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Abstract

Graphical models use graphs to represent
conditional independence structure in the
distribution of a random vector. In stochas-
tic processes, graphs may represent so-called
local independence or conditional Granger
causality. Under some regularity conditions,
a local independence graph implies a set
of independences using a graphical criterion
known as δ-separation, or using its general-
ization, µ-separation. This is a stochastic
process analogue of d-separation in DAGs.
However, there may be more independences
than implied by this graph and this is a vio-
lation of so-called faithfulness. We character-
ize faithfulness in local independence graphs
and give a method to construct a faithful
graph from any local independence model
such that the output equals the true graph
when Markov and faithfulness assumptions
hold. We discuss various assumptions that
are weaker than faithfulness, and we explore
different structure learning algorithms and
their properties under varying assumptions.

1 INTRODUCTION

Graphical models are widely used and so-called
Markov properties are essential as they describe how
graphs encode conditional independence (Lauritzen,
1996). While such Markov properties hold under fairly
general conditions, it is well-understood that condi-
tional independence models are too complicated to be
described completely by these properties. One par-
ticular issue is the potential lack of faithfulness such
that the graph encodes a dependence which is not in
the probability distribution (Spirtes and Zhang, 2018).
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In models of multivariate stochastic processes, tests of
local independence or Granger causality may be used
to learn a causal graph in which each node represents
a coordinate process. Most prior work assumes that
the causal graph is Markov and faithful with respect
to the observed independences. This might not hold,
even in the theoretical distribution from which we sam-
ple data. Moreover, when presented with real data, we
need statistical tests of local independence and there-
fore wrong test results will also distort the output.

In this paper, we characterize faithfulness and dis-
cuss a hierarchy of faithfulness assumptions that are
relevant in this context. We describe differences be-
tween structure learning in DAG-based models and in
stochastic process models. We compare different algo-
rithms for use in stochastic process models and high-
light how to minimize the impact of faithfulness issues.
We start by defining the two independence relations
that we will use.

1.1 Local Independence

Local independence is a ternary independence rela-
tion (Schweder, 1970; Aalen, 1987; Didelez, 2008) and
we will use graphs to represent local independence in
a multivariate stochastic process, analogously to how
graphs may encode conditional independence in the
distribution of a random vector.

The definition of local independence will depend on
the class of stochastic processes we consider. We fol-
low the definition in Mogensen et al. (2018). Let
Xt = (X1

t , . . . , X
n
t ) be a continuous-time stochastic

process. We say that Xi
t is a coordinate process.

We let V = {1, 2, . . . , n}. For D ⊆ V , we define
FD

t as the completed and right-continuous version of
σ({Xα

s : s < t, α ∈ D}).

Definition 1.1 (Local independence). Let λt =
(λ1t , . . . , λ

n
t ) be a stochastic process. Let A,B,C ⊆ V .

We say that XB is locally independent of XA given
XC , or simply that B is locally independent of A given
C, if for all β ∈ B
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t 7→ E(λβt | F
A,C
t )

has an FC
t -adapted version.

The above definition does not answer the important
question: What should the λ-process be? This will
depend on the class of processes. For stochastic differ-
ential equations, λ is the drift (Mogensen et al., 2018).
For point processes, it is the conditional intensity. We
give a detailed point process example in Appendix A.
The λ-process should essentially describe how the im-
mediate evolution of the multivariate process depends
on the past. If so, B is locally independent of A given
C if predicting the immediate future of B can be done
equally well using the past of process C only or the
past of processes A and C.

1.2 Granger Causality

Granger causality (Granger, 1969) is at times treated
with some suspicion as it is said to not be ‘true’ causal-
ity. In this paper, we only use Granger causality as
an independence relation, analogously to how condi-
tional independence is used in causal models of ran-
dom vectors. In this way, tests of Granger causality
can help us identify certain features of the underly-
ing causal graph, and (conditional) Granger indepen-
dence would in fact be a better term for our usage of
Granger causality. In this context, X = (X1

t , . . . , X
n
t )

is a multivariate time series, that is, a stochastic pro-
cess in discrete time. We let XD

<t denote the set
{Xα

s : s < t, α ∈ D}.
Definition 1.2 (Granger causality). Let A,B,C ⊆ V .
We say that XB is Granger-noncausal for XA given
XC if for all t and all β ∈ B,

Xβ
t ⊥⊥ XA

<t | XC
<t

where · ⊥⊥ · | · denotes conditional independence.

Example 1.3 (VAR). As an example of a time series
model, we consider a vector-autoregressive process of
order 1. For each t, we have

Xt = AXt−1 + εt

such that (εt) is a sequence of independent random vec-
tors. Moreover, the entries of εt are independent. In
this case, the zeroes of the n×n matrix A encode which
variables at time t − 1 directly influence the variables
at time t. We can construct an intuitive graphical rep-
resentation with nodes V = {1, 2, . . . , n} by including

1 2 4

3

Figure 1: Graph from Example 1.3. In this graph, 4
is µ-separated from 1 given {2, 3, 4}. Under the global
Markov property, this implies that 1 is Granger non-
causal for 4 given {2, 3, 4}. This means that we are
able to predict the present of variable 4, X4

t , equally

well using the past of processes {2, 3, 4}, X{2,3,4}
<t , and

using the past of processes {1, 2, 3, 4}, X{1,2,3,4}
<t . That

is, conditionally on the past of {2, 3, 4}, the past of
process 1 does not add any information on the present
value of 4. On the other hand, 4 is not µ-separated
from 1 given {2, 4} as the path 1 → 2 ← 3 → 4 is
µ-connecting.

the edge α → β if and only if Aβα ̸= 0. Assume now
that n = 4, V = {1, 2, 3, 4}, and

A =


a11 0 0 0
a21 a22 a23 a2n
0 0 a23 0
0 a42 a43 a44


where the entries of A are nonzero if not indicated as
zero in the above equation. The corresponding graph
is in Figure 1.

1.3 Graph Prerequisites

A graph is an ordered pair (V,E) where V is a finite set
of nodes (also known as vertices) and E is a finite set of
edges. In this paper, we will mostly consider directed
graphs in which E can be thought of as a subset of
V ×V . For α, β ∈ V , the edge α→ β is in the graph if
(α, β) ∈ E. We always include all self-edges, i.e., edges
α→ α for α ∈ V .

For graphs D1 = (V,E1) and D2 = (V,E2), we say that
D1 is a (proper) subgraph of D2 if E1 ⊆ E2 (E1 ⊊ E2),
and we denote this by D1 ⊆ D2 (D1 ⊊ D2). We also
say that D2 is a (proper) supergraph of D1. A walk,
ω, is an ordered, alternating sequence of nodes and
edges, α1, e1, α2, . . . , αn, el, αl+1, such that each edge
is between its adjacent nodes. The length of the walk
ω is l. A path is a walk such that no node is repeated.
For nodes α, β ∈ V , we say that a walk from α to β is
directed if every edge points towards β, α→ . . .→ β.
If there exists a directed walk from α to β, we say that
α is an ancestor of β. We let anD(β) denote the set
of ancestors of β, and we let anD(B) = ∪β∈BanD(β).
By convention, we say that a trivial walk (a walk with
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no edges) is directed and therefore B ⊆ anD(B). The
complete graph on nodes V is the graph (V,E) such
that (α, β) ∈ E for all α and β such that α ̸= β.

