2 RN are the vectors collecting all and " for
each of the oscillators. Similarly, y;y 2 RN collect all
position and velocity for each of the oscillators. Gen-
eralising the nonlinear spring tanh(Wy + b) discussed
above, we introduce here the following more expressive
feedback forcing term

f(t) = tanh(Wy + Vu(t) + b); (3)

where u(t) is the external input driving the network.
The forcing term f can be interpreted as in Fig. 2 as
an excitation layer (red box) driving the dynamics of
the subsequent layer of heterogeneous oscillators (blue
box). Being f a function of all configurations y, this
forcing term has the effect of nonlinearly connecting
the decoupled oscillators into a network. We notice
later in section 4 that this forcing term will generate a
closed-loop behavior akin to Rusch and Mishra (2023).

In ML terms, egs. (2)-(3) describe a recurrent layer
with hidden state y 2 RN, with N being the number of
neurons. W 2 RN N are the hidden-to-hidden recur-
rent connections, V.2 RN ! are the input-to-hidden
connections, and b 2 RN the bias vector. The hyper-
bolic tangent mediates a nonlinear bounded response
in the oscillators.

Introducing the variable z = y, we get the following
first-order system of ODEs:

y =z (4)
z =tanh(Wy + Vu(t) + b) y " oz (5

that we discretise with an implicit (the y equation), and
an explicit (the z equation) Euler numerical scheme,
via discretisation time step >0, as follows.
Definition 2.1. Random Oscillators Network
(RON). The RON is a discrete-time RNN model whose
update reads as follows:

Yk+1 = Ykt Zk+1;
tanh(Wyg + Vug+1 + b) (6)

Yk Zk -

Zk+1 = Zk+
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Figure 2: The Random Oscillators Network (RON)
consists of N harmonic oscillators forced by coupled
neurons with hyperbolic tangent activations. A linear
output layer maps the states of the mechanical oscilla-
tors in the desired output. This layer is the only one
that is adapted during learning.

The hidden states yx computed by eqs. (6) are exploited
as features encoding crucial temporal information for
the processing of the discretised input time series ug.
To solve time series tasks, we stack a linear layer trans-
forming the hidden state y to an output state r as
follows:

rk+1 = Woyk+1 + bo (7)

where Wy; by, are weights and biases of the output
layer. Egs. (6)-(7) describe an RNN model mapping
input sequences uk into output sequences ry, see Fig. 2
for a schematic representation of RON model.

In RON, the parameters W; V; b, of the feedback forc-
ing term are randomly generated and kept fized. Pre-
cisely, they are generated according to a uniform distri-
bution in ( 2;2) for W, (0;1) for V and ( 1;1) for b.
Then, in line with the RC framework, the matrix W
is scaled with an hyperparameter > 0 which tunes
its spectral radius, and the matrix V is scaled with
an hyperparameter > 0 (see Lukosevi¢ius (2012) for
a practical guide to RC techniques). Similarly to
and , also the stiffness and damping coefficients of
the oscillators, respectively , and "', are treated as
hyperparameters of the RON to be selected via valida-
tion techniques. In practice, we create heterogeneous
oscillators selecting a midpoint and a radius for each

and "', thus generating uniformly random values within
that interval. An important feature of RON is the het-
erogeneity of input-driven responses of its reservoir of
oscillators. This heterogeneity allows the linear readout
to extract more easily the crucial features for solving
the task at hand. Remarkably, entries of Wy; bg, are
the only trainable parameters of an RON, and we use
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ridge regression for learning them. The scalar value
in egs. (6) is linked to the step size of the numerical
integration. Therefore, if one wants to discretise the
continuous-time model for the sake of merely reproduc-
ing the continuous-time dynamics, then an opportunely
small value of the step size is required. However, here
we are not interested in reliably simulating trajecto-
ries of the continuous-time dynamical system defined
by egs. (4)-(5), but rather to investigate the expres-
siveness of the physically-inspired discrete-time RNN
model of egs. (6) that we derived. As a consequence,
in the remainder of this paper, we will treat >0 as a
hyperparameter.

In order to evaluate the impact of randomisation, we
consider a version of RON, that we call heterogeneously
coupled oscillatory RNN (hcoRNN), where parameters
W;V; b, of the feedback forcing term are learned via
the backpropagation through-time algorithm. Whilst
we consider ;"; | as hyperparameters of the hcoRNN
model.

2.3 RON as Leaky-ESN
1
—, the

z-dynamics become completely determined by the y-
dynamics. Therefore, the hcoRNN equation becomes

In the particular case of egs. (6) with "

Yk+1 = Yk + 2 tanh(Wyy + Vuk+1 + b) 2 Yk

Interestingly, setting further 1, we recover a popu-
lar RC model named Leaky-ESN (Jaeger et al., 2007),
whose state-update equation reads as follows:

%)yk: (8)

In the context of eq. (8), the hyperparameter is
interpreted as the squared root of the leak rate of the
model.

Yk+1 = 2tanh(Wyg + Vugas +b) + (1

The Leaky-ESN model has been successfully used in
many ML tasks involving time series, like audio process-
ing (Jaeger et al., 2007). Remarkably, the Leaky-ESN
with linear output layer as in eq. (7) can accurately
learn the climate of chaotic attractors (Lu et al., 2018).

