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Abstract

Clustering is a pivotal challenge in unsupervised machine learning and is often investigated through
the lens of mixture models. The optimal error rate for recovering cluster labels in Gaussian and sub-
Gaussian mixture models involves ad hoc signal-to-noise ratios. Simple iterative algorithms, such
as Lloyd’s algorithm, attain this optimal error rate. In this paper, we first establish a universal lower
bound for the error rate in clustering any mixture model, expressed through Chernoff information, a
more versatile measure of model information than signal-to-noise ratios. We then demonstrate that
iterative algorithms attain this lower bound in mixture models with sub-exponential tails, notably
emphasizing location-scale mixtures featuring Laplace-distributed errors. Additionally, for datasets
better modelled by Poisson or Negative Binomial mixtures, we study mixture models whose distri-
butions belong to an exponential family. In such mixtures, we establish that Bregman hard cluster-
ing, a variant of Lloyd’s algorithm employing a Bregman divergence, is rate optimal.

Keywords: clustering, mixture models, k-means, iterative algorithms

1. Introduction

Clustering is the task of partitioning a set of data points into groups, called clusters, such that data
points within the same cluster are more similar to each other than they are to data points in different
clusters. Clustering is an important problem in statistics and machine learning (Hastie et al., 2009;
Wu et al., 2008), with many applications.

Mixture models provide an elegant framework for the design and theoretical analysis of clus-
tering algorithms (McLachlan et al., 2019; Bouveyron and Brunet-Saumard, 2014). Denoting by
z* € [k]™ the vector of cluster assignments, a mixture model assumes that the n observed data

points X1, -, X,, € X", where X C R, are independently generated such that

Vi € [n]:Xi]szfZ;, (1.1)
where f1,---, fi. are the k probability distributions over X. An estimator z = 2, of z* is a mea-
surable function z: (Xy, -+, X,) — 2(X1,---,X,) € [k]™. The loss of an estimator 2 of z* is

quantified by the number of disagreements between 2 and z*, up to a global permutation of 2, i.e.,

loss(2*,2) = Tersr;inrll(k) Ham(z*, 70 %), (1.2)
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where Sym(k) denotes the group of permutations on [k] and Ham the Hamming distance. The
expected relative error made by an estimator Z: (Xy,---, X,,) — [k]™ is then defined as

E [n_lloss (z*,2)],

where E[-] denotes the expectation with respect to the model (1.1).

Gaussian mixture models are an important class of mixture models, in which for all a € [k], the
distribution f, is Gaussian with mean p, € R? and covariance matrix ,. If the Gaussian mixture
is isotropic, that is, ¥, = 021, for all @ € [k] (with 0? > 0), finding the maximum likelihood
estimator (MLE) of (z*, ) is equivalent to solving the k-means problem

20 = argmm ZZ 1{z = a}|| X; — fiz, |3, (1.3)
i=1 a=1
/‘L 1, 7,“17
where || - ||2 denotes the Euclidean #2-norm. Lloyd’s algorithm provides a simple way to find

an approximate solution of this NP-hard minimisation problem iteratively (Lloyd, 1982). Under
technical conditions on the initialisation and on the model parameters, Lu and Zhou (2016) show
that the number of misclustered points by Lloyd’s algorithm after © (log n) iterations verify

F [ ~oss (z ZLloyd)} < e—(l-l—o(l))%SNR?’ (1.4)
where the signal-to-noise ratio (SNR) of this isotropic Gaussian mixture is defined as

ming <qzp<i || e — 1|2

SNR = (1.5)
20
More generally, in a mixture of anisotropic Gaussians, where the probability distributions f1, - - - , fx
are Gaussians with means 1, - - - , pg and share the same covariance matrix Y, the MLE becomes

2’ﬂ = argmln ZZ]]-{ZZ - CL}HX ﬂ2a||227
k]n i=1 a=1
/1/17 "7“1’

where ||z — y||% = (x — y)T S~ (z — y) denotes the square of the Mahalanobis distance. Because
the formulation of the new MLE is similar to (1.3), it is natural to modify the Lloyd algorithm by (i)
estimating the means and covariances in the estimation step and (ii) replacing the squared Euclidean
distance by the Mahalanobis distance in the clustering step. The error of this new iterative algorithm
is also upper-bounded as in (1.4), where the signal-to-noise ratio of this model is SNRanisotropic =
21 min; <q2p<i ||pta — ||z (Chen and Zhang, 2021). Moreover, for this anisotropic Gaussian
mixture model, the upper bound (1.4) on the error attained by this iterative algorithm is tight and
cannot be improved. More precisely, Chen and Zhang (2021) establish that

igf su[p] E [n~toss (2%, 2)] > e (o2 3SNR isotropic (1.6)
z*elk|™

where the inf is taken over all estimators Z. Combining (1.4) and (1.6) shows that a Lloyd-based
scheme for solving the MLE in a mixture of anisotropic Gaussians achieves the minimax rate.
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Error rates of iterative algorithms are now well understood for (sub)-Gaussian mixture models,
but what happens for the mixture of distributions with heavier tails than Gaussians? As a first
setting, we will study location-scale mixture models, for which the coordinates of each data point
are generated as

Vi€ [n], Ve d: X = pare+ o€, (1.7

where (fiq,0,) € R? x (0, 00)¢ denote the location and the scale of block a € [k], and the random
variables ¢;, are independently sampled from a distribution with mean 0 and variance 1. When
the €;y’s are not Gaussians, does the minimax error rate also relate to a signal-to-noise ratio?
Furthermore, parametric mixture models do not always involve location and scale parameters. For
example, single-cell RNA sequencing datasets are represented by a matrix X € Z"*¢ where n is
the number of cells, d is the number of genes, and X, records the number of unique molecular
identifiers from the ¢-th cell that map to the ¢-th gene. Cells can be of different types, and entries
X;; are often assumed to come from a negative binomial, whose parameters depend on the types
of the cell ¢ and of the gene ¢ (Griin et al., 2014; Haque et al., 2017). This motivates the study of
negative binomial mixture models and, more generally, of mixture models of the form (1.1) where
the pdfs fi,--- , fr belong to an exponential family, but not necessarily Gaussian.

Our first contribution is the characterisation of a fundamental limit for the misclustering error.
Denote by Chernoff(f, g) the Chernoff information between two probability distributions f and
g. We establish that the classification error made by any clustering algorithm when applied to a
mixture model defined in (1.1) is lower bounded as

—(1+4o0(1 min  Chernoff(f,,
inf sup ]E[n_lloss (z*,fé)] > e ( ())15‘”“’9“ U fb). (1.8)

z z*elk]n

This lower bound involves the Chernoff information instead of signal-to-noise ratios, but we show
that these two quantities are related in many models of interest. In particular, for anisotropic Gaus-
sian mixture models, the lower bounds (1.8) and (1.6) are the same. However, expressing the lower
bound in terms of the Chernoff information instead of SNR is more versatile as it does not require
making any assumption on the pdfs fi,--- , fx. The rationale for finding the Chernoff informa-
tion in the lower bound (1.8) lies in the reformulation of the problem of assigning a data point X;
to a cluster Z; as an equivalent hypothesis testing problem, which tests the % different hypothesis
Hy: z; = (L for £ € [k]. The difficulty of this problem is defined as the error made by the best
estimator, which is asymptotically exp(—(1 + o(1)) minj<q-p<x Chernoff(fo, f3)).

Our second contribution is to show that iterative clustering algorithms can attain this error
rate in sub-exponential mixture models. More precisely, we establish that an iterative algorithm
achieves the lower bound (1.8) in the location-scale mixture model (1.7) when the €;,’s are Laplace-
distributed. An interesting example is when each dimension has the same variance, i.e., o1y = - -+ =
oke =: 0¢. In such a model, the minimax error rate can be written as exp(—(1 + o(1))SNRpaplace )
where

SNR = min |27 —
Laplace 1<artb<k H (Ma Mb)Hh
where X is the diagonal matrix whose diagonal elements are o1, - - - , 04. Furthermore, for the mix-

ture model defined in (1.1) whose pdfs belong to an exponential family, we show that the lower
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bound (1.8) is attained by a variant of Lloyd’s algorithm that replaces the minimisation of the
squared Euclidean distance by the minimization of a Bregman divergence. This algorithm is com-
monly called Bregman hard clustering in the literature, and the choice of the Bregman divergence
depends on the exponential family considered (Banerjee et al., 2005).

Paper structure The paper is structured as follows. In Section 2, we establish a lower bound
on the error rate made by any algorithm in clustering mixture models. We show in Section 3 that
iterative algorithms attain this lower bound in various mixture models, such as the Laplace mixture
model (Section 3.2) and the exponential family mixture models (Section 3.3). We discuss these
results in Section 4 and compare them with the existing literature.

Notations The notation 1,, denotes the vector of size n X 1 whose entries are all equal to one. For
a vector x, we denote by ||z||, its £/ norm (with 1 < p < co). The standard scalar product between
two vectors z, y is denoted < x,y >. The indicator of an event A is denoted 1{ A}. We abbreviate
“random variable” by rv and “’probability density function” by pdf. Laplace and Gaussian random
variables with mean 1 and scale o are denoted by Lap(u, o) and Nor(u, 02). Given a pdf f, we
write X ~ f if X is a rv whose pdf is f. A real-valued rv X is sub-exponential if there exists
C > 0 such that for all z > 0 we have P (| X| > x) < 2¢~“*. Finally, we use the standard Landau
notations o and O, and write a = w(b) when b = o(a) and a = Q2(b) when b = O(a). We also write
a=0(b) whena = O(b) and b = O(a).

2. Minimax rate of the clustering error in mixture models

Let f and g be two pdfs with respect to a reference dominating measure v. The Chernoff information
between f and g is defined as

Chernoff(f,g) = —1ogtei(1(1)f1)/ft(:v)gl_t(x)dy(m).

