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Abstract
Model Predictive Control (MPC) can be applied to safety-critical control problems, providing
closed-loop safety and performance guarantees. Implementation of MPC controllers requires solv-
ing an optimization problem at every sampling instant, which is challenging to execute on em-
bedded hardware. To address this challenge, we propose a framework that combines a tightened
soft constrained MPC formulation with supervised learning to approximate the MPC value func-
tion. This combination enables us to obtain a corresponding optimal control law, which can be
implemented efficiently on embedded platforms. The framework ensures stability and constraint
satisfaction for various nonlinear systems. While the design effort is similar to that of nominal
MPC, the proposed formulation provides input-to-state stability (ISS) with respect to the approxi-
mation error of the value function. Furthermore, we prove that the value function corresponding to
the soft constrained MPC problem is Lipschitz continuous for Lipschitz continuous systems, even
if the optimal control law may be discontinuous. This serves two purposes: First, it allows to relate
approximation errors to a sufficiently large constraint tightening to obtain constraint satisfaction
guarantees. Second, it paves the way for an efficient supervised learning procedure to obtain a
continuous value function approximation. We demonstrate the effectiveness of the method using a
nonlinear numerical example.
Keywords: Model predictive control, neural network controllers, approximate optimal control

1. Introduction

Model predictive control (MPC) is a technique that can provide a nearly optimal control policies
subject to state and input constraints, which has seen significant success in many areas such as au-
tonomous driving (Hrovat et al., 2012) or power electronics (Karamanakos et al., 2020). In MPC,
a state measurement is used to predict and optimize the system’s future evolution through an opti-
mization problem, often referred to as the MPC problem. The first element of the optimal control
sequence resulting from solving the MPC problem is then applied to the system, which is repeated
at every time step. A key challenge is solving the MPC problem with sufficient accuracy in real-
time (Karamanakos et al., 2020) while considering the demanding implementation in safety-critical
systems such as vehicles and airplanes. To overcome this problem, explicit parametric solutions
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and approximations of the implicit control law, i.e., the mapping from the current state to the first
element of the optimal control sequence, have been proposed.

The basic case of linear quadratic MPC problems can, e.g., be reformulated as a multipara-
metric program, which can be solved offline for all possible system states. The result is an exact
solution of the MPC problem represented by a piecewise affine mapping (Bemporad et al., 2002).
While cheap to evaluate online, such explicit MPC methods quickly lead to intractable offline com-
putations as the optimization problem size increases for practically relevant system dimensions and
planning horizons (Alessio and Bemporad, 2009). More recently, function approximators, such as
artificial neural networks, have been used to obtain representations of the implicit MPC control law
using supervised learning to additionally cover large-scale and nonlinear systems (Lucia and Karg,
2018; Hertneck et al., 2018), which has also been succesfully demonstrated in real-world applica-
tions (Nubert et al., 2020; Abu-Ali et al., 2022). One approach to certifying desired closed-loop
properties is to treat approximation errors as perturbations, allowing the use of existing methods to
provide, e.g., constraint satisfaction guarantees. Often, such approaches require ‘sufficient’ accu-
racy in combination with potentially complicated robust MPC designs, which can be challenging
to obtain. This becomes particularly relevant in the case of nonlinear MPC problems, which typi-
cally have discontinuous control mappings (Rawlings et al., 2017) that must be approximated. As
a result, systematic errors are introduced whenever a continuous function class, such as a typical
artificial neural network, is used for supervised learning.

Contributions: Instead of approximating a potentially discontinuous MPC control mapping

ũ(x) ≈ u∗(x) = argmin MPC objective s.t. MPC constraints, (1)

with symbols “u∗(x)” and “ũ(x)” representing the optimal and approximate MPC policy at system
state “x”, we design and approximate a continuous soft constrained MPC value function of the form

Ṽ s(x) ≈ V ∗,s(x) = minMPC objective + slack penalty s.t. tightened MPC soft constraints. (2)

