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Abstract

We study the problem of designing minimax procedures in linear regression under the quantile risk.
We start by considering the realizable setting with independent Gaussian noise, where for any given
noise level and distribution of inputs, we obtain the exact minimax quantile risk for a rich family of
error functions and establish the minimaxity of OLS. This improves on the lower bounds obtained
by Lecué and Mendelson (2016) and Mendelson (2017) for the special case of square error, and
provides us with a lower bound on the minimax quantile risk over larger sets of distributions.
Under the square error and a fourth moment assumption on the distribution of inputs, we show
that this lower bound is tight over a larger class of problems. Specifically, we prove a matching
upper bound on the worst-case quantile risk of a variant of the procedure proposed by Lecué and
Lerasle (2020), thereby establishing its minimaxity, up to absolute constants. We illustrate the
usefulness of our approach by extending this result to all p-th power error functions for p € (2, 00).
Along the way, we develop a generic analogue to the classical Bayesian method for lower
bounding the minimax risk when working with the quantile risk, as well as a tight characterization
of the quantiles of the smallest eigenvalue of the sample covariance matrix.
Keywords: minimax procedures, linear regression, sample covariance matrix, quantile risk.

1. Introduction

We study the problem of designing minimax procedures in linear regression under the quantile risk
over large classes of distributions. Specifically, for some d € N, there is an input random vector
X € R? and an output random variable Y € R, and we are provided with n € N i.i.d. samples
(X;,Y;), from their joint distribution P, with the goal of constructing a predictor of Y given
X. We consider the set of linear predictors {z — (w,z) | w € R?}, and measure the error of a
predictor w € RY on an input/output pair (X,Y") through e({w, X) — Y') for an error function of
our choice ¢ : R — R. We evaluate the overall error of a predictor w € R? through the expected
error E(w) := Ele((w, X) — Y], and define £(w) := E(w) — inf,,cga E(v).

For a user-chosen failure probability § € (0, 1), we evaluate the performance of a procedure
s 0 (RY x R)™ — RY on a particular distribution P through its quantile risk

Ros(Py i) = Qg ) (1 — 8) = inf{t > 0| P(E(tns) < 8) > 1 - 3}, ()

where we shortened w,, 5((X;, Y;)7,) to iy, s. We consider the scenario where all that is known
about P is that it belongs to a class of distributions 7 on R? x R. This justifies evaluating the overall
performance of a procedure through its worst-case risk

Rn,é(Pa wn,é) ‘= sup Rn,5(Pa /lZ)TL,(S)'
pep

Our goal is to characterize the minimax risk R} 5(P) = infy, ; Ry 5(P, Wy s) and design minimax
procedures for rich classes of distributions and error functions.
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Note on terminology. In this paper, we reserve the terms ‘risk’ and ‘loss’ to refer to the corre-
sponding decision-theoretic concepts, see e.g. Lehmann and Casella (2006) for background on these
notions. To avoid any confusion, we have used the terms ‘error’ and ‘expected error’ to refer to what
is commonly called ‘prediction loss’ and ‘prediction risk’ in statistical learning theory.

Motivation. Our motivation for studying this problem has its roots in the work of Catoni (2012),
who showed that the empirical mean is no longer minimax over the set of all distributions with finite
variance under the square loss if one replaces the classical notion of risk, given by the expected loss,
with the quantile risk, given by the 1 — § quantile of the loss, for any user-chosen failure probability
9 € (0,1). Since then, minimax procedures were discovered for this problem (Devroye et al., 2016;
Lee and Valiant, 2022), and there has been a lot of effort to construct minimax procedures under this
new notion of risk for a variety of statistical problems (Lugosi and Mendelson, 2019a,b; Mendelson
and Zhivotovskiy, 2020). We view our work as part of this larger effort.

Known results. To understand why previous results are insufficient to accomplish our stated goal,
let us briefly review the most relevant ones. Most previous work has focused on the case of square
error e(t) = t2/2 (Audibert and Catoni, 2011; Hsu and Sabato, 2016; Lugosi and Mendelson,
2019a; Lecué and Lerasle, 2020). In this case, a natural class of distributions to consider is

Po(Px,0?) == {P|(X,Y) ~ P: X ~ Px and esssup(E[¢? | X]) < ¢?}, 2)

for a given distribution Py of inputs, noise level o2 € (0, 00), and where £ := Y — (w*, X) is the
noise and w* is the unique minimizer of the expected error E'(w) under square error. The best lower
bound on the minimax risk over this class has been obtained by considering the subclass

PGHHSS(PX702) = {P | (X7Y) ~P: (X777) ~ Px x N(O7U2)7Y = <w*aX> +7lfONU* € Rd}
The following results yield the best upper and lower bounds on the minimax risk over Py(Px, 02).

