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Meta AI (FAIR) & École polytechnique* Université Paris Dauphine École polytechnique*

Abstract

Training Deep Neural Networks (DNNs) with
small batches using Stochastic Gradient De-
scent (SGD) often results in superior test per-
formance compared to larger batches. This
implicit bias is attributed to the specific
noise structure inherent to SGD. When en-
suring Differential Privacy (DP) in DNNs’
training, DP-SGD adds Gaussian noise to
the clipped gradients. However, large-batch
training still leads to a significant perfor-
mance decrease, posing a challenge as strong
DP guarantees necessitate the use of massive
batches. Our study first demonstrates that
this phenomenon extends to Noisy-SGD (DP-
SGD without clipping), suggesting that the
stochasticity, not the clipping, is responsible
for this implicit bias, even with additional
isotropic Gaussian noise. We then theoreti-
cally analyze the solutions obtained with con-
tinuous versions of Noisy-SGD for the Linear
Least Square and Diagonal Linear Network
settings. Our analysis reveals that the addi-
tional noise indeed amplifies the implicit bias.
It suggests that the performance issues of pri-
vate training stem from the same underlying
principles as SGD, offering hope for improve-
ments in large batch training strategies.

1 Introduction

In Machine Learning, the Gradient Descent (GD) al-
gorithm is used to minimize an empirical loss function
by iteratively updating the model parameters in the
direction opposite to the gradient. Its stochastic vari-
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ant, Stochastic Gradient Descent (SGD) (Robbins and
Monro, 1951; Duflo, 1996) uses a random subset of the
training data at each step, known as a mini-batch, to
estimate the true gradient. It enables the training of
machine learning models on vast datasets or with ex-
tremely large models, where the computation of the
full gradient becomes too computationally intensive.
Especially in Deep Learning, SGD or its variant has
proven to be a crucial tool for training DNNs, deliver-
ing exceptional performance across various domains in-
cluding computer vision (He et al., 2016), natural lan-
guage processing (Devlin et al., 2018; Touvron et al.,
2023), and speech recognition (Amodei et al., 2016).

SGD can achieve better performance than GD under a
fixed compute budget (i.e., number of epochs), as well
as at a fixed number of steps budget (i.e., number of
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Figure 1: Training from scratch on ImageNet for
S = 72k steps, using a constant learning rate, with
different batch sizes B. The effective noise σ/B is con-
stant within DP-SGD and Noisy-SGD experiments.
The crosses for DP-SGD are obtained from Sander
et al. (2023). We observe a similar phenomenon for the
non-clipped version (Noisy-SGD), i.e., small batches
perform better that larger ones, suggesting that clip-
ping is not solely responsible. Even with isotropic
noise added with greater magnitude than the gradi-
ents, SGD’s implicit bias persists: the natural noise
structure in SGD is robust to Gaussian perturbations.
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updates) (Keskar et al., 2016; Smith et al., 2020; Mas-
ters and Luschi, 2018). Consequently, not only does
SGD offer significant computational resource savings,
but its inherent stochastic nature introduces random-
ness into the algorithm which facilitates faster con-
vergence and enhance generalization performance, by
allowing the iterates to escape from unfavorable local
minima. On simpler, overparameterized model archi-
tectures, the distinctive noise structure of SGD is rec-
ognized as a factor responsible for yielding superior
solutions compared to Gradient Descent, which is re-
ferred to as its “implicit bias” (HaoChen et al., 2020).

DNNs possess the ability to grasp the general statis-
tical patterns and trends within their training data
distribution —such as grammar rules for language
models— but also to memorize specific and precise de-
tails about individual data points, including sensitive
information like credit card numbers (Carlini et al.,
2019, 2021). This capability raises concerns regard-
ing privacy, as accessing a trained model may lead to
the exposure of training data, potentially jeopardiz-
ing privacy. One possible solution to address this is-
sue is Differential Privacy (DP) (Dwork et al., 2006),
which theoretically controls the amount of information
learned from each individual training sample.

Differentially Private Stochastic Gradient Descent
(DP-SGD) (Abadi et al., 2016) offers a robust frame-
work by providing strict DP guarantees for DNNs. The
gradient of each training sample is clipped and Gaus-
sian noise is subsequently introduced to the sum before
the update. Efforts to enhance the trade-off between
privacy and utility in DP-SGD training have been as-
sociated with the use of exceedingly large batches (Yu
et al., 2021; De et al., 2022; Yu et al., 2023). A recent
observation by Sander et al. (2023) has introduced an
intriguing challenge: under the same Gaussian noise,
small batches perform considerably better than large
batches, akin to the behavior of regular SGD. It rep-
resents a bottleneck because large-batch training is es-
sential for achieving robust privacy guarantees.

DP-SGD distinguishes itself from SGD by two factors:
(1) the application of per-sample gradient clipping and
(2) the addition of isotropic Gaussian noise to the sum
per batch. We first observe a persistent manifestation
of the implicit bias associated with DP-SGD observed
by Sander et al. (2023) when we remove the gradient
clipping component, as depicted in Figure 1. There-
fore, the implicit bias of SGD does persist even with
Gaussian noise with greater magnitude than the gradi-
ents (see Figure 2). However, the implicit bias in SGD
is conventionally understood to stem from its inherent
noise geometry (HaoChen et al., 2020). In this context,
we theoretically investigate the impact of changing the
noise structure of SGD on its implicit bias, in the Lin-

ear Least Square and Diagonal Linear network (DLN)
settings. Our precise contributions are the following:

1. We show that the performance drop observed for
large batch training in DP-SGD persists without
clipping when training a DNN on ImageNet

2. For Linear Least Squares, we show how Noisy-
SGD alters the limiting distributions: the differ-
ent implicit bias compared to SGD can be con-
trolled by the amount of additional noise

3. For DLNs, we observe that Noisy-SGD can even
exhibit an enhanced implicit bias in comparison
to SGD. Using continuous modelings, we theoret-
ically demonstrate that a favorable implicit bias
indeed exists: It leads to the same solution as
SGD, albeit with a distinct effective initialization.

It proves that the gradient’s noise geometry is robust
to Gaussian perturbations. Our work also suggests
that enhancing the performance of large batch train-
ing with DP-SGD, which is crucial for achieving ro-
bust privacy-utility trade-off, can be accomplished by
adopting strategies and techniques developed for man-
aging large batches in non-private settings.

2 Background and Related Work

2.1 Differential Privacy

General Introduction M is a mechanism that
takes as input a dataset D and outputs a machine
learning model θ ∼ M(D).

Definition 1 (Approximate Differential Privacy). A
randomized mechanism M satisfies (ε, δ)-DP (Dwork
et al., 2006) if, for any pair of datasets D and D′ that
differ by one sample and for all subset R ⊂ Im(M),

P(M(D) ∈ R) ≤ P(M(D′) ∈ R) exp(ε) + δ. (1)

Differential Privacy (DP) safeguards against the abil-
ity of any potential adversary to infer information
about the dataset D once they’ve observed the output
of the algorithm. In machine learning, this concept im-
plies that if someone acquires the model’s parameter
θ trained with a DP algorithm M, then the training
data is, by provable guarantees, difficult to reconstruct
or infer (Balle et al., 2022; Guo et al., 2022, 2023).

DP-SGD (Chaudhuri et al., 2011; Abadi et al.,
2016) is the most popular DP algorithm to train
DNNs. It first selects samples uniformly at random
with probability q = B/N . For C > 0, define the clip-
ping function for anyX ∈ Rd by clipC(X) = C·X/∥X∥
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if ∥X∥ ≥ C and clipC(X) = X otherwise. DP-SGD
clips the per sample gradients, aggregates them and
adds Gaussian noise. Given model parameters θk, DP-
SGD defines the update θk+1 = θk − ηkg̃k where ηk is
the step size and g̃k is given by:

g̃k :=
1

B

∑
i∈Bk

clipC (∇θℓi(θk))+N
(
0, C2 σ

2

B2
I

)
. (2)

ℓi(θ) represents the individual loss function computed
for the sample xi. The privacy analysis of DP-SGD
hinges on the combination of multiple steps. A notably
robust analytical framework to account for (ε, δ) is
founded on Rényi differential privacy (Mironov, 2017).
The theoretical analysis of the convergence properties
of DP-SGD has been studied for the convex, strongly
convex, and nonconvex settings (Bassily et al., 2014;
Wang et al., 2017; Feldman et al., 2018).

Necessity of Large batches for DP-SGD When
it comes to training machine learning models with DP-
SGD, there is necessarily a privacy-performance trade-
off. However, it can be improved by employing very
large batch sizes (Anil et al., 2021; Li et al., 2021; De
et al., 2022; Yu et al., 2023).

