Proceedings of Machine Learning Research vol 247:1-27, 2024 37th Annual Conference on Learning Theory

New Lower Bounds for Testing Monotonicity and Log Concavity of

Distributions
Yugian Cheng CHENGYUQIANG @ GMAIL.COM
Daniel M. Kane * DAKANE@UCSD.EDU
UC San-Diego
Zhicheng Zheng 774230@NYU.EDU
New York University
Editors: Shipra Agrawal and Aaron Roth

Abstract

We develop a new technique for proving distribution testing lower bounds for properties defined
by inequalities on the individual bin probabilities (such as monotonicity and log-concavity). The
basic idea is to find a base distribution ) where these inequalities barely hold in many places. We
then find two different ensembles of distributions that modify () in slightly different ways. We use
a moment matching construction so that each ensemble has the same bin moments (in particular
the expectation over the choice of distribution p of p! is the same for the two ensembles for small
integers t). We show that this makes it impossible to distinguish between the two ensembles with
a small number of samples. On the other hand, we construct them so that one ensemble will tweak
Q in such a way that it may violate the defining inequalities of the property in question in many
places, while the second ensembles does not. Since any valid tester for this property must be able
to reliably distinguish these ensembles, we obtain a lower bound of testing the property.

Roughly speaking, if we can construct Q which nearly violates the defining inequalities in n
places and if the desired error ¢ is small enough relative to n, we hope to obtain a lower bound of
roughly %5 up to log factors. In particular, we obtain a lower bound of Q(min(n, (1/€)/ log®(1/€))
/(€210g" (1/€))) for monotonicity testing on [n] and Q(log ™" (1/€)e~2 min(n, e~ /2 log=3/2(1/¢)))
for log-concavity testing on [n], the latter of which matches known upper bounds to within loga-
rithmic factors. More generally, for monotonicity testing on [n]¢, we have the lower bound of
270 =42 10g77(1/€) min(n, de ' log 3 (1/€)).

Keywords: Distribution Testing Lower Bound, Monotonicity, Log Concavity

1. Introduction

1.1. Background

Given data from an unknown distribution, can one determine whether the underlying distribution
has certain properties or not? In order to make this determination, how much data would be needed?
These are the critical questions in the field of statistical hypothesis testing (see (7)). Some of these
questions, particularly when dealing with discrete distributions, have over the past few decades
drawn the interest of computer scientists under the heading of distribution testing (see (8)).
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© 2024 Y. Cheng, D.M. Kane & Z. Zheng.



CHENG KANE ZHENG

In order to make such a determination possible, distribution testing algorithms are usually asked
to distinguish between the cases where the unknown distribution p either has the property P or is far
from (usually in L' distance) any distribution with this property. The goal is usually to do this with
as few samples as possible (ideally to within a constant factor of the information-theoretic limits)
and in a computationally efficient manner. While many of the most basic questions such as testing
for uniformity, identity, closeness and independence have all been resolved, many more complicated
properties still have wide gaps between the best known algorithms and the best lower bounds. For a
survey of progress in this field see (4) for a recent survey of the area.

In this paper, we develop a new lower bound technique for testing properties that are defined
by inequalities between the probability masses of individual bins. In particular, this technique is
used to produce new lower bounds for testing monotonicity and log-concavity, the latter of which
matches known upper bounds to within polylog factors.

1.2. Notation

We use [n] to denote the set {1,2,...,n}. As we will usually be dealing in this paper with discrete
distributions, for a distribution p on a discrete set S and an element ¢ € S, we let p; denote the
probability that p assigns to the element 7. The distance considered in this paper will usually be the
total variational distance denoted by drv, defined as drv (p,q) := 3|[p — g||1. In particular, if p
and ¢ are distributions defined over the same discrete set .S, dry (p, q) = % Y ics Ipi — ail.

By an ensemble we will typically mean a probability distribution over probability distributions
on some fixed set S.

1.3. Our Results

Our main applications have to do with the monotonicity test and log-concavity testing problems, so
we begin by defining our terms.

Definition 1 We say that a distribution p on [n] is monotone (decreasing) if p; > pj for all i < j.

In fact, we will also deal with monotone distributions defined over higher dimensional cubes. To
make sense of this, we first need to define a partial order on [n]%:

Definition 2 Fori,j € [n]?, we say thati < j ifi, <j, forall1 < a <d.
We say that a distribution p on [n]? is monotone if p; > p; wheneveri < j.

We also define log-concavity as follows:

Definition 3 A distribution p on [n] is log-concave if its support is a contiguous interval and its
density function, p;, satisfies that p? > piy1pi—1 forall2 <i <n—1.

Our main results are to prove new lower bounds for multidimensional monotonicity testing and
log concavity testing. In particular, we show that algorithms that can reliably distinguish between
a distribution having the desired property (monotonicity or log-concavity) and being e-far in total
variation distance from any such distribution, must make use of a relatively large number of samples.

The result for multidimensional monotonicity testing is stated as below.
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Theorem 4 For € > 0 sufficiently small, any algorithm that can distinguish whether the dis-
tribution over [n]¢ is monotone (for some n at least a sufficiently large multiple of dlog(1/e)
or € far from monotone with probability over 2 5 requires at least N = 9-0(d)g—d¢—2 log*7(1/e)
min(n, de~*log3(1/€))? samples.

We get the following lower bound of log concavity testing of distribution over [n].

Theorem 5 For ¢ > 0 sufficiently small, let p be distribution over [n] where n is at least a

sufficiently large multiple of log(1/€). Any algorithm that can distinguish whether the distribu-

tion is log concave or € far from log concave with probability over % requires at least N =
Q(log~"(1/€)e 2 min(n, e /21og™3/2(1/€))) samples.

1.4. Prior and Related Works

The problem of monotonicity distribution testing was first considered by (2) who developed a tester

(\flogn)

with sample complexity O for distributions over [n]. Then the result was generalized to

give a tester with sample complexity 6(nd_%poly(l)) for distributions over [n]? by (3). The best
d

currently known result is by (1), O(%; oy + (dlog”)d L) for testing monotonicity of a distribution
over [n]?. On the other hand, the best lower bounds to date for this problem come from the lower
bounds for uniformity testing giving a sample complexity of ( Vnd /€2). While this shows that the
algorithm of (1) is asymptotically optimal for » much larger than 1/e, it leaves a pretty substantial
gap when € is small.

For testing log concavity of a distribution over [n], (1) provides the first known tester for the
low sample regime of testing log concavity, which requires O(g + 6%) samples. Then (5) gives

an improved algorithm with sample complexity O(‘/—Zﬁ) The latest result for sample complexity of
€2

log concavity testing lies in (6), O( ‘F) + O( ) for testing a distribution over [n]. Once again,

prev10usly known lower bounds for this problem were somewhat lacking, consisting only of the

Q(y/n/€e?) lower bound for uniformity testing. However, importantly, if one combines this with our

lower bound, it nearly matches the best of the upper bound of (6) and the trivial O(n/e?) bound

from learning p to error €. Together these show that the optimal sample complexity for testing

(f min(n,§_1/2)>
€

log-concavity is up to polylogarithmic factors.

1.5. Our Techniques

Our techniques come from a general framework for obtaining lower bounds for testing properties
defined by imposing inequalities on the individual bin probabilities. Our starting point is fairly stan-
dard for such lower bounds: we want to construct two ensembles of distributions over some support
set S, Dyes and Dy, where the distributions in D, have the property with high probability and dis-
tributions in D,,, far from having the property with high probability. Therefore, if an algorithm can
distinguish a distribution having the property or € far from having the property through /N samples
with probability at least % then it should be able to distinguish N samples from a distribution in
Dyes and N samples from a distribution in D,,, with probability at least % However, we show that
if a distribution p is randomly taken from either D,s or D,,,, then a small number N of samples
from p will be insufficient to reliably determine which of the two ensembles it was sampled from.
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In particular, our goal will be to show that the two resulting distributions on S™V will be close in
total variational distance, making such a determination information-theoretically impossible.

In order to construct these ensembles, a key insight is that we will need them to match moments.
In particular, if n; is the number of samples drawn from the ‘" bin then the expectation of (r;;) will
be (]Z )E[pﬂ If we want our ensembles to be nearly indistinguishable, it is thus a good idea to
ensure that these moments- E,p [pf’]— are the same for D.s and D, for all small (in our case at
most logarithmic) values of k. This will typically ensure that Dy and D,,, are hard to distinguish.