Proposition 1 (Lecué and Mendelson (2016); Mendelson (2017)) Suppose that e(t) = t2 /2. There
exist absolute constants C, ¢ > 0 such that for all 6 € (0,1/8), it holds that

00 ifn<d/C,
Ry, 5(Paauss (Px %)) > o?(d +1og(1/9))
C .
n

otherwise.

Proposition 2 (Oliveira and Resende (2023)) Suppose that e(t) = t2 /2. There exists a procedure
Wy, 5 and absolute constants C, ¢ > 0 such that the following holds. If

n>c 6’ o where =  su M

2 AP log/o)). - where 0= Sy B, T

then N
Ras(Pa(P, %)) < C - 6%(Py) - T +n0g( /9)

In the prescribed regime (n,d) stated in Proposition 2, and on the set of distributions for which
6(Px) is upper bounded by an absolute constant, the combination of Propositions 1 and 2 proves
the minimaxity, up to an absolute constant, of the procedure in Proposition 2 over Py ( Py, 0?).
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Unfortunately, this minimaxity result is unsatisfactory for two important reasons. First, the set
of distributions for which 6( Px ) is bounded by an absolute constant is both difficult to characterize
and too small to cover classes of problems of interest. Indeed, by using the relationship between
0(Px) and the small-ball constants (Lecué and Lerasle, 2019), and using the lower bounds derived
on the latter by Saumard (2018), it is possible to derive dimension-dependent lower bounds on
0(Px) for standard linear regression problems with bounded inputs. Second, this minimaxity result
is specific to the square error function. While procedures with guarantees have been studied for
other error functions (Chinot et al., 2020), no lower bounds are known outside of Proposition 1.

Contributions. Below we summarize our main results related to linear regression.

* We compute the exact minimax quantile risk over the class Pgayss(Px, 02) for a rich set of
error functions, and show that OLS is minimax in this setting (Theorem 3). We deduce from
this result the asymptotic minimax quantile risk over this class (Proposition 4).

» Focusing on the non-asymptotic setting with e(t) = ¢2/2, we complement our exact compu-
tation with tight upper and lower bounds (Proposition 7). We then recover the lower bound of
Proposition 1 and identify a setting in which it is tight (Corollary 9). We give an analogous
result under the error function e(t) = |t|P/[p(p — 1)] for p € (2, 00) (Proposition 10).

* We then turn to finding minimax procedures on larger classes of distributions. For the square
error, we establish the minimaxity, up to an absolute constant, of a variant of the min-max
regression procedure (Audibert and Catoni, 2011; Lecué and Lerasle, 2020) over the class
Pa(Px, 02), and under a fourth moment assumption on Px (Theorem 11).

* Finally, we study minimax linear regression under the error function e(t) = |t|?/[p(p — 1)]
for p € (2,00). Guided by our results, we identify a rich class of distributions analogous to
Po(Px,c?), and show that the min-max regression procedure is minimax, up to a constant
that depends only on p, and under a fourth moment assumption on Px (Theorem 12).

Our contributions on linear regression are supported by the following more general results.

* We consider the quantile risk in full generality. We develop an analogue to the Bayesian
method for lower bounding the minimax quantile risk (Theorem 13). We then prove that
the minimaxity of procedures under the quantile risk is invariant to strictly increasing left-
continuous transformations of the loss (Proposition 14).

* We illustrate the generality of our methods by applying them to two unrelated problems:
multivariate mean estimation with Gaussian data, in which we recover a strengthening of the
recent result of Depersin and Lecué (2022) (Proposition 15), and variance estimation with
Gaussian data and known mean, where we show that, surprisingly, the sample variance is
suboptimal, and design a new minimax estimator (Proposition 16).