We will use µ-separation to encode local independence
or Granger noncausality. This is analogous to how d-
separation in DAGs may encode conditional indepen-
dence. We use the convention that endpoint nodes of a
walk are neither colliders nor noncolliders. Additional
introduction to the relevant graph theory can be found
in Mogensen and Hansen (2020).

Definition 1.4 (µ-separation, Mogensen et al. (2018);
Mogensen and Hansen (2020)). Let D = (V,E) be a
graph, let α, β ∈ V , and let A,B,C ⊆ V . We say that
a nontrivial walk between α and β is µ-connecting from
α to β given C if α /∈ C, all colliders are in anD(C),
no noncolliders are in C, and the final edge has a head
at β. We say that B is µ-separated from A given C if
there is no µ-connecting walk from any node α ∈ A to
any node β ∈ B given C.

The notion of µ-separation is a generalization of δ-
separation (Didelez, 2000, 2008).

1.4 Independence Models

In this paper, we will use an abstract independence
model, I, which is simply a set of triples, (A,B,C),
A,B,C ⊆ V , and we say that this is an independence
model over V . Such an independence model may rep-
resent the local independences that hold in a multi-
variate, continuous-time stochastic process or the con-
ditional Granger-noncausalities that hold in a discrete-
time stochastic process, i.e., (A,B,C) ∈ I if and only
if B is locally independent of A given C, for exam-
ple. Using an abstract independence model, there is
no need to distinguish between independence mod-
els representing local independences and independence
models representing Granger noncausalities. In the re-
mainder of the paper, we will often refer to both types
of independences as simply ‘local independences’.

For a graph D, we define I(D) as the set of triples
(A,B,C) such that B is µ-separated from A given C
in D. Markov and faithfulness properties describe how
I and I(D) are related.

1.5 Markov Properties and Faithfulness

Markov properties describe how graphs encode inde-
pendence by relating properties of a graph, D, to an
independence model, I. We use the notation α→D β
to indicate that the edge α→ β is in D.
Definition 1.5 (Pairwise Markov property). We say
that I satisfies the pairwise Markov property with re-
spect to D if for all α, β ∈ V

α ̸→D β ⇒ (α, β, V \ {α}) ∈ I.

Definition 1.6 (Global Markov property). We say
that I satisfies the global Markov property with respect
to D, or simply that I is Markov with respect to D, if
for all A,B,C ⊆ V ,

(A,B,C) ∈ I(D)⇒ (A,B,C) ∈ I.

The global Markov property may also be written as
I(D) ⊆ I.

The global and pairwise Markov properties are equiva-
lent under fairly general assumptions, see, e.g., Didelez
(2000, 2008); Eichler (2012); Mogensen et al. (2018)
for related results in different model classes. Some of
these results restrict the sets A,B, and C, e.g., such
that B ⊆ C in our notation.

Definition 1.7 (Faithfulness). We say that I is faith-
ful with respect to D if for all A,B,C ⊆ V ,

(A,B,C) ∈ I ⇒ (A,B,C) ∈ I(D),

that is, if I ⊆ I(D).

Note that, in our terminology, faithfulness corresponds
to the statement I ⊆ I(G), not to the stronger state-
ment I = I(G).
Example 1.8. We consider the example graph, D,
shown in Figure 2, and we assume that the indepen-
dence model I satisfies the global Markov property with
respect to D, i.e., I(D) ⊆ I.

We consider the walk 1 → 2 → 4 and sets A = {1},
B = {4}, C = {4}. This walk is between 1 ∈
A \ C = {1} and 4 ∈ B, all colliders are in anD(C)
(there are none), no noncolliders are in C (endpoint
nodes are not colliders), and the walk has a head at
4. This means that {4} is not µ-separated from {1}
given {4} in the graph D shown in Figure 2, i.e.,
({1}, {4}, {4}) /∈ I(D). If ({1}, {4}, {4}) ∈ I, then
I is not faithful with respect to D.

1.6 Structure Learning

There is a large literature on structure learning
from multivariate stochastic processes, often assuming
causal sufficiency, i.e., that every relevant coordinate
process is observed, and assuming some specific para-
metric or semiparametric class of stochastic processes.
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Figure 2: Graph from Example 1.8.

We will also make the assumption of causal sufficiency
in this paper, however, we will take a nonparametric
approach. For parametric model classes, and assuming
causal sufficiency, one may also, e.g., use methods that
are specific to the model class to learn a causal graph
from data. Our approach is completely nonparametric
in that it only uses tests of local independence. Ex-
amples A.1 and 1.3 are therefore mostly meant as an
illustration.

In the next section, we give a characterization of faith-
fulness which allows us to construct faithful represen-
tations of local independence models.

1.6.1 Causal Interpretation

Structure learning is often done from a causal per-
spective. The causal interpretation will also depend
on the model class. In this paper, we assume that D is
a causal graph which summarizes the cause-effect rela-
tions between the coordinate processes of the system.
The exact meaning of this is discussed by, e.g., Eichler
and Didelez (2007); Røysland et al. (2023).

2 TRANSITIVITY CONDITIONS

We define a set of transitivity conditions.

Definition 2.1 (Transitivity conditions). Let D =
(V,E) and let I be an independence model over V .
Let C ⊆ V . We say that I is C-transitive with respect
to D if for each edge α → β in D, conditions D0-D3
hold.

D0 if α /∈ C, then (α, β, C) /∈ I,

D1 if α /∈ C, then for all γ:
(γ, α, C) /∈ I(D)⇒ (γ, β, C) /∈ I,

D2 if α /∈ C, β ∈ C, then for all γ, δ:
(γ, β, C) /∈ I(D), (α, δ, C) /∈ I(D) ⇒ (γ, δ, C) /∈
I,

D3 if α /∈ C, then for all γ:
(α, γ, C) /∈ I(D)⇒ (β, γ, C) /∈ I.

We say that an independence model I is transitively
closed with respect to a graph D if I is C-transitive
with respect to D for all C ⊆ V .

A simpler version of the conditions in Definition 2.1
are also found in Mogensen and Hansen (2020) where
the authors used them to prove that every Markov
equivalence class of partially observed local indepen-
dence graphs have a greatest element. We can recover
their version by using I = I(D) in the above defini-
tion. For our result, the generalization is important as
it connects an arbitrary independence model, I, to a
graphical representation, D.

The conditions in Definition 2.1 are in a certain sense
rewriting the definition of µ-separation. This has three
purposes. First, this assigns faithfulness violations to
specific edges that can be removed to obtain faith-
ful representations (Subsection F.2). Second, it al-
lows us to construct a (nontrivial) faithful representa-
tion directly from the independence model (Section 3).
Third, we will reformulate these conditions slightly to
see that they correspond to different notions of faith-
fulness (Section 4).

Proposition 2.2. The independence model I(D) is
transitively closed with respect to the graph D.
Proposition 2.3. Let I1 ⊆ I2. If I2 is transitively
closed with respect to D, then I1 is transitively closed
with respect to D.

3 CHARACTERIZATION OF
FAITHFULNESS

Definition 2.1 gives a characterization of faithfulness
as described in the next theorem.

Theorem 3.1. An independence model I is transi-
tively closed with respect to a graph D if and only if I
is faithful with respect to D.

