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Abstract

Estimating the parameters of ordinary differ-
ential equations (ODEs) is of fundamental
importance in many scientific applications.
While ODEs are typically approximated with
deterministic algorithms, new research on
probabilistic solvers indicates that they pro-
duce more reliable parameter estimates by
better accounting for numerical errors. How-
ever, many ODE systems are highly sensi-
tive to their parameter values. This pro-
duces deep local maxima in the likelihood
function — a problem which existing prob-
abilistic solvers have yet to resolve. Here
we present a novel probabilistic ODE likeli-
hood approximation, DALTON, which can
dramatically reduce parameter sensitivity by
learning from noisy ODE measurements in a
data-adaptive manner. Our approximation
scales linearly in both ODE variables and
time discretization points, and is applicable to
ODEs with both partially-unobserved compo-
nents and non-Gaussian measurement models.
Several examples demonstrate that DALTON
produces more accurate parameter estimates
via numerical optimization than existing prob-
abilistic ODE solvers, and even in some cases
than the exact ODE likelihood itself.

1 INTRODUCTION

Parameter estimation for ordinary differential equations
(ODEs) is an important statistical and machine learn-
ing problem in the natural sciences and engineering.
Typically this is accomplished via parameter searching
algorithms which repeatedly solve the ODE at succes-
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sive evaluations of the likelihood function. However,
many ODE systems are hypersensitive to their input
parameters, resulting in sharp local maxima in the
likelihood function from which parameter search algo-
rithms may fail to escape (Kohberger et al.l 1978 |Cao
et al., |2011; [Dass et al., 2017; Ma et al.l |2021; |Weber
et al., 2018)).

Since most ODEs do not have-closed form solutions,
they must be approximated by numerical methods.
While traditionally this has been done with deter-
ministic algorithms (e.g., Butcher} |2008} |Griffiths and
Higham| [2010} |Atkinson et al., 2009), a growing body of
work in probabilistic numerics (Diaconis, 1988} [Skilling}
1992; Hennig et al.| [2015)) indicates that probabilistic
ODE solvers, which directly account for uncertainty in
the numerical approximation, provide more reliable pa-
rameter estimates in ODE learning problems (Chkrebtii
et al.l 2016; |Conrad et al., |2017). In particular, prob-
abilistic solvers have the ability to condition on the
observed data to guide the ODE solution, which can
decrease sensitivity to model parameters (Chkrebtii
et al.l 2016; [Yang et al., [2021} |Schmidt et al.l |2021}
Tronarp et al |2022)). However, due to the increased
complexity relative to deterministic solvers, the poten-
tial for probabilistic ODE solvers to reduce parameter
hypersensitivity in a computationally efficient manner
has yet to be fully realized.

Contributions Here we present a novel data-
adaptive probabilistic ODE likelihood approximation
(DALTON) which attempts to bridge this gap. Sev-
eral examples will serve to illustrate the following key
features of DALTON:

e Scalability: Building on the Bayesian filtering
paradigm for probabilistic ODE solvers in [Tronarp
et al.| (2019) and subsequent computational devel-
opments in [Kramer et al.| (2022)), the DALTON
algorithm scales linearly with both the number of
time discretization points and the number of ODE
variables.

o Flezibility: DALTON can be applied to arbitrary



Data-Adaptive Probabilistic Likelihood Approximation for Ordinary Differential Equations

order ODEs with partially-observed components —
as can a number of related approximations (e.g.,
Schmidt et al.| 2021; [Yang et al.l [2021} [Tronarp
et al 2022)). Unlike these, however, DALTON
can also accommodate non-Gaussian measurement
models, the utility of which is demonstrated in
an application to infectious disease modeling (Sec-

tion .

e Robustness: DALTON is able to overcome deep
local modes in the ODE likelihood function that
existing probabilistic and deterministic solvers can-
not. This is demonstrated via insensitivity to ini-
tial values of a standard mode-finding algorithm
for Bayesian estimation of the parameters of both
oscillatory and chaotic ODE systems (examples
and , for which DALTON is shown to be more
reliable than using the true ODE likelihood itself.

2 BACKGROUND

DALTON is designed to solve arbirary-order multi-
variable ODE systems which satisfy an initial value
problem (IVP). For ease of presentation we focus on
first-order systems. The extension to higher-order prob-
lems is described in Appendix [A] For a multi-variable
function x(t) = (z1(t),...,z4(t)), a first-order ODE-
IVP is of the form

z(0) = v, €[0,71, (1)

where @(t) = Sx(t) is the first derivative of x(t),

F(z(t),t) = (f ; ,fd( (t),t)) is a nonlinear

(w t),t),...
function, and v = (vl, ) is the initial value of

x(t) at time t = 0.

Unlike deterministic solvers, DALTON employs a prob-
abilistic approach to solving based on a well-
established paradigm of Bayesian nonlinear filter-
ing (Tronarp et al.l [2019} |Schober et al.| [2019} |Schmidt,
et al |2021; Tronarp et al., |[2022). This approach con-
sists of putting a Gaussian Markov process on x(t) and
its first ¢ — 1 derivatives,

(1)), (2)

and updating X (¢) with information from the ODE-
IVP (1) at time points t = tg,...,ty, where t, =
n - At and At = T/N. Specifically, let X,, = X (¢,)
and consider the general indexing notation X,,., =
(X, -y Xy). If x(t) is the solution to 7 we would
have Z,, = @, — f(xn,t,) = 0. Based on this observa-
tion, Tronarp et al.| (2019) consider a state-space model
on X,, and Z,, of the form

X(t) = (x(t), d(t), ..., S

X1 | Xn ~ Normal(QX,,, R)

3
F(@n,tn), V), ¥

Z, ind Normal(&,, —

where @ = Q(At) and R = R(At) are determined
by the Gaussian Markov process prior on X (). The
specific Gaussian Markov process prior used in this
work is described in Appendix [B] The stochastic ODE
solution is then given by the posterior distribution
p(Xo.n | Zo.n = 0) resulting from model .