* We conclude by studying the smallest eigenvalue of the sample covariance matrix. We
prove a new tight asymptotic lower bound on its quantiles, and a nearly matching fully non-
asymptotic upper bound (Proposition 17), both under a fourth moment assumption on Px.

Organization The rest of the paper is organized as follows. In Section 2, we present our results
on the minimax quantile risk over the class Pgauss(Px, 02). In Section 3, we present new upper
bounds on the worst-case quantile risk of the min-max regression procedure for the error functions
e(t) = |t|?/[p(p — 1)] for p € [2, 00), showing its minimaxity over suitable classes of distributions
up to constants. In Section 4 we study the quantile risk in full generality. Finally, in Section 5, we
present our results on the smallest eigenvalue of the sample covariance matrix.
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Notation. We call a function f : R — R increasing if z < 2/ implies f(x) < f(2/). If f : R - R
is an increasing function, we define its pseudo-inverse f~ : [—00, 0] — [—o0,00] by [~ (y) =
inf{z € R| f(x) > y}. For a random variable X : Q@ — R, we denote its CDF by Fx and its
quantile function by Qx := Fy,. We allow random variables of the form X :  — [0, oo}, but we
restrict the definition of their CDFs to [0, 00). Without loss of generality, we assume throughout
that the support of the distribution of inputs Px is not contained in any hyperplane. We write
> =E [X X T] for the covariance matrix of the random vector X. We write ¢ =< b to mean that
there exist absolute constants C,c > O such thatc-b < a < C-b.

2. Minimax quantile risk over Pg,(Px, 0?)

The following is the main result of this section.

Theorem 3 Let Px be a distribution on R% and 0 € (0,00). Assume that e is strictly convex,
differentiable, and symmetric i.e. e(t) = e(—t) for all t € R. Define, for (X,n) ~ Px x N(0,0?),

E(A) =E[e((A,X)+n)],  E(A):=E(A) - E(0).
If Px is such that E is finite everywhere and differentiable at 0 with V E(0) = E[Ve(n)], then
Rz,a(,PGauss(PXy 0-2)) = Qg(z)(l - 6)7

where the random variable Z is jointly distributed with (X;)i_, ~ P% such that Z | (X;)iq ~

~

2y . . Z . ;
N(0, %%, 1) on the event that the sample covariance matrix %, :=n~1 3" | X; XTI is invertible,

otherwise £(Z) := oo. Moreover, all procedures satisfying the following condition are minimax

n

. 1
Wn,5((X;,Y;)iz;) € argmin — Z«w, X)) - Yi)2

n
weR i=1

We make a few remarks about this result before interpreting its content. First, Theorem 3
improves on the best known comparable result, Proposition 1, in two distinct ways: it provides
the exact minimax risk over the class Pgauss(Pyx,0?) for the error function e(t) = t2/2, and it
generalizes this result to a rich collection of error functions. Second, and as can readily be seen
from the proof, the strict convexity hypothesis on e(¢) in Theorem 3 can be weakened to the strict
quasiconvexity of F(w), and the strictness can be replaced by the existence of a unique minimizer
of E(w). Finally, the proof of Theorem 3 is based on the Bayesian method we develop in Theorem
13, an adaptation of an argument of Mourtada (2022), and Anderson’s Lemma (e.g. Keener, 2010).

While exact, the result in Theorem 3 is both difficult to interpret and hard to manipulate. In
particular, the dependence of the minimax risk on the problem parameters (n, 8, Px, 2) as well as
the error function e remains implicit in Theorem 3. This is not too surprising as the error function
can interact with the parameters of the problems in quite complicated ways.

In the rest of this section, we develop tools to make these dependencies explicit. Specifically,
in Section 2.1, we compute the asymptotic minimax risk for generic error functions as n — oo and
show that it takes on a simple form. In Section 2.2, we focus on the case of square error function,
and identify a setting where the lower bound of Proposition 1 is tight. In Section 2.3, we extend this
result to the case of the p-th power error function for p € (2, 00).
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2.1. General error functions

The following result shows that under a mild assumption on the error function, the asymptotic
minimax risk is a pleasingly simple function of the parameters of the problem. In particular, this
result shows that the lower bound of Proposition 1 is asymptotically tight.