One practical underlying reason is that the magni-
tude of the effective noise introduced into the average
clipped gradient is determined by σ/B (cf. Equation
(2)). To mitigate this noise, there are two potential
approaches: reducing σ or increasing B. While de-
creasing σ might initially appear appealing, Rényi dif-
ferential privacy accounting techniques suggest that as
σ decreases too much, the privacy parameter ε experi-
ences an exponential increase (Dwork and Rothblum,
2016; Bun and Steinke, 2016; Mironov et al., 2019;
Sander et al., 2023). Therefore, increasing the batch
size emerges as a critical strategy in DP-SGD training,
as it is the most effective means of reducing the effec-
tive noise and accelerating the convergence process.

While it is true that employing a larger batch size in
DP-SGD results in reduced effective noise, it is impor-
tant to note that DP training can experience a sub-
stantial drop in performance when using larger batch
sizes. As demonstrated by Sander et al. (2023), when
training an image classifier with DP-SGD on the Im-
ageNet dataset, keeping the number of steps S fixed
and maintaining a constant effective noise level of σ/B,
the model’s performance exhibited a notable decrease
when they increased the batch size (refer to Figure 1).

2.2 Implicit Bias of SGD

This section introduces the implicit bias of SGD
through the use of Stochastic Differential Equations,
and is largely based on Pillaud-Vivien and Pesm

(2022). LetX ∈ Rnxd and Y ∈ Rn be the training fea-
tures and labels, matrices that represent (xi, yi)1≤i≤n,
the set of input-label training pairs. Let θ ∈ Rd the
model’s parameters and X̄ := X/

√
n the normalized

features.

General introduction We consider generic predic-
tors h and the square loss. The empirical risk is:

Rn(θ) =
1

2n

n∑
i=1

(h(θ, xi)− yi)
2 (3)

At step t, the update with learning rate γ is:

θt = θt−1 − γ∇θRn(θt−1) + γεt(θt−1) (4)

where εt(θ) is the noise term, that depends on the
example(s) used to estimate the gradient. If only ex-
ample with index it is used:

εt(θ) =
1

n

n∑
i=1

rj(θ)∇θh(θ, xj)− rit(θ)∇θh(θ, xit) (5)

With ri(θ) = h(θ, xi) − yi. We refer to Wojtowytsch
(2021) for additional references on the noise. It leads
to a first notable characteristic of the gradient noise:

• Geometry. SGD noise lies in a linear subspace
of dimension at most n spanned by the gradients:
ε(θt) ∈ span{∇h(θt, x1), ...,∇h(θt, xn)}, which is
a strict subspace of Rd.

Training overparametrized (i.e. d > n) models with
small batches can lead to better generalization perfor-
mance compared to large batch training (Keskar et al.,
2016; Smith et al., 2020; Masters and Luschi, 2018). In
this case, SGD is not only beneficial in terms of com-
putational complexity, but also induces a bias that is
beneficial to the performance. In the overparametrized
case, a second characteristic of the gradient noise is:

• Scale. The noise vanishes at optimal solutions:
ε(θ∗) = 0 for overparametrized architectures

The fact that SGD converges towards a particular in-
terpolator is refered to as its implicit bias (Pesme
et al., 2021). “Implicit” because no explicit regulariza-
tion term is added; the regularization comes from the
stochastic noise of estimating the gradient at each step
using a mini-natch of samples (Zhang et al., 2017).

Stochastic Differential Equations At constant
step size, SGD is a homogeneous Markov chain (Meyn
and Tweedie, 2012). Studying the continuous time
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counterparts of numerical optimization methods is a
well-established field in applied mathematics, as it
helps to study the limiting distribution of the iterates.
Due to its stochastic nature, SGD cannot be mod-
eled as a deterministic flow. A natural approach is to
use stochastic differential equations (SDEs) (Øksendal,
2003) to represent its dynamics:

dθt = b(t, θt)dt+ σ(t, θt)dBt (6)

where B is a standard Brownian motion. The drift
term b corresponds to the negative gradient of the risk
function, and the noise term represents the stochastic-
ity of SGD, which must meet σtσ

T
t = γE[εtεTt |θt] and

σt ∈ span{∇h(θt, x1), ...,∇h(θt, xn)} (Li et al., 2019).

Linear Least Square. We minimize in θ:

L(θ) =
1

2n

n∑
i=1

(⟨θ, xi⟩ − yi)
2 (7)

In the overparametrized case, even if there is an infinite
number of interpolators, GD and SGD will both con-
verge to θLS , the solution with the smallest l2 norm,
leading to the same implicit bias (Zhang et al., 2017).

Diagonal Linear Networks (DLN) The implicit
bias of SGD appears for more complex architectures.
For instance, Chizat and Bach (2020) have studied
a two-layer neural networks trained with the Logis-
tic Loss, and Pesme et al. (2021) a sparse regression
using a 2-layer DLN. In this work, we focus on the lat-
ter. DLN corresponds to a toy neural network that has
garnered significant interest in the research commu-
nity (Vaškevičius et al., 2019; Woodworth et al., 2020;
HaoChen et al., 2020). This attention stems from the
fact that it is an informative simplification of nonlin-
ear models. The forward pass is ⟨u v, x⟩ where is
a term by term multiplication, which can equivalently
be written ⟨w2

+ − w2
−, xi⟩, for u, v, w−, w+ ∈ Rd. The

the goal is to minimize in w = (w+, w−) the loss:

L(w) :=

n∑
i=1

(⟨w2
+ − w2

−, xi⟩ − yi)
2 =:

n∑
i=1

(⟨β,xi⟩ − yi)
2

It is similar to the linear least square problem but this
time the optimization is (non convex) in w. Con-
sidering GD’s gradient flow from the initialisation
w0,± = α, Woodworth et al. (2020) have shown that
β := w2

+−w2
− follows a mirror flow (Beck and Teboulle,

2003) on the loss L and with the hyperbolic entropy:

ϕα(β) =
1

4

d∑
i=1

βi arcsinh(
βi
2α2

i

)−
√

β2
i + 4α4

i (8)

as a potential. It means that β = w2
+−w2

− follows the
dynamic d∇ϕα(βt) = −∇βR(β)dt. It converges to the
limit βα∞ := argminβs.t.Xβ=Y ϕα(β).

For large initialisations α, ϕα is close to the l2-norm,
which means that the recovered solution has a small
l2-norm. On the other hand, for smaller values of α,
the potential aligns with the l1-norm. As a result, the
retrieved solution will inherently possess some sparsity.
In the case of a sparse regression, using small values
for α thus results in an improved implicit bias.

Expanding upon the GD analysis, Pesme et al. (2021)
introduced a continuous modeling approach for SGD.
Their research demonstrated that, starting from the
same initialization α, the stochastic process converges
with high probability towards βα∞

∞ :

βα∞
∞ = argmin

βs.t.Xβ=Y
ϕα∞(β), (9)

which is similar to GD, but with a smaller effective α:

αt = α exp

(
−2γdiag(X̄T X̄)

∫ t

0

L(βs)ds

)
(10)

Thus, SGD leads to sparser solutions than GD, which
is a proof of the implicit bias of SGD for DLNs.

3 Implicit bias of noisy-SGD

Notations. (Bt,±)t and (B̃t,±)t are standardized
Brownian motions on Rn and Rd respectively.

3.1 Noisy SGD

DP-SGD (cf. Equation 2) differentiates itself from
SGD through (1) the utilization of per-sample gradient
clipping and (2) the incorporation of isotropic Gaus-
sian noise into the batch-wise gradient sum. To study
the reason behind the implicit bias of DP-SGD ob-
served in Sander et al. (2023) (i.e., that small batches
perform better than large batches at fixed effective
noise σ/B), we examine if a similar phenomenon exists
without clipping (Noisy-SGD), thus using the follow-
ing noisy gradient update:

g̃k :=
1

B

∑
i∈Bk

∇θℓi(θk) +N
(
0,

σ2

B2
I

)
(11)

We demonstrate in Figure 1 the persistence of this
small-batch training superiority even in the absence
of clipping, and even when confronted with Gaussian
noise that surpasses the magnitude of the gradients (as
depicted in Figure 2; see Section 4.1 for experimental
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details). This piques our interest in delving into the
theoretical aspects of Noisy-SGD for simple architec-
tures in order to explore the extent to which the natu-
ral gradient geometry remains robust to Gaussian per-
turbations. The implications of studying Noisy-SGD
as a proxy for DP-SGD are discussed in Section 6.

3.2 Linear Least Square

The simplest model to study is Linear Least Square.
We verify that noisy versions of SGD leads to similar
solutions than SGD and GD.