As N — oo and V — 0, the mode of the posterior
distribution p(Xo.n | Zo.n = 0) gets arbitrarily close
to the true ODE solution (Tronarp et al., [2021]). How-
ever, this posterior distribution cannot be sampled
from directly unless f(x(t),t) is a linear function. Al-
ternatives methods include Markov chain Monte Carlo
(MCMC) sampling (Yang et al., |2021) and particle
filtering (Tronarp et al., 2019). A less accurate but
ostensibly much faster approach is to linearize , re-
sulting in the working model

X1 | X ~ Normal(QX,,, R) @
) 4
Z, ind Normal(&,, + B, + an, Vi),

where V,, is a tuning parameter used to capture the
discrepancy between () and (3) w1th V = 0. The
benefit of the hnearlzed model (4)) is that it gives
an approximation to (i) the posterior distribution
p(Xo.n | Zo.ny = 0), and (ii) the marginal likelihood
p(Zo.y = 0) having linear complexity O(N) in the
number of time discretization points, using standard
Kalman filtering and smoothing techniques (Tronarp
et all [2019; Schober et al.l |2019). Many lineariza-
tion approaches can be found in [Tronarp et al.| (2019);
Kramer et al.| (2022 and different choices for V;, are
discussed in |Schober et al.| (2019); Kersting et al.
(2020b). Each determines the linearization parame-
ters (@, By, V,) at time t = ¢,, in terms of the mean
and variance of the Gaussian predictive distribution

plin(wn | Z():nfl - O) (5)

induced by the linearized working model up to time
t = t,_1. Perhaps the simplest of these linearization
schemes uses a zeroth-order Taylor approximation to
S (xn, tn) (Schober et al., |2019)), with

a, = f(/»l'n|n—1vtn)7 Bn

where pn,—1 = EinlTn | Zo:n—1 = 0]. It has been
shown that as N — oo, the mean and variance of the
forward distribution pyn (2, | Zo., = 0) induced by
the linearization @ converge, respectively, to the true
ODE solution and zero (Kersting et al.l |2020Db]).

=0, V,=0, (6)

3 METHODOLOGY

The parameter-dependent extension of the ODE-
IVP is of the form
&(t) = fo(x(1),1),

z(0) = vg, tel0,T]. (7)
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The learning problem consists of estimating the un-
known parameters of the model 8 which determine x(¢)
in @ from noisy observations Yp.ns = (Yo,..., YY),
recorded at times t = t,...,t}, under the measure-
ment model

Y R (Y| = (1), ¢), (8)
with possibly unknown model parameters ¢. In
terms of the ODE solver discretization time points
t=to,...,tn, N > M, consider the mapping n(-) such
that t,,(;y = t;, and the inverse mapping i(n) = max{i :
n(i) < n}. The Bayesian filtering model is then
augmented to account for noisy observations from
via (e.g., [Schmidt et al., |2021])

Xnt1 | Xn ~ Normal(Qyn X, Ry)

Z, ™ Normal(i,, — fo(n,tn), V) (9)
ind
where 1) are tuning parameters of the Gaussian Markov
process prior. The likelihood function induced by the
probabilistic solver corresponding to @ for all param-
eters ®@ = (0, ¢,n) is given by (e.g., Kersting et al.
2020a} [Tronarp et al., 2022)

3.1 Gaussian Measurement Model

First suppose the observations of () consist of Gaus-
sian noise,

Y; ind Normal(D?a:n(i), Q?), (11)

where D;f’ and Qf’ are (possibly ¢-dependent) coef-
ficient and variance matrices. To compute the likeli-
hood , we begin with the identity

p(Yo:nr, Zo:ny = 0)
Yo. Zo.ny =0) =
p( 0:M \ 0:N ) p(Zo:N — 0) ,

where we have omitted the dependence on © for no-
tational brevity. The denominator p(Zy.xy = 0) on
the right-hand side can be approximated using the
Kalman recursions applied to the linearized state-space
model . In fact, the same can be done for the nu-
merator p(Yo.nr, Zo.ny = 0). That is, one begins by
linearizing the measurement model (]E[) via

(12)

Xn+1 | Xn ~ NOrmal(Qana R"])
z, Normal(z,, + By, + an, Vo)  (13)
y; ' Normal(D?mn(i), Q?)a

and using any of the linearization approaches for the
data-free setting in Section 2] but applied to the mean

and variance of the Gaussian predictive distribution

induced by ,
plin(xn ‘ YE):i(n—l)v Zop—1 = 0)7 (14)

which conditions both on information from the ODE
and the measurements up to time ¢t = t¢,_1. The
complete DALTON algorithm for estimating p(Yo.as |
Zy.n = 0,0) is provided in Algorithmof Appendix |E}
in terms of the standard Kalman filtering and smooth-
ing recursions detailed in Appendix [F]

3.2 Non-Gaussian Measurement Model

For the general measurement model , let sp,(;) and
Uy,(;) denote observed and unobserved components of
x(t) at time ¢t = ¢}, such that a%op(Yi | (i), @) =0
and

p(Yi | iy, @) = exp{—g:(Yi | sniiy, )} (15)

In order to compute the likelihood , again omitting
the dependence on ® we consider a different identity,

_ p(Yo:nr, Xo:n | Zo.n = 0)
p(Xo:~n | Yo:mr, Zo.ny = 0)

~ p(Xo:n | Zo.n =0) x [T exp{—gi(Yi | s0))}
p(Xo.~n | Yo.nr, Zo.n = 0) ’
(16)
where the identity holds for any value of Xgy.n. In
the numerator of (16), p(Xo.n | Zo.y = 0) can be
approximated using the Kalman smoothing algorithm
applied to the data-free linearized model , whereas
the product term is obtained via straightforward cal-
culation of . As for the denominator of 7 we
propose to approximate it by a multivariate normal
distribution as follows. First, we note that

p(Yo:ar | Zo.nv = 0)

log p(Xo.n | Yo.n1, Zo.n = 0)

M (17)
=logp(Xo:n | Zo.nv =0) — Z hi(8n()) + c1,
i=0

where hi(s) = ¢?(Y; | s) and ¢; is constant with
respect to Xg.n. Next, we take a second-order Taylor
expansion of h;(s,.;)) about a value s = 3,(;) to be
specified momentarily. After simplification this gives

hi(s) ~ —%(s V) V2hi(8u)(s — Vi) + e (18)

where Vh;(s) and V2h;(s) are the gradient and Hessian
of hi(s), Y = .§n(i)—Vzhi(.§n(i))_IVhi(§n(i)), and ¢ is
constant with respect to s. Substituting the quadratic
approximation into , we obtain an estimate
of p(Xo.n | Yo.nmr, Zo.n = 0) equivalent to that of a
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model with Gaussian observations,
Xt1 | X, ~ Normal(Qn X, Ryy)
Z, " Normal (i, — fo(@n,tn), V)
Y: " Normal(s i), [V2hi (80)] 1)

(19)

We may now linearize exactly as in Gaussian set-
ting of Section [3.1] to obtain an estimate

pin(Xo.n | Yo-nr, Zoy = 0),

which may be computed efficiently using the Kalman
smoother. To complete the algorithm, there remains
the choice X(.n to plug into , and the choice
of §,(; about which to perform the Taylor expan-
sion . For the latter, we use 8,(;y = Elin[Sn() |

(20)

Yo:i-1, Zon(i)—1 = 0], the predicted mean of the lin-
earized model obtained from . For the former, we
use XO:N = Elin[XO:N | }AfO:M,ZO:N = 0], the mean
of , which can also be computed efficiently using
the Kalman recursions. Full details of the DALTON
algorithm for non-Gaussian measurements are provided
in Algorithm 2] of Appendix

Other approximations to p(Xo.n | Yo.n, Zo.ny = 0)
include Laplace approximations (e.g., [Amayo|, [2006;

4 RELATED WORK

The Bayesian filtering paradigm was formulated
by [Tronarp et al|(2019). Speed and stability improve-
ments on the linearizations presented therein were de-
veloped in [Kramer and Hennig| (2020)); Kramer et al.|
(2022). Various convergence properties may be found
in |Chkrebtii et al.| (2016); |Schober et al.| (2019)); Kerst-
ling et al|(2020D).