The above characterizes the set of graphs, D, that
are faithful with respect to the independence model
I. However, the conditions in Definition 2.1 use both
I and I(D), and it is therefore not immediately clear
how to construct these graphs if we only have access
to the independence model I. The next definition de-
fines a graph from an independence model, I, only,
and Theorem 3.3 proves that I in fact is faithful with
respect to the graph that we obtain from the defini-
tion.

Definition 3.2 (Edge-transitive graph). Let I be an
independence model over V . We define a graph FI =
(V,EI) by including the edge α→ β, α, β ∈ V , α ̸= β,
if and only if E0-E3 hold for all C.

E0 if α /∈ C, then (α, β, C) /∈ I,
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E1 if α /∈ C, then for all γ:
(γ, α, C) /∈ I ⇒ (γ, β, C) /∈ I,

E2 if α /∈ C, β ∈ C, then for all γ, δ:
(γ, β, C) /∈ I, (α, δ, C) /∈ I ⇒ (γ, δ, C) /∈ I,

E3 if α /∈ C, then for all γ:
(α, γ, C) /∈ I ⇒ (β, γ, C) /∈ I.

For an independence model, I, we say that FI defined
above is the edge-transitive graph corresponding to I.

Theorem 3.3. The independence model I is faithful
with respect to FI .

We say that an independence model, I, is graphical if
there exists a graphD such that I = I(D). The follow-
ing proposition simply states that if the independence
model is Markov and faithful with respect to a graph,
i.e., is graphical, then FI as defined in Definition 3.2
is equal to D.
Proposition 3.4. Assume I is graphical, that is, I =
I(D) for a graph D. In this case, FI = D.

Any independence model is faithful with respect to the
empty graph, and it is useful to introduce the concept
of maximal faithfulness. We say that I is maximally
faithful with respect to D if it is faithful with respect
to D and it is not faithful with respect to any proper
supergraph of D.

4 WEAKER NOTIONS OF
FAITHFULNESS

The Markov condition holds under fairly general as-
sumptions, however, some version of a faithfulness-like
assumption is needed for structure learning. It is possi-
ble to define such notions that are weaker than faithful-
ness, yet useful in the context of structure learning. In
DAG-based models, Zhang and Spirtes (2008); Ram-
sey et al. (2006) study such notions, and Lam et al.
(2022); Andrews et al. (2023) discuss how to weaken
the faithfulness assumption in permutation algorithms
for causal discovery. In local independence models,
Mogensen (2020a) gives the following definition.

Definition 4.1 (Ancestor faithfulness, Mogensen
(2020a)). We say that I is ancestor faithful with re-
spect to D if, for all A,B, and C, the existence of a
directed and µ-connecting path from α ∈ A to β ∈ B
given C implies (A,B,C) /∈ I.

The following is a weaker notion than that of ancestor
faithfulness.

Definition 4.2 (Parent faithfulness). We say that I
is parent faithful with respect to D if, for all A,B,

and C, the existence of a directed edge α → β such
that α ∈ A \ C and β ∈ B implies (A,B,C) /∈ I.

We say that β is inseparable from α if there is no
C ⊆ V \ {α} such that (α, β, C) ∈ I(D). Parent faith-
fulness can be seen as an analogue of adjacency faith-
fulness in DAG-based models: In a DAG, nodes are
inseparable if and only if they are adjacent. In a local
independence graph, a node β is inseparable from a
node α if and only if the edge α → β is in the graph.
One should note that the notion of inseparability is
symmetric in DAGs, but asymmetric in local indepen-
dence graphs. This means that in a local independence
graph, α need not be inseparable from β even if β is
inseparable from α.

In cases where faithfulness is not violated, there may
still be near-violations of faithfulness. In this setting,
learning methods that only assume weaker notions of
faithfulness may show better performance (Ramsey
et al., 2006; Zhalama et al., 2017).

We define an even weaker faithfulness-like assumption.

Definition 4.3 (Parent dependence). We say that I
satisfies parent dependence with respect to D, if α→ β
implies (α, β, β) /∈ I for all α ̸= β.

Example 4.4. This example is a continuation of Ex-
ample 1.8. We consider again the graph D in Figure 2,
and we let I = I(D) ∪ {({1}, {4}, ∅), ({1}, {4}, {4})}.
As argued in Example 1.8, I is not faithful with respect
to D as the walk 1→ 2→ 4 is µ-connecting from 1 to
4 given {4}.

The walk 1→ 2→ 4 in Figure 2 is a directed path and
it is µ-connecting from 1 to 4 given {4}. This means
that I is not ancestor faithful with respect to D.

On the other hand, we see that I is parent faithful with
respect to D. Let A,B,C ⊆ V , and assume that α→ β
where α ∈ A \ C and β ∈ B. In this case, B is not
µ-separated from A given C. Moreover, A = {1} and
B = {4} cannot both be true as 1 is not a parent of 4.

4.1 Causal Minimality

Faithfulness, and similar assumptions, are common for
structure learning. In the context, of local indepen-
dence there is a far weaker notion which is in fact suf-
ficient for structure learning.

The concept of a maximally faithful graph is essen-
tially dual to the concept of causal minimality. We
say that I is causally minimal with respect to D if it
is Markov with respect to D and there is no proper
subgraph of D, D′, such that I is Markov with respect
to D′. (Peters et al., 2017). In symbols, I(D) ⊆ I and
there is no D0 ⊊ D such that I(D0) ⊆ I. Causal mini-
mality is also known as minimal Markovness (Sadeghi,
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2017).

Proposition 4.5. Let I be an independence model
and D be a graph. If I is faithful with respect to D,
then it is ancestor faithful with respect to D. If I is
ancestor faithful with respect to D, then it is parent
faithful with respect to D. If I is parent faithful and
Markov with respect to D, then I is causally minimal
with respect to D.

The above describes a hierarchy of faithfulness as-
sumptions for local independence graphs. Local inde-
pendence is not symmetric, i.e., (A,B,C) ∈ I does not
imply (B,A,C) ∈ I, and therefore µ-separation is also
not symmetric. On the other hand, Lam (2023) de-
scribes a hierarchy of faithfulness assumptions in con-
ditional independence models, and that hierarchy is
different from the above. This is quite natural as con-
ditional independence and d-separation are symmetric
ternary independence relations.

Definition 3.2 allows us to construct a faithful graph
from an independence model (Theorem 3.3). We can
also directly construct a causally minimal graph. For
an independence model, I, we define a graph, DI , such
that α → β is in DI if and only if (α, β, V \ {α}) /∈ I
and we say that DI is the induced local independence
graph corresponding to I.
Proposition 4.6 (Mogensen (2020b)). Assume equiv-
alence of pairwise and global Markov properties. The
induced local independence graph corresponding to I,
DI , is causally minimal with respect to I.
Proposition 4.7. The graph DI is the only causally
minimal graph with respect to I.

In other words, assuming the equivalence of pairwise
and global Markov properties, I is causally minimal
with respect to D if and only if α→ β is in D exactly
when (α, β, V \ {α}) /∈ I.

Theorem C.1 argues that violations of faithfulness are
detectable with infinite data under Markov and causal
minimality assumptions on D and I in the sense that
there is no other graph, D′, such that I is Markov and
faithful with respect to D′ (see Appendix C for further
explanation).