Application of a dynamic programming control law (Bertsekas, 2022) using the approximate value
function Ṽ s(x) resembles an approximate MPC controller, which avoids demanding online opti-
mizations. To ensure that the MPC value function V ∗,s(x) is continuous while achieving desir-
able closed-loop properties, several modifications are employed to the underlying MPC problem.
Combining a simple constraint tightening with a soft constrained MPC formulation (Kerrigan and
Maciejowski, 2000) guarantees constraint satisfaction and stability by reflecting potentially unsafe
states through large cost values. To this end, the linear soft constrained MPC scheme in Zeilinger
et al. (2010) is extended to the nonlinear case, and Lipschitz continuity of the resulting MPC value
function is established for Lipschitz continuous system dynamics, positive definite stage costs, and
polytopic constraints. Compared to existing approaches, our modifications do not rely on poten-
tially complicated design procedures using robust MPC techniques, which are difficult to apply
to nonlinear control problems. To address potential difficulties in approximating value functions
with extreme curvatures when the soft constraints become active, we further exploit the structural
properties of the soft constrained MPC problem. These properties allow a separation into smooth
performance and safety value functions, which can be efficiently approximated using supervised
learning.

Related work: In the case of linear MPC, Karg and Lucia (2020) specify requirements for a neu-
ral network to enable an accurate approximation of the MPC control law. Approximating nonlinear

2



LEARNING SOFT CONSTRAINED MPC VALUE FUNCTIONS

MPC problems using neural networks is considered by Hertneck et al. (2018), who treat errors
through a robust MPC design to maintain desirable closed-loop properties. Drgoňa et al. (2022)
train a neural network using an MPC-inspired cost, including penalties on constraint violations. To
obtain robustness and safety guarantees, Cortez et al. (2022) extend this approach by a particular
type of control barrier function, which can be challenging to obtain in the case of nonlinear and
large-scale systems. The work of Rosolia et al. (2017) uses a sampled safe set to approximate the
MPC value function based on previous trajectories. The extension proposed by Wabersich et al.
(2022) additionally considers the integration of constraint violations using soft constrained MPC
and exact penalty functions, providing the conceptual foundation of this work. Since we derive the
proposed control law from an approximated value function, there are apparent connections to ap-
proximate dynamic programming (Powell, 2007), where, e.g., Granzotto et al. (2021) consider how
the approximation error in the optimal value function affects the stability of the closed-loop.

Outline: The problem formulation and MPC is introduced in Section 2. Section 3 presents a
reformulation of the standard MPC problem using soft constraints. This reformulation includes
constraint penalties into the value function, enabling its use in a dynamic programming control law
approximating the MPC control law. Section 4 discusses this control law in detail. To ensure sta-
bility and constraint satisfaction, we establish a relation between the effect of approximation errors
of the MPC value function and a simple linear tightening of the softened state constraints. This
mechanism is formalized in Section 4.1 and 4.2. In Section 4.3, we provide an efficient technique
to perform the data labeling and supervised learning task to obtain an approximation of the soft
constrained value function (2). Section 5 concludes with a numerical example.

Definitions: A continuous function α : [0, a) → [0,∞) is called a K-function if it is strictly
increasing and α(0) = 0. It is a K∞-function if a = ∞ and α(r)

r→∞−→ ∞. A continuous function
β : [0, a) × [0,∞) → [0,∞) is a KL-function if for each fixed s, β(r, s) is a K-function and for
each fixed r, β(r, s) is decreasing w.r.t. s and β(r, s)

s→∞−→ 0.

2. Problem Formulation and MPC Background

We consider discrete-time, nonlinear systems of the form

x(k + 1) = f(x(k), u(k)), (3)

with state x(k) ∈ Rnx , input u(k) ∈ Rnu and time index k ∈ N. We assume that f : Rnx ×Rnu →
Rnx is Lipschitz continuous on bounded sets. System (3) is assumed to have an equilibrium at the
origin, i.e., 0 = f(0, 0). The system is subject to polytopic state-input constraints of the form

x(k) ∈ X ≜ {x ∈ Rnx |Hxx ≤ 1} , u(k) ∈ U ≜ {u ∈ Rnu |Huu ≤ 1} , (4)

where Hx ∈ Rmx×nx ,Hu ∈ Rmu×nu , and 1 is a vector of ones of appropriate dimension. While we
focus on constraints of the form (4) for simplicity, our results can be extended to compact constraints
of the form {(x, u) ∈ Rnx×Rnu |cx(x) ≤ 1, cu(u) ≤ 1} containing the origin with cx, cu Lipschitz
continuous. Given a control objective in the form of minimizing Σ∞

k=0ℓ(x(k), u(k)), with stage cost
function ℓ(x, u) = ∥x∥2Q + ∥u∥2R and weighting matrices Q ⪰ 0 and R ≻ 0, MPC provides a
principled method for controller design. At every time step k, the system state x(k) is measured
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and an MPC problem of the following form is solved:

V ∗(x(k)) =min
u·|k

J(x(k), u·|k) = Vf(xN |k)+
N−1∑
i=0

ℓ(xi|k, ui|k) (5a)

s.t. x0|k = x(k) (5b)

xi+1|k = f(xi|k, ui|k) ∀i ∈ [0, N − 1] (5c)

ui|k ∈ U ∀i ∈ [0, N − 1] (5d)

Hxxi|k ≤ 1(1− η) ∀i ∈ [0, N − 1] (5e)

xN |k ∈ X̄f , (5f)

where we optimize over an input and state sequence {ui|k}N−1
i=0 and {xi|k}Ni=0, with i denoting the

prediction time step. The resulting MPC control law is then given by

πMPC(x(k)) = u∗0|k(x(k)), defined on X η
N ≜ {x(k) ∈ Rnx |∃u·|k s.t. (5b) − (5f)}, (6)

with u∗0|k(x(k)) denoting a solution to (5). In (5a) we consider a finite sum of N predicted time
steps as the objective with an additional terminal cost term Vf , bounding neglected future stage cost
terms. Equation (5f) enforces a terminal constraint with X̄f = {x ∈ Rnx |x⊤P̄ x ≤ h̄f}, with h̄f > 0
and P̄ ≻ 0. For the case η = 0 in (5e), problem (5) reduces to a common MPC formulation (Mayne
et al., 2000; Rawlings et al., 2017) and provides rigorous constraint satisfaction and asymptotic
stability with respect to the origin if the following standard assumption is satisfied.

Assumption 1 Consider a terminal set X̄f ⊆ X , 0 ∈ X̄f and a terminal cost function Vf :
X̄f → R≥0. There exists a terminal control law u = K(x) such that for all x ∈ X̄f it holds
that f(x,K(x)) ∈ X̄f , u = K(x) ∈ U , and Vf(f(x,K(x)))− Vf(x) ≤ −ℓ(x,K(x)).

In addition to standard MPC, problem (5) includes a simple constraint tightening factor η ∈ [0, 1)
in (5e), which will be used to achieve constraint satisfaction despite approximation errors.

3. Incorporating constraint penalties into value functions using soft constraints

State and input constraints are not part of the objective function in classical MPC. Direct application
of the dynamic programming control law argminu∈U ℓ(x(k), u) + V ∗(f(x(k), u)) can therefore
lead to constraint violations in many cases, see Chatzikiriakos et al. (2024, B) for an illustrative ex-
ample. In contrast, the soft-constrained MPC formulation in Zeilinger et al. (2014) uses large slack
penalties on slack variables in the objective. While the original motivation is to maintain recursive
feasibility of the MPC problem even for infeasible states x(k) through softening the constraints,
we combine this mechanism with a small but non-zero constraint tightening η > 0 in (5). As a
result, constraint violations of the original constraints become visible in the soft constrained MPC
value function and can therefore be prevented by design. In addition, we can exploit the theoretical
properties, such as stability and robustness of the original method to derive desired properties in a
second step. Transferring the method provided by Zeilinger et al. (2014) to the nominal nonlinear
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MPC problems (5) yields the soft constrained MPC problem of the form

V ∗,s(x(k)) = min
u·|k,ξ·|k,α

J(x(k), u·|k) + ℓξ(ξN |k) +
N−1∑
i=0

ℓξ(ξi|k + ξN |k) (7a)

s.t. (5b) − (5d), 0 ≤ α ≤ 1 (7b)

xN |k ∈ αXf (7c)

αXf ⊆ {x ∈ Rn|Hxx ≤ 1(1− η) + ξN |k} (7d)

