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Abstract

I study adversarial attacks against stochas-
tic bandit algorithms. At each round, the
learner chooses an arm, and a stochastic re-
ward is generated. The adversary strategi-
cally adds corruption to the reward, and the
learner is only able to observe the corrupted
reward at each round. Two sets of results
are presented in this paper. The first set
studies the optimal attack strategies for the
adversary. The adversary has a target arm
he wishes to promote, and his goal is to ma-
nipulate the learner into choosing this target
arm T − o(T ) times. I design attack strate-
gies against UCB and Thompson Sampling
that only spends Ô(

√
log T ) cost. Matching

lower bounds are presented, and the vulner-
ability of UCB, Thompson sampling and ε-
greedy are exactly characterized. The sec-
ond set studies how the learner can defend
against the adversary. Inspired by literature
on smoothed analysis and behavioral eco-
nomics, I present two simple algorithms that
achieve a competitive ratio arbitrarily close
to 1.

1 INTRODUCTION

Stochastic multi-arm bandit is a framework for se-
quential decision-making with partial feedback. In
its most basic form, a learner interacts with a set of
arms giving stochastic rewards, and in each timestep,
the learner is able to observe and collect the re-
alized reward of one chosen arm. This framework
models many real-world applications, including news
recommendation [Li et al., 2010], advertisements dis-
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playment [Chapelle et al., 2014], and medical experi-
ments [Kuleshov and Precup, 2014]. Past works have
extensively studied algorithms for optimizing the re-
gret in the multi-arm bandit problem (for an overview
see [Bubeck et al., 2012]), and some well-known al-
gorithms include the upper-confidence-bound (UCB)
algorithm [Auer et al., 2002], the Thompson sam-
pling algorithm [Agrawal and Goyal, 2012], and the ε-
greedy algorithm [Auer et al., 2002]. When deploying
multi-arm bandit algorithms in practice, it is crucial
to understand the robustness of these algorithms.

Recently, Jun et al. [Jun et al., 2018] initiated study-
ing adversarial attacks on multi-arm bandit algo-
rithms, taking a first step towards understanding the
reliability and robustness of these algorithms. In the
adversarial attack scenario, an adversary sits between
the learner and the environment. The adversary can
add corruption to the reward, and he has a specific
target arm he wishes to promote. The adversary’s
goal is to manipulate the learner into choosing this
target arm almost always by only strategically adding
small corruptions to the rewards. [Jun et al., 2018]
showed that when the learner is employing the UCB
or ε-greedy algorithm, the adversary can hijack the
algorithm into choosing the target arm by only spend-
ing O(log T ) corruption budget, and they left open
the question on whether O(log T ) is indeed the op-
timal attack cost. This work fully characterizes the
optimal attack strategy against UCB, Thompson sam-
pling, and ε-greedy. I show optimal attack strategies
with Ô(

√
log T ) attack cost against UCB and Thomp-

son sampling, and provide matching lower bounds. I
also give a Ω(log T ) lower bound on the attack cost
against ε-greedy. Hence, the vulnerability of UCB,
Thompson sampling, and ε-greedy are exactly charac-
terized.

Given the fact that these well-known stochastic ban-
dit algorithms are vulnerable, how can the learner de-
fend against such an adversary? [Lykouris et al., 2018]
initiated the design of bandit algorithms robust
to adversarial corruptions under the weak adver-
sary model. While the strong adversary (the
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model in [Jun et al., 2018]) decides on the corrup-
tion after observing the learner’s action and the
realized reward, the weak adversary decides on
the corruption before observing the learner’s cho-
sen action. Their work designed bandit algo-
rithms with regret bounds that degrade gracefully as
the corruption budget C increases. The follow-up
work [Gupta et al., 2019, Zimmert and Seldin, 2021]
further improved their regret bounds. How-
ever, when the learner faces a strong adversary,
[Liu and Shroff, 2019], [He et al., 2022] showed that
any low-regret bandit algorithms can be hijacked (i.e.
suffer linear regret) by only spending a sublinear at-
tack cost. While it is apparent that the measure of
regret is no longer a suitable benchmark when facing
a strong adversary in the stochastic bandit setting, is
there some other benchmark in which robustness can
be measured? This work proposes using the competi-
tive ratio as the benchmark and gives two simple algo-
rithms inspired by behavioral economics that achieve
a competitive ratio arbitrarily close to 1.

1.1 Contributions

This work studies adversarial attacks in stochastic
bandits under the strong adversary model and stud-
ies both attack and defense strategies. The first set of
results studies optimal attack strategies. It is shown
that, when the learner employs the UCB and Thomp-
son sampling algorithm, the adversary only needs to
spend O(

√
log T ) attack cost to hijack the learner into

choosing the target arm. This work further provides
matching lower bounds and thus characterizes exactly
the vulnerability of these algorithms under the adver-
sarial attack scenario. This solves several open prob-
lems in [Jun et al., 2018].

The second set of results studies defense strategies
for the learner. While it is known no algorithm can
achieve a sublinear regret in the presence of a strong
adversary ([Liu and Shroff, 2019]), this work studies
the competitive ratio as a benchmark. I design two
algorithms for the learner that achieve a competitive
ratio arbitrarily close to 1. The algorithms draw con-
nections from smoothed analysis and behavioral eco-
nomics. I believe the use of competitive ratio under
corruptions and the new connections merits further
research.

In the stochastic multi-arm bandit setting, there are
K arms, and arm a ∈ [K] gives subgaussian re-
wards with mean µa and variance proxy σ2. In the
study of optimal attack strategies, the target arm the
adversary wishes to promote is arm K, and denote
∆+

a = max(0, µa − µK). The outline and main results
of each section can be summarized as follows.

• Section 2 begins with the problem statement.

• Section 3 shows my design of an attack strat-
egy against UCB with cost Ô(Kσ

√
log T +∑

a ̸=K ∆+
a ). This holds for T uniformly over time,

improving the attack cost in [Jun et al., 2018] by
a O(

√
log T ) factor.

• Section 4 shows my design of an attack strat-
egy against Thompson sampling with cost
Ô(K

√
log T+

∑
a ̸=K ∆+

a +K(σ+1)
√
logK). This

holds for T uniformly over time. To the best of the
author’s knowledge, no prior work explicitly stud-
ies adversarial attacks on Thompson sampling.

• Section 5 proves lower bounds on the attack cost
against UCB and Thompson sampling with order
Ω(

√
log T ). This shows the proposed attack strat-

egy against UCB and Thompson sampling to be
nearly optimal. A lower bound Ω(log T ) on the
attack cost against ε-greedy is also given.

• Section 6 presents the study of defense strategies
and gives algorithms that achieve a competitive
ratio arbitrarily close to 1, as long as the total
corruption budget C = o(T ).