The next proposition uses asymmetric graphoid prop-
erties that hold in local independence models, see, e.g.,
Didelez (2006); Mogensen et al. (2018) and Appendix
B.

Proposition 4.8. Assume I is causally minimal with
respect to D. If α /∈ paD(β), α ̸= β, and paD(β) ⊆
C, then (α, β, C) ∈ I. Assume that I satisfies left
weak union, left decomposition, and left contraction,
that we have equivalence of pairwise and global Markov
properties, α ∈ paD(β), α ̸= β, and that paD(β) \
{α} ⊆ C. In this case, (α, β, C) /∈ I.

4.2 Hierarchy of Faithfulness Assumptions

In this subsection, we rewrite the conditions in Defini-
tion 2.1 to illustrate how they correspond to different
faithfulness assumptions. We first define the notion of
trek faithfulness.

Definition 4.9 (Trek faithfulness). We say that a
walk is a trek if it has no colliders. We say that I
is trek faithful with respect to D, if for all A, B, and
C, the existence of a µ-connecting trek from A to B
given C implies (A,B,C) /∈ I.

It is immediate that faithfulness implies trek faithful-
ness, and that trek faithfulness implies ancestor faith-
fulness, noting that a directed walk is also a trek.

Lemma 4.10 reformulates the conditions from Defini-
tion 2.1 to provide an equivalent set of conditions.
These conditions correspond to the hierarchical na-
ture of the faithfulness conditions: D0 is equivalent
to parent faithfulness, the combination of D0 and D1’
is equivalent to ancestor faithfulness, and the combi-
nation of D0, D1’, and D3’ is equivalent to trek faith-
fulness. The combination of D0, D1’, D2, and D3’ is
equivalent to faithfulness. This is the content of The-
orem 4.11.

Lemma 4.10. For an edge α → β and a set C, we
define the following conditions.

D1’ If there is a directed path which is µ-connecting
from γ to α given C in D, then (γ, β, C) /∈ I.

D3’ If there is a trek which is µ-connecting from α to
γ given C in D, then (β, γ, C) /∈ I.

An independence model I and a graph D satisfy D0,
D1, D2, and D3 for every edge in D and set C if and
only if they satisfy D0, D1’, D2, and D3’ for every
edge in D and set C.

Theorem 4.11. Let I be an independence model
which satisfies left and right decomposition, and let D
be a graph.

• Condition D0 holds for all edges α→ β in D and
sets C if and only if I is parent faithful with re-
spect to D.

• Conditions D0 and D1’ hold for all edges α → β
in D and sets C if and only if I is ancestor faithful
with respect to D.

• Conditions D0, D1’, and D3’ hold for all edges
α → β in D and sets C if and only if I is trek
faithful with respect to D.
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5 STRUCTURE LEARNING

In graphical structure learning, the task is to recover
a graphical representation from tests of local indepen-
dence. In this section, we describe how the above
theory relates to structure learning algorithms. It is
common to assume faithfulness in the context of struc-
ture learning, see, e.g., Meek (2014); Mogensen et al.
(2018); Absar and Zhang (2021) for examples in struc-
ture learning based on local independence/Granger
noncausality. Mogensen (2020a) uses a weaker notion
of faithfulness.

We assume causal sufficiency except in Appendix G
where we describe some results assuming only partial
observation. As is common in the literature, we will at
times assume that we have access to an independence
oracle, i.e., instead of inputting, e.g., p-values from
tests of local independence, our algorithm simply has
access to the actual independence model and therefore
always gets the right answer to an independence query.
This is mostly done to separate algorithmic issues from
testing issues. In practical applications of the learning
algorithms, the test (α, β, C) ∈ I is replaced by a p-
value and a significance threshold.

5.1 Comparison with DAG-based Models

There is a large literature on learning causal graphs
based on tests of conditional independence (see Spirtes
and Zhang (2018) and references therein). One ex-
ample of an algorithm is the PC-algorithm (Spirtes
et al., 2001). In the adjacency phase of this algorithm,
larger and larger conditioning sets are used to look
for separating sets. One motivation is to use tests
with small conditioning sets to achieve larger power of
the statistical tests (Spirtes and Zhang, 2018). Meek
(2014) and Absar and Zhang (2021) proceed by check-
ing larger and larger sets of potential separating sets
and remove an edge when one is found, essentially us-
ing this basic idea of the PC-algorithm in the stochas-
tic process-setting. However, there are a number of
important differences between constraint-based learn-
ing in DAG-based models and constraint-based learn-
ing in stochastic process models. First, in the case,
of DAG-based model several graphs may encode the
same conditional independences. On the other hand,
for fully observed stochastic processes and under quite
general assumptions the causal graph is actually iden-
tified from the local independence model (see Section
5.4) in the sense that the Markov equivalence class of a
directed graph is a singleton when using µ-separation.
In the case of partial observation, this is no longer
true and Mogensen and Hansen (2020) characterize the
Markov equivalence classes of directed mixed graphs
that represent partially observed local independence

graphs. Second, the set V \ {α} µ-separates β from
α if and only if α → β is not in the graph. For this,
we do not need to know the graph and essentially this
means that we can construct a separating set, if one
exists, without any knowledge of the graph.

5.2 The CA-algorithm

We briefly describe the CA-algorithm from Meek
(2014). This is also similar to the algorithm in Ab-
sar and Zhang (2021). In this algorithm, for each or-
dered pair (α, β), larger and larger conditioning sets
are tried to find a separating set, i.e., a set, C, such
that (α, β, C) ∈ I. This is similar to the classical PC-
algorithm for DAGs (Spirtes et al., 2001). The details
of the algorithm can be found in Meek (2014).

5.3 The CS-algorithm

The CS-algorithm (causal screening) was introduced
in Mogensen (2020a) as a fast screening approach for
partially observed systems. In its first step, it tests
(α, β, β) ∈ I for all ordered pairs (α, β). In its second
step, it tests (α, β, paD1

(β) \ {α}) ∈ I when α→ β is
in D1 where D1 is a subgraph of the output from the
first step. The idea is to use a superset of the actual
parent set of β as a conditioning set.

Proposition 5.1. In the oracle case, the CS-
algorithm (Algorithm 1) outputs the true graph under
Markov and parent faithfulness assumptions.

Proof. If α→ β is not in the true graph, then it is also
not in the output (Proposition 2 in the supplementary
material of (Mogensen, 2020a)). If is in the true graph,
then parent faithfulness implies that it is also in the
output.

Proposition 5.2. Assume causal sufficiency, left
weak union, left decomposition, and left contraction
of I, and equivalence of pairwise and global Markov
properties. If I is causally minimal with respect to D
and satisfies parent dependence with respect to D, then
causal screening outputs D in the oracle setting.

Many other algorithms will only be correct in the ora-
cle case under stronger assumptions, one reason being
that they test more ‘small’ sets which may lead to a
faulty edge removal due to a violation of faithfulness.

5.4 Learning with Minimal Assumptions

If we take the Markov property for granted, the four
conditions outlined above, faithfulness, ancestor faith-
fulness, parent faithfulness, and causal minimality, are
in this list ordered from strongest to weakest. In this
subsection, we assume the weakest condition, that of
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Algorithm 1: Causal screening algorithm (CS)

input : I over V such that |V | = n
for β ∈ V do

for α ∈ V \ {α} do
if (α, β, β) ∈ I then

E ← E \ {α→ β};
D ← (V,E);

end

end

end
for β ∈ V do

for α ∈ paD(β) do
if (α, β, paD(β) \ {α}) ∈ I then

E ← E \ {α→ β};
D ← (V,E);

end

end

end
Dcs ← D;
output: Dcs

causal minimality, to discuss how structure learning
can be achieved with this minimal assumption.