Proposition 4 Under the setup of Theorem 3, further assume that e is twice differentiable and E
is twice differentiable at 0 with V*E(0) = E[VZe(n)], and let o := E[e" (n)]/2. Then

lim n - R}, 5(PGauss(Px 0?)) = o’a- Q||Z||§(1 —0) =< o?a - [d+log(1/6)],

n— o0
where Z ~ N (0, Ijxq), and where the relation < holds when § € (0,1/2).

Non-asymptotically, and with no more assumptions on the error function, it is difficult to say
much more about the minimax risk than Proposition 4. However, determining when the minimax
risk is infinite is tractable, as the next result shows.

Lemma 5 Under the setup of Theorem 3, let €, == P (rank(in) < d). Then

R (Poans(Px, o) =00 2 <20 and p(Px)" << (") olpo)r

where p(Px) := sup,cga\ (o} P({w, X) = 0) < L.

The upper bound on ¢,, as well as the statement p(Py) < 1 in Lemma 5 are due to El Hanchi and
Erdogdu (2023). At a high level, Lemma 5 says that the range of failure probabilities for which the
risk is infinite gets exponentially small as a function of n. This is in sharp contrast with the result
of Mourtada (2022) under the classical notion of risk and the square error, where it was shown that
the minimax risk in that case is infinite for all sample sizes as soon as p(Px) > 0.

2.2. Square error

We assume throughout this section that e(t) = t?/2. We derive increasingly loose but more inter-
pretable upper and lower bounds on the minimax risk in this setting. Our motivation is to better
understand the influence of each of the parameters (n,d, Px,o?) of the problem on the minimax
risk. Practically, the main result of this section is the identification of a general sufficient condition
under which the lower bound in Proposition 1 is tight. With that achievement to look forward to,
we start with a simple Corollary of Theorem 3.

Corollary 6 Under the setup of Theorem 3,

2
* g
Rn,é(PGauSS(PXaaz)) “on QllZH%(l —9),

where the random variable Z is jointly distributed with (X;)?_, ~ PY such that Z | (X;)], ~
N(0,3.1) on the event that the sample covariance matrix Y., is invertible, and where ¥, =
Y125, %712 is the whitened sample covariance matrix; otherwise || Z||3 := co.

Corollary 6 already makes explicit the dependence of the minimax risk on (n, o), but the depen-
dence on (Px, ¢) remains implicit. The next result is a step towards clarifying this relationship.
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Proposition 7 Under the setup of Theorem 3, and for all § € (0, (1 —&,)/4),

2
<22 [Qp gy (1~ 20 = 8/2) + Qull =2, = 5/2)]
1 o?
> .
T 6428 n

R:L,En+6 (PGauSS(PXv 02))
[Qﬂ@;l)u ey —40) 4 Qu (1l —ep — 45)} :

where we defined Tr(f];b 1Y := oo when S, is not invertible, and W is a random variable Jointly
distributed with (X;)}'_, ~ P% and with conditional distribution W | (X;)7_; ~ EXp(Amin(2n)),
with the convention that the exponential distribution Exp(0) refers to the unit mass at cc.

It is interesting to compare this result with the exact minimax risk under the classical notion of

risk computed by Mourtada (2022), and given by (02/n) - E[Tr(3;1)]. Proposition 7 says that
the minimax quantile risk is upper and lower bounded by a ‘strong’ term given by a quantile of

Tr(X; 1), and a ‘weak’ term governed by the distribution of Apin(¥,,). Our next result shows that
the lower bound from Proposition 7 improves on the one from Proposition 1.

Lemma8 Letd € (ep,1). Then
d- (1 - 5) SQ’I‘r(i;l)(l - 6) < Q)\mux(iﬁl)(l - 5) -d,
log(1/9) < Qw(l—90) < QAmax(iy—Ll)(l —6/2) -log(2/9).

This lemma further shows that a sufficient condition for the lower bound of Proposition 1 to be
tight is the boundedness of @) e (51 (1 —4/2) by an absolute constant. Under what conditions on

(n,d, Px) does this hold ? Our results from Section 5 provide a satisfying answer.
Corollary 9 Assume that Px has fourth moments. If 6 € (0,1/2) and

log(3d)  log(2/4) }
’ 18)\max(S(PX))’ R(PX) 7

n > max{128[4 log(3d) Amax(S(Px)) + R(Px ) log(2/6)]

then )
* J(PG (PX 0_2)) — g (d + log(l/é))

n
where the parameters S(Px ), R(Px) are as defined in (4).