• Section 7 describes numerical experiments. In the
study of attack strategies, the experiments show
significant improvements over [Jun et al., 2018].

1.2 Related Works

The problem of adversarial attack on stochastic ban-
dits was initiated by [Jun et al., 2018], in which they
proposed attack strategies against UCB and ε-greedy.
The work by Liu and Shroff [Liu and Shroff, 2019]
studied black-box attacks against stochastic bandit
algorithms. Recent works also studied adversar-
ial attacks in other problems, including adversar-
ial bandits ([Ma and Zhou, 2023]), contextual bandits
([Ma et al., 2018, Garcelon et al., 2020]) gaussian pro-
cess bandits ([Han and Scarlett, 2022]) and reinforce-
ment learning ([Zhang et al., 2020]) etc.

Another line of work studies the design of robust al-
gorithms in the presence of adversarial corruption,
sometimes under different adversary models. In
the stochastic bandit setting, [Lykouris et al., 2018,
Gupta et al., 2019] design learning algorithms for the
learner robust to adversarial corruptions under the
weak adversary model, and their result was subse-
quently improved by [Zimmert and Seldin, 2021]. The
weak adversary needs to decide on the corruption
before observing the action of the learner, while
the strong adversary (the model in [Jun et al., 2018])
can observe the action of the learner before decid-
ing on the corruption. The study of corruption-
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robust algorithms has also been studied in other prob-
lems, e.g. linear bandits ([He et al., 2022]), contextual
search ([Leme et al., 2022, Zuo, 2023]), and reinforce-
ment learning ([Wei et al., 2022]), to name a few.

Smoothed analysis first appeared as a way to analyze
an algorithm’s performance beyond worst case, and
was first introduced by [Spielman and Teng, 2004].
In their paper, they showed that while the sim-
plex algorithm exhibits exponential time complex-
ity in the worst case, adding a Gaussian noise to
the input guarantees a polynomial time complexity.
The idea of smoothed analysis has also been ex-
plored in machine learning, online learning, as well
as game-theoretic contexts ([Sivakumar et al., 2020,
Haghtalab et al., 2020, Kannan et al., 2018]).

Behavioral economics is mostly concerned with the
study of bounded rationality (for a textbook treat-
ment see e.g.[Camerer, 2011]). The quantal re-
sponse was proposed in [McKelvey and Palfrey, 1995]
as a solution concept when agents have bounded
rationality. The quantal response enjoys many
nice statistical properties; for example, it natu-
rally arises from the logit model ([McFadden, 1976,
Luce, 2012]) and is equivalent to selecting the maxi-
mum after a perturbation with Gumbel distribution
([Jang et al., 2016]). The quantal response also ap-
pears in the machine learning literature under dif-
ferent contexts, e.g. the softmax activation func-
tion usually used in training machine learning mod-
els ([Dunne and Campbell, 1997]) and the multiplica-
tive weight update algorithms in online learning
([Arora et al., 2012]). Connections between behav-
ioral economics and online learning has also been ex-
plored in ([Wu et al., 2022]).

2 PRELIMINARIES

Algorithm 1 The general adversarial attack frame-
work
for t = 1, 2, ... do
Learner picks arm at according to arm selection

rule (e.g. UCB, Thompson sampling)
Adversary learns at and pre-attack reward r0t ,

chooses attack αt, suffers attack cost |αt|
Learner receives reward rt = r0t − αt

end for

This work studies a stochastic multi-arm bandit prob-
lem where rewards are subject to adversarial corrup-
tions. Let T be the time horizon and K the number
of arms. The learner chooses arm at ∈ [K] during
round t, and a random reward r0t is generated from a
subgaussian distribution with variance proxy σ2. The

reward is centered at µat :

E[r0t ] = µat
.

The work studies the strong adversary, who can ob-
serve the learner’s chosen arm before deciding on the
attack. At round t, after the learner chooses an arm at
and the reward r0t is generated, but before the reward
r0t is given to the learner, the adversary adds a strate-
gic corruption αt to the reward r0t . Then the learner
only receives the corrupted reward rt := r0t −αt. Note
that the adversary can decide the value of αt based
(at, r

0
t ) as well as the history Ht, where the history Ht

is defined as

Ht = (a1, r
0
1, α1, ..., at−1, r

0
t−1, αt−1).

The attack framework is summarized in algorithm 1.

In the rest of this work, τa(t) := {s : as = a, 1 ≤ s < t}
denotes the set of timesteps that arm a was chosen up
to round t, and Na(t) := |τa(t)| denotes the number of
times arm a has been pulled up until round t. Also let
µ̂a(t) denote the post-attack empirical mean for arm
a in round t:

µ̂a(t) =
∑

s∈τa(t)

rs/Na(t),

and let µ̂0
a(t) denote the pre-attack empirical mean for

arm a in round t:

µ̂0
a(t) =

∑
s∈τa(t)

r0s/Na(t).

This work will study both attack strategies for the ad-
versary and defense strategies for the learner. In the
study of attack strategies, the goal of the adversary is
to manipulate the learner into pulling some target arm
T − o(T ) times, while minimizing cumulative attack

cost, defined as
∑T

t=1 |αt|. Without loss of generality,
this work assumes the target arm is K. In the study
of defense strategies, the goal of the learner is to op-
timize the cumulative reward, while being agnostic to
the attack strategy of the adversary.

2.1 A Concentration Result

The following concentration result will be useful
throughout the analysis. Set parameter β(n) as:

β(n) =

√
2σ2

n
log

π2Kn2

3δ
,

and define event E as

∀a, t, |µ̂0
a(t)− µa| < β(Na(t))
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which represents the event that pre-attack empirical
means are concentrated around the true mean within
an error of β(Na(t)). The following has been shown
in [Jun et al., 2018], which follows from a Hoeffding
inequality combined with a union bound.

Lemma 1 ([Jun et al., 2018]). Event E happens with
probability 1 − δ. Further, the sequence β(n) is non-
increasing in n.

3 ATTACK STRATEGY AGAINST
UCB

In this section, I first give the specification of the UCB
algorithm (algorithm 2), then propose a near-optimal
attack strategy against it (algorithm 3).

