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Abstract

We consider a statistical version of curriculum learning (CL) in a parametric prediction setting.
The learner is required to estimate a target parameter vector, and can adaptively collect samples
from either the target model, or other source models that are similar to the target model, but less
noisy. We consider three types of learners, depending on the level of side-information they receive.
The first two, referred to as strong/weak-oracle learners, receive high/low degrees of information
about the models, and use these to learn. The third, a fully adaptive learner, estimates the target
parameter vector without any prior information. In the single source case, we propose an elimi-
nation learning method, whose risk matches that of a strong-oracle learner. In the multiple source
case, we advocate that the risk of the weak-oracle learner is a realistic benchmark for the risk of
adaptive learners. We develop an adaptive multiple elimination-rounds CL algorithm, and char-
acterize instance-dependent conditions for its risk to match that of the weak-oracle learner. We
consider instance-dependent minimax lower bounds, and discuss the challenges associated with
defining the class of instances for the bound. We derive two minimax lower bounds, and determine
the conditions under which the performance weak-oracle learner is minimax optimal.

Keywords: Adaptive learning, best-arm identification, convergence rates, curriculum learning,
elimination algorithm, lifelong learning, minimax lower bounds, multi-task learning.

1. Introduction

Curriculum learning (CL) (Bengio et al., 2009) is a machine learning paradigm that is successfully
utilized in various applications, e.g., weakly supervised object localization, object detection, neural
machine translation, and reinforcement learning (Soviany et al., 2022; Wang et al., 2021). The
distinctive feature of CL is the ability to control the learning order, e.g., to choose which task to
begin with, to begin from easy training examples, or to begin from a smooth loss function. This leads
to an optimization benefit. In parallel, various lifelong learning methods also involve learning from
multiple tasks, but aim to achieve a statistical benefit, e.g., multi-task learning, transfer learning,
and continual learning (Caruana, 1997; Ruder, 2017; Zhang and Yang, 2021; Crawshaw, 2020;
Zenke et al., 2017; Van de Ven and Tolias, 2019; De Lange et al., 2021), but without the challenging
aspect of optimization of the order. Theoretical aspects of these methods were explored in, e.g.
(Baxter, 2000; Argyriou et al., 2006; Maurer et al., 2016; Du et al., 2020; Tripuraneni et al., 2020,
2021; Evron et al., 2023; Goldfarb and Hand, 2023; Li et al., 2023; Lin et al., 2023; Goldfarb et al.,
2024). In comparison, CL was much less explored Weinshall et al. (2018); Hacohen and Weinshall
(2019); Weinshall and Amir (2020); Saglietti et al. (2022); Cornacchia and Mossel (2023), and much
less from the statistical aspect. We survey these and other related works in detail in Appendix A.

© 2024 O. Cohen, R. Meir & N. Weinberger.



COHEN MEIR WEINBERGER

Recently, Xu and Tewari (2022) advocated the statistical benefits of CL, by considering a setting
in which T" source models indexed by ¢ € [T] := {1,2,...,T} are available to the learner, and
model t = 0 is a target task to be learned. The learner has a budget of N samples for all models.
Each model can be rated by both its similarity to the target task t = 0, and its statistical difficulty.
A source model is useful for learning the target task if it is both similar to the target task and
statistically easier to learn than the target task. Since the similarity of the tasks (and sometimes
the difficulty) are unknown in advance, the algorithmic challenge is to set up a curriculum that
optimally utilizes the source tasks to learn the target task. In this paper, we focus on a Gaussian
mean estimation problem in R?, in which similarity between models is measured by the distance
between parameter vectors, and difficulty by the noise variance. Since the mean parameters are
unknown in advance, so is the similarity between them. Xu and Tewari (2022) introduced a strong-
oracle, which reveals to a learner the source model that optimally balances between similarity and
difficulty. They proved a lower bound on its risk (Xu and Tewari, 2022, Theorem 1), which is also
a lower bound on the risk of any CL algorithm (which operates without this knowledge).

Contributions We address both the algorithmic and statistical challenges of CL, and show that
even in a parametric learning setting, inherent challenges and intriguing aspects are encountered:

* We show that the risk of the strong-oracle learner can be achieved for 7' = 1. Interestingly,
the learner does not know that its risk is strictly better than the risk obtained when just using
samples from the target model, even if this is the case.

* We introduce a notion of a weak-oracle learner, and postulate that the risk of an ideal CL
algorithm should match the risk of the weak-oracle learner when 7" > 1.

* We develop an adaptive multiple-rounds source-elimination CL algorithm, where in each
round source models are eliminated based on estimated similarity. The possible elimina-
tion of source models allows for improved similarity estimation in the following round, and
thus the elimination of additional source models. We introduce the elimination curve, which
determines whether the risk of the weak-oracle learner will be achieved by the algorithm. We
reveal that the risk is not monotonic in the similarity of the source models to the target model.

* We derive two lower bounds on the minimax risk of any CL algorithm. We reveal intrinsic
hurdles in choosing a set of problem instances of homogeneous difficulty for the minimax
bound. The first bound is for the set proposed by Xu and Tewari (2022, Theorem 2) and
strictly improves it, and the second bound is for a newly introduced set, and matches the risk
of the weak-oracle learner.

2. Problem setting

The statistical curriculum learning problem We use standard notation conventions outlined in
Appendix B. Let (£2,B(€2)) be a Borel space, ®; an index set, and M, := { P, },c®, a statistical
model, where ¢; is an index in ®; and P, is a probability measure on the Borel space. Let Mg
be the target model, and let {M},c7) be T' source models. Let ® := &g x ®1 x --- O be the
product set of the index sets, and ¢ := (¢o, ¢1,...,¢7) € P be the collection of the indices of
the T 4+ 1 models. The learner may adaptively collect samples from each of these models, up to a
total of IV samples. To wit, the learner chooses the next model to sample from based on previous
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model choices and observations. Let A; € [1] := {0} U [T] denote the model index chosen
by the learner for the ¢th sample, and let S; be the ith sample. Thus, the observations made by
the learner are Hy := (Aj, 51, A2, 59,..., AN, Sy). We adopt the random table model from
the closely-related multi-armed bandit problem (Lattimore and Szepesvari, 2020, Section 4.6), in
which N - (T' + 1) independent r.v.’s Z := {Z;}ic|n)c[r) are defined over the Borel space
(ZNT+D) 98 (ZN(T+1))) 5o that the law of Z;; is Py,. The ith sample collected by the learner is
Si = Z; a,» Where A; is o(H;_1)-measurable, i.e., A; only depends on the history H;_1, and S; is
sampled from the model M 4,. The policy 7; of the learner for the ith sample is the distribution of
A; conditioned on H;_1, and its policy is 7 := (m;);[n). We consider the well-specified setting, in
which the learner produces an hypothesis ¢: (([T]) x Z)Y — @ based on the collected samples
(Ai, Si)ien)- Let £: @9 x @9 — R, be a loss function. A CL algorithm is A := (m, ¢), and its
excess risk of after collecting N samples when the parameters are ¢ is

Ly(¢, A) :=Egp 4 [5 (Qg ((As, Si)iein)) ,¢0) - f(%@o)} ;

where the expectation is w.r.t. the randomness of the samples Z, the policy, and possibly the esti-
mator. The minimax excess risk of ¥ C ® is given by (with a slight abuse of notation)

Ln(®) :=inf sup Ly (¢, A). (1)
A pew

The CL problem is to derive tight bounds on L (¥), and a develop CL algorithms that achieve it.

The mean estimation statistical CL problem In order to focus on the intrinsic aspects of the
statistical CL problem, we focus on a simple parametric mean estimation problem, prototypical to
parametric learning problems. Specifically, the sample space is Z = R? and ®; := R x R x §;+,
where g;Jr is the positive semidefinite cone of matrices whose trace is normalized to d, and the
parameters are ¢; := (6;,07,%;). The tth model, t € [T, is given by

M Y =0+ €, (2)

where §; € R? is an unknown parameter vector and ¢; ~ A(0, 07 - ;) is a Gaussian noise with
Tr[2;] = d. The goal of the learner is to estimate the target parameter ¢o under the squared error
loss function £(¢q, ¢) = ||@o — 0||?, that is, the parameters (o2, >;) are nuisance. Thus, the excess
risk is Ly (¢, A) = E[||§ — 0]|*]. We assume for the most part that { (07, %) }+c[r] are known to
the learner in advance (and extend to unknown { (o2, 3¢) }epr) in Appendix H). We assume w.1.0.g.
that 0 < o3 for all t € [T, since otherwise there is no reason for the learner to sample from the
tth source model — it is both mismatched, and has larger noise variance than the target model. We
also make the mild assumption that max;cpry [|0:]] < Cp, for some constant Cp > 0. As is well-
known (e.g., Rigollet and Hiitter (2019, Theorem 2.2)), estimators based on N i.i.d. samples from
a parametric model lead to a parametric error rate. Specifically, there exists an estimator 6(N) and
g(0): [0,1] — R so that for any ¢ € (0, 1),
2

16%) — 0] < g() - % ®
holds with probability at least 1 — 4. For the model (2), the empirical mean estimator achieves that
with g(d) = clog(¢/s) for some universal constant ¢ > 1 (see Lemma 7 in Appendix C).
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Xu and Tewari (2022) considered the closely-related linear regression problem, as we describe
in Appendix D. We show that under the assumptions on the covariance matrix of the covariates
made by Xu and Tewari (2022) (Assumption 1 in Appendix D), accurate estimation of the parameter
vector is necessary for low risk (and not just sufficient). We then show using the small-ball method
of Koltchinskii and Mendelson (2015), that (3) holds for the projected least squares (LS) estimator
with g(§) = ©(log?(0)), under a mild condition on (N, d). So, under Assumption 1, the mean
estimation and linear regression problems are not very different, and we thus focus on the former,
which is simpler. Our results hold almost verbatim for the latter, with slight adjustments.

3. The similarity—difficulty balance and oracle-based learners

The gain in estimating 6y based on samples from a source model is related to their similarity and
their difficulty. For parametric models, similarity can be gauged by the distances {Qt}te[T[ where
Qi == ||0; — || (and Qo := 0), and difficulty by the noise variances {07 };c[ry. Assuming, for
now, that {af}te[m] are known to the learner, we follow Xu and Tewari (2022), and consider a
strong oracle that knows {Q; },<[). We later contrast it with a more realistic weak oracle.

Strong-oracle learners and their loss Let 6;(IV) be the empirical mean estimator for 6, using
M. Then, with high probability (w.h.p.), its loss for estimating 6 is upper bounded as

~ - - do?
16:(N) = 00]|* = 10:(N) = 00 + 01 = 601 S 10:(N) = O:* + 116, = 00l* S - + Q@ 4
(which is typically tight in high dimensions, e.g., Vershynin (2018, Remark 3.2.5)). Following Xu
and Tewari (2022, Theorem 1), we define a strong-oracle learner as one that knows the task that
minimizes this upper bound, ie., t* € argmin,cprp{doi/N + Q?}, and thus knows the optimal
trade-off between similarity and difficulty. Such a learner can allocate all its N samples to the

model M« (though it does not have to do so), and estimate 6 as O+ (N). This results in

16 (V) — 66 < min {d" = )
v o~ te[r] | N by

We refer to the r.h.s. of (5) as the loss of the strong-oracle learner. Xu and Tewari (2022, Theorem

1) showed that this loss is a lower bound on the risk of any CL algorithm (see Appendix E for a

detailed comparison with Xu and Tewari (2022)). Since we focus on non-asymptotic analysis, we

define for a constant x > 0 the strong oracle set (of source models) as

2 2
Tso. = Tso(K) == {t € [17: Q% + di <kK- {dat* + Q%*] } ) (6)
N N
so that any ¢ € 7T, (k) is essentially as efficient as t*. A natural question is whether the strong-
oracle set can be identified by a learner that samples from { M },c[7], without prior knowledge
of {Qt}te[T]~ If this is possible then (5) can be achieved by a CL alg~orithm that splits half of the
samples for finding 75, (), and the rest for sampling from M; with ¢t € T, () and estimating 6
as 0;(N/2). We will argue that it is in generally impossible to identify 75, () from samples. We
will propose a larger set of models, the weak-oracle set, and explain why identifying this set is a
more realistic goal for CL algorithms. To motivate the weak oracle, we first address the simple case
of I'=1.
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A single source model and the source elimination lemma When 7" = 1, a CL algorithm only
needs to decide whether dot/N + Q% < dog/N or not. Since o7 < o3, this is equivalent to whether
Q? < dog/N or not, so that if Q7 is large then 6y and 6, are too different, and samples from Mg
should be used to estimate 6y, and otherwis_e from Ml._ To decide this, the learner can estimate
Q? = ||6p — 61])? based on initial estimates 0y(~V/2) and ; (N/2), for which it holds w.h.p. that

do? do? do?

- T+ =Qi+ (7)
The learner then decides that if Q% > dog/N then so is Q% > dog/N and chooses M. The source
model M is thus eliminated, and the final estimate is § = 0y(N/2). Otherwise, § = 0;(N/2) and
the loss is O(Q? + doi/N), which is guaranteed to be not larger (orderwise) than the loss of the
target model estimate, given by O(dog/N). Optimistically, it might also hold that the estimation loss
is much smaller when using the source model, that is, Q% +dot/N = o(do3/N). However, the learner
cannot know this, since it does not have any knowledge of  at a resolution smaller than +/dog/N.
The following theorem is a rigorous theoretical guarantee on the loss and risk of this method.

Theorem 1 Let 6y = 0y(N/2) (resp. 0, = 01(N/2)) be an initial estimate of 0 using N/2 i.i.d.
samples from the target model My (resp. source model M1). Let 6 € (0,1) be given, and let

2= |80 (N/2) — 0:(N/2) % S

~ ~ ~ 2
- [0, 60— 1) > 10g(5)%0
§— J 0o 16— 01" = 109(0) 77 )
01, otherwise
be the final estimate of 0. Then, there exists v € [1/27,1) such with probability at least 1 — o
- 8g(9/2) . 5  do? do?
0 —0p* < L= —L 0t 9
16— 60l < 272 min £ @3 4 1 47 ©
Assume further that Q% < 4092 for some constant Cy > 0. Then, setting in (8)
2 1 do? 17
5_5*:_{2"1 V- ‘;0}
o5 +o7 4 8CjN
results in 102 do?
A 28¢ 2 ) o7 do,
E[H@—GOHQ} < =~log <5> -mln{Q%+N1,N0}. (10)

Remarkably, the high-probability loss achieved by this method has the same order as the loss
achieved by the strong-oracle learner in (5), and their risk nearly match, up to a ©(log(N/d)) factor.

The proof of Theorem 1 appears in Appendix F, and is based on a simple, yet crucial, Lemma
10, called the source elimination lemma. This lemma establishes that the learner can eliminate the
worse of two models, with a constant loss factor (though larger than 2). Its proof is a consequence of
the convexity and the approximate triangle-inequality of the squared Euclidean norm loss function.
An equivalent rephrase of Lemma 10, which will be used for 7" > 1, is as follows:

Corollary 2 (to the source elimination lemma, Lemma 10) Suppose an algorithm eliminates model
My if |60 — 04| > 10A? for some X > 0. Then, there exists a numerical constant v € [1/27,1) so
that if Q2 > /v then M, will be eliminated w.h.p.

