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Abstract

Stochastic multi-level compositional opti-
mization problems cover many new machine
learning paradigms, e.g., multi-step model-
agnostic meta-learning, which require effi-
cient optimization algorithms for large-scale
data. This paper studies the decentral-
ized stochastic multi-level optimization al-
gorithm, which is challenging because the
multi-level structure and decentralized com-
munication scheme may make the number of
levels significantly affect the order of the con-
vergence rate. To this end, we develop two
novel decentralized optimization algorithms
to optimize the multi-level compositional op-
timization problem. Our theoretical results
show that both algorithms can achieve the
level-independent convergence rate for non-
convex problems under much milder condi-
tions compared with existing single-machine
algorithms. To the best of our knowledge,
this is the first work that achieves the level-
independent convergence rate under the de-
centralized setting. Moreover, extensive ex-
periments confirm the efficacy of our pro-
posed algorithms.

1 Introduction

In recent years, some new learning paradigms, such
as model-agnostic meta-learning (Finn et al., 2017),
have been proposed to handle realistic machine learn-
ing applications, which are typically beyond the class
of traditional stochastic optimization. Some examples
include bilevel optimization, minimax optimization,
compositional optimization, and so on. Of particu-
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lar interest in this paper is the learning paradigm that
can be formulated as the stochastic multi-level compo-
sitional optimization problem. More particularly, we
are interested in the decentralized setting where data
are distributed on different devices and the device per-
forms peer-to-peer communication to exchange infor-
mation with its neighboring devices. Mathematically,
the loss function is defined as follows:

min
x∈Rd

F (x) =
1

N

N∑
n=1

Fn(x) , (1)

where Fn(x) = f
(K)
n ◦f (K−1)

n ◦· · ·◦f (2)
n ◦f (1)

n (x), x ∈ R
d

is the model parameter of a machine learning model,
N devices compose a communication network, and
Fn(x) is the loss function on the n-th device, for any

k ∈ {1, 2, · · · ,K − 1,K}, f (k)
n (·) = E

ξ
(k)
n

[f
(k)
n (·; ξ(k)n )] :

R
dk−1 → R

dk is the k-th level function on the n-th de-
vice, where ξ

(k)
n denotes the data distribution for the

k-th level function on the n-th device. It can observed
that the input of f

(k)
n (·) is the output of f

(k−1)
n (·).

The stochastic multi-level compositional optimization
(multi-level SCO) problem covers a wide range of ma-
chine learning models. For instance, the multi-step
model-agnostic meta-learning (Finn et al., 2017) can
be formulated as a multi-level SCO problem. The
stochastic training of graph neural networks also be-
longs to the class of multi-level SCO problem (Yu
et al., 2022; Cong et al., 2021). The neural network
with batch-normalization is actually a multi-level SCO
problem (Lian and Liu, 2018). The challenge of opti-
mizing the multi-level SCO problem lies in that the
stochastic gradient is not an unbiased estimator of the
full gradient when the inner-level functions are nonlin-
ear. To address this challenge, a couple of stochastic
multi-level compositional gradient descent (multi-level
SCGD) algorithms have been proposed recently. For
instance, Yang et al. (2019) proposed the first stochas-
tic multi-level compositional gradient descent algo-
rithm. However, due to the nested structure of the loss
function, the order of its convergence rate depends on
the number of levels K exponentially 1, where a larger

1Following (Balasubramanian et al., 2022), throughout
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K results in a slower convergence rate. As such, it can-
not match the traditional stochastic gradient descent
(SGD) algorithm’s convergence rate. Later, some algo-
rithms (Zhang and Xiao, 2021; Balasubramanian et al.,
2022; Jiang et al., 2022) were proposed to achieve the
level-independent convergence rate via leveraging the
variance-reduced estimator. For instance, Zhang and
Xiao (2021) exploited the SPIDER (Nguyen et al.,
2017; Fang et al., 2018) estimator for both the stochas-

tic function value f
(k)
n (·; ξ(k)n ) and the stochastic Ja-

cobian matrix ∇f
(k)
n (·; ξ(k)n ) of each level function to

improve the convergence rate.

However, existing stochastic multi-level compositional
optimization algorithms have some limitations. On
the one hand, they only focus on the single-machine
setting. As such, they cannot be used to solve the dis-
tributed multi-level SCO problem in Eq. (1). In par-
ticular, it is unclear if the level-independent conver-
gence rate is still achievable under the decentralized
setting. More particularly, it is unclear whether the
consensus error caused by the decentralized commu-
nication scheme will make the level-independent con-
vergence rate unachievable. On the other hand, under
the single-machine setting, those algorithms with the
variance-reduced estimator have some unrealistic oper-
ations, limiting their applications in real-world tasks.
In particular, they apply the variance reduction tech-
nique to the stochastic Jacobian matrix of every level

function ∇f
(k)
n (·, ξ(k)n ) where k ∈ {1, 2, · · · ,K}, which

requires the clipping operation, e.g., Algorithm 3 in
(Zhang and Xiao, 2021), or the projection operation,
e.g., Eq. (3) in (Jiang et al., 2022), to upper bound the
variance-reduced gradient. These operations either re-
sult in a very small learning rate or depend on un-
known hyperparameters. These limitations motivate
us to 1) develop decentralized optimization algorithms
for Eq. (1) to enable multi-level SCO problems for dis-
tributed data, 2) propose the practical algorithm based
on the variance-reduced stochastic gradient under mild
conditions, and 3) establish the level-independent con-
vergence rate for the proposed algorithm.

To this end, we developed two novel decentralized
multi-level stochastic compositional gradient descent
algorithms, both of which can achieve the level-
independent convergence rate. Specifically, they
have the following contributions. 1) Our first al-
gorithm demonstrates how to achieve the level-
independent convergence rate with a novel combi-
nation of the inner-level function estimator and the

this paper, the level-dependent convergence rate means
that the number of levels K affects the order of the con-
vergence rate, e.g., O(ε−K), while the level-independent
convergence rate indicates that K does not affect its order
but may affect its coefficient, e.g., O(Kε−2).

momentum technique. Our second algorithm im-
proves the convergence rate with a novel strategy
of utilizing the variance-reduced estimator without
impractical operations. In particular, unlike exist-
ing algorithms (Zhang and Xiao, 2021; Jiang et al.,
2022), which apply the variance reduction tech-
nique to both all stochastic inner-level function val-

ues {f (k)
n (·; ξ(k)n )}K−1

k=1 and all stochastic Jacobian

matrices {∇f
(k)
n (·; ξ(k)n )}Kk=1, our algorithm leverages

the variance-reduced estimator for stochastic inner-
level function values {f (k)

n (·; ξ(k)n )}K−1
k=1 and the gra-

dient ∇Fn(x; ξn). As such, our algorithm does not
require the clipping operation for the learning rate

or the projection operation for {∇f
(k)
n (·; ξ(k)n )}Kk=1 as

(Zhang and Xiao, 2021; Jiang et al., 2022). Thus, it is
more friendly to implement. 2) Besides the novel al-
gorithmic design, we established the level-independent
convergence rate of our two algorithms for nonconvex
problems under the decentralized setting. In partic-
ular, our first algorithm, which leverages the momen-
tum technique for the gradient, enjoys the convergence
rate of O(ε−4) to achieve the ε-stationary point. Our
second algorithm, which exploits the variance reduc-
tion technique for the gradient, can achieve the conver-
gence rate of O(ε−3) for nonconvex problems. As far
as we know, this is the first decentralized optimiza-
tion work for multi-level SCO with theoretical guar-
antees. 3) Extensive experiments on the multi-step
model-agnostic meta-learning task confirm the effec-
tiveness of our algorithms.

2 Related Work

2.1 Stochastic Two-Level Compositional
Optimization

The stochastic two-level compositional optimization
problem has been extensively studied in the past few
years. In particular, to address the biased gradient
estimator problem, Wang et al. (2017) developed the
stochastic compositional gradient descent (SCGD) al-
gorithm for the first time, where the moving-average
technique was leveraged to the estimation of the inner-
level function value to control the estimation error.
However, its sample complexity is as large as O(ε−8)
for nonconvex problems, which is worse than O(ε−4)
of the standard SGD algorithm for non-compositional
optimization problems. Then, Ghadimi et al. (2020)
applied the momentum technique to stochastic compo-
sitional gradient so that it improved the sample com-
plexity to O(ε−4). On the contrary, Chen et al. (2020)
leveraged the variance-reduced estimator (Cutkosky
and Orabona, 2019) for the inner-level function, which
can also achieve the sample complexity of O(ε−4).
To further improve the convergence rate, a couple
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of works exploited the variance-reduced technique to
control the estimation error for both the inner-level
function value and its Jacobian matrix. For instance,
Yuan et al. (2019) leveraged the SPIDER variance re-
duction technique (Nguyen et al., 2017; Fang et al.,
2018) to improve the sample complexity to O(ε−3)
for stochastic nonconvex problems. However, this al-
gorithm requires a large batch size. To address this
problem, Yuan and Hu (2020) employed the STORM
variance reduction technique (Cutkosky and Orabona,
2019), which can also achieve the sample complexity
of O(ε−3), but with a small batch size. As for the non-
convex finite-sum compositional problem, a couple of
works (Zhang and Xiao, 2019a,b; Yuan et al., 2019)
also utilized the variance-reduction technique to im-
prove the sample complexity to match the counterpart
for non-compositional problems.

2.2 Stochastic Multi-Level Compositional
Optimization

Even though the aforementioned algorithms can
achieve desired sample complexity for the two-level
compositional problem, it is non-trivial to extend them
to the multi-level problem for achieving the same sam-
ple complexity. For instance, Yang et al. (2019) devel-
oped an accelerated stochastic compositional gradient
descent algorithm for the stochastic multi-level compo-
sitional optimization problem, which can only achieve
the sample complexity of O(ε−(7+K)/2) for noncon-
vex problems. Obviously, this sample complexity de-
pends on the number of function levels K, which is
far from satisfactory. Later, Balasubramanian et al.
(2022) extended the momentum approach (Ghadimi
et al., 2020) to the multi-level problem, obtaining the
O(ε−6) sample complexity, which is worse than the
counterpart (Ghadimi et al., 2020) for the two-level
problem. Then, they added a correction term when
using the moving-average technique to estimate each
level function so that the sample complexity was im-
proved to O(ε−4), which can match the standard mo-
mentum stochastic gradient descent algorithm. In
(Chen et al., 2020), the STORM variance-reduction
technique is leveraged to estimate each level func-
tion, which can also result in the sample complexity
of O(ε−4). In (Zhang and Xiao, 2021), the SPIDER
variance-reduction technique is exploited to estimate
both each level function and its gradient so that it can
achieve the sample complexity of O(ε−3). However,
this algorithm requires a large batch size. Moreover,
it requires a small learning rate to guarantee the Lips-
chitz continuousness of the variance-reduced gradient.
Recently, Jiang et al. (2022) leveraged the STORM
variance-reduction technique to estimate each level
function value and its Jacobian matrix, resulting in the
sample complexity of O(ε−3) with the mini-batch size

of O(1). However, this algorithm requires the projec-
tion operation for Jacobian matrices such that they are
upper bounded. Thus, these algorithms with the sam-
ple complexity O(ε−3) are not practical for real-world
applications. Moreover, it is unclear how to obtain the
level-independent sample complexity under the decen-
tralized setting.

2.3 Decentralized Compositional
Optimization

Decentralized optimization has been extensively stud-
ied for the non-compositional optimization problem
from both the computation (Lian et al., 2017; Sun
et al., 2020; Xin et al., 2020) and communication
(Koloskova et al., 2019a,b; Gao and Huang, 2020; Song
et al., 2022; Hua et al., 2022; Ying et al., 2021) per-
spectives in recent years. Those algorithms are based
on the stochastic gradient, which is an unbiased es-
timator of the full gradient. Thus, they cannot be
directly extended to the stochastic compositional op-
timization problem because its stochastic gradient is
a biased estimator of the full gradient. Recently, to
address this problem, Gao and Huang (2021) devel-
oped the decentralized stochastic compositional gradi-
ent descent algorithm for the two-level stochastic com-
positional problem for the first time, which can achieve
the sample complexity of O(ε−6). Zhao and Liu (2022)
leveraged the STORM-like technique to estimate the
inner-level function and improved the sample complex-
ity to O(ε−4). Moreover, Gao (2023) developed the de-
centralized stochastic compositional gradient descent
ascent algorithm for stochastic compositional minimax
problems. On the other hand, a series of decentralized
bilevel optimization algorithms have been proposed re-
cently, e.g., (Gao et al., 2023; Zhang et al., 2023; Lu
et al., 2022) and the related works therein. However,
all those existing compositional and bilevel optimiza-
tion algorithms only focus on the two-level problem. It
is unclear how to apply them to the multi-level com-
positional optimization problem to achieve the level-
independent sample complexity.

3 Decentralized Stochastic
Multi-Level Compositional
Optimization

In this section, we present the details of our proposed
algorithms under the decentralized setting. Here, it is
assumed the devices compose a communication graph
and perform peer-to-peer communication. The adja-
cency matrix W of this graph satisfies the following
assumption.

Assumption 1. W = [wij ] ∈ R
N×N is a symmetric

and doubly stochastic matrix. Its eigenvalues satisfy
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|λN | ≤ |λN−1| ≤ · · · ≤ |λ2| < |λ1| = 1.

Under this assumption, we can denote the spectral gap
as 1− λ where λ = |λ2|. Then, we propose two decen-
tralized optimization algorithms for solving Eq. (1) in
the following two subsections.

Algorithm 1 DSMCGDM

Input: xn,0 = x0, α > 0, β > 0, μ > 0, η > 0.
1: for t = 0, · · · , T − 1 do

2: u
(0)
n,t = xn,t,

3: for k = 1, · · · ,K − 1 do
4: if t == 0 then
5: u

(k)
n,t = f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

6: else
7: u

(k)
n,t = (1−βη)(u

(k)
n,t−1−f

(k)
n (u

(k−1)
n,t−1 ; ξ

(k)
n,t ))+

f
(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

8: end if
9: v

(k)
n,t = ∇f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

10: end for
11: v

(K)
n,t = ∇f

(K)
n (u

(K−1)
n,t ; ξ

(K)
n,t ),

12: gn,t = v
(1)
n,tv

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t ,

13: if t == 0 then
14: mn,t = gn,t, yn,t = mn,t

15: else
16: mn,t = (1− μη)mn,t−1 + μηgn,t,
17: yn,t =

∑
n′∈Nn

wnn′yn′,t−1 +mn,t −mn,t−1,
18: end if
19: xn,t+ 1

2
=
∑

n′∈Nn
wnn′xn′,t − αyn,t,

xn,t+1 = xn,t + η(xn,t+ 1
2
− xn,t),

20: end for

3.1 Decentralized Stochastic Multi-level
Compositional Gradient Descent with
Momentum

Challenges. The momentum technique is com-
monly used in optimization. However, facilitating it
to multi-level SCGD is non-trivial. Under the single-
machine setting, Balasubramanian et al. (2022) devel-
oped the first multi-level SCGD with momentum algo-
rithm, which applies the moving-average technique to
each inner-level function and the gradient. However,
this straightforward extension can only achieve the
O(ε−6) sample complexity, which is worse than O(ε−4)
of the two-level algorithm. Then, Balasubramanian
et al. (2022) introduced a correction term to the inner-
level function estimator to address this problem. How-
ever, this correction term requires to compute the Ja-
cobian matrix (See its Algorithm 2), which is too com-
plicated and unclear if it works under the decentralized
setting. Especially, it is unclear whether the consen-
sus error caused by the decentralized communication
topology will worsen the convergence rate in the pres-

ence of multi-level inner functions. Therefore, a nat-
ural question follows: How to design an efficient
decentralized multi-level SCGD with momen-
tum algorithm to achieve the level-independent
sample complexity O(ε−4)?