Under Markov and causal minimality assumptions, the
induced local independence graph, DI , equals the true
graph (in the oracle case): Let D be the true graph
such that D and I are causally minimal. The graph
DI satisfies the pairwise Markov property by defini-
tion. Under equivalence of pairwise and global Markov
properties, we have that DI is Markov with respect
to D. If e is in DI , then (α, β, V \ {α}) /∈ I. Us-
ing Markovness, e must be in D as well, so DI ⊆ D.
If e is not in DI , then e also not in D due to causal
minimality. The CM-algorithm (Causal Minimality) is
the algorithm which outputs a graph, Dcm, such that
α→Dcm

β if and only if (α, β, V \ {α}) /∈ I.

However, the above may not be practical if there are
many coordinates processes as this may require very
large conditioning sets, V \ {α}, and therefore tests
with poor performance. On the other hand, it avoids
many tests, all of which have a risk of faithfulness vi-
olations, or near-violations, which leads to worse out-
put. These observations may motivate the use of the
CS-algorithm in Subsection 5.3.

If we instead test all subsets, and include α→ β if and
only if there is no separating set, we obtain a subgraph
of the true graph, only assuming Markovness (see de-
tails in Algorithm 2 in Appendix E). This algorithm
is a local independence version of the SGS algorithm
(Spirtes et al., 2001). If we assume that there are at
most k parents, we test all subsets of size at most k.
This also returns a subgraph of the true graph under

the Markov assumption. Appendix E defines this al-
gorithm and gives states this result formally.

5.5 Learning and Faithfulness

The previous section describes general structure learn-
ing algorithms. Appendix F connects structure learn-
ing with the faithfulness results in the previous sec-
tions. In Subsection F.1, we consider the edge-
transitive graph. In Subsection F.2, we argue that one
may trim the output of a learning algorithm to obtain
a faithful representation.

6 NUMERICAL EXAMPLES

We compare the algorithms to investigate their prop-
erties when using actual data.1 We repeatedly gen-
erated a true graph, D = (V,E), and observations
from a corresponding VAR(1)-process. Using tests
of Granger causality, we computed an output graph,
Da = (V,Ea) for each algorithm a. We computed the
surplus edges, Ea\E, the missing edges E\Ea, and the
difference, (Ea \E) ∪ (E \Ea) between D and Da. In
Figure 3, we report the mean number of surplus edges,
the mean number of missing edges, and the mean of
|(Ea \ E) ∪ (E \ Ea)| for each algorithm a, and for
different values of significance threshold and n = |V |.
More details are in Section H.

The dSGS algorithm is seen to have the lowest num-
ber of surplus edges which is not surprising as it tests
every possible set and removes the edge if any test is
nonsignificant. We also know from Proposition E.1
that, in the oracle case, it outputs a subgraph of the
true graph under minimal assumptions.

We observe that the CM-algorithm, simply using a
single test for each ordered pair (α, β) does surpris-
ingly well, e.g., in comparison with the CA-algorithm.
An important point is the fact that using more tests
increase the risk of making errors due to faithfulness
violations or near-violations. It is essential that, in
this context, the set V \ {α} always separated β from
α if such separation is possible, and this can be tested
with no prior knowledge of the graph. For this reason,
testing smaller conditioning sets is not needed, at least
for n of moderate size.

A key weakness of the CM-algorithm is, of course, the
fact that it uses large conditioning sets for large values
of n and such tests are expected to have low power.
As a remedy, one may use the CS-algorithm which
tries to reduce the set of potential parents. We see
that the CS- and CM-algorithms have similar perfor-

1Code can be found at https://github.com/
soerenwengel/faithfulLIGsCode

https://github.com/soerenwengel/faithfulLIGsCode
https://github.com/soerenwengel/faithfulLIGsCode
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Figure 3: Comparison of algorithms. Points indicate mean over M = 100 repetitions. Red circles indicate mean
difference between true graph and output graph. Green triangles indicate mean number of surplus edges, and
blue squares indicate mean number of missing edges. Section 6 explains this experiment in more detail.

mances, and the CS-algorithm may be viable alterna-
tive for large values of n.

Appendix G provides additional results in the case of
partial observation.

7 DISCUSSION

Constraint-based learning in stochastic processes is
still lacking some of the tools that are available for
constraint-based learning from random vectors. This
paper studies notions of faithfulness and discusses dif-
ferences between the two frameworks, e.g., the fact
that starting from small conditioning sets may not al-
ways be preferable in the stochastic process-setting.

The use of score-based methods, or methods that ag-
gregate the information across edges, is an interesting
topic for future research.
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A LINEAR HAWKES PROCESSES

Example A.1 (Linear Hawkes process). Linear Hawkes processes are a class of point processes. A (multivariate)
point process, Xt = (X1

t , . . . , X
n
t ), consists of a set of events, (t, α), such that t is a time point and α ∈ V =

{1, 2, . . . , n} is a coordinate process. Point processes may be described using the conditional intensity which we
will denote λt = (λ1t , . . . , λ

n
t ). It holds that

λβt =
1

h
lim
h↓0

P (there is a β-event in (t, t+ h] | FV
t ),

and λβt can therefore be interpreted as describing how likely it is to observe a β-event in the immediate future
given the past of the process. A point process is a linear Hawkes process if for all β

λβt = µβ +
∑
α∈V

∑
(s,α):s<t

fβα(t− s)

where µβ is a nonnegative constant, fβα is a nonnegative function, and the sum is over all events of type α until
time t. In this example, the λ-process in Definition 1.1 can be chosen as the conditional intensity.

When the function fβα is zero there is no direct dependence of λβt on the past of the α-process. We construct a
graph with nodes V = {1, 2, . . . , n} such that for α, β ∈ V , we include α → β if and only fβα ̸= 0. This graph
encodes a set of local independences as described by the global Markov property (Definition 1.6). When the graph
is unknown, we can use tests of local independence to learn about the graph. We will say that the graph defined
above is the causal graph, see also Subsection 1.6.1.
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B ASYMMETRIC GRAPHOIDS

Graphoid properties are often used in the context of graphical models of random variables (Lauritzen, 1996).
Analogously, asymmetric graphoid properties may be defined (Didelez, 2006; Mogensen et al., 2018). These have
left and right versions as symmetry, (A,B,C) ∈ I ⇒ (B,A,C) ∈ I, is not assumed.

Definition B.1 (Asymmetric graphoid properties). Let I be an independence model over V . We say that I
satisfies left decomposition if

(A,B,C) ∈ I ⇒ (D,B,C) ∈ I whenever D ⊆ A.

We say that I satisfies right decomposition if

(A,B,C) ∈ I ⇒ (A,D,C) ∈ I whenever D ⊆ B.

We say that I satisfies left weak union if

(A,B,C) ∈ I ⇒ (A,B,C ∪D) ∈ I whenever D ⊆ A.

We say that I satisfies left contraction if

(A,B,C) ∈ I, (D,B,A ∪ C) ∈ I ⇒ (A ∪D,B,C) ∈ I.