On the other hand, if the property in question is defined by inequalities among the p; (like
p; > pi4+1 for monotonicity or p? > pi—1pi+1 for log-concavity), then these kinds of inequalities
are not defined by moments. In particular, our goal will be to find a moment matching pair of
ensembles Dy and Dy, so that distributions from D, satisfy these inequalities, but distributions
from D,,, do not.

For the mechanics of this construction, we begin by constructing a pair of moment distributions
over real numbers Fy, and Fy,, with E[Ffes] = E[FF ] for all small natural numbers k. These will
be used to modify the bin probabilities of a carefully constructed base distribution (). In particular,
in a sample from D, ,,, the bin probability of a bin p; will be Q; + A; Fye, /p, for some carefully
chosen constants A; and with the samples from Fy/,, coupled in such a way to ensure that p
remains properly normalized. On the other hand, we can construct our distributions F} .y, so that
while Fi. is positive almost surely, F},, has a reasonable probability of being reasonably negative,
which will break the inequalities defining the property in question.

In Section 2, we will explain the generic version of the construction of these ensembles D¢,
and D,,, and in particular prove Proposition 9 to show that they are indistinguishable with a small
number of samples. The next three sections will be applications. In particular, in Section 3, as a
warmup we will prove a lower bound for one-dimensional monotonicity testing. In Section G, we
will generalize this to a lower bound for multidimensional monotonicity testing. Finally, in Section
H we will prove our lower bound for testing log-concavity. Due to the length of this article, we
leave Section G and Section H to the Appendices as the techniques of these sections share similar
spirit with Section 3.

2. Generic Lower Bound Construction

This section contains the key construction for our lower bound technique. In particular, we provide a
general framework for producing two ensembles of distributions D5 and D,,, over some finite set
S that are hard to distinguish using few samples. In particular, for a positive integer IV, we consider
the two distributions over S™v which we call Dé\és and DY given by taking a random distribution
p from the ensemble D, /. and then returning NNV i.i.d. samples from p. The key result here is
Proposition 9, where we show that as long as IV is not too large relative to the other parameters
of the construction that dry (D?]J\LS, DY) is small, thus implying that one cannot reliably determine
whether p was taken from D5 or Dy, with only N samples.

2.1. Construction of D, and D,,,

In this section, we describe the general procedure for construction ensembles D, and Dy,,. The
basic idea is to start with a fixed distribution () over .S and to tweak it slightly. In order to ensure
that these tweaks match moments and preserve indistinguishability, we will first need to find a pair
of real-valued distributions F),.s and F},, that match their low order moments, and we will use the



DISTRIBUTION TESTING LOWER BOUNDS

outputs of these distributions to tweak the bin probabilities of (). In order to ensure that the resulting
distribution remains properly normalized, we will pair up a number of the bins in S getting pairs
(j1, k1), (J2, k2), ..., (Js, ks) and ensure that any probability mass taken from j; is added to k; and
visa versa. Finally, to decide the amount of mass to move we will sample d; proportional to F ./,
and our final distribution will have p;, = Q;, + 9; and pi, = Qx, — ;.

We begin by defining our distributions F.s and F},,, for which we will need to have a few free
parameters:

Definition 6 Ler m be an integer, A and g be real numbers and a be a uniformly random integer
’g7m

mod m, we define the probability distributions Fﬁs and F;?,;g "™ to be the distribution of
1
A(cos(22) + g) and A(COS(M) + 9).

m m

The first critical property of these distributions is that they match their first m — 1 moments, which
we can prove by making use of the Chebyshev polynomials 7, (cos #) := cos(m#) for 6 € [0, 7].

Lemma 7 For any positive integer k less than m,

E

SeFes™ [

M =E

SEFg™ [3%).
We defer the proof of Lemma 7 to Appendix A. We are now ready to define Dy¢, and Dy, below:
Definition 8 Suppose that we have:

* A distribution () over a finite set S.

* A set of disjoint pairs of elements of S: (j1, k1), (J2,k2), -, (Js, ks)-

* A positive integer m.

Qj, Qk, )

* Two sequences of real numbers (A;)1<i<s and (gi)1<i<s so that |A;| < min(1+|g,‘7 T

for all 1.

Given this, we define a pair of ensembles of distributions over S, Dyes and Dy, as follows:
o o o o A; »gi, T
To select a distribution p from D e, o, We first select §; independently from Fye’S Tmo for each

1 < i < s Fora € S with a not equal to any j; or ki, we let p, = Q4. Otherwise, we let

pj, = Qj, + 0i and p, = Qp, — .
Note that as |4;| < min(lffg"i', 13&\
pj; +pk; = Qj; +Qx,, from which it is not hard to see that ) _ ¢ p, is always 1. These observations
confirm that p is in fact a probability distribution over S.

Another important remark is that conditioned on a sample from p landing in the ith pair of bins,
(ji, ki), the probability of it landing in the j;th bin depends only on the value of §;, and J;s are
independently sampled from F;;LS%;" This is a crucial condition our key proposition needs.

For this construction, we are hoping to prove the following proposition,

), P is non-negative for all @ € S. In addition, for each i,

Proposition 9 Given Q, (A;)1<i<s, (9i)1<i<s, ™M, (Ji, ki) 1<i<s be as above and let Dycs and D,
be as in Definition 8. Assume furthermore, that m is at least C'log(s) for some sufficiently large
constant C.
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6log s
ming (QJL +le)
taking a random distribution p from D,.s and then taking N independent samples from p, and define
.. . A; i
DX similarly. Then letting 4z = maxi<i<s <%) and B = 2 maxi<i<s(Qj, + Qr,)N,
then if Ty < 1/10, we have that dpy (DY, DN is at most

yess

, we define DY to be the distribution on S obtained by first

yes

For integers N >

O(1/8)+m*sO(y/BIog()+as B) Lmas) OV P8 tomas D) O (/52 Blog(s) 42,00 B)™.

In our applications, we will take s on the order of |.S| and will use Q’s which are not too far from
uniform (and thus min,eg ), will be on the order of 1/s). In order to ensure that Dyes and Dy,
perturb () by at least € in total variational distance, we will want x,,4, (Which is essentially the
largest relative perturbation of any bin probability) to be on the order of e. Taking IV on the order
of s/e2 up to some polylog factors gives us B on the order of 1/¢2.

From here we note that the (14, )© ez BTV B18) term is exp(O(Bx2,,,++/Ba2,,, 10g(s))),
which is not too large. On the other hand, so long as we ensure that

(I'mar V B 1Og(3) + Bxgnax)

is less than a sufficiently small constant and keep m to be a large enough multiple of log(s), this
term will dominate the things it is multiplied by, thus leaving us with a final bound that is quite
small.

In particular, we have
Corollary 10 In the notation of Proposition 9, if we have additionally that Bx?,,,
sufficiently small multiple of 1/ log(s), m is at least a sufficiently large multiple of log(s/(Zmaz€))
and s is at least a sufficiently large constant, then

is at most a

1

drv(Diyg, DD,) < —.

yes?

Proof Assume that for some A sufficiently large that B2, ,, log(s) < 1/A and that m > Alog(s/(2maz€)).
Then the bound in Proposition 9 reduces to

O(1/5) + O(m"s/Tmaa) (v Bi}a0108(5) + 23,00 B) exp(O(V/ Bty 108(5) + 27100 B))-
O(V B2, 10g(s) + 23,0, B)™
Noting that (1/Ba2,,, log(s) + 22,,,B) = O(1/A), this reduces to
O(1/s) + O(m"s/(Azmaq)) exp(O(1/A4))O(1/A)™.
In particular, if A is large enough the O(1/A)™ term is at most (1/2)™, which if m is a suf-

ficiently large multiple of log(s/(Zmaez€)) is at most m =424, /52, which would make our final
bound O(1/s). If s is sufficiently large, this is less than 1/100. [
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2.2. Comparison of Distributions of Number of Samples in Bins j; and %;

In our construction of D¢ and D,,, we refer to the ith pair of bins as the pair {j;, k; }. As Dy and
D,,, are essentially identical except in how they distribute probability mass between the th pair of
bins for various values of ¢, in order to show that they are hard to distinguish, it will be important
for us to show that the distribution on the number of samples in these bins is close for D, and
Dyo. In particular, if we condition on the number of samples B; that land in the ¢th pair of bins, and
consider the probability that exactly ¢; samples lie in the first of this pair (i.e. j;), we would like to
show that this probability is similar for a random distribution from D,., and a random distribution
from D,,,. In particular, we prove:

Lemma 11 Let A;, g;,m,Q, (ji, ki) be as in Proposition 9, and let 1 < i < s, and let B; and
N be non-negative integers. Then we have that if N i.i.d. samples are taken from a probability
distribution p taken from either Dyes or D, and consider this distribution conditioned on exactly
B; samples lying in the ith pair of bins. Let X!*® and X° be the distributions on the number of
samples drawn from the bin j; in the case where p is taken from D5 or D, respectively. Then

dTV(XzyesaXino) < 0(1/82) + m40( /Bz' log(s) + xmaacBi)<1 + xmam)o(v B;log(s)+xmazBi) .
O( x%n,axBi IOg(S) + xznaarBi)m'

Proof We begin by proving this in the case where (), = @, and will reduce to this case later.