Gradient matching with Gaussian processes
lhead et al., [2009)) is an early precursor to the Bayesian
filtering paradigm . Similar in spirit to determin-
istic collocation solvers (e.g., Ramsay et al., 2007), a
conceptual limitation of this approach is the lack of a
generative model on both the Gaussian process X ()
and the observed data Yp.5s (Barber and Wang), [2014)),
leading to parameter identifiability issues (Macdon{
lald et al.l [2015; Wenk et al., [2019). Moreover, many
gradient-matching approaches involve computationally-
intensive methods such as MCMC (Barber and Wang]
[2014; [Lazarus et al., 2018) and approximate Bayesian
computation (ABC) (Ghosh et all [2017), though com-
putationally efficient variational approximations have
been developed as well (e.g., Dondelinger et al., [2013}

Bui Quang et al.| 2015) and posterior linearization
methods (e.g., |[Sarkka and Svensson [2023). These are
likely more accurate than our second-order Taylor ap-
proximation — but incur a higher computational
cost. Nevertheless, DALTON is conjectured to recover
the exact ODE likelihood Hf\il exp{—gi(Y; | s,;))} as
N — oo and V — 0. Heuristically speaking, this is
because is precisely this quantity multiplied by the
ratio of data-free and data-dependent posteriors at the
true ODE solution. As N — oo we expect the respec-
tive linearizations and to be the same, since
the underlying state-space models and differ
only in the finite amount of information provided by
Y0.rs, which becomes negligible relative to the infinite
amount of information provided by Zy.n = 0.

Nevertheless, DALTON is conjectured to recover the
true ODE likelihood as N — oo and V' — 0. Heuris-
tically speaking, this is because our data-dependent
linearization is expected to reduce to the data-
free linearization as N — oo, since they differ only
in the finite amount of information provided by Yjy.as,
which becomes negligible relative to the infinite amount
of information provided by Zy.y = 0. Our linearized
approximation to the identity is thus expected to
reduce to Hf‘il exp{—gi(Y; | 8,3:))}, where the 8,
are obtained from the linearized posterior mean Xo: N
of . Provided this converges to the true ODE so-
lution — as in the data-free setting — the true ODE
likelihood is recovered. A rigorous derivation of this
informal argument is the subject of ongoing work.

\Gorbach et al., 2017; Wenk et al., 2019).

Active uncertainty calibration (Kersting and Hen4
formulates the ODE solver as a Gaussian
process filtering problem. Not only does this approach
allow to naturally extend many deterministic ODE
solvers (e.g., Schober et al., 2014} |Teymur et al., 2016}
[Schober et al., 2019} [Bosch et all [2022), it also admits
analytic calculations which scale linearly in the number
of discretization points N when a Markov Gaussian
process prior is employed. Active uncertainty calibra-
tion is operationally equivalent to linearization of the
Bayesian filtering model , though the latter has the
conceptual benefit of separating the desired solution
posterior p(Xo.ny | Zo.y) from the linearization
used to approximate it.

Within the Bayesian filtering framework, we highlight
the following approaches in which the ODE solver di-
rectly conditions on the observed data:

|Chkrebtii et al.| (2016)) uses active uncertainty cali-
bration to stochastically estimate the optimal lineariza-
tion parameter a,, in the sense of |[Kersting and Hennig
(2016); [Tronarp et al.| (2019). However, the nondeter-
ministic @, cannot be analytically integrated out, such
that inference for ® is conducted by sampling from
the joint posterior p(©, Xo.n | Yo.01, Zo.n = 0) uses
MCMC techniques.

MAGI (Yang et al) |2021)) uses a closed-form ex-
pression for the posterior distribution p(©, Xo.n |
Yo.0, Zo.n = 0) resulting from the Bayesian filter-
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ing model @ with “perfect” ODE information V' = 0.
Again this requires sampling from the joint posterior
using MCMC techniques.

Schmidt et al.| (2021) uses a data-driven extended
Kalman filter similar to ours, but assumes time-varying
parameters for which they give a Gaussian process
prior, thus treating them just like the latent ODE
process in the nonlinear state-space model. However,
their approach cannot be used for constant parameter
inference, since linearization in that context is generally
leads to biased or even divergent estimates (Ljung,
1979).

Fenrir (Tronarp et al. 2022)) extends an approach
developed in [Kersting et al.| (2020a). It begins by
using the data-free linearization of to estimate
p(Xo.n | Zo.n = 0,0,7n). This posterior can be sam-
pled from using a (non-homogeneous) Markov chain
going backwards in time,

X ~ Normal(by,Cy)
X, | Xn+1 ~ Normal(A, X, + b,,C,,),

where the coefficients Ag.n_1, bo.n, and Cy.y are de-
rived using the Kalman recursions (Tronarp et al.,
2022)). Next, Fenrir assumes that Gaussian observa-
tions are added to the model, for which the marginal
likelihood

p(}/():]\/f | ZO:N = Oa 6)

= /p(Yo:N | Xo:n, ®)p(Xo:n | Zo.ny =0,0)dX.n

(22)
is computed using a Kalman filter on the backward
pass of . Fenrir is fast, accurate, and com-
pares favorably to both the fast gradient-based solver
of \Wenk et al.| (2019)) and various deterministic ODE
solvers (Tronarp et all 2022). The key difference
between DALTON and Fenrir is that the latter lin-
earizes before adding the observations to the model
(linearize-then-observe), whereas the former does so af-
ter (observe-then-linearize). Moreover, DALTON can
be applied to non-Gaussian errors whereas Fenrir can-
not.

(21)

Computational Scaling DALTON scales linearly
in both N, the number of time discretization points,
and d, the dimension of the ODE solution «(t). The
former is due to the Markov structure of the prior
on X (t), whereas the latter is achieved by using the
blockwise linearization of [Kramer et al.| (2022)) (details

in Appendix .