Letting A7 < do7/N, we use this corollary with A2 = A2 := A2 v \? < dog/N. The proof of the
upper bound on the risk (expected loss) in (10) is more technical, and is obtained by controlling of

the fourth-moment of the error.
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Weak-oracle learners and their loss As is reasonably intuitive, and as proved by Ben-David
et al. (2010b), transfer learning from a source to the target is impossible without samples from the
target model. In our method, N/2 samples (say) were allocated to the target model. However, Q?
cannot be estimated at a resolution smaller than ©(/ dffg/ N), even using N samples (see (7)). Thus,
even if the learner is informed with the models for which Q? < dog/n, it cannot further discriminate
between them. Therefore, allocating © () samples to the source model with minimal Q% + do? /N,
as can be done using a strong oracle, cannot be guaranteed without prior knowledge of { Qt}te[T]-

Hence, it is reasonable that a CL algorithm will be able to match the performance of a weak-
oracle learner. The weak oracle only knows which source models provide more accurate samples
than the target model itself, that is, for some constant x > 0, the models in the set

2
Two. = Two.(K) == {te [T]: Q? gm-d;o}. (11)

The weak-oracle learner will choose one of the source models in Ty, for its final estimate (if
Tw.o. = ( then it will simply use the target model). If |Ty,.| > 1, then the tightest uniform bound
over all problem instances with the same 7y, is obtained by selecting the one with minimal noise
variance. Concretely, for any given set 7 C [T, let

HT) = {O’ T=0 (12)

ok i
argmin e 02, |[T|>1

where argmin” pessimistically chooses the model with the maximal Q? within the set argmin, . o?
(thus Z(7") also depends on {Q?};c7, but we omit this from the notation for brevity). Given Ty,
the weak-oracle learner collects N samples from #(7y.,.), and its final estimate is then HAW,O, =
55(7@ o)(V). Asin (4), the loss is bounded with w.h.p. as

2
4057, o)

e, = 001 5 —

+ Qi) (13)
Since ©(NV) samples allow for Q; to be estimated with resolution ©(/d03/N), it is plausible that
Tw.o. can be identified from samples without knowing {Q?}tE[T]' We explore this possibility in the
next section.

We finally remark that if o7 = o for all source models, ¢ € [T'] one may argue that it is better
to uniformly “combine the advice” of the models in 7Ty, , and to choose the final estimator to be
the average of éw‘o.’avg = ﬁ ZteTw N 0¢(N/|Tw..). Due to the convexity of the squared error, this
reduces the loss, however, it does not lead to a reduced upper bound on the loss (since it is possible
that 6, is the same for all ¢ € Ty,0.).

4. A CL elimination algorithm and risk upper bound

As for T = 1, source models can be eliminated by estimation of )7, but each estimate may be
inaccurate, since there are possibly many sources (7' > 1) and sampling all of them is necessary.
For example, if one uniformly allocate ©(N/T) samples to each of the source models, the number
of samples will be smaller by a factor of 7" compared to the 7" = 1 case. However, if some source
models have already been eliminated, the learner can re-estimate Q% only for the retained models,
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and obtain more accurate estimates that will possibly allow to eliminate additional source models.
We thus propose using multiple elimination rounds, as depicted in Algorithm 1. In this algorithm
the average noise variances in a set of models 7 C [T is denoted as (7 ) := |—,1r| ST Ot

Algorithm 1 A CL algorithm for a multiple source models

input: (N, d, {07 }1e[r7, 7, 0)

Set N < N/(7+2) and § < §/(T7+2)

Compute Ay = 0y(N) by sampling N samples from the target model M
Set To < [T and Ty < T

forr =1tor do

Set T, + Tr_1

fort € 7,1 do

Compute 0; = 0;(N; ) by sampling N; . = % . % samples from M,

if 6o — ] > 10g(8) - |5 T= v ‘Lj‘ﬂ then
| Set T+ T,\{t}
end
end
Set Taig < T and T} < |7, |
if T,_1 < 98/52(T,—1) or T, = 0 or T, = T,_1 then
| Break out of the for loop
end

end
Return § = 6« (N) for some t* € (Tyg)

Description of Algorithm 1 We assume that N 2 T, so that all source models can be explored.
The algorithm will use at most 77 4 2 empirical mean estimates (1" for each of the 7 rounds, one
for the initial target estimate, and one for the final estimate). So, setting 0 := 9/(77+2) and requiring
each estimate to be accurate with probability 1 — &, assures that all estimates are accurate with
probability 1 — ¢ (via the union bound). We next assume that this high probability event holds. Let
7 be a total number of elimination rounds and let N = N/(7+2) be the number of samples per round
(plus an initial and a final round). The learner first uses N samples from the target model, to obtain
an initial estimate 6y = 0 (N), and then starts to eliminate models. Let 7, C [T be the set of
retained source models affer the rth round of elimination, initialized with 7o := [T, and denote
T, :=|T;|. Thus, 7, C 7,—1 and T,, < T},_;. At each elimination round, ]\_fw samples are allocated
to the source models in 7,., which are used to estimate 0, as 6, (Nt,r)’ and then to estimate Qf. Based
on the estimated @2, it is decided (line 3) whether to eliminate the model from 7;., using a condition
similar to the source elimination lemma (Corollary 2). Then, it is decided (line 4) if to stop after the
rth elimination round, based on several possible criteria: (1) If T, < 03/52 (7,—1) then this allows
the algorithm to eliminate in the current round all models outside Ty.o.. (2) If 7 = ) then all source
models have been eliminated, which implies that using the target model estimator 0 (N ) is best. (3)
If T, = T,,_1 then no additional source model is eliminated. If none of these conditions is fulfilled
then 7 elimination rounds are performed. Finally, in line 5, one of the models ¢* in £(74) is chosen
(where t* = 0 if Ty, = 0)), and the final estimate is Op (N).
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Sample allocation at each round Assume that at round r the N samples are allocated to the
retained source models in 7;_1 as { Ny, }te7,_, With Zteﬁ,1 N, = N. Then, forany ¢ € T,_1
— - do?
[6:(N/T) = 04]* < 9(8) -

t,r

= )\?

(with probability 1 — §), and according to the source elimination lemma (Corollary 2), the tth
model will be eliminated if Q7 > (AfVA3)/v. Since the retained source models in 7,_; were not
discriminated in round  — 1, a plausible sample allocation will induce an equal elimination barrier
forall t € T,_q, ie., /\?1 = /\f2 for any t1,to € 7T,._1. This results in the sample allocation
Niy = N/1,_; - 07/52(T;_1) used in line 2, for which \? = 9(8)do*(T-—1)/(N/r,_,). For example,
if 02 = o? for all source models ¢ € [T, then the sample allocation is uniform over 7}_; and
A\? = g(8)do®/(N/7, _,). The barrier (\?VA3)/v thus decreases at each round, allowing for additional
source models to be eliminated. Now, if the number of currently retained models 7, _; is small
enough, specifically, T, < 0'(2)/52 (7._1), then the barrier for elimination is )\% < 9(5)/1/ . dUS/N,
which is the same barrier used by the weak oracle (11), with k < 9(0)/ - (F + 2). Thus, if 7 is not
very large, whenever 1,1 < 0’3/32 (Tr—1), the set Ty, is identified by the algorithm w.h.p. In fact,
if T < 03/32(7o) then this occurs already in the first round. Multiple rounds are needed for large
number of source models.

Number of rounds and elimination dynamics The elimination dynamics depend in an intricate
way on {Q7, 07 }1epry- To allow for simple tracking, we introduce the elimination curve (35(7). Let
7 € (0,1), and assume that there are 77" retained models. Then, T'35(7) is the number of models
that will be eliminated next by the algorithm (w.h.p.). Concretely, letting Timin := 7 [?5/32(1T1)], and
setting the required reliability to 6 € (0, 1], we obtain

femasegen)l
, T Tmin,
Bs(T) == . TS) o2 s (14)
{tetr): qz<22 48}
T s T E (Omiin)

Hence, at the first round 77 = T'- 35(1) source models will be retained by the algorithm w.h.p., after
the second 75 = T - B5(B5(1)), and so on. After 7 rounds, the number of retained source models is

whp. Tr =T - Bs(Bs(--- (1)) =T - Bér)(l), where Bér) denotes the rth order functional power of
Bs, and if T, < TyinT then the algorithm stops since it eliminates all source models outside 7y,
That is, if the algorithm satisfies either T;,_; < 95/32(T,_1) or T;. = 0, then Tyy = T7 = Two. (90)/v),
and the algorithm identifies the weak oracle set with constant 9(9)/». However, it may happen that
the elimination stops becuase 7, = T,_1. As we next show, this is easily identified by [35(7).

Example 1 Consider T = 10 and assume the normalized values 905)/v - (do?)/(N/r) = 1, for which
Bs(t) = F|{t € [7]: QF < 7} for T € (Twin, 1) and Bs(7) = Bs(Twin) for 7 € (0, Tiuin). We
assume Ty, = 0.2. We demonstrate the sensitivity of CL to the values of {Q? }te[T} by comparing
two very similar cases — in the first case Q? = t'/*/9 and in the second case Q? = t'/*/12. In both
cases, if 0(2) is sufficiently large, then T, is not empty. Figure 1 (left panel) shows that in the first
case (red curve) B5(1) ~ 0.72, B5(0.62) =~ 0.28, and (35(0.242) ~ 0.017, so that after 3 rounds, all
models outside T, are eliminated. By contrast, in the second case (blue curve), 55(1) = 1, and
while all source models are better than the target model, none of them is eliminated. Thus, the risk
of the weak-oracle learner is not achieved by Algorithm 1.
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Example 1 reveals an intricate property: The distances {Q};c() are smaller in the second case
compared to the first case, but Algorithm 1 has a lower loss guarantee in the first case — thus the loss
is not monotonic with the distances. This appears to be an inherent property of the statistical CL
problem: Models with low similarity (large J;) can be easily eliminated. Nonetheless, generalizing
the observation of Example 1, if 35(7) is bounded away from the identity line (and thus does not
have a fixed point), then Algorithm 1 will identify the weak-oracle set using » = ©(log T") rounds,
as follows (the proof is obvious from the discussion above):

Proposition 3 Suppose 3s5(1) < B7 for some 3 € (0,1) and all T € (Tyin, 1). Then, Tug =
To. (9(6)/’/) if
10g Tyin _ log (T - 7*(1T])/3)

logB log(1/8)
The final estimate Similarly to the strong/weak-oracle learners, we choose the final estimate to
be based on N samples from Lalg == f(’ﬁﬂg), which favors the model with minimal noise variance,
see (12). The final estimate is thus éa]g = gtalg (N), and the resulting loss is bounded w.h.p., as in

r =

(4), by |]§alg — Op||? < doi, /N + Q?ﬂlg. The following theorem provides a rigorous high probability
guarantee on the loss and the risk of Algorithm 1. The proof appears in Appendix G and is a direct
consequence of the source elimination lemma.

Theorem 4 Assume w.l.o.g. that' 0 = Q3 < Q% < --- < Q%. Let Bs(7) be as in (14) and let
Tatg = [Tr] with Ty = TBs(Bs(--- (1)) = Tﬁdr)(l). Let § = §/(Tr+2) for 6 € (0,1) and let 0 be
the output of Algorithm 1. Then, with probability at least 1 — ¢

2
O-E(leg)

N

16— 80> < 207 +2) - (9(8) V1) - [ + @?m,g>] - (15)

Assume further that max;c 7 Q? < 4092 for some constant Cy > 0. Then, setting

0 =0y := # min U—?Vmin t2 ;
T 2T+ e oZ  te[T] 8NC}

as input to Algorithm I results in

_ do?
- _ Tr + 2 Ta
E {HH — QOHZ} < 8¢(F +2) - log <( 5 )) : [ t](v e Q?(Ezg)] . (16)

For mean estimation (&) = ©(log(77/s)), and so if Tag = Two.(9(9)/v) then the loss/risk of the
weak-oracle learner is achieved using 7 = ©(log T') rounds, up to a mild ©(log?(TN/a)) factor.

Extension to unknown variances/covariance-matrices In Appendix H, we extend Algorithm
1 and Theorem 4 to the case the variances {af}te[m] are unknown (with ¥, = I, for all t €
[T] ), and then to unknown covariance matrices. The extension is based on a preliminary step
of variance/covariance estimation, and plug-in of the estimated values instead of the exact ones in
Algorithm 1. Assuming that the mild condition dN = Q(T logT) holds for unknown variances
and dN 2 dlogd - T'log T holds for unknown covariance matrices, the loss/risk of this extended
Algorithm 1 is roughly the same as in Theorem 4 in both cases.

1. The learner does not know {Qf}tem, and does not know that this order holds.
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Figure 1: Left: The elimination curves [5(7) for Example 1 (the identity line in dashed yellow).
Right: The loss [|§ — 6p]|? on a log-scale. Parameters are N = 10°, d = 2, o2 =
0.1, 02 =1, Q%ee = 0, Q% eiium = 10, Q3. = 210" where Q7 := Q?/(ao3/n) is the
normalized distance.

Numerical experiments We empirically validated Algorithm 1 in simulations, and provide the
results in Appendix I. Here, we highlight one experiment in which the sources are partitioned to
three types, according to the distance of their parameter from the target parameter, designated as
“close”, “medium”, and “far”. Figure 1 (right panel) displays the loss of Algorithm 1 for different
mixtures of types (Ttar, Teiose) and Tined = T — Tejose — Ltar, for T = 100 source models, averaged
over 200 experiments. One can track the loss over various interesting paths. For example, since
Algorithm 1 can eliminate the “far” models, the loss is consistently low when traversing the straight
line from (0, 100) to (100, 0), as long as there is at least one close source model. The loss increases
when traversing the straight line from (50, 50) to (0, 0) due to the additional “medium” parameters,
which are not eliminated.

5. Minimax risk lower bounds

We next derive lower bounds on the minimax risk, which can be compared with the risk of the weak-
oracle learner (13), and with Algorithm 1. Since the learner can typically learn the noise statistics
(see Appendix H), we assume that {3, = Ig},cpr) and {07 }+cry are known to the learner. In this
case, we may assume w.l.o.g. that 03 > 0% > 03 > --- > 0%, and let T := (03,0%,...,0%). We
take the noise variances as fixed, thus specify a problem-instance by 8 = (g, 61,...,07), and let
¥ C (RY)T+! be a set of such parameters. The minimax risk is then

N 2
Lya(®,T) = inf sup B4 [He ((Ai, Si)iepw) — 90H ] . 17)
Ocw

To lower bound the minimax risk, we follow the standard method of reducing the learning problem
to an hypothesis testing problem between K hypotheses Oiest 1= {G(j)}je[ K] C ¥ where 9l) =

(Géj ), Ogj ), e ,Hg )), and then bounding the error probability in the latter (Yang and Barron, 1999)

10
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(Wainwright, 2019, Chapter 15). However, this reduction is different from the standard one in two
aspects, which we next discuss, before deriving two minimax lower bounds.

A general reduction to hypothesis testing The algorithm A in (17) collects samples adaptively,
and so its N samples are not i.i.d. Thus, in principle, the reduction to hypothesis testing should be
made to a similarly adaptive tester. However, lower bounds for adaptive testers are not as widely
available, compared to Le-Cam’s and Fano’s bounds for i.i.d. samples. There are a few strategies to
circumvent this. First, we may naively assume that each of the 7" + 1 models is sampled N times,
and so there is no need for adaptive allocation. This leads to non-trivial lower bounds, but does not
capture the correct dependence on T'. Second, we may choose the set ¢ in a way that an optimal
learner will surely only sample from one of the models. Since the noise is Gaussian, this is the case,
e.g., if the Hg ) x Gg) for some t1,t5 € [T] and all j € [K]. Note that making an analogous claim
for estimation, rather than testing, is non-trivial. We discuss this in detail in Appendix J.1.