For a family F = (f1,--- , fx) composed of k probability distributions, we define

Chernoff(F) = min Chernoff (f,, f3) - (2.1)

1<a#b<k

The following theorem establishes an asymptotic lower bound on the clustering error in a mixture
model composed of the distributions belonging to the family F.

Theorem 1 Consider the mixture model defined in (1.1) and let F = (f1,- - , fr) be the family of
k probability distributions that comprise the mixture, where k and the distributions f, scale with n.
Suppose that Chernoff (F) = w(log k). Then,

inf sup E [n 'loss(z,2)] > o~ (1+0(1))Chernoff (F)

2 ze[k]™

)

where the inf is taken over all estimators %: (X1, , X,,) — [k]|™.

The proof of Theorem 1 is given in Section A. The proof of Theorem 1 has two main steps. The
first challenge is to address the minimum over all permutations in the definition of the error loss.
Hence, rather than directly examining inf sup,¢» E [n_lloss(z, 2)] , we focus on a sub-problem
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.5 E [noss(z, 2)|, where Z C [k]™ is chosen such that loss(z, 2) = Ham(z, 2) for all
2,2 € Z. The idea is that this sub-problem is simple enough to analyze, but it still captures the
hardness of the original clustering problem. Next, we bound the minimax risk of this sub-problem
by the Bayes risk and we demonstrate that it is sufficient to lower-bound the testing error between
each pair. The optimal error of this pairwise testing problem follows naturally from Lemma 2.

In Gaussian mixture models, the following example shows that the quantity Chernoff(F) is

related to the more commonly used signal-to-noise ratios.

inf; sup

Example 1 Suppose that f, = Nor(juq, o) where iy, -+, € RE and $q,- - , %y, are k-by-k
positive definite matrices. Then,

t _ 1 [t3q + (1 — )%y
Chernoff(F) = max sup (1 —1t){ = (pta — )" 2k (1ta — - lo -
( ) a#bE[k] te((]I’)l)( ) {2 (Ma Nb) abt(lua lu’b) Q(t . 1) g |Ea|1,t . ‘Eb|t
When 3y = - - - = Xy the sup is achieved fort = 2! and we obtain Chernoff (F) = 2_ISNR‘§,nisotropic

where SNRanisotropic = 271 max, pe(y] | S22 (g, — )||2- This recovers the minimax lower bound
for clustering Gaussian mixtures established in Chen and Zhang (2021).

Theorem 1 is closely related to hypothesis testing. Indeed, suppose that the probability densities

1, [ are known. By the Neyman-Pearson lemma, the optimal clustering 2MF verifies
Jioe, y y P g
%MLE = argmax fq(X;),
a€lk]

and 2ZMLE is a function of X; only, and not of the other data points X_; = (X j) i

Yet, hypothesis testing conventionally operates within the framework of fixed pdfs f and g,
where observations consist of n data points Y7, - - - | Y,,, independently sampled from either f or g.
It is standard to quantify the optimal error rate of this problem using the Chernoff information. We
focus on an alternative scenario: when we have two sequences of distributions f,,, and g,,, indexed
by a parameter m, which diverge with m (as indicated by the unbounded Chernoff information),
distinguishing between the two hypotheses at each iteration m becomes feasible with just a single
data point Y sampled from f,,, or g,,,. The following lemma, whose proof is given in Appendix A.1,
provides the optimal error rate of this hypothesis problem. This lemma cannot be directly derived
from existing results, as the pdfs f and g are not fixed but vary with m.

Lemma 2 Given two sequences of pdfs (fn,) and (g,) indexed by a parameter m € 7., consider
the two hypotheses Hy: Y ~ fy, and Hy: Y ~ gp,. Let MPE(Y) = 1{f,n(Y) < gm(Y)} and
define the worst-case error of ¢: Y +— ¢(Y') € {0,1} by
r(¢) = max{P (¢(Y) = 0| Hy) , P (¢(Y) = 1| Ho)}.
Then, inf s 7(¢) = r(MLE). Furthermore, if Chernoff(f,,, gm, ) = w(1), we have
log r(¢MME) = —(1 + o(1))Chernoff (f,, gm).-
Otherwise, if Chernoff (f,,,, gm) = O(1), we have r(¢M-E) > ¢ for some constant ¢ > 0.

A direct consequence of Lemma 2 is that the classification rule z; = argmax,, ¢ fm(X5)
for all ¢ € [n] yields an error rate of exp(—(1 + o(1))Chernoff (F)). Hence, if one has access to
the true probability distributions fi,- - - , fr composing the mixture, then the lower bound given in
Theorem 1 is tight. In most practical settings, the true probability distributions are unknown. The
following section demonstrates how the minimax error rate can still be achieved.
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3. Clustering error of iterative algorithms on parametric mixture models
3.1. Parametric mixture model

In this section, we consider the recovery of the clusters of parametric mixture models. More pre-
cisely, we let Pg = {fp,0 € O} be a family of pdfs parameterised by a subset © C RP. For

m points Y1, - , Y, sampled from fj, we denote by ({Y7,--- ,Y;,}) an estimator of 6. We let
z* € [k]™ be the vector of cluster assignments, and 61, --- ,6; € O. Conditioned on z*, the n
observed data points (X1, - - - , X,,) are independently sampled, such that

Xilzi =a ~ fg,. (3.1

A natural estimator 2°72® of z* that uses the knowledge of the true parameters of the model
(6a)acis) is given by

Vie[n]: 20 — argmaxlog fo, (X;). (3.2)
a€(k]

When the model parameters (Ha)ae[k] are unknown, Algorithm 1 provides an iterative scheme for
estimating the cluster assignment z*. This algorithm sequentially performs the estimation and clus-
tering stages. The goal of this section is to provide general bounds on the error made by Algorithm 1.
Following the same proof strategy as previous works on iterative algorithms (Gao and Zhang, 2022),
we first decompose the error into two terms and then provide general conditions under which these
terms can be upper-bounded.

Algorithm 1 Clustering parametric mixture models.

Input: Set of n data points (Xi,---,X,) € X", parametric family Pg = {fp,0 € ©} of pdfs,
number of clusters k£, number of iteration ¢y, initial clustering (%) ¢ [k]™.

Output: Predicted clusters Z € [k]™.

Fort=1---t,.x do

1. Fora=1,--- ,k,let é((lt) =0 ({Xi: zi(t_l) = a}) be an estimate of 6,;

2. Fori=1,--- ,nlet égt) = arg max,¢y) log fém (X5).

Return: 3 = 3(tmax),

3.1.1. DECOMPOSITION OF THE ERROR TERM

Let us introduce ¢, (z) = log fy,(x) and e (z) = log f; (x). We show in Appendix B.1 that we

can upper-bound the error loss(z*, 21 of Algorithm 1 made at step ¢ as
loss (z*, 2(t)) < Edeat(0) + L (0), (3.3)
where § > 0 and

Giaeal(0) = D > 1{l(Xi) —£,(X:) <5}, (3.4)

i€[n] be[k]\{2]}

fgq)cess((s) = 25_1 Z Z 1 {éz(t) == b} max

> IO (X)) — L, (X3)| . (3.5)
i belk=1) o<l
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When 6 = 0, the ideal error ;gea1(0) is an upper bound on the error done by one step of Algorithm 1
that uses the correct parameters 67, - - - , 0} and not the estimated ones. Studying &qea1(9) instead

of &ideal (0) gives us some room to control the excess error féi)cess(é ) made by estimating the model
parameters. The value of § must be small enough so that &jgea1(0) has the same asymptotic behaviour

as &idea1(0), but large enough so that 5,&520655(5 ) remains small. The following lemma motivates the
choice of § = o(Chernoff (F)).

Lemma 3 Consider a family F = (f1,---, fr) of pdf. Suppose Chernoff(F) = w(1) and let
0 = o(Chernoff (F)). Then, with a probability of at least 1 — e‘\/m,

fideal((s) < nke—(l-i—o(l))Chernoff(]—')

3.1.2. CONDITIONS FOR RECOVERY

After Lemma 3, the last remaining step to upper-bound the loss is to control the excess error term.
Because the estimates 2(*) are data dependent, we have to establish that, starting from any 2(°) with
a loss small enough, the excess error after one step is upper bounded by a nicely behaved quantity.
More precisely, denote z.y, the clustering obtained after one step of Algorithm 1 starting from some
arbitrary initial configuration z,)q € [k]", and define the following event

Ervee = {loss(z*, Zold) < nk~lr implies Eexcess(0) < closs(2, zpew) + ¢ loss(z*, Zold)},

where 7,9, ¢, ¢ are determined later. The following condition states that the event &; 5. holds
with probability 1 — o(1) (with respect to the data sampling process) for a certain choice of 7, ¢.

Condition 1 Assume there exists 7 = (1), § = o(Chernoff (F)) and constants ¢, ¢’ € (0,1) with
d <1—csuchthatP (£ 5.0) > 1—o(1).

Assume loss(2*, 2(%)) < nk~'7. Conditionally on the high probability event &, 5. ., we establish
(by induction and by combining the error decomposition (3.3) with Lemma 3) that

loss (z*’é(t)) < Lke—(l-i-o(l))(}hernoff(}')_i_

. — Closs (z*, 2<t—1)> , (3.6)

as long as we can ensure that loss (z*, i(t)) < nk~l7 atevery step t > 0 for the same 7 = O(1).
We can now state the following lemma, whose proof is given in Appendix B.3.