For the Gaussian measurement model , the opera-
tion count of DALTON and Fenrir is roughly the same,
with Fenrir doing one forward and one backward pass
through the N discretization points, and DALTON do-
ing one forward pass for each of p(Zy.xy =0 | ®) and

p(Yo.01, Zo.n = 0] ©) in . For non-Gaussian mea-
surements, DALTON requires roughly twice as many
operations as in the Gaussian case, since the former
requires one forward and backward pass for each of
p(Xo.n | Zo.n = 0,0,7m) and p(Xo.n | Yo.ur, Zo.ny =
0,0) in (16).

5 EXAMPLES

We now evaluate the performance of DALTON in sev-
eral numerical examples of parameter learning. We
proceed with a Bayesian approach by postulating a
prior distribution 7(®) on the full set of parameters
©® = (0,¢,n), which combined with gives the
DALTON posterior

=7(0) X p(Yo.n | Zo:n = 0,0).
In all our examples we take the measurement model
parameter ¢ to be known.

While can be readily sampled from using MCMC
techniques, Bayesian inference can also be achieved by
way of a Laplace approximation (e.g., Gelman et al.
2013). Namely, p(® | Yp.as) is approximated by a
multivariate normal distribution,

O | Y. ~ Normal(®, Vo), (24)

where ©® = argmaxg logp(® | Yo.uy) and Ve =
7[%;@,1@;])(@ | Y():M)}f The Laplace approxi-
mation is a popular tool for Bayesian machine learning
applications (MacKayl [1992; |Gianniotis, 2019), typi-
cally requiring at least an order of magnitude fewer
evaluations of p(® | Yp.as) than full Bayesian inference
via MCMC. Our Python implementation of DALTON]]
uses the JAX library (Bradbury et al., [2018) for auto-
matic differentiation and just-in-time (JIT) compilation
to obtain a very fast implementation of the Laplace
approximation .

Data for the examples are simulated using a high-
accuracy deterministic solver for the ODE-IVP (7)),
namely, the Dormand-Prince 8/7 solver consisting of an
8th order Runge-Kutta method with 7th order step size
adaptation (hereafter RKDP) (Prince and Dormand),
1981)). In the following sections, we compare parameter
inference using the DALTON Laplace approximation to
three competing probabilistic ODE likelihood methods:
(i) a Laplace approximation with the Fenrir likelihood,
and full Bayesian inference via MCMC for the (ii)
MAGI and (iii) |Chkrebtii et al.| (2016) methods (here-
after Chkbretii). We also compare to (iv) a Laplace
approximation using the deterministic RKDP solver,

"https://github.com/mlysy/rodeo
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which we assume to provide the true ODE solution.
We use our own implementations of DALTON, Fenrir,
and Chkbretii, the MAGI implementation provided
by [Wong et al| (2023)] and the RKDP implementation
provided by [Kidger (2021)|ﬂ The Chkbretii and MAGI
algorithms are run for 100,000 and 10,000 iterations
each (post burn-in), which produced effective samples
sizes ranging between 100-5000. Further implementa-
tion details for the parameter learning methods are
provided in Appendix[D] Additionally, we provide com-
parisons to full MCMC with both the DALTON likeli-
hood and the true RKDP likelihood in Appendix [G]

5.1 FitzHugh-Nagumo Model

The FitzHugh-Nagumo (FN) model (FitzHugh, 1961}
Nagumo et al.| [1962) is a two-state ODE on z(t) =
(V (), R(t)), in which V(¢) describes the evolution of
the neuronal membrane voltage and R(t) describes the

activation and deactivation of neuronal channels. The
FN ODE is given by

. 3
V(t) = c(V(t) - V(;) +R(t>), o)
fipy — V0 - cl—k bR(t)

The model parameters are 8 = (a, b, ¢, V(0), R(0)) with
a,b,c > 0. These are to be learned from the measure-
ment model

y;, Normal(z(t;), ¢ - Ioxa), (26)

where t; = ¢ with i = 0,1,...40 and ¢? = 0.005. The
ODE and noisy observations are displayed in Figure

V(t) R(t)

2 " r‘ “‘ ‘\‘ "‘ 1.014 A A I;

HAYANANA os | 1| l\ II\ Ii\

0 \ \ 0.0 \ l\ /\ \ \
-1 /AN VA VA VA \ I \\I \l \ I \
-2 V Vv 4 1.0 ‘\ Y v

0 20 40 0 20 40
Figure 1: ODE and noisy observations for the FN

model.

Figure 2] displays a subset of the DALTON, Fenrir,
Chkbretii, and MAGI posteriors for data simulated
with true parameter values 8 = (0.2,0.2,3,—1,1), at
different values of the step size At = T'/N. In Fig-
ure |2, all posterior distributions are virtually identi-
cal at smaller step sizes. At larger step sizes, MAGI

2https://github.com/wongswk/magi
3https://github.com/patrick-kidger/diffrax
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Figure 2: Parameter posteriors for the FN model

using various ODE solvers.

and Chkbretii are further from the RKDP posterior
than either DALTON or Fenrir, which Chkbretii fail-
ing to converge at the largest step size At = 0.2. For
At = 0.2, DALTON and Fenrir posteriors are similar,
with the notable exception of the posterior for ¢, where
DALTON covers the true parameter value but Fenrir
does not. This is because ¢ controls the period of the
quasi-oscillatory behavior of the FN model exhibited
in Figure [1] (e.g., [Rocsoreanu et al.l |2012), which is
a prime example of when incorporating information
from the observed data on the forward pass (DALTON)
rather than the backward pass (Fenrir) is most useful.

Table [1| displays the timing for each of the probabilis-
tic posterior estimates in Figure 2] with the number
of function-and-gradient evaluations required for the
Fenrir, DALTON and RKDP Laplace approximations
displayed in parentheses. The DALTON and Fenrir
Laplace approximations are 1-2 orders of magnitude
faster than either of the methods requiring MCMC
and have comparable speeds to RKDP-Laplace. Al-
though DALTON employs twice as many vector field
evaluations as Fenrir, this does not seem to be the
computational bottleneck as shown in Table

The full set of posteriors is presented in Figure [9] of
Appendix [G] along with exact posteriors for DALTON
and RKDP obtained via MCMC. These are extremely
similar to their Laplace counterparts but 2-3 orders
of magnitude slower to compute. Not only does this
show that the Laplace approximation is a viable com-
petitor to MCMC in this setting, it also shows that
the DALTON likelihood approximation is accurate over
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Table 1: Time spent on the parameter inference results
in seconds.
Step Size (At)

Method 0.2 0.1 0.05 0.025
DALTON 0.5 (628) 0.07 (27) 0.09 (16) 0.2 (15)
Fenrir 0.6 (585) 0.1 (34) 0.1 (18) 0.2 (17)
Chkbretii ) 92 189 372
MAGI 292 418 742 1349
RKDP 04 (79)

the whole parameter range — not just near the posterior
mode.