The choice of the localization set and associated challenges The localization set ¥ localizes
the lower bound on a set of problem instances. For the most informative bound, these instances
should have equal difficulty, where here, as in (Mousavi Kalan et al., 2020; Xu and Tewari, 2022),
the difficulty is determined by {Q? ety (beyond{o? }ee[ry> Which are assumed fixed). In fact,
for our problem, some localization is essential, since if ¥ = (R?)7*+! then the worst case is when
Q7 >> dog/N, and all source models are useless for the target task; this trivializes the bound. Xu and
Tewari (2022) proposed a set we call a semi-local set, given by

v=v_(q):= {9 € ©: QF = |6 — bo|* < ¢, forall t € [T]} , (18)
CEGT

where &1 is the set of all permutations of [T'] and ¢ = {q:},¢[7] satisfies, wlo.g, 0 < ¢ <
.-+ < gr. So, the learner only knows an unordered multiset of upper bounds on {Qt}te[T] (where
Q¢ := |00 — 0:]]). However, the risks of the weak-oracle learner and Algorithm 1 are not necessarily
monotonic with ()¢, and so the worst-case may achieved in the interior of this set, i.e., for Q¢ < g¢(y)-
Hence, the set ¥ <(q) contains problem instances of heterogeneous difficulty. A reasonable solution
is to replace the < in (18) with =, thus obtaining ¥_(q), a fully localized set. However, restricting
0 to ¥_(q) may reveal too much information to the learner, which allows unrealistically low risk,
and thus to a loose bound. Indeed, assume that o7 = 0 for all ¢ € [T, that T is odd, that (T+1)/2
of the source parameters are identical to the target parameter, and that the other (T—1)/2 source
parameters are at a larger, equal distance, which is still within the target noise resolution. That is
qg = q% = -~q<2T+1)/2 = 0 and q(2T+3)/2 =...= q% =7 < dog/N. The loss of the weak-oracle

learner in (13) is ||fw.0. — 00| < @2, and is achieved by Algorithm 1. However, just knowing the
multiset {q? }ee[r)»> but not the permutation ¢, the learner can collect one sample from each source
model, and estimate 0 as the observed sample that is common to (7+1)/2 models (or more). Thus,
no lower bound can be better than 0. In Appendix J.2 we provide two more examples of exceeding
the weak-oracle learner risk, either by a dimensionality reduction to d = 1 (when T' = 2), or by
a reduction to two possibilities (when 7' = 1). We also explain why this occurs even for noise
with a strictly positive variance. The problems of both ¥<(q) (lack of monotonicity) and ¥_(q)
(possibly trivial or loose lower bound) reveal the delicate nature of the statistical CL problem.

Semi-local minimax risk lower bound in low dimensions For the semi-local set ¥<(q) we
derive a lower bound based on a one-dimensional construction, which, as such, does not capture the

11
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correct dependence on d. For brevity, we let ty,o := t(Two.(k)) where Ty (k) is defined for the
identity permutation, i.e., Q7 = |6, — 6o||? = ¢7. We also let gy.o. 1= q1,,, as well as 02, = 07 |

and refer to ty,,. as the index of the weak-oracle model. We let the index of the task with median
distance g; among the “close” models ¢ € [tw.o. — 1] be tmed := [(Ewo+1)/2], and let gmed := ¢t -

Theorem 5 Suppose w.l.o.g. that qg =0 q% <. < q% and 03 > a% > > 0%. Then

1

0.2
> & (9T 2

with k = 1/(ad) in Ty, (k) of (11).

The lower bound is tighter than the strong-oracle learner risk of Xu and Tewari (2022, Theorem 1)
and also tighter than its improved version (Xu and Tewari, 2022, Theorem 2) (see Appendix J.3 for
a detailed comparison). However, in general it is lower than the weak-oracle learner risk since it
uses g4 instead of the larger ¢2,,, and o2 instead of afme .- Interestingly, the gap between them
depends on {qf}tem in an intricate way, just like the intricate way that the upper bound on the risk
of Algorithm 1 depends on the distances (i.e., the elimination curve Ss(7)). In Appendix J.3 we
discuss this in detail, and provide a proof based on Le-Cam’s two-point method. We prove it for
T = 2, and then reduce T" > 2 to this case. Nonetheless, as the proof shows, the bound matches the
weak-oracle learner risk for 7' < 2.

Single localized-source minimax risk lower bound in high dimensions We propose
U.(q) == U {6 € ©: 3t € [T] such that Q7 = |0, — 0o|* = ¢*} ,
CeEGT

which is a single localized-source set, and offers a reasonable balance between localization of the
instance and the information revealed to the learner. Given that @ € W,(q), the learner only knows
that there exists one source model whose parameter is at distance g from the target parameter.

Theorem 6 Assume that d > 3, that qg =0< q% <. < q% and that 08 > 0’% > e > U%. Set
k = 1 in the definition of Ty...(k) in (11). There exists c(d) > e~ so that

2 2
{LN,d(‘Il—(Q)7F) > = éd) ) %7 da‘%“"/N > QVQV.O.

LN,d(\I’*(QW.o.)a F) > 2(d .

C?() ’ qv2v.0.7 da?“”'/N < qv2v.0.

Thus, if the noise variance do%., /N of the weak oracle model dominates ¢2 , the minimax risk lower
bound holds even for the localized set ¥_(q). Otherwise, it holds for the single localized-source set
W, (Gw.o.). The proof is in Appendix J.4 and utilizes Fano’s method to obtain a bound that correctly

depends on d. The construction of @ is designed so that the optimal policy 7 is non-adaptive.

6. Future research

While the elimination approach is natural for CL, it would interesting to investigate other algo-
rithmic approaches to compete with the weak-oracle learner. For lower bounds, it is interesting to
develop and directly utilize bounds on adaptive hypothesis testing, or to utilize Bayesian methods.
Additional interesting settings are the CL problem under a low-dimensional common structure of
the parameters (as considered by Du et al. (2021); Xu and Tewari (2022)), or other similarity mea-
sures between parameters, e.g., the sparsity level ||fp — 6;||o. Finally, it would be interesting to
develop algorithms and extend the analysis to non-parametric and distribution-free settings.

12
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Organization of the appendix In Appendix A, we review related work in detail. In Appendix
B, we set up notation conventions. In Appendix C we derive, for completeness, a high probability
bound on the empirical mean estimator. In Appendix D, we formulate the parametric linear re-
gression setting, considered by Xu and Tewari (2022) instead of our similar parametric setting of
Gaussian mean estimation, and derive, for completeness, a high probability bound on the projected
LS estimator. In Appendix E, we make a detailed comparison with the results of Xu and Tewari
(2022). In Appendix F, we provide the proof for Theorem 1, which bounds the loss/risk for our
elimination method in the case of a single source model (7" = 1), and to this end we introduce the
source elimination lemma (Lemma 10). In Appendix G, we provide the proof of Theorem 4 that
establishes theoretical guarantees on the loss/risk of Algorithm 1, used for multiple source models
(I' > 1). In Appendix H, we generalize Algorithm 1 and Theorem 4 to the case that the noise
variances or covariance matrices are unknown, and show that the loss/risk only slightly increases,
assuming mild conditions on the problem parameters hold. In Appendix I, we empirically validate
Algorithm 1 on several simulated settings, and show that its risk matches the theoretical predictions.
In Appendix J, we discuss in detail the two aspects of the minimax lower bound presented in the
main text, and then prove the two minimax lower bounds (Theorem 5 and Theorem 6).

Appendix A. Related work

Bengio et al. (2009) explained the optimization benefits of CL by attributing to them regularization
capabilities that reduce the generalization error. One way to achieve this is employing CL as a
continuation method (Allgower and Georg, 2012), in which the difficulty of a task is defined through
the smoothness of its objective function. A continuum of risk functions { Lx(€)}co,1] is defined, in
which L(0) is easiest to optimize over 6 (e.g., it is very smooth or convex), and L1 (0) is the target
risk function, which is difficult to optimize. The learner first optimizes Lo(#) and then increases A
while continuously tracking the minimizer of the risk. Alternatively, improved generalization error
can be achieved by placing weights on the training samples. At first, larger weights assigned to easy
samples (e.g., far from the margin, or without irrelevant inputs), and then gradually more weight is
assigned to more difficult ones, until all samples are assigned a uniform weight. The experiments by
Bengio et al. (2009) were the first to suggest that models trained with a simple CL strategy achieve
better convergence rate and accuracy.

Following Bengio et al. (2009), the CL approach has been experimented and utilized in various
applications, such as computer vision, natural language processing, computer vision, speech pro-
cessing, medical imaging, reinforcement learning and others (Portelas et al., 2020; Narvekar et al.,
2020). However, despite its intuitive plausibility, CL is not widely used in machine learning, and the
empirical results occasionally exhibit only moderate effectiveness, if at all. In an attempt to map the
advantages of CL, a few recent papers (Wang et al., 2021; Soviany et al., 2022) have comprehen-
sively surveyed CL methods and their applications. Specifically, Soviany et al. (2022) classified CL
methods to those applied on the data, the model, the task and the performance measure. A taxonomy
of CL methods was created, based on seven categories representing aspects such as determinations
of the CL pace, diversity in the training samples, the complexity of the model, and architectures
such as teacher-student. That being said, CL was successfully recently used in foundation models
(Brown et al., 2020), and this is a strong timely motivation to theoretically explore its benefits.

The statistical benefits of CL were considered by Xu and Tewari (2022), which introduced the
parametric learning problem that we adopt here, showed that the risk of the strong-oracle learner is
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a lower bound on the risk of a CL algorithm (Xu and Tewari, 2022, Theorem 1), and then offered
an improved lower bound (Xu and Tewari, 2022, Theorem 2). Then, a single-round elimination CL
algorithm was proposed. Under a restricted setting, an upper bound on the risk was derived (Xu and
Tewari, 2022, Theorem 3), which was revised by Xu (2023, Theorem 3.3). We compare the results
here with the results of Xu and Tewari (2022) both in the paper, and in Appendix E in detail.

The statistical benefits of CL rely on a quantitative measure of the similarity between the target
task and the source task. Such measures were extensively addressed in multitask learning and meta-
learning (learning-to-learn) (Vilalta and Drissi, 2002; Baxter, 2000; Argyriou et al., 2006; Maurer
et al., 2016; Du et al., 2020; Tripuraneni et al., 2020, 2021; Hospedales et al., 2021; ?), where simi-
larity is obtained, e.g., via a common low-dimensional representation. In these methods, improved
performance on a target task is achieved by sampling multiple source tasks. Similarity between tasks
is also considered in transfer learning (Ben-David et al., 2010a; Mohri and Mufioz Medina, 2012;
Yang et al., 2013; Germain et al., 2013; Hanneke and Kpotufe, 2019; Zhuang et al., 2020; Kpotufe
and Martinet, 2021), and domain adaptation (Mansour et al., 2009; Ben-David et al., 2010b), in
which the goal is to transfer knowledge between tasks, and the resulting risk is measured by the task
similarity. Finally, in continual learning (Allgower and Georg, 2012; Zenke et al., 2017; Van de
Ven and Tolias, 2019; De Lange et al., 2021), tasks are presented to the learner in succession, and it
should adapt to the new task while avoiding forgetting of previous tasks. CL refines these methods,
as it allows optimizing the order in which source tasks are presented to the learner (the setting of a
common low-dimensional representation was also explored by Xu and Tewari (2022)).

The ability of the learner to use its past experience in selecting an action — selecting the next
model to sample from in the CL setting — directly relates the CL problem to online decision-making
problems, such as the multi-armed bandit (MAB) problem (Bubeck et al., 2012; Slivkins, 2019; Lat-
timore and Szepesvari, 2020). However, in our CL setting, the outcome of the action is the sample
of the chosen model, and unlike the MAB problem, this does not define an explicit or an immediate
reward that is linearly accumulated. Also, unlike typical MAB problems, it is not obvious a pri-
ori that the optimal strategy is to sample from just a single model, even if the problem-instance is
known to the learner (via an oracle). So the CL problem is also different from a best-arm identifica-
tion problem (Even-Dar et al., 2006; Audibert et al., 2010; Soare et al., 2014; Jamieson and Nowak,
2014; Russo, 2016; Garivier and Kaufmann, 2016). Nonetheless, Graves et al. (2017) proposed
MAB algorithms for mini-batch scheduling of training of deep neural networks (DNNs). They dis-
cussed reward signals driven by accuracy prediction and network complexity, and discussed CL
for multitask representation learning. Xu and Tewari (2022) proposed prediction-gain driven task
schedulers that are inspired by MAB approaches. In a similar spirit, the CL problem is also related
to active learning (e.g., (Hanneke, 2013; Hanneke et al., 2014; Hino, 2020)), say, in a supervised
setting, in which the learner can choose the next input to observe a label from based on past ob-
servations. From the perspective of the CL setting, each input defines a task, and thus a continuum
of tasks is available. In active learning, however, the goal is to minimize the average loss over all
inputs (tasks), and typically there is no specific target task.

Direct theoretical investigations of CL methods are rather scarce. Beyond Xu and Tewari (2022),
they include Weinshall et al. (2018); Hacohen and Weinshall (2019); Weinshall and Amir (2020)
and the recent work by Cornacchia and Mossel (2023); Saglietti et al. (2022). In the sequence of
papers (Weinshall et al., 2018; Hacohen and Weinshall, 2019; Weinshall and Amir, 2020), the dif-
ficulty of a training point is measured by the loss of the optimal hypothesis, and various relations
between difficulty and convergence rates of a stochastic gradient descent (SGD) training algorithm
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were derived, both for linear regression and binary classification. For example, it was proved that
the convergence rate decreases with difficulty, and for a step size small enough and a fixed loss,
the convergence rate increases with the loss. In practice, ranking the difficulty of training points is
hardly available in advance, and so Weinshall et al. (2018); Hacohen and Weinshall (2019); Wein-
shall and Amir (2020) have proposed a teacher-student architecture, in which a teacher network
transfers the training point difficulty to the student network. A training algorithm that is a varia-
tion of SGD was proposed, in which at the first steps the input training point is chosen randomly
with bias towards easier examples, and this bias decays with the training iterations. They empiri-
cally showed in a DNN setup that CL increase the rate of convergence at the beginning of training,
and improves generalization when either the task is difficult, the network is small, or when strong
regularization is enforced.

Cornacchia and Mossel (2023) explored whether CL can learn concepts that are computation-
ally hard to learn without curriculum. It thus focused on learning k-parity functions of d uniformly
chosen (unbiased) input bits, which is difficult for iterative algorithms, such as SGD. Nonetheless,
when the input bits are biased, SGD converges fast to low error, and thus implicitly identifies the
support of the parity function. A CL approach is proposed based on domain adaptation, in which
the input distribution is gradually shifted from deterministic (input bit is 1 with probability 1) to
uniform (input bit is 1 with probability 1/2). It is shown that the CL algorithm reduces the com-
putational complexity from d?(¥) to d*(1). Saglietti et al. (2022) proposed a CL model in which
the task includes both relevant and irrelevant features, and a sample is difficult if it has irrelevant
features with large variance. Analytical expressions were derived for the average learning trajec-
tories of simple neural networks on this task, and it was shown that convergence is accelerated at
the early iterations of training. A multi-stage CL algorithm in which the iterations of each stage are
regularized with the solution of the previous stage was proposed, and the algorithm was analyzed in
the high-dimensional limit. This showed the CL is most effective when there is a small number of
relevant features.

Appendix B. Notation conventions

For a positive integer 7' we denote the sets [T'] := {1,2...,T} as well as [T] := {0} U [T]. For
a,b € R, we denote aAb := min{a, b} and aVb := max{a, b}. We use standard Bachmann-Landau
asymptotic notation, where, specifically, we use O() and Q() to hide poly-logarithmic factors. We
also use the asymptotic relation a < b to indicate that a = O(b) and a < b to indicate that a = ©(b).
We denote the probability of an event £ by P[], the indicator function for this event by 1[£], and
the complement of this event by £¢. We denote the d-dimensional Euclidean ball with radius r by
B(r) := {0 € R?: ||0|| < r} and the (d — 1)-dimensional unit sphere by S¥~! := {# € R?: ||f|| =
1}. We denote equivalence by = which is usually just a local simplification of notation. For a pair
of probability distributions P and () on a common alphabet X with densities p and ¢ w.r.t. to a base
measure v, we denote the total variation distance by drv (P, Q) := 3 [ [p — g|dv and the Kullback-
Leibler (KL) divergence by Dkr,(P || Q) := [ plog(p/q)dv. For a pair of random variables (r.v.’s)
(X,Y) ~ Pxy, the mutual information is denoted by /(X ;Y') := Dxr(Pxy || Px ® Py).
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Appendix C. A high probability bound on the mean estimation loss

The following lemma is standard, and bounds the error of the empirical mean estimator. It is re-
stated and proved here for completeness.