To answer this question, in Algorithm 1, we de-
velop the Decentralized Stochastic Multi-level Com-
positional Gradient Descent with Momentum (DSM-
CGDM) algorithm. Specifically, to achieve the level-
independent sample complexity, which can match the
decentralized SGD with momentum algorithm for non-
compositional problem, we leverage the STORM-like
technique to estimate the k-th level function (where
k ∈ {1, 2, · · · ,K − 1}), which is shown below:

u
(k)
n,t = (1− βη)(u

(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1 ; ξ

(k)
n,t ))

+ f (k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ) ,

(2)

where β > 0, η > 0 are two hyperparameters satisfying

βη < 1, u
(k)
n,t is the estimation of the k-th level function

f
(k)
n (u

(k−1)
n,t ) on the n-th device.

It is worth noting that we do not apply this variance-
reduction technique to the stochastic Jacobian ma-

trix v
(k)
n,t � ∇f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ). After we obtain the

stochastic Jacobian matrix v
(k)
n,t of each level function,

we combine them to get the stochastic compositional
gradient gn,t of the objective function Fn(x), which is
shown in Line 12. Then, we compute the momentum
of this stochastic compositional gradient in Line 16,
where μ > 0 is a hyperparameter satisfying μη < 1.
After that, we leverage the gradient-tracking technique
in Line 17 to communicate the momentum between dif-
ferent devices according to the communication topol-
ogy, which is defined below:

yn,t =
∑

n′∈Nn

wnn′yn,t−1 +mn,t −mn,t−1 , (3)

where Nn = {n′|wnn′ > 0} denotes the neighbors of
the n-th device and wnn′ is the edge weight of the
communication graph. Finally, we can leverage yn,t
to update the model parameter on the corresponding
device, which is shown in Line 19, where α > 0 is a
hyperparameter.

Note that Eq. (2) has been used for non-momentum
algorithm under the single-machine setting in (Chen
et al., 2020), rather then the decentralized setting.
Therefore, it is still unclear how it affects the con-
vergence for the momentum algorithm or the decen-
tralized setting. In fact, this is the first time to ap-
ply Eq. (2) to the momentum algorithm. We believe
this novel algorithmic design can also be applied to
the single-machine setting to accelerate existing algo-
rithms, e.g., (Chen et al., 2020). Moreover, to the
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best of our knowledge, this is the first decentralized
optimization algorithm for the stochastic multi-level
compositional optimization problem. Meanwhile, this
algorithmic design brings new challenges for conver-
gence analysis due to the interaction between the esti-
mator of each level function and momentum. We will
address these challenges and show this algorithm can
achieve the O(ε−4) sample complexity in Section 4.

3.2 Decentralized Stochastic Multi-Level
Compositional Variance-Reduced
Gradient Descent

To improve the convergence rate, in Algorithm 2, we
propose our second algorithm: Decentralized Stochas-
tic Multi-level Compositional Variance-Reduced Gra-
dient descent algorithm (DSMCVRG).

Similar to Algorithm 1, we leverage the standard
STORM technique 2 to estimate each level function,
which is shown in Line 7, where β > 0 and βη2 < 1.
Different from Algorithm 1, we do not exploit the mo-
mentum to update model parameters. Instead, we
leverage the variance-reduced gradient for local up-
date, which is defined below:

mn,t = (1− μη2)(mn,t−1 − gξtn,t−1) + gξtn,t , (4)

where μ > 0 is a hyperparameter satisfying μη2 < 1,
the stochastic gradients gξtn,t and gξtn,t−1 are defined as:

gξtn,t−1 = ∇f (1)
n (u

(0)
n,t−1; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t−1; ξ

(2)
n,t) · · ·

× ∇f (K−1)
n (u

(K−2)
n,t−1 ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t−1 ; ξ

(K)
n,t ) ,

gξtn,t = ∇f (1)
n (u

(0)
n,t; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t; ξ

(2)
n,t) · · ·

× ∇f (K−1)
n (u

(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t ; ξ

(K)
n,t ) .

(5)
Then, based on this variance-reduced gradient, we ex-
ploit the gradient-tracking technique to update the
model parameter on each device, which is shown in
Lines 17 and 19.

Novelty. Here, we would like to emphasize the nov-
elty on the algorithmic design in Algorithm 2. Under
the single-machine setting, existing variance-reduced
multi-level compositional gradient descent algorithms
(Zhang and Xiao, 2021; Jiang et al., 2022) apply the
variance-reduction technique to each level function and
its stochastic Jacobian matrix. For instance, Jiang
et al. (2022) computes the variance-reduced Jacobian
matrix for each level function as follows:

v
(k)
n,t = (1− βη2)(v

(k)
n,t−1 −∇f (k)

n (u
(k−1)
n,t−1 ; ξ

(k)
n,t ))

+∇f (k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ) .

(6)

2Compared with Algorithm 1, η is replaced with η2

when estimating each level function.

Algorithm 2 DSMCVRG

Input: xn,0 = x0, α > 0, β > 0, μ > 0, η > 0.
1: for t = 0, · · · , T − 1 do

2: u
(0)
n,t = xn,t,

3: for k = 1, · · · ,K − 1 do
4: if t == 0 then
5: With batch size S, compute

u
(k)
n,t = f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

v
(k)
n,t = ∇f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

6: else
7: u

(k)
n,t = (1 − βη2)(u

(k)
n,t−1 −

f
(k)
n (u

(k−1)
n,t−1 ; ξ

(k)
n,t )) + f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

8: v
(k)
n,t = ∇f

(k)
n (u

(k−1)
n,t ; ξ

(k)
n,t ),

9: end if
10: end for
11: if t == 0 then
12: v

(K)
n,t = ∇f

(k)
n (u

(K−1)
n,t ; ξ

(K)
n,t ) with batch size S,

13: mn,t = gξtn,t, yn,t = mn,t,
14: else
15: v

(K)
n,t = ∇fn(u

(K−1)
n,t ; ξ

(K)
n,t ),

16: mn,t = (1− μη2)(mn,t−1 − gξtn,t−1) + gξtn,t,
17: yn,t =

∑
n′∈Nn

wnn′yn,t−1 +mn,t −mn,t−1,
18: end if
19: xn,t+ 1

2
=
∑

n′∈Nn
wnn′xn′,t − αyn,t,

xn,t+1 = xn,t + η(xn,t+ 1
2
− xn,t),

20: end for

This kind of variance-reduced estimator for each level
function suffers from some limitations. On the theo-
retical analysis side, when bounding the gradient esti-

mation error for ∇Fn(·), it requires v
(k)
n,t to be upper

bounded in all levels and iterations. To do that, Zhang
and Xiao (2021) uses a clipping operation, which may
result in a very tiny update (See γt in Algorithm 3
of (Zhang and Xiao, 2021)), while Jiang et al. (2022)

employs a projection operation to guarantee v
(k)
n,t is

upper bounded by the Lipschitz constant of the deter-
ministic Jacobian matrix (See Eq. (3) in Jiang et al.
(2022)), which is an unknown hyperparameter so that
it is not feasible in practice. On the implementation
side, these algorithms are not friendly for practical ap-
plications. For instance, when applying them to the
stochastic training of graph neural networks (GNN),
computing the variance-reduced Jacobian matrix for
each level function (i.e., each layer of GNN) requires
to intervene the backpropagation in each layer, which
is not easy to implement.

On the contrary, our Algorithm 2 just computes the

standard stochastic Jacobian matrix v
(k)
n,t for each level

function. This can naturally avoid the aforementioned
impractical operations since the standard stochastic
Jacobian matrix is easy to bound under the commonly
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used assumptions. Meanwhile, it is easy to compute.
However, using standard stochastic Jacobian matrix
of each level function may introduce a large estima-
tion error. Then, a natural question follows: Can
Algorithm 2 achieve the O(ε−3) sample complexity as
(Zhang and Xiao, 2021; Jiang et al., 2022) when not
using the variance reduction technique for each level
function’s Jacobian? In Section 4, we provide an affir-
mative answer: Our Algorithm 2 can still achieve the
O(ε−3) sample complexity, even though we don’t use
the variance reduced Jacobian for each level function.

All in all, our algorithm is novel and we believe our idea
can be leveraged to improve existing single-machine
algorithms (Zhang and Xiao, 2021; Jiang et al., 2022).

4 Convergence Analysis

To establish the convergence rate of our algorithms, we
introduce the following assumptions, which are com-
monly used in existing multi-level compositional opti-
mization works (Yang et al., 2019; Zhang and Xiao,
2021; Jiang et al., 2022).

Assumption 2. For any k ∈ {1, 2, · · · ,K} and
any y1, y2 ∈ R

dk−1 , there exists Lk > 0 such
that ‖∇f (k)(y1) − ∇f (k)(y2)‖ ≤ Lk‖y1 − y2‖ and
E[‖∇f (k)(y1; ξ

(k)) − ∇f (k)(y2; ξ
(k))‖] ≤ Lk‖y1 − y2‖.

Additionally, Fn(x) is LF -smooth 3 where LF > 0.

Assumption 3. For any k ∈ {1, 2, · · · ,K} and
any y ∈ R

dk−1 , there exists Ck > 0 such that
E[‖∇f (k)(y; ξ)‖2] ≤ C2

k and ‖∇f (k)(y)‖2 ≤ C2
k .

Assumption 4. For any k ∈ {1, 2, · · · ,K} and any
y1, y2 ∈ R

dk−1 , there exist σk > 0 and δk > 0 such that
E[‖∇f (k)(y; ξ)−∇f (k)(y)‖2] ≤ σ2

k and E[‖f (k)(y; ξ)−
f (k)(y)‖2] ≤ δ2k.

Based on these assumptions, we denote Ak =

(
∑K−1

j=k (
Lj+1

∏K
i=1 Ci

Cj+1

∏j
i=k+1 Ci))

2 and Bk =
∏K

j=1 C2
j

C2
k

for k ∈ {1, · · · ,K − 1}, as well as Dk =
(
∏K

j=1 C2
j )L

2
k+1

C2
k+1

for k ∈ {0, · · · ,K − 1}. Moreover, we use z̄t to de-
note the mean value across devices for any variables
throughout this paper. Then, we established the con-
vergence rate of our two algorithms.

Theorem 1. Given Assumptions 1-4, by setting μ >
0, β > 0, α ≤ min{(1− λ)2/

√
α̃1, 1/(4

√
α̃2)}, η ≤

min{ω̃k/(8β
∑K−1

j=1 ω̃jC
2
j

∏j
i=k+1(2C

2
i )), 1/(2αLF ),

1/β, 1/μ, 1} for any k ∈ {1, 2, · · · ,K−1}, Algorithm 1
has the following convergence rate:

3Based on the smoothness of each level function, it is
easy to prove Fn is smooth (Yang et al., 2019; Zhang and
Xiao, 2021; Jiang et al., 2022) so that we directly assume
it is smooth.

1

T

T−1∑
t=0

E[‖∇F (x̄t)‖2] ≤ 2(F (x0)− F (x∗))
αηT

+O(
μK

T
)

+O(
K

ηT
) +O(

K

μηT
) +O(β2μ2η3K) +O(μ2ηK)

+O(μ3η2K) +O(β2η2K) +O(μηK) +O(β2ηK) ,
(7)

where ω̃k = 2
β ((12Ak + 8Dk)μ + 2Ak +

2β
∑K−1

j=k+1(20AjC
2
j + 8DjC

2
j )
∏j

i=k+1(2C
2
i )) for

k ∈ {1, 2, · · · ,K − 1}, and ω̃K+1 = L2
F + 8(

2L2
F

μ2 +

8L2
F + 4KD0 + K

∑K−1
k=1 (20AkC

2
k + 2ω̃kC

2
k +

8DkC
2
k)(
∏k−1

j=1 (2C
2
j ))), α̃1 = 4ω̃K+1 + 8L2

F /μ
2 +

32L2
F + 16KD0 + 4K

∑K−1
k=1 (20AkC

2
k + 2ω̃kC

2
k +

8DkC
2
k)(
∏k−1

j=1 (2C
2
j )), α̃2 = 2L2

F /μ
2 +8L2

F +4KD0 +

K
∑K−1

k=1 (20AkC
2
k + 2ω̃kC

2
k + 8DkC

2
k)(
∏k−1

j=1 (2C
2
j )).

Corollary 1. Given Assumptions 1-4, by setting μ =
O(1), β = O(1), α = O((1 − λ)2), η = O(ε2),
T = O((1 − λ)−2ε−4), Algorithm 1 can achieve the

ε-stationary point, i.e., 1
T

∑T−1
t=0 E[‖∇F (x̄t)‖2] ≤ ε2.

Remark 1. Given μ = O(1) and β = O(1), the hyper-
parameters α̃i (i = 1, 2) and ω̃k (k ∈ {1, 2, · · · ,K −
1,K + 1}) are independent of the learning rate and
spectral gap. Thus, they do not affect the order of the
convergence rate.

Remark 2. From Corollary 1, we can know that the
convergence rate of Algorithm 1 is O((1 − λ)−2ε−4),
which is independent of the number of function lev-
els. Meanwhile, it indicates that the dependence on the
spectral gap is O((1−λ)−2). When the communication
graph is fully connected, the convergence rate becomes
O(ε−4), which can match the single-machine momen-
tum algorithm (Balasubramanian et al., 2022). All in
all, the level-independent convergence rate is achiev-
able under the dencetralized setting.

Remark 3. Since the mini-batch size is O(1), the
sample complexity is O((1 − λ)−2ε−4). Moreover, the
communication complexity is O((1− λ)−2ε−4).

Theorem 2. Given Assumptions 1-4, by setting
μ > 0, β > 0, α ≤ min{(1− λ)2/

√
α̃1, 1/(4

√
α̃2)}, η ≤

min{0.5
√
ω̃k/(2β

∑K−1
j=1 ω̃jC2

j (
∏j

i=k+1(2C
2
i ))), 1/(2αLF ),

1/
√
β, 1/

√
μ, 1} for any k ∈ {1, 2, · · · ,K − 1}, Algo-

rithm 2 has the following convergence rate:

1

T

T−1∑
t=0

E[‖∇F (x̄t)‖2] ≤ 2(F (x0)− F (x∗))
αηT

+O(
K

η2TS
)

+O(
K

μη2TS
) +O(

μηK

TS
) +O(

K

ηT
) +O(β2η3K)

+O(μ2η3K) +O(β2η2K) +O(
β2η2K

μ
)

+O(μη2K) +O(μβ2η5K) +O(μ3η5K) ,
(8)
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where ω̃k = 16Dk

μN + 24Dk + 4Ak

β + 16
∑K−1

j=1 (( 2
μN +

3)DjC
2
j )(
∏j

i=k+1(2C
2
i )) for k ∈ {1, 2, · · · ,K − 1},

ω̃K+2 = 16(
∑K−1

k=1 (( 8KμN + 12K)DkC
2
k +

2ω̃kC
2
k)(
∏k−1

j=1 (2C
2
j )) + 4KD0

μN + 6KD0) + 2L2
F ,

α̃1 = 2ω̃K+2 + 4K[
∑K−1

k=1 (( 8
μN + 12)DkC

2
k +

2ω̃kC
2
k)(
∏k−1

j=1 (2C
2
j )) + 4D0

μN + 6D0], α̃2 =

K
∑K−1

k=1 (( 8
μN + 12)DkC

2
k + 2ω̃kC

2
k)(
∏k−1

j=1 (2C
2
j )) +

4KD0

μN + 6KD0.

Corollary 2. Given Assumptions 1-4, by setting μ =
O(1), β = O(1), α = O((1 − λ)2), S = O(ε−1), η =
O(ε), T = O((1 − λ)−2ε−3), Algorithm 2 can achieve
ε-stationary point.