Corollary 9 can be interpreted as a non-asymptotic version of Proposition 4 for the square error
function. As we argue in Section 5, the fourth moment assumption is very natural in this setting,
and the sample size restriction is, in a sense, optimal. The main restriction on the sample size comes
from the first term, as both A\max(S(Px)) and R(Px) are expected to be large.

2.3. p-th power error

The results of the last section are quite specific to the case of the square error, and it is a priori unclear
how the minimax risk of other error functions can be studied non-asymptotically. Let us build on
the observation that Corollary 9 is a non-asymptotic version of Proposition 4 for the square error.
Can we do this for more general error functions ? The underlying proof idea of Proposition 4 is a
simple second order Taylor expansion, which becomes exact as n — oo. If we have non-asymptotic
control over the error in this expansion, we can carry out the argument behind Proposition 4 non-
asymptotically. We implement this idea here, and conclude this section with the following non-
asymptotic lower bound on the minimax risk under a p-th power error function.
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Proposition 10 Assume that e(t) = |t|P/[p(p — 1)] for some p € (2,00). Under the setup of
Theorem 3, and for § € (0,1/2), we have

R Pous (P, %) 2 Tl =2 T 0BG

where m(p) := 2P/>71T'(p/2 — 1) /\/T is the p-th absolute moment of a standard normal variable.

3. Minimacxity of the min-max linear regression procedure

In this section, we establish the minimaxity of a variant of the popular min-max regression proce-
dure, e.g. Audibert and Catoni (2011); Lecué and Lerasle (2020); Oliveira and Resende (2023) over
suitably large classes of problems under the p-th power error functions e(t) = [¢t|P/[p(p — 1)], for
p € [2,00). Before stating our results, we briefly describe the construction of the procedure.

Let o, 8 € R such that o < 3 and define ¢q () 1= al(_g o) (®) + 21[q g)(T) + B1(5,00) ().
For a real valued sequence a := (a;)j_;, define the sequence a* = (aj)iL; by aj = ar;
where 7 is a permutation that orders a increasingly. Fix k € {1,...,|n/2|}, and define yy[a] :
Yo anhk’a;ik (ai). Given samples (X;,Y;)" ;, and for w,v € R?, define

~

Yr(w,v) = n" gx(e((w, Xi) = V) — e((v, X;) = Yi))iL, ],
and consider the procedure

Wik (X5, Y5)in) € argmin max ¢y (w, v). 3)
weRd vER?

3.1. Square error

Our first result shows that for the square error, and under appropriate conditions, the procedure (3)
is minimax up to absolute constants over Pa( Py, 02) when Py has finite fourth moments.

Theorem 11 Under the square error e(t) = t2/2, let § € (0,1/4) be such that k := 8log(4/6) is
an integer satisfying 1 < k < |n/8|. Assume that Px has finite fourth moments. If

n > 8007 - (81og(6d) - [Amax(S(Px)) + 1] + [R(Px) + 1]log(1/4)),
where S(Px ) and R(Px) are as defined in (4), then

Ry.s(P2(Px,02), 10 1) < (100)2 - o*(d+ fg(l/@).

Compared to Proposition 2, the upper bound in Theorem 11 contains no distribution-dependence,
showing the minimaxity of the procedure (3) up to an absolute constant by Proposition 1. On the
other hand, we require the existence of fourth moments, which is more than what is required in
Proposition 2. As we argue in Section 5 however, the fourth moment assumption is quite natural.
We also note that the sample size restriction in Theorem 11 nearly matches that in Corollary 9,
which as we discuss in Section 5 is optimal in a certain sense.
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3.2. p-th power error

We now move to the case p € (2, 00). The first difficulty we are faced with here is that it is a priori
unclear what set of problems we should select that is both tractable and large enough to model
realistic scenarios. Using our insights from Section 2, we propose the following analogue to the
class P2 (Px, o), under the necessary conditions that Px and the noise ¢ have finite p-th moments

Pp(Px,0% 1) := {P|(X,Y) ~ P: X ~ Px and (x) holds.},
where 11 € (0,m(p) - oP~2], m(p) is as in Proposition 10, and (%) is the condition

esssup(E[|¢20D | X)) _ m(2p—2)
essn(E[P2[ X))~ m(p—2)

oP =:r(p) and essinf(E[|E[P72 | X]) > p, ()

where ¢ := Y — (w*, X) and w* € R? is the unique minimizer of the expected error E(w). It is
straightforward to check that Pgauss(Px, 02) C Pp(Px, o2, ), for all legal choices of .