5.2 SEIRAH model

The SEIRAH model is a six-compartment epidemiolog-
ical model used describe Covid-19 dynamics by
. The six compartments of a given pop-
ulation are: susceptible (S;), latent (E}), ascertained

infectious (I ), removed (R;), unascertained infectious
(A:), and hospitalized (H;). The SEIRAH model is

. bSt(It + OéAt) . bSt(It + aAt) Et
e e L R S s

N N D.’
. ’/‘Et It It : It + At Ht
="t Ry = =%,
D. D, D; Dy Dy,
A =0=nE Ay L He
De D[ Dq Dh
(27)

where N = S; + E; + I; + Ry + Ay + H; is fixed and
so is Dy, = 30 (Prague et al., 2020). In this case ODE
variables are both partially unobserved and subject to
non-Gaussian measurement errors. That is, for

j ’I"Et ~ It

the measurement model is

v 2 poisson(K (1)), K e{I,H}, (29)

where ¢, = ¢ days with ¢ = 0,...,60.
The parameters to be estimated are 68 =
(b,7,c, D, Dy, Ey, Ip), which we set to 6 =

(2.23,0.034,0.55,5.1,2.3,1.13, 15,492, 21, 752). The re-
maining ODE initial values are set to Sy = 63, 884, 630,
Ry =0, Ag = 618,013, and Hy = 13,388, as reported
in [Prague et al.| (2020).

Since the measurement model is non-Gaussian, Fenrir
cannot be used. Moreover, the MAGI implementation
provided by Wong et al.| (2023)) is restricted to Gaus-
sian measurement models. Therefore, Figure [3|displays
posterior estimates for a subset of SEIRAH parameters
only for DALTON, Chkbretii, and RKDP. At all but

the lowest step size, the Laplace approximations for
DALTON and the true likelihood (RKDP) are indis-
tinguishable. In contrast, the Chkbretii approximation
has not converged to that of RKDP even at the smallest
step size At = 0.05.
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o
5
<
a

1 1 1
— T T I
S I I
] /\ I
kv,
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B At=02 W At=0.01 B RKDP-MCMC

At=0.1 Il RKDP-Laplace == True 6

Figure 3: Parameter posteriors for the SEIRAH model
for the DALTON and Chkbretii methods.

The full set of posteriors is presented in Figure [I0]of Ap-
pendix[G] along with true posteriors for DALTON and
RKDP. In this case, the true RKDP posterior is much
narrower than its Laplace approximation. However, it
is almost indistinguishable from the true posterior of
DALTON, once again highlighting the accuracy of the
approximation away from the posterior mode.

5.3 Fast Oscillation Model

The following second-order ODE is known for having
many local maxima in its parameter likelihood func-
tion (Tronarp et al.l [2022]):

#(t) = 7 sin(a(t)), (30)
where #(t) = dd—;x(t) and g = 9.81 is the gravity con-
stant. The model parameters are 8 = (L, z(0),£(0))
with L > 0, which are to be learned from the measure-
ment model

Y; " Normal(é:(t;), ¢2), (31)

where t; = 4, i = 0,1,...10, and ¢? = 0.1. (The
extension of the Bayesian filtering model (3]) to higher-
order systems is presented in Appendix) Follow-
ing [Tronarp et al.| (2022), the true parameter value is
set to @ = (1,0,7/2), and the initial value for each
parameter learning algorithm (i.e., mode-finding for
Laplace; otherwise MCMC) is set to 8y = (5,0,7/2) —
a poorly-chosen initial guess for L.

Figure [4] displays posterior estimates for the four prob-
abilistic likelihood approximations and for the true like-
lihood given by RKDP. Chkbretii, MAGI, and RKDP
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give very poor estimates of L. In contrast, DALTON
and Fenrir provide reasonable estimates of all parame-
ters. This experiment confirms the finding of
that mode-finding via Fenrir dominates
other probabilistic likelihood approximations — and
even mode-finding with true likelihood itself — when
the latter is highly multimodal. The same is now shown
for mode-finding via DALTON.

,20, and &2 = 0.005.
values are set to 68 =

where t;, = 4, ¢ = 0,1,...
The true parameter
(28,10,8/3,—12, -5, 38).

Figure |5| displays various estimates of the system vari-
able z(t) assuming the model parameters are known
(the remaining components are shown in Figure [L1] of
Appendix . Since Lorenz63 is even more sensitive to
parameter values than the fast-oscillations model ,
Fenrir and DALTON are the only data-driven estima-
tors considered. Also plotted is the true solution given
by RKDP, and the data-free probabilistic solution us-
ing the linearization of common to both Fenrir and
DALTON (described in Appendix . Like the data-
free solver, Fenrir struggles with the chaotic nature
of the Lorenz63 model even at very high resolution
(At = 1079), being only able to incorporate informa-
tion from the data on the backward pass. In contrast,
DALTON effectively uses the observations on the for-
ward pass to produce a solution close to the ground
truth at much lower resolution.
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Figure 4: Parameter posteriors for the second-order
ODE using various ODE solvers where the initial pa-
rameter value is 6y = (5,0, 7/2).

5.4 Lorenz63 Model

The Lorenz63 ODE models the dynam-
ics of a fluid layer induced by a warm temperature
above and a cool temperature below. It is a classi-
cal example of a chaotic system, composed of three
variables x(t) = (x(t),y(t), 2(t)) satisfying

(y(t) —z(2)),
)(p = ( ) =
Jy(t) = Bz(t).

The Lorenz63 model contains six parameters 0 =
(p, v, B,2(0),(0),2(0)) with p,a, 3 > 0. The mea-

surement error model is

y(t), (32)

Y, ind Normal(x(t;), (252 - I3x3), (33)

No Data
o

6 8 10 12 14 16 18 20
— A t=0.005 — At=1e-05 e Obs
A t=0.0001 — True

Figure 5: «(t) for the Lorenz63 model calculated using
various solvers.