The key observation here is that if we let x = Ci‘ then a sample landing in the ith pair of bins

will have a probability of
Py _ Qj; + i 1+
Pj; + Pk, Qj; + Qr, 2

of landing in bin j;. Thus, conditioned on §;, X Zy es/mo is distributed as the binomial distribution
Bin(B;, (1 4+ x)/2). Therefore, the probabilities of X/“* and X" being equal to ¢ are just

B4
. _ _ o—B; 2 4 B;—¢
E, o g, PHBIBs (140)/2) = 0] =2 (BVE,_nn o [0+ 0 - 0]

xNFyes s

and 3
-B, [ Di 01  A\Bi—t
2 ( E)E%F:ivgvm/% a+aa-0n].

o

respectively.

Our goal will be to show that (at least for ¢ close to B;/2, which it will be with high probability)
these are close. The basic plan here is to approximate the term (1+x)¢(1—x)%:=¢ by its Taylor series
about z = 0. We note that since the low order moments of & ~ Fyes%"™/Q;, and z ~ Fis %™ / Q.
are identical, these terms will cancel exactly, leaving only the Taylor error terms to contend with,
which we will prove are small.

However, before we do this, we first want to deal with the outer term 2~ 5: (B/) In particular,
we show that it is at most 1. In fact,

B; B;
Y)2B <27 "Bt =1
<e> = §;<6>
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by the Binomial Theorem.
We next let f(z) := (1 + x)*(1 — x)B~¢. By Taylor expanding about = = 0, we find that

" (m—1)
@) = 0+ 7O+ Lt Lt ) m

where R, (z) = ! m(o 2™ for some (¢ between 0 and z.
As Es.cr,., [6F ] = FEj.cr,,[6F] for K < m by Lemma 7, we have E FALI™ 0 [f(xy)] =
~llyes Ji
E FARS™ 0 [f(x;)] if B; < m. On the other hand, if B; > m, the expectations of the non-
Ji
remainder terms over z ~ Fyes%"™ /Q;, and z ~ Fyg*%"™ /Q;, will be the same. Thus, in that case
we have that

Exmpﬁis’gwm/jS [f(z)] — EmNF PO [f(z)] = El,NFﬁis’givm/jS Ry () — R ().

Eorpinma,,

We will try to bound this by showing that |R,, ()| is small at least when ¢ is close to B; /2.

Lemma 12 Tuke x to be a real number with |z| < 35, if m > B; and ‘

<= B; , then

[Ren(@)] < (14 )P~ m (2(|2|v/Bi + || B; — 24 + |2 |*B;))™

where Ry, (x) is given in equation (1).

Proof By definition R,,(x) = 2 /m!f("™ (y) for some y between 0 and . In particular, note that
this implies |y| < 1/10. We can compute the mth derivative of f(y) using Leibnitz rule. With a use-
ful lemma regarding Stiring numbers of the first kind, we are able to find an upper bound of f (m) (y)
by rewriting the falling factorials that show up in terms of powers and then collect terms using the bi-

m
nomial theorem. Finally, through further analysis of the main term max ﬁ — lf"_ —yz , ﬁ‘/z;, v f_"';Z) ,

we get the above upper bound of | R,,,(z)|. Details of this proof can be found in Appendix B.

So for any value of ¢ we have that
|Pr(X/* =) — Pr(X] = ()|
< B, gy g @) =B, _pacnm o [f@)]

— m—1 o m—1
= IE:ENFyengZ "1, [ap + ...+ am_1z + Ry (z)] E:CNE poim . [ap + ...+ am—_1z + Rm(:c)]‘
—1

Ky k _
—~ (EmNF 7, »9q,Mm /Qh [akﬂf ] EZ,NF”AOivgivm/jS [CLkCE ]) + ExNF;;isvgiﬁm/jS [Rm (‘T)] ]EmNF, §295,MM /Qh [Rm (‘T)]

k
= ]EJCNFyeZS 9is m/jS [Rm(x)] - EmwF i:9im /Q;; [Rm(w‘)]’ .

Since for all z in either distribution, we have |z| < 1/10. By Lemma 12, this is at most

2(1 + |z B =2 m* 2(|z|/B; + ||| Bi — 20 + |z>B;))™
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While this bound is fairly good when ¢ is close to B;/2, it is less useful when they are far apart.
Fortunately, since B; > m > C'log(s) we have by a Chernoff bound that except for with probability
1/s% that Bin(B;, (1 +x)/2) is within O(y/B; log(s)) of B;(1+ x)/2. Therefore, for a sufficiently
large constant A,

Pr (IQXEJGS — Bi| > ®maxBi + A\/ B; log(s)) <1/s?
and similarly for X"°. Therefore, we have that dry (X/°, X°) is at most

O(1/5%) + > [Pr(X}™ = ) = Pr(X]° = 0)].
f‘Bz—2€‘<1’male+A\/BzTg(5)

Using the above to bound the differences in probabilities, we get a final bound of:
0(1/s*)+m*O(\/Bi10g(s)+ZmawBs) (142 maq ) OV Biloe)Femac BIO(\ /22, | Bilog(s)+x2,,,B:)™.

This completes our proof when ), = Q. In general, we can assume without loss of generality
that @y, > @Qj,. We will then sub-divide the bin k; into two sub-bins with probability masses
Qr, — Qj, and Qj, — 6;. We can think of taking a sample from p conditioned on lying in {j;, k;}
as first with probability (Qx, — Qj,)/(Qk, + @Q;;) taking a sample from the first sub-bin (and thus
landing in bin k;), and otherwise taking a sample from j; or k; with probabilities (Q;, £J;)/(2Q);, ).
If we are taking B; samples from this pair, we can imagine this as first taking X ~ Bin(B;, (Qk, —
Qj,)/(Qk, + Qj;)) samples from this extra sub-bin and then taking B; = B; — X samples from the
remaining pair. However, we note that the distribution of samples obtained in the first bin of this
pair is distributed exactly as it would have been if B} samples were originally taken conditioned on
lying in a pair of bins with probabilities );, = 0. As this situation has already been analyzed (in the
case where Q;, = Q,), we know that the resulting total variational distance is at most

0(1/5%)+m*O(1/ B10g(8)+Tmaz B) 1+ L maz) OV Bilo8S)Famac BD O\ [42 - Bllog(s)+x2,,,BI)™.

max max

Taking the expectation of this over B; (which is always less than B;) yields our full result. |

Lemma 11 provides fairly good bounds so long as B; is not too large. However, the total number
of samples NV that we are taking might be substantially larger. Fortunately, we can say that with high
probability that no pair of bins contains too many samples. In particular we show:

Lemma 13 If N > % and B = 2max;(Qj, + Qk,)N, then if N i.i.d. samples are
drawn from a distribution p taken from either Dycs or Dy, then with probability at least 1 — 1/s

there is no pair of bins (j;, k;) receiving a total of more than B of these samples.

Proof The proof is simple using Chernoff bound. Details are in Appendix C. |
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2.3. Proof of Proposition 9

We are now ready to prove the full Proposition 9.