Remark 4. Given μ = O(1) and β = O(1), the hy-
perparameters α̃i (i = 1, 2) and ω̃k (k ∈ {1, 2, · · · ,K−
1,K + 2}) also do not affect the order of the conver-
gence rate.

Remark 5. From Corollary 2, we can know that the
convergence rate of Algorithm 2 is O((1 − λ)−2ε−3)),
which is also independent of the number of function
levels and has the dependence on the spectral gap with
O((1−λ)−2). Moreover, this convergence rate is better
than Algorithm 1. Additionally, when the communica-
tion graph is fully connected, the convergence rate can
match the single-machine algorithms (Zhang and Xiao,
2021; Jiang et al., 2022), but our Algorithm 2 requires
much milder operations than (Zhang and Xiao, 2021;
Jiang et al., 2022).

Remark 6. Since the mini-batch size is O(1) except
the first iteration, the sample complexity is O((1 −
λ)−2ε−3)). Similarly, we can know that the commu-
nication complexity is O((1− λ)−2ε−3)).

Discussions. Due to the multi-level nested struc-
ture and the decentralized communication scheme, it
is quite challenging to establish the convergence rate of
our algorithms. Specifically, compared with the decen-
tralized two-level compositional optimization problem,
the multi-level nested structure makes the convergence
analysis more difficult. For instance, when bounding

E[‖u(k)
n,t−f

(k)
n (u

(k−1)
n,t )‖2] in Lemma 7, its upper bound

depends on the update of the lower-level function esti-

mator E[‖u(k−1)
n,t−1 −u

(k−1)
n,t ‖2], which further has a quite

complicated upper bound as below:

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2] ≤

( k−1∏
j=1

(2C2
j )
)
E[‖u(0)

n,t−1 − u
(0)
n,t‖2]

+ 2β2η2
k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
E[‖u(j)

n,t−1 − f (j)
n (u

(j−1)
n,t−1)‖2]

+ 2β2η2
k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
δ2j .

(9)

On the contrary, in the two-level compositional opti-

mization problem, E[‖u(k−1)
n,t−1 − u

(k−1)
n,t ‖2] becomes the

update of model parameters, which is much easier to
bound. On the other hand, compared with the single-
machine multi-level compositional optimization prob-

lem, E[‖u(0)
n,t−1 − u

(0)
n,t‖2] in Eq. (9) involves the de-

centralized communication operation, which makes it
more difficult to bound.

Furthermore, the multi-level structure and the decen-
tralized communication scheme bring more challenges
to bound the consensus error, e.g., Lemma 11 and
Lemma 24. Last but not least, our algorithm does not
apply the variance-reduction technique to the stochas-
tic Jacobian matrix of each level function. Thus, we
need to carefully bound the gradient estimation error
to guarantee the desired convergence rate. This has
never been studied before so that we need to develop
new strategies to bound the gradient estimation error,
e.g., Lemma 22. All in all, the theoretical analysis is
challenging.

To address those challenges, we developed novel po-
tential functions to establish the convergence rate of
our algorithms. In particular, to prove Theorem 1, we
proposed the following potential function:

Ht = E[F (x̄t)] + ω0
1

N

N∑
n=1

E

[∥∥∥mn,t −∇Fn(xn,t)
∥∥∥2]

+
1

N

N∑
n=1

K−1∑
k=1

ωkE[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2]

+ ωKE

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

+ ωK+1
1

N
E[‖Xt − X̄t‖2F ] + ωK+2

1

N
E[‖Yt − Ȳt‖2F ] ,

(10)
where ωi > 0 (i ∈ {0, 1, · · · ,K + 2}) are determined
in our proof, which actually is challenging due to the
interaction between the multi-level structure and the
decentralized communication scheme.

Moreover, since this potential function cannot be ap-
plied to Theorem 2, we proposed the following poten-
tial function to prove Theorem 2:

Ht = E[F (x̄t)] +
1

N

N∑
n=1

K−1∑
k=1

ωkE[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2]

+ ωKE[‖m̄t − h̄t‖2] + ωK+1
1

N

N∑
n=1

E[‖mn,t − hn,t‖2]

+ ωK+2
1

N
E[‖Xt − X̄t‖2F ] + ωK+3

1

N
E[‖Yt − Ȳt‖2F ] ,

(11)

where hn,t = ∇f
(1)
n (u

(0)
n,t) · · · ∇f

(K)
n (u

(K−1)
n,t ), and ωi >

0 (i ∈ {1, · · · ,K + 3}) are determined in our proof.
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(a) Ring Graph (Support) (b) Ring Graph (Query) (c) Random Graph (Support) (d) Random Graph (Query)

Figure 1: Regression: The loss function value on support and query sets versus the number of iterations for the
ring and random graph.

(a) Ring Graph (Support) (b) Ring Graph (Query) (c) Random Graph (Query) (d) Random Graph (Support)

Figure 2: Classification: The loss function value on support set and test accuracy on query set versus the number
of epochs for the ring and random graph.

Based on these two novel potential functions, the task
boils down to studying how each term evolves across
iterations and determining its coefficient. The detailed
proof can be found in Appendix.

5 Experiment

In this section, we apply our proposed algorithms to
the multi-step model-agnostic meta-learning task to
verify the performance of our algorithms.

5.1 Multi-Step Model-Agnostic
Meta-Learning

Model-agnostic meta-learning (MAML) (Finn et al.,
2017) is to learn an initialization model that can be
adapted to a new task via a couple of steps of stochas-
tic gradient descent. Basically, the one-step MAML
under the decentralized setting is defined as below:

min
x∈Rd

1

N

N∑
n=1

Ei∼Pn,task,ζn∼Dn,queryi
[Ln,i (y; ζn)] , (12)

where y = x− νEξn∼Dn,supporti
∇Ln,i (x; ξn) , (13)

where Eq. (13) denotes one-step gradient descent, ν is
the learning rate, Pn,task denotes the task distribution
on the n-th device, Dn,queryi

(Dn,supporti) represents
the query (support) set of the i-th task on the n-th de-
vice. This one-step update can be viewed as a two-level

compositional optimization problem. If taking mul-
tiple gradient descent steps, this problem becomes a
multi-level compositional optimization problem (Jiang
et al., 2022; Chen et al., 2020). Therefore, we can ap-
ply our algorithms to the multi-step MAML problem.
In our experiment, we will focus on two tasks: regres-
sion and classification tasks.

5.2 Experimental Settings and Results

Regression. For the regression problem, we follow
(Finn et al., 2017) to generate a sinewave dataset.
Specifically, when generating the sine wave, the am-
plitude is randomly picked from [0.1, 5.0], the phase is
from [0, π], and the input is from [−5, 5]. The model
used for this task is a fully-connected neural network
with the dimensionality as [1, 40, 40, 1]. For the sup-
port set, the meta-batch size (tasks) on each device is
set to 200 and the number of samples for each task
is 10. For the query set, the meta-batch size is 500
and the number of samples in each task is also 10.
Moreover, the number of gradient descent updates in
Eq. (13) is 3 so that it is a four-level compositional
optimization problem. The learning rate ν is 0.01.

Classification. In this experiment, we use Omniglot
dataset, which has 1,623 characters (tasks) and each
character has 20 images. 1,200 tasks are used as the
support set and the left tasks are used as the query
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set. Following (Finn et al., 2017), we employ the 5-
way-1-shot setting. The model we used has four con-
volutional layers, where each layer has 64 3× 3 filters,
and one linear layer. The meta-batch size (tasks) on
each device is set to 8. The number of gradient de-
scent updates in Eq. (13) is set to 3 so that it is also
a four-level compositional optimization problem. The
learning rate ν is 0.01 too.

In our experiments, we select μ and β from
{1, 3, 5, 7, 9}, and fix α to 1.0. Additionally, we set
ε2 = 0.1. Then, we set the learning rate η = ε2 for
Algorithm 1 in terms of Corollary 1, and η = ε for
Algorithm 2 according to Corollary 2. Moreover, we
use four devices in our experiments. The topology we
used includes the ring graph and random graph. Here,
the random graph is generated from an Erdos-Renyi
random graph with the edge probability being 0.4. As
for the baseline algorithm, we use the standard decen-
tralized SGD (DSGD) (Lian et al., 2017) since there
does not exist other decentralized multi-level compo-
sitional algorithms. In our experiments, the learning
rate of DSGD is 0.1

In Figure 1, we report the support and query loss
function values versus the number of iterations for
the regression task. It is easy to find that our
two algorithms outperform the standard DSGD algo-
rithm. The reason is that our algorithms leverage the
variance-reduction technique to control the estimation
error for each level function. Moreover, our second
algorithm DSMCVRG converges faster than the first
algorithm DSMCGDM, which confirms the correctness
of our theoretical results.

In Figure 2, we show the loss function value on the
support set and the accuracy on the query set for the
classification task. It can also be found that our two al-
gorithms outperform the baseline algorithm and DSM-
CVRG converges faster than DSMCGDM, which fur-
ther confirms the correctness of our theoretical results.

5.3 More Experiments

To further demonstrate the performance of our algo-
rithms, we set the number of inner steps of multi-step
MAML to 4 and 5 so that we have the five-level and
six-level compositional optimization problems. In Fig-
ure 3, we show the loss function values on the sup-
port set versus the number of iterations for sinewave
dataset. From this figure, we can still find that our two
algorithms outperform DSGD and our second algo-
rithm DSMCVRG converges faster than DSMCGDM,
which confirms the effectiveness and correctness of our
proposed algorithms.

Moreover, we show the acceleration benefit of our de-
centralized optimization algorithms. In particular, we

(a) Five-level SCO problem (b) Six-level SCO problem

Figure 3: The loss function value on support test ver-
sus the number of iterations for the regression task.
Ring graph is used.

compare the convergence performance when using four
and eight devices. Here, the meta-batch size is set to
200 when using four devices and it is set to 100 when
using eight devices. Other hyperparameters are the
same as previous experiments. In Figure 4, we show
the loss function value on the support set versus the
consumed time for the regression task when using the
ring graph. It is easy to find that using more devices
can accelerate the convergence speed, which confirms
the efficacy of our algorithms.

(a) DSMCGDM (b) DSMCVRG

Figure 4: The loss function value on support set versus
the consumed time for the regression task and ring
graph.

6 Conclusion

In this paper, we developed two novel decentralized
stochastic multi-level compositional optimization algo-
rithms. They both can achieve the level-independent
convergence rate with practical operations. In partic-
ular, we developed a novel strategy for applying the
variance reduction technique to estimate the gradi-
ent. Extensive experimental results confirm the ef-
fectiveness of our algorithms. We believe our novel
algorithmic design and theoretical analysis strategies
can benefit the development of multi-level composi-
tional optimization problems for both single-machine
and distributed settings.
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Supplementary Materials

A Appendix

A.1 Terminologies

Before presenting the detailed proof, we first introduce some terminologies as below. First, we denote the function
up to the k-th level as below:

F (k)
n (x) = f (1)

n (x)f (2)
n (F (1)

n (x)) · · · f (k−1)
n (F (k−2)

n (x))f (k)(F (k−1)(x)) , (14)

where f
(k)
n (·) = E[f

(k)
n (·; ξ(k))] and ξ(k) denotes the random sample. It is easy to know Fn(x) = F

(K)
n (x) =

f
(1)
n (x)f

(2)
n (F

(1)
n (x)) · · · f (K−1)

n (F
(K−2)
n (x))f

(K)
n (F

(K−1)
n (x)). Then, the gradient of ∇F

(k)
n (x) can be represented

as below:
∇F (k)

n (x) = ∇f (1)
n (x)∇f (2)

n (F (1)
n (x)) · · · ∇f (k−1)

n (F (k−2)
n (x))∇f (k)

n (F (k−1)
n (x)) , (15)

where ∇f
(k)
n (·) = E[∇f

(k)
n (·; ξ(k))].

Throughout the proof, we assume
∏k

i ai = 1 when i > k. Additionally, we denote Xt = [x1,t, · · · , xN,t],

Yt = [y1,t, · · · , yN,t], Mt = [m1,t, · · · ,mN,t], Gt = [g1,t, · · · , gN,t], X̄t = [ 1N
∑N

n=1 xn,t, · · · , 1
N

∑N
n=1 xn,t], Ȳt =

[ 1N
∑N

n=1 yn,t, · · · , 1
N

∑N
n=1 yn,t], M̄t = [ 1N

∑N
n=1 mn,t, · · · , 1

N

∑N
n=1 mn,t].

A.2 Proof of Theorem 1

Lemma 1. For k ∈ {1, · · · ,K − 1}, given Assumptions 2-4, we can get

‖u(k)
n,t − F (k)

n (xn,t)‖ ≤
k∑

j=1

( k∏
i=j+1

Ci

)
‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖ . (16)

Proof. When k = 1, we have ‖u(1)
n,t − F

(1)
n (xn,t)‖ = ‖u(1)

n,t − f
(1)
n (u

(0)
n,t)‖. Assume for k > 1, we have

‖u(k)
n,t − F (k)

n (xn,t)‖ ≤
k∑

j=1

( k∏
i=j+1

Ci

)
‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖ . (17)

Then, for k + 1, we have

‖u(k+1)
n,t − F (k+1)

n (xn,t)‖
= ‖u(k+1)

n,t − f (k+1)
n (F (k)

n (xn,t))‖
≤ ‖u(k+1)

n,t − f (k+1)
n (u

(k)
n,t)‖+ ‖f (k+1)

n (u
(k)
n,t)− f (k+1)

n (F (k)
n (xn,t))‖

≤ ‖u(k+1)
n,t − f (k+1)

n (u
(k)
n,t)‖+ Ck+1‖u(k)

n,t − F (k)
n (xn,t)‖

≤ ‖u(k+1)
n,t − f (k+1)

n (u
(k)
n,t)‖+ Ck+1

k∑
j=1

( k∏
i=j+1

Ci

)
‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖

=

k+1∑
j=1

( k+1∏
i=j+1

Ci

)
‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖ ,

(18)

which completes the proof.
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Lemma 2. For k ∈ {2, · · · ,K}, given Assumptions 2-4, we can get

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2] ≤

( k−1∏
j=1

(2C2
j )
)
E[‖u(0)

n,t−1 − u
(0)
n,t‖2] + 2β2η2

k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
E[‖u(j)

n,t−1 − f (j)
n (u

(j−1)
n,t−1)‖2]

+ 2β2η2
k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
δ2j ,

(19)
and

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2] ≤ 2C2

k−1E[‖u(k−2)
n,t−1 − u

(k−2)
n,t ‖2 + 2β2η2E[‖u(k−1)

n,t−1 − f (k−1)
n (u

(k−2)
n,t−1)‖2] + 2β2η2δ2k−1 . (20)

Proof. For any k > 1, we can get

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2]

= E[‖(1− βη)(u
(k−1)
n,t−1 − f (k−1)

n (u
(k−2)
n,t−1 ; ξ

(k−1)
n,t )) + f (k−1)

n (u
(k−2)
n,t ; ξ

(k−1)
n,t )− u

(k−1)
n,t−1‖2]

= E[‖ − βη(u
(k−1)
n,t−1 − f (k−1)

n (u
(k−2)
n,t−1) + f (k−1)

n (u
(k−2)
n,t−1)− f (k−1)

n (u
(k−2)
n,t−1 ; ξ

(k−1)
n,t ))

− f (k−1)
n (u

(k−2)
n,t−1 ; ξ

(k−1)
n,t ) + f (k−1)

n (u
(k−2)
n,t ; ξ

(k−1)
n,t )‖2

≤ 2E[‖ − βη(u
(k−1)
n,t−1 − f (k−1)

n (u
(k−2)
n,t−1) + f (k−1)

n (u
(k−2)
n,t−1)− f (k−1)

n (u
(k−2)
n,t−1 ; ξ

(k−1)
n,t ))‖2]

+ 2E[‖ − f (k−1)
n (u

(k−2)
n,t−1 ; ξ

(k−1)
n,t ) + f (k−1)

n (u
(k−2)
n,t ; ξ

(k−1)
n,t )‖2]

≤ 2C2
k−1E[‖u(k−2)

n,t−1 − u
(k−2)
n,t ‖2 + 2β2η2E[‖u(k−1)

n,t−1 − f (k−1)
n (u

(k−2)
n,t−1)‖2] + 2β2η2δ2k−1 ,

(21)

where the last step holds due to Assumption 3 and Assumption 4, and E[f
(k−1)
n (u

(k−2)
n,t−1 ; ξ

(k−1)
n,t )] = f

(k−1)
n (u

(k−2)
n,t−1).