Hxxi|k ≤ 1(1− η) + ξi|k + ξN |k ∀i ∈ [0, N − 1] (7e)

0 ≤ ξi|k ∀i ∈ [0, N ], (7f)

where the optimization variables additionally include the predicted slack variable sequence {ξi|k}Ni=0,
and the terminal set scaling factor α. The penalty function ℓξ(·) introduces large cost values in the
case of (tightened) state constraint violations through the slack variables ξi|k ∈ Rmx in (7a) along
the horizon i = 0, .., N − 1 . Typically, ℓξ is a class K-function including a norm, which we select
as the 1-norm, i.e., ℓξ(ξ) = ρ∥ξ∥1, where the scaling ρ > 0 is a design parameter. Ideally, ℓξ rep-
resents an exact penalty function (Kerrigan and Maciejowski, 2000) to recover (5) if x(k) ∈ X η

N .
The terminal set constraint (7c) allows for scaling the terminal set αXf , which can yield additional
terminal slack penalties through ξN |k in (7d) since 1 · Xf is not required to be a subset of the state
constraints.

Assumption 2 The terminal set αXf satisfies all conditions in Assumption 1 for all α ∈ [0, 1]
except for Xf ⊆ X , i.e., neglecting state constraints.

Since the terminal set does not need to satisfy the state constraints, i.e., Xf ̸⊂ X , we can enlarge the
terminal set, leading to more degrees of freedom compared to the hard constrained case. Different
from the linear case (Zeilinger et al., 2014), invariance of αXf is required explicitly for all α ∈ [0, 1].
Hence, the soft constrained MPC (7) contains an additional assumption to guarantee asymptotic
stability of the closed-loop compared with the nominal MPC problem (5). The constraint (7d)
ensures that the terminal set lies in a softened state constraint set defined by the slack variable ξN |k.
This terminal slack is included at every prediction step to ensure that the scaled terminal set is
a subset of the softened state constraints. Adding ξN |k to every prediction step penalty function,
the terminal set is selected possibly small through the optimizer, which is crucial in establishing
asymptotic stability. The resulting control law of the soft constrained MPC is given by

πs
MPC(x(k)) = u∗0|k(x(k)), defined on X η

N,s ≜ {x(k) ∈ Rnx |∃u·|k s.t. (7b) − (7f), η > 0}, (8)

with the following properties resulting from applying Zeilinger et al. (2010) to nonlinear systems,
see Chatzikiriakos et al. (2024, A) for a sketch of the proof.

Proposition 1 Let Assumption 2 hold and consider (7) with ℓ(x, u) = ∥x∥2Q + ∥u∥2R. If (7) is
initially feasible, then it follows under application of u(k) = πs

MPC(x(k)) that (7) is recursively
feasible and the origin is an asymptotically stable equilibrium point for the closed-loop system (3).

The framework of soft constrained MPC not only reflects states that are close to constraint violations
in the value function when selecting η > 0 but also ensures that the corresponding MPC value
function (7) is Lipschitz continuous on bounded sets.
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Theorem 1 Consider the soft constrained MPC problem (7) and suppose the MPC cost J(x, u)
is Lipschitz continuous on bounded sets. Let the same hold for the penalty function lξ(ξ) and the
system dynamics f(x, u). Then the optimal value function is Lipschitz continuous on bounded sets.

The proof can be found in Chatzikiriakos et al. (2024, A.2) and is based on eliminating all state
constraints into a Lipschitz continuous objective defined on a compact set. This insight shows
that V ∗,s(x) in (7) is Lipschitz continuous under common MPC assumptions, and thus, there is no
systematic error during supervised learning when using continuous function approximator classes.

4. Value function-based approximation of the MPC control law

This section investigates effects from approximating of the soft constrained value function V ∗,s(x)
with Ṽ s(x) as outlined in (2) based on the soft constrained MPC problem (7). The corresponding
approximate optimal control policy (Bertsekas, 2022; Powell, 2007) providing the desired approxi-
mate MPC controller is given by

ũ(x(k)) ∈ argmin
u∈U

ℓ(x(k), u) + Ṽ s(f(x(k), u)). (9)

While the controller (9) still requires solving an optimization problem online, the resulting prob-
lem is substantially easier to solve efficiently compared with the MPC problem (7) for common
parametrizations of the value function, such as artificial neural networks. This increased efficiency
can be achieved through gridding and parallel evaluation of the input space. Furthermore, in cases
of, e.g., vehicles or airplanes, the input is often low-dimensional compared to a large number of
system states, which paths the way for an efficient implementation on embedded hardware.