Proof Let B; be the number of samples from the sth pair of bins, j; and k;. Define U to be the vector
of values (B, - - - , By) as well as the number of samples in each unpaired bin. By our construction,
the distribution of U is the same for any p taken from D, ., or D,,,, independently of d;s, as p;, +px,
is always Q;, + Qg,. So

dTV(D;VeS,D;VO) = Eyldry (DY|U, DY |U)] < Pry(3i: B; > B)+  max dTV(D;VeS|U, DN1U).

yes U:B;<B for all i

2
For the first term, we note that Lemma 13 implies that the probability that some B; is more than
B is at most 1/s. To deal with the second term, we note that after conditioning on U, either Dé\és
or DY we observe that the choice of ;s are independent for each pair of bins. This implied that
conditioned on U, the number of samples drawn from each of j; and k; are independent for each .
As the distributions Dé\fzs and D)Y are symmetric in the sense that seeing a collection of samples
in some order is as likely as seeing those samples in any other order, the total variational distance
between these distributions conditioned on U is the same as the variational distance between their
distributions over the counts of numbers of samples from each bin. These distributions in turn are

product distributions over pairs of bins, and thus we can bound (2) by

S

1

UI%?%(B z; dTV (XLyesa Xi,no) + ;, (3)
i=

where X fze s 1s the distribution over the number of samples a random p from D,.s draws from j;

conditioned on the fact that it drew a total of B; samples from {j;, k; }, and X fﬁo is defined similarly.
However, by Lemma 11 and the fact that B; < B, the ith term in this sum is at most

O(1/52)+mAO(\/ BIog(9)+mas B) (1+ @ mae) OV F B 0 B) O[22 Blog(s)+a2,0 B)™.

max

Summing over all 7 from 1 to s and adding in the extra 1/s term gives our final bound of

0(1/5)+m*sO(\/Blog(s)+TmazB) (14+Lmag ) OV BleE)F2ma B) O (( /42 - Blog(s)+a2,,,B)™.

3. One-Dimensional Monotonicity Testing

As a warmup we will prove the d = 1 version of Theorem 4.

3.1. Construction

In this section, we focus on getting a new lower bound of testing monotone distribution over [n].
We will do this by producing a version of the construction in Section 2 so that a distribution from
D, is always monotone and a distribution from D,,, is far from monotone with high probability.
We begin by proving it for n not too large.

10
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In particular, assume that n is an even number with C?log(1/e) < n < for some

1
C4(log %)36
sufficiently large constant C' and assume that e is sufficiently small. We begin with defining a base
distribution ) over S = [n] by

5 1

Q2z’—1:in:E+2n2 —opls

<< n
i<

Note that Q; > @Q; for any ¢ < j and ) ", @Q; = 1. We define the sequence of pairs
(Ji» ki)1<i<n by ji = 20 — 1, k; = 2i. Note that these cover all bins in S exactly once.

To complete the construction, we need to define values of A4;, g;, and m. In particular, we let m
be the smallest odd integer that is more than C'log(1/¢).

Note that we have nm? < 1/(Ce), and thus # > SmT?’E. Therefore, taking A; = A = 87236
for all 7, we have ﬁ > A. We also let g; = cos(%) for all ¢. Since A; and g; are both constants,
the distributions of F;es Jno A€ identical for all . For convenience of notation, we denote this

distribution to be Fy. /.. Given € > 0 sufficiently small, we can assume that n and m are larger
min; Q;

2+2|g] -

In order to prove the monotonicity/non-monotonicity of D,/ Dy, we will need some properties

of the Fy ¢/, With these particular parameters. In fact, we will prove a slightly more general form:

than sufficiently large constants. It’s easy to check that this construction satisfies A <

Lemma 14 For m a sufficiently large positive odd integer, g = cos(Z=), and A > 0, Fﬁg"’m and

m
E2S9™ have the following properties:

1. If § is taken from either distribution |§| < 2A almost surely.

2. If § is taken from Fﬁ’sg " then & > 0 almost surely.

3. If § is taken from quo’g "™ then there is a probability of 1/m that § is negative, in which case
we have § < —A/m?.

Proof All 3 properties inherit from the construction of Fye¥™™ and F;5%™ and are easy to prove.

We leave the proof to Appendix D. |

Lemma 14 ensures that ds drawn from either distribution are small. In addition, it guarantees
that s drawn from Fys are positive with probability 1 and ds drawn from F},, are negative with
probability % This makes sure that the distributions in D¢ and the distributions in D, are
different in terms of being monotone or not, as we can see in the later analysis.

We want to show that a random distribution drawn from D5 is monotone, and a random dis-
tribution drawn from D,,, is some distance from monotone with high probability. This will mean
that any monotonicity tester will be able to distinguish between a distribution from D, and a
distribution from D,,,, which is impossible without many samples by Proposition 9.

Lemma 15 A distribution p drawn from D, is monotone with probability 1.

Proof This result can be easily obtained by using the fact that Js are small. It is left in Appendix E.
|

In contrast to distributions in D, the distributions in D, is at least € far from monotone
with high probability. In order to show this, we first need a lemma allowing us to show that some
distributions p are far from any monotone distribution.

11
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Lemma 16 For a distribution p, and q an arbitrary monotone distribution, then drv (p,q) >

n

23:1 ~i, where

) Ip2ia = p2il/2 i paiy —pai <O

' 0 if p2i—1 — p2i > 0.
Proof We will show that (|g2i—1 — p2i—1| + |g2i — p2i|)/2 > ~; for all 7 in a straightforward way.
The proof is left in Appendix F. |

We can now use Lemma 16 to show that a distribution from D, is far from monotone with high
probability.

Lemma 17 With 99% probability, a random distribution drawn from D, is € far from monotone.

Proof Let ~y; be as in Lemma 16, we have that
Jp2ic1 = p2il /2 ifpaii1 —p2i <O
' 0 if po; 1 — p2i > 0.

Note that pa;—1 — p2; = (Q2i—1 + 6;) — (Q2; — J;) = 28;. Thus we have that

L —51' if(57;<0
=0 ifs > 0.

By Lemma 14, we have that each ~; is positive (with absolute value at least 8¢m/n) inde-
pendently with probability 1/m. Let X be the number of these positive terms. We have that
X ~ Bin(n/2,1/m). As n/m is at least a large constant, we have with 99% probability that
X > n/(4m). If this holds then by Lemma 16 the distance of p from the nearest monotone distri-

bution is at least
n/2

> i = (n/(4m))(8em/n) > e.
i=1
This completes our proof. |

We are now prepared to prove Theorem 4 when d = 1 and n < Wg%)% is even. Let N be
a sufficiently small multiple of n/(m°log(n)e?) and suppose for sake of contradiction that there is
a monotonicity algorithm with a probability 2/3 of success using only N samples. Running this
algorithm should be able to distinguish N samples taken from a random distribution from D4 and
a random distribution from D,,, with probability of success at least 3/5 since the distribution in the
former case will be monotone, and the distribution in the latter will be at least e-far from monotone
with probability at least 99%.

On the other hand, we can apply Corollary 10 here as B = O(N/n) and e = O(An) =
O(m3¢). Thus, Bx2,,, = O(Nm®e/n), which is at most a small multiple of 1/log(s). This
implies that dry (Dé\és, DNy < 1/100, and thus the difference in the probability that our tester
accepts a distribution from D, given N samples can differ from the probability of accepting a
distribution from D,,, given N samples by at most 1,/100.

12
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This completes the proof when n is even and at most . For other n, we let ng be the

1
C4(log %)36
Wg%)%' We note that a monotonicity tester on [n] can be
used to obtain a monotonicity tester on [ng] simply by ignoring the extra bins in the domain. Thus,
we get a lower bound of Q(ng/(log”(1/€)e?)) = Q(min(n, (1/€)/log®(1/€))/(e*log"(1/€))).

This completes our proof.

largest even number less than both n and

4. Conclusion

In this paper we have produced a general framework for proving distribution testing lower bounds
for properties defined by local inequalities between the individual bin probabilities. Applying it
requires finding an instantiation of our construction so that many bins satisfy these inequalities
tightly and changing their values slightly will break the property in question. Usually, this technique
should give lower bounds comparable to the testing-by-learning algorithm of O(n/e?) samples up
to logarithmic factors so long as n is not too big, while for larger values of n it will often fail to find
further improvements.

As applications of this new technique we have proved new lower bounds for monotonicity test-
ing, and nearly optimal lower bounds for log-concavity testing.
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Appendix A. Matching Moments Property

In this appendix, we give a proof of Lemma 7, which states that for any positive integer k
less than m,

k k
E&erA;gf”m [6%] = Escppom [67].
rlatl
Note that the roots of T}, (x) 41 and T,,(x) — 1 are cos( 2 (am+2) Jo<acm @nd cos.(%)(KMm

respectively. Since T}, () + 1 and T}, (x) — 1 only differ by a constant, all elementary sym-
metric polynomials of degree less than m of roots of one agree with the corresponding poly-
nomials of roots of the other. By the fundamental theorem on symmetric polynomials, for
roots of a polynomial 7, ) r* can be written in terms of elementary symmetric polyno-
mials, where ) ¥ is proportional to the kth moment of roots. Since the roots have m — 1
identical elementary symmetric polynomials, we can conclude that they have m —1 matching
moments. In particular, this means that

27 (a + 1)
m

E [COS( )

_E {Cos(m)} .

m

Applying the linear transformation x — A(x + g), we note that the distributions

1
A(cos(%5) + g) and A(cos(%ﬂ)) + g) must also have m — 1 matching moments as

k
BllA(+ 9] = 3 A%( )t FEL]
k'=0

Appendix B. Upper Bound of |R,, ()|

<

We prove Lemma 12 in this Appendix. It states that for |z| < 1—10, if m > B; and ‘E — %

B;
3, then

|Ron(2)| < (14 |a)/P=2Am* 2(|2|v/Bi + || B; — 26| + |2*B:)™

where R, (x) is the remainder term of Taylor expansion about z = 0.