Lemma 7 Consider N i.i.d. samples {Y (i) };c[n) from the model
Y=0+¢

= = ottt s+t . .. . .
where € ~ N(0,02Y) where 0 € Réand ¥ € S, (S, is the positive semidefinite cone of ma-
trices whose trace is normalized to d). Let 0(N) = % >, Y (i) be the empirical mean estimator.
Then, there exists a numerical constant ¢ > 1 so that

do?

_ 9 e

_ < ).
[8(N) = 0]* < clog (5) - -
with probability at least 1 — 6, for any § € (0,1).

Proof It was shown by Rigollet and Rakhlin (2020, Lecture 4) that with probability at least 1 — ¢

= Tr[o?X] 0?5 |o 2 |02 2
a2 < P 4 z
|IO(N) — 6| N ‘ <ec ( I log 5 + N log 3

for some numerical constant ¢ > 0, which can be taken to be ¢ > 1. Since ||0%Z||op < ||o?Z||r <
Tr[o%%] it holds that

00 - < B (1o (5) 4 s (5))

Tr[;t\fi]] -3clog (g) .

<

Appendix D. The linear regression setting and high probability bounds on the loss

Rather than the parametric mean estimation problem considered in this paper, Xu and Tewari (2022)
considered the parametric linear regression problem. We show that under the assumptions of Du
etal. (2021); Xu and Tewari (2022), and for the purpose of the analysis in this paper, the parametric
mean estimation and linear regression problems are similar, which allows to translate our results for
the former to the latter, with slight modifications.

In the linear regression setting, the sample space is Z = R? x R and

P, =RIx R, xS, "

where ¢; = (0;,0%,%), and §§+ is the positive semidefinite cone of matrices whose trace is
normalized to d. The tth model, ¢ € [T7, is given by

Mo Y= (X, 0) + e, (19)
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where X; ~ N(0,%;) is a random feature vector, where Tr[¥;] = d, §; € R? is the unknown
parameter vector, and ¢, ~ A(0,0?) is a Gaussian noise. Upon samplinf from M,, the learner
observes the Z; = (X¢, Y;). The loss function is given by the squared prediction error

0(6.0) = (v~ (x.0)) = (X700 +e)
and the excess risk is

Ly(¢p, A) =E [(<XJ, 0—0) + 60)2 — e%} = (0 —60)"S0(6 — 6y),

where 6 = 0((A;, Si)ien)- In addition to the assumption that ||6; || < Cy forall ¢ € [T7], we follow
Du et al. (2021); Xu and Tewari (2022) and make the following assumption:

Assumption 1 For the linear regression setting, there exists constants 0 < Cy, < C; such that
Cs I; =% = Cx - Iy
holds for any t € [T7].

Under Assumption 1 it can be asserted that (see the proof of Lemma 9 in what follows) that
Ln(¢,A) <E |16 - 60]?] (20)

that is, the excess risk is proportional to the MSE of the parameter, as in the mean estimation
problem, for which Ly (¢, A) = E[|| — 6y ||?]. Therefore, while, in general, an accurate estimation
of the parameter suffices for a low prediction risk, under Assumption 1, low prediction risk also
necessitates accurate estimation. Therefore, we focused in this paper on the mean estimation setting
in which the risk itself is the MSE of an estimator, rather than the linear regression setting. This
estimation problem is simpler because it does not involve the randomness of the features, only the
noise.

We next show that, similarly to the mean estimation setting, there exists an estimator #( V') and

9(5) [0, 1] — R+ such that
N

holds with probability at least 1 — 0, for any 0 € (0,1). Specifically, we will show next (Lemma 9)
that if §(N) is the LS estimator, projected on B4(Cy), then there exist universal constants ¢, c1, cp >

0 such that if

N> 1 v coC:
C1 Qz

d (21)

then (3) holds with g(§) = ¢/cy, log?(4/s). Evidently, the error in linear regression and mean estima-
tion behaves roughly the same, where the former requires the condition (21), which can be assumed
for the target model and all the 7" source models. The dependence on the error is also slightly differ-
ent, and is ©(log?(1/s)) for the linear regression setting compared to © (log(1/s)) (sub-exponential)
for the mean estimation setting.

To prove this, we will utilize the following high probability lower bound on the minimal singular
value of a random matrix, due to Koltchinskii and Mendelson (2015, Theorem 3.1):
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Theorem 8 (Koltchinskii and Mendelson (2015, Theorem 3.1)) Ler X € RN*? pe a random
matrix comprised of i.i.d. rows {X T (i) }ie[n), which are equal in distribution to X € RN, As-
sume that there exist constants a, A, B so that for every u, € Sd-1

a<VE[{(u,X)?)| <A, VE[{u,X)? <B-E|[{u,X)|.
Then, there exist constants cg, ¢1, co > 0 so that for any N > coB4(%)2d
1 T 5 a’
Amin (NX X) > cQﬁ
with probability at least 1 — exp(—ci B*N).
We may now prove the high probability bound on the loss of the projected LS estimator:
Lemma 9 Consider N i.i.d. samples {X (i), Y (i) }ic|n] from the model
Y =(X,0) +¢
where X ~ N(0,X), with ¥ € §;+, 6 € BY(Cy), and ¢ ~ N'(0,0?). Let
X'(1)
x=| XT,(2> | e RV
: XT.(N) :
and Y = (Y(1),Y(2),---,Y(N))" € RN and € = (e(1),¢(2),--- ,e(N))T € RY so that
Y = X0 + €. Consider the LS estimator
O15(N) = (XTX)TXTY,

and let O(N) be 015(N) projected on BY(Cy). Then, there exist numerical constants ¢ > 0 and
co V ey < 1 < ¢y such that if B
1 v coCx

N>N .= — d 22

>N = v 22)
then )
_ 4\ do

GN) — 02 < S 10g2 (=) & 23

A -0l < 7 o—1oe? (5) 3)

with probability at least 1 — 6, for any § € (0,1).
Proof It was shown by Rigollet and Rakhlin (2020, Lecture 6) that with probability at least 1 — §/2

o2 -rank(X T X) < 021 2
c—lo
N =N 8

1 ) 2
LIXB) - X - -

for some numerical constant ¢ > 0, which can be taken to be ¢ > 1. Thus, with probability at least
1—96/2

0.2
Lx @) - )] < 2% 10g <§> .
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Moreover,

CIX @) - 0)| = 5 @N) - 6)" XX (@B(N) - 0)

2l=zl=

> Amin(XTX) - [[A(N) — 6]

and so with probability at least 1 — §/2

‘2 < 20% log (%)

IN) — | < SN 81%)
H %Amin(XTX)

(24)

Let omin (X)) be the minimal singular value of a matrix X. We next use (Koltchinskii and Mendel-
son, 2015, Theorem 3.1), reproduced as Theorem 8 above. To use this bound, we first verify the
qualifying conditions of Koltchinskii and Mendelson (2015, Assumption 3.1). For brevity, let X be
distributed as X (1) ~ A(0, X). Now, first, for any u € S~!

E[(X,0)?] = [u" XX Tu| = u" S
and so Assumption 1 results

VCs < VEIX,u?] < /Cs.

Second, since X; ~ N(0, ) it holds that (X, u) ~ N(0,u"Xu) and so \/E[(X,u)?] = VuT Zu
and E[(X,u)| = {/2u" Su. Hence, for any u € S9! and B > /?/x it holds that

E[(X,u)?] < B-E|(X,u)|.

Given these properties, Koltchinskii and Mendelson (2015, Theorem 3.1) proved that there exist
numerical constants cg, ¢, ca > 0, so that the following holds: If

N > ¢g—=B*d (25)

then

(26)

with probability at least 1 — exp(—c1 B*N).
Assume that N > N = (1/¢;) V («0Cxd/c). Let us choose

1 2
4 It
B _lv[cleg(&)]

for which B > 4/2/x holds. Consider two cases based on the value of § € (0, 1): First, assume that
0 is large enough so that
Coéz 2
N > 1 - ]d.
B \/0102 o (5>
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Then, the condition (25) of Koltchinskii and Mendelson (2015, Theorem 3.1), that is,

6062 1 2
> - Z
ve g 0 [ (6)])

holds and so (26) also holds, with probability at least 1 — /2 . Combining with (24) and the union
bound implies that for all N > 1/,

1V |2 log (2) 2
5 2 aN ) 2\ o“d
|0(N) —0]|” < 2¢ [Cg yen } log ()

< 2c log? 4\ o?d
O — —_—
=20, % \5) N

with probability at least 1 — d. Second, assume that d is too small, so that

6062 2
N < 1 —|d.
N \/Clcz o8 <5>
then the condition (25) of Koltchinskii and Mendelson (2015, Theorem 3.1) does not hold. However,
this case is equivalent to
2 N%eC
log () > = E @7)

0 d cCx
Now, since ||0]| V [|§(N)|| < Cp it holds with probability 1 that

10(N) — 6| < 4C3.

If we further assume the condition

3/4 1/2 =3/4

N>2.CO/ G

- 8/4 179 o1/4°
¢, 2 Oyl g

)

then, it holds that

c?/2cQ12/2 N3 LQd

63/2626:;/2 d3/2 N
3/2 ~1/2 3/2-=3/2

cl/ CQE/ CO/ CE/ log?/? (2) o?d

BT P N

N
c 2 o%d
— log3/2 (2). 22
02Oy 8 (5) N

where the second inequality follows from (27).
Combining both cases, we obtain

= 2 2c 5 (4 o?d
HH(N) - HH < c% Oy, log (5) N

4CF <

)

IN

using ¢ < 1 (so that 1/c2 < 1/c,). This implies that (23) holds with probability at least 1 — 0. |
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Appendix E. Comments on Xu and Tewari (2022)

E.1. The minimax risk lower bound of Xu and Tewari (2022, Theorem 1)

Xu and Tewari (2022, Theorem 1) derived a lower bound on the minimax risk of the strong-oracle
learner. The bound is derived for the linear regression model, but is essentially the same for the
mean estimation problem we consider, and so we describe that result in the former setting (using
our notation). This bound addresses the minimax risk of a CL algorithm for the class ¥<(q)
(defined in (18)). The minimax risk is derived for the strong oracle, which knows {Q%}tem, where
Q¢ = ||6; — 6y, and is given by

do? do?
%/\min{ 9% | 3} (28)

This manifests that it is rate optimal for a strong oracle to allocate all samples to a single model.
The proof of this result appears in Xu and Tewari (2022, Appendix A), and is based on the proof
of Mousavi Kalan et al. (2020), which provided a lower bound for the risk of a target task based
on a single source model, in a transfer learning problem. Both proofs reduce the learning problem
to an hypothesis testing problem, and use Fano’s method to obtain the lower bound. Nonetheless,
Mousavi Kalan et al. (2020) considered a transfer learning problem, in which the number of samples
allocated to each of the models is fixed in advanced. By contrast, the strong oracle utilized in the
proof of Xu and Tewari (2022, Theorem 1) may optimize the number of samples allocated to each
of the models based on a (partial) knowledge of {; },c[77- Thus, the CL problem should be reduced
to an hypothesis testing problem in which the number of samples allocated to each of the models
is determined adaptively. In turn, Fano’s lower bound should be adapted to this setting, as its
standard version (Cover and Thomas, 2006; Wainwright, 2019) provides a lower bound on the error
probability in an hypothesis testing problem with a fixed number of samples for each of the models.
This is not reflected in the proof of Xu and Tewari (2022, Appendix A), which writes the lower
bound resulting from Fano’s method as (in our notation)

T
o2 log2+ >,y Ny - I1(J; Yy) 29)
log K

where U? is the claimed lower bound on the minimax rate, K is the number of hypotheses, J ~
Uniform[K|. Importantly, in this bound, N;, which is the number of samples allocated to each of
the models, statistically depends on J, but then it is not obvious that (29) is a valid application of
Fano’s bound. That being said, the specific construction of hypotheses used in the proof, indeed
results the lower bound (28), and we adopted a similar construction in our proofs. In short, source
task parameters with ¢; = U are chosen to be the same for all hypotheses, making them independent
of J, and source task parameters with ¢; < U are chosen as a U-packing set, with equal parameters
across these “close” models, for each hypothesis. Thus, the allocation of samples to these source
models can be chosen w.l.0.g. as allocating all samples to just one of them. This reduces the problem
to a single source task, and then it can be assumed, with only a constant factor in the lower bound,
that the source task and the target task are each allocated N/2 of the samples (with probability 1).
Thus, the lower bound is intact.

In Appendix J.3 we compare our minimax lower bound (Theorem 5) with the bound of Xu and
Tewari (2022, Theorem 2).
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E.2. The algorithm and risk upper bound of Xu and Tewari (2022, Theorem 3)

Xu and Tewari (2022, Section 3.3) proposed and analyzed a two-step CL algorithm. The setting
assumes that there is at least one source model t* whose parameter equals exactly to the target
parameter, namely (J;= = 0. Translating their algorithm for linear regression to our mean estimation
setting, the algorithm can be described as first allocating N/(21) samples to each of the T' source
models, to obtain an initial estimates {6;(N/ (27) }4e[r)> using N/2 to obtain an initial estimate for the
target parameter 6o (N/2) and then choosing

t* = argmin Hgt(N/@T)) - go(N/2)H
te[T]

so t* is an r.v. This algorithm was analyzed by Xu and Tewari (2022, Appendix C), though its
statement in (Xu and Tewari, 2022, Theorem 3) is inaccurate, and thus was revised by Xu (2023,
Theorem 3.3) to the bound

— Td o2  do? d
* —_— < — . 70 t* —_
[0 (N/(2T") — 0o Nlog< 5 > (N + N/T + N) ) (30)

which holds with probability at least 1 — ¢ (In (Xu and Tewari, 2022, Theorem 3) only the first two
terms appear). In (30), the third term, \/d/iN , prevents this bound from achieving the typical fast
parametric rate do°/N associated with risks under mean squared error (MSE), and one which does
not vanish when the noise variances vanish, i.e., maxyc[7] Ot J 0. The first term, Ug/N, does not
appear in our bound, and its proof of Xu and Tewari (2022, Appendix C, Lemma 4) is somewhat
unclear. In our setting and notation, the claim therein can be roughly rephrased as “martingale

concentration inequality on the sum ||0; — 67| - Ziv:/ 1 €0;” where {€;} are i.i.d. samples from
N(0,02). However, Zivfl €0,; are actually bounded w.h.p. as O(20/v/N), and not as O(75/N). We
next discuss the second term in (30), doZ /(v/r). Due to the assumption that there exists ¢ with
@+ = 0 one may speculate that this term would generalize to

~ do2.
o (Qf* + N/T>

when this assumption does not hold. It is not clear what can be assured on t*, and so it cannot
be directly compared to our bound, in which ¢* is chosen from a subset 7 C [7'], where under
favorable conditions it holds that 7 = 7y,,.. More importantly, our bound is

~ do?
: 2 t
mip O (Qt TN )

and the noise term in our bound is do7 /N, which is a factor of 7" smaller than the second term in
(30). Finally, we prove a high probability bound as well as a bound that holds for the risk (expected
loss).

Appendix F. Proof of Theorem 1 (a single source model 7" = 1)

The success of the method proposed in Theorem 1 it is based on the ability of the learner to reliably
eliminate the source model whenever Q7 is large. This ability is proved in the following source
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elimination lemma. It is stated in slightly greater generality than needed for the 7" = 1 setting, in
the sense that it also considers the case in which the noise variance in the source model is larger
than the noise variance in the target model (that is, the case A? > A2 in what follows). This form
will be necessary for the analysis of the multiple source models T" > 1.