The upcoming results quantify the effect of approximation errors between Ṽ s(x) and the true
MPC value function, i.e., ε(x) ≜ Ṽ s(x)− V ∗,s(x), which we assume to be bounded as follows.

Assumption 3 Consider an approximate soft constrained MPC value function Ṽ s(x) : X+
U ,s ∪

X η
N,s → R of V ∗,s, as defined in (7), with X+

U ,s ≜ {x+ = f(x, u)|x ∈ X η
N,s, u ∈ U}. For all

x ∈ X η
N,s there exists an ε̂ > 0 satisfying

|ε(x)| ≜ |Ṽ s(x)− V ∗,s(x)| ≤ ε̂. (10)

While assuming similar upper bounds is common practice in literature on approximate MPC control
laws, see, e.g., Hertneck et al. (2018), we present an efficient supervised learning parametrization
to obtain possibly small values ε(x) in Section 4.3. The corresponding bound ε̂ can typically be
estimated for common function approximator classes such as artificial neural networks or kernel-
based learning techniques, see, e.g., Gal and Ghahramani (2016); Maddalena et al. (2021).

4.1. Stability

To establish input-to-sate stability (ISS) of the closed-loop system under (9), w.r.t. the approxima-
tion error defined in Assumption 3, we assume invariance of the feasible set of the soft constrained
MPC under (9).

Assumption 4 For all x ∈ X η
N,s it holds that f(x, ũ(x)) ∈ X η

N,s.
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While Assumption 4 is a central part of the following investigations, it becomes a technical assump-
tion for Theorem 4 if {x+ = f(x, u)|x ∈ X , u ∈ U} ⊂ X η

N,s holds, see paragraph below the proof
of Theorem 4.

As a first step toward ISS, we relate the approximate value function Ṽ s(x) under application
of (9) to the original value function V ∗,s(x) under the original control law (8) using (10) as follows.

Lemma 2 If the conditions in Proposition 1 and Assumptions 3, 4 hold for some η ∈ [0, 1), then

l(x, ũ) + Ṽ s(f(x, ũ)) ≤ l(x, πs
MPC) + V ∗,s(f(x, πs

MPC)) + |ε(f(x, πs
MPC))| ∀x ∈ X η

N,s. (11)

A detailed proof can be found in Chatzikiriakos et al. (2024, A.3). Using Lemma 2 we can estab-
lish the following system theoretic result, that formalizes how the approximation error influences
asymptotic stability of the closed-loop under the approximating control (9). More precisely, The-
orem 3 is equivalent to the ISS property, which is commonly used in control (see, e.g., Jiang and
Wang (2001) or Rawlings et al. (2017)) to characterize robust asymptotic stability.

Theorem 3 If the conditions of Lemma 2 hold, then it follows for all x(0) ∈ X η
N,s that application

of the law (9) implies input-to-state stability, that is,

|x(k)| ≤ β(|x(0)|, k) + σ

(
sup

i∈[0,k−1]
|ε̄
(
x(i)

)
|

)
∀k ≥ 0, (12)

where β(·) is a KL-function, σ(·) is a K-function and

ε̄
(
x(k)

)
≜
∣∣∣ε(f(x(k), ũ(x(k))))∣∣∣+ ∣∣∣ε(f(x(k), πs

MPC

(
x(k)

)))∣∣∣. (13)

Proof By Assumption 4, the set X η
N,s is invariant under the control law (9). Further, by Assump-

tion 3, we have ε̄ ∈ [0, 2ε̂], i.e., ε̄ lies in a compact set containing the origin. Consider now the
difference of V ∗,s(f(x, ũ)) and V ∗,s(x) for any x ∈ X η

