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Abstract

In view synthesis, a neural radiance field ap-
proximates underlying density and radiance
fields based on a sparse set of scene pic-
tures. To generate a pixel of a novel view,
it marches a ray through the pixel and com-
putes a weighted sum of radiance emitted
from a dense set of ray points. This render-
ing algorithm is fully differentiable and facili-
tates gradient-based optimization of the fields.
However, in practice, only a tiny opaque por-
tion of the ray contributes most of the radi-
ance to the sum. We propose a simple end-to-
end differentiable sampling algorithm based
on inverse transform sampling. It generates
samples according to the probability distribu-
tion induced by the density field and picks
non-transparent points on the ray. We utilize
the algorithm in two ways. First, we propose
a novel rendering approach based on Monte
Carlo estimates. This approach allows for
evaluating and optimizing a neural radiance
field with just a few radiance field calls per
ray. Second, we use the sampling algorithm
to modify the hierarchical scheme proposed
in the original NeRF work. We show that our
modification improves reconstruction quality
of hierarchical models, at the same time sim-
plifying the training procedure by removing
the need for auxiliary proposal network losses.
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Figure 1: Novel views of a ship generated with the
proposed Monte Carlo radiance estimates. For each
ray we estimate density and then compute radiance
at a few ray points generated using the ray density.
As the above images indicate, render quality gradually
improves with the number of ray samples, without
visible artifacts at eight points per ray.

1 INTRODUCTION

Given a set of scene pictures with corresponding cam-
era positions, novel view synthesis aims to generate
pictures of the same scene from new camera positions.
Recently, learning-based approaches have led to signifi-
cant progress in this area. As an early instance, neu-
ral radiance fields (NeRF) by Mildenhall et al. (2020)
represent a scene via a density field and a radiance
(color) field parameterized with a multilayer percep-
tron (MLP). Using a differentiable volume rendering



Differentiable Rendering with Reparameterized Volume Sampling

algorithm (Max, 1995) with MLP-based fields to pro-
duce images, they minimize the discrepancy between
the output images and a set of reference images to learn
a scene representation.

In particular, NeRF generates an image pixel by casting
a ray from a camera through the pixel and aggregating
the radiance at each ray point with weights induced by
the density field. Each term involves a costly neural
network query, and the model has a trade-off between
rendering quality and computational load. In this work,
we revisit the formula for the aggregated radiance com-
putation and propose a novel approximation based on
Monte Carlo methods. We compute our approximation
in two stages. In the first stage, we march through
the ray to estimate density. In the second stage, we
construct a Monte Carlo color approximation using
the density to pick points along the ray. The resulting
estimate is fully differentiable and can act as a drop-in
replacement for the standard rendering algorithm used
in NeRF. Fig. 1 illustrates the estimates for a varying
number of samples. Compared to the standard render-
ing algorithm, the second stage of our algorithm avoids
redundant radiance queries and can potentially reduce
computation during training and inference.

Furthermore, we show that the sampling algorithm
used in our Monte Carlo estimate is applicable to the
hierarchical sampling scheme in NeRF. Similar to our
work, the hierarchical scheme uses inverse transform
sampling to pick points along a ray. The corresponding
distribution is tuned using an auxiliary training task.
In contrast, we derive our algorithm from a different
perspective and obtain the inverse transform sampling
for a slightly different distribution. With our algorithm,
we were able to train NeRF end-to-end without the
auxiliary task and improve the reconstruction qual-
ity. We achieve this by back-propagating the gradients
through the sampler, and show that the original sam-
pling algorithm fails to achieve similar quality in the
same setup.