As R, (x) = 2™ /m!f(™) (y) for some y between 0 and z, we first focus on obtaining an
upper bound for | (™) (y)|. Using Leibnitz Rule, the m-th derivative of f(y) can be expressed
as

RIOEDSY <m> (Bi = Ot (0)1(1 4 ) (1 — y)Pmomrt ()™

t=0 t

t=0

— (14 5)/(1 - )" (Z (7 )8 = a2 >m—t<—1>m—t>.

Note that the summand in (4) is roughly

(7 )= oo

t

L
1+y

14
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If this were exactly true, we could use the binomial theorem to rewrite it as

( l B, —¢ ) m
1+y 1-y ’
allowing us to take advantage of significant cancellation of terms. Unfortunately, the falling

factorials (B; — {),,— and (¢); are not exactly equal to the relevant exponentials. However,
we can make use of Stirling numbers to write them in terms of similar exponentials.

Definition 18 The unsigned Stirling number of the first kind, usually written as c(n, k) or
[Z], is defined to be the number of permutations of [n] with exactly k cycles. The signed
Stirling number of the first kind is defined by s(n, k) = (—1)"%c(n, k).

In particular, we make use of the fact:

Fact 19 For any non-negative integer n and real number z we have that

(2)n = Z s(n, k)2~

k

Using this, we may rewrite (4) as

(1+y) 1=yt

3 (7) (- o[, ])

t=0 %
(z};w)h_s(_l)h [t —t hD (1 Jlr y>t (1_—1y>m_t

Interchanging the order of summations yields

(1+y)f(1—y- (5) )
S E O L oo () (2)7)

To make further progress, we would like to simplify (T) [ t_t h] [m’f”:h,] . Specifically, we use
a lemma about Stirling numbers to find an alternative expression of [ t_t h] and [ met } and

m—t—h'
get cancellation of the binomial coefficients.

Lemma 20 There exist some constants 0 < cy, < 1 such that for all t,h, [tfh] =
2h
> ena1 () crn

Proof We analyze these Stirling numbers using a combinatorial approach. [ t_t h] is the num-
ber of permutations of [¢] with exactly ¢ — h cycles. Such permutations should have between
h + 1 and 2h non fixed points. Let f be the number of non-fixed points in this permutation.
Then [tf ,] can be represented as ch}; hal (Jtc) Tt s—n, where T r_p, represents the number
of permutations of f elements with no fixed points that have exactly f — h cycles. Note that
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2h Ty .
Tyyn < fl. We have [,“,] = 327", . yilc f) Trjon = > feppr () =22 So taking
Crh = Tf’f!‘h, we are done. [

Substituting the result of Lemma 20 into Stirling numbers showing up in (5), we get that

2h

m t m—t m!
(t)[t—h][m—t—h’]_t!(m—t)! 2 (t— f'fh Z 'CQ’h
f=h+1 g= h’+1
(m — g ! L (m - g f
Z Z =gy M eCnCon = Z > () frgCrncqu-
f=h+1g= h’+1 9)! f=h+1g=h'+1

Substituting this result into equation (5), we have f (m) (y) equals

(1+ y)f(l — )Pt

Sys s ("2 f)“*ﬁﬂmg<1jy>tf<1:%>mtgiij;>@?g;'

t=0 h,i f=h+1g=h'+1

(M) f+9C1nCo.n-

t—f m—t—g
Applying the binomial theorem to the sum Y ;" (™, iy f ) (%) (—%_f) , we

can get that the above is equal to

(1 +y)£(1 — )Pt

21 m—g—f pf—h —N
/ l B; —¢ 9=F pf=M(B; — 0)9
Z Z Z D <1 Yy 11_ ) (1 _|_( )}(1 _) )9 (M) f4gC1.1Cq,h'-
hoh! f=h+1 g=h/+1 Y Yy Yy Yy

Given 0 < ¢, cop < 1, we have that | f™)(y)| is at most

LY S Y

R} f=h+1g=h+1

_gmgfgf h( :— 0)9~ 1%
e R e LT

Note that (m) 4 is at most m!, but vanishes if f + g > m. In order for this not to happen, it
must be the case that h + k' < m. This means that there are at most m* non-vanishing terms
in the above sum as each of h and 1’ can take at most m values and for each pair of values,
there are at most m possibilities for each of f and g. Therefore, we have that the above is at
most

1+9)f(1—y)Bi ! ! (6
[(1+y) (1—y) P Im*m! o X (6)
2h'>g>h'>0

f+g<m

1ty (L+y)/ (1 -y)

¢ Bt B — g
14y 11—y

In order to bound (6), we want to ﬁnd the largest summands. For this we note that increasing

J or g decreases the exponent of | 17— +y

¢ : : : Bi—¢
(@) and increasing g increases the exponent of ( W) To make progress, we need to

understand the relative sizes of these terms:
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4 B¢—€’ < 4

_ L _
THy ~ 1-y ‘md’uy

B;—¢ B;—¢
1+y | =

Claim We have that | 1=y 1=y

Proof It suffices to show that ﬁ and Ef%‘yf are within a factor of two of each other. For
this, we note that as |y| < 1/10 that the ratio of 1 + y to 1 — y is between 9/11 and 11/9.
Furthermore, as |B; — 2¢| < B;/5, we have that the ratio of B; — ¢ to ¢ is the same as the
ratio of (¢/B;) + (B; — 2¢)/B; to (¢/ B;), which is between 4/5 and 6/5. Multiplying these
together yields our result. n

Applying this, we find that the maximum in (6) is attained either when f + g = m or when
f =2h and g = 21’ In the former case we have

fffh(Bi — E)gfh
max
2n>f>h>0 (1 +y)f (1 —y)9
210/ >g>h'>0
f+g=m

_ ( = > (B; — )"
T oh2foh>0 (1+y)f (1—1y)9

2’ >g>h'>0
f+g=m

( 012 ) ((Bz _ g)9/2>
< max
= frg=m \ (14 y)f (1—y)9

. (ﬂ W)m

1+y 1-—y

In the latter case, it gives

max |- 2 e'm_%_%, (B; — )"
(1+9)*"(1 —y)»

2h+2h'<m |1 +y 1—y
N/ \/B¢€>m

¢ B, — ¢
Smax - ) ’
14y l-y |14y 1-y

Thus, in either case we have that | f(™) ()] is at most

l B, -7
1 4 1— B;,—¢ 4 | _ 7
(14 90— )t | - 2=

Vi VB =7\
"1+y 1—y '

To bound the maximum, we note that

Vi ,VBi_KS\/E§2@-
1+y 1-y —9/10

On the other hand,

V4 B, — /¢ 1
\ \ (Bs — 20) — yBy

l+y 1-y| 1-92
< 2B, — 24| + |2 By).
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Finally, note that (1 + 3)(1 — y) = 1 — y? < 1. Therefore, we have that
[(1+9) (1 = )" < max((1+y), (1= y) P97 = (14 [a])1P2,
Putting this together we have that for |z| < 1/10 that
Ryp(@) = & £ (y) /ml] < (14 |2) P2 m* (2(|2|V/Bi + |2|| B — 2¢) + [«[* B)) ™

As desired.

Appendix C. High Probability Bound of the number of samples in each pair

This section gives a high probability bound B = 2max;(Qj, + Qx,)N where B; < B
for all ¢ with high probability (B; is the number of samples in pair (j;, k;)), which proves
Lemma 13. By construction, for Dé\gs/m, wi :==E[B;] = (Qj, + Qx,)N > 6log s. Note that

B; is a sum of independent and identically distributed indicator random variables. Applying
2

the Chernoff Bounds, Pr(B; > (1 + §)u;) < e Letting § = 1, then we have that
Pr(B; > 2u;) < s% As B > 2, this says that with probability at least 1 — 1/s? that the
ith pair of bins does not contain more than B samples. Our result now follows by taking a
union bound over .