N,s. First we use (10) and then Lemma 2 as
well as (13) to obtain

V ∗,s(f(x, ũ))− V ∗,s(x) ≤ Ṽ s(f(x, ũ)) + |ε(f(x, ũ))| − V ∗,s(x)

≤ |ε̄(x)| − l(x, ũ) + l(x, πs
MPC) + V ∗,s(f(x, πs

MPC))− V ∗,s(x)

≤ −∥x∥2Q + |ε̄(x)| ≤ −α(∥x∥) + σ(|ε̄|),

where α(·) is a K∞-function and σ(·) is a K-function. Note that the last inequality holds by the
choice of stage cost function ℓ(x, u) = ∥x∥2Q + ∥u∥2R in Proposition 1 and the soft constrained
MPC value function decrease under πMPC, see Chatzikiriakos et al. (2024, (19)). By using similar
arguments as in Zeilinger et al. (2010), it can be shown that there exist upper and lower bound-
ing K∞-functions for V ∗,s(x). Thus, by Definition B.46 in Rawlings et al. (2017), V ∗,s(x) is an
ISS-Lyapunov function for the closed-loop system. Since ε̄ is bounded by Assumption 3 applying
Lemma B.47 in Rawlings et al. (2017) shows the desired result.

An important consequence of Theorem 3 is that the proposed control law (9) renders the origin of
system (3) asymptotically stable when there is no approximation error. Further, the closed-loop
exhibits the converging-input converging-state property (Jiang and Wang, 2001), i.e., ε̄

(
x(k)

) k→∞−→
0 implies x(k) k→∞−→ 0.
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4.2. Constraint satisfaction

In order to establish constraint satisfaction, we combine a positive tightening factor η > 0 with
ISS properties derived in the previous section. To this end, the following assumption relates the
magnitude of the stage cost outside of the tightened state constraints to the approximation error (10).

Assumption 5 For all x ∈ X \ X η
N it holds that ℓ(x, 0) > 2ε̂.

Assumption 5 acts as a normalization between the magnitudes of the MPC value function containing
the sum of stage costs and the tolerable approximation error of this value function. In practice,
Assumption 5 can be satisfied by reducing the value function approximation error as described in
Section 4.3.

Theorem 4 Let the assumptions in Proposition 1 and Assumptions 3, 4, and 5 hold for some
η ∈ (0, 1) and assume that ηρ ≥ Vmax + 4ε̂ with slack penalty weight ρ > 0 and Vmax ≥ V ∗,s(x)
∀x ∈ X η

N . It follows that application of (9) implies constraint satisfaction according to (4) for all
trajectories starting in X η

N .

Proof The core idea is to establish an upper bound on the approximated value function to charac-
terize all states satisfying X η

N,s ∩ X . More specifically, we have for all x ∈ X η
N,s that

Ṽ s(x) ≤ Vmax + 3ε̂ =⇒ x ∈ X . (14)

To see that this is true, note that V ∗,s(x) − ε̂ ≤ Ṽ s(x) holds due to Assumption 3 and that ρ is
chosen such that Vmax + 4ε̂ ≤ ηρ holds. Combining these facts with the condition in (14), we
obtain that the condition in (14) implies V ∗,s(x) ≤ ρη. From here, (14) follows by contradiction,
i.e., let V ∗,s(x) ≤ ρη and x /∈ X . Due to tightened state constraints (7e), soft constraint penalty (7a)
and J ≥ 0, and ℓξ(ξ) = ρ∥ξ∥1 it follows that for any x /∈ X we have V ∗,s(x) > ηρ, showing the
desired contradiction. Next, we investigate the behavior of the approximation of the value functions
along trajectories of the closed-loop under (9). Combining Lemma 2 and Assumption 3 yields

∀x ∈ X η
N,s : Ṽ

s(f(x, ũ))−Ṽ s(x) ≤ V ∗,s(f(x, πMPC))+2ε̂−ℓ(x, ũ)+ℓ(x, πMPC)−V ∗,s(x). (15)

The soft constrained MPC value function decrease in Chatzikiriakos et al. (2024, (19)) then implies
∀x ∈ X η

N,s:

Ṽ s(f(x, ũ))− Ṽ s(x) ≤ −ℓ(x, ũ) + ρ∥ξ∗N∥1 − ρ∥ξ∗0 + ξ∗N∥1 + 2ε̂ (16)

≤ −ℓ(x, ũ)− ρ∥ξ∗0∥1 + 2ε̂. (17)

For any x ∈ X η
N we have by definition that ξ∗0 = 0, and we can use (17) to obtain Ṽ s(f(x, ũ)) ≤

Ṽ s(x)+2ε̂ ≤ Vmax+3ε̂. Together with (14) and Assumption 4 this implies that f(x, ũ) ∈ X∩X η
N,s.