From this perspective, the RON can be interpreted as
a generalisation of the Leaky-ESN model, and as such
it has the capability to describe both stable complex
oscillatory dynamics and chaotic dynamics, provided
with an opportune choice of hyperparameters.

3 LINEAR STABILITY ANALYSIS

In this section, we perform a linear stability analysis
of the RON model (Definition 2.1). All the proofs
can be found in the Supplementary Material. Let

us denote Xk = }z,k . Then, the RON model can
k

be defined by the input-driven state-update equation
Xy+1 = G(Xk; uk+1), where G : R2N Rl ¥ R2N
is defined by eqs. (6). The Jacobian of the G map
computed on (Xg; uk+1), denoted with Ji, reads:

OYr+1  OYr+1 #
Jk = @(%Z-}f—l @gkzil = (9)
0yx @z
I+ 2A¢ I diag(™) .
o Ay I diag(") ’ (10)
where
Ay =SKW diag( ); (11)
Sk =diag 1 tanh®(Wyy + Vug +b) 1 (12)

A widely known stability condition for RC systems
(Jaeger, 2001) is given by imposing that the Jacobian
is a contraction. This condition of contraction implies
the existence and uniqueness of a uniformly asymp-
totically stable solution for the input-driven system,
and it is expressed by imposing the Euclidean norm
of the Jacobian to be uniformly less than 1 (Ceni
et al., 2020). From eq. (9) we can already see that
A T diag(")
Ay diag(")

the identity mapping for small values of . We provide
below an upper bound for the Euclidean norm of the
Jacobian of eq. (9) based on the following quantities

Je =1+ has a bias towards

=maxjl il (13)
j

=maxjl 2 jj; (14)
i

=jiWij; (15)

while we denote max = maxj j, "max = maxj "j, and
similarly for the min values we use min; "min-

Theorem 3.1. The norm of the Jacobian matrix of
the RON model admits the following upper bound
i9di - max( + 25 )+ max(; omact ) (16)
In particular, for 1, and assuming "min = 0, and
max 1, the bound reads as follows:
i3di 14+ (max+ )+0O(?): (17)
Theorem 3.1 highlights that although the entire eigen-
spectrum can be uniformly bounded around a neigh-
bourhood of the identity by means of | it is a hard task
to find combinations of hyperparameters ensuring that
supy jjJkjj < 1, and so ensuring uniform asymptotic
stability for the RON model. One interesting example

is given by the particular case of "  —, where the
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y-dynamics becomes decoupled from the z-dynamics,
as observed in the previous section; we provide suffi-
cient conditions for contractivity for such a particular
case in the Supplementary Material. In the general
case, imposing the upper bound of eq. (16) to be less
than 1, we obtain sufficient conditions for a contrac-
tive RON, thus a uniformly asymptotically stable RON
in particular. For sake of conciseness, these sufficient
conditions for a contractive RON are reported in the
Supplementary Material.

These sufficient conditions define a very narrow region
of hyperparameters. The difficulty to satisfy these
sufficient conditions reflects how disinclined is RON
to this strong condition of stability. Imposing such
strict conditions of contractivity on the RON model
might harm its expressiveness. We might relax the
request of contracting at each time step in favour of
the less stringent requirement of having all the eigen-
values inside the unit circle. Note however that, for
a generic discrete-time linear non-autonomous system,
having all eigenvalues inside the unit circle is not suffi-
cient to imply asymptotic stability (Slotine et al., 1991;
Kozachkov et al., 2022).

We provide a more precise picture of the eigenvalues
distribution of the RON model in the following theorem.

Theorem 3.2. For all eigenvalues of the Ja-
cobian of the RON model there exists a point

2 f1 2 551 "j ng:1 such that
i i (18)
where C = 2 + max ; max+

According to Theorem 3.2, the eigenspectrum of the
Jacobian of an RON model is contained inside the union
of disks of radius C centered on the points 1 il

2 4, see Fig. 3 for a visual representation of this fact,
and Fig. 4 for few eigenspectrum configurations of an
RON. For an input-free RON, having all eigenvalues
inside the unit circle does suffice to have asymptotic
stability. We provide a necessary condition based on
the strength of the feedback loop, i.e. providing a
bound on the hyperparameter, for the asymptotic
stability of an input-free RON.

Proposition 3.3. Necessary conditions. If the
input-free RON model is asymptotically stable, then
either one of the two cases must hold true

]- max

o if > T2

max, then

o if max, then 5

The idea of the proof relies on imposing that all the
disks of Theorem 3.2 lie inside the unit circle. This

Figure 3: Depiction of the eigenspectrum’s bound given
by Theorem 3.2 for the Jacobian of an RON model.

translates in the conditions:

The necessary conditions of Proposition 3.3 are derived
by imposing that C 1, which is a necessary condition
for inequalities (19)-(20) to hold, otherwise 2 C < C.
Remark 3.4 (Guideline values). Searching around the
edge of stability of RON, we can lose inequalities (19)-
(20), pushing C to zero, to derive the following guideline
values for the hyperparameters of the oscillators:

"min  0; (21)
min  0; (22>
"max 2= ; (23)
max 25 % (24)

Selecting values small enough while satisfying
eqs. (21)-(24) will generate typically RON models with
an underlying Jacobian just marginally unstable with
eigenvalues at most slightly beyond the unitary circle in
a neighborhood of the value of 1. Therefore, promoting
the computation at the edge of stability, which has
been recognised to be useful for time series processing
(Legenstein and Maass, 2007), and lately also in typical
deep learning applications (Cohen et al., 2021).