Below, Section 2 gives a recap of neural radiance fields.
Then we proceed to the main contributions of our
work in Section 3, namely the rendering algorithm
fueled by Monte Carlo estimates and the novel sam-
pling procedure. In Section 4 we discuss related work.
In Subsection 5.1, we use our sampling algorithm to
improve the hierarchical sampling scheme proposed
for training NeRF. Finally, in Subsection 5.2 we ap-
ply the proposed Monte Carlo estimate to replace the
standard rendering algorithm. With an efficient neu-
ral radiance field architecture, our algorithm decreases
time per training iteration at the cost of reduced re-
construction quality. We also show that our Monte
Carlo estimate can be used during inference of a pre-
trained model with no additional fine-tuning needed,

and it can achieve better reconstruction quality at the
same speed in comparison to the standard algorithm.
Our source code is available at https://github.com/
GreatDrake/reparameterized-volume-sampling.

2 NEURAL RADIANCE FIELDS

Neural radiance fields represent 3D scenes with a non-
negative scalar density field � : R3 ! R+ and a vector
radiance field c : R3 � R3 ! R3. Scalar field � repre-
sents volume density at each spatial location x, and
c(x;d) returns the light emitted from spatial location
x in direction d represented as a normalized three
dimensional vector.

For novel view synthesis, NeRF (Mildenhall et al., 2020)
adapts a volume rendering algorithm that computes
pixel color C(r) as the expected radiance for a ray
r = o + td passing through a pixel from origin o 2 R3

in a direction d 2 R3. For ease of notation, we will
denote density and radiance restricted to a ray r as

�r(t) := �(o + td) and cr(t) := c(o + td;d): (1)

With that in mind, the expected radiance along ray r
is given as

C(r) =

Z tf

tn

pr(t)cr(t)dt; (2)

where

pr(t) := �r(t) exp

�
�
Z t

tn

�r(s)ds

�
: (3)

Here, tn and tf are near and far ray boundaries, and
pr(t) is an unnormalized probability density function
of a random variable t on a ray r. Intuitively, t is the
location on a ray where the portion of light coming
into the point o was emitted.

To approximate the nested integrals in Eq. 2, Max
(1995) proposed to replace fields �r and cr with a
piecewise approximation on a grid tn = t0 < t1 <
� � � < tm = tf and compute the formula in Eq. 2
analytically for the approximation. In particular, a
piecewise constant approximation with density �i and
radiance ci within i-th bin [ti+1; ti] of width �i = ti+1�
ti yields formula

Ĉ(r) =

mX
i=1

wici; (4)

where the weights are given by

wi = (1� exp(��i�i)) exp

0@� i−1X
j=1

�j�j

1A : (5)

https://github.com/GreatDrake/reparameterized-volume-sampling
https://github.com/GreatDrake/reparameterized-volume-sampling
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Importantly, Eq. 4 is fully di�erentiable and can be
used as a part of a gradient-based learning pipeline.
To reconstruct a scene NeRF runs a gradient based
optimizer to minimize MSE between the predicted color
and the ground truth color averaged across multiple
rays and multiple viewpoints.

While the above approximation works in practice, it
involves multiple evaluations of c and � along a dense
grid. Besides that, a ray typically intersects a solid sur-
face at some pointt 2 [tn ; t f ]. In this case, probability
density pr (t) will concentrate its mass neart and, as a
result, most of the terms in Eq. 4 will make a negligible
contribution to the sum. To approach this problem,
NeRF employs a hierarchical sampling scheme. Two
networks are trained simultaneously: coarse (or pro-
posal) and �ne. Firstly, the coarse network is evaluated
on a uniform grid of Nc points and a set of weightswi

is calculated as in Eq. 5. Normalizing these weights
produces a piecewise constant PDF along the ray. Then
N f samples are drawn from this distribution and the
union of the �rst and second sets of points is used to
evaluate the �ne network and compute the �nal color
estimation. The coarse network is also trained to pre-
dict ground truth colors, but the color estimate for the
coarse network is calculated only using the �rst set of
Nc points.