If f(x, ũ) ∈ X η
N the previous argument can be applied recursively. Otherwise, due to invariance

of X η
N,s, the only remaining case during closed-loop is x ∈ X ∩ X η

N,s \ X η
N . In this case, we use

Assumption 5 and (17) to obtain Ṽ s(f(x, ũ))− Ṽ s(x) ≤ −ρ∥ξ∗0∥1 < 0, which, again, together with
(14) implies f(x, ũ) ∈ X ∩ X η

N,s. Hence, we conclude that x(0) ∈ X η
N =⇒ x(k) ∈ X ∀k.

Note that in case {x+ = f(x, u)|x ∈ X , u ∈ U} ⊂ X η
N,s holds, Assumption 4 can be dropped by

successively showing that x ∈ X , which equally avoids the necessity of Assumption 4 in Lemma 2,
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X

X η
N

X η
N,s

Vmax

Vmax + 3ε̂

x

V

Figure 1: Visualization of the proof of Theorem 4: Optimal value function and corresponding ap-
proximation error with appropriate choice of ρ (blue) and ρ selected too small (red).
Cases with ρ selected to small can cause constraint violation, see left boundary of X . The
level-set {x ∈ Rnx |Ṽ s(x) ≤ Vmax + 3ε̂} bounding closed-loop trajectories has to be
contained in X to guarantee constraint satisfaction.
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Figure 2: Left: Illustrative value function (7) and its approximation using the split defined in (18) to
efficiently parametrize sharply increasing curvatures. Middle/Right: Simulations accord-
ing to Section 5 under the MPC (7) (solid line) and its approximation (9) (dashed line),
obtained as described in Section 4.3 using 729 data samples. Middle: Phase trajectories
for different initial conditions. Right: Specific state and input trajectory.

i.e. in Chatzikiriakos et al. (2024, (26)). While we use a simple 1-norm penalty, other penalty
functions, e.g., quadratic penalty functions, can also be used by adapting Theorem 4 accordingly.
The relation of the scaling ρ with respect to the tightening η is crucial to guarantee constraint
satisfaction. A valid choice allows us to construct a level set of Ṽ s(x) which lies inside X . Figure 1
illustrates the cases of a valid and a problematic choice of ρ. By using the properties of the soft
constrained MPC it can then be guaranteed that a level-set w.r.t. Ṽ s(x) is invariant, yielding the
desired closed-loop constraint satisfaction guarantee. If ρ is not selected appropriately, constraint
violations may occur even when x(0) ∈ X η

N , see Chatzikiriakos et al. (2024, B) for an example.

4.3. Efficient value function approximation by splitting performance and safety

Theorems 3 and 4 rely on a sufficiently accurate approximation of the optimal value function
to achieve good convergence and constraint satisfaction guarantees. The first step toward ap-
proximating the optimal MPC value function (7) is to generate a training data set of the form
D = {(x(j), u∗,(j).|0 , ξ

∗,(j)
.|0 , x

∗,(j)
.|0 )}nD

j=1 with x(j) ∈ X ∩ X η
N,s selected by sampling or gridding.
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Based on D, the main approximation challenge we address in the following are rapidly increasing
values of V ∗,s(x) when x /∈ X η

N , i.e., when slack penalties become active. More precisely, a di-
rect approximation of V ∗,s(x) would require function approximators that support steep curvature
changes as depicted in Figure 2 (left), which typically require large amounts of training samples.
We avoid this problem by considering the split

V ∗,s(x) = Vf(x
∗,(j)
N |0 ) + ΣN−1

i=0 l(x
∗,(j)
i|0 , u

∗,(j)
i|0 )︸ ︷︷ ︸

≈Ṽ s
p (x;θp)