The following is similar to results in Didelez (2006) and Mogensen et al. (2018).

Proposition B.2. Let I be a local independence model, or a Granger causality model, i.e., an independence
model constructed using Definition 1.1 or Definition 1.2. The independence model I satisfies left and right
decomposition.

Proof. Left and right decomposition follow immediately from the definitions.

C DETECTION OF FAITHFULNESS VIOLATIONS

Assume that I is not faithful with respect to the causal graph D. We say that a failure of faithfulness is detectable
if there is no other graph, D′, such that I = I(D′), i.e., no other graph, D′, such that I is Markov and faithful
with respect to D′ (Zhang and Spirtes, 2008). Detectability implies that we, in principle and for infinite data,
will realize that the independence model we are observing is not graphical.

Theorem C.1. If we assume Markovness and causal minimality, and the faithfulness assumption fails, then the
failure is detectable.

Proof. Assume that I(D) ⊊ I. If the failure is undetectable, there exists D′ such that I(D′) = I. In this case,
I(D) ⊊ I(D′). Proposition C.2 gives D′ ⊆ D, and therefore D′ ⊊ D. However, this is a violation of causal
minimality. Alternatively, this follows also from uniqueness in Proposition 4.7.

Proposition C.2. Let D1 = (V,E1) and D2 = (V,E2) be directed graphs. If I(D1) ⊆ I(D2), then D2 ⊆ D1.

Proof. Let α→ β be an edge which is not in D1. In this case, (α, β, paD1
(β)) ∈ I(D1) and paD1

(β) ⊆ V \ {α}.
Therefore, (α, β, paD1

(β)) ∈ I(D2), and α→ β is not in D2 as α /∈ paD1
(β).
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D EDGE ORDER

We define the order of the pair (α, β).

Definition D.1 (Order of an ordered pair of nodes). Let D = (V,E) be a directed graph, and α, β ∈ V , α ̸= β.
The order of (α, β) relative to D is inf{|C| : (α, β, C) ∈ I(D), C ⊆ V \ {α}}, and we denote this by o(α, β,D).

By convention o(α, β,D) = ∞ if and only if there is no set C ⊆ V \ {α} such that (α, β, C) ∈ I(D). The order
of a graph, D = (V,E), is the largest, finite order o(α, β,D) if such a finite order exists.

Proposition D.2. If o(α, β,G) <∞, then o(α, β,G) ≤ |paD(β)|

Proof. If o(α, β,G) < ∞, then α → β is not in D, and therefore β is µ-separated from α given paD(β) ⊆
V \ {α}.

E THE dSGS-ALGORITHM

Algorithm 2: Dynamical SGS (dSGS)

input : I over V such that |V | = n, and k such that 0 ≤ k ≤ n− 1
i← 0;
for i = 0, 1, . . . , k do

for β ∈ V do
for α ∈ V \ {β} do

for C ⊆ V \ {α} : |C| = k do
if (α, β, C) ∈ I then

E ← E \ {α→ β};
D ← (V,E);

end

end

end

end

end
Dsgs ← D;
output: Dsgs

The following result uses only the Markov assumption. This is analogous to the SGS-algorithm for DAGs (Spirtes
et al., 2001). The order of a graph is defined in Appendix D.

Proposition E.1. Assume that D is of order less than or equal to m, and that I is Markov with respect to D.
In the oracle case, the output of Algorithm 2 (dSGS), using k = m as the integer parameter, is a subgraph of D.

Proof. Assume α→ β is not D. In this case, (α, β, paD(β)) ∈ I(D), α /∈ paD(β). We have o(α, β,D) <∞, and
therefore o(α, β,D) ≤ m by assumption. There exists a C, |C| ≤ m, and C ⊆ V \{α} such that (α, β, C) ∈ I(D).
Using the Markov property, (α, β, C) ∈ I. In the oracle case, this edge is therefore removed using the set C, and
α→ β is not in Dsgs.

F LEARNING AND FAITHFULNESS

In this section, we relate the contents of Section 3 to structure learning.

F.1 Learning the Edge-Transitive Graph

From a collection of test results, i.e., an empirical independence model, we may output the corresponding edge-
transitive graph. This graph is defined for any independence model and Algorithm 3 (for k = n) therefore
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outputs a graph which is faithful to the observed test results, regardless of whether there are statistical errors in
the test results.

We say that I is k-faithful with respect to D if for all C such that |C| ≤ k

(A,B,C) ∈ I ⇒ (A,B,C) ∈ I(D).

One should note that n-faithfulness, and (n−1)-faithfulness, is the same as faithfulness. The idea of k-faithfulness
is similar in nature to Mogensen (2023) which defines a weak notion of Markov equivalence by restricting the
size of the conditioning sets.

Algorithm 3: Edge-Transitive Graph

input : I over V such that |V | = n, and k such that 0 ≤ k ≤ n− 1
i← 0;
D is the complete graph on nodes V ;
for i = 0, 1, . . . , k do

for β ∈ V do
for α ∈ V \ {β} do

for C ⊆ V \ {α} : |C| = k do
if E0, E1, E2, or E3 is violated then

E ← E \ {α→ β};
D ← (V,E);

end

end

end

end

end
output: D

The next proposition follows immediately from the proof of Theorem 3.3.

Proposition F.1. The output of Algorithm 3 is k-faithful.

F.2 Trimming the Output of a Learning Algorithm

Constraint-based learning algorithms proceed by testing a number of conditional independences. These tests
results may be reused to check conditions D0, D1, D2, and D3, and remove any edges that are in violation.

Algorithm 4: Trimming

input : I over V such that |V | = n, and a graph D = (V,E)
for β ∈ V do

for α ∈ V \ {β} do
for C ⊆ V \ {α} do

if D0, D1, D2, or D3 is violated then
E ← E \ {α→ β};
D ← (V,E);

end

end

end

end
Dtr ← D;
output: Dtr
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Proposition F.2. The independence model I (input in Algorithm 4) is faithful with respect to D (output in
Algorithm 4).

A constraint-based learning algorithm need not test all possible independences. If we let I be an ‘empirical’
independence model, i.e., a set of local independences that are believed to hold/not hold based on statistical
tests, we may not have access to the entire I after running a learning algorithm. In that case, the trimming
would need to be restricted to the observed part of I.

Proof. Let Dtr be the output of Algorithm 4. If α → β is in Dtr, then this edges satisfies the conditions in
Definition 2.1 for some graph Di such that Dtr ⊆ Di ⊆ D. Therefore, the conditions are also satisfied for Dtr,
and by Theorem 3.1, I is faithful with respect to Dtr.

G PARTIAL OBSERVATION

In this section, we will turn our attention to the setting where we only assume partial observation. We will assume
that there exists an underlying causal graph, D = (V,E), however, we only observe the coordinate processes in
the set O, O ⊆ V . In this case, one can use a so-called latent projection to compute a directed mixed graph,
G, such that I(G) = I(D)O where I(D)O = {(A,B,C) ∈ I(D) : A,B,C ⊆ O} (Mogensen and Hansen, 2020).
A directed mixed graph may have both directed, →, and bidirected edges, ↔. In case of partial observation,
we only have access to IO = {(A,B,C) ∈ I : A,B,C ⊆ O} as we can only test local independence among the
observed coordinate processes. It is important to note that the partial observation in this paper refers to the
fact that some coordinate processes are fully unobserved.