3 REPARAMETERIZED VOLUME
SAMPLING AND RADIANCE
ESTIMATES

3.1 Reparameterized Expected Radiance
Estimates

Monte Carlo methods give a natural way to approx-
imate the expected color. For example, givenk i.i.d.
samplest1; : : : ; tk � pr (t) and the normalizing constant
yf :=

Rt f

t n
pr (t)dt, the sum

ĈMC (r ) =
yf

k

kX

i =1

cr (t i ) (6)

is an unbiased estimate of the expected radiance in
Eq. 2. Moreover, samplest1; : : : ; tk belong to high-
density regions of pr by design, thus for a degener-
ate density pr even a few samples would provide an
estimate with low variance. Importantly, unlike the
approximation in Eq. 4, the Monte Carlo estimate de-
pends on scene density� implicitly through sampling
algorithm and requires a custom gradient estimate for
the parameters of� . We propose a principled end-to-
end di�erentiable algorithm to generate samples from
pr (t).

Our solution is primarily inspired by the reparam-

eterization trick (Kingma and Ba, 2014; Rezende
et al., 2014). We change the variable in Eq. 2. For

Fr (t) := 1 � exp
�

�
Rt

t n
� r (s)ds

�
and y := Fr (t) we

rewrite

C(r ) =
Z t f

t n

cr (t)pr (t)dt (7)

=
Z y f

yn

cr (F � 1
r (y))dy (8)

=
Z 1

0
yf cr (F � 1

r (yf u))du: (9)

The integral boundaries are yn := Fr (tn ) = 0 and
yf := Fr (t f ). Function Fr (t) acts as the cumulative
distribution function of the variable t with a single
exception that, in general, Fr (t f ) 6= 1 . In volume
rendering, Fr (t) is called opacity function with yf being
equal to overall pixel opaqueness. After the �rst change
of variables in Eq. 8, the integral boundaries depend
on opacity Fr and, as a consequence, on ray density
� r . We further simplify the integral by changing the
integration boundaries to [0; 1] and substituting yn = 0 .

Given the above derivation, we constructthe reparam-
eterized Monte Carlo estimatefor the right-hand side
integral in Eq. 9

ĈR
MC (r ) :=

yf

k

kX

i =1

cr (F � 1
r (yf ui )) ; (10)

with k i.i.d. U[0; 1] samplesu1; : : : ; uk . It is easy to
show that the estimate in Eq. 10 is an unbiased estimate
of expected color in Eq. 2 and its gradient is an unbiased
estimate of the gradient of the expected colorC(r ).
Additionally, we propose to replace the uniform samples
u1; : : : ; uk with uniform independent samples within
regular grid bins vi � U[ i � 1

k+1 ; i
k+1 ]; i = 1 ; : : : ; k. The

latter samples yield a strati�ed variant of the estimate
in Eq. 10 and, most of the time, lead to lower variance
estimates (see Appendix B).

In the above estimate, random samplesu1; : : : ; uk do
not depend on volume density� r or color cr . Essen-
tially, for the reparameterized Monte Carlo estimate we
generate samples frompr (t) using inverse cumulative
distribution function F � 1

r (yf u). In what follows, we
coin the term reparameterized volume sampling (RVS)
for the sampling procedure. However, in practice, we
cannot compute Fr analytically and can only query � r

at certain ray points. Thus, in the following section,
we introduce approximations of Fr and its inverse.

3.2 Opacity Approximations

The expected radiance estimate in Eq. 10 relies on
opacity Fr (t) = 1 � exp

�
�

Rt
t n

� r (s)ds
�

and its inverse
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Figure 2: Illustration of opacity inversion. On the
left, we approximate density �eld � r with a piece-
wise constant and a piecewise linear approximation.
On the right, we approximate opacity Fr (t) and com-
pute F � 1

r (yf u) for u � U[0; 1].

F � 1
r (y). We propose to approximate the opacity using

a piecewise density �eld approximation. Fig. 2 illus-
trates the approximations and ray samples obtained
through opacity inversion. To construct the approxima-
tion, we take a grid tn = t0 < t 1 < � � � < t m = t f and
construct either a piecewise constant or a piecewise lin-
ear approximation. In the former case, we pick a point
within each bin t i � t̂ i � t i +1 and approximate density
with � r (t̂ i ) inside the corresponding bin. In the latter
case, we compute� r in the grid points and interpolate
the values between the grid points. Importantly, for a
non-negative �eld these two approximations are also
non-negative. Then we compute

Rt
t n

� r (s)ds , which is
as a sum of rectangular areas in the piecewise constant
case

I 0(t) =
iX

j =1

� r (t̂ j )( t j � t j � 1) + � r (t̂ i )( t � t i ): (11)

Analogously, the integral approximation I 1(t) in the
piecewise linear case is a sum of trapezoidal areas.