Warm-up: Underparametrized setting (n > d)
The stochastic noise ε(θ) (cf. Equation 4) does not
vanish near optimal solutions. For fixed ϵ > 0, we
consider the following SDE as the continuous approx-
imation of SGD (Ali et al., 2020):

dθt = −X̄T (X̄θt − Y )dt+
√
γϵX̄T dWt (12)

We notice that it respects the characteristics high-
lighted in Section 2.2. This Orsnten-Uhlenbeck pro-
cess has a limit, which can be solved through its char-
acteristic Lyapunov equation (see Appendix A). With
X† the pseudo-inverse of X and θLS := X†Y :

θ∞ ∼ N
(
θLS ,

γϵ2

2
Id

)
(13)

We now consider adding isotropic Gaussian noise on
top of the gradient’s structured noise of SGD:

dθt = −X̄T (X̄θt − Y )dt+
√
γϵX̄T dWt + σdW̃t (14)

Figure 2: Noisy-SGD on ImageNet. We compare the
norm of the mini-batch gradient to the one of the
Gaussian noise when training with Noisy-SGD on Ima-
geNet, for B = 128 and the same set-up as in Figure 1.
The noise magnitude is greater than the gradients.

Solving the characteristic Lyapunov equation (see Ap-
pendix A), the limiting distribution becomes:

θ∞ ∼ N
(
θLS ,

γϵ2

2
Id +

σ2

4
(X̄T X̄)−1

)
(15)

We observe that adding isotropic noise changes the
limiting distribution: its shape depends on the train-
ing data. This simple example shows that geometry
variation of the noise in the linear least square setting
implies a controlled variation of the limiting process.

Over parametrized case (d > n): As described in
Section 2.2, GD and SGD will in this case both con-
verge to θLS and therefore have the same implicit bias.
SGD’s dynamic can be studied through the following
SDE (Ali et al., 2020), where this time the gradient
noise vanishes near the interpolators:

dθt = −X̄T (X̄θt−Y )dt+
√
γ∥Xθt−Y ∥2X̄T dBt (16)

which also respects SGD’s specificities. θt converges
to θLS for γ ≤ 1/Tr(X̄T X̄). If we add a constant
spherical Gaussian noise at each step, the iterates will
not converge. We thus look at the impact of adding a
noise with a similar scale as the gradient noise:

dβt = −X̄T (X̄βt − Y )dt+
√
γ∥Xβt − Y ∥2X̄T dBt

+
√
γ∥Xβt − Y ∥2σdB̃t

We show that we can control the difference between
the SDE and the noisy SDE through ηt = ∥θt − βt∥22:
Theorem 1. If γ ≤ 1/Tr(X̄T X̄) then

E(ηt) ≤ γdσ2

∫ t

0

L(βt)ds (17)

Proof. Apply Itô’s formula to ηt, see Appendix A

Here, we have highlighted that the variation from the
original SDE will be contingent on factors such as di-
mension, step size, noise magnitude, and convergence
rate. As a result, the solution obtained from a noisy
variant of SGDmay closely resemble that of traditional
SGD, thus leading to a similar implicit bias. The ex-
tent of this similarity depends on the parameters used.

3.3 Noisy-SGD training of DLNs

For a 2-layer DLN sparse regression, SGD-induced
noise steers the optimization dynamics towards advan-
tageous regions that exhibit better generalization than
GD (i.e., more sparse) Pesme et al. (2021). We inves-
tigate the impact of the addition of Gaussian noise.
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Figure 3: Diagonal Linear Network: Implicit Bias of GD, SGD and Noisy SGD (σ = 0.5 in Equation 18). Shaded
areas represent one standard deviation over 5 runs. (Left) Compared to GD with the same initialisation α = 0.1,
SGD attain solutions closer to the sparse β∗

l0
, as expected from Pesme et al. (2021). Moreover, we observe that

Noisy-SGD has a better implicit bias than SGD: the gradient noise structure is enhanced by perturbations.
(Right) In absolute terms, Noisy-SGD does not even showcase more variance than SGD (near convergence).

Continuous model for Noisy-SGD Adding con-
stant Gaussian noise at each gradient step as in Equa-
tion 11 inevitably makes the process diverge for over-
parametrized DLNs. However, adding Gaussian noise
with comparable magnitude to that of the gradients
still allows to study the impact of geometry defor-
mation, while maintaining a vanishing noise, enabling
convergence. Pesme et al. (2021) have shown that the
SGD update can be written wt+1,± = −γ∇wt,±L(wt)±
γ[XT ζit(βt)] wt,±, where ζit is detailed in Ap-
pendix B. We thus consider the following noisy update:

wt+1,± =− γ∇wt,±L(wt)± γ[XT ζit(βt)] wt,±

± γσtZt,± wt,±,
(18)

with Zt,± ∼ Nd(0, 1) and σt ∈ RR. We consider here

σt = 2σ
√
L(wt) for σ ≥ 0, and show more general

results in Appendix B. The corresponding SDE is:

dwt,± =∓ [X̄T r(wt)] wt,±dt

+ 2
√
γL(wt)wt,± X̄T dBt,±

+ 2σ
√
γL(wt)wt,± dB̃t,±

(19)

where r(w) = X̄(w2
+ −w2

− − β∗) and β∗ is an interpo-
lator. We notice that compared to the SDE of Pesme
et al. (2021), it only adds the term 2σ

√
γL(wt)wt,±

dB̃t,±. See section 6 for a discussion on the impact
of modeling with a decreasing noise, and appendix
B for detailed computation of the link between equa-
tions (18) and (19).

We now demonstrate that despite the Gaussian per-
turbation, β follows a stochastic mirror flow similar to
the one in Pesme et al. (2021), detailed in Section 2.2:

Proposition 1. Let (wt,±)t≥0 be defined as in equa-
tion (19) from initialisation α. Then (βt = w2

t,+ −
w2
t,−)t≥0 follows a stochastic mirror flow defined by:

d∇ϕαβ
t
(βt) =−∇L(βt)dt+

√
γL(βt)X̄

T dBt

+
√
γL(βt)σdB̃t

(20)

where B̃s = (B̃s,+ + B̃s,+)/2, Bs = (Bs,+ +Bs,+)/2,

αβt =α exp (−2γσ2

∫ t

0

L(βs)ds)

exp (−2γdiag(X̄T X̄)

∫ t

0

L(βs)ds)

(21)

Proof. See appendix B.

The continuous version of SGD analysed by Pesme
et al. (2021) had led to the following mirror flow:

d∇ϕαt(βt) = −∇L(βt)dt+
√
γL(βt)X̄

T dBt (22)

With αt = α exp
(
−2γdiag(X̄T X̄)

∫ t
0
L(βs)ds

)
. Our

resulting SDE for Noisy-SGD (cf. Equation 20) dif-
fers by two aspects: the additional spherical noise√
γL(βt)σdB̃t and a smaller effective value for α.

Solution. If β follows the original mirror flow, than
the process converges with high probability towards
argminθ s.t. Xθ=Y ϕα∞ . This formulation is possible
only because the KKT conditions are respected by
the limit vector, as the updates remain confined to
span(x1, ..., xn). However, this is no longer the case
for Noisy-SGD. We still show a comparable outcome.



Tom Sander, Maxime Sylvestre, Alain Durmus

Theorem 2. Let (wt)t≥0 follow the SDE (19) from
initialisation α. Then for any p close to 0 there is a
constant C s.t. for any step size γ ≤ C, with probabil-
ity at least 1− p,

∫∞
0

βsds converges and βt converges
with high probability to an interpolator β∞.

Proof. We give here an idea of the proof which is along
the lines of the proof found in Pesme et al. (2021). We
first note that by arbitrarily changing X̄T in SDE (22),
the process still converges. In our case:

dwt,± = −∇w±L(wt)dt+ 2
√
γL(wt)wt,± [AdBt,±]

where this time Bt is valued in Rd+n and A :=(
X̄|σId

)
. The whole proof is given in Appendix B

However, because the corresponding mirror flow up-
dates no longer lie in span(x1, ..., xn) (cf. Equa-
tion 20), the KKT conditions of the minimization
problem are no longer verified by β∞, and

β∞ ̸= argmin
β s.t. Xβ=Y

ϕαβ
∞
(β) (23)

Nevertheless, we show that β∞ satisfies the KKT con-
ditions for a small perturbation of that problem:

Proposition 2. Under the assumptions of Theorem 2,
on the set of convergence of βt, there exists r∞ s.t.:

β∞ = argmin
Xβ=Y

ϕα∞(β)− ⟨r∞, β⟩ (24)

Proof. Let us consider P the orthogonal projection
over span(x1, ..., xn). Integrating (20) and decompos-
ing the right hand side as a term v ∈ span(x1, ..., xn)
and a term in the orthogonal, we get:

∇ϕα∞(β∞) = v +

∫ ∞

0

σ
√

γL(βs)(1− P )dBs (25)

Let us define r∞ =
∫∞
0

σ
√

γL(βs)(1 − P )dBs, and

β̃0 = ∇ϕ−1
α∞

(r∞), which is well defined by strong con-
vexity of ϕα∞ (Refer to Appendix B). We have:

∇ϕα∞(β∞)−∇ϕα∞(β̃0) ∈ span(x1, ..., xn) (26)

Thus, by definingD the following Bregman divergence:

Dϕα∞
(β, β̃0) = ϕα∞(β)−ϕα∞(β̃0)−⟨∇ϕα∞(β̃0), β−β̃0⟩

The gradient taken at β∞ lies in span(x1, ..., xn), insur-
ing that the KKT conditions of the following problem
are verified and thus:

β∞ = argmin
Xβ=Y

Dϕα∞
(β, β̃0) (27)

Therefore, Noisy-SGD gives the same solution as GD
but on a different potential ϕα∞ and from an effec-
tive initialization β̃0, while SGD only changes α. For
Noisy-SGD, we note that α∞ decreases with σ (eq. 21):
the more noise is added, the smaller is the effective α.
If it did not change the effective initialization too, it
would directly imply “better” implicit bias.