Lemmad4 Let0,--- 0, € ©and F = (fy,, -+, fo, ). Let T = Q1) such that Condition 1 holds
and Chernoff (F) = w(log(k?7)). Let ) be the output of Algorithm I after t steps. We have

vt > {log (1 ; C) log nJ : n1loss (z*, é(t)> < ¢~ (1+o(1))Chernoff(F)

Lemma 4 establishes that Algorithm 1 achieves the minimax rate of recovering z* with respect to
the loss function n~'loss(z*, ) after at most ©(logn) iterations when Condition 1 is verified. In
the next two sections, we show that this condition holds for specific parametric families P(©).
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3.2. Clustering Laplace mixture models

A real-valued random variable Y has a (1-dimensional) Laplace distribution with location © € R
and scale o > 0 if its pdf is g, »)(2) = 55 exp (=0~ !z — p[). We denote such a rv by ¥ ~
Lap(u, o). In this section, we suppose that the n observed data points X1, - -- , X,, belong to R?
and are generated from the mixture model (1.1) such that for every i, the d coordinates of X; are
independently generated and follow a Laplace distribution, i.e.,

Ve ed: Xy = [zze + Oze€ip  Where €y ~ Lap(0,1), (3.7

where for all @ € [k] we have y, € R? and o, € (0,00)?. Equivalently, we can rewrite the

mixture (3.7) as a mixture of the parametric family indexed over © = R x (0, 00)? defined by

_ _ d -1 Ty — [ _
P©) = < folx) =[] o 90,1) 0= (u,0)p.
=1

oy

Given a sample Y7, - -+, Y}, of a 1-dimensional Laplace distribution, we estimate the location and
the scale by

m

AYi, oY) = m )Y and 6(Yi,e Yo) = mT Y Vi — Ve, Vi)l
i=1 =1

For simplicity of the exposition of the theorem, we assume that the locations p,¢ depend on n, but
the scales o, are constant. We denote A, oo = maxqpe(y] ||tta — tb]|oo the maximum distance
between the cluster centres. The following theorem establishes bounds on the recovery of Laplace
mixture models. The proof is given in Appendix D.

Theorem 5 Let X1, -, X,, be generated from a Laplace mixture model as defined in (3.7). Sup-
pose that klog®(dk) = o(n) and Min g e [4] Eie[n] 1{z} = a} > ank™! for some a > 0 (indepen-

dent of n). Assume that A, o = O (d~'Chernoff (F)) and Chernoff (F) = w(dvVk(1 + \ﬁ%))

Let 2 be the output of Algorithm 1 after t steps, and suppose that the initialization verifies
loss(2*,20) = o (nk:_lA;})O). Then, with probability of at least 1 — o(1), it holds

n~Hoss (z*,é’(t)) < g (IFo())Chemofi(F) vy > | clogn)
for any arbitrary constant ¢ > Q.

While we adopt a similar error decomposition approach as in prior works on clustering sub-
Gaussian mixtures (Chen and Zhang, 2021; Gao and Zhang, 2022), our analysis of the individual
error terms is different due to the sub-exponential nature of the data. This is done in Appendix C.

The conditions A, o = O (d~!Chernoff(F)) and loss(z*, 29) = o (nk~'A; L) in Theo-
rem 5 impose that the quantity A, o, should not be too large. This might seem counter-intuitive
at first. In fact, A, o is the maximum distance between the cluster centres, and therefore a large
A}, o0 should not impact the difficulty of recovery. But the first step of Algorithm 1 estimates the

quantities ﬂ((ll) by taking a sample mean based on the initial prediction 2(°). Because (i) the sample
mean is not a robust estimator and (ii) mistakes made by the initial clustering are arbitrary, those
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mistakes may have an enormous impact on the mean estimation if A,  is arbitrarily large. Similar

conditions, albeit usually involving A, 2 = maxgy ||fta — |2, already appear in the study of

k-means algorithm for (sub)gaussian mixture models. We refer the reader to (Lu and Zhou, 2016,

Section A.5) for a counter-example showing that such a condition is necessary when studying worst-

case scenarios. Gao and Zhang (2022) avoid such an extra condition on A, o, but at the expense

of using a different loss function: w-loss (z*,2) = 22:1 Z%l ltta — pol|?1{z} = a,2; = b}.
a

This new loss function imposes a heavier penalty on mistakes made between clusters having a large
|| tta — 11 ||?. Assuming that w-loss (¥, 2(0)) = o(nk™ mingzp || ta — p15]|*), Gao and Zhang (2022)
establish that Lloyd’s algorithm attains the optimal error rate in isotropic Gaussian mixture models.
The assumption of w-loss (2*, 2()) is stronger than the assumption on loss (z*, 2(%)), as the former
automatically rules out settings in which too many mistakes are made across cluster pairs that have
alarge ||pa — '

Finally, we note that in previous literature, the difficulty of clustering is expressed by a small
signal-to-noise ratio, instead of a small Chernoff information. In many cases, the two are related, but
as we saw in the introduction, the signal-to-noise ratio might take a different expression depending
on the model considered. This is also the case for the Laplace mixture model. For example, if each
dimension has a unique scale across the k clusters (i.e., 01y = -+ = oy = 0y), we have (see
detailed computations in Appendix D.3)

d
Chernoff (F) = (1—1—0(1))minz w.
g

a7t 3
This can be rewritten as
Chernoff(F) = (1+ o(1)) r(ggjl 127 (e — )1
where ¥ is the diagonal matrix whose elements are o1, - - - ,0,. This quantity || (e — )1

can be interpreted as an SNR. If we further restrict 0y = - -+ = 0y = o (isotropic Laplace mixture
model), we obtain

))mina#b ||:ua - ,U/b||1
o

Chernoftf (F) = (1+o(1

For this isotropic Laplace mixture model, the error rate involves the ¢! distance, instead of the more
traditional #2 distance used in the Gaussian mixture model (see (1.5)).

3.3. Bregman hard clustering of exponential family mixture models

A set of pdf Py (©) = {pg, € ©} form an exponential family if each pdf py (defined with respect
to a common reference measure ) can be expressed as

Pyo(y) = h(y)e<r@0>=v0) (3.8)

where h(-) is the carrier measure, u(-) is the sufficient statistics, 1(0) = log [ h(y)e<"W)*>duy(y)
is the log-normalizer (also called the cumulant function), and 6 is the natural parameter belonging

1. More precisely, we notice that mingp ||pta — p||*loss(z*, 2) < w-loss(z*, 2) for all z € [k]™. Therefore, the
condition w-loss (z*, :2'(0)) = o(nk™" mina ||ta — p||*) implies loss (z*, 2(0)) = o(nk™"), but the converse
does not hold.



DREVETON GOZETEN GROSSGLAUSER THIRAN

to the space © = {0 € RP: ¢)(f) < oo}. We assume that O is open so that P(0) forms a regular
exponential family, and that u is a minimal sufficient statistics’>. Among important properties of
regular exponential families, we recall that ¢ is a differentiable and strongly convex function which
verifies Ey ~p,, , [u(Y)] = V4(0) (Banerjee et al., 2005, Sections 4.1 and 4.2).

We consider a family of k pdf 7 = {fg,,--- , fp, } belonging to the same exponential family,
such as each fy, can be written as

d

fea (zl’ PR ,xd) — H hz($€)€<u€($l)70a£>_¢2(9a2). (39)
/=1

In other words, each coordinate X;, of X; is sampled from an exponential family with sufficient
statistics up, cumulant function 1y, and parameter 025 ¢. We note that, for each coordinate ¢, differ-
ent clusters share the same the sufficient statistic u, and cumulant function 1, but have different
parameters 61y, - - - , 0. Moreover, we assume that wuy is a function from R to R, but our results
extend naturally if uy: R — RP.

For any convex, differentiable function p: © — R, we define its Legendre transform as ¢*(y) =
suppee{< 0,y > —p(0)}. The Bregman divergence Breg,,(-||-) with generator ¢ is defined by

Breg, (zlly) = ¢(z) — ¢(y) — (& — )" Ve(y).

The pdf py, ¢ defined in (3.8) can be rewritten as (Banerjee et al., 2005, Theorem 4)

Ppo(y) = by(y)e Bresvs (@)
where by, (+) is independent of #. Therefore, for any fy, € P(0%) we have

f@a (I‘) — b(x)e_ ZeL:1 Breng (uf(zf)nu‘aZ)7
where 0 = Ex~f,, [we(Xe)] = Vipe(fae). Therefore, for a mixture model for the parametric
family (3.8), we can reformulate Algorithm 1 as Algorithm 2. As in Section 3.2, we also define
Ao = maxi<azb<k |[Ha — Hbl[oo-

The following theorem, whose proof is provided in Appendix E, shows that Algorithm 2 is
rate-optimal if correctly initialised.

Theorem 6 Let X1, -, X, be generated from a mixture model of exponential family as de-
fined in (3.9), and such that u,(X;) is sub-exponential. Suppose that klog®(dk) = o(n) and
min,e(y] Zie[n] 1{z} = a} > ank™! for some constant a > 0. Suppose that V*1* (pa0) = O(1),

A, 0 = O(d"'Chernoff(F)) and Chernoff (F) = w(dvk(1 + ﬁ%)) Let ) be the output

of Algorithm 2 after t steps, where the initialisation verifies loss(z*, 73(0)) =o0 (nk‘lA;}X)). Then,
with a probability of at least 1 — o(1), it holds

n~Hoss <z*,2(t)) < e~ (IHo()Chernoff(F) iy > | clogn |

for any arbitrary constant ¢ > Q.

2. A sufficient statistic u is said to be minimal if for any other sufficient statistic 4, there exists a measurable function ¢
such that u = ¢(a).

10
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Algorithm 2 Bregman hard clustering (Banerjee et al., 2005)

Input: Set of n data points (X, --,X,) € R™ 9, sufficient statistics u1,--- ,uq: R — R,
convex functions 7, - - - ,w;: R — R, number of clusters k, number of iteration .y,
initial clustering 2(9) € [k]™.

Output: Predicted clusters Z € [k]™.