Given these approximations, we can approximateyf

and Fr in Eq. 10. We generate samples on a ray based
on inverse opacityF � 1

r (y) by solving the equation

yf u = Fr (t) = 1 � exp
�

�
Z t

t n

� r (s)ds
�

(12)

for t, where u 2 [0; 1] is a random sample. We rewrite
the equation as� log(1 � yf u) =

Rt
t n

� r (s)ds and note
that integral approximations I 0(t) and I 1(t) are mono-
tonic piecewise linear and piecewise quadratic func-
tions. We obtain the inverse by �rst �nding the bin

that contains the solution and then solving a linear or
a quadratic equation. Crucially, the solution t can be
seen as a di�erentiable function of density �eld � r and
we can back-propagate the gradients w.r.t.� r through
t. We provide explicit formulae for t for both approx-
imations in Appendix A.1 and discuss the solutions
crucial for the numerical stability in Appendix A.2. In
Appendix A.3, we provide the algorithm implementa-
tion and draw parallels with earlier work. Additionally,
in Appendix A.4 we discuss an alternative approach to
calculating inverse opacity and its gradients. We use
piecewise linear approximations in Subsection 5.1 and
piecewise constant in Subsection 5.2.

3.3 Application to Hierarchical Sampling

Finally, we propose to apply our RVS algorithm to
the hierarchical sampling scheme originally proposed in
NeRF. Here we do not change the �nal color approxima-
tion, utilizing the original one (Eq. 4), but modify the
way the coarse density network is trained. The method
we introduce consists of two changes to the original
scheme. Firstly, we replace sampling from piecewise
constant PDF along the ray de�ned by weights wi (see
Section 2) with our RVS sampling algorithm that uses
piecewise linear approximation of � r and generates
samples frompr (t) using inverse CDF. Secondly, we
remove the auxiliary reconstruction loss imposed on
the coarse network. Instead, we propagate gradients
through sampling. This way, we eliminate the need for
auxiliary coarse network losses and train the network
to solve the actual task of our interest: picking the
best points for evaluation of the �ne network. All com-
ponents of the model are trained together end-to-end
from scratch. In Subsection 5.1, we refer to the coarse
network as the proposal network, since such naming
better captures its purpose.

4 RELATED WORK

Monte Carlo estimates for integral approxima-
tions. In this work, we revisit the algorithm introduced
to approximate the expected color in Max (1995). Cur-
rently, it is the default solution in multiple works on
neural radiance �elds. Max (1995) approximate density
and radiance �elds with a piecewise constant functions
along a ray and compute Eq. 2 as an approximation.
Instead, we reparameterize Eq. 2 and construct Monte
Carlo estimates for the integral. To compute the esti-
mates in practice we use piecewise approximations only
for the density �eld. The cumulative density function
(CDF) used in our estimates involves integrating the
density �eld along a ray. Lindell et al. (2021) construct
�eld anti-derivatives to accelerate inference. While they
use the anti-derivatives to compute 2 on a grid with
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fewer knots, the anti-derivatives can be applied in our
sampling method based on the inverse CDF without
resorting to piecewise approximations.

In the past decade, integral reparameterizations have
become a common practice in generative model-
ing (Kingma and Welling, 2013; Rezende et al., 2014)
and approximate Bayesian inference (Blundell et al.,
2015; Gal and Ghahramani, 2016; Molchanov et al.,
2017). Similar to Equation 2, objectives in these areas
require optimizing expected values with respect to dis-
tribution parameters. We refer readers to Mohamed
et al. (2020) for a systematic overview. Notably, in
computer graphics, Loubet et al. (2019) apply reparam-
eterization to estimate gradients of path-traced images
with respect to scene parameters.