Figure [6] displays a subset of the DALTON, Fenrir,
and RKDP posteriors (remaining plots in Figure
of Appendix , with mode-finding routines initial-
ized at two different values of 8: at and slightly away
from the true parameter values. When initialized at
the true 6, the Fenrir and RKDP posteriors cover the
true parameter values with vanishingly little uncer-
tainty. However, when their mode-finding algorithms
are initialized slightly away from the true 6, uncer-
tainty remains small but the coverage drops to zero. In
contrast, the DALTON posteriors always cover the true
parameter values and don’t depend on the mode-finding
algorithm’s initial value. This appears to be due to
deep local optima in the Fenrir and RKDP likelihoods
which DALTON successfully removes.
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Figure 6: Parameter posteriors for the Lorenz63 model
using various ODE solvers at two initial parameter
values.

To investigate this claim, we modify the parameter
learning problem so that ¢; = 4/10 with¢ =0, 1, ..., 200
and with initial values (x(0),y(0), z(0)) assumed to be
known. Figure [7| displays the posterior modes of «,
p, and [ against different initializations of the mode-
finding algorithms for DALTON, Fenrir and RKDP.
When initialized far from the ground truth, Fenrir
and RKDP fail to converge to the correct parameter
values. Since their posterior uncertainty in all cases is
negligible, even the true Laplace posterior produced by
RKDP is unusable for parameter inference. In contrast,
DALTON is able to converge to the true parameters
at a wide range of initial values, while retaining the
parameter coverage exhibited in Figure [6]
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Figure 7: Initial and optimized parameter values for

the Lorenz63 model using various ODE solvers.

Figure [§] displays the DALTON solution posterior at
At = 0.00125 for component z(t) (the remaining com-
ponents are displayed in Figure of Appendix .
Care must be taken in computing this posterior, since
exact ODEs simulated from the DALTON parameter
posteriors in Figure [f] look nothing like the true solu-

tion, due to extreme parameter sensitivity. Instead,
the solution posterior is taken with respect to the prob-
abilistic model (9)), i.e., each curve in Figure [§]is ob-
tained by first drawing @ from the DALTON posterior
in Figure [6] then drawing zo.y from the linearized
approximation to p(Xo.n | ©,Yo.ar, Zo.n = 0).
Figure [§|indicates that these solution posteriors closely
resemble the true ODE.

20

x(t)
o

-20

0.0 25 50 75
DALTON

10.0 12.5 15.0 17.5 20.0
— True e Obs

Figure 8: ODE posteriors of z(t) for the Lorenz63
model using DALTON with At = 0.00125.

6 CONCLUSION

We present DALTON, a probabilistic approxima-
tion to the intractable likelihood of ODE-IVP prob-
lems. DALTON scales linearly in both time discretiza-
tion points and ODE variables, accommodating both
partially-observed components and non-Gaussian mea-
surement models. By incorporating information from
the observed data in an online maner, DALTON can
greatly reduce parameter sensitivity in many ODE sys-
tems. It is thus an excellent candidate for parameter
learning via mode-finding algorithms, outperforming
existing probabilistic ODE likelihood approximations,
and in cases of extreme parameter sensitivity, even the
exact ODE likelihood itself.

Despite empirical evidence of desirable performance,
DALTON presently lacks theoretical convergence guar-
antees. It should be noted, however, that the MAGI
and Fenrir methods do not have complete theoretical
guarantees either: only maximum a posteriori (MAP)
convergence is known of the former (Tronarp et al.,
2021)), and forward-pass convergence of the latter (Ker-
sting et al., |2020b)). Another limitation of DALTON is
determining the appropriate step size. A possible di-
rection is to do this adaptively as described in [Schober
et al.| (2019), though it is unclear how the DALTON
ratio terms in and will behave with a variable
number of terms, nor how to efficiently backpropagate
derivatives through the ODE parameters in that case.
There is also potential to explore the effectiveness of
DALTON in estimating the parameters of stiff ODE
systems, and to extend it to more complex boundary
conditions.
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1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes. See “Computational Scaling” in
Section M and Section [6l

(¢) (Optional) Source code, with specification of
all dependencies, including external libraries.
Yes. Link to source code is provided in
Section [Gl
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theoretical results. Not Applicable. Lack
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in the Conclusion.
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packaged as a Python library with de-
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results can be reproduced from the com-
plete specification of the experiments
we have provided in Sections [5| and

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen). Yes.
See (a).
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statistics and error bars (e.g., with respect to
the random seed after running experiments
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or cloud provider). No. All computations
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existing assets. Not Applicable. All data
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(b) The license information of the assets, if appli-
cable. NA.

(c) New assets either in the supplemental mate-
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pants and the total amount spent on partici-
pant compensation. NA.
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A HIGHER ORDER ODE SYSTEMS

For a multi-variable function @(t) = (21(t),...,z4(t)), an arbitrary-order ODE-IVP can be written as
WX(t) = f(X(),1), X(0)=wv, te[0,T], (34)
where X (t) = (XM (¢),..., XD (1)),

X0 (1) = (xk(t), Tr(t), ..., (iltq:’:_lmk(t)> (35)

contains z(t) and its first ¢ — 1 derivatives, W is a coefficient matrix of size r X ¢, where ¢ = Zzzl qk, and f :
R? — R" is the (typically nonlinear) ODE function. For the usual ODE-IVP formulation of & X () = f(X(t),1),
we have W = diag(S,,, ..., Sy,), where Sy, = [0(g,—1)x1 | L(gi—1)x(qr—1)] for £ =1,...,d. The Bayesian filtering
model in the data-free setting then becomes
X1 | Xn ~ Normal(QX,,, R)
in (36)
Z, ™ Normal(WX,, — £( X, tn), V),

with subsequent linearizations, data-driven extensions, etc., following straighforwardly from .

B GAUSSIAN MARKOV PROCESS PRIOR

For the multi-variable function x(t) = (z1(¢),...,2q(t)), DALTON uses a simple and effective prior proposed
by |Schober et al.[ (2019); namely, that each x(t) follows an independent (py — 1)-times integrated Brownian
motion (IBM),

drr—1
W«Tk(t) = UkBk(t)7 (37>
where B (t),..., Bg(t) are independent Wiener processes. This prior formulation gives z(t) pr, — 1 continuous

derivatives. It is therefore desirable to set pr > ¢ to have a sufficiently smooth solution process. In our
experiments we have set pr = qx + 1, and redefined the ODE system to be of order g = px by padding W
with zeros.