Fort=1-- -ty . do

51 {2 V= ue(Xie)
Zi]l{éz(t_l):a} '

1. Fora=1,--- ;kand/=1,--- ,d,let i,y =

2. Fori=1,--- ,nlet égt) = arg min 25:1 Breng (ug(xp), fige)-

a€lk]

Retul‘n: Z = ZA'(tmax)'

We need the technical condition V*¢} (1a¢) = ©(1) to control the term Breg, (ttat; flar) when
[lqe 18 an estimate of p,p. This condition is verified in many models of interest (such as Poisson,
Negative Binomial, Exponential, or Gaussian mixture models). For example, for Poisson distribu-
tions, we have ¥*(x) = zlogz — 1 and hence V?*(x) = z~! is a ©(1) if we assume that the
intensities of the Poisson pdf forming the mixture are all lower-bounded.

The assumption that uy(X;/) is sub-exponential can be verified even if X;, has a heavier tail than
exponential. For example, if X, is log-normal, then uy(X;¢) = log(X;/) is Gaussian and hence
has sub-exponential tails. Pareto distribution provides another interesting example: if X, is Pareto
distributed with shape o and scale z,,, = 1, then log X is exponentially distributed with mean a~".

Finally, we notice that, except for particular cases (such as Gaussian mixture models), the quan-
tity Chernoff (F) does not have a nice closed-form expression, and we can not easily define an SNR
in those models. An important example of such a quantity already appearing in the literature is the
Chernoff-Hellinger divergence, originally defined in Stochastic Block Models (Abbe and Sandon,
2015; Dreveton et al., 2023), and appearing in the study of Poisson mixture models, as shown in the
following example.

Example 2 (Poisson mixture model) Consider the family F = {fg,,--- , fo, } of multi-variate
e
Poisson distributions, defined by fg (v) = ngl %6_9‘1[ for x € Z‘i and 6, € ]Ri. Then,

_ . d B gt pl—t
Chernoff (F) = Jnin, S S iy (t0ar + (1= )06 — 65,6,7) .

)

4. Discussion

4.1. Initialisation

In the literature, initialisation is commonly accomplished through spectral methods, an umbrella
term denoting a dimension reduction via spectral decomposition followed by clustering. Here, we
perform the dimension reduction through the Singular Value Decomposition (SVD) of a well-chosen
matrix Y, and the clustering is done by finding an (1 + €)-approximation of a k-means problem.

1. LetY = Zzgff sevpw} with 81 > sg > - -+ > spa,, be the SVD decomposition of Y € RPX™,
Let V = [v1,--- ,v;] € RP*F and define M = VY € RF*™,

11
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2. Return 29, an (1 + €) approximation of arg ir}lin S |IM — fi,||3, where M. is the i-th
p‘éﬁdxk

column of M (Kumar et al., 2004).

For the Laplace mixture model, we apply the SVD directly on Y = X, while for an exponential
family mixture, we apply it on the matrix Y obtained such that Y;; = uy(X;) forall i € [n], ¢ € [d].
The following lemma ensures that the error made by this initialisation is o(nkflA;éo), as required
by Theorems 5 and 6.

Lemma 7 Define 6,2 = minj<qrp<k ||fta — t|l2. Let 20) pe the clustering obtained by the
initialisation described above, with € being defined in step 2. Assume minge( Y, ] Hzf =a} >

52
-1 1,2
ank™" for some constant o > 0 and A, o = 0 ((1 pyET ff)>' Then

loss (z*,é(o)) =0 (nkilA;’éo) .

The proof of Lemma 7 follows the same steps as in the proof of (Gao and Zhang, 2022, Propo-
sition 4.1), the only modification being a different choice of the loss function. The central argument
in the proof of (Gao and Zhang, 2022, Proposition 4.1) is that ||Y —EY||2 = O(v/n + d) with prob-
ability at least 1 — e~ ™ for some C' > 0 when Y has independent Gaussian entries. In our setting,
Y is a random matrix with independent, sub-exponential random entries, and hence its concentrate
(see for example (Bandeira and van Handel, 2016, Corollary 3.5) and (Dai et al., 2023)).

Finally, Lemma 7 requires an additional assumption on J,,o. While we might be able to get
rid of this extra technical condition, we also notice that this condition is verified in interesting
regimes. We refer the reader to the detailed example of the Laplace mixture in Section D.3, for
which 5272 = @(dAi,oo) and Chernoff(F) = ©(dA,, ). In this regime, the extra condition in

I
Lemma 7 becomes Chernoff (F) = w((1 + €)k?(1 + dn~')), which is weak if d = o(n).

4.2. Discussion and future work

There has been a recent surge in interest in establishing the error rates of various clustering algo-
rithms in (sub-Gaussian) mixture models. In this section, we provide a concise overview of some
of the latest and most pertinent works in this area, as well as directions for future work.

Robustness to model specification, perturbed samples, and heavier tails Due to its simplicity
and inclusion in popular libraries like scikit-learn, the standard Lloyd’s algorithm often serves as
the default choice for clustering tasks. While its optimality has been demonstrated for clustering
isotropic Gaussian mixture models, its performance on other mixture models has not been studied.
More generally, Theorems 5 and 6 demonstrate that iterative algorithms are rate-optimal when the
parametric family underlying the mixture distributions is known. But what happens under model
misspecification? For instance, what error rate can we expect to achieve if we cluster a mixture of
negative binomial distributions using the Bregman divergence associated with the Poisson distribu-
tion? As a first result in this direction, (Jana et al., 2023, Theorem 1) establishes that employing
the ¢! distance instead of the squared ¢? distance for clustering a mixture of isotropic Gaussian

yields an error rate of at least exp(—(2 + C) " 'SNRY, ;,opic)» Where C' > 0, which is larger than
the optimal rate of exp(—Q_ISNR?Sotmpic).

12
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Another important type of robustness lies in the observation of perturbed samples. Suppose that
{Xi}iepn) is generated from a mixture model, but we observe a perturbed sample {Xi}ie[n] with
X, = X, + e;, where the noise terms {ei}ie[n} verify ||e;|| < e. For sub-Gaussian X, (Patel et al.,
2023, Theorem 4.1) establish that the mis-clustering rate of Lloyd’s algorithm on this model is at
most exp (—4flSNR1250tmpiC min{1, 2¢}).

Because the mean is notoriously non-robust to outliers (Tukey, 1960; Huber, 1964), another
strategy to ensure the robustness of the iterative method is to estimate the cluster means by a ro-
bust location estimator, such as the coordinate-wise median (Jana et al., 2023), the geometric me-
dian (Godichon-Baggioni and Robin, 2024), or trimmed estimators (Cuesta-Albertos et al., 1997;
Garcia-Escudero et al., 2008; Brécheteau et al., 2021). Furthermore, robust estimators might be-
come necessary for handling distributions with tails heavier than sub-exponential.

High dimension regime When d can grow arbitrarily large, Ndaoud (2022) showed that the op-

timal error rate for clustering mixture of isotropic Gaussians with k¥ = 2 clusters is no longer
SNRi ;
-1 2 isotropic M —
exp(—27"SNRjsstropic) but becomes exp | © | gpr—— rq—T —4T ) | - An extension to k = O(1)

isotropic

clusters is studied in Chen and Yang (2021). The theoretical analysis of both of these works heavily
relies on the Gaussian assumption, and it remains open to extend such results to other mixture mod-
els. The key challenge is that in a mixture of two isotropic Gaussians 2N (yu1, Ig) + SN (2, 1)
where d >> n, the dimension of the parameters of the distributions (u1, 2 € R?) is much larger
than the number of data points n. This creates a discrepancy between the minimax error rates of
algorithms with and without access to the true centres 1, po (Ndaoud, 2022). Exploring this phe-
nomenon for models beyond the mixture of two isotropic Gaussians is a crucial avenue for future
research.

(Semi)-supervised extensions Once the unsupervised error rate of various mixture models is well
understood, researchers can also examine the supervised error rate of classification (Li et al., 2017;
Minsker et al., 2021). An intriguing perspective emerges when extending these analyses to a semi-
supervised setting, aiming to ascertain whether a small amount of labelled data can notably diminish
the clustering error rate (Lelarge and Miolane, 2019; Tifrea et al., 2023).
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Appendix A. Proof of the lower-bound
A.1. Proof of Lemma 2

We recall that, given two pdfs f and g with respect to a reference dominating measure v, the Rényi
divergence of order ¢ between f and g is

1

Reni(fllg) = ;—

log [ /(29" (@)dv o)
Chernoff information and Rényi divergences are linked by the following relationship

Chernoff(f,g) = sup (1 —t)Rens(f]|g)-
te(0,1)

The Rényi divergence is not symmetric in f and g (except for t = 271), but the Chernoff information
is symmetric.

Proof [Proof of Lemma 2] Let /(Y') = log ?—: (Y'). By the definition of ¢™"~F and of the worst-case
risk r(-), we have

r (ngLE) = max {Py~y, ({(Y)>0),Py~g, L(Y)<0)}.
In the following, we establish upper and lower bounds for Py, (/(Y) > 0). A similar reasoning

provides bounds for Py, (/(Y) < 0).
(i) Upper-bound. Applying Chernoff bounds, it holds for any ¢ € (0,1)

Py, ((Y)>0) = Py.y, (etf(y) > 1) < E;, [etf(y)} :

t
By the definition of £(Y'), we have Ej,, [¢!*Y)] = Ej, [(%mn(y)) } . By the definition of the

t
Rényi divergence, we also have Ey, | [(%(Y)) ] = ¢~ (I=t)Rene(gmllfm) Hence,

Py~ Y 0) < inf e (1—t)Rent(gm|fm)
Yfm (U(Y) >0) tel(r(l),l)e

= e~ Supte(o,l)(l—t)Rent (gmllfm)

e—ChernOﬁ(f7n 1gm) .