Algorithm 2 UCB, adapted from
[Bubeck et al., 2012]

For each arm a, learner maintains empirical mean
µ̂a(t) and the number of times a has been pulled
Na(t)
for t = 1, 2, . . . ,K do
Pull each arm a once
Update µ̂a(t+ 1), Na(t+ 1)

end for
for t > K do

at = argmaxa µ̂a(t) + 3σ
√

log t
Na(t)

Choose arm at and observe reward
Update µ̂a(t+ 1), Na(t+ 1)

end for

Algorithm 3 Optimal Attack on UCB

β(n) =
√

2σ2

n log π2Kn2

3δ

for t = 1, 2, . . . do
if at ̸= K then

Adversary observe reward r0t
Compute and inject the smallest corruption αt

with αt ≥ 0, such that:

µ̂at
(t) ≤ µ̂K(t)− 2β(NK(t))− 3σ · exp(Nat

(t))

where µ̂at(t) is the post-attack empirical mean:

µ̂at(t) = (µ̂at(t− 1) ·Na(t) + r0t − αt)/(Na(t) + 1)

end if
end for

3.1 UCB

The UCB algorithm is summarized in algorithm 2 and
the specification follows from [Jun et al., 2018]. In the
first K rounds, the learner pulls each arm a once to

obtain an initial estimate µ̂a. Then in later rounds
t > K, the learner computes the UCB index for arm
a as

µ̂a(t) + 3σ

√
log t

Na(t)
.

The arm with the largest index is then chosen by the
learner.

3.2 Adversarial Attack Strategy

I now show an optimal attack strategy for the ad-
versary against the UCB algorithm that only spends
Ô(

√
log T ) attack cost. The attack strategy is summa-

rized in algorithm 3. Recall the goal of the adversary
is to manipulate a learner employing the UCB algo-
rithm into choosing the target arm (arm K) at least
T − o(T ) times while keeping the cumulative attack
cost low.

For convenience assume arm K is picked in the first
round. The proposed attack strategy works as fol-
lows. The adversary only attacks when any non-target
arm is pulled, and adds corruption to ensure the dif-
ference between the post-attack empirical mean of the
pulled arm and the target arm is above a certain gap.
Specifically, the attacker ensures that the post-attack
empirical means satisfy:

µ̂at(t) ≤ µ̂K(t)− 2β(NK(t))− 3σ exp(Na(t)). (1)

The key insight is that in order to minimize attack
cost, the number of non-target arm pulls should be
kept as low as possible. In fact, using the proposed at-
tack strategy guarantees any non-target arm is pulled
only O(log log t) times for any round t.

The main result on the upper bound of the cost of the
attack strategy against UCB is given below. Recall
∆a = µa − µK , ∆+

a = max(0,∆a).

Theorem 1. With probability 1 − δ, for any T , us-
ing the proposed attack strategy ensures any non-target
arm is pulled O(log log T ) times and total attack cost

is Ô(Kσ
√
log T +

∑
a∈[K] ∆

+
a ).

Proof Sketch. Each time a non-target arm is pulled,
the adversary injects corruption so that the gap
in eq. (1) holds. The gap 2β(NK(t)) + 3σ exp(Na(t))
consists of two terms. The first term β(NK(t)) is a
deviation bound that accounts for the estimation er-
ror of the true means (see lemma 1). The second term
grows exponentially with the number of times the cur-
rent arm is pulled and guarantees that any non-target
arm is only pulled for 0.5 log log T times for any round
T . This in turn implies for any round t, the adversary
needs only spend Ô(exp(0.5 log log T )) = Ô(

√
log T )

attack cost to ensure the gap holds.
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Remark 1. Note that in the actual implementation,
the adversary may wish equation eq. (1) to hold with
strict inequality. This can be accomplished by adjust-
ing the attack by an infinitesimal amount. This work
will not be concerned with such an issue and simply
assumes eq. (1) holds with equality when the adversary
attacks.

4 ATTACK STRATEGY AGAINST
THOMPSON SAMPLING

In this section, I first give the description of the
Thompson sampling algorithm (algorithm 4), then
propose a near-optimal attack strategy against it (al-
gorithm 5).

Algorithm 4 Thompson sampling, adapted from
[Agrawal and Goyal, 2017]

For each arm a, learner maintains empirical mean
µ̂a(t) and the number of times a has been pulled
Na(t)
for t = 1, 2, . . . ,K do
Pull each arm a once
Update µ̂a(t+ 1), Na(t+ 1)

end for
for t > K do
Sample νa = N (µ̂a(t),

1
Na(t)

)

Choose at = argmaxa νa and observe reward
Update µ̂a(t+ 1), Na(t+ 1)

end for

Algorithm 5 Optimal Attack on Thompson Sampling

β(n) =
√

2σ2

n log π2Kn2

3δ

for t = 1, 2, . . . do
if at ̸= K then

Compute and inject the smallest corruption αt

with αt ≥ 0, such that:

µ̂at(t) ≤ µ̂K−2β(NK(t))−4 exp(Nat(t))−
√
8 log

π2K

3δ

where µ̂at
(t) is the post-attack empirical mean:

µ̂at(t) = (µ̂at(t− 1) ·Na(t) + r0t − αt)/(Na(t) + 1)

end if
end for

4.1 Thompson Sampling

The Thompson Sampling is summarized in al-
gorithm 4 and the specification is adapted
from [Agrawal and Goyal, 2017]. In the first K

rounds, the learner pulls each arm a once. Then in
later rounds, for each arm a, a random variable νa is
generated from the distribution N (µ̂a(t),

1
Na(t)

). The

arm with the largest νa is then chosen.

4.2 Adversarial Attack Strategy

I now show an optimal attack strategy for the adver-
sary against the Thompson sampling algorithm, which
only spends Ô(

√
log T ) attack cost. The attack strat-

egy is summarized in algorithm 5 and shares some sim-
ilar insights as the attack strategy against the UCB
algorithm. Specifically, any non-target arm pulls are
also upper bounded by O(log log t). This is achieved
by injecting corruption whenever non-target arms are
pulled to ensure the post-attack empirical means sat-
isfy:

µ̂at(t) ≤ µ̂K(t)−2β(NK(t))−4 exp(Nat(t))−
√
8 log

π2K

3δ
.

Similar to the attack on UCB, the gap contains a term
4 exp(Nat(t)) that grows exponentially in the number
of times that the non-target arm is pulled. Hence, this
exponential term exhibits some generality and may act
as a general attack principle for the adversary.

Theorem 2. With probability 1 − 2δ, for any T , us-
ing the proposed attack strategy ensures any non-target
arm is pulled O(log log T ) times and the total attack

cost is Ô(K
√
log T+

∑
a ̸=[K] ∆

+
a +K(σ+1)

√
log π2K

3δ ).

Remark 2. Note that in the attack cost
Ô(Kσ

√
log T +

∑
a̸=K ∆+

a ) on UCB bandits, the√
log T factor is multiplied by σ, whereas for Thomp-

son sampling the
√
log T factor is not. Hence, the

attack cost for UCB is expected to grow faster than the
attack cost for Thompson sampling as σ gets large,
and vice versa. This point is in fact illustrated in the
numerical experiments in the following sections.