NeRF acceleration through architecture and
sparsity. Since the original NeRF work (Mildenhall
et al., 2020), a number of approaches that aim to im-
prove the e�ciency of the model have been proposed.
One family of methods tries to reduce the time re-
quired to evaluate the �eld. It includes a variety of
architectures combining Fourier features (Tancik et al.,
2020) and grid-based features (Garbin et al., 2021; Sun
et al., 2022; Fridovich-Keil et al., 2022; Reiser et al.,
2021). Besides grids, some works exploit space parti-
tions based on Voronoi diagrams (Rebain et al., 2021),
trees (Hu et al., 2022; Yu et al., 2021) and even hash
tables (Müller et al., 2022). These architectures gen-
erally trade-o� inference speed for parameter count.
TensorRF (Chen et al., 2022) stores the grid tensors
in a compressed format to achieve both high compres-
sion and fast performance. On top of that, skipping
�eld queries for the empty parts of a scene addition-
ally improves rendering time (Levoy, 1990). Recent
works (such as Hedman et al. (2021); Fridovich-Keil
et al. (2022); Liu et al. (2020); Li et al. (2022); Sun
et al. (2022); Müller et al. (2022)) manually exclude
low-weight components in Eq 4 to speed up rendering
during training and inference. Below, we show that our
Monte Carlo algorithm is compatible with fast architec-
tures and sparse density �elds, achieving comparable
speedups by using a few radiance evaluations.

Anti-aliased scene representations. Mip-
NeRF (Barron et al., 2021), Mip-NeRF 360 (Barron
et al., 2022) and a more recent Zip-NeRF (Barron
et al., 2023) represent a line of work that modi�es
scene representations. Relevant to our research is the
fact that these models employ modi�cations of the orig-
inal hierarchical sampling scheme, where the coarse
network parameterizes some density �eld. Mip-NeRF
parameterizes the coarse and the �ne �elds by the
same neural network that represents the scene at a
continuously-valued scale. Mip-NeRF 360 and Zip-
NeRF use a separate model for proposal density, but

train it to mimic the �ne density rather than indepen-
dently reconstructing the image. This means that our
method for training the proposal density �eld can be
potentially used to improve the performance of these
models and simplify the training algorithm.

Algorithms for picking ray points. Mildenhall
et al. (2020) employs a hierarchical scheme to generate
ray points using an auxiliary density and color �elds.
Since then, a number of other methods for picking ray
points, which focus on real-time rendering and aim to
improve the e�ciency of NeRF, have been proposed.
DoNeRF (Ne� et al., 2021) uses a designated depth or-
acle network supervised with ground truth depth maps.
TermiNeRF (Piala and Clark, 2021) foregoes the depth
supervision by distilling the sampling network from a
pre-trained NeRF model. NeRF-ID (Arandjelovi¢ and
Zisserman, 2021) adds a separate di�erentiable pro-
poser neural network to the original NeRF model that
maps outputs of the coarse network into a new set of
samples. The model is trained in a two-stage procedure
together with NeRF. The authors of NeuSample (Fang
et al., 2021) use a sample �eld that directly transforms
rays into point coordinates. The sample �eld can be
further �ne-tuned for rendering with a smaller number
of samples. AdaNeRF (Kurz et al., 2022) proposes to
use a sampling and a shading network. Samples from
the sampling network are processed by the shading
network that tries to predict the importance of samples
and cull the insigni�cant ones. One of the key merits
of our approach in comparison to these works is its
simplicity. We simplify the original NeRF training pro-
cedure, while other works only build upon it, adding
new components, training stages, constraints, or losses.
Moreover, the absence of reliance on additional neural
network components (not responsible for density or ra-
diance) for sampling makes our approach better suited
for fast NeRF architectures. Finally, our approach
is suitable for end-to-end training of NeRF models
from scratch, whereas the works mentioned above use
pre-trained NeRF models or multiple training stages.