We can similarly establish that Py, (£(Y) < 0) < e~Chernoff(fm.9m) "and thus
log 7(oMEE) < —Chernoff (fn, gm)-
(ii) Lower-bound. For any s > 0 and ¢ € (0, 1), we have
B, (((Y)>0) > Ej, [atf(Y)e“(Y)n{o <Y) < 5}}

s oy [0 <]
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1—t ¢
Next, we define hy_; = If;ﬁ_?;"t . We notice that [ f1—tgt, = e~(I=tRent(9mllfm) "and furthermore

By, [0 < 0v) 5] = [ £ 0 1(0 < ) < s} avty)

= ,c/)—(l—lt)Ronz(gmHfm)]phH (g(f/) € [0,s)),
where Y is a random variable distributed from hi—_¢. Therefore,

By, (L(Y) > 0) = e Prem(mORendlomliinlpy  (0(Y) € [0, 5))
> e—se—Chernoff(fm,gm)Phl_t(g(?) e [0,8]),

where we used e > e7* and (1 — t)Rent(gm|| fm) < Chernoff(fy,||gm) because t € (0,1).
Since the previous inequality is valid for any ¢, we obtain by taking ¢t = % that

Py, (((Y) >0) > e e Chemelilimonlp, (0(Y) € [0,]).

Next, we notice that Pp,, ,,({(Y) € [0,s]) = Phl/2(€(l7) € [-s,0]). Lets = 4 /2Ey, , [ﬁ(}})ﬂ.

Then, Chebyshev’s inequality implies that Ph1/2(|€(§7)| >s5) < 5_2]Eh1/2 [ﬁ(?)ﬂ < i [ |

A.2. Proof of Theorem 1

This section is devoted to the proof of Theorem 1, which provides a lower bound of the minimax loss
infz sup_¢gn loss(z, 2). Without loss of generality, we assume that the minimum in the definition
of Chernoff (F) in (2.1) is achieved at a = 1 and b = 2, that is

Chernoff (f1, f2) = 1<r;1%1§k Chernoff (fa, fp).

For any cluster membership vector z € [k]", we denote for all a € [k] the set of all indices i € [n]
belonging to cluster a by
To(z) ={i € n]: zi = a}.

Recall from Definition (1.2) that loss(2*, 2) = min cgymyx) Ham(z*, 7 o 2). In particular, the
loss function involves a minimum over all permutations 7 € Sym(k), making it hard to study
directly. But, we can get rid of this minimum in the definition of the loss if we deal with vectors
having a loss small enough, because in that case the min is attained by a unique minimiser. We state
without proof the following lemma from Avrachenkov et al. (2022).

Lemma 8 (Lemma C.5 in Avrachenkov et al. (2022)) Let 21,29 € [k]™ such that Ham(zy, 7" o
z9) < %minae[k] T (21)| for some 7" € Sym(k). Then T* is the unique minimiser of T €

Sym(k) — Ham(z1,7 o 29).

Following the same proof strategy as previous works on clustering block models (Gao et al.,
2018; Chen and Zhang, 2021), we define a clustering problem over a subset of [k]™ to avoid the
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issues of label permutations. Let o > 0 be an arbitrary constant independent of n. We define
Z = Z, 1 C [k]"™ the set of vectors such that all clusters have size at least ank

= {z € [k]": [Ta(z)| > ank™" foralla € [k]}.

Let z* € Z. For every cluster a € [k], collect the indices of the |I',(2*)| — g7 smallest indices 4’s
inTo(z*) = {i € [n]: z; = a} into aset T,. Let T = Ty U Ty Us_3 To(2*) and define a new

1
parameter space Z
={ze€Z:zi=zforalli €T and z €{1,2}ifie T°}.

Because T°¢ = T¢ U T, this new space Z is composed of all cluster labelling z that only differs
from z* on the indices ¢’s that do not belong to 77 or T5. By construction of Z, we have for any
2,7 € Z

n

Ham(z,2') = ZH{ZZ # 2y < |T° = R

i=1

5k

Because z € Z C Z, we have by definition of Z that min, e Ta(z)| > ank™!. Therefore, the
previous inequality ensure that Ham(z, 2/) < 27! mingepy [Ta(2)] for all 2,2 € Z. We can thus
apply Lemma 8 to establish that

Vz,2' € Z: loss(z, 7)) = Ham(z,2) = Z 1{z; # 2}. (A.1)
eTe

Because Z C Z C [k]", we also have

inf sup E.loss(z,2) > infsupE,loss(z,2) = infsupE,Ham(z, %),
Z zelk]? ? zeZ ? zeZ

where the equality follows from (A.1). Bounding the minimax risk by the Bayes risk leads to

inf sup E, [Ham(z, 2)] > 1nf ZIE [Ham(z, 2)] .
? zeZ zeZ

Moreover,

ZZP Zi # zi)

21,2 Z
2€Z " ‘ zezieTe
= g mf g P.(2; # ;).
i€Te =i ZEZ

Therefore, we can conclude from these previous inequalities that

1
inf sup E.loss(z,2) > g inf — g P, (2 # zi). (A.2)
= zelk] iere i |12 2€2
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Fix i € T and define 2" = ={z€ Z: z;=a} fora € {1,2}. We observe that Z( g Z~2()

and that Zl() ﬂZl) 0. Let f: Zl) — Zé) such that for any z € Z() we have f(z) € Z~
defined by

Z
)

_ Jm ifj#d
(f(2); = {2

if j = .

The function f defines a one-to-one mapping from gl(i) to Z~2(i). Because these two sets partition Z,
we have \21(1)| = 271 Z|. Moreover,

1nf Z]P’ (2 # z) = ir}f;:"( Z P, (2 #1)+ Z ]Pz(éi7é2))

ZGZ zez ze2Z{Y
1 .
— 1gfg Z ( (ZZ' 75 1) + Pf(z (Zl ;ﬁ 2))
' ez
1 : R .
> ] > inf (B (% # 1) + By (4 # 2)) - (A3)
ez '

We are now reduced to the problem of estimating Z;, and the best estimator for this task is

SMLE _ {1 if f1(Xi) > fa(X5),

! 2 otherwise.

In other words, we are in the setting of Lemma 2, where we observe a single sample X; and want
to discriminate between Hp: X; ~ fi and Hy: X; ~ fo. Because Chernoff(F) = w(logk),
Lemma 2 ensures that

lI}f( (ZZ 7& 1) + [Ebf (Zz # 2)) > e—(1+0(1))Chernoff(f1,f2)’
and thus

P . 21| _(140(1))Chernoft L (140(1))Chernoff(F
llilfi,v ]PZ(Zz #zl) > —e (1o )) ernoff (f1,f2) = —€ (1+of )) ernoff( )
% |Z| Z |Z] 2

Going back to inequality with (A.2) leads to

inf sup E.loss(z,2) > me ZP (2 # z)

* zek]” i€Te

ZEZ
> @6—(1+0(1))Chernoﬂ"(}')
- 2
_ %6_(1+0(1))Chernoﬁ(}')
5k ’

where the last line uses |7¢| = 20‘—” We finish the proof by using the assumption Chernoff (F) =
w(logk).
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Appendix B. Proofs of Section 3.1
B.1. Decomposition of the error

We first notice that

loss (z*,é(t)> = Z 1 {zz-(t) # zz*} = Z Z 1 {zz-(t) = b} . (B.1)

i€[n] i€[n] be[k]\{z]}

Combining

and
]l{zi(t) :b} = 1{vae K\ {b}: 29 (X)) >égt>(xi)} < 1{@,5“()@-) >e§i>(xi)}

with (B.1), we obtain

loss( ) Z Z { ® = } {éét)(Xi) > éi? (Xz)} (B.2)

i€[n] bel[k]\{z]}
76y nors
Let us study the term 1 3 ¢, (X;) > ./ (X;) ;. For any § > 0, we have
1 {El(f) (Xi) > [ﬁ,(zt.*) (Xi)}
<1{Ls(Xi) — £,(X;)) <6} +1 {5 < BD(X) = 6(X0) + £ (X3) — ég?(Xi)} .

Using 1{1 <z +y} < 1{1 < |z| + |y|} < |z| + |y| for any z,y € R, we can further upper-bound
the two terms appearing in the right-hand side of the last inequality by

1 {(5 < él()t)(X> — gb(Xz) + ézl* (Xl) — gii)(Xz)}
67 (|0 (xi) = (X0 | + [ (x3) — 12 (x0)

IO(X5) — 1.(X3)] -

IN

)

< 26 ' max
aclk]

Therefore, we obtain using Expression (B.2)

loss (Z*, ZA(t)) < fideal(6> + gg()cess(é)’

where
Gaeat(0) = D D T{l(Xi) —£,(Xi) <6},
i€[n] be[k]\{z}}
(t) _ 951 ) _ p(t) (x .\ — .
fexcess((s) =26 Z Z H{Zi _b} gé?ﬁ’ga (Xl) ga(Xz) '

i€[n] be[k]\{z}}
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B.2. Study of the ideal error

Proof [Proof of Lemma 3] Taking the expectations in (3.4), we have

]Egideal((s) = Z Z P (gb(Xi) - Ezj (Xl) > 5) .

i€[n] be[k\{z]'}
Chernoff’s bound (see the proof of Lemma 2) yields that

P (f (X) iy *(X) > (5) < 657(1+o(1))Chern0ff(fZ;,fb)
b 1 Zi (2 — 9
and therefore

Efideal(é) < nke(;—(l—f—o(l))Chernoff(]:).

Now, because § = o (Chernoff (F)), Markov’s inequality implies that

P (&deal(é) > Egideal(a)e\/moﬂ(f)> < ¢—/Chemnofi(F)

Therefore with probability of at least 1 — e~V Chernoff(F) we haye

gideal(é) < ]Egideal((s)ewChernOH(]:) < nkef(lJro(l))Chernoff(]-—)

because Chernoff (F) = w(1). [ |

B.3. Proof of Lemma 4

Proof [Proof of Lemma 4] The assumption Chernoff (F) = w(log(k?7)) combined with loss(z*, 2(0)) =
o(nk~'7) and Condition 1 ensures that loss(z*, 2)) = o(nk~'7) for every t > 0. Therefore,

(®) Et ¢\’ (1+0(1))Chernoff (F) ¢\
—1 * t < —(14o0(1 erno
n loss(z,z ) < ( <1_c>>e +<1—c)

=0

t
< 6_(1+o(1))Chernoff(F)+< d > ,
l1-c

/

where the second inequality holds because > >° <1ic)T = O(1) and Chernoff(F) = w(1).