5 LOWER BOUNDS ON ATTACK
COST

In this section, I prove lower bounds on the cumula-
tive attack cost. For a learner employing the UCB
or Thompson sampling algorithm, the lower bounds
of Ω(

√
log T ) match the upper bound in the previous

section up to O(log log T ) factors, showing the pro-
posed attack strategy to be near optimal. I also show
a lower bound of Ω(log T ) on the attack cost against
the ε-greedy algorithm. I shall focus on the setting
where K = 2, but the results also generalize to the
case where K > 2. In this section, the bandit envi-
ronment consists of two arms giving Gaussian rewards
N (µ1, σ

2),N (µ2, σ
2). The mean µ1 > µ2 and the 2nd
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arm is the target arm. Let ∆ = µ1 − µ2 and let B be
a sufficiently large constant.

The below two theorems characterize the lower bound
on attack cost against UCB and Thompson sampling.

Theorem 3 (UCB Attack Cost Lower Bound). As-
sume the learner is using the UCB algorithm as in al-
gorithm 2. For any T > B, if the adversary spend an
attack cost less than ∆ + 0.22σ

√
log T − 1, then with

probability 0.9, the learner pulls the first arm more
than T/26 times.

Proof Sketch. Consider the last time the target arm
has been pulled, denote this round by t0. At round t0,
the UCB index for the non-target arm (the optimal
arm) must be lower than that of the target arm. Since
N2(t0) = Θ(T ):

µ̂1(t0) +

√
log T

N1(t0)
≲ µ̂2(t0).

To drag down the UCB index of the non-target arm
to achieve this, an attack cost of(

∆+

√
log T

N1(t0)

)
N1(t0) = Ω(

√
log T )

is needed.

Theorem 4 (Thompson Sampling Attack Cost Lower
Bound). Assume the learner is using the Thompson
Sampling algorithm as in algorithm 4. For any T >
B, if the adversary spent an attack cost no more than
∆+ 0.1

√
log T , then with probability 0.81, the learner

pulls the 1st arm more than T/10 times.

Remark 3. Note the lower bounds hold for when the
adversary knows the time horizon T , whereas the up-
per bounds in the previous section hold for T uniformly
over time. Therefore, it would seem the O(log log T )
factor is the price the adversary has to pay when mov-
ing from the fixed T setting to the uniform T setting.

For comparison, I establish a lower bound on the cu-
mulative attack cost against ε-greedy. Interestingly,
the ε-greedy exhibit a Ω(log T ) lower bound, in con-
trast with the Ω(

√
log T ) lower bounds for UCB and

Thompson sampling. This lower bound shows the at-
tack strategy proposed in [Jun et al., 2018] to be es-
sentially optimal.

The ε-greedy algorithm works as follows. At each
round, the learner with probability εt does uniform
exploration, otherwise, the learner does exploitation
and chooses the arm with the largest empirical reward.
Assume εt = cK/t for some exploration parameter c as
in [Auer et al., 2002] (each arm is chosen for explo-
ration with probability c/t each round).

Theorem 5 (ε-greedy Attack Cost Lower Bound).
Assume the learner is using the ε-greedy algorithm with
a learning rate 2c/t for some fixed constant c. For any
T > B, if the adversary spent an attack cost no more
than c ·∆ log T/6, then with probability 0.8, the learner
pulls the 1st arm more than T/4 times.

6 DEFENSES WITH SMOOTHED
RESPONSES

This section studies defense strategies for the learner,
and uses the competitive ratio as the benchmark in-
stead of regret. This is because a sublinear regret is not
possible in the presence of a strong adversary. Specifi-
cally, it is known for any low-regret bandit algorithm, a
strong adversary can spend o(T ) attack cost and make
the learner suffer linear regret ([He et al., 2022]).

This section will prove bounds on the collected rewards
of the form

REW ≥ (1− ε)OPT− o(T ),

where REW is the total reward collected, as measured
by the true empirical means, and OPT is the expected
reward of the optimal policy, i.e.:

REW =

T∑
t=1

µat , OPT = Tµ∗.

If an algorithm satisfies the above lower bound on REW

(with probability 1 − δ), then the algorithm is said
to achieve (1 − ε) competitive ratio (with probability
1 − δ). In this section, pre-attack rewards and post-
attack rewards are assumed to be bounded in [0, 1].
This assumption is made since the competitive ratio
is used as a benchmark; however, note even in this
bounded rewards setting, [Rangi et al., 2022] showed
that no-regret bandit algorithms are prone to adver-
sarial attacks.

I first begin with a more detailed discussion on the use
of competitive ratio as benchmark. Then, I show how
concepts from smoothed analysis and behavioral eco-
nomics can be used to design algorithms that achieve a
competitive ratio arbitrarily close to 1 in the presence
of a strong adversary.

6.1 Discussion on the Use of Competitive
Ratio

The strongest form of guarantee one can hope for is
a sublinear regret that scales with C. This is possible
when the learner faces a weak adversary. However,
obtaining a sublinear regret is impossible when the
adversary is strong.
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Fact 1. (From [He et al., 2022]) If some algorithm
ALG achieves regret REG(T ) when C = 0, then there
exists a strong adversary with budget C = Θ(REG(T ))
that can make the learner suffer linear regret.

From the above fact, if the algorithm were not to suf-
fer linear regret when C = 0, then there exists a sce-
nario in which the adversary uses a sublinear attack
budget and makes the algorithm suffer linear regret.
In either case, there is a scenario where the learner
must suffer linear regret. Now, since sublinear regret
is not possible, the next natural possible benchmark
is the competitive ratio. To understand how good this
benchmark is, consider the following proposition.

Proposition 1. Fix any algorithm ALG. There exists
some constant ε > 0 and an attack strategy with a sub-
linear budget such that the learner achieves no better
than 1− ε competitive ratio, specifically,

lim inf
T→∞

(REW(T )/OPT(T )) ≤ 1− ε.

This can be seen as a consequence of Fact 1 above.
For, considering first when C = 0, if the above is not
satisfied for any ε > 0 (otherwise we already have our
ε), then the conclusion must be ALG achieves sublin-
ear regret when C = 0. Then applying the above
Fact 1 gives a suitable attack strategy with a suitable
ε. Though using the competitive ratio as benchmark
gives us non-trivial robustness guarantees, it is unclear
whether there exists a better benchmark under which
robustness can be measured.

6.2 Smoothed Myopic Response

Motivated by smoothed analysis, this work proposes
the smoothed myopic response as a defense strategy.
At each round, let the empirically best arm be a∗t . The
response is then a ρ-smoothed version of the myopic
response. In other words, every arm a ̸= a∗t is pulled
with probability ρ, and the empirical best arm is pulled
with probability 1−(K−1)ρ. When the learner puts a
small constant as exploration probability on each arm,
he will eventually discover the best arm as long as the
total corruption budget of the adversary is sublinear
in T .

Theorem 6. Fix any ε > 0, for a sufficiently large
T , with probability 1 − 1/T , algorithm 6 achieves the
following:

REW ≥ (1− ε)OPT− o(T ).