While at first this seems like an overly special class of distributions, let us now argue that this
far from the case. In fact, we claim that this class is a natural extension of Py(Px,c?). Firstly,
by setting p = 2, we recover P2(Px, 02, 1) = Pa(Px,o?) for all legal pi. Secondly, we note that
Py(Px,0% 1) C Pp(Px,0?, 1) whenever i > 1. Ideally, we would like to take as large a class
as possible, which would correspond to the choice 1 = 0. Unfortunately, our bounds diverge in
this setting. On the positive side however, this means that the upper constraint on p is benign as
the interesting regime is when y is near zero. Finally, note that much like with the set Py( Py, 0?),
one can capture a large set of problems by varying o2. As an example, for any linear regression
problem where the noise ¢ is non-zero, symmetric, and independent of X, there exists (o2, 1) such
that P,(Px, 0%, 1) contains this problem.

Remarkably, we show that the procedure (3) is minimax over this class under mild assumptions.

Theorem 12 Under the p-th power error e(t) = |t|P/[p(p — 1)] for p € (2,00), let § € (0,1) be
such that k := 8log(4/9) is an integer satisfying 1 < k < |n/8|. Assume that Px has finite fourth
moments. If

p—2

n > i1 (p)” 7 - [810g(6d) Amax(S(Px)) + 1) + (R(Px) + 1) log(1/6)]
4 (2400)2 - r(p)p 2P NT2 (Py, p) - [d + log(4/8)]

where r(p) and p are as in (%), S(Px) and R(Px) are as in (4), and N(Px,p) is the norm equiv-
alence constant between the LP and L? norms induced by Px on the set of linear functions on R?,

given by N (Px, p) = supycpa\ (o} E[[(w, X)P)Mey E[(w, X)?] 2 then
~oP[d +log(1/9)]

Rn,&(Pp(PXa 027 /L)a wn,k) < 1202 . K(p) n 5

where K (p) := (p—1)2-m(2p — 2)/m(p — 2).

Combining this result with Proposition 10 shows the minimaxity of the procedure (3) on this class of
problems, up to a constant that depends only on p. The closest related result is due to El Hanchi and
Erdogdu (2023) who studied the performance of ERM on linear regression under p-th power error.



MINIMAX LINEAR REGRESSION

Their result however is specific to ERM, and, as expected, only yields a polynomial dependence on
1/4 instead of the needed log(1/6) to establish minimaxity. Our result combines the insights of that
work with the proof techniques used to study the procedure (3) developed by Lugosi and Mendelson
(2019a), as well as our new insights on how to leverage the fourth moment assumption to obtain
absolute constants instead of distribution-dependent constants in the upper bound.

4. The quantile risk

In this section, we study the quantile risk in full generality. Our motivation for doing so is to provide
the tools necessary for proving Theorem 3. The results we obtain are however more general and can
be used to tackle other problems. We illustrate this with two examples at the end of the section.
Before we formulate our results, let us briefly introduce some basic decision-theoretic concepts.
To avoid overloading the notation, the symbols we introduce here will be specific to this section.
A decision problem has the following components: a set of possible observations O, a subset P
of probability measures on O, a set of available actions A, a loss function £ : P x A — R, and a
decisionrule d : O — A. For a fixed distribution P, the performance of a decision rule is classically
evaluated through its expected loss E[¢(P, d(O))] where O ~ P. Here instead, for a user-chosen
failure probability § € (0,1), we evaluate the performance of a decision rule through its quantile
risk Rs(¢, P,d) := Qqpd0))(1 — d). We define the associated worst-case and minimax risks by
Rs(¢,d) := suppep Rs(¢, P,d) and R3(¢) := infy Rs(¢,d) respectively. Our aim is to develop
methods to understand the minimax risk and establish the minimaxity of candidate decision rules.

4.1. A Bayesian criterion for minimaxity and an invariance principle

A classical way to establish the minimaxity of a decision rule is by computing its worst-case risk
and showing that it matches the limit of a sequence of Bayes risks (Lehmann and Casella, 2006).
The following result provides an analogue to this method when working under the quantile risk.