The IBM prior defines X (k)(t) in as a continuous Gaussian Markov process,

X® (it + At) | X () ~ Normal(Q® X B (1), R, (38)
with the elements of matrices Q*) and R given by
k) _ i < oy A F) _ 2 (At)>r—tid
) = 1(i < 7) - (k) _ 2. .
QISIED G RS gy T e 1 1) )

The full matrices in the Bayesian filtering model are Q = diag(QW, ..., Q) and R = diag(R", ..., R(?D).
In the context of parameter learning, the parameters n of the prior process are the IBM scale parameters,
n= (0-17"'a0-d)'

C EFFICIENT AND ACCURATE ODE LINEARIZATION

In the experiments of Section [5] we employ a modified first-order linearization of f(X,,t,) in proposed
by [Tronarp et al.| (2019). That is, the first-order Taylor expansion of f(X,, ¢, is
.f(Xn;tn) ~ f(un\n—latn) =+ Jn(Xn - /J'n|n—1) (40)

where t,,),,—1 is the mean of the predictive distribution of the linearized working model or , depending on
whether the linearization is data-free or data-dependent, and J,, = 6%” f(fnjn—1,tn). The modified linearization
is then

0

7mf(p'n|nfla tn)) ; V=0,

(41)

0
a :_f(p’nnflat )+J Mnjn—1, Bpn = diag (.f(p‘nnht )7
n | n nn| n aXT(Ll) | n
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where X,, = (XT(LI)7 . ,XT(Ld)). In other words, B,, keeps only the block diagonal entries of J,,. With corresponding
block diagonal matrices @, and R,, the Kalman recursions underlying the Fenrir and DALTON algorithms
can be performed blockwise (Kramer et all |[2022)). Thus for g, = p, the scaling of these algorithms drops from
O(N(dp)?) to O(Ndp?), a substantial improvement for low-order many-variable ODE systems.

D IMPLEMENTATION DETAILS FOR PARAMETER LEARNING METHODS

In the experiments of Section [o] We take the measurement model parameters ¢ to be known, such that the learning
problem is only for the ODE model parameters 8 = (61,...,0p) and the tuning parameter n = (o1, ...,04) of
the IBM prior in Appendix [Bl We use a flat prior on 17 and independent Normal(0, 10?) priors on either 6, or
logf,., r=1,...,D, depending on whether 6, is unbounded or 6, > 0.

For the unknown model parameters @, we use the Laplace posterior approximation
6 | Yo.ar ~ Normal(8, Vi), (42)

where (8,7) = arg maxg . logp(€,m | Yo.1) is obtained using the Newton-CG optimization algorithm (Nocedal
and Wright| [2006) as implemented in the Python JAXopt library (Blondel et al., 2022). As for Vi, we estimate it

as Vg = — [a(f—;a, logp(© | Yo.01)) 71, i.e., with the Hessian taken only with respect to € and not 1. This approach
was used in [Tronarp et al. (2022), and found here to produce slightly better results than when uncertainty is
propagated through the prior process tuning parameters as well.

The MAGI algorithm as implemented in |Wong et al.| (2023) uses a slighly different prior specification, i.e., with a
Matérn covariance function with smoothing parameter » = 2.01, which ensures twice-continuous differentiability
of the prior on x(t), and scale parameters oy, corresponding to the maximum a posteriori (MAP) estimates of the
Gaussian process regression conditioning only on the observed data, which is analytically tractable since this
implementation of MAGI is restricted to Gaussian measurement models. The implementation then uses a hybrid
Monte Carlo (HMC) algorithm to sample from p(0, Xo.nx | Yo.a1)-

Our implementation of the Chkbretii MCMC algorithm starts by fitting a DALTON parameter learning algorithm,
which we do not factor into the timings presented in Table [I} From this preliminary inference run we fix the
Gaussian process tuning parameters at 7. The Chkbretii algorithm still requires the specification of a proposal
distribution ¢(6 | 8"). We set this as @ ~ Normal(@', 7 - V), where Vj is obtained from the DALTON algorithm
and 7 is tuned during the burning stage to obtain an overall acceptance rate of 25% (also not counted in the
timings of Table [1)).

The MCMC algorithm used to explore the full DALTON and RKDP posteriors is a random walk with the same
proposal distribution as for the Chkbretii algorithm above.
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E DALTON ALGORITHMS

For Algorithms [T] and [2| we use the extension discussed in Appendix [A] to generalize to arbitrary-order ODEs.
The linearize() function (e.g., Line @] of Algorithm [1)) performs the modified first-order linearization detailed in
Appendix |C} and normal_logpdf() on Line [L1]is the log-pdf of a multivariate normal.

E.1 Gaussian Measurements

Algorithm 1 DALTON probabilistic ODE likelihood approximation for Gaussian measurements.

1: procedure paLToN(Wy, f(X,¢,0), v, Q,,,R,,,YI);M,DS%M, Qg’:M)

2: Hojos Xojo < v,0 > Initialization
3 Zo.n <+ 0

4: L., 0, < 0,0

5: 1+ 0 > Used to map t,, to
6: > Lines 7-12 compute log p(Zyp.xy =0 | ©)
7 forn=1:N do

8 Hnin—1; z:n|nfl — kalman,predict(un,”n,l, z:nfl|n71a 0, QTI’ RT])

9: an, B, V, < linearize(tn|n—1, Xnjn-1, Wo, F(X, 15, 0))
10: Mn, Xy < kalman_forecast(tnjn—1, Xnjn—1, @n, Wo + Bp, V3,)
11: {, < ¢, +normal _logpdf(Z, = 0; t,, ;)
12: Honns Zn|n ¢ kalman update(tn|n—1, Xnjn—1;Zn, @n; Wo + Bpn, V3,)
13: > Lines 14-24 compute log p(Yo.ar, Zo.y =0 | ©)

14: £y, < normal_logpdf (Yp; Dg’vg, ﬂg’)
15: forn=1:N do

16: Hnjn—1; 2n|n71 A kalman*predic;t(u'nfﬂnfla 2nfl|n717 0, Q’rn R’r;)
17: an, By, V,, + 1inearize(“n\n717 En|n71a W, f(X, ns 9))
18: if ¢, = (i) then
Zn WG Bn
19: Zn<—[YJ, W9<—{D;¢,], Bne{o}
a, V. O
20: n 5 n
0 a, { 0 ] V, « { 0 Qf’}
21: 11+ 1
22: M, By < kalman forecast(tn|n—1, Xnjn—1;n, Wo + By, Vy,)
23: ly. < Ly, + normal_logpdf(Z,; tn, Xr)
24: Hnin; z:n\n A kalmanfupdate(ll'n\nfla z:n|n715 Zp,an, We + By, Vn)
25:
26: return {,, — ¢, > Estimate of log p(Yo.ns | Zo.ny = 0,0)

E.2 Non-Gaussian Measurements

Recall in Section that we denote s,,(;) and u, ;) to be the observed and unobserved components of x(t) at
time ¢ = t/. In order to present Algorithm [2| we introduce the notation Sn(i) = DiXy(i), where D; is a mask
matrix of zeros and ones, so as to more naturally relate to the Gaussian version of DALTON in Algorithm
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Algorithm 2 DALTON probabilistic ODE likelihood approximation for non-Gaussian measurements.