5 EXPERIMENTS

5.1 End-to-end Di�erentiable Hierarchical
Sampling

In this section, we evaluate the proposed approach to
hierarchical volume sampling (see Subsection 3.3).

Experimental setup. We do the comparison by
�xing some training setup and training two models from
scratch: one NeRF model is trained using the procedure
proposed in Mildenhall et al. (2020) (further denoted as
NeRF in the results), and the other one is trained using
our modi�cation described in Subsection 3.3 (further
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Figure 3: Comparison between renderings of test-set view on the Lego scene (Blender). Rows correspond to
di�erent (Np; N f ) con�gurations. NeRF baseline has di�culties in reconstructing �ne details for (16; 32) and
(32; 64) con�gurations, and some parts remain blurry even in (64; 128) and (64; 192) con�gurations, while our
method already produces realistic reconstruction for(32; 64) con�guration.

denoted as RVS). For both models, the �nal color
approximation is computed as in Eq. 4, so the di�erence
only appears in the proposal component.

We train all models for 500k iterations using the same
hyperparameters as in the original paper with minor
di�erences. We replace ReLU density output activation
with Softplus. The other di�erence is that we use a
smaller learning rate for the proposal density network
in our method (start with 5 � 10� 5 and decay to5 �
10� 6) but the same for the �ne network (start with
5 � 10� 4 and decay to5 � 10� 5). This is done since we
observed that decreasing the proposal network learning
rate improves stability of our method. We run the
default NeRF training algorithm in our experiments
with the same learning rates for proposal and �ne
networks. Further in the ablation study we show that
decreasing the proposal network learning rate only
degrades the performance of the base algorithm. We
use PyTorch implementation of NeRF (Yen-Chen, 2020)
in our experiments.

Comparative evaluation. We start the compar-
ison on the Lego scene of the synthetic Blender
dataset (Mildenhall et al., 2020) for di�erent (Np; N f )
con�gurations that correspond to the number of pro-
posal and �ne network evaluations. Note that this
Np, N f notation does not directly correspond to the
Nc, N f notation used in Section 2 since the original
NeRF model evaluates the �ne network in Nc + N f

points. For more details on training con�gurations and
options for picking points for �ne network evaluation,
see Appendix D. The results are presented in Table 1.
Our method outperforms the baseline across all con-
�gurations and all metrics, with the only exception of

Table 1: Comparison on the Lego scene of Blender
dataset between NeRF training algorithm and our mod-
i�cation depending on the number of proposal and �ne
network evaluations per ray (Np; N f ). The (64; 192)
con�guration is the one originally used in NeRF. The
training time column depicts relative training time on
a single NVIDIA A100 GPU (1.0 being 12 hours).

Evals. Train PSNR " SSIM " LPIPS #
Np N f time

NeRF 16 32 0.39 27.09 0.913 0.121
RVS 16 32 0.37 29.18 0.928 0.112
NeRF 32 64 0.52 30.11 0.947 0.070
RVS 32 64 0.48 31.89 0.955 0.066
NeRF 64 128 0.79 32.14 0.958 0.053
RVS 64 128 0.76 32.80 0.963 0.051
NeRF 64 192 1.0 32.69 0.962 0.048
RVS 64 192 0.98 33.03 0.964 0.047

LPIPS in (64; 192) con�guration, where it showed sim-
ilar performance. We observe that the improvement is
more signi�cant for smaller (Np; N f ). Our method also
has a minor speedup over the baseline due to the fact
that the former does not use the radiance component
of the proposal network. Fig. 3 in visualizes test-set
view renderings of models trained by two methods.

We also visualize proposal and �ne densities learned
by two algorithms in Fig. 4. Figures are constructed
by �xing some value of z coordinate and calculating
the density on (x; y)-plane. While �ne density visual-
izations look similar, proposal densities turn out very
di�erent. This happens due to the fact that the original
algorithm trains the proposal network to reconstruct
the scene (but using a smaller number of points for
color estimation), while our algorithm trains this net-
work to sample points for �ne network evaluation that
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