Implicit Bias We have observed that β∞ is the so-
lution to a perturbed minimization problem. We show
now that the distance between β∞ and the optimizer
of ϕα∞ can be controlled by the perturbation σ:

Proposition 3. Under the assumptions of theorem
2 and on the high probability set of convergence of
(βt) let β∗

α∞
:= argminXβ=Y ϕα∞(β) and r∞ :=

σ
∫∞
0

√
γL(βs)(1 − P )dBs. Since α∞ > 0, ϕα∞ is

µ strongly convex for µ > 0. Then we have:

1

µ
∥r∞∥2 ≥ ∥β∗

α∞
− β∞∥2 (28)

Proof. See Appendix B.

We observe that although increasing σ implies a lower
α∞ than SGD, which should yield to sparser solutions,
it also implies a new effective initialization β̃0 that
deviates the solution from the sparse β∗

α∞
. However,

in Figure 3, we show that Noisy-SGD still leads to
sparser solutions than SGD. This might be attributed
to the fact that the gain from a smaller α is in this
case more important than the perturbation controlled
by 1

µ∥r∞∥ ∝ σ, as shown in Figure 4. We give more
details in the experiment section 4.2.

Proofs are derived in Appendix B.1 with more general
noise forms, with stability results for the implicit bias.

4 Experiments

4.1 Noisy SGD on ImageNet

Dataset and architecture To compare Noisy-SGD
to DP-SGD, we adopt the exact same set-up as Sander
et al. (2023). We train a Normalizer-Free ResNets
(NF-ResNets) (Brock et al., 2021) with d = 25M pa-
rameters on the ImageNet-1K dataset (Deng et al.,
2009; Russakovsky et al., 2014) with blurred faces,
which contains 1.2 million images partitioned into 1000
categories. We use the timm (Wightman, 2019) library
based on Pytorch (Paszke et al., 2019).

Optimization For SGD and Noisy-SGD, we use a
constant learning rate of 0.5 and no momentum. We
perform an exponential moving average of the weights
(Tan and Le, 2019) with a decay parameter of 0.999
(similar to Sander et al. (2023)). We set the effective
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noise σ/B constant to 6× 10−4 for all Noisy-SGD ex-
periments of Figure 1, which is 4 times greater than
the noise used by Sander et al. (2023) for ImageNet.

Implicit bias and Noise level In Figure 2, we
show that the additional Gaussian noise has a big-
ger l2 norm than the gradients throughout training,
for the same set-up as in Figure 1. It is an important
observation because it shows that the additional Gaus-
sian noise is not negligible, and thus that a similar im-
plicit bias to the one of SGD persists even under strong
Gaussian perturbation. Moreover, we notice that the
training trajectories of SGD and Noisy-SGD do dif-
fer in Figure 1, especially at the beginning. However,
the gradient norm || 1B

∑
i∈Bk

∇θℓi(θk)|| increases dur-
ing training, while the corresponding quantity in DP-
SGD is bounded by 1 (cf. Equation 2 when C = 1),
which makes the actual signal-to-noise ratio greater in
Noisy-SGD compared to DP-SGD.

4.2 Diagonal Linear Network

We adopt the same set-up as Pesme et al. (2021) for
sparse regression. We select parameters n = 40 and
d = 100, and then create a sparse model β∗

l0
with the

constraint that its l0 norm is equal to 5. We generate
the features xi from a normal distribution with mean
0 and identity covariance matrix N(0, I), and compute
the labels as yi = xTi β

∗
l0
. We always use the same step

size of γ = 1/(1.3||X̄X̄T ||2). Notice that ||βt − β∗
l0
||22

is the validation loss in the experiments.

Figure 4: DLN: Distance between β∗
α∞

, the solution
that minimizes ϕα∞ —obtained by GD from α∞— and
the one obtained by Noisy-SGD (see Proposition 3).
Shaded areas represent one standard deviation over
10 runs. For small σ, the distance is smaller than the
distance between the solutions of SGD and the sparse
solution βl0 (see Figure 3), explaining why the implicit
bias persists and can be enhanced by Gaussian noise.

Noisy-SGD’s improved implicit Bias In Fig-
ure 3, we show that noisy-SGD produces sparser solu-
tions than the one obtaimed with SGD, as it is closer
to the sparse interpolator βl0 . This effect is primar-
ily due to the impact of having a smaller effective
value α which outweighs the impact of the perturba-
tion governed by the new effective initialization β̃0:
1
µ∥r∞∥ ∝ σ (see Equation 3). In Appendix B.2, we
also illustrate scenarios where the parameter σ be-
comes more prominent in comparison to α, and for
which Noisy-SGD still induce a stronger implicit bias.

Impact of σ In Figure 4, we run Noisy-SGD for dif-
ferent values of σ, 10 times for each value, and show the
averages and standard deviations. As expected from
Proposition 3, the distance between β∗

α∞
, the actual

minimizer under constraints of ϕα∞ and β∞, the solu-
tion obtained from Noisy-SGD, increases with σ. We
observe that the order of magnitude of this increase,
which was hidden inside the constants of the propo-
sition, is reasonable when compared to the distance
between the solution of SGD and the sparse interpo-
lator, as depicted in Figure 3. It explains why using
σ = 0.5 still helps when starting from α = 0.1.

5 Conclusion

The challenge of achieving strong performance in
large-batch DP-SGD training remains a critical obsta-
cle in balancing privacy and utility. This performance
bottleneck in DP-SGD is poised to become more pro-
nounced over time as the theoretical solution to fur-
ther bridging the performance gap between private and
non-private training lies in the expansion of both train-
ing set size and batch size.

We have observed that Noisy-SGD exhibits a perfor-
mance decline with the batch size, indicating that the
gradient noise in SGD still plays a pivotal role, even
with Gaussian perturbation. It puts in perspective a
key argument supporting that the inherent geometry
of SGD’s noise is responsible for its bias. For DLNs, a
seemingly minor addition of Gaussian noise disrupts a
crucial KKT condition, necessitating a complex math-
ematical alternative. We’ve derived proofs for broader
noise in Appendix B.1 and offer stability results that
extend the amplification of the implicit bias. Overall,
our study underscores two critical points:

• The specific gradient noise geometry in SGD is
robust to Gaussian perturbations, and different
geometries can lead to different implicit biases

• Further work could try to leverage methods de-
veloped to improve large-batch training in non-
private settings (e.g., employing the LARS opti-
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mizer (You et al., 2017) for convolutional DNNs)
to enhance the performance of DP-SGD, thus ad-
vancing the trade-off between privacy and utility.

6 Discussion

Our decision to study Noisy-SGD as a substitute for
DP-SGD is primarily based on the observations de-
picted in figure 1. Notably, a similar implicit bias of
DP-SGD is discernible even in the absence of clipping.
We delve here into the implications of using Noisy-
SGD as a stand-in DP-SGD. This includes considera-
tions from both optimization and privacy perspectives.

An optimization perspective. Noisy-SGD only
aligns with DP-SGD if the gradients are bounded,
an assumption that is commonly done in convergence
studies (Bassily et al., 2014). This is not the case for
classical neural networks, nor for the DLN case that
we studied. Without any assumption, the clipping op-
eration can bias the (expected) direction of the up-
date. However, assuming symmetricity of the gradi-
ents, which is a reasonable assumption (Chen et al.,
2020), the drift maintains its direction after clipping.

If we take clipping into account for DLNs while as-
suming symetricity, the noise term can still be ap-
proximated by σt ◦ wtdBt, where σt now depends on
wt. Indeed, if we denote yt := ⟨β − β∗, xit⟩xit , we
get wt+1 = wt − γE[clip(yt ◦ wt)] − γ(clip(yt ◦ wt) −
E[clip(yt ◦ wt)]). The mean zero term rewrites as
α(yt, wt)yt ◦wt−E[α(yt, wt)yt ◦wt], with first order of
the covariance (1/n)diag(wt)α

2E[ytyTt ]diag(wt). Our
extension in appendix B.1 is a first approximation.