4 RELATED WORKS

Reservoir Computing. The key idea behind RC is
to treat the internal dynamics of a recurrent neural net-
work as fixed, i.e. untrained (LukoSevicius and Jaeger,
2009). RC leverages smart random initialisations of
the recurrent part of the model, called the reservoir,
and only trains an output layer, usually with linear
regression techniques, to decode the internal dynamics
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Figure 4: Jacobian’s eigenspectrum eq. (9) for few hy-
perparameter’s combinations. Bias vector has in all
its components, input-to-hidden matrix V is zero ma-
trix. Left: a case satisfying the sufficient conditions for
a contractive RON. Centre: a case of RON coinciding
with Leaky ESN. Right: a case satisfying the guideline
values of Remark 3.4 with strong coupling, i.e. 1.

into an output signal.

The Echo-State Network (ESN) (Jaeger, 2002) is one
of the most representative models belonging to the RC
paradigm. In this work, we use ESNs to assess the
effectiveness of our model against state-of-the-art RC
models. The state-update equation of an ESN reads:

yk = tanh(Wyyx 1+ Vue+b)+ (1 )y (25)

where yx 2 RN:u, 2 R! are the internal state and
input trajectories at time-step K, respectively and
W2RN N-yv2RN ' 2 RN are fixed, randomly-
initialised parameters. The hidden matrix W is ran-
domly initialised and then scaled such that its spectral
radius is smaller than 1. Also, the matrix V is scaled
by a scalar value . The scalar is the leak rate, it is
entitled to calibrate the time scale of the ESN’s dynam-
ics according to that of the input signal. All the three |

,and , are task-specific and are usually determined
by a model selection phase (e.g., with random/grid
search). We adopt this approach for all ESNs used in
our experiments.

coRNN. We compare the performance of RON
against the coupled oscillatory RNN (coRNN) from
Rusch and Mishra (2023). coRNN also builds on a
network of oscillators. A coRNN has unique scalar
values ;" ", and it is defined by the following
equation:

Yk+1 = Ykt Zk+1,
Zk+1 = zk+ tanh(Wyyx + Wz, + Vugs1 + b) (26)

Yk Zk -

Differently from RON, the coRNN model is fully
trained, does not use heterogeneous oscillators and
requires an additional hidden-to-hidden adaptive ma-
trix W. In particular, for the same number of units,
the coRNN model has more trainable parameters than
RON (and hcoRNN), thus larger computational time
for training and inference.

5 EXPERIMENTS

Our empirical evaluation focuses on two key RON prop-
erties, discussed in the theoretical analysis of Section
21

1. We study the impact of weight randomisa-
tion by comparing the performance of an RON
against fully-trained hcoRNN, coRNN, and LSTM
(Hochreiter and Schmidhuber, 1997), on both se-
quence classification and time series forecasting
benchmarks. We also highlight the advantages of
RON in terms of computational efficiency.

2. We study the role played by the dynamical system
stability in an RON. To this end, we show the
stability properties of the best models, according
to our findings of Section 3.

To guarantee a fair comparison, we adopt the experi-
mental setup of Rusch and Mishra (2023), where the
coRNN model was first introduced, and we extend it
with additional benchmarks. For each benchmark and
model, we performed grid search on a separate vali-
dation set to obtain the best models which were then
evaluated on the held-out test set. We report all the de-
tails related to model selection and best configurations
in the Supplementary Material.

Sequence classification benchmarks. We use
6 classification benchmarks, sMNIST, psMNIST,
npCIFAR-10, FordA, Adiac and uWaveGesture?. The
MNIST and CIFAR-based benchmarks are used to test
the long-term memory capabilities of the model, while
FordA and Adiac for medium and short-term memory,
respectively.

In sMNIST, the model observes one pixel at a time
and it is required to predict the digit class after having
processed all the 784 pixels. The psMNIST benchmark
is the same as sMNIST, except that the pixels in an
image are shuffled according to a fixed, random permu-
tation.

The npCIFAR-10 benchmark presents each RGB image
of CIFAR-10 in a row-wise fashion (flattening the RGB
channels into a single vector), leading to sequences of
32 elements. A randomly generated suffix is added
to each sequence, reaching a sequence length of 1,000
time steps. Since the information required to classify
the image is contained at the very beginning of the
sequence, the model needs to extend its memory over
hundreds of steps. FordA is a binary classification task

'The code to reproduce the experiments is
available at https://github.com/AndreaCossu/
RandomizedCoupledOscillators/

2FordA, Adiac and
timeseriesclassification.com

uWaveGesture from