Proof Sketch. Let a be any suboptimal arm. At any
round, arm a has a probability of at least ρ of be-
ing chosen. After T = Ω( C

ρ∆a
) rounds, arm a has

been chosen at least Ω( C
∆a

) times and the effect of the
corruption diminishes. Specifically, the gap between

Algorithm 6 Smoothed Response

Input: ε, target competitive ratio is (1− ε)
ρ := ε/K
for t = 1, 2, . . . , T do
Let a∗t = argmax µ̂a(t)
Let

pt,a =

{
ρ if a ̸= a∗t
1− (K − 1)ρ if a = a∗t

Choose arm sampled from pt
end for

Algorithm 7 Quantal Response

Input: ε: target competitive ratio is (1− ε);
λ := 2 ln K

ε
for t = 1, 2, . . . , T do
µ̂∗(t) = argmaxa µ̂a(t)
ψa(t) = µ̂a(t)/µ̂

∗(t)
Let pt,a = exp(λψa(t))/

∑
b exp(λψb(t))

Choose arm sampled from pt
end for

pre-attack mean and post-attack mean drops below
O(∆a). Consequently, after enough rounds (which is
sublinear in T ), the suboptimality is identified and the
learner will choose arm a with probability ρ. Setting ρ
to be a sufficiently small constant achieves a competi-
tive ratio arbitrarily close to 1.

6.3 Quantal Response

The second response model is motivated by litera-
ture on bounded rationality, specifically the quantal
response model. At each round, the learner computes
the empirical mean and the ratio to the empirically
best arm ψa(t) = µ̂a(t)/µ̂

∗(t). The learner then as-
signs a probability to pull each arm proportional to
exp(λψa(t)), where λ is a parameter chosen by the
learner. Thus, the probability can be interpreted as
performing a softmax on the empirical means. In ad-
dition, the parameter λ controls the ‘sharpness’ of the
smoothed distribution, the larger the λ, the less ex-
ploration the learner takes. To illustrate this point, if
λ is taken to be +∞, the learner always acts myopi-
cally, and if λ = 0, the learner always does uniform
exploration.

Theorem 7. Fix any constant ε > 0, for a sufficiently
large T , with probability 1−1/T , algorithm 7 achieves:

REW ≥ (1− ε)OPT− o(T ).
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Table 1: Comparisons of cumulative attack cost.
The first entry ‘Baseline’ runs attack strategy
in [Jun et al., 2018] against UCB. Second and third
entry runs the proposed attack strategy against UCB
and Thompson Sampling (TS). Results on proposed
attack strategy all have standard deviation within 1.0
after 10 random trials.

Setting σ µ = 0.1 µ = 1 µ = 2
Baseline 0.1 23.6 129.4 247.3

1 114.4 241.7 360.3
2 239.4 367.6 475.5

UCB 0.1 1.3 2.4 3.6
1 14.5 15.9 16.8
2 30.3 30.7 31.0

TS 0.1 13.0 13.9 15.0
1 19.0 19.7 20.6
2 23.8 25.0 26.7

7 EXPERIMENTS

This section describes the numerical simulations on the
proposed optimal attack strategies and defense strate-
gies 1.

7.1 Experiments on Attack Strategies

In this subsection, I simulate the proposed attack
strategies on UCB and Thompson sampling and de-
scribe the results of numerical experiments. In the ex-
periments, the bandit instance has two arms, and the
reward distributions areN (µ, σ2) andN (0, σ2) respec-
tively. The target arm is the second arm. The exper-
iments aim to empirically study how the variance of
the reward σ2 and the reward gap µ affect the cumu-
lative attack cost. For both UCB and Thompson sam-
pling, I conduct 9 groups of experiments by varying
the parameters of σ ∈ {0.1, 1, 2} and µ ∈ {0.1, 1, 2}.
In each group, I run 20 trials for the bandit instance
with T = 106. I also run the attack strategy against
UCB in [Jun et al., 2018] as a baseline for comparison.

In the experiments for both UCB and Thompson sam-
pling, any non-target arm is pulled no more than 2
times in any trial, while the target arm is pulled almost
every round. This validates the theoretical results,
which indicate that any non-target arm gets pulled
no more than 0.5 log log T times.

The cumulative attack costs for different choices of
(µ, σ) are summarized in Table 1. For UCB, the em-
pirical results fit nicely with the theoretical bound of
Ô(σ

√
log T + µ) in this work (specializing the upper

1Code available at https://github.com/ShiliangZuo/
BanditAttack.git

Figure 1: Top subfigure shows cumulative reward
under smoothed myopic response, bottom subfigure
shows the number of suboptimal arm pulls. The
learner does more exploration as ρ increases and will
be quicker to identify the optimal arm, but the excess
exploration hurts performance in the long run. All
values have coefficient of deviation within 0.02 after
10 random trials.

bound on attack cost on UCB to the 2 arm setting,
similar for the following bounds). The results also
show a significant improvement over the attack strat-
egy proposed in [Jun et al., 2018], which had a theo-
retical bound of O(µ log T + σ log T ). For Thompson
sampling, the empirical results fit nicely with the the-
oretical bound of Ô(

√
log T + µ + σ). Also note that

in the attack cost on UCB bandits, the
√
log T fac-

tor is multiplied by σ but not for Thompson sampling.
Thus, the attack cost for UCB is expected to grow
faster than the attack cost for Thompson sampling as
σ gets large, and vice versa, as shown is Table 1.

The experiments validate the theoretical results and
empirically demonstrate that adding very small cor-

https://github.com/ShiliangZuo/BanditAttack.git
https://github.com/ShiliangZuo/BanditAttack.git
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Figure 2: Top subfigure shows cumulative reward
under quantal response, bottom subfigure shows the
number of suboptimal arm pulls. The learner does
more exploration as λ decreases and will be quicker
to detect the optimal arm, but the excess exploration
hurts performance in the long run. All values have co-
efficient of deviation within 0.02 after 10 random trials.

ruptions allows the adversary to steer the learner away
from the actual optimal arm and manipulates the
learner into choosing the adversary’s target arm.

7.2 Experiments on Defense Strategies

This subsection describes the second set of experi-
ments on the two proposed defense strategies. There
are 2 arms giving Bernoulli rewards. The first arm
is the optimal arm and gives rewards with mean µ1 =
0.5, the second arm is the suboptimal arm and gives re-
wards with mean µ2 = 0.2. The time horizon T = 105

and the corruption budget of the adversary is C = 103.
The adversary adopts the following attack strategy:
whenever the learner chooses the first arm (i.e. the op-

timal arm) and the realized reward is 1, the adversary
changes this reward to 0. Figure 1 and figure 2 show
the cumulative reward as a function of T , using the
smoothed myopic response and the quantal response
respectively. In general, when the learner does more
exploration (larger ρ in smoothed myopic response and
smaller λ in quantal response), he will be quicker to
identify the optimal arm. But this excess exploration
will hurt performance in the long run.