Lemma 10 (The source elimination lemma) Fort = 0,1, let 0;, 0, € R% and )\, € Ry be such

that B

16 — Gel|* < A7
Set Q3 := ||01 — 00|? and Amax := Ao V M. Then, there exists a numerical constant v € [1/27,1] so
that

max?

2
Q? < e otherwise

v )

2> 002, if|00 — 012 > 10X
{Ql_y IHO 1” = max. (31)

Proof We consider three cases. First suppose that Q% < A2 . Then,

max-*

100 — 61| = |00 — 6o + 01 — 01 + 6y — 61]]2
SO 2 5 2
< 2[|6o — Oo||” + 2[[01 — 01 + 6 — 01]]

ORI _
< 2[|6o — 601> + 41|61 — 611> + 4[160 — 61>
<23+ 4NT 4+ 4Q3

< 10M2

max?

using (a + b)? < 2a? + 2b? in (%).> This shows that the first case in (31) holds even for v = 1.
Second, suppose that Q3 > 27 - A2 . Then,

max*
N - (a) _ -
100 — 011 > (161 — Ooll — (|60 — ol

(a) - -
> 61 — Oo|| — |61 — 61]] — [|6o — b0
Z Ql - )\1 - )\0

(O p—

> 27 - >\max - 2>\maLx

> V10 Amax,
where (a) follows from the triangle inequality (twice), (b) follows since Q? > 27 - A2, was as-
sumed. This shows that the second case in (31) holds for v = 1/27. Thirdly, if A2, < Q% < 27\2

then both statements in (31) hold (for » = 1/27). Note that the numerical constant v is not optimized,
and so there exists some maximal v € [1/27, 1] for which the statement also holds. [

We next prove Theorem 1 using the source elimination lemma, and show that the estimated output
essentially achieves the loss (5) of the strong-oracle learner.

2. The constant can be slightly improved if we use the refined inequality (a + b)* < (14 ¢~ ")a® + (1 4 ¢)b” and
optimize over ¢ > 0. Note also that E[||fo — 01 ]|?] = A3 + A1 + Q% < 3\2.., and since (§p — 0o, 61 — 61) < A5/va

w.h.p. (and similarly for the other mixed terms), the random error concentrates fast around this expected value. Thus,
the constant 10 appearing in the bound can be improved by at most a factor of 10/3.
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Proof [of Theorem 1] Let &5 be the event in which

§\ do? 9

16.0) o1 = 16, - 01 < 9 (3 ) S =

holds for both ¢ = 0 and ¢ = 1. By the union bound and the definition of g(-), it holds that
P[E] > 1 — 6. Under our assumptions Apax = Ag > A1. Assuming & occur, Lemma 10 implies
that if [|fp — 612 > 10A2 then Q? + A? > v - A2 and so by the choice in (8) § = §p and

. _ QI +X 1
10— B0l1* = 160 — Boll* < A5 = AG A === < — AGA(QT +AD)]

Otherwise, if ||6p — 6; HQA < 1~0/\% then Lemma 10 implies that A3 > vQ% and so 2A3 > v(Q% + A\?).
So by the choice in (8) § = 6; and so
16— 6o[1> = 161 — 6ol

= ||91 — 0y + 61 — 91H2

< 2] — 6o|* +2[161 — 64

<2Q7 42X

4
<A pgn@ ).

Combining both cases shows the claimed bound in (9).
We next prove the bound on the risk (expected loss). It holds by Lemma 7 that
~ - do?
G, — 0] = 1|18:(V/2) — 0] < el (9)4
100 = 00 = 1:292) ] < elos (5) -

with probability at least 1 — §, both for ¢ € {0,1}. Thus, both are sub-exponential r.v.’s. Conse-

quently, it holds that E[||6; — 6;||*] < [do?/(n/2)]%. More accurately, note that for any r > 0
- N
P [Hﬂt — 0t||4 > 7‘} < eexp [\/77/2] ,
¢ do;
and so

—~
N

E (16, — 01*] £ /0 ar B (16, ~ 0,* > v]
oo N
Se/ dr.exp |:_\/,F/2:|
0

¢ do?
d
®., (CN;;) / ds - sexp [—s]
do
=2ec® | - 32
“(WJ’ (2)
where (a) is by tail probability integration, and (b) is using the change of variables
_ VN2
¢ do¥’
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for which

ds N2 o1 N/2 \ 2 1
dr  cdo? NG cdo? ) 2s’
Hence,

E [||é1 _ 90\\4} —F [Hél 0 46, — 90|y4]
(a) i
< 8E [16: — 011] + SE 101 - 6o]*]
(b) 21\ 2
< 48¢2 <Cfv"/;> 804,

where (a) follows from (a + b)* < 8a* + 8b* (for a,b € R), and (b) follows from (32). Since
Va+b < /a+ b (fora,b> 0) we also get

E |16, — 0oll4| < 2 dg% ’ 2 « da% 2
16— 6ol14] <y /45¢ Tr) sai<re | at).

(33)
Next we note that it holds with probability 1 that d is either 6 or 61, and so
E (16— 60l1*] =E [160 — 6ol - 140 = o} ] + E [16: - 6oll* - 140 = 61}
<E[lldo — 60l1*] +E 161 - 60ll*]
Thus,
VE[16 - 601] < & (160 — eult] + | 16 — o]
(@) do? do? 9
Sa(5E) e[l
do?  do?
< 4oy | 491 | o2
_14c<N+N+ 1), (34)

where (a) follows from (32) (with ¢ = 0) and (33). Using the above, we decompose
E (116 - 6012 =B [10 — 601> - 1[5]] + E [18 — 60> - 1155]]

YE [||é — boll*- 11[55]} + \/E [Hé - 90!\4} PIE5]

( ) 140 2 . do? do, do do?
= - [log(é) mm{Ql Nl N0}+(NO+N+Q1)-\/S], (35)
where (a) holds by Cauchy-Schwarz inequality, (b) holds by the high probability bound and (34)
Choosing 0 < §y where

2
|:min {Q% + d}? 5 d;o }]

do? do? 2
~ TN e

do
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assures that

- l4c 2 _ do} do?
E [He — Ho\ﬂ < <log (5> - 1) -mm{Q% + Wl NO} : (36)

It holds that

+| +
p—

1 da(Q]
a%’ 4’ 8092]\7

where the first inequality holds since (@14a2)/(az+as) > (91/a3) A (92/a4) for a1, az, as,as > 0 and
since 07 < 3. Inserting d, to (36) and simplifying leads to the claim bound (10). |

Appendix G. Proof of Theorem 4 (multiple source models 7" > 1)

Proof [of Theorem 4] Algorithm 1 uses at most N samples since we set N = N/r+2. Assume that

the event & occurs, in which the empirical averages fp(N) and ét(Nt,r) are close to 0y and 6,
respectively, as

- 9 - da%

[60(N) = bol|” < g(6)—=

164 (Ney) — 604 < g(8) 5+

for all 7 rounds, and all ¢ € [T'], and similarly, that the last round estimate is close to 6+, that is

2
2 5 do:t*

[0+ (N) — 0+ [|> < g(9) N

By the union bound, all these T'7 + 2 events hold with probability at least 1 — §. We continue the
analysis assuming that & occurs. Under this event, Corollary 2 implies that after the first round
only the source models [T}] with T} = T'35(1) are retained, after the second round only [T5] with
Ty = TB5(Bs(1)), and so on. After 7 rounds, it holds that 7, = [T%]. The algorithm then chooses
an arbitrary t* € [T5] and the final high probability bound (15) stems from

16— 6ol* = 18- () — 6ol
N

= |0+ (N) — 0 + Oy (N) — 0+

(a) _
< 2[|0p — Oo|* + 2(|0 (N) — 64|

- do’
<207 +29(0) - -
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We next consider the bound in expectation, for which we set g(d) = clog(¢/s). The proof of follows
the same lines as the proof in the single source case (Theorem 1), and so we briefly outline it for
the multiple source case. In general, we will be rather loose with the upper bounds, since they only
affect a logarithmic factor. Note that the final empirical estimator uses N samples. So, if we let
0, = 0;(N) be the empirical estimator in the last round in which model # is retained, it holds that

~ do?\?
E [Het - Mﬂ < 2ec? (Nt)

Hence, similarly to the derivations leading to (33), it holds for any ¢ € [T] that

2
do;

2
E [Hgt - 90“4} < 487 <N> + SQ?'

Next we note that it holds with probability 1 that 6 is from the set {ét}teﬂTJ], and so

E[10-6oll] < > E{Ifr - 6ol

te[T]

Since /), a; < ), \/a; we get

\JE [||é—eo||4} 3 7e [d(’t +Qt}

te[T]

(with Q¢ = 0). Using the above, we decompose as in (35) and rearrange to obtain

E {116 — 8ol*| = E {116 — 8ol - 11&5]] +E {16 — 6ol - 21€5]]

_ do?
§80<f+2)10g<(TT+2)> ) Ut( Tag) +Qt(7;]g Z [d;t +Qt:| \/S 7

) N
te[T]
Choosing § < §y where now
2
dog t(leg) QQ
0o = e (Ta)
ZteﬂT]] [T + Qt:|
assures that
2
) ) (TF +2)\ |97
E [||9 - eolﬂ < 16¢(F + 2) - log < 5 S £t nglg) . (37)
It holds that
do} t(7—alo Q2

5 — alg
ﬂ Zte[[T]} [d% + Qt}
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. do? 2
minge[r) 7 + Qi

e [%2 + Qﬂ

. do?
o1 mingry S+ Q7
- 0.2
(T + ]‘) maXte[[T]] th + Q%
1 mlnte[m] + Q?
—(T+ 1) maXte[[T]] —|— 402
. do?
> L Me[T] N
- 2
(T'+1) maxc[7] d% +4C?
1 . o} . do?

> - . Zt oy Ut
=T +1) |wwelr)of * ielr] SNC3

_ /G

Inserting J, to (37) and simplifying leads to the claim bound (16). |

Appendix H. An extension of Algorithm 1 to unknown noise covariance matrices

The covarlance matrix of the noise in the mean estimation model M; is ¥X; = at ¥, where
DS Sd . We have assumed thus far that {3 },c[77 are known to the learner. In this appendix, we
consider the case in which the learner knows that 3y = I, for all ¢ € [T'], but not {07 };¢[77, and
then the case that {3 },c[7] are completely unknown. We show that under rather mild conditions,
Algorithm 1 can be further extended to these settings too. We focus on the mean estimation setting,
though a similar extension can be made in the linear regression setting too (Appendix D).

The idea is straightforward and is based on a preliminary step of estimating either {U?}te[m]
(for the first setting) or {¥; } 4[] (for the second setting), and then plugging in the estimated values
into Algorithm 1, instead of the true values. Additional minor modifications then guarantee an upper
bound on the loss which is of the same order as in the case the noise covariance is known to the
learner. The aforementioned conditions assure that the additional error due to the use of inaccurate
values of {07 }1ep7y or {S¢}repry is negligible compared to the loss of the algorithm.

For the case of unknown {af}te[[T]], the condition is provided in Proposition 11, and requires
that dN 2 7T'. In the regime discussed above in Proposition 3 it is required that 7 = ©(log T"), and
then the qualifying condition is dN = Q(T logT'). This is a fairly mild condition since N > T
is assumed, and typically one would like to have in practice N > T to allow exploration of all
source models. The proof of Proposition 11 is based on Lemma 12, which provides a multiplicative
confidence interval for an estimator o2(K) that uses K samples to estimate the variance o2. It is
shown that 02 < o2(K) < 362 with probability at least 1 — 2e~4(5—1)/24 ‘and this result is used
with K = N /T.

For the case of unknown {¥;}c[7], the idea is similar, and compared to the case of un-
known {o? }eeqry, only Lemma 12 is adapted. As shown in Lemma 7 (Appendix C), the noise
covariance matrix Y; affects the estimation error of the empirical mean estimators §;(N) error via
G = %Tr[Et]. Lemma 13 then replaces the confidence interval on the estimator of o2 with a
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similar confidence interval on ¢Z. It is shown that ¢? < 2(K) < 362 with probability at least
1 — 2¢~l(K=1)/24=logd] " 4nq this result is used with K = N/7. Given Lemma 13, the required
modifications to Proposition 11 are minor and thus not explicitly stated. The main modification is
that the condition (38) is replaced by the more stringent condition dN 2 dlogd - #T. Thatis, N in
the case of unknown covariance matrix should be larger by a factor of dlog d compared to the case
of unknown variance.

H.1. Unknown noise variances

We employ a preliminary step to Algorithm 1 in which {o7 },c[7] are estimated. Then, the estimated
values are plugged into Algorithm 1 instead of the true values. Since the performance guarantees
of Algorithm 1 are based on the order ©(do?/N), it suffices that the estimated value of o7 should
match the true value up to multiplicative constants. As we next show, under mild conditions, the
additional error of Algorithm 1 due to this preliminary estimation step is negligible. The necessary
conditions and modifications are stated in the following proposition:

Proposition 11 Let § € (0, 1) be given. Assume that N > 2(7 + 3)(T + 1) and that
_ 2
dN > 48(r +3)(T'+ 1) - log 5 (38)

Suppose that Algorithm 1 is run with the following changes:

1. Line I: Set N
N + —
T+ 3
and
5 0
T(r+1)+3

2. The values {Jf}te[m] are not input to the algorithm, and instead, there is an additional step

after line 1: The noise variances are estimated as Oj?(N /(T+1)) fort € [T1.
3. Line 2: The number of samples allocated in the rth round to the t € T,_1 is
. o ( N
. N It (TTl)

= T )
" rthlat T+1

4. Line 3: Model t € T,_1 is eliminated at the rth round if

N ~
T I8 () asg
N/T, 1 N

160 — Gell* > 109(5)

Then, the performance guarantees of Theorem 4 hold with the pre-factor changed from 7 + 2 to
7 + 3 and in the definition of Bs(T), the constant v is replaced by v/e.
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It should be stressed that items 3 and 4 can indeed be computed by the learner, since they do not

depend on the unknown o7; only on their estimated values. As long as the mild condition (38) holds,

the modified algorithm is efficient, and performs as well as Algorithm 1, up to numerical constants.
The proof of Proposition 11 is based on the following lemma:

Lemma 12 Assume that Y = 0 + € where 0 € R% and ¢ ~ N'(0,02 - 1). Let § € (0, 1) be given.
Consider an estimator for 0% based on K i.i.d. samples {Y(4) }ie[k) given by

2
(39)

. 1
o?(K) = d(Kl)z;

Then, with probability at least 1 — 2¢~4(K—1)/24

1 A 3
502 <o?(K) < 502.

Proof Let Y (i) = (Y (i;1),...,Y (i;d)). As is well known, (e.g., (Schervish and DeGroot, 2014,
Theorem 8.3.1)) it holds for any j € [d] that

- 1 K 1 K ’
o2(j) = 1 (Y(i;j) e ZW%”J))

i=1 =1

is an unbiased estimator of ¢ (that is, E[a~2 (7)] = &%), and moreover, that

(K—-1) -~ .
—— - 02()) ~ X1
Now, {02 (4)}jelq arei.id., and so
d
(K—-1) -
D ) ~ Xy
j=1
Hence,
K d K 2
d(K —1) - 1 1 .
0z oK)= ) ZZ (Y(l;J) % ZY(Z/U)) ~ Xa(K_1)
i=1 j=1 =1

By Laurent and Massart (2000, Lemma 1) or (Boucheron et al., 2013, Remark 2.11) (note that
E[x?] = ¢) it holds that

P[|x? - €| > 2ve +2t) <27,

and so

v [“;2“{) -2 [2 e d(KQt_ 1)] '02] =2

Choosing t = d(K—1)/24 we get that the deviation pre-factor is

2\/%+2t<1
d(K —1) — 2
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which, in turn, implies that
1 A 3
502 <o?(K) < 502
with probability at least 1 — 2 exp[—d(K—1)/24]. [ |

We may now prove Proposition 11.