A privacy perspective. We deliberately focus on
the sole effect of noise addition and its impact on the
optimization procedure. Nevertheless, we do theoreti-
cally show how the noise level impacts our results, with
additional experiments presented in Appendix B.2,
and general forms in appendix B.1. However, van-
ishing noise would always lead to exploding privacy
guarantees. We use this modelisation as a first ap-
proximation, as it changes the structure of the noise
similarly to DP. Moreover, it is necessary for conver-
gence as the learning rate is constant; studying a de-
creasing learning rate with fixed noise could have been
an alternative, but we should have taken a different an-
gle (unknown) to study the bias. In a similar vein, one
could consider the clipping component more compre-
hensively. One potential approach could be to propor-
tionally decrease the clipping value in tandem with the
noise magnitude. This method would not only uphold
the privacy guarantees but also ensure convergence
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Singh, editors, Proceedings of the 37th International
Conference on Machine Learning, volume 119 of
Proceedings of Machine Learning Research, pages
233–244. PMLR, 13–18 Jul 2020. URL https:

//proceedings.mlr.press/v119/ali20a.html.

Andrew Brock, Soham De, Samuel L. Smith, and
Karen Simonyan. High-performance large-scale im-
age recognition without normalization, 2021. URL
https://arxiv.org/abs/2102.06171.

Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai
Li, and Li Fei-Fei. Imagenet: A large-scale hier-
archical image database. In 2009 IEEE Conference
on Computer Vision and Pattern Recognition, pages
248–255, 2009. doi: 10.1109/CVPR.2009.5206848.

Olga Russakovsky, Jia Deng, Hao Su, Jonathan
Krause, Sanjeev Satheesh, Sean Ma, Zhiheng
Huang, Andrej Karpathy, Aditya Khosla, Michael
Bernstein, Alexander C. Berg, and Li Fei-Fei. Ima-
genet large scale visual recognition challenge, 2014.
URL https://arxiv.org/abs/1409.0575.

Ross Wightman. Pytorch image models. https://

github.com/rwightman/pytorch-image-models,
2019.

Adam Paszke, Sam Gross, Francisco Massa, Adam
Lerer, James Bradbury, Gregory Chanan, Trevor
Killeen, Zeming Lin, Natalia Gimelshein, Luca
Antiga, et al. Pytorch: An imperative style, high-
performance deep learning library. Advances in neu-
ral information processing systems, 32, 2019.

Mingxing Tan and Quoc Le. Efficientnet: Rethinking
model scaling for convolutional neural networks. In
International conference on machine learning, pages
6105–6114. PMLR, 2019.

Yang You, Igor Gitman, and Boris Ginsburg. Large
batch training of convolutional networks, 2017.

Xiangyi Chen, Steven Z Wu, and Mingyi Hong. Un-
derstanding gradient clipping in private sgd: A geo-
metric perspective. Advances in Neural Information
Processing Systems, 33:13773–13782, 2020.

Steven R. Howard, Aaditya Ramdas, Jon McAuliffe,
and Jasjeet Sekhon. Time-uniform chernoff bounds
via nonnegative supermartingales, 2020.

Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
[Yes/No/Not Applicable]

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
[Yes]

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries. [No]

https://books.google.co.uk/books?id=kTX6oAEACAAJ
https://books.google.co.uk/books?id=kTX6oAEACAAJ
https://doi.org/10.1007/978-3-642-14394-6_5
https://doi.org/10.1007/978-3-642-14394-6_5
http://jmlr.org/papers/v20/17-526.html
http://jmlr.org/papers/v20/17-526.html
https://proceedings.mlr.press/v125/woodworth20a.html
https://proceedings.mlr.press/v125/woodworth20a.html
https://www.sciencedirect.com/science/article/pii/S0167637702002316
https://www.sciencedirect.com/science/article/pii/S0167637702002316
https://proceedings.mlr.press/v119/ali20a.html
https://proceedings.mlr.press/v119/ali20a.html
https://arxiv.org/abs/2102.06171
https://arxiv.org/abs/1409.0575
https://github.com/rwightman/pytorch-image-models
https://github.com/rwightman/pytorch-image-models


Implicit Bias in Noisy-SGD: With Applications to Differentially Private Training

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results. [Yes]

(b) Complete proofs of all theoretical results.
[Yes]

(c) Clear explanations of any assumptions. [Yes]

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL). [No]

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). [Yes]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Not Applicable]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes]

(b) The license information of the assets, if ap-
plicable. [No]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [No]

(d) Information about consent from data
providers/curators. [Not Applicable]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Not Applicable]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]



Tom Sander, Maxime Sylvestre, Alain Durmus

Supplementary Materials

A Linear Least Square

We detail the proofs of the Propositions presented in Section 3.2 focusing on the continuous analysis of the
implicit bias of SGD and Noisy-SGD in the Linear Least Square Setting. We start with the under parametrized
case in Section A.1 where the number of parameters d is smaller than the number of training data points n.
Subsequently, we delve into the over parameterized case in Section A.2.

A.1 Under Parameterized Case

SDE for SGD In situations where the model is underparameterized, the gradient noise encompasses the entire
space of Rd and there is a specific value of ϵ > 0 such that ||Xθt−Y || remains greater than ϵ for all time steps t,
as documented in Ali et al. (2020). We thus consider the following SDE as the continuous approximation of SGD
in the linear least square under parametrized setting. In this framework, the Euler discretization with a step size
of γ corresponds to the implementation of SGD, incorporating the noise modelization previously described:

dθt = −X̄T (X̄θt − Y )dt+
√
γϵX̄T dWt (29)

This process is a Orsnten-Uhlenbeck process that can be written as:

dθt = β(µ− θt)dt+ΣdWt (30)

with µ = (XTX)−1XTY = X†Y := θLS for X† the pseudo-inverse of X, β = X̄T X̄ and Σ =
√
γϵX̄T .

The stationary distribution of this temporally homogeneous Markov Chain is:

θ∞ = N (θLS , w) (31)

for w that verifies the following Lyapunov equation:

βw + wβT = 2D = γϵ2β (32)

For D = ΣTΣ/2 = γϵ2

2 β. The solution of this Lyapunov equation can be directly solved as:

w =

∫ ∞

0

e−tβ(−2D)e−tβ dt =

∫ ∞

0

e−tβ(−γϵ2β)e−tβ dt = −γϵ2β

∫ ∞

0

e−2tβ dt =
γϵ2

2
Id (33)

As
∫∞
0

e−2tβ dt = β−1/2. The commutativity results from the fact that all matrices are sums of powers of β
within the integrals.
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Noisy-SDE Let us now consider adding Gaussian noise to the modelisation of the natural SGD noise:

dθt = −X̄T (X̄θt − Y )dt+
√
γϵX̄T dWt + σdW̃t (34)

we get the same equations for Σ = (
√
γϵX̄T |σId) ∈ Rd×(n+d) and W = (WT |W̃T )T .

So D = ΣΣT

2 =
γ
n ϵ

2XTX+σ2Id
2 = γϵ2

2 β + σ2

2 Id, and in this case:

w =

∫ ∞

0

e−tβ(−γϵ2β)e−tβ dt− σ2

2
(−1

2
β−1) =

γϵ2

2
Id +

σ2

4
β−1 (35)

With β−1 = (X̄T X̄)−1. Finally:

θ∞ ∼ N
(
θLS ,

γϵ2

2
Id +

σ2

4
(X̄T X̄)−1

)
(36)

In this case, we observe that adding spherical noise adds a dependence on the data distribution to the variance
term.

A.2 Over Parameterized Case

In the overparametrised regime, the noise vanishes at every global optimum θ⋆, and is degenerate in the directions
of Ker(X), giving the following continuous approximation (Pillaud-Vivien and Pesm, 2022; Ali et al., 2020):

dθt = −X̄T (X̄θt − Y )dt+
√
γ∥Xθt − Y ∥2X̄T dBt (37)

In this case, θt converges almost surely to θLS for γ > 0 and θ0 = 0. Let us now consider the following noisy
version of SGD, with an additional noise that has the same magnitude as the gradient noise:

dβt = −X̄T (X̄βt − Y )dt+
√
γ∥Xβt − Y ∥2X̄T dBt

+
√
γ∥Xβt − Y ∥2σdB̃t

We show that we can control the difference between the iterates of the first SDE and its noisy version: ηt =
∥θt − βt∥22. More precisely,

If γ ≤ 2/Tr(X̄T X̄) then

E(ηt) ≤ γdσ2

∫ t

0

L(βt)ds

Proof. We can write dβt = −X̄T (X̄βt − Y )dt+
√
γ∥Xβt − Y ∥2(X̄T |σId)dB′

t for B
′ = (B

B̃
) ∈ Rn+d. Similarly to

θ, for β0 = 0 and γ > 0, β converges almost surely. So θ − β converges and finally η converges. Applying Itô’s
formula, we get:

dηt = [−2∥X̄(θt − βt)∥2

+ γTr(X̄T X̄)(
√

Rn(θt)−
√
Rn(βt))