Theorem 13 For a distribution 7 on P, define F Z{ P,d(0)) 10 be the cumulative distribution function
of the random variable ¢(P,d(O)), where P ~ wand O | P ~ P. Let (7},)ken be a sequence of
distributions on P. For any t € R, define

Tk

Pek(t) = Slcllp FZ(P,d(O)) (t).

Assume that the functions (pgj)ker are right-continuous and that the sequence is decreasing, i.e.
Dok = Pek+1 and let py = infpen pyp = limg oo pe . If d is a decision satisfying

sup R(s(& P7 dA) :pZ(l - 5)7
PeP

where p, is the pseudo-inverse of py, then de argming Rs(¢, d), i.e. it is minimax.

We mention that instantiations of the arguments leading to Theorem 13 have been used by
Depersin and Lecué (2022) and Gupta et al. (2023) to tackle specific problems. The general form we
present here is new, and relies on new analytical results concerning collections of quantile functions.

In applications, it is desirable that the optimality of a decision rule depends as little as possible
on the loss function, or conversely, that a single decision rule be minimax for as large a number of
loss functions as possible. The following result shows that the minimaxity of a decision rule in the
quantile risk is invariant to at least one form of transformation of the loss function.
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Proposition 14 Let ¢ : R — R be a strictly increasing left-continuous function, and define
p(00) = 00 and p(—o0) = —oo. Then Rs(p o {,P,d) = ¢(Rs(¢, P,d)). Furthermore, if
Rs(¢,d) < oo, then Rs(p o l,d) = p(Rs({,d)). Finally, if R5({) < oo, then

d* € argmin Rs({,d) = d* € argmin Rs(p o {,d).
d d

4.2. Mean estimation revisited

To exhibit the usefulness of the above results, we briefly revisit the problem of mean estimation
under Gaussian data. This problem can be embedded in the above decision-theoretic setting as
follows. The observations are random vectors (X;)?_; € (R%)" for some d,n € N, the subset of
distributions is the n-product of distributions in the class Pgayss(X) = {N (1, 2) ‘ TS ]Rd}, for a
fixed ¥ € Si . The set of available actions is RY, and the loss function is given by £(P", j1) =
e(p — p(P)) for some error function e and where p(P) is the mean of the distribution P. Finally,
a decision rule is given by an estimator i : (R4)" — R?. The following result gives the minimax
quantile risk for this problem under a mild assumption on the error function e, generalizing the
recent result of Depersin and Lecué (2022) which holds under stronger assumptions on e.

Proposition 15 Assume that the error function e satisfies e = @ o s, where @ is a left-continuous
strictly increasing function, and s is both quasiconvex, i.e. s(tv + (1 — t)u) < max{s(v), s(u)} for
all't € [0,1] and u,v € R% and symmetric, i.e. s(v) = s(—v). Then for all > € S¢

inf sSup R5(£7Pn7ﬂ) = Qe(Z)(l - 6)7

K PEPG&USS(E)

where Z ~ N(0,%/n). Furthermore, the sample mean j((X;)?_1) :=n"' 3" | X; is minimax.

4.3. Minimax estimation of the variance of a Gaussian with known mean

As a second application of our results, we consider the problem of variance estimation with one-
dimensional Gaussian data. For this problem, the observations are random variables (X;) ; € R”
for some n € N, the subset of distributions is the n-product of distributions in the class Pgayss (1) :=
{N(p,0%) | € (0,00)}, for a fixed 1. The set of available actions is (0, cc), and we consider the
following loss function which captures the problem of estimating o2 in relative error: £(P", 0?) :=
|log(a2(P) /o?)| where o%(P) is the variance of the distribution P. Finally, a decision rule is given
by an estimator 62 : R” — (0, 00). Using Theorem 13, we obtain the following result.

Proposition 16 For a € (0,00) and Z ~ Inv-Gamma(a, «), define p,, : (0,00) — [0,1) by

1 — exp(—2t) <7< exp(2t) — 1)

pa(t) = P< 2 o

Then for all 4 € R
inf  sup Rs(f, P",6%) = p;/Q(l —9).
62 PEPgauss (14)

Furthermore, the sample variance is not minimax and the estimator

n L 2
5’2((Xz‘)?:1) = Mgf)(p* (1 — 5))

n n/2

is minimax, where ¢(x) := sinh(x)/x, and Py, /o 18 the pseudo-inverse of pr, /.