Then, by recursively expanding this inequality, we can get

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2] ≤

( k−1∏
j=1

(2C2
j )
)
E[‖u(0)

n,t−1 − u
(0)
n,t‖2]

+ 2β2η2
k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
E[‖u(j)

n,t−1 − f (j)
n (u

(j−1)
n,t−1)‖2] + 2β2η2

k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
δ2j .

(22)

Lemma 3. Given Assumptions 2-4, we can get

1

N

N∑
n=1

‖∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))‖2

≤ K

N

N∑
n=1

K−1∑
k=1

Ak‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2 ,

(23)

where Ak =

(∑K−1
j=k

(
Lj+1

∏K
i=1 Ci

Cj+1

∏j
i=k+1 Ci

))2

.
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Proof. Because u
(0)
n,t = xn,t, we can get

‖∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))‖

= ‖∇f (1)
n (xn,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t))∇f (3)

n (u
(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

+∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t))∇f (3)

n (u
(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t))∇f (3)

n (F (2)
n (xn,t)) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

+ · · ·
+∇f (1)

n (xn,t)∇f (2)
n (F (1)

n (xn,t)) · · · ∇f (K−1)
n (F (K−2)

n (xn,t))∇f (K)
n (u

(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))‖

≤ ‖∇f (1)
n (xn,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t))∇f (3)

n (u
(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )‖

+ ‖∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t))∇f (3)

n (u
(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t))∇f (3)

n (F (2)
n (xn,t)) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )‖

+ · · ·
+ ‖∇f (1)

n (xn,t)∇f (2)
n (F (1)

n (xn,t)) · · · ∇f (K−1)
n (F (K−2)

n (xn,t))∇f (K)
n (u

(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))‖

≤ L2

∏K
k=1 Ck

C2
‖u(1)

n,t − F (1)
n (xn,t)‖+ L3

∏K
k=1 Ck

C3
‖u(2)

n,t − F (2)
n (xn,t)‖

+ · · ·+ LK

∏K
k=1 Ck

CK
‖u(K−1)

n,t − F (K−1)
n (xn,t)‖

=

K−1∑
k=1

Lk+1

∏K
j=1 Cj

Ck+1
‖u(k)

n,t − F (k)
n (xn,t)‖

≤
K−1∑
k=1

Lk+1

∏K
j=1 Cj

Ck+1

k∑
j=1

( k∏
i=j+1

Ci

)
‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖

≤
K−1∑
k=1

(
K−1∑
j=k

(Lj+1

∏K
i=1 Ci

Cj+1

j∏
i=k+1

Ci

))
‖u(k)

n,t − f (k)
n (u

(k−1)
n,t )‖ ,

(24)

where the second to last step holds due to Lemma 1. Then, we complete the proof by taking the squared
operation on both sides.

Lemma 4. Given Assumptions 2-4 and Dk =
(
∏K

j=1 C2
j )L

2
k+1

C2
k+1

where k ∈ {0, · · · ,K − 1}, we can get

E

[∥∥∥∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]

≤ KD0E[‖xn,t − xn,t−1‖2] + 2K

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 2β2η2K

K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 2β2η2K

K−1∑
k=1

Dkδ
2
k .

(25)
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Proof.

E

[∥∥∥∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]
= E

[∥∥∥∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

+∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

· · ·
+∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]
≤ KE

[∥∥∥∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]
+KE

[∥∥∥∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]
+ · · ·
+KE

[∥∥∥∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]

≤ K
(
∏K

j=1 C
2
j )L

2
1

C2
1

E[‖u(0)
n,t − u

(0)
n,t−1‖2] +K

(
∏K

j=1 C
2
j )L

2
2

C2
2

E[‖u(1)
n,t − u

(1)
n,t−1‖2]

+ · · ·+K
(
∏K

j=1 C
2
j )L

2
K

C2
K

E[‖u(K−1)
n,t − u

(K−1)
n,t−1 ‖2]

≤ KD0E[‖xn,t − xn,t−1‖2] +K

K−1∑
k=1

DkE[‖u(k)
n,t − u

(k)
n,t−1‖2]

≤ KD0E[‖xn,t − xn,t−1‖2] + 2K

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 2β2η2K

K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 2β2η2K

K−1∑
k=1

Dkδ
2
k ,

(26)

where Dk =
(
∏K

j=1 C2
j )L

2
k+1

C2
k+1

, and the last step holds due to Lemma 2.

Lemma 5. Given Assumptions 2-4, we can get

E

[∥∥∥ 1

N

N∑
n=1

(gn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t ))

∥∥∥2] ≤ K

K∑
k=1

Bk
σ2
k

N
, (27)

where Bk =
∏K

j=1 C2
j

C2
k

.
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Proof.

E

[∥∥∥ 1

N

N∑
n=1

(gn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t ))

∥∥∥2]

= E

[∥∥∥ 1

N

N∑
n=1

(
v
(1)
n,tv

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t −∇f (1)

n (u
(0)
n,t)v

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t

+∇f (1)
n (u

(0)
n,t)v

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t −∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · v(K−1)

n,t v
(K)
n,t

+ · · ·
+∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )v

(K)
n,t

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

)∥∥∥2]

≤ KE

[∥∥∥ 1

N

N∑
n=1

(
v
(1)
n,tv

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t −∇f (1)

n (u
(0)
n,t)v

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t

)∥∥∥2]

+KE

[∥∥∥ 1

N

N∑
n=1

(
∇f (1)

n (u
(0)
n,t)v

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t −∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · v(K−1)

n,t v
(K)
n,t

)∥∥∥2]
+ · · ·

+KE

[∥∥∥ 1

N

N∑
n=1

(
∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )v

(K)
n,t

)∥∥∥2]

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

)∥∥∥2]

≤ K
K∑

k=1

∏K
j=1 C

2
j

C2
k

σ2
k

N
,

(28)

where the last step holds due to the fact that the sampling procedure on different workers and different levels
are independent. For instance, for the first level, we can get

E

[∥∥∥ 1

N

N∑
n=1

(
v
(1)
n,tv

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t −∇f (1)

n (u
(0)
n,t)v

(2)
n,t · · · v(K−1)

n,t v
(K)
n,t

)∥∥∥2]

=
1

N2
E

[ N∑
n=1

∥∥∥(v(1)n,t −∇f (1)
n (u

(0)
n,t)

)
v
(2)
n,t · · · v(K−1)

n,t v
(K)
n,t

∥∥∥2]

+
1

N2
E

[ N∑
n=1

N∑
n′=1,n′ �=n

〈(
v
(1)
n,t −∇f (1)

n (u
(0)
n,t)

)
v
(2)
n,t · · · v(K−1)

n,t v
(K)
n,t ,

(
v
(1)

n′,t −∇f
(1)

n′ (u
(0)

n′,t)
)
v
(2)

n′,t · · · v(K−1)

n′,t v
(K)

n′,t

〉]

=
1

N2
E

[ N∑
n=1

∥∥∥(v(1)n,t −∇f (1)
n (u

(0)
n,t)

)
v
(2)
n,t · · · v(K−1)

n,t v
(K)
n,t

∥∥∥2]

≤
∏K

j=1 C
2
j

C2
1

σ2
1

N
,

(29)

where the third step follows from the fact that the sampling procedure on different workers and different levels
are independent.

Similarly, we can prove the following lemma regarding the stochastic gradient on each device.

Lemma 6. Given Assumptions 2-4, we can get

E

[∥∥∥gn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2] ≤ K

K∑
k=1

Bkσ
2
k , (30)
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where Bk =
∏K

j=1 C2
j

C2
k

.

Lemma 7. For k ∈ {1, · · · ,K − 1}, given Assumptions 2-4 and η ≤ 1
β , we can get

E[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2] ≤ (1− βη)E[‖u(k)

n,t−1 − f (k)
n (u

(k−1)
n,t−1)‖2]

+ 2C2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2] + 2β2η2δ2k .

(31)

Proof.

E[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2]

= E[‖(1− βη)(u
(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1 ; ξ

(k)
n,t )) + f (k)

n (u
(k−1)
n,t ; ξ

(k)
n,t )− f (k)

n (u
(k−1)
n,t )‖2]

= E[‖(1− βη)(u
(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1))

+ (f (k)
n (u

(k−1)
n,t−1)− f (k)

n (u
(k−1)
n,t )− f (k)

n (u
(k−1)
n,t−1 ; ξ

(k)
n,t ) + f (k)

n (u
(k−1)
n,t ; ξ

(k)
n,t ))

+ βη(f (k)
n (u

(k−1)
n,t−1 ; ξ

(k)
n,t )− f (k)

n (u
(k−1)
n,t−1))‖2]

= E[‖(1− βη)(u
(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1))‖2]

+ E[‖(f (k)
n (u

(k−1)
n,t−1)− f (k)

n (u
(k−1)
n,t )− f (k)

n (u
(k−1)
n,t−1 ; ξ

(k)
n,t ) + f (k)

n (u
(k−1)
n,t ; ξ

(k)
n,t ))

+ βη(f (k)
n (u

(k−1)
n,t−1 ; ξ

(k)
n,t )− f (k)

n (u
(k−1)
n,t−1))‖2]

≤ (1− βη)2E[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2]

+ 2E[‖f (k)
n (u

(k−1)
n,t−1)− f (k)

n (u
(k−1)
n,t )− f (k)

n (u
(k−1)
n,t−1 ; ξ

(k)
n,t ) + f (k)

n (u
(k−1)
n,t ; ξ

(k)
n,t )‖2]

+ 2β2η2E[‖f (k)
n (u

(k−1)
n,t−1 ; ξ

(k)
n,t )− f (k)

n (u
(k−1)
n,t−1)‖2]

≤ (1− βη)2E[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2]

+ 2E[‖f (k)
n (u

(k−1)
n,t−1 ; ξ

(k)
n,t )− f (k)

n (u
(k−1)
n,t ; ξ

(k)
n,t )‖2] + 2β2η2δ2k

≤ (1− βη)E[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 2C2

kE[‖u(k−1)
n,t−1 − u

(k−1)
n,t ‖2] + 2β2η2δ2k ,

(32)

where the second to last step holds due to Assumption 4, the last step holds due to Assumption 3.

Lemma 8. Given Assumptions 2-4, if μη ∈ (0, 1), we can get

E

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

≤ (1− μη)E
[∥∥∥ 1

N

N∑
n=1

mn,t−1 − 1

N

N∑
n=1

∇Fn(xn,t−1)
∥∥∥2]

+ 2μηK
1

N

N∑
n=1

K−1∑
k=1

AkE

[∥∥∥u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)

∥∥∥2]

+ 4μηK
1

N

N∑
n=1

K−1∑
k=1

AkC
2
k‖u(k−1)

n,t−1 − u
(k−1)
n,t

∥∥∥2]

+
2L2

F

μη

1

N

N∑
n=1

E

[∥∥∥xn,t − xn,t−1

∥∥∥2]+ 4μβ2η3K

K−1∑
k=1

Akδ
2
k + μ2η2K

K∑
k=1

Bk
σ2
k

N
.

(33)
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Proof.

E

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

= E

[∥∥∥ 1

N

N∑
n=1

(
(1− μη)(mn,t−1 −∇Fn(xn,t−1)) + (1− μη)(∇Fn(xn,t−1)−∇Fn(xn,t))

+ μη
(
gn,t −∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

+∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))

))∥∥∥2]

= E

[∥∥∥ 1

N

N∑
n=1

(
(1− μη)(mn,t−1 −∇Fn(xn,t−1)) + (1− μη)(∇Fn(xn,t−1)−∇Fn(xn,t))

+ μη
(
∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))

))∥∥∥2]

+ μ2η2E
[∥∥∥ 1

N

N∑
n=1

(
gn,t −∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

)∥∥∥2]

≤ (1− μη)2(1 + a)E
[∥∥∥ 1

N

N∑
n=1

mn,t−1 − 1

N

N∑
n=1

∇Fn(xn,t−1)
∥∥∥2]

+ 2(1 + a−1)(1− μη)2E
[∥∥∥ 1

N

N∑
n=1

(∇Fn(xn,t−1)−∇Fn(xn,t))
∥∥∥2]

+ 2(1 + a−1)μ2η2E
[∥∥∥ 1

N

N∑
n=1

(
∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))

)∥∥∥2]

+ μ2η2E
[∥∥∥ 1

N

N∑
n=1

(
gn,t −∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

)∥∥∥2]

≤ (1− μη)E
[∥∥∥ 1

N

N∑
n=1

mn,t−1 − 1

N

N∑
n=1

∇Fn(xn,t−1)
∥∥∥2]+ 2L2

F

μη

1

N

N∑
n=1

E

[∥∥∥xn,t − xn,t−1

∥∥∥2]

+ 2μηE
[∥∥∥ 1

N

N∑
n=1

(
∇f (1)

n (u
(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))

)∥∥∥2]

+ μ2η2K

K∑
k=1

Bk
σ2
k

N

≤ (1− μη)E
[∥∥∥ 1

N

N∑
n=1

mn,t−1 − 1

N

N∑
n=1

∇Fn(xn,t−1)
∥∥∥2]+ 2L2

F

μη

1

N

N∑
n=1

E

[∥∥∥xn,t − xn,t−1

∥∥∥2]

+ 2μηK
1

N

N∑
n=1

K−1∑
k=1

AkE

[∥∥∥u(k)
n,t − f (k)

n (u
(k−1)
n,t )

∥∥∥2]+ μ2η2K

K∑
k=1

Bk
σ2
k

N
,

(34)

where the second to last step holds due to a = μη
1−μη and Lemma 5, the last step holds due to Lemma 3. Then,

by combining it with Lemma 7, we complete the proof.
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Lemma 9. Given Assumptions 1-4, we can get

E[‖Xt+1 − X̄t+1‖2F ] ≤ (1− η
1− λ2

2
)E[‖Xt − X̄t‖2F ] +

2ηα2

1− λ2
E[‖Yt − Ȳt‖2F ] . (35)

Proof.

E[‖Xt+1 − X̄t+1‖2F ]
= E[‖Xt + η(Xt+ 1

2
−Xt)− X̄t − η(X̄t+ 1

2
− X̄t)‖2F ]

≤ (1− η)2(1 + a)E[‖Xt − X̄t‖2F ] + η2(1 + a−1)E[‖Xt+ 1
2
− X̄t+ 1

2
‖2F ]

≤ (1− η)E[‖Xt − X̄t‖2F ] + ηE[‖Xt+ 1
2
− X̄t+ 1

2
‖2F ]

≤ (1− η)E[‖Xt − X̄t‖2F ] + ηE[‖XtW − αYt − X̄t + αȲt‖2F ]
≤ (1− η)E[‖Xt − X̄t‖2F ] + η(1 + a)E[‖XtW − X̄t‖2F ] + ηα2(1 + a−1)E[‖Yt − Ȳt‖2F ]
≤ (1− η)E[‖Xt − X̄t‖2F ] + ηλ2(1 + a)E[‖Xt − X̄t‖2F ] + ηα2(1 + a−1)E[‖Yt − Ȳt‖2F ]

≤ (1− η)E[‖Xt − X̄t‖2F ] + η
1 + λ2

2
E[‖Xt − X̄t‖2F ] +

ηα2(1 + λ2)

1− λ2
E[‖Yt − Ȳt‖2F ]

≤
(
1− η

1− λ2

2

)
E[‖Xt − X̄t‖2F ] +

2ηα2

1− λ2
E[‖Yt − Ȳt‖2F ] ,

(36)

where the third step holds due to a = 1−λ
λ , the last step holds due to a = 1−λ2

2λ2 .