Proof [of Proposition 11] In order to accommodate for the unknown variances, we need to consider
their influence on a few steps of the algorithm. First, their influence on the additional samples re-
quired for variance estimation and the additional possible events that one of these estimated values
is inaccurate. Second, their influence on the allocation of samples at each round, that is, the compu-
tation of Nt,,n. This, in turn, affects the condition used by the algorithm to eliminate models, and on
the models which satisfy this condition.

The number of samples and the reliability: Instead of 7 + 2 batches of equal size samples
(combined from all the models) we now have 743 including the one needed for variance estimation.
So we redefine N = N/(7+3). We add to the union bound over 77 + 2 events, additional T + 1
events, which assure that o are on the same scale as o7 for all t € [T]. To handle this, we redefine
§ = 8/T(7+1)+3, and require that

1 »( N 3
§O't2§0'2 <T+1> §§O’,52 (40)
with probability at least 1 — . By Lemma 12, this holds if

2€fd(N/(T+1)71)/24 < 57

or, equivalently

N 2
d(MM1> 224-10g§.

Under the assumption of the lemma, a simple (looser) sufficient condition for this to hold is (38).
The sample allocation at each round and the elimination condition: Algorithm 1 uses the allo-
cation

N o?
Tr—l 2(7}_1)

and thus depends on the noise variances. One may replace the exact variances with their estimates

Nt,r =

as K .
= 2 (_N
. N o (m)
No= T o ha A A S
r=t ﬁzzﬁ:l 0% (m)
Corollary 2 guarantees that if
109(8) |d-o?  do?
Q} > 2. 1000) | d 07, d%p 42)
v Ny N
then
~ ~ _|d-o? do?
0o — 0:|* > 20g(9) | L Vv —=2 (43)
160 — > > g<>[Nm -
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will occur w.h.p., and then M; will be eliminated. Note that the above statement uses the actual
number of samples N, + taken by the algorithm, yet the exact values of the noise variances O'O, o?
affecting the empirical estimates 6 and 6;. Also note the additional factor of 2 to be used. Now,

under the high probability event (40), which is assumed to hold, the event in (43) also implies that

o (d-0} (#1)  ao2
Bo — 6% > 10g(5) | ———"2L v 20
o =8 2 1005 |~ v
Tr 1 N ”
_ 109(5) s S ok () v 478
N/T N |

which is exactly the condition for elimination in the modified algorithm (see item 4 in the statement
of the proposition). Thus, if (42) holds then M, is eliminated. Now, using the expression for NV, ;
in (41) we note that (42) is equivalent to

_ 1 Tr—1 A2 N
10g(5) | @ 7y 211 Ut( ) 2 d
Q2> 2. 1090 | T T = LSSV SV (44)
14 N/Tr_l 02< N) N
t \ 71

In turn, the high probability event (40) also implies that if

_ T
10g(3) |- ﬁ >l of do?

2>3.2. _ =0
@ = v N/T,_, N

then (44), and so also (42), hold. Evidently, this is the same condition as for Algorithm 1, where the
numerical constant v is replaced by . |

H.2. Unknown noise covariance matrices

Next assume that the covariance matrices {¥¢ };c[r] are unknown to the learner, where 3¢ := 0234,
An efficient estimator is still the empirical mean 6,(/N'), and this estimator does not depend on the
unknown covariance matrix >; (Lemma 7). For Algorithm 1, the required unknown parameter is
then ¢} = 1 Tr[S,] (replacing o7). Since Tr[Et] equals to the sum of its diagonal elements, the
estimator (39) proposed for the case ¥; = at 1, is still intact. Nonetheless in that case, the d
coordinates are independent and reduce the variance in estimating o2, whereas here they are not
independent. The following lemma modifies Lemma 12 to an estimator of ¢ := 1 Tr[%].

Lemma 13 Assume thatY = 0 + ¢ where 0 € R and € ~ N'(0,%) with ¥ € STT. Let 6 € (0,1)
be given. Consider an estimator for <2 := % Tr[] based on K i.i.d. samples {Y ( i) }ie[K) given by

K
. 1 1
K:zig Y ——EY" 4
Then, with probability at least 1 — 2¢~[(K—1)/24-logd]
%8 < (K) < ; (46)
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If we make the mild assumption (K — 1) > 48log d then the probability guaranteed by Lemma 13
is1 — e O compared to the larger probability 1 — e~©(¢K ) guaranteed by Lemma 13.

Proof We follow the proof of Lemma 12. Now, o2(j) = %(j, ) is the jth diagonal coordinate
of ¥, and 62(j) defined therein (the sample variance of {Y (i; j ) }ie[x]) is an unbiased estimator of
o2(j) and moreover, it holds that

([;(_j)l) 'Uf(j) ~ Xﬁ(fl'

However, unlike the proof of Lemma 12, now {a~2 } jeld) are not necessarily independent, and thus
their sum is not necessarily distributed as a chi-squared. To overcome this, we require the estimate
of o2(j) will be accurate for all d coordinates. Specifically, using the same arguments used in the
proof of Lemma 12 (setting d = 1 therein), it holds that

1 . ~ .
50°(0) < 0%()) < 50°() 7)
with probability at least 1 — 2¢~(K=1)/24 By the union bound, this holds for all j € [d] with

probability at least
1-— 2de_(K_l)/24 =1 26_[(K—1)/24—10g d}.

The event that (47) holds for all j € [d] implies that (46) holds too. |

Appendix I. Empirical experiments

In this appendix, we run an implementation of Algorithm 1 on simple simulated estimation set-
tings, and empirically demonstrate the various properties of this elimination algorithm we have dis-
cussed during the theoretical analysis. Python code for these simulations can be found in https:
//anonymous.4open.science/r/CurriculumlLearning—-CAD5/. In what follows we
will use Q? := Q7/(d4o3/n) to denote normalized square distances.

In the first experiment, a two task setting 7' = 2 is considered. We fix the parameter of the first
source model ¢ = 1 at distance (J; = 0, and sweep over (2, the distance of parameter of the second
source to the target parameter, where we normalize (3 by the typical MSE of the target task dog/N.
Figure 2 shows the loss of the algorithm on a logarithmic scale, and the empirical probability that the
algorithm chooses task 2. The outcomes, as depicted in Figure 2, reveal two discernible regimes. In
the initial regime, approximately when Q3 € (0, 100), the set Talg is consistently non-empty and the
probability to choose task ¢ = 2 is roughly 0.5. This implies that, within this regime, Algorithm 1
correctly identifies that both source models are better than the target model for estimating the target
parameter, however, the algorithm is unable to consistently eliminate task 2. The observed increase
in error aligns with the characteristics of a weak oracle error, as Q3 < dog/N. In the subsequent
regime, when Q3 €(100,300), the probability of selecting task t = 2 gradually diminishes until
reaching 0, concurrently with a reduction in the error as Q% increases. This stems from the fact that
Q3 > dog/N and is the result of the improved ability of Algorithm 1 to eliminate the source model
t = 2, and then use the better source model ¢ = 1 for estimation of the target parameter.

In the second experiment, we consider settings with large number of models. We define three

LR RT3

types of parameter locations, relative to the target parameter, designated as “close”, “medium”, and
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Figure 2: The first experiment: Runs of Algorithm 1 over 200 repetitions. Parameters are T' =
2, N =1000, d =2, 0? =1, o3 = 10.
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Figure 3: The second experiment: Runs of Algorithm 1 over 200 repetitions. Parameters are N =
10°, d=2, 0> =0.1, 02 =1, Q% =0, Q? =10, Q3 =2-10%

close medium

“far”. We consider a sequence of problem settings, in which we first set one source parameter at
each of the location types. Then, we add more models from one of the types. As can be seen in
Figure 3, Algorithm 1 behaves differently in response to the addition of models in different location
types. The inclusion of models in proximity to the target task facilitates better estimation error,
a phenomenon that aligns with intuitive expectations. Conversely, in scenarios with a substantial
number of models categorized as “medium,” the algorithm struggles to eliminate those models and
thus achieve high MSE. Notably, when models are introduced in the “far” location the algorithm
eliminates them effectively and the addition of models from this category does not affect the algo-
rithm’s loss. The experiment appearing in Section 4 generalizes this experiment to other mixtures
of types of source models.
In the third experiment, we set ' = 100 source models, and choose

o2 10 t € [10]
Pl —=10), te{11,12,...,100}

for which various values of v were examined. For each value we generated the corresponding
Bs(7), in order to demonstrate the connection between S5(7) and the algorithm’s efficacy in model
elimination. To this end, we record for each run of Algorithm 1 which models were eliminated and
which were not. We evaluate the algorithm performance using the precision score, defined as

. ‘Elg N 7;v.0.‘

precision := "Elg ‘ ,
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Figure 4: The third experiment: Parameters are N = 105, d =2, 0> =0.1, 0(2) =1, § =0.05.

and the recall score, defined as

- ‘Elg N 7;v.o.‘

recall :=
| Tw.o.]

As seen in Figure 4, as + is increases, the location of the fixed point 5(7) = 7 decreases, which
should result a better precision in eliminating models. This is simply because increasing v also
increases the number of tasks at distant locations, which are easier for the algorithm to eliminate
in the first round, thus allowing for further elimination in second round, and so on. In all our
experiments, Algorithm 1 has achieved perfect recall, that is, all models in the weak oracle set are
identified as such by the algorithm, and as seen in Figure 4, the precision improves with increasing

.

Appendix J. Minimax lower bounds: Extended discussion and proofs for Section 5

J.1. A general reduction to hypothesis testing

For a CL algorithm, the NV observed samples are not i.i.d., because the learner may select the model
from which the next sample is collected based on previous samples. In accordance, the reduction to
hypothesis testing should be made to a similarly adaptive tester. For completeness, we next formally
define the hypothesis testing problem and then the reduction (Proposition 14). The problem formu-
lation is similar to the general learning CL setting in Section 2, except that the set of possible models
is of finite cardinality K, and one of the models is chosen by Nature with a uniform probability. The
learner should then collect samples in order to identify the model, and its performance is judged by
the error probability. Let K be a positive integer. Let @y := {0} ;cx) € ¥ C (R)T be a
testing set of parameters, each one of them #U) = (6(()J ), ng o, 9&3 )} is comprised of parameters
for the 7'+ 1 models, where the index j represents the hypothesis. Let J ~ Uniform[K] be an
r.v. that chooses the hypothesis. Given that J = j, the samples of the 7' + 1 models are obtained
from the model M; with parameter Gt(] ), forall ¢ € [T]. A CL hypothesis tester collects samples as
a general CL learner, described in Section 2. Given the collected samples (A;, S;);c|n). the tester
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produces a guess of .J, given by a testing function J: (([T]) x )N — [K]. A CL testing algorithm
is the pair A := (m, J), comprised of a sampling policy and a testing function. The expected error
probability of the tester when the testing set is @y and it uses an algorithm A is

en(Prest, A) =P 4 [j (A, Si)iepv) # J] ,

where P 1= {¢(])}j€[K}’ ¢(]) = (QS((]J)v Qng)v SRR gz)) and d)l(tj) = (019)7 U1f2a Id)
As is well known, the estimation problem is more difficult than hypothesis testing, and this
reduction is formulated below:

Proposition 14 (A variation of Wainwright (2019, Proposition 15.1)) Let ®,,.; be given such that
Oy C W, and let

1= 1(Oreyr) = min =68 — 652 (48)

J1,52€[K]: j1#j2 2

Then, for any CL testing algorithm A = (, ngb)

Lna(®,T) >0 min e (Presi; A). (49)

Proof Let A, = (., é*) be the optimal policy and estimator in the CL setting, and let J be an
arbitrary testing function. Then,

Lya(%,T) = sup Eg 4, [)

sopa. [0 (4 S0ne) ~ o]

*) 5
> ?72 : CN(‘I)testa (77*7 J))
> 772 . mfi\n €N('I)testa .A),

where () holds since when the policy is fixed to 7., the CL learner estimates the parameter, or
tests the hypothesis from a standard statistical model, for which (49) was originally derived in
(Wainwright, 2019, Proposition 15.1). |

Utilizing Proposition 14, the goal is now to derive a lower bound on the error probability of CL tests.
This is, however, challenging, since lower bounds for adaptive tests are not as widely available,
compared to Le-Cam’s and Fano’s bounds for non-adaptive testers. We next propose two simple
ways to circumvent the need for bounds on the error probability of adaptive testers. One idea was
used in the proof of Xu and Tewari (2022, Theorem 1), where in Appendix E.1 we have discussed
in detail its proof, and highlighted a few subtleties related to it.

First, the CL problem is easier if the learner can collect N samples from the target task and from
each of the source models, and thus a total of N - (T" + 1) samples. We state this simple idea as a
general claim.

Claim 1 Let Y := {Yi}ic|n)te[r] be a collection of N - (T + 1) independent r.v.’s so that Y; ; is
drawn from the model My in (2). Let O be an estimator for 0y based on'Y . Then

N 2 ~
Lya(®,T) > inf sup Ey g [Hﬂ(Y) _ HOH } = Ly a(®,T).
9 Qew
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Proof The proof is trivial data-processing argument since any adaptive CL algorithm A = (7, é)
that collects a total of N samples may first collect the N (7" + 1) samples of Y, run the sampling
policy 7, and only use the N samples collected by the policy to compute the estimator estimate

~

O((Ais Si)iein))- u

This method does not capture the correct dependence of the risk on 7, and so is effective whenever
the number of source models is fixed.

Second, under proper assumptions, it can be argued that an optimal learner does not sample
from some of the models. For example, source models whose parameter is known to be at large
distance from the target parameter, or that are known to have large noise, may be ignored by the
learner. This is the origin of the claim by Xu and Tewari (2022, Theorem 1), that a strong-oracle
learner, which is fully informed of {Qf}tem, may only sample from the model with minimal Q?
(assuming, for simplicity, that the noise variance of all source models is the same). In general, it
appears to be difficult to rigorously prove this claim in an estimation context, however, it can be
proved for a test, that is, after the reduction to a finite set of hypotheses in ®. Concretely, will
use the following two arguments:

Claim 2 Let O, be a given testing set.

o If 0§j ) is the same forall j € [K] then an optimal policy in the CL hypothesis testing problem
does not sample from M,.

o If there exists o € R so that Hg) = a@,g) for some ti,to € [T] and all j € [K] and
of,fa? > 0,521 then an optimal tester does not sample from M,.

Proof In the first case, the observations of M, are independent of .J. In the second case, the learner
can simulate samples from My, by sampling from M , scaling, and adding independent Gaussian
noise with proper variance. |

J.2. The choice of the localization set and associated challenges

We have discussed in Section 5 the choice of the set ¥, and showed that choosing it to be too small
may allow the learner to bypass the actual difficulty of the CL problem, because given that § € ¥
may already reveal too much information to the learner, and allow it to obtain unrealistically low
risk. Thus, the choice of the set ¥ should be judicious in order to obtain a non-trivial localized
bound. We have provided one example, in which the choice of the set ¥_(q) with a specific choice
of g allowed the learner to use a majority rule, which obtains an unrealistic zero risk. This shows that
no trivial lower bound can be derived. Here we continue presenting such examples, and show that
in some cases the correct dependency of the lower bound on d cannot be obtained, simply because
the learner can effectively reduce the dimension of the problem to a lower effective dimension.