8 CONCLUSION

In this work, I study adversarial attacks that manip-
ulate the behavior of stochastic bandit algorithms by
corrupting the reward the learner observes. Both at-
tack and defense strategies are studied. From the
adversary’s perspective, I give nearly optimal attack
strategies. Tight characterizations are given on the at-
tack cost needed to manipulate the UCB, Thompson
sampling, and ε-greedy algorithm into pulling some
target arm of the adversary’s choosing. For UCB and
Thompson sampling, I propose optimal attack strate-
gies with attack cost Ô(

√
log T ) and establish match-

ing lower bounds Ω(
√
log T ) on the cumulative attack

cost. For the ε-greedy algorithm, I give a lower bound
of Ω(log T ) on the attack cost. I also stdudy defense
strategies for the learner. Motivated by literature from
smoothed analysis and behavioral economics, I give
two simple algorithms that achieve a competitive ra-
tio arbitrarily close to 1.
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Supplementary Materials

9 PROOFS: ATTACK STRATEGY AGAINST UCB

This section details the proof of Theorem 1. I begin with a lemma characterizing the number of pulls for any
non-target arm. Recall event E is the event that pre-attack empirical means concentrate around the true mean
(Lemma 1).

Lemma 2. Assume event E holds. At any round t, Na(t) ≤ ⌈0.5 · log log t⌉ for any a ̸= K.

Proof. For sake of contradiction suppose some non-target arm a is pulled more than ⌈0.5 · log log t⌉ times. After
this arm is pulled for the ⌈0.5 · log log t⌉-th time at round t0 < t, we must have

µ̂a(t0) ≤ µ̂K(t0)− 2β(NK(t0))− 3σ · exp
(
log
√

log t
)

= µ̂K(t0)− 2β(NK(t0))− 3σ
√

log t. (2)

Now assume arm a has been pulled for the (⌈0.5 log log t⌉ + 1)-th time in round t1 ∈ [t0 + 1, t]. Then the UCB
index of arm a must be higher than that of arm K in round t1. However,

µ̂a(t1 − 1) + 3σ

√
log t1

Na(t1 − 1)

= µ̂a(t0) + 3σ

√
log t1
Na(t0)

≤ µ̂K(t0)− 2β(NK(t0))− 3σ
√
log t+ 3σ

√
log t1
Na(t0)

≤ µ̂K(t1)− 3σ
√
log t+ 3σ

√
log t1
Na(t0)

≤ µ̂K(t1).

The second line follows from the fact that arm a has not been chosen since t0, the third line follows from the
design of the attack strategy (specifically eq. (2)), and the fourth line follows from the concentration result given
by event E. The UCB index of arm a is lower than that of arm K, hence a contradiction is established, and arm
a will not be picked again.

Proof. (of Theorem 1) Assume event E holds throughout this proof. By lemma 2, any non-target arm is pulled
O(log log T ) times. Recall τa(t) is the set of timesteps in which arm a was chosen.

For any t,

µ̂a(t) =
µ̂0
a(t)Na(t)−

∑
s∈τa(t)

αs

Na(t)
.

Also, in round t if the adversary attacked arm a, then

µ̂a(t) = µ̂K(t)− 2β(NK(t))− 3σeNa(t).

Consequently by the above two equations:

1

Na(t)

∑
s∈τa(s)

αs = µ̂0
a(t)− µ̂K(t) + 2β(NK(t)) + 3σeNa(t)
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≤ ∆+
a + β(Na(t)) + 3β(NK(t)) + 3σeNa(t)

≤ ∆+
a + β(Na(t)) + 3β(NK(t)) + 3σe0.5 log log t+1

≤ ∆+
a + 4β(Na(t)) + 3e · σ

√
log t.

Here, the third line follows from event E, and the last line comes from the fact that β is nonincreasing and
Na(t) < NK(t). Thus focusing the attack cost spent on arm a:∑

s∈τa(t)

αs ≤ Na(t)(∆
+
a + 4β(Na(t)) + 3e · σ

√
log t)

= Ô(σ
√

log t+∆+
a ).

Summing over all non-target arms, the total attack cost is Ô(Kσ
√
log T +

∑
a∈[K] ∆

+
a ).

10 PROOFS: ATTACK STRATEGY AGAINST THOMPSON SAMPLING

This section details the proof of Theorem 2. I first give a concentration result that will be useful in this section.

Let ζ(t) :=
√
2 log π2Kt2

3δ . Denote the event in the following lemma by E1.

Lemma 3. With probability 1− δ, for any round t, we have |νa(t)− µ̂a(t)| < ζ(t)/Na(t).

Proof. Fix round t and an arm a. Then by a standard Gaussian tail bound:

Pr[|νa(t)− µ̂a(t)| > ζ(t)/Na(t)] < 2 exp
(
−ζ(t)2/2

)
=

6δ

π2
· 1

Kt2

The lemma then follows from a union bound over t and arms a.

Lemma 4. Assume event E and E1 hold. At any round t, arm a is pulled for ⌈0.5 · log log t⌉ times for any
non-target arm a ̸= K.

Proof. Assume for the sake of contradiction arm a is pulled more than ⌈0.5 log log t⌉ times. Suppose at round t0
arm a is pulled for the ⌈0.5 log log t⌉-th time. After round t0, we must have:

µ̂a(t0) ≤ µ̂K(t0)− 2β(NK(t0))− 4 exp(Na(t))−
√
8 log

π2K

3δ

≤ µ̂K(t0)− 2β(NK(t0))− 4
√
log t−

√
8 log

π2K

3δ
(3)

Assume arm a has been chosen again at round t1 > t0. Then we must have

νa(t1) > νK(t1).

However,

νa(t1) < µ̂a(t0) + ζ(t1)

< µ̂K(t0)− 2β(NK(t0))− 4
√
log t−

√
8 log

π2K

3δ
+ ζ(t1)

< µ̂K(t1)− 4
√
log t−

√
8 log

π2K

3δ
+ ζ(t1)

< µ̂K(t1)− ζ(t1)

< νK(t1)

Here, the first line follows from event E1, the second line follows from the design of the attack strategy (eq. (3)),
the third line follows from event E, the fourth line follows from the definition of ζ, and the final line follows from
event E1 again. Hence, a contradiction is established, and arm a will not be picked again before round t.



Near Optimal Adversarial Attacks on Stochastic Bandits and Defenses with Smoothed Responses

Proof. (of Theorem 2) In a similar fashion as the proof in theorem 1, the attack cost on arm a can be bounded
by:

1

Na(t)

∑
s∈τa(s)

αs ≤ µ̂0
a(t)− µ̂K(t) + 2β(NK(t)) + 2.9 exp(Na(t)) + 2

√
log

π2K

3δ

≤ ∆+
a + 4β(Na(t)) + 2.9

√
log T + 2

√
log

π2K

3δ
.