Lemma 10. Given Assumptions 1-4, we can get

E[‖Xt+1 −Xt‖2F ] ≤ 8η2E[‖Xt − X̄t‖2F ] + 4α2η2E[‖Yt − Ȳt‖2F ] + 4α2η2E[‖M̄t‖2F ] . (37)

Proof.

E[‖Xt+1 −Xt‖2F ]
= E[‖Xt + η(Xt+ 1

2
−Xt)−Xt‖2F ]

= η2E[‖Xt+ 1
2
−Xt‖2F ]

= η2E[‖XtW − αYt −Xt‖2F ]
≤ 2η2E[‖XtW −Xt‖2F ] + 2α2η2E[‖Yt‖2F ]
≤ 2η2E[‖(Xt − X̄t)(W − I)‖2F ] + 2α2η2E[‖Yt − Ȳt + Ȳt‖2F ]
≤ 8η2E[‖Xt − X̄t‖2F ] + 4α2η2E[‖Yt − Ȳt‖2F ] + 4α2η2E[‖M̄t‖2F ] .

(38)

Lemma 11. Given Assumptions 1-4, we can get

E[‖Yt+1 − Ȳt+1‖2F ] ≤ λE[‖Yt − Ȳt‖2F ] +
4μ2η2

1− λ

N∑
n=1

E[‖mn,t −∇Fn(xn,t)‖2]

+

N∑
n=1

K−1∑
k=1

μ2η2

1− λ
K(4Ak + 8β2η2Dk)E[‖u(k)

n,t − f (k)
n (u

(k−1)
n,t )‖2]

+
4μ2η2

1− λ
KD0

N∑
n=1

E[‖xn,t+1 − xn,t‖2] + 8μ2η2

1− λ
K

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t − u
(k−1)
n,t+1‖2]

+
8β2μ2η4

1− λ
KN

K−1∑
k=1

Dkδ
2
k +

4μ2η2

1− λ
KN

K∑
k=1

Bkσ
2
k .

(39)
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Proof.
E[‖Yt+1 − Ȳt+1‖2F ] = E[‖YtW +Mt+1 −Mt − Ȳt − M̄t+1 + M̄t‖2F ]

≤ (1 + a)E[‖YtW − Ȳt‖2F ] + (1 + a−1)E[‖Mt+1 −Mt − M̄t+1 + M̄t‖2F ]
≤ (1 + a)λ2

E[‖Yt − Ȳt‖2F ] + (1 + a−1)E[‖Mt+1 −Mt‖2F ]
≤ λE[‖Yt − Ȳt‖2F ] +

1

1− λ
E[‖(1− μη)Mt + μηGt+1 −Mt‖2F ]

= λE[‖Yt − Ȳt‖2F ] +
μ2η2

1− λ
E[‖Mt −Gt+1‖2F ] ,

(40)

where the second inequality holds due to a = 1−λ
λ . Furthermore, by combining it with the following inequality,

we can complete the proof.

E[‖Mt −Gt+1‖2F ] ≤ 4

N∑
n=1

E[‖mn,t −∇Fn(xn,t)‖2]

+ 4

N∑
n=1

E[‖∇Fn(xn,t)−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)
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(K−2)
n,t )∇f (K)
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(K−1)
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N∑
n=1

E[‖∇f (1)
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(0)
n,t)∇f (2)
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(1)
n,t) · · · ∇f (K−1)
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(K−2)
n,t )∇f (K)
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(K−1)
n,t )

−∇f (1)
n (u

(0)
n,t+1)∇f (2)
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(1)
n,t+1) · · · ∇f (K−1)

n (u
(K−2)
n,t+1 )∇f (K)

n (u
(K−1)
n,t+1 )‖2]

+ 4
N∑

n=1

E[‖∇f (1)
n (u

(0)
n,t+1)∇f (2)

n (u
(1)
n,t+1) · · · ∇f (K−1)

n (u
(K−2)
n,t+1 )∇f (K)

n (u
(K−1)
n,t+1 )− gn,t+1‖2]

≤ 4

N∑
n=1

E[‖mn,t −∇Fn(xn,t)‖2] + 4K

N∑
n=1

K−1∑
k=1

AkE[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2]

+ 4KD0

N∑
n=1

E[‖xn,t+1 − xn,t‖2] + 8K

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t − u
(k−1)
n,t+1‖2]

+ 8β2η2K

N∑
n=1

K−1∑
k=1

DkE[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2] + 8β2η2KN

K−1∑
k=1

Dkδ
2
k + 4KN

K∑
k=1

Bkσ
2
k

≤ 4

N∑
n=1

E[‖mn,t −∇Fn(xn,t)‖2] +K

N∑
n=1

K−1∑
k=1

(4Ak + 8β2η2Dk)E[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2] + 8β2η2KN

K−1∑
k=1

Dkδ
2
k

+ 4KD0

N∑
n=1

E[‖xn,t+1 − xn,t‖2] + 8K

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t − u
(k−1)
n,t+1‖2] + 4KN

K∑
k=1

Bkσ
2
k ,

(41)
where the third step holds due to Lemma 3, Lemma 4, and Lemma 5.

By following the proof of Lemma 8, it is easy to prove the following lemma.

Lemma 12. Given Assumptions 2-4, if μη ∈ (0, 1), we can get

1

N

N∑
n=1

E

[∥∥∥mn,t+1 −∇Fn(xn,t+1)
∥∥∥2] ≤ (1− μη)

1

N

N∑
n=1

E

[∥∥∥mn,t −∇Fn(xn,t)
∥∥∥2]

+ 2μηK
1

N

N∑
n=1

K−1∑
k=1

AkE

[∥∥∥u(k)
n,t − f (k)

n (u
(k−1)
n,t )

∥∥∥2]+ 4μηK
1

N

N∑
n=1

K−1∑
k=1

AkC
2
k‖u(k−1)

n,t − u
(k−1)
n,t+1

∥∥∥2]

+
2L2

F

μη

1

N

N∑
n=1

E

[∥∥∥xn,t+1 − xn,t

∥∥∥2]+ 4μβ2η3K

K−1∑
k=1

Akδ
2
k + μ2η2K

K∑
k=1

Bkσ
2
k .

(42)
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Based on these lemmas, we prove Theorem 1 below.

Proof.

F (x̄t+1) ≤ F (x̄t) + 〈∇F (x̄t), x̄t+1 − x̄t〉+ LF

2
‖x̄t+1 − x̄t‖2

= F (x̄t)− αη〈∇F (x̄t), m̄t〉+ α2η2LF

2
‖m̄t‖2

= F (x̄t)− αη

2
‖∇F (x̄t)‖2 − (

αη

2
− α2η2LF

2
)‖m̄t‖2 + αη

2
‖m̄t −∇F (x̄t)‖2

≤ F (x̄t)− αη

2
‖∇F (x̄t)‖2 − αη

4
‖m̄t‖2 + αη

2
‖m̄t −∇F (x̄t)‖2

≤ F (x̄t)− αη

2
‖∇F (x̄t)‖2 − αη

4
‖m̄t‖2 + αη‖m̄t − 1

N

N∑
n=1

∇Fn(xn,t)‖2 + αη‖ 1

N

N∑
n=1

∇Fn(xn,t)−∇F (x̄t)‖2

≤ F (x̄t)− αη

2
‖∇F (x̄t)‖2 − αη

4
‖m̄t‖2 + αη‖m̄t − 1

N

N∑
n=1

∇Fn(xn,t)‖2 + αηL2
F

1

N

N∑
n=1

‖xn,t − x̄t‖2 ,

(43)
where the fourth step holds due to η ≤ 1

2αLF
.

To prove Theorem 1, we introduce the following potential function:

Ht+1 = E[F (x̄t+1)] + ω0
1

N

N∑
n=1

E

[∥∥∥mn,t+1 −∇Fn(xn,t+1)
∥∥∥2]+ 1

N

N∑
n=1

K−1∑
k=1

ωkE[‖u(k)
n,t+1 − f (k)

n (u
(k−1)
n,t+1)‖2]

+ ωKE

[∥∥∥ 1

N

N∑
n=1

mn,t+1 − 1

N

N∑
n=1

∇Fn(xn,t+1)
∥∥∥2]+ ωK+1

1

N
E[‖Xt+1 − X̄t+1‖2F ] + ωK+2

1

N
E[‖Yt+1 − Ȳt+1‖2F ] .

(44)
Then, based on Lemmas 7, 8, 12, 9, 11, we can get

Ht+1 −Ht

≤ −αη

2
E[‖∇F (x̄t)‖2]− αη

4
E[‖m̄t‖2] + 4ωKμβ2η3K

K−1∑
k=1

Akδ
2
k + ωKμ2η2K

K∑
k=1

Bk
σ2
k

N
+ 2β2η2

K−1∑
k=1

ωkδ
2
k

+ ωK+2
8β2μ2η4

1− λ
K

K−1∑
k=1

Dkδ
2
k + ωK+2

4μ2η2

1− λ
K

K∑
k=1

Bkσ
2
k + 4ω0μβ

2η3K

K−1∑
k=1

Akδ
2
k + ω0μ

2η2K

K∑
k=1

Bkσ
2
k

+
(
ωK+2

4μ2η2

1− λ
− μηω0

) 1

N

N∑
n=1

E

[∥∥∥mn,t −∇Fn(xn,t)
∥∥∥2]

+
(
αη − μηωK

)
E

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

+
1

N

N∑
n=1

K−1∑
k=1

( μ2η2

1− λ
K(4Ak + 8β2η2Dk)ωK+2 + 2ωKμηKAk + 2ω0μηKAk − ωkβη

)
E

[∥∥∥u(k)
n,t − f (k)

n (u
(k−1)
n,t )

∥∥∥2]

+
(2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

) 1

N
E[‖Xt+1 −Xt‖2F ]

+
(
αηL2

F − η
1− λ2

2
ωK+1

) 1

N
E[‖Xt − X̄t‖2F ] +

( 2ηα2

1− λ2
ωK+1 − (1− λ)ωK+2

) 1

N
E[‖Yt − Ȳt‖2F ]

+
1

N

N∑
n=1

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)
E[‖u(k−1)

n,t − u
(k−1)
n,t+1‖2] .

(45)
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Then, according to Lemma 2, we can get

Ht+1 −Ht

≤ −αη

2
E[‖∇F (x̄t)‖2]− αη

4
E[‖m̄t‖2] + 4ωKμβ2η3K

K−1∑
k=1

Akδ
2
k + ωKμ2η2K

K∑
k=1

Bk
σ2
k

N
+ 2β2η2

K−1∑
k=1

ωkδ
2
k

+ ωK+2
8β2μ2η4

1− λ
K

K−1∑
k=1

Dkδ
2
k + ωK+2

4μ2η2

1− λ
K

K∑
k=1

Bkσ
2
k + 4ω0μβ

2η3K

K−1∑
k=1

Akδ
2
k + ω0μ

2η2K

K∑
k=1

Bkσ
2
k

+
(
ωK+2

4μ2η2

1− λ
− μηω0

) 1

N

N∑
n=1

E

[∥∥∥mn,t −∇Fn(xn,t)
∥∥∥2]

+
(
αη − μηωK

)
E

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

+
1

N

N∑
n=1

K−1∑
k=1

( μ2η2

1− λ
K(4Ak + 8β2η2Dk)ωK+2 + 2ωKμηKAk + 2ω0μηKAk − ωkβη

)
E

[∥∥∥u(k)
n,t − f (k)

n (u
(k−1)
n,t )

∥∥∥2]

+
(
αηL2

F − η
1− λ2

2
ωK+1

) 1

N
E[‖Xt − X̄t‖2F ] +

( 2ηα2

1− λ2
ωK+1 − (1− λ)ωK+2

) 1

N
E[‖Yt − Ȳt‖2F ]

+
(2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

) 1

N
E[‖Xt+1 −Xt‖2F ]

+
1

N

N∑
n=1

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
)
E[‖u(0)

n,t − u
(0)
n,t+1‖2]

+ 2β2η2 1

N

N∑
n=1

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k

+ ωK+2
8μ2η2

1− λ
KDkC

2
k

) k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
E[‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖2]

+ 2β2η2 1

N

N∑
n=1

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

) k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
δ2j .

≤ −αη

2
E[‖∇F (x̄t)‖2]− αη

4
E[‖m̄t‖2] + 4ωKμβ2η3K

K−1∑
k=1

Akδ
2
k + ωKμ2η2K

K∑
k=1

Bk
σ2
k

N
+ 2β2η2

K−1∑
k=1

ωkδ
2
k

+ ωK+2
8β2μ2η4

1− λ
K

K−1∑
k=1

Dkδ
2
k + ωK+2

4μ2η2

1− λ
K

K∑
k=1

Bkσ
2
k + 4ω0μβ

2η3K

K−1∑
k=1

Akδ
2
k + ω0μ

2η2K

K∑
k=1

Bkσ
2
k

+
(
ωK+2

4μ2η2

1− λ
− μηω0

) 1

N

N∑
n=1

E

[∥∥∥mn,t −∇Fn(xn,t)
∥∥∥2]

+
(
αη − μηωK

)
E

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

+
1

N

N∑
n=1

K−1∑
k=1

( μ2η2

1− λ
K(4Ak + 8β2η2Dk)ωK+2 + 2ωKμηKAk + 2ω0μηKAk − ωkβη

)
E

[∥∥∥u(k)
n,t − f (k)

n (u
(k−1)
n,t )

∥∥∥2]

+
(2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
)) 1

N
E[‖Xt+1 −Xt‖2F ]

+
(
αηL2

F − η
1− λ2

2
ωK+1

) 1

N
E[‖Xt − X̄t‖2F ] +

( 2ηα2

1− λ2
ωK+1 − (1− λ)ωK+2

) 1

N
E[‖Yt − Ȳt‖2F ]

+ 2β2η2 1

N

N∑
n=1

K−1∑
k=1

[
K−1∑

j=k+1

(
4ωKμηKAjC

2
j + 4ω0μηKAjC

2
j + 2ωjC

2
j

+ ωK+2
8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

E[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2]

+ 2β2η2 1

N

N∑
n=1

K−1∑
k=1

[
K−1∑

j=k+1

(
4ωKμηKAjC

2
j + 4ω0μηKAjC

2
j + 2ωjC

2
j + ωK+2

8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .
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Based on Lemma 10, we can get

Ht+1 −Ht

≤ −αη

2
E[‖∇F (x̄t)‖2] + 4ωKμβ2η3K

K−1∑
k=1

Akδ
2
k + ωKμ2η2K

K∑
k=1

Bk
σ2
k

N
+ 2β2η2

K−1∑
k=1

ωkδ
2
k

+ ωK+2
8β2μ2η4

1− λ
K

K−1∑
k=1

Dkδ
2
k + ωK+2

4μ2η2

1− λ
K

K∑
k=1

Bkσ
2
k + 4ω0μβ

2η3K

K−1∑
k=1

Akδ
2
k + ω0μ

2η2K

K∑
k=1

Bkσ
2
k

+ 2β2η2 1

N

N∑
n=1

K−1∑
k=1

[
K−1∑

j=k+1

(
4ωKμηKAjC

2
j + 4ω0μηKAjC

2
j + 2ωjC

2
j + ωK+2

8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k

+
(
ωK+2

4μ2η2

1− λ
− μηω0

) 1

N

N∑
n=1

E

[∥∥∥mn,t −∇Fn(xn,t)
∥∥∥2]

+
(
αη − μηωK

)
E

[∥∥∥ 1

N

N∑
n=1

mn,t − 1

N

N∑
n=1

∇Fn(xn,t)
∥∥∥2]

+
1

N

N∑
n=1

K−1∑
k=1

[
μ2η2

1− λ
K(4Ak + 8β2η2Dk)ωK+2 + 2ωKμηKAk + 2ω0μηKAk − ωkβη + 2β2η2

K−1∑
j=k+1

(
2ωjC

2
j

+ 4ωKμηKAjC
2
j + 4ω0μηKAjC

2
j + ωK+2

8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

E

[∥∥∥u(k)
n,t − f (k)

n (u
(k−1)
n,t )

∥∥∥2]

+

[
αηL2

F − η
1− λ2

2
ωK+1 + 8η2

(
2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
))]

1

N
E[‖Xt − X̄t‖2F ]

+

[
2ηα2

1− λ2
ωK+1 − (1− λ)ωK+2 + 4α2η2

(
2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
))]

1

N
E[‖Yt − Ȳt‖2F ]

+

[
4α2η2

(
2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
))

− αη

4

]
E[‖m̄t‖2] .