C/

t
Because n~loss (2*, () takes value in the set {jn~!,j € {0,---,n}}, the term (E) is neg-

S\t
ligible if (f—_c) = o(n™'), which occurs whenever ¢ > |log (15¢) logn|. [

C,
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Appendix C. Mean and scale estimations of sub-exponential random variables
C.1. Large deviations of a sum of sub-exponential random variables

Let Y1, ---,Y, be independent, zero-mean, sub-exponential random variables. For any subset of
indices S C [n], Bernstein’s inequality (Vershynin, 2018, Theorem 2.8.2) ensures that

1 2 exp(—ct?) ift < Cv/|S],
Pll— S v >t) < (C.1)
<‘v\5!; ) {

2exp(—t\/|S]) ift > C\/|9].
for some positive constants ¢ and C. The following lemma establishes a uniform upper bound on
the quantity ﬁ Y ics Yi over all the sets S C [n] of size smaller than s.

Lemma9 LetYy,---,Y, be independent, zero-mean, sub-exponential random variables. Let C
be the constant in (C.1). For any s = w(log® n), we have

> Y

€S

< Cys

1
max ——
SCn] /]S
s VIS
with probability at least 1 — 6e=CVs/2,
Proof We will use (C.1) with ¢ = C'y/s. By a union bound, we have

Ls)

1
>t < P _
=t =2 (sq%@:uﬁm

=1

d v

€S

> Y

€S

1
max —— >t
sclnl \/|S| )

IS]<s
Ls]

< ; <Z>26Xp (—t\/Z) .

For any integers a, b verifying 1 < a < b < n, we define

b

Su(ab) = Y <Z>2exp(tx/i).

l=a

Let us chose a sequence 3 verifying 8 = w(log®n) and 8% log® n = o(s). Such a choice is possible
because s = w(log® n)®. We then split the sum S, (1, | s]) into three terms as follows:

5016 = 50 (1. [VA7A]) 5 ([ VA73] 1. V33]) - | V39] o 1. 1)

and we show that each of these three terms is less than 2¢~CV5/2,
For ease of notation, we drop the |-|. We also recall the inequality () < (%)e, yielding

(?) < (en)\/sTB forall ¢ < \/3/76

3. Since s = w(log®n), there exists a diverging sequence w, = w(1) such that s = w, log®n. We then let 3 =
1/4
W

log? n.
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(i) Recalling that t = C'y/s, we have forall 1 < ¢ < /s/3

(Z)zexp(—tﬂ) < 2e7OV5 (en)Vo/P

C‘f\/7 en) Vs/B

_log(s/B) _ log(en)
= _C‘[ 20Vs  CVB )

and therefore

IN

S, (1, \/s,Tﬁ)

Because logn = o(v/f) (since f = w(log®n)) and log(s/B) = o(y/s) (since 5%log?n = o(s)),
we have for n large enough,

S (1\/5/7) < 275V,

(i1) Similarly,

Su (Vs/B+1,/5B) < 2070 /5B (en) V7

_s_(1_/Blog(sB) _ pBlog(en)
075 (1- 54 )

= 2e

With our choice of 3, we have /Blog(s3) = o(s) and Blogn = o(+/s), and therefore for n large
enough,

S (VB +1,/58) < 2¢7 3V < 20755,
because \/s/3 = w(1).

(iii) Finally,

_ / _ _logs _ log(en)
Sn(\/sﬂﬂ,s) < 2e-05 5 (en)* < 27 (1= ") < 9e-$vE

for n large enough. This concludes the proof. |

C.2. Quality of the estimates /i, and 7,

In this section, we upper bound the quantity || /i, — 114 ||. For any cluster labeling z € [k]™ and cluster
a € [k],letT'y(2) = {i € [n]: z; = a}. Recall that the empirical location fi,¢(z) and scale G4¢(2)
estimated from z are defined by

X 1

,uag(z) = ]Fa(z | Zezn]]'{zl (Z}Xw

X 1

O'ag(Z) = |Fa(2 | ; ]l{ZZ CL} |Xz€ - ﬂaf( )‘

Finally, let fiq¢(2) = Efiqe(2) and €qp(2) = fiqe(2) — fae(2).
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Proposition 10 Let A, . = nga{;li] \ttae — pipe|- Assume mingepy [T (27)| > ank™! for some
a,be
Le(d)

constant o > 0. For z € [k]™ and some constant C, define

£4(2) = § max () ~ o] < e o (=, 2) 4 ¢ ’“Hnjfh\/f

Leld]

with C' = 2,/2 (C + V/2). There exists a constant C' > 0 such that the event N Eu(z)

Ham(z*,2)<Sp

holds with probability at least 1 — kd (46—04\/% 6e % %)
Proof Leta € [k] and ¢ € [d]. A first triangle inequality leads to
|fae(2) = patl < |fae(2) = fae(2)| + [flae(2") = pael- (C2)
Moreover, another triangle inequality yields that
|fae(2) = fiae(27)] = |ftat(2) = fae(2) + Pae(2) = fae(27) + Fae(2") = fae(27)]
< fae(2) = fae(27)] + [€ae(2) — Sar(z7)]- (C3)
Therefore, combining (C.2) and (C.3) gives
|fae(2) = tael < |fae(2") = prael + |ae(2) — Hae(27)] + |€ae(2) — ae(27)]. (C4)

We will now upper—bound separately the three terms appearing on the right-hand side of (C.4).
(i) Bounding |fiqe(2*) — tael. Let €;p = X0 — foz;¢- We have

N " 1
flae(2") = pae| = ITa(z9)] | § €ie| -
i€l (2*)

By concentration of sub-exponential random variables (see Equation (C.1)), we have

1 *
Ta()| > 1{zf =a}e| >t < 27 MC
oz

i€[n]
Because |I',(2*)| > an/k, this implies that with t = 'k

! > 1{z =a}e| < k (C.5)

Tl | & z
with probability at least 1 — 2e~*V"™/*_ Therefore, a union bound over a € [k] and ¢ € [d] ensures
that
max |fiqe(2") — pae| < \/?
acli] Hae Hat] = n
Leld]
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with probability at least 1 — 2dke=*V"/*,
(ii) Bounding |fiq(2) — [lae(2")|. Since fiqe(2*) = pq¢ and Zze[n] Zbe[k] 1{z = a, z; = b} =
Ta(2)

bl

flae(2) — fige(2") = |1“al(,z) S 1{zi=a, 2 = b} (e — tar)

i€[n] be[k]

Hence, using |['4(2)| > 27 'ank~! (Lemma 12), we obtain

* 1 *
@ ie[n] belk]\{a}
2k "
%A“,mHam(z L Z).

IA

(iii) Bounding |£,0(z) — €qe(2*)|. This upper-bound is more complex to derive, and is computed
in Lemma 13, which establishes that for any z verifying Ham(z*, 2) < 2~ lank™1,

. 2 kHam(z*, z)
max [€ar(2) — €ae(27)] < 2\/; (C + x/i) —
Le(d]

C an n
holds with probability at least 1 — 6dke™ 2V 2t — 2dke*V'E
We conclude the proof by combining the upper-bounds obtained in steps (i), (ii) and (iii) with
the decomposition (C.4). |

Proposition 11 Let A, oo = max, pe(i] || tta — tbl|loo and Ay oo = max, pe(p [|0a — 0p|| 0o Assume
mingepy [Pa(2%)] > ank =" for some constant o > 0. For z € [k|™ and some constant C, define

k Qk A fo%) Aa. ) " kH *7
Eo(2) = {max|a(z) — oarl < 2\/7+ (Bruoe ¥ Booe) gy (o2, 5) 4 2c7 | FHAT2)
a€lk] n an n
Leld]
where C' = 2(1+C/2a~1). There exists a constant C > 0 such that the event N E,(2)

Ham(z*,z)<2~lank—1
mn C an
holds with probability at least 1 — 2kd (4efa\/% +6e 2 W)

Proof We compute, using the triangle inequality, that

|a-a€(z) - O-a€| = T Z |XZZ - ﬂa€| —Oat
1€l (2)

IN

Z (|XZ£ - ,uaf| - Uaf) + |laaf(z) - Ma€| .
1€lq(2)
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Proposition 10 provides an upper bound on the second term of the right-hand side of the last in-
equality, |fiae(2) — pael.