Hence the attack cost on arm a can be bounded as:∑
s∈τa(s)

αs = Ô(∆+
a +

√
log T + (σ + 1)

√
log

π2K

3δ
).

Summing over all non-target arms completes the proof.

11 PROOFS: LOWER BOUNDS

Recall that τa(t) represents the set of timesteps that arm a was chosen before round t. Let Ca(t) =
∑

s∈τa(t)
|αs|

denote the cumulative attack cost spent on arm a until round t. Note that

µ̂a(t)−
Ca(t)

Na(t)
≤ µ̂0

a(t) ≤ µ̂a(t) +
Ca(t)

Na(t)
. (4)

11.1 UCB Lower Bound

Proof. (of Theorem 3) Throughout this proof assume event E holds with δ = 0.1. Suppose the non-target arm
has been pulled no more than T/26 times. We show the attack cost is at least ∆ + 0.22σ

√
log T − 1. Consider

the last round the target arm is pulled. Denote this timestep by t, then t > T/2. Comparing the UCB index we
must have

µ̂2(t) + 3σ

√
log t

N2(t)
> µ̂1(t) + 3σ

√
log t

N1(t)
.

Therefore by event E and eq. (4)

µ2(t) + β(N2(t)) +
C2(t)

N2(t)
+ 3σ

√
log t

N2(t)

> µ1(t)− β(N1(t))−
C1(t)

N1(t)
+ 3σ

√
log t

N1(t)
.

By the fact that N1(t) < N2(t)/25: √
log t

N2(t)
< 0.2

√
log t

N1(t)
,

and we can also verify
β(N2(t)) < 0.29β(N1(t)).

Hence

C1(t) + C2(t)

N1(t)

> ∆− β(N1(t))− β(N2(t)) + 3σ

√
log t

N1(t)
− 3σ

√
log t

N2(t)

≥ ∆− 1.29β(N1(t)) + 2.8σ

√
log t

N1(t)
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= ∆− 1.29

√
2σ2

N1(t)
log

2π2N1(t)2

3δ
+ 2.8σ

√
log t

N1(t)

≥ ∆+ 0.22σ

√
log t

N1(t)
.

Finally,

C1(t) + C2(t) ≥ N1(t)∆ + 0.22σ
√
N1(t) log t

≥ ∆+ 0.22σ
√

log t.

This finishes the proof.

11.2 Thompson Sampling Lower Bound

In the following let Pr
[
N (µ, σ2) > t

]
denote the complementary CDF (tail probability) of a Gaussian random

variable with specified mean and variance.

Lemma 5 ([Abramowitz et al., 1988]). The tail for a Gaussian distribution can be lower bounded by:

Pr[N (−µ, 1) > 0] >

√
2

π

exp
(
−µ2/2

)
µ+

√
µ2 + 2

.

Lemma 6. Let C be the total attack cost. For a round t, if N1(t) < N2(t), then the probability that the non-target

arm gets pulled is at least min
(
Pr
[
N (∆−C

N1(t)
, 1
N1(t)

) > 0
]
, 1/2
)
.

Proof. Fix a round t. If µ̂1(t) > µ̂2(t), then Pr[at = 1] > 1/2. Now assume µ̂1(t) < µ̂2(t).

Pr[at = 1] = Pr[ν(t) > 0]

= Pr

[
N (µ̂1(t)− µ̂2(t),

1

N1(t)
+

1

N2(t)
) > 0

]
≥ Pr

[
N (µ̂0

1(t)− µ̂0
2(t)−

C

N1(t)
,

1

N1(t)
+

1

N2(t)
) > 0

]
≥ Pr

[
N (µ1(t)− µ2(t)−

C

N1(t)
,

1

N1(t)
) > 0

]
= Pr

[
N (∆− C

N1(t)
,

1

N1(t)
) > 0

]
≥ Pr

[
N (

∆− C

N1(t)
,

1

N1(t)
) > 0

]
Here, the third line is because of eq. (4), the fourth line is because the tail probability cannot increase if we
decrease the variance of the Gaussian.

Lemma 7. Assume the adversary spends an attack cost no more than C := ∆+0.1
√
log T . Then the non-target

arm has been chosen T 0.8 times during period [T/5, T/2].

Proof. Consider rounds during the period [T/5, T/2]. If at any point t, N1(t) > N2(t), then the non-target arm
has already been chosen T/10 times. Hence we can assume N1(t) < N2(t).

Pr[at = 1] ≥ Pr

[
N (

∆− C

N1(t)
,

1

N1(t)
) > 0

]
≥ Pr

[
N (−0.1

√
log T , 1) > 0

]
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≥ 1√
2π

· 1

0.2
√
log T

· exp(−0.005 log T )

> T−0.1

The expected number of pulls during this period is at least 0.3T 0.9. For a sufficiently large T , by a simple
Hoeffding inequality, with probability 0.9, the learner has chosen the non-target arm for at least T 0.8 rounds
during this period.

Proof. (of Theorem 4) Assume the adversary spends an attack cost no more than C := ∆ + 0.1
√
log T . We will

show with probability at least 0.8, the learner chose the non-target arm more than T/10 times. By the previous
lemma, the learner choose the non-target arm at least T 0.8 times during the period [T/5, T/2].

Now, consider rounds during the period [T/2, T ]. The following holds:

Pr[at = 1] = Pr

[
N (

∆− C

N1(t)
,

1

N1(t)
) > 0

]
≥ Pr

[
N (

∆− C

T 0.8
,
1

T
) > 0

]
≥ Pr

[
N (

−0.1
√
log T

T 0.8
,
1

T
) > 0

]
≥ Pr

[
N (

−0.1

T 0.5
,
1

T
) > 0

]
≥ Pr[N (−0.1, 1) > 0]

> 0.4.

The expected number of pulls during this period is at least T/5. For a sufficiently large T , by Hoeffding inequality,
with probability 0.9, the learner chooses the non-target arm at least T/10 times.

Hence, with a probability of at least 0.8, the learner has chosen the non-target arm at least T/10 times.

11.3 ε-greedy Lower Bound

I first prove a lemma that gives a tight characterization of the number of times each arm is pulled in exploration
rounds.

Lemma 8. Fix δ ∈ (0, 1). Suppose T satisfies
∑T

t=1
c/t ≥ 16 log(4/δ), then with probability 1− δ, the number of

times each arm is pulled during exploration rounds is between 0.5c log T and 2c log T .

Proof. Fix arm a. Let Xt be the indicator variable that takes the value 1 if arm a was pulled in round t as
exploration. Then

E[Xt] =
c

t

V[Xt] =
c

t
(1− c

t
).