(47)

In the following, we enforce the coefficient of the last six terms to be non-positive. Specifically, by setting

ωK = α
μ , we can get αη − μηωK ≤ 0. Moreover, we set ωK+2 = α(1− λ) and ωK+2

4μ2η2

1−λ − μηω0 = 0 so that we

can get ω0 = ωK+2
4μη
1−λ = 4αμη.

Then, we enforce

μ2η2

1− λ
K(4Ak + 8β2η2Dk)ωK+2 + 2ωKμηKAk + 2ω0μηKAk − ωkβη

+ 2β2η2
K−1∑
j=k+1

(
4ωKμηKAjC

2
j + 4ω0μηKAjC

2
j + 2ωjC

2
j + ωK+2

8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)
≤ 0 .

(48)
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This is equivalent to enforce

μ2η2

1− λ
K(4Ak + 8β2η2Dk)ωK+2 + 2

α

μ
μηKAk + 2ωK+2

4μη

1− λ
μηKAk − ωkβη

+ 2β2η2
K−1∑
j=k+1

(
4
α

μ
μηKAjC

2
j + 4ωK+2

4μη

1− λ
μηKAjC

2
j + 2ωjC

2
j + ωK+2

8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)

≤ μ2η2

1− λ
K(4Ak + 8β2η2Dk)α(1− λ) + 2

α

μ
μηKAk + 2α(1− λ)

4μη

1− λ
μηKAk − ωkβη

+ 2β2η2
K−1∑
j=k+1

(
4
α

μ
μηKAjC

2
j + 4α(1− λ)

4μη

1− λ
μηKAjC

2
j + 2ωjC

2
j + α(1− λ)

8μ2η2

1− λ
KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)

≤ K(4Ak + 8β2η2Dk)αμ
2η2 + 2αηKAk + 8αμ2η2KAk − ωkβη

+ 2β2η2
K−1∑
j=k+1

(
4αηKAjC

2
j + 16αμ2η2KAjC

2
j + 2ωjC

2
j + 8αμ2η2KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)
≤ 0 .

(49)
It can be done by enforcing

2β2η2
K−1∑
j=k+1

(
2ωjC

2
j

)( j∏
i=k+1

(2C2
i )
)
− ωkβη ≤ −1

2
ωkβη ,

K(4Ak + 8β2η2Dk)αμ
2η + 2αKAk + 8αμ2ηKAk

+ 2β2η

K−1∑
j=k+1

(
4αηKAjC

2
j + 16αμ2η2KAjC

2
j + 8αμ2η2KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)
≤ 1

2
ωkβ .

(50)

As for the first inequality, we can get

η ≤ ωk

4β
∑K−1

j=1

(
2ωjC2

j

)(∏j
i=k+1(2C

2
i )
) .

(51)

As for the second inequality, we can get

1

2
ωkβ ≥ K(4Ak + 8β2η2Dk)αμ

2η + 2αKAk + 8αμ2ηKAk

+ 2β2η

K−1∑
j=k+1

(
4αηKAjC

2
j + 16αμ2η2KAjC

2
j + 8αμ2η2KDjC

2
j

)( j∏
i=k+1

(2C2
i )
)
.

(52)

Then, due to βη < 1, μη < 1, we can set

ωk =
2αK

β

(
(12Ak + 8Dk)μ+ 2Ak + 2β

K−1∑
j=k+1

(
20AjC

2
j + 8DjC

2
j

)( j∏
i=k+1

(2C2
i )
))

. (53)

Here, we represent ωk � αKω̃k, where ω̃k = 2
β

(
(12Ak + 8Dk)μ + 2Ak + 2β

∑K−1
j=k+1

(
20AjC

2
j +

8DjC
2
j

)(∏j
i=k+1(2C

2
i )
))

. Then, we can simplify the upper bound of η as follows:

η ≤ ω̃k

8β
∑K−1

j=1 ω̃jC2
j

(∏j
i=k+1(2C

2
i )
) . (54)
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Based on the value of ωk where k ∈ {0, 1, · · · ,K} and ωK+2 , due to η < 1, we can get

2L2
F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
)

=
2αL2

F

μ2η
+ 8αL2

F + 4αKD0 +

K−1∑
k=1

(
4αηKAkC

2
k + 16αKAkC

2
k + 2αKω̃kC

2
k + 8αKDkC

2
k

)( k−1∏
j=1

(2C2
j )
)

≤ 2αL2
F

μ2η
+ 8αL2

F + 4αKD0 + αK

K−1∑
k=1

(
20AkC

2
k + 2ω̃kC

2
k + 8DkC

2
k

)( k−1∏
j=1

(2C2
j )
)
.

(55)

Furthermore, we enforce

αηL2
F − η

1− λ2

2
ωK+1 + 8η2

(
2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
))

≤ αηL2
F − η

1− λ2

2
ωK+1 + 8η2

(
2αL2

F

μ2η
+ 8αL2

F + 4αKD0 + αK
K−1∑
k=1

(
20AkC

2
k + 2ω̃kC

2
k + 8DkC

2
k

)( k−1∏
j=1

(2C2
j )
))

≤ 0 .
(56)

Similarly, due to η < 1, we can set

ωK+1 =
2α

(1− λ2)

[
L2
F + 8

(
2L2

F

μ2
+ 8L2

F + 4KD0 +K

K−1∑
k=1

(
20AkC

2
k + 2ω̃kC

2
k + 8DkC

2
k

)( k−1∏
j=1

(2C2
j )
))]

. (57)

Here, we represent ωK+1 � 2α
(1−λ2) ω̃K+1, where ω̃K+1 =

[
L2
F + 8

(
2L2

F

μ2 + 8L2
F + 4KD0 +K

∑K−1
k=1

(
20AkC

2
k +

2ω̃kC
2
k + 8DkC

2
k

)(∏k−1
j=1 (2C

2
j )
))]

.

In addition, we enforce

2ηα2

1− λ2
ωK+1 − (1− λ)ωK+2 + 4α2η2

(
2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
))

≤ 2ηα2

1− λ2

2α

(1− λ2)
ω̃K+1 − α(1− λ)2

+ 4α2η2

(
2αL2

F

μ2η
+ 8αL2

F + 4αKD0 + αK

K−1∑
k=1

(
20AkC

2
k + 2ω̃kC

2
k + 8DkC

2
k

)( k−1∏
j=1

(2C2
j )
))

≤ 0 .

(58)

Due to η < 1 and 1 + λ > 1, we can get

α ≤ (1− λ)2√
4ω̃K+1 + 8L2

F /μ
2 + 32L2

F + 16KD0 + 4K
∑K−1

k=1

(
20AkC2

k + 2ω̃kC2
k + 8DkC2

k

)(∏k−1
j=1 (2C

2
j )
) .

(59)
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And we enforce

4α2η2

(
2L2

F

μη
ωK + ω0

2L2
F

μη
+ ωK+2

4μ2η2

1− λ
KD0

+

K−1∑
k=1

(
4ωKμηKAkC

2
k + 4ω0μηKAkC

2
k + 2ωkC

2
k + ωK+2

8μ2η2

1− λ
KDkC

2
k

)( k−1∏
j=1

(2C2
j )
))

− αη

4

≤ 4α2η2

(
2αL2

F

μ2η
+ 8αL2

F + 4αKD0 + αK

K−1∑
k=1

(
20AkC

2
k + 2ω̃kC

2
k + 8DkC

2
k

)( k−1∏
j=1

(2C2
j )
))

− αη

4
≤ 0 .

(60)

Similarly, due to η < 1, we can get

α ≤ 1

4

√
2L2

F /μ
2 + 8L2

F + 4KD0 +K
∑K−1

k=1

(
20AkC2

k + 2ω̃kC2
k + 8DkC2

k

)(∏k−1
j=1 (2C

2
j )
) .

(61)

In summary, by setting

ω0 = 4αμη ,

ωk = αKω̃k , ∀k ∈ {1, 2, · · · ,K − 1} ,

ωK =
α

μ
,

ωK+1 =
2α

1− λ2
ω̃K+1 ,

ωK+2 = α(1− λ) ,

η ≤ ω̃k

8β
∑K−1

j=1 ω̃jC2
j

(∏j
i=k+1(2C

2
i )
) ,

α ≤ (1− λ)2√
4ω̃K+1 + 8L2

F /μ
2 + 32L2

F + 16KD0 + 4K
∑K−1

k=1

(
20AkC2

k + 2ω̃kC2
k + 8DkC2

k

)(∏k−1
j=1 (2C

2
j )
) ,

α ≤ 1

4

√
2L2

F /μ
2 + 8L2

F + 4KD0 +K
∑K−1

k=1

(
20AkC2

k + 2ω̃kC2
k + 8DkC2

k

)(∏k−1
j=1 (2C

2
j )
) ,

(62)

where ω̃k = 2
β

(
(12Ak + 8Dk)μ + 2Ak + 2β

∑K−1
j=k+1

(
20AjC

2
j + 8DjC

2
j

)(∏j
i=k+1(2C

2
i )
))

and ω̃K+1 = L2
F +

8

(
2L2

F

μ2 + 8L2
F + 4KD0 +K

∑K−1
k=1

(
20AkC

2
k + 2ω̃kC

2
k + 8DkC

2
k

)(∏k−1
j=1 (2C

2
j )
))

, we can get

Ht+1 −Ht

≤ −αη

2
‖∇F (x̄t)‖2 + 8αβ2μ2η4K

K−1∑
k=1

Dkδ
2
k + 4αμ2η2K

K∑
k=1

Bkσ
2
k + 16αμ2β2η4K

K−1∑
k=1

Akδ
2
k + 4αμ3η3K

K∑
k=1

Bkσ
2
k

+ 4αβ2η3K

K−1∑
k=1

Akδ
2
k + αμη2K

K∑
k=1

Bk
σ2
k

N
+ 2β2η2αK

K−1∑
k=1

ω̃kδ
2
k

+ 2αβ2η2K

K−1∑
k=1

[
K−1∑
j=k+1

(
20AjC

2
j + 2ω̃jC

2
j + 8DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .

(63)
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Then, it is easy to get

1

T

T−1∑
t=0

E[‖∇F (x̄t)‖2]

≤ 2(H0 −HT )

αηT
+ 16β2μ2η3K

K−1∑
k=1

Dkδ
2
k + 8ημ2K

K∑
k=1

Bkσ
2
k + 32μ2β2η3K

K−1∑
k=1

Akδ
2
k + 8μ3η2K

K∑
k=1

Bkσ
2
k

+ 8β2η2K

K−1∑
k=1

Akδ
2
k + 2μηK

K∑
k=1

Bk
σ2
k

N
+ 4ηβ2K

K−1∑
k=1

ω̃kδ
2
k

+ 4ηβ2K

K−1∑
k=1

[
K−1∑
j=k+1

(
20AjC

2
j + 2ω̃jC

2
j + 8DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .

(64)

According to the initial value, we can get

1

N
E[‖Y0 − Ȳ0‖2F ]

=
1

N

N∑
n=1

E[‖v(1)n,0v
(2)
n,0 · · · v(K−1)

n,0 v
(K)
n,0 − 1

N

N∑
n′=1

v
(1)
n′,0v

(2)
n′,0 · · · v(K−1)

n′,0 v
(K)
n′,0‖2]

=
1

N

N∑
n=1

E[‖v(1)n,0v
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n,0 · · · v(K−1)

n,0 v
(K)
n,0 −∇f (1)

n (u
(0)
n,0)∇f (2)
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(1)
n,0) · · · ∇f (K−1)
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(K−2)
n,0 )∇f (K)
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(K−1)
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+∇f (1)
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N
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1

N
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− 1

N

N∑
n′=1
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n′,0 · · · v(K−1)

n′,0 v
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n′,0‖2]

≤ 3
1

N
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E[‖v(1)n,0v
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n (u
(0)
n,0)∇f (2)
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+ 3
1

N
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n (u
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N∑
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(2)
n′ (u

(1)
n′,0) · · · ∇f
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N
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N
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K∑

k=1
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2
k + 12K

K∑
k=2

(
∏K

j=1 C
2
j )L

2
k

C2
k

k−1∑
i=1

8δ2i

k−1∏
j=i+1

(8C2
j ) ,

(65)

where the last step holds due to the following inequality:
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1

N

N∑
n=1

E[‖∇f (1)
n (u

(0)
n,0)∇f (2)
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∇f (1)

n (u
(0)
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2
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2
k

C2
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(
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2
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2
k
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k
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(66)
where the last step holds due to the following inequality:

1

N

N∑
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E[‖u(k−1)
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=
1

N

N∑
n=1

E[‖f (k−1)
n (u

(k−2)
n,0 ; ξ

(k−1)
n,t )− 1

N

N∑
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1

N

N∑
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E[‖u(k−2)
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(k−2)
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(67)

Moreover, we can get

E[‖u(k)
n,0 − f (k)

n (u
(k−1)
n,0 )‖2] = E[‖f (k)

n (u
(k−1)
n,0 ; ξ

(k)
n,0)− f (k)

n (u
(k−1)
n,0 )‖2] ≤ δ2k , (68)
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and
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as well as E
[∥∥∥mn,0 −∇Fn(xn,0)

∥∥∥2] ≤ 2K
∑K

k=1 Bkσ
2
k + 2K

∑K−1
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2
k. Then, we can get

H0 = F (x0) + ω0
1

N

N∑
n=1

E
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Finally, we can get
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2
k + 32μ2β2η3K

K−1∑
k=1

Akδ
2
k + 8μ3η2K

K∑
k=1

Bkσ
2
k

+ 8β2η2K

K−1∑
k=1

Akδ
2
k + 2μηK

K∑
k=1

Bk
σ2
k

N
+ 4ηβ2K

K−1∑
k=1

ω̃kδ
2
k

+ 4ηβ2K

K−1∑
k=1

[
K−1∑
j=k+1

(
20AjC

2
j + 2ω̃jC

2
j + 8DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .

(71)
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A.3 Proof of Theorem 2

Lemma 13. Given Assumptions 2-4, we can get

E[‖gξtn,t − gξtn,t−1‖2] ≤ KD0E[‖xn,t − xn,t−1‖2] + 2K

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 2β2η4K

K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 2β2η4K

K−1∑
k=1

Dkδ
2
k ,

(72)

where Dk =
(
∏K

j=1 C2
i )L

2
k+1

C2
k+1

.

Proof.