2

+ dσ2γRn(βt)]dt+ ...dWt + ...dW̃t

Straightforwardly using the triangular inequality, we have:

(
√
Rn(θt)−

√
Rn(βt))

2 ≤ ||X̄(θt − βt)||22 = ||X̄θt − Y − (X̄βt − Y )||22 ≤ (
√

Rn(θt) +
√

Rn(βt))
2 (38)

Looking now at the expected value, the Brownian motions disappear and injecting Inequality 38:
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E(ηt) = γdσ2

∫ t

0

Rn(βs)ds− 2

∫ t

0

∥X̄(θs − βs)∥22ds+ γTr(X̄T X̄)

∫ t

0

(
√

Rn(θs)−
√
Rn(βs))

2

≤ γdσ2

∫ t

0

Rn(βt)ds+ (γTr(X̄T X̄)− 2)

∫ t

0

∥X̄(θs − βs)∥2ds

Finally, for γ < 2/Tr(X̄T X̄),

E(ηt) ≤ γdσ2

∫ t

0

Rn(βs)ds = γdσ2

∫ t

0

L(βs)ds

and in particular,

E(η∞) ≤ γdσ2

∫ ∞

0

L(βs)ds

B Diagonal Linear Network

In this Section, we first derive in Section B.1 the mathematical proofs of the Propositions and Theorems presented
in Section 3.3. We then show more empirical results on the sparsity of the solutions obtained with Noisy-SGD,
when training a DLN.

B.1 Mathematical proofs

B.1.1 Modelisation

Recall that the weights (wt,±)t≥0 are defined through the following SDE

dwt,± = ±[X̄T r(wt)] wt,±dt+ 2
√

γL(wt)wt,± X̄T dBt,± + 2σ
√
γL(wt)wt,± dB̃t,±

The Euler discretization of that SDE with step size γ is exactly

wt+1,± = wt,± − γ∇wt,±L(wt)± 2
√
γL(wt)[X̄

T ϵ] wt,± ± γσtZt,± wt,±,

Where ϵ ∼ N (0,
√
γId). As seen in (Pesme et al., 2021, Appendix A) the covariance of 2

√
nL(wt)

1√
γ ϵ is equal

to the one of ζit . Where
ζit = − (⟨β − β∗, xit⟩eit − Eit [⟨β − β∗, xit⟩eit ])

with it the random index chosen for the step of SGD. Thus the discretization scheme defines a Markov-Chain
whose noise is the one found in equation (18) (the other term being independant from the rest).

B.1.2 Proof of Proposition 1

This section and the following one essentially adapt the proof of a similar result found in Pesme et al. (2021) in
order to generalize it to more complex noise pattern. In particular extend it to a noise which does not depend
on the loss and thus the geometry of the gradients. We consider throughout this section a more general setting.
Let A ∈ Rp×d which in the main text is either equal to X̄ and thus p = n or to

(
X̄ | σId

)
and p = d+n. And let

a covariance noise matrix (σt) which is deterministic and valued in Rp′×d. Set (wt,±) solutions of the following
SDE with w0,± = α.

dwt,± = −∇w±L(βt)dt± 2
√

γL(βt)wt,±
[
AT dBt

]
± 2wt,±

[
σTt dB̃t

]
= ±

(
−X̄T r(βt) wt,±dt+ 2

√
γL(βt)wt,±

[
AT dBt

]
+ 2wt,±

[
σTt dB̃t

])
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where r(w) = X̄(w2
+ − w2

− − β∗) and (Bt)t, (B̃t)t are two independant standard brownian motions respectively

valued in Rp and Rp′ . This setting accounts for a decaying noise which has a geometry different to the one of
the data as well a as a small noise which is solely of the magnitude of the parameters.

Lemma 1. Consider the iterates (wt) defined above (9) then (βt = w2
t,+ − w2

t,−) satisfies

βt = 2α2
t sinh(2ηt + 2δt)

where

ηt = −
∫ t

0

X̄T r(ws)ds+ 2
√
γ

∫ t

0

√
L(ws)A

T dBs, δt = 2

∫ t

0

σTs dB̃s

and

αt = α exp

(
−2γdiag(ATA)

∫ t

0

L(βs)ds− 2

∫ t

0

diag(σTt σt)ds

)
Proof. A direct application of Itô’s lemma grants

wt,± = w0,± exp(±
[
−
∫ t

0

X̄T r(ws)ds+ 2
√
γ

∫ t

0

√
L(ws)A

T dBs + 2

∫ t

0

σTs dB̃s

]
)

exp(−2γdiag(ATA)

∫ t

0

L(βs)ds− 2

∫ t

0

diag(σTt σt)ds)

Thus since βt = w2
t,+ − w2

t,− we have

βt = α2
t (exp(+2ηt + 2δt)− exp(−2ηt − 2δt))

= 2α2
t sinh(2ηt + 2δt)

The next result is the generalization of the result introducing the notion of mirror gradient descent with varying
potential found in (Pesme et al., 2021, Proposition 1).

Proposition 4. The flow (βt)t≥0 associated to (wt,±)t≥0 follows a stochastic mirror gradient with varying
potential defined by:

d∇ϕαt(βt) = −∇L(βt)dt+
√

γL(βt)A
T dBt + σTt dB̃t

Proof. The expression of βt from lemma 1 can be inversed in order to use ϕαt . Indeed

arcsinh

(
βt
2α2

t

)
= 2ηt + 2δt

which implies

darcsinh

(
βt
2α2

t

)
= −2X̄T r(wt) + 4

√
γL(βt)A

T dBt + 4σTt dB̃t

Notice that ∇L(βt) =
1
2X̄

T r(wt) and ∇ϕα(β) =
1
4arcsinh(

β
2α2 ) we have the wanted result.

B.1.3 Proof of Theorem 2

In order to prove the convergence of the integral of the loss we will introduce a perturbation of a Bregman
divergence which will control the norm of the iterates and the integral of the loss. Moreover that process will be
nicely controlled with high probability. Let β∗ any interpolator, the process is the following

Vt = −ϕαt
(βt) + ⟨∇ϕαt

(βt), βt − β∗⟩

+ ⟨|β∗|, γdiag(ATA)

∫ t

0

L(βs)ds+

∫ t

0

diag(σTs σs)ds⟩

We denote by Dt the Bregman divergence part.
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Lemma 2. For t ≥ 0 we have

dDt = −2L(βt) + γL(βt)⟨ξt, diag(ATA)⟩dt+ ⟨ξt, diag(σTt σt)⟩dt

+
√

γL(βt)⟨AT dBt, βt − β∗⟩+ ⟨σTt dB̃t, βt − β∗⟩

where ξt =
√

β2
t + 4α4

t = w2
t,+ + w2

t,−

Proof. By definition Dt = −ϕαt
(βt) + ⟨∇ϕαt

(βt), βt − β∗⟩ thus a direct application of Itô’s lemma grants

dDt = −⟨∇ϕαt
(βt), dβt⟩ − ⟨∇αϕ(α

2
t , β), d[α

2
t ]⟩ −

1

2
Tr
(
∇2ϕαt

(βt)d⟨β⟩t
)

+ ⟨d∇ϕαt(βt), βt − β∗⟩+ ⟨∇ϕαt(βt), dβt⟩+Tr (d⟨∇ϕαt(βt), βt⟩)

= −⟨∇αϕ(α
2
t , β), d[α

2
t ]⟩ −

1

2
Tr
(
∇2ϕαt(βt)d⟨β⟩t

)
+ ⟨d∇ϕαt(βt), βt − β∗⟩

+Tr (d⟨∇ϕαt
(βt), βt⟩)

We will compute one by one the four terms left. Note that todo so we will need to compute the quadratic
variation of βt. Since βt can be decomposed in a drift part and a martingale part as follows

dβt = drift(β)tdt+ 4
√

γL(βt)ξt AT dBt + 4ξt σTt dB̃t

we obtain this formula for the quadratic variation

d⟨β⟩t = 16γL(βt)(A
TA) (ξtξ

T
t ) + 16(σTt σt) (ξtξ

T
t )

Since αt has no martingale part the chain rule grants that the first term is equal to

⟨∇αϕ(α
2
t , β), d[α

2
t ]⟩ = γL(βt)⟨ξt,diag(ATA)⟩dt+ ⟨ξt,diag(σTt σt)⟩dt

Since ∇2ϕα(β) =
1
4diag(

1
ξ ) the second term is equal to

1

2
Tr
(
∇2ϕαt

(βt)d⟨β⟩t
)
= 2γL(βt)⟨ξt,diag(ATA)⟩dt+ 2⟨ξt, γdiag(σTt σt)⟩dt

Using proposition 4 the third term is equal to

⟨d∇ϕαt(βt), βt − β∗⟩ = −⟨∇L(βt), βt − β∗⟩+
√

γL(βt)⟨AT dBt, βt − β∗⟩+ ⟨σTt dB̃t, βt − β∗⟩

the fourth term
Tr (d⟨∇ϕαt(βt), βt⟩) = 4γL(βt)⟨ξt,diag(ATA)⟩dt+ 4⟨ξt, γdiag(σTt σt)⟩dt

Note that
⟨∇L(βt), βt − β∗⟩ = 2L(βt)

Thus combined it grants

dDt = −2L(βt) + γL(βt)⟨ξt,diag(ATA)⟩dt+ ⟨ξt,diag(σTt σt)⟩dt

+
√
γL(βt)⟨AT dBt, βt − β∗⟩+ ⟨σTt dB̃t, βt − β∗⟩

The Bregman divergence is useful to control the iterations as the next lemma will state. Moreover under suitable
assumptions on the noise σt the martingale part being close to its quadratic variation will enable us to control
Vt itself and in turns the loss.