Then by a Freedmans’ style inequality (e.g. [Agarwal et al., 2014]), for any η ∈ (0, 1), with probability 1 − δ/4,
we have

T∑
t=1

(Xt −
c

t
) ≤ η

T∑
t=1

V[Xt] +
log(4/δ)

η

≤ η

T∑
t=1

E[Xt] +
log(4/δ)

η
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= η

T∑
t=1

c

t
+

log(4/δ)

η
.

Choosing η =
√

log(4/δ)∑T
t=1 c/t

, we obtain

T∑
t=1

Xt <

T∑
t=1

c

t
+ 2

√√√√ T∑
t=1

c

t
log(4/δ).

A lower bound on
∑T

t=1Xt is similar by taking the random variables to be −Xt instead of Xt in Freedmans’
inequality, and we can show with probability 1− δ/4

T∑
t=1

Xt >

T∑
t=1

c

t
− 2

√√√√ T∑
t=1

c

t
log(4/δ).

Thus with probability 1− δ/2, for T large enough

1

2

T∑
t=1

c

t
<

T∑
t=1

Xt < 2

T∑
t=1

c

t
.

The lemma then follows by taking a union bound over the 2 arms.

Proof. (of Theorem 5) Throughout this proof assume event E and lemma 8 holds with δ = 0.1. By a union
bound, these events hold simultaneously with probability at least 0.8. Assume the target arm has been pulled
at least 3T/4 rounds. We will show the adversary spend an attack cost at least Ω(∆ log T ). Consider the last
exploitation round before T in which the learner pulled the 2nd arm, and denote the timestep by t. By round
T , the number of times the 2nd arm was pulled in exploration rounds is at most 2c log T . Thus to ensure the
2nd arm is pulled no less than T − T/4 rounds, we must have

t > T − T/4− 2c log T > T/2.

In this round, the post-attack mean of the 2nd arm must be higher than that of the 1st arm:

µ̂2(t) > µ̂1(t).

Therefore by event E and eq. (4):

µ2(t) + β(N2(t)) +
C2(t)

N2(t)
> µ1(t)− β(N1(t))−

C1(t)

N1(t)

leading to

C1(t) + C2(t) > N1(t)(∆− 2β(N1(t)))

> c ·∆ log T/6,

since assuming lemma 8 holds, N1(t) > 0.5c log T , and by the assumption on T we have ∆ > 3β(0.5c log T ) >
3β(N1(t)). This finishes the proof.

12 PROOFS: COMPETITIVE RATIO WITH SMOOTHED RESPONSES

Lemma 9. Assume for each arm a, the probability of pulling a in each round t can be lower bounded by ρ. Then
with probability 1− δ, for every t > 10

ρ · log K
δ , the following holds:

Na(t) ≥
ρt

2
.

Moreover, with probability 1− 2δ, for any t > t0 := max( 10ρ · log K
δ ,

16C
ρ∆a

, 20 log(T/δ)
ρ∆2

a
), the learner has:

µ̂a(t) < µ̂a∗ −∆a/2.
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Proof. Fix arm a and round t. With probability 1− δ, by Chernoff bound:

Pr

[
Na(t) <

ρt

2

]
< exp(−0.25ρt/2)

Moreover, it is easy to verify that for any t > 10
ρ · log K

δ :

exp(−0.25ρt/2) ≤ δ

Kt2
.

A union bound then completes the first part of the proof.

Now, fix some suboptimal arm a and let t > t0. Then Na(t) > max( 8C∆a
, 10 log T

∆2
a

). Consequently by eq. (4),

µ̂a(t) ≤ µ̂0
a(t) +

C

Na(t)
≤ µ̂0

a(t) +
∆a

8
,

µ̂a∗(t) ≥ µ̂0
a∗(t)−

C

Na(t)
≥ µ̂0

a∗(t)−
∆a

8
.

And by event E,

µ̂0
a(t) ≤ µ̂a +

√
log(T/δ)

Na(t)
≤ µa +

∆a

8
,

µ̂0
a∗(t) ≤ µ̂a∗ +

√
log(T/δ)

Na(t)
≥ µa∗ − ∆a

8
.

Rearranging the above inequalities completes the proof.

12.1 Proof for Smoothed Myopic Response

Proof. (of Theorem 6) Choose δ = 1/T in Lemma 9. After round t0, any suboptimal arm has a probability ρ of
being pulled. Hence the total pulls of some suboptimal arm a can be bounded by:

O(
C

∆a
+

log T

∆2
a

) + 2ρT.

The total regret contributed by suboptimal arm a can be bounded by

O(C +
log T

∆a
) + 2ρT∆a ≤ o(T ) + 2ρTµ∗.

The optimal reward is Tµ∗. The expected collected reward is:

REW ≥ Tµ∗ −
∑
a

2ρTµ∗ − o(T )

≥ Tµ∗ − 2ρKTµ∗ − o(T )

≥ (1− 2ρK)Tµ∗ − o(T ).

Therefore setting ρ = ε/2K achieves the final regret.

12.2 Proof for Quantal Response

In the following let ψa(t) =
µ̂a(t)
µ̂∗(t) as in the algorithm, then ψa(t) ∈ [0, 1]. Also let ρ(λ) = 1

K exp(λ) .

Lemma 10. For any round t and any arm a, pt,a > ρ(λ).
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Proof.

pt,a =
exp(λψa(t))∑
b exp(λψb(t))

=
exp(λψa(t))

exp(λψa(t)) +
∑

b ̸=a exp(λψb(t))

≥ 1

1 + (K − 1) exp(λ)

≥ 1

K exp(λ)
.

Proof. (of Theorem 7)

Choose δ = 1/T in Lemma 9. After t > t0, µ̂a(t) < µ̂a∗(t)−∆a/2. Thus

ψa(t) ≤
µ̂a∗(t)−∆a/2

µ̂a∗(t)
≤ 1− ∆a/2

µ∗ +∆a/2
≤ 1− 1

4

∆a

µ∗ .

The probability that arm a gets pulled after t0 is then:

pt,a ≤ exp(λψa(t))

exp(λψa(t)) + exp(λψa∗(t)))

≤ 1

1 + exp(λ− λψa(t))

≤ 1

2 exp(λ− λψa(t))

≤ 1

2 exp
(

λ∆a

2µ∗

)
≤ µ∗

λ∆a
.

The total regret contributed by arm a can be bounded by:

O(
C

ρ(λ)
+

log T

ρ(λ)∆a
) +

2µ∗

λ∆a
· T ·∆a ≤ o(T ) +

2Tµ∗

λ
.

Hence the total collected reward can be bounded by:

REW ≥ Tµ∗ − 2K

λ
Tµ∗ − o(T )

≥ (1− 2K

λ
)Tµ∗ − o(T ).

Choosing λ = 2K
ε finishes proof.
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