E[‖gξtn,t − gξtn,t−1‖2]
= E[‖∇f (1)

n (u
(0)
n,t; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t ; ξ

(K)
n,t )

−∇f (1)
n (u

(0)
n,t−1; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t−1; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t−1 ; ξ

(K)
n,t )‖2]

≤ KE[‖∇f (1)
n (u

(0)
n,t; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t ; ξ

(K)
n,t )

−∇f (1)
n (u

(0)
n,t−1; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t ; ξ

(K)
n,t )‖2]

+KE[‖∇f (1)
n (u

(0)
n,t−1; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t ; ξ

(K)
n,t )

−∇f (1)
n (u

(0)
n,t−1; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t−1; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t ; ξ

(K)
n,t )‖2]

· · ·
+KE[‖∇f (1)

n (u
(0)
n,t; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t−1 ; ξ

(K)
n,t )

−∇f (1)
n (u

(0)
n,t−1; ξ

(1)
n,t)∇f (2)

n (u
(1)
n,t−1; ξ

(2)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 ; ξ

(K−1)
n,t )∇f (K)

n (u
(K−1)
n,t−1 ; ξ

(K)
n,t )‖2]

≤ K
(
∏K

j=1 C
2
i )L

2
1

C2
1

E[‖u(0)
n,t − u

(0)
n,t−1‖2] +K

(
∏K

j=1 C
2
i )L

2
2

C2
2

E[‖u(1)
n,t − u

(1)
n,t−1‖2]

+ · · ·+K
(
∏K

j=1 C
2
i )L

2
K

C2
K

E[‖u(K−1)
n,t − u

(K−1)
n,t−1 ‖2]

= KD0E[‖xn,t − xn,t−1‖2] +K

K−1∑
k=1

DkE[‖u(k)
n,t − u

(k)
n,t−1‖2]

≤ KD0E[‖xn,t − xn,t−1‖2] + 2K

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 2β2η4K
K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 2β2η4K

K−1∑
k=1

Dkδ
2
k ,

(73)

where Dk =
(
∏K

j=1 C2
j )L

2
k+1

C2
k+1

, the third to last step holds due to Assumption 3 and Assumption 2, the last step

holds due to Lemma 15.

Lemma 14. For k ∈ {1, · · · ,K − 1}, given Assumptions 2-4, we can get

‖u(k)
n,t − F (k)

n (xn,t)‖ ≤
k∑

j=1

( k∏
i=j+1

Ci

)
‖u(j)

n,t − f (j)
n (u

(j−1)
n,t )‖ , (74)

This lemma is the same as Lemma 1.



Hongchang Gao

Lemma 15. For k ∈ {2, · · · ,K}, given Assumptions 2-4, we can get

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2] ≤ 2C2

k−1E[‖u(k−2)
n,t−1 − u

(k−2)
n,t ‖2] + 2β2η4E[‖u(k−1)

n,t−1 − f (k−1)
n (u

(k−2)
n,t−1)‖2] + 2β2η4δ2k−1 ,

(75)
and

E[‖u(k−1)
n,t − u

(k−1)
n,t−1‖2] ≤

( k−1∏
j=1

(2C2
j )
)
E[‖u(0)

n,t−1 − u
(0)
n,t‖2] + 2β2η4

k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
E[‖u(j)

n,t−1 − f (j)
n (u

(j−1)
n,t−1)‖2]

+ 2β2η4
k−1∑
j=1

( k−1∏
i=j+1

(2C2
i )
)
δ2j .

(76)

This lemma can be proved by following Lemma 2 through replacing η with η2.

Lemma 16. Given Assumptions 2-4, we can get

1

N

N∑
n=1

‖∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

−∇f (1)
n (xn,t)∇f (2)

n (F (1)
n (xn,t)) · · · ∇f (K−1)

n (F (K−2)
n (xn,t))∇f (K)

n (F (K−1)
n (xn,t))‖2

≤ K

N

N∑
n=1

K−1∑
k=1

Ak‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2 ,

(77)

where Ak =

(∑K−1
j=k

(
Lj+1

∏K
i=1 Ci

Cj+1

∏j
i=k+1 Ci

))2

.

This lemma is the same as Lemma 3

Lemma 17. Given Assumptions 2-4, we can get

E

[∥∥∥∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]

≤ KD0‖xn,t − xn,t−1‖2 + 2K

K−1∑
k=1

DkC
2
k‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2

+ 2β2η4K

K−1∑
k=1

Dk‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2 + 2β2η4K

K−1∑
k=1

Dkδ
2
k ,

(78)

where Dk =
(
∏K

j=1 C2
j )L

2
k+1

C2
k+1

.

This lemma can be proved by following Lemma 4 through replacing η with η2.

Lemma 18. Given Assumptions 2-4, we can get

E

[∥∥∥ 1

N

N∑
n=1

(gξtn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t ))

∥∥∥2] ≤ K

K∑
k=1

Bk
σ2
k

N
, (79)

where Bk =
∏K

j=1 C2
j

C2
k

.

This lemma is the same as Lemma 5.

Lemma 19. Given Assumptions 2-4, we can get

E

[∥∥∥gξtn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2] ≤ K

K∑
k=1

Bkσ
2
k , (80)
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where Bk =
∏K

j=1 C2
j

C2
k

.

This lemma is the same as Lemma 6.

Lemma 20. For k ∈ {1, · · · ,K − 1}, given Assumptions 2-4, we can get

E[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2] ≤ (1− βη2)E[‖u(k)

n,t−1 − f (k)
n (u

(k−1)
n,t−1)‖2] + 2C2

kE[‖u(k−1)
n,t−1 − u

(k−1)
n,t ‖2] + 2β2η4δ2k . (81)

This lemma can be proved by following Lemma 7 through replacing η with η2.

Lemma 21. Given Assumptions 1-4, we can get

E[‖Xt+1 − X̄t+1‖2F ] ≤ (1− η
1− λ2

2
)E[‖Xt − X̄t‖2F ] +

2ηα2

1− λ2
E[‖Yt − Ȳt‖2F ] . (82)

This lemma is the same as Lemma 9.

Lemma 22. Given Assumptions 2-4 and μη2 ∈ (0, 1), we can get

E

[∥∥∥m̄t − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]

≤ (1− μη2)E
[∥∥∥m̄t−1 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]

+ 2KD0
1

N2

N∑
n=1

E[‖xn,t − xn,t−1‖2] + 4K
1

N2

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 4β2η4K
1

N2

N∑
n=1

K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 4β2η4K

K−1∑
k=1

Dk
δ2k
N

+ 2μ2η4K

K∑
k=1

Bk
σ2
k

N
.

(83)
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Proof.

E

[∥∥∥m̄t − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]

= E

[∥∥∥ 1

N

N∑
n=1

(
(1− μη2)(mn,t−1 −∇f (1)

n (u
(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 ))

+ (∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )− gn,t−1 + gn,t)

+ μη2(gn,t−1 −∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 ))

)∥∥∥2]

= (1− μη2)2E
[∥∥∥ 1

N

N∑
n=1

mn,t−1 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]

+ 2E
[∥∥∥ 1

N

N∑
n=1

(
∇f (1)

n (u
(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

−∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )− gn,t−1 + gn,t

)∥∥∥2]

+ 2μ2η4E
[∥∥∥ 1

N

N∑
n=1

(
gn,t−1 −∇f (1)

n (u
(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

)∥∥∥2]

≤ (1− μη2)2E
[∥∥∥ 1

N

N∑
n=1

mn,t−1 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]

+ 2
1

N2

N∑
n=1

E

[∥∥∥gn,t − gn,t−1

∥∥∥2]

+ 2μ2η4E
[∥∥∥ 1

N

N∑
n=1

(
gn,t−1 −∇f (1)

n (u
(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

)∥∥∥2]

≤ (1− μη2)E
[∥∥∥m̄t−1 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]

+ 2KD0
1

N2

N∑
n=1

E[‖xn,t − xn,t−1‖2] + 4K
1

N2

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 4β2η4K
1

N2

N∑
n=1

K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 4β2η4K

K−1∑
k=1

Dk
δ2k
N

+ 2μ2η4K

K∑
k=1

Bk
σ2
k

N
.

(84)

Lemma 23. Given Assumptions 2-4 and μη2 ∈ (0, 1), we can get

E

[∥∥∥mn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )

∥∥∥2]
≤ (1− μη2)E

[∥∥∥mn,t−1 −∇f (1)
n (u

(0)
n,t−1)∇f (2)

n (u
(1)
n,t−1) · · · ∇f (K−1)

n (u
(K−2)
n,t−1 )∇f (K)

n (u
(K−1)
n,t−1 )

∥∥∥2]

+ 2KD0E[‖xn,t − xn,t−1‖2] + 4K

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t−1 − u
(k−1)
n,t ‖2]

+ 4β2η4K

K−1∑
k=1

DkE[‖u(k)
n,t−1 − f (k)

n (u
(k−1)
n,t−1)‖2] + 4β2η4K

K−1∑
k=1

Dkδ
2
k + 2μ2η4K

K∑
k=1

Bkσ
2
k .

(85)
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This lemma is easy to prove by following Lemma 22.

Lemma 24. Given Assumptions 1-4, we can get

E[‖Yt+1 − Ȳt+1‖2F ]

≤ λE[‖Yt − Ȳt‖2F ] +
2μ2η4

1− λ

N∑
n=1

E[‖mn,t −∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )‖2]

+
2KD0

1− λ

N∑
n=1

E[‖xn,t+1 − xn,t‖2] + 4K

1− λ

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t − u
(k−1)
n,t+1‖2]

+
4β2η4K

1− λ

N∑
n=1

K−1∑
k=1

DkE[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2] + 4β2η4KN

1− λ

K−1∑
k=1

Dkδ
2
k +

μ2η4KN

1− λ

K∑
k=1

Bkσ
2
k .

(86)

Proof.

E[‖Mt+1 −Mt‖2F ] =
N∑

n=1

E[‖mn,t+1 −mn,t‖2] =
N∑

n=1

E[‖(1− μη2)(mn,t − g
ξt+1

n,t ) + g
ξt+1

n,t+1 −mn,t‖2]

=

N∑
n=1

E[‖gξt+1

n,t+1 − g
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(1)
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n (u
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(1)
n,t) · · · ∇f (K−1)
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(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )− g

ξt+1

n,t )‖2]

=

N∑
n=1

E[‖gξt+1

n,t+1 − g
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n,t − μη2(mn,t −∇f (1)
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(0)
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n,t ‖2]

≤ 2

N∑
n=1
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n,t) · · · ∇f (K−1)
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+ 2KD0

N∑
n=1

E[‖xn,t+1 − xn,t‖2] + 4K

N∑
n=1

K−1∑
k=1

DkC
2
kE[‖u(k−1)

n,t − u
(k−1)
n,t+1‖2]

+ 4β2η4K

N∑
n=1

K−1∑
k=1

DkE[‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2] + 4β2η4KN

K−1∑
k=1

Dkδ
2
k + μ2η4KN

K∑
k=1

Bkσ
2
k .
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Then, we can get

E[‖Yt+1 − Ȳt+1‖2F ] ≤ λE[‖Yt − Ȳt‖2F ] +
1

1− λ
E[‖Mt+1 −Mt‖2F ]

≤ λE[‖Yt − Ȳt‖2F ] +
2μ2η4

1− λ

N∑
n=1

E[‖mn,t −∇f (1)
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(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
(K−1)
n,t )‖2]

+
2KD0

1− λ

N∑
n=1

E[‖xn,t+1 − xn,t‖2] + 4K

1− λ

N∑
n=1
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DkC
2
kE[‖u(k−1)

n,t − u
(k−1)
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+
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1− λ
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n=1
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DkE[‖u(k)
n,t − f (k)

n (u
(k−1)
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2
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Bkσ
2
k .
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Based on these lemmas, we begin to prove Theorem 2.

Proof. At first, we can get

F (x̄t+1) ≤ F (x̄t) + 〈∇F (x̄t), x̄t+1 − x̄t〉+ LF

2
‖x̄t+1 − x̄t‖2

= F (x̄t)− αη

2
‖∇F (x̄t)‖2 − (

αη

2
− α2η2LF

2
)‖m̄t‖2 + αη

2
‖m̄t −∇F (x̄t)‖2

≤ F (x̄t)− αη

2
‖∇F (x̄t)‖2 − αη

4
‖m̄t‖2 + αη

2
‖m̄t −∇F (x̄t)‖2

≤ F (x̄t)− αη

2
‖∇F (x̄t)‖2 − αη

4
‖m̄t‖2 + αη‖m̄t − 1

N

N∑
n=1

∇Fn(xn,t)‖2 + αη‖ 1

N

N∑
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2
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4
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N

N∑
n=1

∇Fn(xn,t)‖2 + αηL2
F

1

N

N∑
n=1

‖xn,t − x̄t‖2

≤ F (x̄t)− αη

2
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4
‖m̄t‖2 + αηL2

F

1

N
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n=1
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N
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∇f (1)
n (u
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2
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4
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F

1

N
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‖xn,t − x̄t‖2

+ 2αη‖m̄t − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,t)∇f (2)

n (u
(1)
n,t) · · · ∇f (K−1)

n (u
(K−2)
n,t )∇f (K)

n (u
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n,t )‖2

+ 2αη
K

N
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n=1

K−1∑
k=1

Ak‖u(k)
n,t − f (k)

n (u
(k−1)
n,t )‖2 ,
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where the fourth step follows from η ≤ 1

2αLF
, the last step follows from Lemma 16. Similarly, we define a novel

potential function below:

Ht+1 = E[F (x̄t+1)] +
1

N

N∑
n=1

K−1∑
k=1

ωkE[‖u(k)
n,t+1 − f (k)

n (u
(k−1)
n,t+1)‖2]

+ ωKE

[∥∥∥m̄t+1 − 1

N

N∑
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n (u

(0)
n,t+1)∇f (2)

n (u
(1)
n,t+1) · · · ∇f (K−1)
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(K−2)
n,t+1 )∇f (K)

n (u
(K−1)
n,t+1 )

∥∥∥2]

+ ωK+1
1

N
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n=1

E[‖mn,t+1 −∇f (1)
n (u

(0)
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n (u
(1)
n,t+1) · · · ∇f (K−1)

n (u
(K−2)
n,t+1 )∇f (K)

n (u
(K−1)
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+ ωK+2
1

N
E[‖Xt+1 − X̄t+1‖2F ] + ωK+3

1

N
E[‖Yt+1 − Ȳt+1‖2F ] .
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Then, we can get

Ht+1 −Ht

≤ −αη

2
E[‖∇F (x̄t)‖2]− αη

4
E[‖m̄t‖2] + ωK+3

4β2η4K
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K−1∑
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Dkδ
2
k + ωK+3

μ2η4K
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K∑
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Bkσ
2
k + 2β2η4 1
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ωkδ
2
k

+ 4ωKβ2η4K
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Dk
δ2k
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σ2
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+
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(
ωK+2

2ηα2

1− λ2
− (1− λ)ωK+3

) 1

N
E[‖Yt − Ȳt‖2F ]
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2
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n,t − f (k)
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where the last step holds due to Lemma 15. It ca be reformulated as below:

Ht+1 −Ht

≤ −αη
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Then, according to Lemma 10, we can get
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8η2 + αηL2

F − η
1− λ2

2
ωK+2

) 1

N
E[‖Xt − X̄t‖2F ]

+
(
ωK+2

2ηα2

1− λ2
− (1− λ)ωK+3 +

[
K−1∑
k=1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2ωKKD0
1

N
+ 2ωK+1KD0 + ωK+3

2KD0

1− λ

]
4α2η2

) 1

N
E[‖Yt − Ȳt‖2F ]

+

([
K−1∑
k=1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2ωKKD0
1

N
+ 2ωK+1KD0 + ωK+3

2KD0

1− λ

]
4α2η2 − αη

4

)
E[‖m̄t‖2]

+ 2β2η4 1

N

N∑
n=1

K−1∑
k=1

[
K−1∑

j=k+1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DjC

2
j + 2ωjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .

(93)

At first, we set ωK = 2α
μη such that 2αη−μη2ωK = 0. Then, we set ωK+3 = α(1−λ). By enforcing ωK+3

2μ2η4

1−λ −
μη2ωK+1 = 0, we can get ωK+1 = ωK+3

2μη2

1−λ = 2αμη2.

Then, we enforce

4ωKβ2η4KDk
1

N
+ 4ωK+1β

2η4KDk + 2αηKAk + ωK+3
4β2η4K

1− λ
Dk − βη2ωk

+ 2β2η4

[
K−1∑
j=k+1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DjC

2
j + 2ωjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

≤ 0 ,

(94)

It is easy to get

8αβ2η3

μ

KDk

N
+ 4ωK+3KDk

2μβ2η6

1− λ
+ 2αηKAk + ωK+3KDk

4β2η4

1− λ
− βη2ωk

+ 2β2η4

[
K−1∑
j=1

((
4ωKK

1

N
+ 4ωK+3

2μη2

1− λ
K + ωK+3

4K

1− λ

)
DjC

2
j + 2ωjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

≤ 0 .

(95)
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Then, we enforce

2β2η4

[
K−1∑
j=1

2ωjC
2
j

( j∏
i=k+1

(2C2
i )
)]

− βη2ωk ≤ −1

2
βη2ωk , (96)

and

8αβ2η3

μ

KDk

N
+ 4ωK+3KDk

2μβ2η6

1− λ
+ 2αηKAk + ωK+3KDk

4β2η4

1− λ

+ 2β2η4

[
K−1∑
j=1

((8α
μη

K

N
+ 4ωK+3

2μη2

1− λ
K + ωK+3

4K

1− λ

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

− 1

2
βη2ωk ≤ 0 .

(97)

From the first inequality, we can get

η ≤ 1

2

√
ωk

β
∑K−1

j=1 2ωjC2
j

(∏j
i=k+1(2C

2
i )
) . (98)

As for the second inequality, due to μη2 < 1, we have

8αβ2η3

μ

KDk

N
+ 4ωK+3KDk

2μβ2η6

1− λ
+ 2αηKAk + ωK+3KDk

4β2η4

1− λ

+ 2β2η4

[
K−1∑
j=1

((8α
μη

K

N
+ 4ωK+3

2μη2

1− λ
K + ωK+3

4K

1− λ

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

− 1

2
βη2ωk

≤ 8αβ2η3

μ

KDk

N
+ ωK+3KDk

8β2η4

1− λ
+ 2αηKAk + ωK+3KDk

4β2η4

1− λ

+ 2β2η4

[
K−1∑
j=1

((8α
μη

K

N
+ ωK+3

8

1− λ
K + ωK+3

4K

1− λ

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

− 1

2
βη2ωk

≤ 8αβ2η3

μ

KDk

N
+ ωK+3KDk

12β2η4

1− λ
+ 2αηKAk

+ 2β2η4

[
K−1∑
j=1

((8α
μη

K

N
+ ωK+3

12K

1− λ

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

− 1

2
βη2ωk

≤ 8αβ2η3

μ

KDk

N
+ 12β2η4αKDk + 2αηKAk

+ 2αβ2η4

[
K−1∑
j=1

(( 8

μη

K

N
+ 12K

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

− 1

2
βη2ωk

≤ βη2

[
8αβη

μ

KDk

N
+ 12βη2αKDk + 2

1

βη
αKAk

+ 2αβη2
K−1∑
j=1

(( 8

μη

K

N
+ 12K

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)
− 1

2
ωk

]
.

(99)

We enforce this upper bound to be non-positive, i.e.,

8αβη

μ

KDk

N
+ 12βη2αKDk + 2

1

βη
αKAk + 2αβη2

K−1∑
j=1

(( 8

μη

K

N
+ 12K

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)
− 1

2
ωk ≤ 0 ,

ωk ≥ 16αβη

μ

KDk

N
+ 24βη2αKDk + 4

1

βη
αKAk + 4αβη2

K−1∑
j=1

(( 8

μη

K

N
+ 12K

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)

=
α

η

[
16βη2

μ

KDk

N
+ 24βη3KDk + 4

1

β
KAk + 4βη3

K−1∑
j=1

(( 8

μη

K

N
+ 12K

)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

.

(100)
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Due to βη2 ≤ 1, η ≤ 1, we can set

ωk � αK

η
ω̃k =

α

η

[
16KDk

μN
+ 24KDk +

4KAk

β
+ 16K

K−1∑
j=1

(( 2

μN
+ 3
)
DjC

2
j

)( j∏
i=k+1

(2C2
i )
)]

, (101)

where ω̃k =

[
16Dk

μN + 24Dk +
4Ak

β + 16
∑K−1

j=1

((
2

μN + 3
)
DjC

2
j

)(∏j
i=k+1(2C

2
i )
)]

. Then, we can simplified the

upper bound of η as below:

η ≤ 1

2

√√√√ ω̃k

2β
∑K−1

j=1 ω̃jC2
j

(∏j
i=k+1(2C

2
i )
) . (102)

Based on these values, we have[
K−1∑
k=1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2ωKKD0
1

N
+ 2ωK+1KD0 + ωK+3

2KD0

1− λ

]

≤
[

K−1∑
k=1

((
4
2α

μη
K

1

N
+ 4ωK+3

2μη2

1− λ
K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2
2α

μη
KD0

1

N
+ 2ωK+3

2μη2

1− λ
KD0 + ωK+3

2KD0

1− λ

]

≤
[

K−1∑
k=1

((8α
μη

K

N
+ ωK+3

12K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μη

KD0

N
+ ωK+3

6KD0

1− λ

]

≤
[

K−1∑
k=1

((8α
μη

K

N
+ 12αK

)
DkC

2
k +

2αK

η
ω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μη

KD0

N
+ 6αKD0

]
.

(103)

Then, we enforce[
K−1∑
k=1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2ωKKD0
1

N
+ 2ωK+1KD0 + ωK+3

2KD0

1− λ

]
8η2 + αηL2

F − η
1− λ2

2
ωK+2

≤
[

K−1∑
k=1

((8α
μη

K

N
+ 12αK

)
DkC

2
k +

2αK

η
ω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μη

KD0

N
+ 6αKD0

]
8η2 + αηL2

F − η
1− λ2

2
ωK+2

≤ 0 .
(104)

It is easy to know

ωK+2 ≥ 2

1− λ2

[(
K−1∑
k=1

((8α
μ

K

N
+ 12αηK

)
DkC

2
k + 2αω̃kKC2

k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μ

KD0

N
+ 6αηKD0

)
8 + αL2

F

]
.

(105)
Since η < 1, we can set

ωK+2 � α

1− λ2
ω̃K+2 =

2α

1− λ2

[(
K−1∑
k=1

(( 8

μN
+ 12

)
DkC

2
k + 2ω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4D0

μN
+ 6D0

)
8K + L2

F

]
,

(106)
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where ω̃K+2 = 2

[(∑K−1
k=1

((
8

μN + 12
)
DkC

2
k + 2ω̃kC

2
k

)(∏k−1
j=1 (2C

2
j )
)
+ 4D0

μN + 6D0

)
8K + L2

F

]
.

Moreover, we enforce

ωK+2
2ηα2

1− λ2
− (1− λ)ωK+3 +

[
K−1∑
k=1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2ωKKD0
1

N
+ 2ωK+1KD0 + ωK+3

2KD0

1− λ

]
4α2η2

≤ ω̃K+2
2ηα3

(1− λ2)2
− α(1− λ)2

+

[
K−1∑
k=1

((8α
μη

K

N
+ 12αK

)
DkC

2
k +

2αK

η
ω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μη

KD0

N
+ 6αKD0

]
4α2η2 ≤ 0 .

(107)
Then, due to η < 1 and 1 + λ > 1, we can get

α ≤ (1− λ)2√√√√2ω̃K+2 + 4K

[∑K−1
k=1

((
8

μN + 12
)
DkC2

k + 2ω̃kC2
k

)(∏k−1
j=1 (2C

2
j )
)
+ 4D0

μN + 6D0

] .
(108)

Moreover, with η < 1, we enforce

[
K−1∑
k=1

((
4ωKK

1

N
+ 4ωK+1K + ωK+3

4K

1− λ

)
DkC

2
k + 2ωkC

2
k

)( k−1∏
j=1

(2C2
j )
)

+ 2ωKKD0
1

N
+ 2ωK+1KD0 + ωK+3

2KD0

1− λ

]
4α2η2 − αη

4

≤
[

K−1∑
k=1

((8α
μη

K

N
+ 12αK

)
DkC

2
k +

2αK

η
ω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μη

KD0

N
+ 6αKD0

]
4α2η2 − αη

4

≤
[

K−1∑
k=1

((8α
μ

K

N
+ 12ηαK

)
DkC

2
k + 2αKω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4α

μ

KD0

N
+ 6αηKD0

]
4α2η − αη

4

≤
[

K−1∑
k=1

(( 8
μ

K

N
+ 12K

)
DkC

2
k + 2Kω̃kC

2
k

)( k−1∏
j=1

(2C2
j )
)
+

4

μ

KD0

N
+ 6KD0

]
4α3η − αη

4
≤ 0 ,

(109)

so that we can get

α ≤ 1

4

/√√√√K

K−1∑
k=1

(( 8

μN
+ 12

)
DkC2

k + 2ω̃kC2
k

)( k−1∏
j=1

(2C2
j )
)
+

4KD0

μN
+ 6KD0 . (110)
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In summary, by setting

ωk =
αK

η
ω̃k, k ∈ {1, 2, · · · ,K − 1} ,

ωK =
2α

μη
, ωK+1 = 2αμη2 , ωK+2 =

α

1− λ2
ω̃K+2 , ωK+3 = α(1− λ) ,

α ≤ (1− λ)2

/√√√√2ω̃K+2 + 4K

[
K−1∑
k=1

(( 8

μN
+ 12

)
DkC2

k + 2ω̃kC2
k

)( k−1∏
j=1

(2C2
j )
)
+

4D0

μN
+ 6D0

]
,

α ≤ 1

4

/√√√√K

K−1∑
k=1

(( 8

μN
+ 12

)
DkC2

k + 2ω̃kC2
k

)( k−1∏
j=1

(2C2
j )
)
+

4KD0

μN
+ 6KD0 ,

η ≤ 1

2

√√√√ ω̃k

2β
∑K−1

j=1 ω̃jC2
j

(∏j
i=k+1(2C

2
i )
) ,

(111)

where ω̃k =

[
16Dk

μN +24Dk +
4Ak

β +16
∑K−1

j=1

((
2

μN +3
)
DjC

2
j

)(∏j
i=k+1(2C

2
i )
)]

, ω̃K+2 = 2

[(∑K−1
k=1

((
8K
μN +

12K
)
DkC

2
k + 2ω̃kC

2
k

)(∏k−1
j=1 (2C

2
j )
)
+ 4KD0

μN + 6KD0

)
8 + L2

F

]
, we can get

Ht+1 −Ht

≤ −αη

2
E[‖∇F (x̄t)‖2] + 4αβ2η4K

K−1∑
k=1

Dkδ
2
k + αμ2η4K

K∑
k=1

Bkσ
2
k + 2αβ2η3K

K−1∑
k=1

ω̃kδ
2
k

+
8α

μ
β2η3K

K−1∑
k=1

Dk
δ2k
N

+
4αμ2η3

μ
K

K∑
k=1

Bk
σ2
k

N
+ 8αμβ2η6K

K−1∑
k=1

Dkδ
2
k + 4αμ3η6K

K∑
k=1

Bkσ
2
k

+ 2αβ2η3K

K−1∑
k=1

[
K−1∑
j=k+1

(( 8

μN
+ 8μη3 + 4η

)
DjC

2
j + 2ω̃jC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .

(112)

By summing over t from 0 to T − 1, we can get

1

T

T−1∑
t=0

E[‖∇F (x̄t)‖2]

≤ 2(H0 −HT )

αηT
+ 8β2η3K

K−1∑
k=1

Dkδ
2
k + 2μ2η3K

K∑
k=1

Bkσ
2
k + 4β2η2K

K−1∑
k=1

ω̃kδ
2
k

+
16β2η2

μ
K

K−1∑
k=1

Dk
δ2k
N

+ 8μη2K

K∑
k=1

Bk
σ2
k

N
+ 16μβ2η5K

K−1∑
k=1

Dkδ
2
k + 8μ3η5K

K∑
k=1

Bkσ
2
k

+ 4β2η2K

K−1∑
k=1

[
K−1∑
j=k+1

(( 8

μN
+ 8μη3 + 4η

)
DjC

2
j + 2ω̃jC

2
j

)( j∏
i=k+1

(2C2
i )
)]

δ2k .

(113)

In the following, we bound H0. Specifically, we have

E[‖u(k)
n,0 − f (k)

n (u
(k−1)
n,0 )‖2] = E[‖f (k)

n (u
(k−1)
n,0 ; ξ

(k)
n,0)− f (k)

n (u
(k−1)
n,0 )‖2] ≤ δ2k

S
, (114)
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E

[∥∥∥ 1

N

N∑
n=1

mn,0 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,0)∇f (2)

n (u
(1)
n,0) · · · ∇f (K−1)

n (u
(K−2)
n,0 )∇f (K)

n (u
(K−1)
n,0 )

∥∥∥2]

= E

[∥∥∥ 1

N

N∑
n=1

v
(1)
n,0v

(2)
n,0 · · · v(K−1)

n,0 v
(K)
n,0 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,0)∇f (2)

n (u
(1)
n,0) · · · ∇f (K−1)

n (u
(K−2)
n,0 )∇f (K)

n (u
(K−1)
n,0 )

∥∥∥2]

≤ K
K∑

k=1

Bk
σ2
k

SN
,

(115)

as well as E

[∥∥∥mn,0 − ∇f
(1)
n (u

(0)
n,0)∇f

(2)
n (u

(1)
n,0) · · · ∇f

(K−1)
n (u

(K−2)
n,0 )∇f

(K)
n (u

(K−1)
n,0 )

∥∥∥2] ≤ K
∑K

k=1 Bk
σ2
k

S . Similar

to Theorem 1, we can get

1

N
E[‖Y0 − Ȳ0‖2F ] ≤ 6K

K∑
k=1

Bkσ
2
k + 12K

K∑
k=2

(
∏K

j=1 C
2
j )L

2
k

C2
k

k−1∑
i=1

8δ2i

k−1∏
j=i+1

(8C2
j ) . (116)

As a result, we can get

H0 = F (x0) +
1

N

N∑
n=1

K−1∑
k=1

ωkE[‖u(k)
n,0 − f (k)

n (u
(k−1)
n,0 )‖2]

+ ωKE

[∥∥∥m̄0 − 1

N

N∑
n=1

∇f (1)
n (u

(0)
n,0)∇f (2)

n (u
(1)
n,0) · · · ∇f (K−1)

n (u
(K−2)
n,0 )∇f (K)

n (u
(K−1)
n,0 )

∥∥∥2]

+ ωK+1
1

N

N∑
n=1

E[‖mn,0 −∇f (1)
n (u

(0)
n,0)∇f (2)

n (u
(1)
n,0) · · · ∇f (K−1)

n (u
(K−2)
n,0 )∇f (K)

n (u
(K−1)
n,0 )‖2]

+ ωK+2
1

N
E[‖X0 − X̄0‖2F ] + ωK+3

1

N
E[‖Y0 − Ȳ0‖2F ]

≤ F (x0) +
αK

η

1

N

N∑
n=1

K−1∑
k=1

ω̃k
δ2k
S

+
2α

μη
K

K∑
k=1

Bk
σ2
k

SN
+ 2αμη2K

K∑
k=1

Bk
σ2
k

S

+ α
(
6K

K∑
k=1

Bkσ
2
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Finally, we can get
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