Appendix D. Properties of /19 and F;;o"™
For m a sufficiently large positive odd integer, g = cos(X), and A > 0, we prove the
following useful properties of qué’sg’m and F59™:

1. If § is taken from either distribution |§| < 2A almost surely.

2. If § is taken from Fjed™, then § > 0 almost surely.

3. If 9 is taken from F;fldg "™ then there is a probability of 1/m that J is negative, in which
case we have § < —A/m?.

Property 1 follows from the fact that the cosine terms all have absolute value at most 1. For

property 2, since m is odd, we have that cos(%2%) > cos(%) = —cos(;-), so all ds
1
drawn from Fy, will be non-negative. For distribution of F},,, we have A(COS(W) +

cos(Z)) < 0if and only if a = 1. Since there are m choices of a, we conclude that §
drawn from F),, will have X chance to be negative, and the negative value is A(cos(Z) —1).
By Taylor expanding cos(z) about 0, we find that it is at most —A(5 > — %). Given that
m is sufficiently large this is at most —A/m?. This completes the proof of Lemma 14 in

Section 3.1.

Appendix E. One Dimensional Almost Sure Monotonicity

We prove that a distribution p drawn from D, constructed in Section 3 is monotone almost
surely. It’s sufficient to prove that p; > p;11 for all i. Firstly, we note that for odd i, Q); =
Qi+1- According to construction, p; = Q; + d:11 and p; 11 = @Q; — i1 . Applying Lemma
14, for § € Fyes, 6 > 0 gives p; > pit1. ’ ’
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1 i+2

Foreveni,p,-:%—i—m—ﬁ—é% andpi+1:%+m— 5 +(5%.Thus,

1

Pi = Dir1 = 5 = (04 +dip2)
By Lemma 14, |§;| < 24 < 1/(2n?) for each j. Thus
1 2
pi_pi+12$—ﬁzo

This completes our proof.

Appendix F. Distance From Monotone

We provide a detailed proof of Lemma 16 in this section, which shows that some distributions
are far from any monotone distribution. Lemma 16 claims that for a distribution p, and g an

arbitrary monotone distribution, then dry (p, ¢) > >~ 2, i, where

_ JIp2i-1 —pail/2 ifp2i—1 —p2i <O
1T .
0 if pa;—1 — p2i > 0.

It is sufficient to show that (|g2;—1 — p2i—1| + |q2i — p2il)/2 > ~; for all i. In particular,
if po;—1 — p2; > 0, ; = 0 and we have our desired inequality. If pa;—; — p2; < 0, then
vi = (p2i — p2i—1)/2 > 0. By definition, ¢ monotone implies g2;—1 > ¢2;. This means that

lg2i—1 — p2i—1| + |q2i — p2i| > (q2i—1 — P2i—1) + (P21 — @2i) = G2i—1 — q2i + 27i > 27i.

Summing this inequality over all ¢, we have:

B

‘Mw\:
2

s
Il
i

1 n
drv(p,q) = 5 > lai = pil =Y ((lq2i-1 — pai-1l + g2 — p2l))/2 >
i=1 i=1

This completes our proof.

Appendix G. Multidimensional Monotonicity Testing

In this section, we generalize the results of Section 3 to cover d-dimensional monotonicity
testing.

G.1. Construction

For the one dimensional case we were able to modify our monotone base distribution () to
make it non-monotone by exchanging bits of probability mass between adjacent bins. In the
high dimensional case however, it is not clear what the appropriate generalization of this
should be, especially given that there are pairs of bins i and j that are incomparable to each
other in the relevant ordering. Thus, in order to construct D,y for the multidimensional
case, we have to find comparable pairs of bins to move. Here we introduce the notion of cubes
and halfcubes for a distribution over [1]¢ so that most bins in a halfcube are comparable to a
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bin in another halfcube within the same cube. Once again, we start by proving it when n is
not too large.

Suppose Cdlog(l/e) < n < —., and d < (C?log 1)3 for some sufficiently large

(021 )3
constant C' and that 2d|n. We begin by separating a distribution over [n]¢ into (24)¢ cubes
with each of them having (2d)? bins, with the idea of using these cubes as a unit to replace
the pairs of bins in the one dimensional construction. More formally,

Definition 21 Let I be the d-dimensional vector (1,1,1...,1). Fori,j € [n]%, we denotei < j
wheni, <j,foralll <a <d.

For a distribution over [n]?, we define its ith cube (for some i € [35]9) to be the set of jth
bins where 2d(i — 1) < j < 2di + 1. Within the ith cube, we define J; to be the set of bins
{j:J1 <2diy —d} and K; = {j : j; > 2diy — d}. We call J; the first halfcube of the ith cube
and K; the second halfcube.

Note that we are separating the ith cube into 2 halfcubes based on the magnitude of its
first coordinate, so |Jjj = |Kj| and the ith cube is J; U Kj. Our construction will produce
distributions that are uniform over each halfcube, so we can construct our base distribution
over these halfcubes. In particular, we will use an instantiation of the ensembles from Section
2 to produce these distributions over halfcubes.

Let the distribution Q over [25]¢ x {F, S} given by

52d) 2% (i 4 g 4 ..ig)29 N n .y
Qi,F = Qi,S = ]nd 4nd+1 - nd+1 )1 (117127 d) € [ﬁ} :

Summing over all i;s and multiply by d, we have
s . Sy n.n n.gq d
> (it i) =1+ 57 149

ie[35]¢

Therefore, we get

5 d d n._ n ,2¢"1q?
i is=2+ -G+ )55) —77) =1
Z Q’FJF,Z Qis =23+ 3, ~ G+ Gy @)
ic[54]? ic[5y]?
This and the fact that
5(2d)?  d(n/2d)2¢"1d?
Qir = Qis > éng . /nd)-i—l > (1/4)(2d/n)"

shows that () is a valid probability distribution.

As in Definition 3, we define the sequence (ji, ki)ie[i]d where j; = (i, F') and k; = (i, 5) to
specify which halfcube of bins we are moving. Then we construct Fées and I} | by choosing
proper Aj, gi, m

In particular, let m be the smallest odd integer that is larger than C'log(1/€) where C' is a
sufficiently large constant. The fact that n < and d < (C?log l)3 imply that

d
(C2log 1)3e
< d—3 jd+1 d+2 3 qd d+2 3 gd+1
nm? < %, and 2 ndﬁl > 2 7 d% We take A = 27"“16 , noting that % > A,

and let A; = A for alli. Assuming € > 0 is sufficiently small (as otherwise there is nothing to
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prove), we may assume that n and mn are at least sufficiently large constants. Let g; = cos( )
for all i.

As the A;j and g; are the same for all i, we refer to Fyfi‘s%: simply as F . /n, and we note
that Lemma 14 applies to them. Noting that A < min(Q; r, Qi s)/(1 + |g|), we can invoke
Definition 8 to define ensembles Cy., and C),, over the set of halfcubes. Using these we

construct our actual hard instances over [n]? as follows:

Definition 22 We define ensembles Dy, of distributions over [n]? in the following way:
To sample a distribution q from Dcq/n,: first get a sample distribution p over halfcubes
Jrom Cyeg o, 0ne then takes a sample from q by first sampling a halfcube using p and then
returning a uniform random sample from that halfcube.

Note that in this construction, any distribution ¢ ~ D¢,y 1s uniform inside each halfcube.

d
And if we consider a distribution p over [75]¢ x {F, S} where p; p = %qj where j € J;
d
and pj 5 = %qj where j € Kj, we have p € Cye,/p, by definition. Since one can pro-

duce a sample from ¢ given a sample from p, the statistical task of distinguishing whether a
distribution ¢ was taken from D, or Dy, in N samples is equivalent to the task of distin-
guishing whether a distribution p was taken from Cyes or C,, in N samples. We will show
by Corollary 10 that this latter task is hard unless IV is large, but first we need to prove that
a distribution in D, is monotone with probability 1.

Lemma 23 A distribution q drawn from D, is monotone with probability 1.

Proof Firstly, we note that since we are separating halfcubes based on the magnitude of its
first coordinate, for any pair of bins j and k in the ith cube where j < Kk, j and k are either
in the same halfcube or j is in the first halfcube and k in the second halfcube. If they are in
the same halfcube, g; = gk by construction. For the case that j is in the first halfcube and k
is in the second halfcube, we show that g; > gk by proving that within each cube, any bin
in the first halfcube is always heavier than any bin in the second halfcube. Note that a bin
in the first halfcube in the ith cube has weight 2210

9d—1gd
in the ith pair has weight g;’fil_df;. Since ¢; > 0 for & drawn from Fj. (by Lemma 14) and

Qis = Qi p for all i, g&f ﬂgj‘ > g;fl_di‘ always holds. So for any pair of bins j and k in the
ith cube where j < k, ¢j > gx.