A first observation is the fact that the corresponding induced local independence graph, DIO , may still be
useful, even if its interpretation is slightly different. Assuming the equivalence of pairwise and global Markov
properties, we still have I(DIO ) ⊆ IO such that µ-separation in the induced local indepedence graph implies
local independence.

Proposition G.1. Let D = (V,E), and let G = (O,E) be the latent projection of G over O, O ⊆ V . If I is
faithful (ancestor faithful) with respect to D, then IO is faithful (ancestor faithful) with respect to G.

Proof. If I is faithful with respect to D, then IO is clearly faithful with respect to G using the fact that
I(G) = I(D)O.

Assume I is ancestor faithful with respect to D. If there is a directed path from A to B in G which is µ-connecting
given C, then there is also a directed path from A to B in D which is µ-connecting given C, and we see that
(A,B,C) /∈ IO.

On the other hand,´parent faithfulness or causal minimality of I and D is not inherited by IO and G in this way.

Note that the next proposition does not assume causal sufficiency.

Proposition G.2 (Mogensen (2020a)). Assume ancestor faithfulness of I with respect to D. If α → β is not
in the output of the CS-algorithm (in the oracle case), then α → β is not in the latent projection of the causal
graph, G.

The edge α→ β, α ̸= β, is in the latent projection of D if and only if there is a directed path from α to β in D
such that all nonendpoint nodes are unobserved, i.e., not in O.

H SIMULATIONS

We generated data from a VAR(1)-process in the following way. We first generated a graph by sampling a
parameter, a, from a uniform distribution on the interval [0, 0.5], and then we sampled edges independently
using a as the success parameter. Given the graphical structure, we sampled the nonzero regression parameters
independently and uniformly on [−1, 1]. We kept sampling until the result was a stable VAR(1)-process. We
sampled data from this VAR(1)-process (100 observed time points). We repeated the entire procedure M times
(see Figures 3 and 4).
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Figure 4: Comparison of algorithms in the case of partial observation (five coordinate processes, n = 5). Points
indicate mean over M = 50 repetitions (see caption of Figure 3 for a description of the symbols). Subsection
H.1 provides more details.

The simulations were implemented in R and we used the Granger causality test´in the FIAR package
(condGranger). Code is available along with this paper.

H.1 Partial Observation

We also compare the algorithms in the case of partial observation (Appendix G), also including the dFCI-
algorithm from Mogensen et al. (2018). This algorithm is the only algorithm of the five in Figure 4 which is
sound and complete in the case of partial observation, i.e., outputs the true graph in the oracle case. In the case
of partial observation, the learning target is the greatest element of the Markov equivalence class of the true
graph (Mogensen and Hansen, 2020) as the true graph itself is not necessarily identifiable from tests of local
independence. We compare the output of the learning algorithms only to the directed part of the learning target,
i.e., we ignore bidirected edges in the learning target.

For this experiment, we sampled the number of unobserved nodes uniformly on {0, 1, . . . , n}. The true (and fully
observed) graph was then sampled as in Figure 3 (see above description). We marginalized the graph using the
latent projection and computed the greatest element of the Markov equivalence class of the latent projection.

As seen from Figure 4, the dFCI does not fare better than the simpler algorithms. Most likely this is due to the
fact that it uses a large number of tests and makes decisions sequentially based on these test results. This may
lead to propagation of statistical errors.

H.2 Number of Tests

Of the algorithms reported, only the CA-, the CS-, and the dFCI-algorithms are ‘adaptive’ in the sense that
they use different numbers of tests depending on the test results. The dSGS-algorithm uses all possible tests,
the CM-algorithm uses a single test for each ordered pair of nodes, and the CS-algorithm uses at most two
tests for each ordered pair of nodes. In the experiment reported in Figure 3, the number of tests used by the
CA-algorithm was in the ranges 20− 142 (n = 5), 45− 621 (n = 7), and 79− 1509 (n = 9), respectively.

I PROOFS

Proof of Proposition 2.2. We should show that the conditions D0-D3 in Definition 2.1 hold for every C ⊆ V
when I = I(D). D0 holds as α → β is µ-connecting for all C such that α /∈ C. In D1, if (γ, α, C) /∈ I(D),
then there is a µ-connecting walk from γ to α given C, and if α /∈ C, then the composition of this walk with the
edge α→ β is µ-connecting from γ to β given C. Conditions D2 and D3 follow similarly. This is clear from the
definition of µ-separation.

Lemma I.1 (Mogensen and Hansen (2020)). If there is a µ-connecting walk from α to β given C, then there is
a µ-connecting walk from α to β given C such that all colliders are in C.
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Proof of Proposition 2.3. Assume α → β is in D. If α /∈ C, then (α, β, C) /∈ I2, and therefore (α, β, C) /∈ I1.
The other conditions follow similarly using the fact that I1 ⊆ I2.

We use the notation α ∼ β to indicate an edge, α→ β or α← β, between nodes α and β.

Proof of Theorem 3.1. Assume first that D is transitively closed with respect to I, and assume (A,B,C) /∈ I(G).
Let ω̃ be a µ-connecting walk from γ ∈ A to δ ∈ B given C. We can find a walk, ω, which is µ-connecting from
γ to δ given C such that all colliders on ω are in C (Proposition I.1). If ω has length 1, then γ → δ, γ /∈ C,
and from D0 we have (γ, δ, C) /∈ I. Otherwise, the walk has a nonendpoint node, ε, γ ∼ . . . ∼ ε → δ, and ω is
of one of the three types in Lemma I.2. If it is of type 1, then there is a µ-connecting walk from γ to ε given
C and ε /∈ C as ω is µ-connecting. D1 gives that (γ, δ, C) /∈ I. If ω is of type 2, there is an edge α → β on ω
such that β is in C (all colliders on ω are in C), α /∈ C, the subwalk from γ to β is µ-connecting given C, and
the subwalk from α to δ is µ-connecting given C. D2 gives that (γ, δ, C) /∈ I. If ω is of type 3, there must be
a head at γ, γ ← α ← . . . ← ε → δ. The subwalk from α to δ is µ-connecting given C as α /∈ C, and D3 gives
that (γ, δ, C) /∈ I. This means that in each case (γ, δ, C) /∈ I. From the left and right decomposition properties
of local independence, this means that (A,B,C) /∈ I. Note that the right decomposition property is immediate
from the definition of local independence/Granger noncausality that we use (see also Section B).

Assume now that I is faithful with respect to D, that is, I ⊆ I(D). Proposition 2.2 gives that I(D) is transitively
closed with respect to D, and Proposition 2.3 gives that I is transitively closed with respect to D.

For convenience, we say that a µ-connecting walk of length strictly greater than 1 is of type 1 if α · · · → γ → β.
We say that it is of type 2 if α · · · ← γ → β and it contains a collider, and we say that it is of type 3 if
α · · · ← γ → β and it does not contain a collider. The following lemma helps clarify the contents of Definition
2.1: D0-D3 are essentially sufficient to characterize the µ-connecting walks.

Lemma I.2. Any µ-connecting walk of length strictly greater than 1 is of type 1, 2, or 3.

Proof. Let ω be a µ-connecting walk of length strictly greater than 1. In this case, there is a nonendpoint node,
γ, α ∼ . . . ∼ γ → β. The statement follows immediately from this.