1: procedure paLToN(Wp, f(X,t,0),ve, Qn, Ry, Yo.rr, ), go:m (Y, 8, 9))
2: Kojos 200 < v, 0 > Initialization
3 ZO:N ~—0
4: lyzylyyzly < 0,0,0
5: i+ 0 > Used to map ¢, to ¢t
6 > Lines 7-24 compute log p(Xo.n | Y():M, Zoy.n =0,0)
7 forn=1:N do
8 Hnjn—1; 2n|n71 — kalman,predict(p,n,”n,l, En71|n717 0, QU7 RT])
9: an, B, V, < linearize(tn|n—1, Xnjn-1, Wo, F(X,1,,0))
10: if ¢, = (i) then
11: ga) < %mgi(yviuDiﬂnm—lud))
12: ge) < W%(E,Diﬂn\n—h@
13: Y; « Dipyjp—1 — g(_Q;g(l) > Compute pseudo-observations
14: Z, +— [g’j , Wy ng] ) B, + {B;)"}
A
16: 14— 1+ 1
17: Hnn, En\n «— kalmanfupdate(un\n—h En|n—1a Zp,an, W + Bn; Vn)
18: forn=N—-1:1do
19: Hn|N 2:n|N A kalmanfsmOOth(“nJrl\Na 2n+1|N? Hnin, Z:n|n7 Hnt1in, En+1\n7 Qn)
20: Hn, 3 kalman,sample(um_lw, Hn|n, En\na Hntijn, 2'rL-|-1|na Qn)
21: Lyy. ¢ Loy +normal 1ogpdf (f,|n; Bn, Xn)
22: Loyz < Lay. +normal logpdf (uy|n; UN|N, ZN|N)
23: > Lines 26-35 compute log p(Xo.n | Zo.n = 0,0)
24: Zo.n <+ 0 > R(;set Zyn=0
25: ugleN < Ho:N|N > Store po.n|n = E[Xo.n | Zo:n, Yo.n] for later
26: forn=1:N do
27: Hnjn—1, Znjn—1 < kalman_predict(f,—1jn—1, Xn_1jn-1,0, Qn, Ry)
28: a,, B,,V, < linearize(tn|n—1, Xnjn-1, Wo, F(X, 15, 0))
29: Hnjns Znjn < kalman update(finjn—1, Xnjn—1, Zn; @n, Wo + By, V,,)
30: forn=N-1:1do
31: Hn,s X kalman—sample(ﬂiﬁmw Hn|n, En\na Hni1in, En+1|n7 Q'f])
32: bpy < lps + normal,logpdf(u;lw; U, 20)
33: lyy < Loy + normaLlogpdf(u?le; BN|N EN|N)
34: > Lines 37-39 compute log p(Yo.n | Xo.n, @)
35: fori=0: M do
36: fy — Ey - gi(yvia I'I’;L(i)|N7 ¢)
37:

38: return {,, — ly — {yy, > Estimate of log p(Yo.ar | Zo.v = 0, ©)
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F KALMAN FUNCTIONS

The Kalman recursions used in Algorithms [I] and [2] are formulated in terms of the general Gaussian state space

model
Xn = Qan—l +c, + R}L/2€n

Z, = WX, +a, + V7 €nsMn 2 Normal(0, I). (43)

Throughout, we use the notation p,|, = E[X, | Zo.m] and X, = var(X,, | Zo.m).

Algorithm 3 Standard Kalman filtering and smoothing recursions.

procedure KALMAN_PREDICT(fy—1|n—1; Zn—1jn—1,Cn, @n, Ry)
Hnn—1 < Qn/'l'n—1|n—1 +cn
En|n—1 — ann—lm—lQ;z + R,
return fiy,|,_1, Xpjn—1

An — En\n—IWTIL[W7lEn|n—1W7IL + Vn]il
Hn|n A Hn|n—1 + An(Zn - Wnu’nm—l - an)
2n|n — En\nfl - AanEn\nfl

return piy,,, 3y,

10: procedure KALMANfsMDOTH(/J'n—i-HNa 2n—i-1|N7 Hnins En\'ru Hnt1in; En-i-l\na Q71+1)

. / —1
11: A, — Zn\nQn+12n+1\n

12: BN < Hajn + An(Bpp1 )N — Bngijn)
13: ETL|N — 2n|n + An(zn+1|N - 271,+1\n)A;1
14: return p, |y, X, N

1:
2
3
4
5: procedure KALMAN_UPDATE(Ly|n—1; Znjn—15 Zn, Cn, Wi, Vi)
6
7
8
9

15: procedure KALMAN_SAMPLE(Zy 41, Mnns 2n|n Mnt1jn Snt1jns Qni1)
/ -1
16: Ay 3,Q 1 X

n+1|n
17: I‘}”|N — Haln + An(‘”n-ﬁ—l - Nn+1\n) DN[Ln\N = E[Xn | Xn41:N, ZO:N]
18: En|N — En|n - AnQn+12n|n > En“\/ = Var[Xn | Xn41:N, Z():N]
19: return fi,y, 271\1\/
20: procedure KALMAN_FORECAST(Ly|pn—1; Zn|n—1;Gns Wa, Vo)
21: A — Wn/-lfn|n71 +a, > )‘n\nfl = E[Zn ‘ ZO:n—l]
22: Qn|n—1 — Wnllln\n—IW;L +V, > Qn|n—1 = V&I‘[Zn ‘ ZO:n—l]

23: return A, 1, Oy jp_1
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Figure 9: Parameter posteriors for the FN model using various ODE solvers. The two additional curves relative
to Figure [2| are: (i) DALTON-MCMC: the exact DALTON posteriors at At = 0.1 (top row); (ii) RKDP-MCMC:
the exact RKDP posteriors (all subplots). Both sets of exact posteriors are obtained using the MCMC algorithm
described in Section
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Figure 10: Parameter posteriors for the SEIRAH model using various ODE solvers. The two additional curves
relative to Figure |3| are: (i) DALTON-MCMC: the exact DALTON posteriors at At = 0.1 (rows 1 and 3); (ii)
RKDP-MCMC: the exact RKDP posteriors (all subplots). Both sets of exact posteriors are obtained using the
MCMC algorithm described in Section
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Figure 11: ODE solution for the Lorenz63 model calculated using various solvers. Extended version of Figure [5}
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Figure 12: Parameter posteriors for the Lorenz63 model using various ODE solvers at two initial parameter
values. Extended version of Figure [6]
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Figure 13: ODE posteriors for the Lorenz63 model using DALTON. Extended version of Figure
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