Secondly, we want to make sure the distribution is monotone across cubes. Note that there
exists bins in the ith cube that are comparable to some bins in the jth cube for j # i if and
only if i, < j, for1 < a < d and there exists a such thati, < j,. As the previous paragraph

implies that bins in the first half of each cube are heavier than bins in the second half, it

and the one in the second halfcube

suffices to prove that any bin in the second halfcube of the ith cube (with weight g‘ifil_df;) is
heavier than any bin in the first halfcube in the jth cube (with weight Cgﬂl’flzij ).

‘We note that the difference,

Qis —6 Qjr+9
9d—1gqd — 9d—14d
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equals
2 5(2d)4 N 240+t (iy +ig + ...ig) 27 1d?
(2d)? 8nd 4nd+1 nd+1
C(5Ed)T 2%y +hp +a)27 NN 5 — 6
Snd 4nd+1 nd+1 1 J
d—1 jd+1
o1 (2 d —5i—6->
=9d—1gd nd+1 i
By Lemma 14, we have §; < Qd;z# for 0 ~ Fyes, 50 0j + 95 < Qd;;#, which completes
the proof that all distributions in D, are monotone. |

In contrast to distributions in Dy, the distributions in D, is at least € far from monotone
with high probability. To show this, we first need to prove a lemma about how far a distribu-
tion which is uniform over halfcubes is from monotone.

Lemma 24 For a distribution q uniform within each halfcube and p an arbitrary monotone
distribution, drv (p,q) > % Zie[%]d ~i, where v; = (2‘;—?)“1 max(0, ) ek, 4 — e &)

Proof Define Si; = {j:j € Jiandj, # 2di,,2 < a < d} and Si» = {j : j € Kj and j, #
2di,—2d+1,2 < a < d},wecanpairabinj € S tok € Sjo where j+(d, 1,1,...,1) =Kk,
so that for each such pair j < k. The probability that a random bin in the first halfcube of
the ith cube lies in Sj; is (2‘; dl)d ! Similarly, the probability that a random bin in the
second halfcube of the ith cube lies in Sj 2 is (%)d 1. Given that ¢ is uniform within each

halfcube, we can get vj = max(0, > ¢ — > ¢j)-
JESi2 JESi
Note that since Sj 1 U Si2 C J; U Kj,

drv (. q) Z doIp —CIJ|>*Z > p—gl

16[ L1die VK, i€[35]4i€5i,1USi 2
1
N 1D DI DO T B
i€[g5]4 \|i€Sia JESi 1 JESi 2 JESi 2
It suffices to prove that | | > pj— > ¢qj| +| > pj— > gj| | = ~i for all i. Given
JESi1 JESi1 JESi2 JESi2

that p is monotone and k > j, pj > pi for all pairs of j and k in Sj; and Sjo with k =
j+(d,1,...,1). Therefore, summing over Sj 1 and Sj2, > pj> > p;jforalli.

JE€Si1 JESi2
If > e S i~ % gj > 0, then 75 = 0, and we have our desire inequality.
JESi 2
If) ies, G — > ¢ <0,thenyi= > ¢j— > g > 0.Inthis case,
7 JESi2 JESi2 JESin
DI EDIEID I ED I EIO B T SR RIS D T )
JESi1 JESi1 JESi2 JESi 2 JE€Si1 JESi1 JESi2 JESi2
(2 m= 2w+ (X G- ) @)=
JESi1 JESi2 JESi2 JESi1
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Summing this inequality over all i, we have that dry (p, q) > % Zie[%]d . [ |

This lemma is a multidimensional analogue of Lemma 16. It gives a lower bound of distance
from monotone for a distribution uniform within each halfcube, which helps us prove that
a random distribution from D, is not close to being monotone. We will prove in the next
lemma that it’s at least e far from monotone with probability at least 99%.

Lemma 25 With 99% probability, a random distribution drawn from D, is at least € far
from monotone.

Proof By the definition of D,,, if ¢ is sampled from D,,,, we have that

Z qj — Z(Jj =Pi,S —Pi,F =

JEK; JeJ;i
= (Qi,s — %) — (Qi,r + )
= —26;.

Where p is the corresponding distribution from C,,. Therefore, in the notation of Lemma 24
we have that

B 0 if 6 >0
% -2 (%)d_l 6 if 4 < 0.

)d—l

Note that (241 W > ¢71/2, Thus, by Lemma 14, this means that

7 is non-zero independently with probability 1/m and if it is non-zero, it is at least
24+2mdde /nf.

Letting X be the number of non-zero +;’s. It is distributed as Bin((n/2d)?, 1/m) and so with
probability at least 99% is at least (n/2d)?/(2m). In such a case we have that the distance
of ¢ from uniform is at least

1
5 Z v > X2 mdde/n? > .

2514
|

We have proved that a distribution in D4 is monotone with probability 1 and a distribution
in D, is € far from monotone with 99% probability. In the next section, we will apply
Proposition 9 to use this to show that one cannot build a monotonicity tester with too few
samples.

G.2. Lower Bound of Multidimensional Monotonicity Testing

Here we prove Theorem 4 starting with the case where n is at most and is a

multiple of 2d. Let N be a sufficiently small multiple of (rn/2d)%(1/¢)?/(dm®log(1/¢)) and
suppose for sake of contradiction that there is a tester that tests monotonicity over [n]¢ with
N samples. As a distribution from D, is monotone and a distribution from D, is e-far

from monotone with 99% probability, this tester can reliably distinguish N samples from
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a distribution from D¢, from N samples from a distribution from D,,,. However, this is
equivalent to distinguishing Cycs from Cy,,, which is difficult by Proposition 9.

In particular, in the context of Corollary 10, we have that B = O(N(n/2d)?%) and 4, =
O(m3€) < 1/10. This makes Bz2,,, at most a small multiple of 1/(dlog(1/¢)) < log(s).
Thus, we can apply Corollary 10 and conclude that dTV(Cé\és, CN') < 1/100 and thus that
one cannot distinguish the two with N samples, providing our contradiction.

For n not of the desired form, let ng be the largest integer smaller than n that is both a
multiple of 2d and at most W‘lg%)ge. As monotonicity testing over [ng]? is a special case
of monotonicity testing over [1]¢, we obtain a lower bound of

Q((no/2d)%(1/€)%/(dmSlog(1/€))) = 27D a2 10g™7(1/€) min(n, de * log3(1/€))<.

This completes our proof.

Appendix H. Log Concavity Distribution Testing

To prove our lower bound for log-concavity testing, we will again use Proposition 9 to con-
struct indistinguishable ensembles D, and D,,,. In particular, we need to carefully instan-
tiate our construction so that distributions from D¢ are log-concave almost surely, while
distributions from D, are e far with high probability. Then Proposition 1 will imply that
these ensembles are indistinguishable without a large number of samples, giving us a desired
lower bound.

H.1. Construction

The intuition for log concavity testing over [n] is: start with a log concave base distribution
@ over [n] and separate it into groups of 6 bins, then modify the 2nd and 5th bin in each
group. The reason we choose to move bins in this way is that with only 1 bin being moved in
each triple, it’s easier to evaluate how each move affects log concavity. As long as the size of
the move is small enough, the distribution will still be log concave. On the other hand, large
moves cause it to be e far from log concavity.

We begin by constructing the base distribution @) over [n]. Firstly, we assume that with

Clog(1/¢) < n < ——+—— for some sufficiently large constant C' and that n is a mul-
C2¢2 (log %)5

. INEAY . 5 _2i2
tiple of 6. We let QQ; = %e () with b = ﬁ Observe that Q% = 2—26 n? <
p2 20742 . o

me  nr = Q;_1Q;+1, we use this () as it is in some sense roughly the most log concave

n

that it can be and b € (1, e) is a normalization factor that ensures ), Q; = 1. Additionally,
i=1

Qi > Q; fori < j.Let the sequence (j;, ki)lgig% be defined by j; = 6i —4 and k; = 6i— 1.