It also provides an upper bound on the first term of the right-hand side of the last inequality.
Indeed, let X;; = | Xie — pae| and G40(2) = o |Zz€1" X;s. The random variables X,
are sub-exponential, and G,¢(z) is the sample mean computed over the subset {X;s,i € T'q(2)}.
Therefore we can again apply Proposition 10 to show that

E o 2kA, o kH ¥,
max |O-a€( ) - 0a€| < \/;"1' 7’Ham(2*, Z) + C, M

a€lk] an n
Le(d]
with probability at least 1 — kd (46—“\/% 4 6e 5V %) -

C.3. Additional technical lemmas

Lemma 12 Let z* € [k]" such that minge(r) 3 ;e [Ta(2%)| 2 an/k for all a € [k] and for some
a > 0. Let z € [k]™ such that Ham(z, 2') < an/(2k). Then

n

i=1
In particular, Y 1{z; = a} > an/(2k).
Proof We have

n

Z]l{zi:aﬂzf:a} = Z]l{z =a}— Z]l{z =aNz #a}

i=1 i=1

> Z]l{z =a} — Z]l{z # zi}
=1
an an
> - _ 7
~k 2k
_an
2k
Finally, because ) . | 1{z; = a} > > ", 1{z; = aNz = a} we also have > ;" | 1{z; = a} >
an/(2k). [ |

Lemma 13 Let 2* € [k]|" such that min,e ) [Ta(2")| > an/k for some constant o > 0. For any
z € [k]™ and C > 1, we define the event

() = maxleu(s) - a0 < 22 (€4 v2) |/ HHmE2)

a€lk] n
Leld]
There exists a constant C' > 1 such that the event N E(z) holds with probability at

z: Ham(z*,2)< G

least 1 — 6dke= V5% — 2dke VT,
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Proof The random variables ¢;; are independent, zero-mean, and sub-exponential. Therefore
Lemma 9 and a union bound ensure the existence of a constant C' > 0 such that the event

& = < Cvn (C.6)

S

ieS

1
max sup ———
teld] scin] +/ ‘S‘

|S|< 57
. N _C Jjom . . . .
holds with a probability of at least 1 — 6de™ 2 V 2. Similarly, we have established in (C.5) that the
event

k
> 1{z =aler| < \/= b,

n
i€[n]

1

E(a) = o
2(0) = X IE )

where a € [k], holds with probability at least 1 — 2de~*V"™/*_ Let & = Naefk)€2(a). We have
P (1 NE) > 1— 6deC/2Ven/Ck) _gqpe—avnik, (C.7)

In the rest of the proof, we work conditionally on the event £ N &>, and will show that the event
Nz: Ham(z*,z)<an/(2k)€ (2) holds. Let z € [k]" verifying Ham(2*, z) < an/(2k) and let a € [k]
and ¢ € [d]. We have

|€ae(2) — Eae(2")]
_ Zie[n} 1{z = a}ey Eie[n] 1{z] = a}ei
| T ri=al S HE =a)
el Wz = ajeie  Yiep o = afeur o) W2 = adeir Diep WA = afeir

2
< + ;
>icpn Hzi = a} Dicin) Hzi = a} ‘ >icin) Hzi =a} Dicn W2 = a}

Ey Es

Let us first upper bound E;. We have

1
E, = Hzi=a} —1{z] =a})ey
1 ’Fa(2)| Zez[n]( { } { })
< L Z]l{z'*az*;éa}- +#Zl{z'7éaz**a}4
= ’Pa(z)| ' 1 — Wy <g € ’Fa(z)| ' () y <~y T €| -
i€n] i€[n]
Eqq Eyo

Let us denote by 'S (2*) = [n]\I'4(2*) the complement of ', (2*). Noticing that |T',(2)| > an/(2k)
(because of Lemma 12) and that

Pa(2) NTG(=")] = 3 Uz = a2 #a} < Ham(z",2) < o7,
i€[n]
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we obtain

‘Zie[n 1z = a,z # aley

FEy = ﬂFC )‘ .
V/Ta(z) NTg (%)
2k 1
< —+y/Ham(z*, 2) sup — €l -
an scil /IS Ze;
|S|<2 tank™1

Conditioning F'11 on the event &1, we have therefore

2k an 2k
< — * . D * .
En < n\/Ham(z ,2)-Cyf of = C = Ham(z*, 2)

Proceeding similarly, we establish the same upper bound holds for E12. Therefore, conditionally on
&1, we have

2k
E, < 2C/ =2 Ham(z*, 2). (C.8)
an

We can now upper-bound F», whose expression can be recast as
Zze ]l{z =a} — 1{z = a} Zze[n] {z = Q}EM
Ze[n] 1{z; =a} ]1{21- =a}

EQl E22

‘We have

Z]l{z;‘:a}—]l{zi:a} = Zl{z;‘:a,zi#a}— Z]l{zf;éa,zi:a}

i€[n] i€[n] i€[n]

IN

max Zﬂ{z;‘:a,zi%a} , Z]l{zf;éa,zi:a}

i€ln] i€ln]
Ham(z", 2).

IN

Moreover, Lemma 12 yields that } .1, 1{zi = a} > > ;e Mz = a,2] = a} = an/(2k).
Therefore,

2k
Ey; < —Ham(z", 2).
an

Finally, conditionally on the event &2, we have Eay < /k/n. Using \/Ham(z*, z) < \/an/(2k),

we obtain
2 4 kH
By, < —k E Ham(z*, 2z) < am( %) . (C.9)
an n /2
We conclude the proof by combining (C.8) and (C.9) and using (C.7). |
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Appendix D. Proofs for Section 3.2 (Laplace mixture models)
D.1. Proof of Theorem 5

Following the general result on recovering parametric mixture models (Lemma 4), to prove The-
orem 5, we need to show that Condition 1 holds. We will show that it does so for arbitrary ¢, ¢/
(which can be taken as small as we would like).

Because log f(,, »)(¢) = Z?Zl (— log oy — | Z£L

o¢

), we have for any a € [k] and X; € RY,

d 5 N
P Xzf — g XM — Hat
D)~ ()| = 13 ( |

=1 Y

d 50 ND

_ X, —
< Z < IOg Ol il — Mat ‘ zﬁA (t)/‘bag ) .
(=1 Oar

Moreover, using ||z| — |yH < |z — y|, we have

& ~ (1)
HXw — Hat 'Xzz —ﬂi’? < Oai (Xit = ftat) = Oar <XM _M‘w)‘
e - Uaf&(gte)
a-((ltg) —Oat Har — ,ut(ltz)
S Ml G
Uaéaag Oar
5’6(;2) — Og Hat — Mgte)
S { (| Xie = pzre]) + |pzre = prae } 0
0al0 4 o
50 o
S (| Xie = pzre| = 020)
OatT gy

6, —0 o
al al Hae 12

A
+ 0 < £ 4+ max U“) t
Gy Oat b,ce[k] Ocr 6o

Combining these upper bounds with the definition of the excess error in (3.5), we obtain

Eoxcess(6) < 2671 (F . Ham (z g(t)) N G) 7
where F' and G are defined by

~ () ~ (1)

. d o (tg) Hat = Pop |+ |0gf — Oat (U;elAﬂvOO +m”)
F = max log —=| + (t)
O,E[k] =1 Oal a[
d lg® _ 4
R al al
G =max ) ——g— D (X~ el —oxz0),
o€kl T 0arlyy i€[n]

where A, oo = Maxi<q£b<k |Oar — Ope| and my = maxi<q2p<p 22

0<[d sz

29



DREVETON GOZETEN GROSSGLAUSER THIRAN

The quantities F and G are in fact functions of the true parameters p, o as well as the estimated
ones 1M, 6(®). Because these estimations are made based on the data points X and the predicted
clusters are step t — 1, we have F' = F(X, i, 0,24 D) and G = G(X, p1, o, 24~ 1), where for any
z € [k]", we define

R . X i
— Z)+ Z) — Ao +m
F(X,p,0,2z) = max log Gar(2) T [Hat = fat(2)] |U“£(A) Tat| (040 Dpoo +M0)
ae[k] Oat Uag(z)
_ ’Uaf - UULZ’
G(Xop0,2) = max Z D (X = epe = 0z0) -

ac(k] Uaéo'aﬂ ) icn)

The quantities F’ and G are analyzed in Lemmas 14 and 15. In particular, under the assumptions of
Theorem 5, we have (with probability at least 1 — o(1))

= 0(dA, ) and G = (wnd\f (1 + %)) X max {Ham (z*,z(tfl)) ,1} ,
where we are free to choose the sequence wy, as long as w,, = w(1).

Suppose z(!~1) £ 2*. We choose 6 such that § = o(Chernoff (F)) and w,dv/k(1 + ﬁ%) =
0(6). Such a choice is possible. Indeed, because by assumption Chernoff(F) = w(dvk(1 +
j%)) we can write Chernoff( ) =dVk(1 + \/7)7',1 with 7, = w(1). Then, we can choose

Wy, = Tn/ and § = dvVk E( =_),/Tp. With this particular choice of §, we have fexcess( ) =
o (Ham (2%, 2))) + o (Ham (2* ,z(t )). Hence,

1) s(6) < cHam (z*, é(t)) + dHam (z*, é(t_l))

for arbitrary constants ¢, ¢’ > 0. This establishes Condition 1.
Finally, suppose that z(-1) = 2*. By choosing ¢ as in the previous paragraph, we have
g()cess(é) = o(Ham(z*, z(t)) + o(1) and therefore

(14 o(1))Ham(z*, 2(D) < pe~UFo(D)Chernofi(F) o (1), (D.1)

If ne—(1H+o(1)Chernoff(F)y — (1) then Ham(z*, 2(!)) = o(1) because Ham(z*, z(")) is integer.
Otherwise, if ne~(1+0(1))Chernoff(F) 5 hounded away from 0, then the o(1) in the right hand side
of (D.1) can be absorbed by the term ne~(1+o(1)Chernoff(F) = Thig implies Ham(z*, 2(Y)) <
ne~(1+o(1))Chernoff(F) "4 this ends the proof.

D.2. Bounding F' and G

Lemma 14 Suppose that min, e |Ta(2%)| > an/k for some a > 0. Assume also that 0,0 = ©(1)
forall a € [k],0 € [d]. Let e > 0 and T = o(nk™' A} L ). Forn large enough, we have

m[%]x F(X,p,0,2) = o(dAuc0)
z€[k]™
Ham(z*,2)<7

with probability at least 1 — 3kd (4670[\/% + 6e= %>
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Proof Let Z, = {z € [k|": Ham(z*, z) < 7}. In the rest of the proof, we work conditionally on
the event & = £, N &,, where

;

. k  2kA kT

&y = { max |fiqe(2) — tael -+ BRr+ O — 3,
2€Z, n an n

ack

Leld]

ko 2k(A A kt

E = S max|dqe(2) — oq] 24—+ (Do + U’OO)T +2C" [ —
2€Z, n an n

ack

Leld]

IN

where ¢’ = 2(1 + v2a~!). By combining Proposition 10 and 11, the event £ = &, N &, holds
with a probability of at least

P(E) > 1— 3kd (46—“\/% 6 %) .