The next corollary follows from Theorem 3.1 and the definition of faithfulness as I(D2) ⊆ I(D1) when D1 ⊆ D2.

Corollary I.3. Let D1 and D2 be graphs such that D1 ⊆ D2. If D2 is transitively closed with respect to I, then
D1 is transitively closed with respect to I.

Proof of Theorem 3.3. Assume (A,B,C) /∈ I(FI). In this case, there is a µ-connecting walk from α ∈ A to
β ∈ B given C. We can then also find a µ-connecting walk in FI from α ∈ A to β ∈ B given C such that all
colliders are in C (Proposition I.1). We show by induction on walk length that the existence of a µ-connecting
walk, ω, from γ to δ given C implies that (γ, δ, C) /∈ I, assuming that all colliders on ω are in C. If ω has length
1, then E0 gives the result. Assume now that it holds for all walks of lengths 1,2,. . . ,m− 1 and with all colliders
in C that µ-connectivity implies dependence. We consider a µ-connecting walk of length m. Assume this walk
is of type 1, say, γ ∼ . . . → ε → δ. The subwalk from γ to ε is µ-connecting given C and has length m − 1.
From the induction assumption, (γ, ε, C) /∈ I. As ε → β is in FI and ε /∈ C, we have that (γ, δ, C) /∈ I. If it
is of type 2, there is an edge α → β, a µ-connecting walk from γ to β ∈ C (all colliders on ω are in C), and a
µ-connecting walk from α /∈ C to δ given C such that the µ-connecting walks are both of length less than m− 1.
Using the induction hypothesis and E2, we have (γ, δ, C) /∈ I. Finally, if ω is of type 3, then it follows from
similar arguments and E3.

Proof of Proposition 3.4. We have I = I(D) for a graph D. If e is in D, then it follows from Proposition 2.2
that e is in FI by comparing Definitions 2.1 and 3.2 and using I = I(D). If e, say α→ β, is not in D, then there
exists a set C, α /∈ C, such that β is µ-separated from α given C in D, and (α, β, C) ∈ I(D) = I. Therefore, e
is not in FI using E0.

Proof of Proposition 4.5. The first two implications are obvious from the definitions.



Søren Wengel Mogensen

If I is Markov and parent faithful with respect to D, we can consider a proper subgraph D0 of D. There is some
edge which is in D, but not in D0, say α→ β, α ̸= β. Using parent faithfulness of I with respect to D, we have
(α, β, C) /∈ I for all C such that α /∈ C. We have (α, β, paD0

(β)) ∈ I(D0) and α /∈ paD0
(β) which means that I

is not Markov with respect to D0. Therefore, I is causally minimal with respect to D, and we conclude that the
combination of Markovness and parent faithfulness implies causal minimality.

Proof of Proposition 4.6. By definition of the induced local independence graph, I satisfies the pairwise Markov
property with respect to DI , and therefore I is Markov with respect to DI . Let D0 be a proper subgraph of DI ,
say α→ β, α ̸= β, is in D, but not in D0. In this case, (α, β, V \ {α}) ∈ I(D0) such that I(D0) ̸⊆ I.

Proof of Proposition 4.7. If α → β is not in D, then β is µ-separated from α given V \ {α}. If α → β is in
DI , then (α, β, V \ {α}) /∈ I and α → β must be in D if I(D) ⊆ I. Any causally minimal graph is therefore a
supergraph of DI . As DI is causally minimal it follows that DI is the only such graph.

Proof of Proposition 4.8. Any µ-connecting walk must have a head into β, and be of length at least 2, α ∼ . . . ∼
γ → β. We see that γ ∈ C, and therefore β is µ-separated from α given C. Using Markovness, (α, β, C) ∈ I.

Assume now that I satisfies left weak union, left decomposition, and left contraction. We have paD(β)\{α} ⊆ C,
and therefore (V \ paD(β), β, C ∪ {α}) ∈ I using the global Markov property and the above argument. If
(α, β, C) ∈ I, we use left contraction to obtain ({α} ∪ V \ paD(β), β, C) ∈ I. Using left weak union and left
decomposition we obtain (α, β, V \ {α}) ∈ I using that paD(β) ⊆ C. Using the equivalence of pairwise and
global Markov properties, we see that I is Markov with respect to the graph obtained by removing the edge
α→ β, and this is a violation of causal minimality.

Proof of Lemma 4.10. The conditions D1’ and D3’ are weaker than conditions D1 and D3, respectively, so one
direction is immediate. We assume that D0, D1’, D2, and D3’ hold for every edge and set C. To show that
D1 holds, assume there is a µ-connecting walk from γ to α given C, and we can choose this walk such that all
colliders are in C. If this walk is directed, then the result follows immediately. Otherwise, if there is no colliders
on the walk, it follows from D3’. If there is a collider, there is some edge on the walk which points towards γ, and
let ϕ→ ψ such that ψ is a collider. We see that the result follows from D2. Condition D3 is shown similarly.

Proof of Theorem 4.11. Assume that I is parent faithful with respect to D, and let α → β be an edge in D.
In this case, (α, β, C) /∈ I, α /∈ C, and D0 holds. On the other hand, assume that D0 holds. In this case
(α, β, C) /∈ I, α /∈ C, and it follows from left and right decomposition that (A,B,C) /∈ I for all A and B such
that α ∈ A and β ∈ B.

Assume that I is ancestor faithful with respect to D. In this case, they are also parent faithful, and D0 follows.
If there is a directed path from γ to α which is µ-connecting given C, α /∈ C, and α → β, then (γ, β, C) /∈ I
using ancestor faithfulness. On the other hand, assume that D0 and D1’ hold, and that there is a µ-connecting
walk from α to β given C, α /∈ C. If it has length one, then it follows from D0 that (α, β, C) /∈ I. Otherwise, it
has the form α→ . . .→ γ → β, and (α, β, C) /∈ I follows from D1’ since the subwalk from α to γ is µ-connecting
given C and γ /∈ C. It follows from left and right decomposition of I that (A,B,C) /∈ I for all A and B such
that α ∈ A and β ∈ B.

Assume that I is trek faithful with respect to D. It is also parent and ancestor faithful, and D0 and D1’ follow.
If α→ β and there is a µ-connecting trek from α to γ given C, then there is also a µ-connecting trek from β to
γ given C, and (α, β, C) /∈ I using trek faithfulness. Assume now that D0, D1’, and D3’ hold, and assume that
there is a µ-connecting trek from α to β given C. If the trek has length one, (α, β, C) /∈ I follows from D0. If it
is a directed walk, then (α, β, C) /∈ I follows from D1’. If it is not a directed walk, then it must have heads at
both endpoints such that α ← γ ∼ . . . → β. There is a µ-connecting trek from γ to β given C and using D3’
gives the result. Again, (A,B,C) /∈ I for all A and B such that α ∈ A and β ∈ B.

Proof of Proposition 5.2. Under parent dependence, the first step outputs a supergraph of the causal graph, D:
If α → β is in D, then (α, β, β) /∈ I, and this edge is not removed. Let D1 denote the output of the first step.
We have paD(β) ⊆ paD1

(β) for all β ∈ V . Proposition 4.8 implies that each iteration of the second step outputs
a supergraph of the causal graph and that the final output is the causal graph.
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