Example 2 Assume noiseless source models similarly to the example in Section 5, but that T = 2
and that @3 = ¢3 = 0 < g5 < dog/N. The loss of the weak oracle in (13) is given by HOAW.O. —0]? <
q3. Contrary to example in Section 5, a learner which collects one sample from each source model
cannot decide which one of them is located at the target parameter and which one of them is at
distance qy from the target parameter. However, let 0 be such that |0 — 0o = q2. Then, given
the two samples, say Y1, Ys, the learner can sample directly from the target model, and project the
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~ 2
samples in the direction of Y1 — Yo = +(6p — 6). This reduces the noise variance to %0 So, if
q3 = 96/N then the learner can identify whether Y1 = 0y or Yo = 0g. The resulting lower bound is

smaller by a factor of d compared to the desired lower bound.

The example in Section 5 and Example 2 appear to be specialized to cases in which there exists
a source parameter that exactly equals the target parameter, and the noise variance of the source
models is zero. However, this is not the case, as we next explain. To this end, recall that the testing
set is chosen as a packing (or separated) set of target parameters, for which the distance between
each pair of parameters is larger than some ¢q. Then, if it can be shown that the error probability
in this hypothesis testing problem is bounded away from zero, this implies a lower bound of ©(¢?)
on the minimax risk. If we let ¢y, be the maximal source model index in the weak-oracle set,
that is, the largest ¢ so that Q% < dog/N, then ideally we would like to set ¢ = gy,. in order
to establish the weak-oracle learner risk as the lower bound on the minimax risk. In this case,
due to the triangle inequality, source parameters which are at distance less than ¢/2 from the target
parameter are effectively the same as ones at zero distance, in the sense that if the learner knows that
a source parameter is at distance (); < 4/2, it can identify the target parameter in the packing set,
and thus identify the hypothesis with zero error probability. This leads to a zero lower bound on the
estimation loss. This will continue to hold if the noise variance is non-zero, yet sufficiently small.
Thus, the aspects illuminated in Section 5 and Example 2 depict the actual challenges of deriving
minimax lower bounds by a reduction to a finite set of hypotheses for the CL problem.

For the simple case of a one-dimensional parameter d = 1, the problem is even more severe,
since if the learner knows the distance between 6; and 6 this already reduces the ambiguity of the
learner to just two possibilities. This is demonstrated in the following example.

Example 3 Assume that d = 1, and T = 1. In this case, the source parameter may be just one
of two possibilities 01 = 0y + sq1, where s € {£1} is an unknown sign. The learner can actually
achieve an error on the order of o1/N (which is better than the weak oracle) even if q% > o3/N >
ot/N. To achieve this, the CL learner will estimate 0y (resp. 01) via an empirical mean estimator
00(N) (resp. 61(N)), to obtain an error of ©(o0/VN) (resp. ©(o1/VN)); both error bounds hold
w.h.p. Under the assumption on q,, and under the high probability event, the learner can guess the
sign § := sgn(01(N) — 0o(N)), and succeed w.h.p. Then, it will estimate the target parameter as
01(N) — 3 - q1. Such a learner will achieve a squared error loss of ©(1/N), which is better than
the weak oracle rate given by ©(73/N).

Evidently, the initial uncertainty of a CL algorithm goes beyond an unknown sign. One may claim
that this is a result of the learner knowing exactly that |0; — 6| = ¢, but the same method can be
used even if ¢; is only known approximately.

J.3. A comparison of Theorem 5 with the lower bound of Xu and Tewari (2022) and its proof

Comparison to Xu and Tewari (2022, Theorem 2) The lower bound of Xu and Tewari (2022,
Theorem 2) is developed under the simplifying assumption that ¢ = 0 and ¢ = g for ¢t € [T|\{1}
and is given by

o2logT do?
L g ) > 207957 72 in —t. 50
Nd(P<(q),T) 2 NN +trg[1%1] N (50)

The term min, ¢ dof /N comes from the strong-oracle lower bound of Xu and Tewari (2022, The-
orem 1), and so we next focus on the case in which the first term dominates. Thus we focus the
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comparison on o2 = 0 for all ¢ € [T, for which the lower bound is Q(2310sT/N A g?). For the case
at hand, and ignoring logarithmic terms, if 73/N < g? < dog/N then the lower bound of Theorem 5 is
Q(q?) which matches the weak-oracle learner risk, and is better than the risk lower bound Q(73/~)
of Xu and Tewari (2022, Theorem 2). If g° < 0(2)/ N then both bounds are of the same order, and
match the weak-oracle learner risk. Finally, if g2 > dog/N then the construction of Xu and Tewari
(2022, Appendix B) is such that the distance between the distant models parameter and the target
parameter is ¢; < oo/vN < g fort € [T]\{1}. Thus, all models are in 7, , and in turn, all bounds
are on the order Q(o3/N).3

Proof outline Following Claim 1, we focus on bounding L ~.,d(¥,T') rather than its adaptive-
sampling counterpart. We then prove Theorem 5 in a few gradual steps. For a fixed dimension,
there is no need to invoke Fano’s method (as Mousavi Kalan et al. (2020) did), and the simpler Le-
Cam’s two-point method suffices to obtain lower bounds. As a warm-up, we recall this method for
the standard mean estimation case. We then consider the single source task case T = 1 (considered
by Mousavi Kalan et al. (2020)), and provide a self-contained proof, in a form that will allow us
to generalize it to 7' > 1. We then extend this proof to 1" = 2 source models, which provides the
clearest intuition on why it is the performance of the weak-oracle learner that is achieved rather
than that of the strong-oracle learner. Then, in order to illuminate the challenge of extending such
an argument to a general T > 2, we explicitly consider the case 7' = 3. We aim to provide a
construction of an hypothesis testing problem which naturally generalizes the T' = 2 case, but then
explicitly point out the problematic aspect of such an extension. We then prove Theorem 5 by
reducing 7' > 2 to the 7" = 2 case, which is already solved.

We will repeatedly use the following expression for the KL divergence between Gaussian r.v.’s:

Fact 1 ((Wainwright, 2019, Exercise 15.13)) For ju1, s € R? and 31, %9 € S it holds that

1 Yol d 1 _ 1 _
Dir (N (p1, 1) || N (p2, B2)) = 5 log ;21;_2+2 Tr [2:55 ] +5 (u2 = 1) S5 (p2 — )

Warm-up: Le-Cam’s method for the Gaussian location model Recall Le-Cam’s two-point
method: A family of probability measures { Py }gco is given, where 6 is a parameter in the class
©. Assume for simplicity that © C R and the squared loss function. Le-Cam’s method is based on
reducing the estimation problem of # based on a sample from P, to a binary hypothesis problem
between a pair (0, (1) ¢ ©. If the optimal test between Py, and P,1, with equal prior has large
average error probability (bounded away from zero), then the estimation error must be at least on the
order of (9(0) - )2. In turn, the error probability is characterized using the total variation between
Py and Py1y (which can later be bounded using the Hellinger or the KL divergence, which are
simpler to analyze). The resulting bound is given, e.g., in (Wainwright, 2019, Eq. (15.14)),

(60 — g(1))2

5 1= drv (P, Pyw)]

infsupE |0 - 0]?] >
6 0O

3. The bound (50) of Xu and Tewari (2022) in case the first term dominates is interpreted as “a potential improvement of
a factor of )10g T when q and Uf are small” (Xu and Tewari, 2022, p. 4, after Theorem 2); this is due to the optimal
risk of ©(4e3/N) obtained by sampling only from the target model (when no source models are available), and then
taking the ratio (°3 18 7/N)/(403/n). However, more carefully stated, this is the gain only when g > o5 losT/n >
ming e[ do? /N. Otherwise, the ratio between the r.h.s. of (50) and df’g/ ~ is different from ¢/1og T
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Figure 5: The parameter hypotheses for 7' = 1. One of the hypotheses is in black and the other in
red. The target parameter is designated by a disc and the source parameter by a square.

which can be optimized over the choice of the pair 0©) and oV, Using Pinsker’s inequality (Wain-
wright, 2019, Eq. (3.59)), it holds for a Gaussian location model N'(6,°/N) (say Py represents N
independent measurements from the same model) that (Fact 1)

100 — g(1)]
20/\/N )

Thus, choosing 8(9) and () to be any pair satisfying |#(®) — (V)| = /N, implies that

1
drv(Pyo), Pyay) < \/QDKL(P9<0>,P9<1>) =

i —0|%| > 10—2.

lgfeilé%E [||9 o } 23N
A single source model (I' = 1) We next consider the single source model setting, thatis 7" = 1.
While this model was considered by Mousavi Kalan et al. (2020), we provide here a self-contained
proof, which is tailored to the CL setting, and which will be generalized later on for 7" > 1. In the
case of T' = 1, the learner knows that the parameter of the model M is at squared distance at most
q? from the true parameter.

Proposition 15 If 02 > o7 then

L (@()F)>i i 0—82+Ui
N1 <\q1), =50 min N,(h N[

The proof of the lower bound in the most interesting regime ¢7 < o5/N (the source is useful) is
based on the construction of a binary hypothesis testing between the parameters shown in Figure
5. In this case, the distances |0t(0) - Ot(l)| are below the noise standard error o¢/v/N for both ¢t = 0
(target) and ¢ = 1 (source). As a result, the error in the binary hypothesis testing is large, which
leads to squared loss of ]6?(()0) — 9(()1)] = ¢? + 9%/N. The proof in the regime in which the source is
useless since g7 > o3/n is based on the monotonicity of Ly 4(¥<(q1),T) in Q.

Proof Let V := ¢ + o1/(4v/N) for brevity, and consider the case V2 < ¢3/(an). We construct the
following binary hypothesis testing problem between

00 = (6,6”) = (=V,—V + q1)

and 0o
0 = (05, 0") = (V.V — 1)
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using N samples from each of the models. Using Fact 1, it holds that

Dir (P Pyn)) = N - DL(Py0), Pyn)) + N - DrL(Py0), Py))
0 0 1 1

o of
Sl 15
~2'8 8

where the inequality follows from the assumptions. By Pinsker’s inequality (Wainwright, 2019, Eq.

(3.59))
1 V5
drv(Pyo), Pyay) < \/QDKL(P9(0)7P9(1)) <

Then, Le-Cam’s method implies that

(0" — 65
2

(6 — g(1))2
5

2
4 <Q1 +7 f)
—
The bound (51) implies that for V2 = ¢3/(an) it holds that

. 2
inf  sup Ey~g “19 (Y)— 90) } > [1 — dpy( g(o),P0<1>)]

¥ W (q1,T)

Y

D

. 2
inf  sup Ey.g [)19 (Y)— 90‘ } > - =
d 0c¥(q1,T)

which together with the monotonicity of Ly 4(®<(q1),T) in ¢ and (51) imply the lower bound

4 (ql + ) 1 2
= . 4 0,
Ly a(@<(q1),T) = min § —— 2 /8 s
This is then further weakened to obtain the stated lower bound. [ |

Two source models (7' = 2) We next consider the setting of two source models, 7' = 2. In this
setting, the learner has to decide if either of the two source models is useful for the estimation of
the target parameter. We show that in this case, the lower bound on the risk matches the risk of the
weak-oracle learner.

Proposition 16 If g2 = 0 < ¢ < ¢3 and 02 > 02 > 03 then

1 2, 03 2 9 102
ﬂ'(QQ+W2 ) %S%SEWO
1 1 o2
Lyy(¥<(q),T) = { =55 - q%+"—]\}>, B <ER <. (52)
193 2 2 103
E‘Woa QQZ%ZEWO
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Figure 6: The parameter hypotheses for 7' = 2. One of the hypotheses is in black and the other in
red. The target parameter is designated by a disc, the first source parameter by a square,
and the second by a cross.

1 do? 9
> . Ww.o.
> {N +qw.0} (53)

The final lower bound matches the risk of the weak-oracle learner.

The proof of the lower bound in the case T' = 2 is more complicated than the proof in the single
source case (T = 1), yet it is conceptually similar. In the most insightful regime, in which ¢3 <
o5/N, the proof is based on the construction of a binary hypothesis testing between the parameters
shown in Figure 6. Again, the distances \9150) — 9£1)| are below the noise standard error o¢/vN for
t € {0, 1,2} (target and two sources). As a result, the error in the binary hypothesis testing is large,
which leads to squared loss of ]9[(30) - 9(()1)| = ¢ + ¢3 +93/N = ¢% 4 93/N. The proof in the regime
in which the second source is useless but the first one is useful since ¢? < o6/N < ¢3 is based on a
construction similar to the 7" = 1 case (i.e., the second source can effectively be ignored), and the
proof in the last regime, in which no source is useful because g5 = g3 = 95/N is based again on the
monotonicity of Ly 1(¥<(q),T")in q.

Proof Denote for brevity U := 4 + %2 + o2/4yN. First consider the case U? < o3/(an). We
construct the following binary hypothesis testing problem between

00 .= (67,69, 60) = (U, U + q1, U + qo)

and
0 = (0", 0 o)) = (U,U - ¢2,U — q1)

using /N samples from each of the models. This pair of hypotheses is constructed so that: (1) Under
each of the hypotheses, there is one source parameter at distance ¢; from the target parameter 6,

and one at distance ¢y (though the source model with the closer parameter is different for each

hypotheses). (2) The parameters 0§0) and 0§1) are indistinguishable using observations from the

model M,. Indeed, using Fact 1, it holds that

DkL(Pyw), Pyay) = N - Dkr(P (()0),P

s Pp)) + N - D (P, P,
0 1

50+ Fy) + N - Drr(Fyo, Fyo)

0
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where the inequality holds under the assumptions U? < 3/(4N) and 02 > o3. By Pinsker’s inequal-
ity (Wainwright, 2019, Eq. (3.59))

1 3
drv(Pyo), Pyay) < \/QDKL(P9<0>,P9(1>) < \/;

Then, Le-Cam’s method implies that

Mo 70/ [1 — dTV(Pg(O)vpg(l))]

U3, (54)

Next, denote for brevity V := q1 + 91/(8v/N) and consider the case U? > 93/(anN) yet V2 < o5/(4n).
Note that these conditions imply that V' < U and consequently

o1
— < . 55
8\/N_QQ (55)

We construct a pair of hypotheses which are similar to the 7' = 1 setting for the target model and
the first source model, and have identical parameter for the second source model, to wit

1
010 = (0", 01".0y") = 5 - (~V.~V +1,0)

and 1
W%:%Q%%%%=§4WV—%®'

This set of hypotheses is in ¥< (g, I") since

R L

and

2 2 1 1 o\’
R LT R Y
where the inequality holds from the global assumptions ¢; < g9 and (55). Since the second source
model ¢ = 2 clearly does not contribute to the KL divergence between the two hypotheses, this
reduces the problem to the single source model. By scaling the bound in (51) by 1/3, it holds that

2
4(q + 2
. 1 qQ
Lyi(P<(q),T) > 9 <58\FN)- (56)
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Next, similarly to the 7' = 1 setting, if V2 > o3/(4n) then the monotonicity of Ly, 1 (¥<(q),T) in
g (which holds element-wise) and (56) imply the lower bound

- 1 o2
Ly (T<(9),T) > = 5
From the above three cases we deduce that
3gU2’ U? < %UT\(?
Ly, (¥<(q),T) > £V U2 > %‘L]é > V2. 57)
L% vy

We next show that this lower bound matches the weak oracle rate. Consider the following cases:

1. ¢ < ¢2 < 75/(16N). It then holds that

U? — oa \° n o 2<22+108<103
N 3 /N PTHN) TTETRN TN

and so (57) implies that

- 30 30/ @ o2 \°_30 (& 102
L v > 2= (24 12 > 22 (22, — 72
N1 (P<(e).T) 2 45<2+2+4ﬁv> “B\4 6N

2 02 q% >lo'(2)
AWN/) — 4 4N’
and
2 2
o1 o  lof 1o}
V2= <2 ——= < -
<Q1+8\/N> St RN AN

and so (57) implies that

~ 4 4 o1 2 1 o2
L v N>—. V2 = — - > . 2 1 .