We will show that, conditioned on this event £, we have max F'(X, u, 0, 2) = 0(dA, ). We first

ZEZT
notice that

~ (1)
&af(z) |:U’aZ - ﬂa£(2)| Tag — Oal -1
< .
?el%}f F(X,u,0,2z) <d ( 2@25 - + Gat(2) + N0 (Uae Ao+ ma)
a€lk] al
Leld]

log

(D.2)

Moreover, using the event &, and 7 = o(nk~!), we have |64y — 04¢| = o(1) forany z € Z,. Letn
be large enough so that |G, — O'ag|0';£1 < 27! (notice this large enough n does not depend on z).

Using | log(1 +t)| < %It\ for any || < 1, we have

'log Gar(2)| _ log (1+&a€(2)_0a€>‘ < o|Gat(2) — Car|
Oat Oat Oal
Because 0,y = ©(1), this ensures that
Gar(2)|
max |log ——=| = o(1). (D.3)
2€Z, Oql
aclk]
Le(d]
Similarly,
max Hat = Fat(2)]_ o(1), (D.4)
€2, (%)
aclk]
Leld]
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and because 0,y = ©(1) and m, = ©(1) we also have
5 (1)

Ouw —Oat

—1
ez G0 (0t Do +M0) = 0(Dpo0)- (D.5)
a€lk] al
Le(d]
We conclude by combining (D.2) with (D.3), (D.4), and (D.5). |

Lemma 15 Lete > 0, 7 = o(n/k). Let omin = min,c(k) sed) Oar and wy, = w(1). Suppose that
mingepy [Ca(2%)| > an/k for some o > 0. For n large enough, it holds

max 7G(X,,u, 9,2) =0 (d\/%wn (1 + 7A“’OO ))

z€[k]" Ham(z*, 2) n/k
1<Ham(z*,z)<T

and

G(X,pu,0,2%) = O (d\/gwn)
with probability at least 1 — 2e~*n — 3kd (46_0‘\/% e TV %)

Proof Let Z. = {z € [k]": 1 < Ham(z*, z) < 7}. Because the random variables X, are Laplace
distributed with location P and scale 02105 the random variables 20;*1@ X — [zre| are x2(2)

distributed. Hence, the random variables Y; = ‘Xig — Pzre| — Ozrg are sub-exponential with zero
mean. Bernstein’s inequality for sub-exponential random variables (see (C.1)) ensures that the event

& = 4> (| Xie — pere

i€[n]

_O'zfé) < Wn\/ﬁ

holds with a probability of at least 1 — 2e~“. Moreover, let £u(z) and £, (z) be the events

k 2kA kHam(z*, 2)
= (0 — < R b ol * 1| TR\ 0 <)
Eul(2) Max |fia¢(#) — pael < \/;—F —=Ham(2", 2) + C - 7
Le(d]
ko 2k(A oo + Apoc . FHam (o,
Ex(z) = ¢max|64(2) — oge| < 2\/74- (Bruoo + Ao, )Ham(z ,2) + 20" kHam(z, z)
a€k n an n

Le(d]

By Propositions 10 and 11, the event £ = & () (€u(2) N Ey(2)) holds with probability at least
ZGZT

1 —2e~%n — 3kd (46_0‘\/% + 66_% %) . On this event £, we have for all z € Z,,

G(X, pu,0,2) < dwn, 2Vk . 2k(A )00 + Agoo) Yol k 7
Ham(z, 2*) ay/n Ham(z*, z)

H *’ — 3 2
am(z*, 2) Crlreu[% o5
Le[L]

and the result holds by noticing that Ham(z*, z) > 1.
To obtain the upper bound on G (X, p, o, z*), we use the events £ and &, (z*). [
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D.3. Example

In this section, we consider a Laplace mixture model where for all £ € [d] we have o1y = - - - = oy,
and we simply denote this quantity by o,. Assume also that oy is independent of n, and that p,¢ =
Mmaepn Where my, are non-zero constants independent of n, verifying m,s # mye whenever a # b,
and p, = w(1). The following Lemma provides the expression of the Chernoff information of this
model.

Lemma 16 Let F = {f1, -, fx} be the mixture of Laplace distributions described above. We
have Chernoff (F) = (1 + o(1)) Zgzl |pae—pvel

o¢
Proof We denote by Ren;(f||g) the Rényi divergence of order ¢ between f and g, and we re-
call that Chernoff(f, g) = sup;c(o1)(1 — t)Rent(f||g). From direct computations of Renyi di-
vergence between Laplace distributions (see for example Gil et al. (2013)), we observe that ¢ —
(1 —t)Reny(fql| fp) is maximal at ¢ = 1/2, and we further have

d
1 o o
Chernoff(f,, f») = 5 E (WW —2log (1_,_‘“@'““’))

= oy 207y
and we conclude because |fiq¢ — pp¢| = w(1) and oy = O(1). [

Hence, we have A, o = O(py,) and Chernoff(F) = ©(dp,). Therefore, the conditions
A, 00 = O(d"'Chernoff(F)) and Chernoff (F) = w(dv'k) of Theorem 5 become p,, = w(V/k).
Moreover, for the initialisation, the condition of Lemma 7 are verified if p,, = w(k?).

Appendix E. Proofs for Section 3.3 (Exponential family mixture models)

E.1. Proof of Theorem 6

To prove Theorem 6, we adopt the same approach as in the proof of Theorem 5 done in Section D.
To simplify the notations, we suppose that the data points X; are sampled from a natural exponential
family, that is, the sufficient statistics « in the definition of the exponential family (3.8) is the identity.
The proof for a general exponential family is obtained by substituting u(X;) for X; throughout the
proof.

We first notice that for any a € [k], we have

A

~

D(X;) — La(X5)

IS}

I
M=~

Breg,. (Xz‘z,ﬂg% — Bregy (Xie, ttat)

~
Il
-

I
M=~

Breng (:U/afv ﬂéte)) + <Xi€ — Hat, ng (Maé) — sz‘ (ﬂé’?»‘

{

—

Bregy; (jtar )| + (X = pegel + nsge — mael) - [ V53 Ga) — Vi (59) [}

IA
M=7

~
Il
—-
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where the second equality uses Lemma 17 and the last inequality uses the triangle and Cauchy-
Schwarz’s inequalities. Hence, combining this bound with the definition of the excess error (3.5),
we obtain

gcxccss((s) < 25_1 (F . Ham (Z*,z(t)> + G)
where F' = F (X, p,0,207Y) and G = G (X, p, 0, 2(*~V)) are defined by

F(X,p0,2) = dmas{ [Bregy; (uarsfrae()| + ezt = padl + 0220) <1997 (nar) = V97 (ac(2))]
Leld]

d
G(X,p,0,2) = > > > (1 Xie = parel — 0220) e [V (ae) = Vi (ar(2))]

£=1 ie[n] be[k]

where o0 =E HXM — Hare ] The bounding of the quantities £’ and G is done in a very similar
manner as what is done in Lemmas 14 and 15. Indeed, let Z; = {z € [k]": Ham(z*,2z) < 7}.
Because by assumption the X;, are sub-exponential, we can apply Proposition 10 to show that the
event € = (yam(s,2+)<2-1ank—1 Eu(2), where

kE 2kA kHam(z*, z)
_ g — gl < r 122 11 * / )
(2) = ma () — el <[5 + BB o 2y 4 vy [HHE )

Eae [d]

holds with a probability of at least 1 — kd (46*0‘ kTl 4 geCv O‘Q*l"k*l) . Under this event, we
notice that |pae — fiqe(2)] = o(1) and we bound F as follows. We first use Lemma 18 to show that

Bregy,; (ats ()| < [V207 ()| - fat(=) = pael®
Similarly,
V05 (1a) = Vo5 (a2 < sup V25 0)] - liael2)  pad

YE[Hae,fiae(2)]
2 ’V2¢;(Mae)| ) |ﬂa€(z) - Ma€|

IN

where the last line holds by continuity of V2t and because |fiq¢(2) — ttqe| = 0(1). By assumption,
| V29 (1ae)| = O(1) and hence F(X, 1, z) = 0 (A, ).
Finally, on the event £, we have for all z € Z.,

k 2kA, kH ¥,
G(X,p,0,2) < 2dwpv/n (\/;—i— — L2 Ham(*, 2) + C' am(zz)> max | V2 (fiar)|

IA

an n a€lk]
Leld]

=0 <wnd\/E (1 + j%)) Ham(z*, 2).

To finish the proof, we proceed in the same way as at the end of the proof of Theorem 5.
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E.2. Additional Lemmas
Lemma 17 (Generalized triangle inequality for Bregman divergences) Let x,y, z € R% Then

Bregy(z,y) — Breg,(z,2) = Breg,(z,y) + (v — 2,Vo(z) — Vo(y)).

Proof By definition of Bregman divergence,

Bregy(z,y) = é(z) — ¢(y) — (z —y, Vo(v)),
Bregy(w,z) = é(x) — ¢(2) — (z — 2, V¢(2)),

and the result holds by direct computation. |

Lemma 18 Let ¢: © — R be a convex twice continuously differentiable function defined on an
open space ©, and let (x;) € ©%+ be a sequence such that lim;_,o ©; = x. Then, we have for n
large enough

|Bregy(z, z0)| < 2[|V2¢(2)|| - |z — .

Proof Because Breg(w, 7;) equals the difference between ¢ evaluated at x and its first order Taylor
approximation around z; evaluated at =, we have

|Bregy(z,z)| < [|[VZo(x)|| - [l — 2.

We finish the proof by noticing that, for ¢ large enough, we have HVQQS(:L“t) H <2 HVng(x) H by
continuity of V2¢. [ |
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