Lemma 3. For t ≥ 0 we have

∥ξt∥1 ≤ 4Vt + ∥β∗∥1 ln

(√
2∥ξt∥1

minα2
i

)
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Proof. A direct computation grants

∥ξt∥1 = 4Dt + ⟨arcsinh βt
4α2

t

, β∗⟩ (39)

Since arcsinh(x) ≤ ln(2(x+ 1)) we have

⟨arcsinh βt
4α2

t

, β∗⟩ ≤
∑
i

|β∗
i | ln

(
|βi,t|+ 2α2

i,t

α2
i,t

)

≤
∑
i

|β∗
i | ln

(
|βi,t|+ 2α2

i,t

minα2
i

)
+ 4⟨|β∗|, γdiag(ATA)

∫ t

0

L(βs)ds+

∫ t

0

diag(σTs σs)ds⟩

≤ ∥β∗∥1 ln

(√
2∥ξt∥1

minα2
i

)
+ 4⟨|β∗|, γdiag(ATA)

∫ t

0

L(βs)ds+

∫ t

0

diag(σTs σs)ds⟩

Because α2
t = α2 exp

(
−4γdiag(ATA)

∫ t
0
L(βs)ds− 4

∫ t
0
diag(σTs σs)ds

)
and |βi,t| + 2α2

i,t ≤
√
2∥ξt∥1. Thus

plugging that inequation in the first relationship (39) grants the wanted result.

We now need to control Vt, however in order to only have to manage bounded variation processes we will use
the fact that a Martingale is controlled by its quadratic variation

Lemma 4 (Howard et al. (2020), Corollary 11). For any locally square integrable process (St) with a.s. continuous
trajectories and any a, b > 0

P(∃t ≥ 0, St ≥ a+ b⟨S⟩t) ≤ exp(−2ab)

We can use this lemma for the following two processes∫ t

0

√
γL(βs)⟨AT dBs, βs − β∗⟩,

∫ t

0

⟨σTs dB̃s, βs − β∗⟩

For a, b > 0 we have thanks to lemma 4 with probability at least 1− 2 exp(−ab) for any t ≥ 0∣∣∣∣∫ t

0

√
γL(βs)⟨AT dBs, βs − β∗⟩+ ⟨σTs dB̃s, βs − β∗⟩

∣∣∣∣
≤ a+ bγ∥A∥2

∫ t

0

L(βs)(∥βs∥2 + ∥β∗∥2)ds+ b

∫ t

0

∥σs∥2(∥βs∥2 + ∥β∗∥2)ds

because the quadratic variation of both processes are upperbounded by the term on the right. We denote by A
the set on which the inequality above is satsfied, we recall that this set has probability at least 1− 2 exp(−ab).

Lemma 5. On A for γ and
∫
∥σs∥2ds small enough the iterates are bounded by a constant that only depends on

a, b, ∥β∗∥, α.

Proof. Since we are on the event A the bound on the martingale part is true and thus

Vt ≤ V0 + a− 2

∫ t

0

L(βs)Usds+

∫ t

0

⟨|β∗|,diag(σTs σs)⟩+ b∥σs∥2(∥βs∥2 + ∥β∗∥2)ds

Where Us = 1− γ
2

[
⟨diag(ATA, ξs + |β∗|⟩+ 2b∥A∥2(∥βs∥2 + ∥β∗∥2)ds)

]
. Assume that

∫∞
0

∥σs∥2ds ≤ 1, then we
have

Vt ≤ C − 2

∫ t

0

L(βs)Usds+

∫ t

0

C ′∥σs∥2∥βs∥2ds

Where C depends on a, b, ∥β∗∥1 and V0 which depends on α also C ′ depends on b. In particular if Us ≥ 0 for
s ∈ [0, τ ] using lemma 3 we have for other constants C,C ′ and t ∈ [0, τ ]

∥ξt∥1 ≤ ∥β∗∥1 ln

(√
2∥ξt∥1

minα2
i

)
+ C +

∫ t

0

C ′∥σs∥∥βs∥2ds
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Since ∥βs∥2 ≤ ∥ξs∥2 and by the sublinear growth of the log we get

∥ξt∥2 ≤ C +

∫ t

0

C ′∥σs∥2∥ξs∥2ds

For another set of constants C,C ′. We now use a bootstrap argument let I = {t ∈ [0, τ ] | ∀s ≤ t, ∥ξt∥2 ≤ 2C}.
Assume that

∫∞
0

∥σs∥2ds ≤ 1/4CC ′ then I = [0, τ ]. Indeed 0 ∈ I and I is an interval. Let t = sup I, first t ∈ I
and if t = τ there is nothing to prove. If t < τ then

∥ξt∥2
2C

≤ 1

2
+

∫ t

0

2CC ′∥σs∥2
(
∥ξs∥2
2C

)2

ds ≤ 1

2
+

∫ t

0

2CC ′∥σ2
s∥ds < 1

And by continuity of ξ we have t+ ϵ ∈ I. Thus I = [0, τ ] and for any t ∈ [0, τ ] we have that ξ is bounded by a
constant which only depends on the parameters of the problem. Now we shall see that for a nice choice of γ we
have τ = +∞ on A. Indeed for γ small enough we have U0 ≥ 1/2. Now let t the waiting time for U to reach 1/2.
Then by continuity of U for s ≤ t we have Us ≥ 1/2 > 0 thus the bound on the iterates found above is valid and
for γ small enough we have that Ut > 1/2 which is a contradiction by continuity of U . Thus there is a threshold
under which U is always greater than 1/2. Thus the above bound on the iterates is valid for all times.

Proposition 5. On A for γ and
∫
∥σs∥2ds small enough the integral of the loss converges.

Proof. In the proof of the last lemma we have shown that for the right choice of γ and
∫
∥σs∥2ds, Us is greater

than 1
2 on A. Thus by boundedness of the iterates we have∫ t

0

L(βs)ds ≤ C − Vt + C ′
∫ t

0

∥σs∥2ds

It remains to lower bound V in order to prove convergence of the integral of the loss. Or the computations in
lemma 3 shows that

Vt ≥
1

4

(
∥ξt∥1 − ∥β∗∥1 ln

(√
2∥ξt∥1

minα2
i

))
which is lower bounded because the iterates are bounded. Thus the integral converges.

Finally we have all the ingredients to show that the iterates converge.

Proposition 6. On A for γ and
∫
∥σs∥2ds small enough the iterates converge.

Proof. We have the following integral expression of Dt thanks to lemma 2

Dt = D0 +

∫ t

0

−2L(βs) + γL(βs)⟨ξs,diag(ATA)⟩+ ⟨ξs,diag(σTs σs)⟩ds

+

∫ t

0

√
γL(βs)⟨X̄T dBs, βs − β∗⟩+ ⟨σsdB̃s, βs − β∗⟩ds

Note that Dt converges because the bouded variation part converges due to the convergence of the integral of
the loss and the boundedness of the iterates. The martingale part converges because the quadratic variation is
converging. Recall that

Dt = −ϕαt + ⟨∇ϕαt(βt), βt − β∗⟩

We have that D converges for any choice of interpolator β∗.
The integral of the loss is convergent thus up to extraction L(βt) converges to 0. Since βt is bounded a second
extraction ensures the converges of the iterates. Thus there is a subsequence βψ(t) such that it converges to β∞
and L(β∞) = 0 thus it is an interpolator. And we have

ϕα∞(β∞)−Dt = ϕα∞(β∞)− ϕαt
(βt)− ⟨∇ϕαt

(βt), βt − β∞⟩
≥ ϕαt

(β∞)− ϕαt
(βt)− ⟨∇ϕαt

(βt), βt − β∞⟩
= Dϕαt

(β∞, β)

≥ 0
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Because α 7→ ϕα(β) is decreasing and αt ≥ α∞. Note that ϕα∞(β∞)−Dψ(t) → 0 by convergence of βψ(t) to β∞.
Thus by convergence of D we have that ϕα∞(β∞)−Dt → 0 and in turn Dϕαt

(β∞, β) → 0. Recall that

∇2ϕα(β) =
1

4
diag

(
1√

β2 + 4α2

)
≥ 1

4
√

∥β∥2 + 4maxα2
i

Id

thus ϕαt
is strongly convex of with a parameter that does not depend on t by decreasingness of αt and boundedness

of βt. Thus we have that Dϕαt
(β∞, β) ≥ µ/2∥βt − β∞∥2 which concludes the convergence.