3. g3 > ¢} > 93/(aN) . Tt then holds that

2 2 2

2 _ g1 o Lo 105
> — 1>

Vv <q1+ >_q1+ N 21N

and so (57) implies that
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Combining all the above, we obtain

2 2

1 2,09 2 2 10

23 <q2+1\?)7 @ <q < 5N

T 1 o 1 o? o2
Ivi(T<(@.0) 2 s (3+ %), d<kF<¥<a

2 2

1.9 2 24 10

5N =41 2 1N

By the monotonicity property of Ly 1(¥<(q),T) in g, the same bound holds for smaller values of
q1and g9, that is, the bound in (52) holds. The bound in (53) then directly follows. |

Multiple source models (1" > 3) We next move to the proof of Theorem 5 for 7' > 3. The proof
will exploit the monotonicity property of the semi-local minimax risk, but before providing it, we
explain why the construction used in the T° = 2 fails for 7" = 3 and above. To this end, let us focus
on the interesting regime of q% < ¢§/N, which implies that all 3 source models are better than the
target model. In the T = 2 case, each of the two constructed hypotheses satisfied that one of the
source parameters at exactly ¢; distance from 6 and the other at exactly go distance from 6y. In
Figure 7, we show a failed attempt for such a construction. In this construction, sufficiently large
distances are first assured for the extremal source models M and M3, and any tester of the two

hypotheses based on [N samples from each model cannot decide between 950) VSs. 051) or between

9§0) Vs. 0:(,)1) w.h.p. Asinthe T'= 1 or T' = 2 settings, this already assures suitable distance between
the parameters of the target model M. The problematic part of this construction is that after
fixing these distances, there are not enough “degrees-of-freedom” to adjust the distances between
the parameters of the “middle” source model M. Indeed, referring to Figure 7, £ := |0§0) — 951) | <
o2/\/N will hold only if

G2t e 23—

VN~ VN

Since g2 < g3 and 03 > o3, this holds only if and only if o2/v/N' > g3, which does not necessarily
hold. If 950) and 9%1) are too close to one another, then using the N samples from the models Mo
may allow the tester to reliably decide on the hypothesis, and no non-trivial lower bound can be
established by the reduction to this binary hypothesis test. We remark that considering multidimen-
sional parameters (d > 1) will not allow to ameliorate this problem as it stems from constraint on
Euclidean distances, which must hold for any dimension.
Proof [of Theorem 5 for 7" > 2] The proof is based on a reduction to the T" = 2 case. We first
assume that d = 1. Consider the following subset of ¥<(q) with the additional constraints that

med —

and
Otneg = Otiea1 = -+ = 1 =2 0,

where [|6; — 6|2 < ¢ == G2y and 102 — 001? < g := GZ(o)- Given this restricted subset, and
since 0§ > 0% > --- > o7, a simple data-processing argument (Claim 2) implies that an optimal
CL tester may sample just from the models M, ,—1 and Mz . Thus, the problem is reduced to
aT = 2 source model problem with distances ¢ = ({1, ¢2), where G1 = ¢1, and §a = Qmed, for

which it holds that ¢ < g3 < 5/(4n), and noise variances T' := (03,52, 53), for which it holds
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Figure 7: A failed attempt for a proper construction of parameter hypotheses for 7' = 3. One of the
hypotheses is in black and the other in red. The target parameter is designated by a disc,
the first source parameter by a square, the second by a circle, and the third by a cross.

that 57 := O-t2med71 and 53 := o%. Restricting the set ¥<(q) to such parameters only reduces the

risk, and so

Ena(Te(q)T) > Ena(Te(@). D) 2 (e 2Y 2 L (2 400
NAESAG,B) = ENRESWL L) = 790 \ BTN ) T 700 \Imed Ty )0

where () follows from Proposition 16. This implies the statement of the theorem for d = 1. For
any constant d > 1, we may assume that learner knows that all parameters belongs to a subset of
W (q), for which the last d — 1 coordinates are identically zero. An optimal learner may ignore
these coordinates. The only modification required compared to the d = 1 case is since Ty, (k) is
defined as the set of source parameters for which Q7 < & - dog/N, the value of & should be set so
that k - d = 1/4 in order for the previous derivation to hold. |

Remark 17 As discussed, if th +1 > 3(q1 4 Gmea + 9o /8VN) then the dependency on the noise
variance can be improved from o2 to o2, . This is obtained by modifying the proof as follows. First,
we let

Htmed = 9tmed+1 == etw.o, = 627
and then add another possible point
Htw,u.'i‘l == GT = ég

We then consider a T = 3 setting, but construct an hypothesis testing problem between 09 and
0W asinT = 2, as in Figure 6, where 01 and (92 are in the role of 01 and 05. The third source
parameter is placed at 0 for both hypotheses, and thus is useless for the distinction between them.
We omit the details for brevity.
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J.4. Proof of Theorem 6

We next prove Theorem 6, which is a tight lower bound for the general d-dimensional case and
arbitrary 7" sources. This requires a packing set of more than a pair of points (exponential in d), and
the use of Fano’s method.

Proof outline The proof of Theorem 6 utilizes Fano’s method, which is based on a packing set in
¥ whose number of points is exponential in d. The proof begins by a construction of such a packing
set for a single parameter in R? (Lemma 18). Points in this packing set belong to the unit sphere,
and in addition, have a zero first coordinate. The proof then splits between the two different regimes
dod,/N < g%, and ¢2, < doi./N. For the former, Lemma 20 uses the single-source packing
set mentioned above to construct a specific testing set Oy, with appropriate distances between the
parameters of the target and source models, as well as appropriate separation between the models
(Lemma 20). This specific construction is tailored so that the optimal policy 7 is non-adaptive and
uses just one source model, as shown in Lemma 21, which also invokes Fano’s method for this
construction. In fact, in this regime, the learner knows in advance that parameters of M, are at
distance ¢; and have noise variance o?. Proposition 22 then completes the proof of the lower bound
for this regime by standard bounding of the mutual information. The latter regime is then analyzed,
for which it is shown that the nature of the set W, (qy.o.) allows to reduce the problem to the standard
case, in which only the target model is sampled (using Claim 2). Fano’s method is then similarly
invoked to establish the lower bound.

Our construction of a testing set will be based on a proper construction of a set for a single task.
Specifically, in standard single-task estimation the constructed set is a scaled version of a packing
set of the Euclidean ball (Wainwright, 2019, Example 15.14). Here, we construct a slightly modified
set, which is a packing set of the Euclidean sphere, and in addition, whose first coordinate is zero.
The cardinality of this set is essentially similar to the standard packing set of the Euclidean ball,
besides a worse numerical constant.

Lemma 18 Assume that d > 3. Then, there exists a set {U(j)}je[K} C RY such that: (1) Unit norm
|0 ||2 = 1. (2) The first coordinate of each v\9) is zero. (3) The points in the set are separated
00D — o)) > =% = o(d) > 0

forany j1 # jo € |K]. (4) Cardinality K > 4 - e“.

Proof Let BY = B%(1) be the unit ball in R%. From (Wainwright, 2019, Lemmas 5.5 and 5.7), for
any € € (0, 1) there exists a packing set {@(j)}je[K(e)] C B2 such that [|[5U1) — 302)||2 > ¢, and
the cardinality satisfies K (€) > 1/e?=2 . Choosing € = e~ ""?/(*=2) the set {@(j)}je[K] C R? with
v = (0,50), /1 — ||0@||) satisfies the first three required properties, and its cardinality satisfies
K > e((*"/(a-2)(d=2) > 4. ¢ for any d > 3. [ |

Remark 19 The constant c(d) = e~° for d = 3, however, improves with increasing dimension,
e.g., ¢(d) = %2 > 0.22 if we restrict to d > 10, whereas for the d — oo constant is e~ 1 >0.36.

We next prove Theorem 6 separately in the two different regimes dowo /N < g2, and g2, < doio/N
in Propositions 22 and 23. We begin with the former regime. Consider the following construction
of a testing set Oy 1= {09 },c(r) € © = R? for d > 3. Let {v1)} ;¢ (] be a set which satisfies
the four properties stated in Lemma 18. Then @, is constructed as follows:
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1. Parameters for the target and “close” models: For any t € {0} U [tw.o ]

. | da2 .
975*7]) = < LO]-:;'O' — qt> . ”U(J).

2. Parameters for the “far” models: For any ¢ € [T\ [tw.o.]

(eg) o dog,,
0, —( qi N ,...,0)

forany j € [K].
Lemma 20 Assume that d > 3. Then, the set ©, , := {7} jerk] C © = R satisfies:

1. Distance between the task parameters:

165" — 057 = af (58)
foranyt € [T] and any j € [K].
2. Separation in the target task:
* *,] *,J do-v%o
e = (Oy) = 10677 — 06 = e(d) - |/ > (59)

for any ji, jo € [K], j1 # jo.

Proof We first verify the distance between the model parameters. The key point is to assure that the
magnitudes \/dov. /N — g for close models and the magnitudes /7 — do%0/N used to the define
the parameters are all (nonnegative) real numbers. Indeed, for the close models, t € [ty ], it holds
that ¢7 < gy, < do%./N and then \/do30 /N — g, > 0. For the far models, t € [T']\[tw..], it holds
that g7 > dog/N > dog, /N and then g7 — doi,/N > 0. Thus, in both cases and for all models, the
parameter set {6} jelk) is well defined. It is then easy to verify that (58) holds. The separation
in the target task follows directly from Lemma 18 and ¢y = 0. |

The next proposition is crucial, and is based on Claim 2 invoked for the constructed testing set
O/ In essence, it shows that the optimal policy 7 of a tester for a randomly chosen parameter in
O is to take all N samples from a single, optimally chosen, model. This reduces the CL setting
to a standard single-task setting, and enables the utilization of Fano’s method (Wainwright, 2019,
Section 15.3) to lower bound the error probability, and thus also the risk. It should be noted that the
learner knows in advance that parameters of M, are at distance (J; = ¢; and have noise variance

2
O-t-

Lemma 21 An optimal CL tester for testing a uniform random hypothesis from Oy, . .= {9(*’j ) } je[K]

test
may collect all its N samples from a single model My, where t* € [t,,,, |. Given that J = j, the N
resulting samples are equal in distribution to N i.i.d. samples from the model

M, Y, =059 e, (60)
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where e, ~ N(0,02 - 1), and where o2 > o2, holds. Furthermore, let YEN be N i.i.d. measure-
ments from (60). Then,

I(J;Y2N) 4+ log 2
log K ’

mfiln eN((I)tesn A) >1- (61)

Proof For far models, ¢t € [T]\[tw.o ], the parameters Ht(*’j ) = (Va2 — 22,.,0,...,0) are located
at the same position for all j € [K| hypotheses. Thus, the first case of Claim 2 implies that an
optimal learner will not sample from M, for ¢ € [T]\[two]. For close models, we exploit the
property that Hg’j ) Gg’] ) for any t1,ts € {0} U [tw.o ], and so the second case of Claim 2 implies
that an optimal learner should only sample from one of them. Specifically, the one with minimal

noise variance after scaling. Consider a model ¢ € {0} U [ty ]. Since the learner knows the norm

] 1/ 0‘2 . .
||9£*’] ) Il = Aw.o. — ¢+ in advance, it can scale its samples by do%a /N > 1 to obtain an equivalent

\Y d”\%,o./N*Qt

Mt : }th = 9(()*7J) -+ gt

model

where éﬁ*’j) = 9(()*’j) and & ~ N (0,67 - 1) with

This holds for all models ¢ € {0} U [tw, ], and since the parameters of the different hypotheses are

located at exactly the same positions {98* ) } je|k]» the learner can sample only from the model with
the minimal (scaled) noise variance, that is, from
[aoz, \°
N 2

* o, :
"= argmin | —— | -o0}.

t€{0}U[two)] dJT%o. —a

We thus let M, = M, and 02 = 2. It now holds that
~2

/dog,.
. N
O = min _—
te{0}U[tw.o.] do2,
-~

since \/do%0/N — ¢ > 0 and due to the noise variance ordering assumption o3 > 0% > o5 >
R a%. Given that an optimal CL tester may collect N samples from M., the problem is now
reduced to the standard hypothesis testing setting. By Fano’s inequality (Wainwright, 2019, Eq.
(15.31)), the error probability in testing J based on NNV i.i.d. samples from M., is lower bounded by
1 — (I(J;Y:2N)+10g 2) /10g K, from which (61) directly follows. [ |

2 2
" Oy > Ow.0.1

The rest of the proof in this case is a technical standard bounding of the mutual information, leading
to:
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Proposition 22 Consider the setting of Theorem 6 and further assume that 4w, /N > q2., . Then,

Lya(¥=(q),T) >

Proof Let P(*7) be distribution of a sample from the Gaussian location model M, in (60), and let
P be distribution of N i.i.d. samples from a pure noise model N'(0, o2 - I;). The information-radius
upper bound on the mutual information and the tensorization property of the KL divergence imply
that

*,7) 112
I(J; YEN) < N - max Dgp,(P™9) || P) = N-maxM
j€lK] jelk] 203 7

where the equality follows from Fact 1. The lower bound (61) then reads

|9( J)H

171(J;K®N)+log2>1iNl +log 2
log K - logK
(;) CIQUT%"'ﬂLlogZ
log K
@ 4 +log2
- log K
(1
> 97
-2

where () follows since ||§*7)||2 = do2, /N, (b) follows since Lemma 21 states that 02 > o2, and
(c) follows since Lemma 18 states that K > 4 - e, Combining this with (61) (Lemma 21) and (49)
(Proposition 14) implies that Ly 4(¥—~(g),T') > 7/2. The proof is completed by using separation
in the target task bound (59) (Lemma 20). |

Proposition 23 Consider the setting of Theorem 6 and further assume that q2,, > do%./N. Then,

c*(d)
8

Lya(®.u(guo),T) > o

Proof We construct the testing set @, := {67 }ielk) in which 9(()*’j ) = Gwo. -vY) and Ht(*’j ) =0
for all ¢ € [T']. Similarly to Lemma 20 it holds that O}, C W.(qw..) and that

He((;hh) . 0(()*7J2)|| > Gwo. - C(d)
for all j; # jo € [K]. By Claim 2, an optimal learner will collect N samples from M,. This
reduces the problem to the standard estimation setting. Thus, Fano’s inequality (Wainwright, 2019,

Eq. (15.31)) implies that

B I(J; YEN) +log 2
log K ’

mfi‘n eN((-):‘estﬂ A) > 1
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where Y0®N are N i.i.d. samples from M. Similarly to the proof of Proposition 22, this is further
lower bounded as

|9( J)H

|
) I(J;YE)®N)+10g2>1 N2 +log2
log K - logK

2

B _Ng”;%+log2

N log K

(;)1_%+10g2

- log K

(Q _%+log2
log K

(@1

> o

2

where (@) holds since g2, < do3/N, and (b) since K > 4 - e (Lemma 18). The proof then follows
from Proposition 14. |

58



	Introduction
	Problem setting 
	The similarity–difficulty balance and oracle-based learners 
	A CL elimination algorithm and risk upper bound 
	Minimax risk lower bounds 
	Future research 
	Related work 
	Notation conventions 
	A high probability bound on the mean estimation loss 
	The linear regression setting and high probability bounds on the loss 
	Comments on xu2022statistical 
	The minimax risk lower bound of [Theorem 1]xu2022statistical
	The algorithm and risk upper bound of [Theorem 3]xu2022statistical 

	Proof of Theorem 1 (a single source model T=1) 
	Proof of Theorem 4 (multiple source models T>1) 
	An extension of Algorithm 1 to unknown noise covariance matrices 
	Unknown noise variances
	Unknown noise covariance matrices 

	Empirical experiments 
	Minimax lower bounds: Extended discussion and proofs for Section 5 
	A general reduction to hypothesis testing 
	The choice of the localization set and associated challenges 
	A comparison of Theorem 5 with the lower bound of xu2022statistical and its proof 
	Proof of Theorem 6 