+ ρ∥ξ∗,(j)N |0 ∥+ΣN−1
i=0 ρ∥ξ∗,(j)i|0 + ξ

∗,(j)
N |0 ∥︸ ︷︷ ︸

≈Ṽ s
ξ (x;θξ)

(18)

into distinctive function approximators Ṽ s
p (x; θp) and Ṽ s

ξ (x; θξ) with parameters θp and θξ. The
split allows selecting a smooth model class Ṽ s

p (x; θξ), whose parameters are inferred using Dp =

{(x(j), V ∗,s
p (x(j)))}nD

j=1, which can be generated from D. The second term can efficiently be ap-
proximated by exploiting non-negativity, i.e., selecting Ṽ s

ξ (x; θξ) = max(0, V̂ s
ξ (x; θξ)) with some

function V̂ s
ξ : Rn → R, which is fitted to Dξ = {(x(j), V ∗,s

ξ (x(j)))}nD
j=1. This reformulation

completely circumvents the problem of learning rapidly changing values of V ∗,s(x) as depicted in
Figure 2 (left). In order to achieve the required approximation accuracy according to Theorem 4,
existing iterative procedures for verification and refinement as proposed, e.g., in (Hertneck et al.,
2018, Alg. 1, Steps 4-6) can be applied.

5. Numerical Example

In this section, we illustrate the design steps of the MPC (7) and its approximation (9) using a
nonlinear mass-spring-damper system with state x(k) = [x1(k), x2(k)]

⊤ ∈ X , X = [−1, 1]2 and
input u(k) ∈ [−1, 1]. The discretized dynamics using Euler-forward with zero-order hold sampling
time Ts = 0.1 s are given by x1(k + 1) = x1(k) + Tsx2(k), x2(k + 1) = x2(k) − Ts(x1(k) +
x1(k)

3+0.1x2(k)+u(k)). The stage cost function is ℓ(x, u) = x⊤x+u2. We construct a terminal
set and cost function according to Assumption 2 using an LQR controller K(x) = KLQRx with
Xf = {x ∈ R2|x⊤Px ≤ 1}, where x⊤Px is a scaled LQR value function according to (Carron
and Zeilinger, 2020, Alg. 2). The planning horizon is N = 50 and the constraint tightening η
is selected as 0.3 with slack penalty ℓξ(ξ) = ρξ with ρ = 1000. A conservative upper bound on
Vmax can be computed as N(2+ 1)+ ∥P∥ = 154, resulting in a minimum approximation accuracy
of ε̂ ≤ 36.5 to satisfy the conditions in Theorem 4. Regarding Assumption 5 we have for all
x ∈ X \ X η

N that l(x, 0) ≥ 0.72 resulting in the condition ε̂ ≤ 0.25. Following Section 4.3, we
generate a dataset D using a uniform grid in X with nD = 729 samples. We chose two artificial
neural networks with identical structure to model Ṽ s

p (x; θp) and Ṽ s
ξ (x; θξ) with two hidden ReLU

layers containing 1024 neurons each. By minimizing the mean-squared error w.r.t. the data sets Dp

and Dξ using PyTorch (Paszke et al., 2017) and its “adam” optimizer, we obtained a validation error
on 1000 random samples of ε̂ ≈ 0.0011, satisfying the theoretical bound ε̂ ≤ 0.25. Evaluation of
the approximate control law (9) is done using a uniform input gridding in the interval [−1, 1] with
100 points, resulting in 1ms evaluation time on a standard notebook without GPU acceleration.

Figure 2 (Middle) illustrates closed-loop simulations under the original MPC controller (7) and
its approximation (9) starting in X η

N . In addition to ISS and constraint satisfaction according to
Theorems 3 and 4, the simulation under the approximate control law displays only small deviations
from the original controller without leaving X η

N . As shown for one specific state and input trajectory
in Figure 2 (Right), the input trajectories are similar as well, even close to the constraints.
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stop value iteration: stability and near-optimality versus computation. In Learning for Dynamics
and Control, pages 412–424. PMLR, 2021.
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