B.1.4 Proof of Proposition 3

In the last section we have shown that the iterates converge toward an interpolator. However that interpolator
is not a minimizer of the potential ϕα∞ as shown in proposition 2. However by strong convexity of ϕα we have
a control of the distance between β∞ and the minimizer of ϕα∞ which we denote by β∗

α∞

Proof. Let ϕ(β) = ϕα∞(β) + ιXβ=Y where ι is the indicator function equal to 0 if the condition is satisfied and
+∞ otherwise. Note that ϕ is still strongly convex. Indeed, we can show that ϕ−µ∥.∥2 is convex: let β, ν ∈ Rd,
λ ∈ (0, 1). C = {β s.t. Xβ = Y } is a convex set as an affine subspace of Rd. Therefore:

λβ + (1− λ)ν /∈ C =⇒ β /∈ C or ν /∈ C (40)

ιX(λβ+(1−λ)ν)=Y = ∞ =⇒ ιXβ=Y = ∞ or ιXν=Y = ∞ (41)

We also have that ϕα∞ − µ∥.∥2 is convex on a bounded set which contains β∞ and β∗
α∞

. Finally ϕ − µ∥.∥2 is
convex, i.e. ϕ is µ−strongly convex on a bounded set.

We have β∞ solution of
minϕ(β)− ⟨r∞, β⟩ (42)

And β∗
α∞

is the solution to
minϕ(β) (43)

Since ϕ is strongly convex we have that f = ϕ− µ∥ · −β∗∥2 is convex. Notice that 0 ∈ ∂f(β∞)− r∞ thus

ϕ(β∗)− ⟨r∞, β0⟩ − µ∥β∗ − β∞∥2 ≥ ϕ(β∞)− ⟨r∞, β∞⟩ (44)

We thus observe that:
ϕ(β∗)− ⟨r∞, β∗⟩ ≥ ϕ(β∞)− ⟨r∞, β∞⟩+ µ∥β∗ − β∞∥2 (45)

Thus by optimality of β∗ (ϕ(β∗)− ϕ(β∞) ≤ 0)

⟨r∞, β∞ − β∗⟩ ≥ ϕ(β∗)− ⟨r∞, β∗⟩ − (ϕ(β∞)− ⟨r∞, β∞⟩)
≥ µ∥β∗ − β∞∥2

(46)

Finally using Cauchy-Schwarz inequality we have

∥r∞∥ ≥ µ∥β∗ − β∞∥ (47)

B.2 Additional Numerical Experiments

Reminder We adopt the same set-up as Pesme et al. (2021) for sparse regression. We select parameters n = 40
and d = 100, and then create a sparse model β∗

l0
with the constraint that its l0 norm is equal to 5. We generate

the features xi from a normal distribution with mean 0 and identity covariance matrix N(0, I), and compute the
labels as yi = xTi β

∗
l0
. We always use the same step size of γ = 1/(1.3||X̄T X̄||2). Notice that ||βt − β∗

l0
||22 is the

validation loss in the experiments.
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Figure 5: Diagonal Linear Network from α = 0.1: Implicit Bias of SGD and Noisy SGD different values of
σ in Equation 18, from α = 0.1. Shaded areas represent one standard variation over 5 runs, and plain lines
represent the average values. Starting from this initialization, the bigger σ is, the closer the solution obtained
with Noisy-SGD is to the sparse solution β∗

l0
.

Introduction As outlined in Section 3.3 and prooved in Section B.1 in a more general setting, our investigation
reveals that Noisy-SGD yields an identical solution to GD, albeit (1) operating on an altered potential ϕα∞ , and
(2) starting from an effective non-zero initialization denoted as β̃0. In contrast, the sole parameter affected by
SGD is α. In the context of Noisy-SGD, it is noteworthy that α∞ diminishes with increasing σ. This signifies that
as more noise is introduced, the effective α becomes smaller. If this did not influence the effective initialization,
it would directly imply an “improved” implicit bias, in the case of the sparse regression under study.

Trade off To be more precise, if the effective initialization β̃0 remained unaltered, the noisy process would
ultimately converge to β⋆α∞

, which is the solution that minimizes ϕα∞ . We already know that this solution is
sparser than the one obtained via SGD because α∞ is smaller (as referenced in Equation 21). As demonstrated
in Proposition 3, the presence of the new effective initialization β̃0 does introduce some perturbation to the
solution. However, the degree of its influence directly depends on the level of noise introduced. This ensures
that β∞, which is the solution obtained through Noisy-SGD, remains in close proximity to β⋆α∞

. This scenario
implies the existence of a tradeoff. Increasing the value of σ will:

1. Augment the sparsity of β⋆α∞
as β⋆α∞

gets closer to the (sparse) ground truth β⋆l0

2. Expand the gap between β∞ and β⋆α∞
, which could potentially diminish the impact of the first outcome if

β∞ gets far from β⋆l0

In summary, if the influence of 1. surpasses the effect of 2., Noisy-SGD would enhance the implicit bias.
Conversely, if 2. outweighs 1., this enhancement may not necessarily occur. To empirically quantify the trade-off,
we measure the gap between β⋆α∞

and β∞ across varying values of α and σ. Our approach involves (a) obtaining
β∞ through Noisy-SGD, (b) approximating α∞ numerically based on the loss logs, and (c) subsequently executing
GD with α = α∞ to obtain β⋆α∞

. In Figure 4, our findings underscore that, for α = 0.1, the distance between
β⋆α∞

and β∞ seem to indeed increase with growing values of σ, validating the second point (2.). Moreover, as
revealed in Figure 3, when using α = 0.1, Noisy-SGD consistently converges to sparser solutions compared to
standard SGD. This trend remains consistent across various noise levels, as illustrated in Figure 5. Specifically,
as we elevate the magnitude of σ, the solutions become progressively closer to the sparse interpolator (ground
truth). In this context, the influence of the new initialization β̃0 appears to be of secondary importance, with
therefore point 1. consistently holding more significance than point 2.

Nonetheless, Figure 4 reveals that the magnitude of the gap between β⋆α∞
and β∞ is smaller or comparable to

the gap between β∞ and β⋆l0 in Figure 3. This observation implies that Noisy-SGD may be advantageous only in
this specific scenario, as the impact of 2. is small. However, a question arises: if the initial α were even smaller,
would 1. still dominate 2.?

Figure 6 provides insight into this inquiry. Even with an initial α reduced by a factor of ten, we observe that the
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Figure 6: Diagonal Linear Network from α = 0.01: Implicit Bias of SGD and Noisy SGD different values of
σ in Equation 18, from small initialization α = 0.01. Shaded areas represent one standard variation over 5
runs, and plain lines represent the average values. Starting from this initialization, the bigger σ is, the closer the
solution obtained with Noisy-SGD is to the sparse solution β∗

l0
.

Figure 7: DLN from α = 0.1: Distance between β∗
α∞

, the solution that minimizes ϕα∞ —obtained by GD from
α∞— and β∞, the one obtained by Noisy-SGD from α = 0.01 (see Proposition 3). Shaded areas represent one
standard deviation over 5 runs. Similar to the case of α = 0.1 (see Figure 4), the distance is of the same order
of magnitude than the distance between β∞ and the sparse solution βl0 (see Figure 6). It explains why why the
implicit bias is enhanced by Gaussian noise in this case.

introduction of noise continues to exert a positive influence on the sparsity of the solution. Furthermore, when
examining the gap between β⋆α∞

and β∞ in Figure 7, we find that, similarly to the case where α = 0.1, it remains
of a comparable order of magnitude to the gap between β∞ and β⋆l0 observed in Figure 6. This observation helps
to elucidate why the advantages of Noisy-SGD persist under these conditions: the distance between β⋆α∞

and
β∞ empirically also depends (inversely) on α, which mitigates the impact of 2. over 1.

Conclusion: The effect of Noisy-SGD on the solution’s sparsity, as discussed in Section 3.3, remains significant
even when initiated with smaller values of α, which corresponds to cases where the solutions obtained from
GD and SGD already exhibit some enhanced degree of sparsity. Therefore, the practical implications of the
theoretical trade off appears to be modest, and the reinforcement of the implicit bias from Noisy-SGD prevails:
the introduction of Gaussian noise enhances or at least maintains the implicit bias of SGD in a robust way.
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