1 +—, we have

Let m be the smallest odd integer larger than C'logn. Since n < —5—4+——
48C2¢€2 (log %)7

m<C’log%.F0r1§i§ 2 we take

36i2—12i+1 1
C; = n*(Qei—1 — V/Q6iQpi—2) = bn’e” =2 (1 —e n?)
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Given € > 0 sufficiently small, we can assume that n and m are bigger than sufficiently large
constants. Therefore, we have
1 -1 1
W <l—e n2 < ?
Thus, CZ = @(1)
Next, we define the sequence of swapped bins by (j;, k;) = (6i —4,6i —1) for 1 <1i < n/6.
Finally, we define A; and g; so that Fyc; and F},, are given by C; /n3 — Cm3e/n(cos(222) +
1
cos(Z%)) and C;/n® — CmPe/ n(cos(%) + cos(7)), respectively. It will be useful to
compare this to another construction producing the same result. Namely:

Qq ifiZ1 (mod 3)
Q=1 Qu+C;/n3 ifx=06i—4
Qo — Ci/n?® ifz=6i— 1.
Then we can likewise construct D/, from @’ using the same sequence of (j;, k;) and
letting A; = —Cm®¢/n and g; = — cos(Z2) for all i. We will switch back and forth between
these two interpretations as necessary. We note that the @} are all ©(1/n) and therefore the
Tpmaz in the primed interpretation of the construction is O(C'm3e).
We now have some important properties to prove about this construction. Namely that dis-

tributions from D, are log-concave, distributions from D),,, are far from that and that the
two are indistinguishable with few samples. To begin:

Lemma 26 Any distribution p in D, is log concave with probability 1.

Proof Consider a distribution p ~ D, given a sample of J; € Fées, it moves (67 — 4)th
bin up by 4; and (67 — 1)th bin down by ;. We note that applying Lemma 14 to the @’
formulation we have that §; < C;/n®. On the other hand, as n? < C~1(1/¢)(1/m3), we
have that §; > 0 for all <. Using this, we can check log-concavity of p at each ¢ based on ¢
(mod 6). In particular,

Pai_s — Pei—4P6i—6 = Qgi_s — Qoi—6(Qei—a + ;)
=Q%_5 — Qoi—6Qoi—1 — 6;Qsi—6
=Q(1/n) — Q(1/n*) > 0.

We are similarly still log-concave at 6 — 3. We also have that

D6i—1 — \/P6iD6i—2 = Qei—1 — 0i — \/ QeiQei—2
= C’z/ng — (51 Z 0.

The other locations follow immediately from §; > 0 as

2 2
Dei—a — Pei—3P6i—5 > Qg — Qei—3Q6i—5 > 0,

and similarly for 62 — 2 and 6. |

In order to show that D, is likely far from log-concave we need a Lemma to allow us to
show how far a distribution is from log-concave.
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Lemma 27 For a distribution p over [n] with psi_o > p3; > %psi_z, P3i—1 > %pgi

for all 1 < i < %, and q any log concave distribution over [n), then dry(p,q) >

32 max(0, \/P3i—2P3i — Psi—1)-

Proof It’s sufficient to show that |ps3;—o — ¢3;—2| + |p3i—1 — q3i—1] + |p3i — q3i| >
max (0, \/p3i_2p3i — p3i—1) forall 1 <4 < %. For a log concave q, \/q3i—2q3i — q3i—1 < 0
must hold for all . Fix a given i, given p a distribution over [n], we will find such
43i—2, q3i—1, q3; that minimizes |p3;_2 — g3i—2| + |P3i—1 — 3i—1| + [P3i — ¢34| subject to

the constraint g3;—1 > /q3iq3i—2. If q3;—2 > p3i—2, we get a better set of ¢3;—2, q3;—1, g3
by taking ¢s3;—1 = p3;—2 and keeping ¢3;_1, ¢3; unchanged. Similar reasoning applies to the

case of ¢q3;_1 < p3;—1 or q3; > p3;. Therefore, we have that the optimal ¢3;_2, g3;—1, q3:
satisfy g3;—2 < p3i—2,q3i—1 > P3i—1,43i < P3i» SO

|D3i—2 — q3i—2| + |P3i—1 — q3i—1| + [P3i — @3i| = P3i—2 — G3i—2 + q3i—1 — P3i—1 + P3i — @3-

Let p = (psi—2,P3i—2,p3i) and ¢ = (g3i—2,q3i—2,q3:), f : R* — R is a function where
f(x) = \/T3,_273; — x3;—1, applying the mean value theorem, we have

fp)—fl@)=(P—-q) Vf(z)

for some & = (x1, x2, x3) between p and q. In particular, it’s clear that ¢3,_o < 1 < p3;_2,
p3i—1 < x2 < q3i—1 and g3; < x3 < ps;. Expanding the dot product, we can get

f(p)— flq) = ;\/??(Q3i—2 — p3i—2) + (P3i—1 — q3i—1) + ;\/g(%i — P3i)-

Notice that if ¢3;_o > WT‘Q and ¢3; > 5%, using the relation p3;_o > p3; > %pgi_g, we
have 11 < p3; 2 < 2p3; < 4q3; < 4x3 and w3 < p3; < 2p3gi_o < 4g3;2 < 4wy, we have

f(p) = f(@) < |psi—2 — gsi—2| + [P3i-1 — gzi—1| + [p3i — gail since § /%2, 5, /2L < 1.

3
On the other hand, if g3;,_o < I%, by manipulating the relations between ps; 2, P3i_1, P3i
in the hypothesis, we have
P3i—2

5 5
> P3i72*§p3i > p3i72*6p3i71

|p3i—2—qsi—2|+|p3i—1—asi—1|+|p3i—asi| > |P3i—2—qzi—2| >
> \/D3i—2P3i — P3i—1-
Similarly, with the case that g3; < %, we can show that
|D3i—2 — qzi—2| + |P3i—1 — q3i—1] + |P3i — g3i] > |p3i — g3i

S Psi 5 3

= 7:(1—1)1731'

5
> 2 P3i T P3i=1 > V/P3i-2P3i — P3i-1-
So in any case we have that

|p3i—2 — qsi—2| + [P3i—1 — qsi—1] + |P3i — q3i| > \/P3i—2P3i — P3i—1-

Summing over ¢ yields our result. |

Using this we show that a distribution from D, is likely far from log-concave.
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Lemma 28 With 99% probability, a random distribution drawn from D, is € far from log
concave.

Proof Let p be taken from D, and let ¢ be an arbitrary log-concave distribution over [n].
Applying Lemma 14, we note that for each i there is independently a 1/m probability that
§; = C;/n3 + Q(Cme/n). Let X be the number of such i’s. We note that for each such i
that

Pei—1 — /P6iP6i—2 = Qei—1 — / Q6iQsi—2 — 0;
= C;/n® — §; < —Q(Cme/n).

Therefore, by Lemma 27, dry (p, q) > Q(X Cme/n). It thus suffices to show that with 99%
probability that X = Q(n/m). However, as X ~ Bin(n/6,1/m), this is clear. [

Finally, we can complete our proof of Theorem 5.

Proof We begin by proving it for n less than L~ and a multiple of 6. Suppose

C2e3 (log 1)3
that there is a tester that can reliably distinguish begtwgé:ézl a log-concave distribution and
one that is e-far using N < C3ne 2log™"(1/¢) samples. As a distribution from Dy,
is log-concave and one from D, is likely e-far our tester can reliably distinguish the
two. However, using the @' interpretation of our construction, we have B = O(N/n) so
B2, = O(C?*mSe2N/n) = O(C~!/log(n/exmaz)). Thus, we can apply Corollary 10
to see that dTV(Dé\éS, DX} < 1/100 which contradicts our algorithm being able to reliably
distinguish them.

For other n, we can just apply this result to ng, the largest integer that satisfies our conditions.
As a log-concave distribution on [ng] is also a log-concave distribution over [n], this gives a

reduction between the testing problems and completes the proof. |

27



	Introduction
	Background
	Notation
	Our Results
	Prior and Related Works
	Our Techniques

	Generic Lower Bound Construction
	Construction of Dyes and Dno
	Comparison of Distributions of Number of Samples in Bins ji and ki
	Proof of Proposition 9

	One-Dimensional Monotonicity Testing
	Construction

	Conclusion
	Matching Moments Property
	Upper Bound of |Rm(x)|
	High Probability Bound of the number of samples in each pair
	Properties of FA,g,myes and FA,g,mno
	One Dimensional Almost Sure Monotonicity
	Distance From Monotone
	Multidimensional Monotonicity Testing
	Construction
	Lower Bound of Multidimensional Monotonicity Testing

	Log Concavity Distribution Testing
	Construction