10
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Surprisingly, Proposition 16 shows that the sample variance is suboptimal under the quantile risk,
but that a careful reweighting of it is. We note that as n — oo, the weight converges to 1, so that the
sample variance is asymptotically minimax. We are not aware of a similar result in the literature.

5. Smallest eigenvalue of the sample covariance matrix

The results of Sections 2 and 3, and in particular the sample size conditions in Corollary 9 and
Theorems 11 and 12, rely on new high probability lower bounds on the smallest eigenvalue of the
sample covariance matrix we describe in this section. We briefly formalize our problem, we then
state our main results, and conclude this section by discussing and relating them to the literature.

Let Py be a distribution on R? with finite second moments, X ~ Py, and denote by ¥ =
E[XX T] its covariance matrix. For i.i.d. samples (X;)/"; ~ P%, define the sample covariance
matrix 3, = n~! S X; X!, In this section, we want to identify how close En istoXina
relative error sense and in a one- s1ded fashion. Specifically, we want to characterize the quantiles
of the random variable Apax (I — X7 128, o 2y =1 = Anin(2™ 1283 - 1/2) To ease notation,
we introduce the wh1tened random vector X := X ~1/2X. Notice that E[X X T] = I;x4, and that
Y, i=n"1 Yoy X; XT P 1/22 »~1/2, We want to understand the quantiles of 1 — )\mm(E ).

As already mentloned our motivation for studying this problem stems from the fact that upper
bounds on these quantiles form a crucial step in the analysis of linear regression in general, e.g.
Oliveira (2016); Mourtada (2022), and in particular our results from Section 2 and 3.

We are now ready to state our results. Define the following variance-like parameters

S(Py) = E[()?X’T - I)Z], R(Py) = s E [(@, X)2 - 1)2]. &)

Our first result is the following proposition, which provides an asymptotic lower bound on the
quantiles of 1 — Apin(X;,), and a nearly matching non-asymptotic upper bound.

Proposition 17 Assume that Px has finite fourth moments. Then for all 6 € (0,0.1),

hm \/> Ql )\mm(E (1 fl 40 (\/Amdx PX)) + \/R(Px)log(l/é))
Furthermore, for alln € Nand 6 € (0,1),

\/8/\max(S(Px))10g(3d)+\/2R(Px)log(1/5)+(210g(3d) +4log(1/9))

n 3n

Q1S (170) <

Our second result extends the upper bound in Proposition 17 to the case where )\min(fln) =
inf,cga1n 1 Y0 (v, X;)? is subject to a direction dependent adversarial truncation. This result
is needed in our analyses of Section 3, from which we recall the definition of a* for a sequence a.

Proposition 18 Let 6 € (0,1/2) such that k = 810g(2/5) is an integer satisfying 1 < k < |n/2].
For (v,i) € S%1 x [n], define Y;, = (v, X)? and Apin(Sn) = inf cga1n ™t Y00 kk+1 Yy
Then, if n > 8log(6d),

Q 12k /m)Kyia (5 (1 —0) = 100 <\/810g(6d)(Ama:z(S(PX)) 2 \/(R(PX) +nl ! log(l/é)).

11
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Comparison with existing results. To the best of our knowledge, the only known lower bound,
asymptotic or not, on the quantiles of 1 — Apin(X,,) is due to Mourtada (2022, Proposition 4).
This bound however is distribution-free and decays fast, as log(1/d)/n. In terms of upper bounds
comparable to that of Proposition 17, the closest result we are aware of is due to Oliveira (2016) (see
also Zhivotovskiy (2024)), who proved \/n@,_, &) ) S V(R(Px) + 1)[d + log(1/6)].
In general, our upper bound and theirs are not comparable and When combined they yield the best
of both. Nevertheless, we suspect that our bound is better on heavy-tailed problems. Indeed, by
Jensen’s inequality, it is not hard to see that Apax (S(Px)) < R(Px) - d, so our upper bound from
Proposition 17 can be at most worse by \/log(d). This occurs when X is a centred Gaussian, for
which it is known that Oliveira’s bound is tight (Koltchinskii and Lounici, 2017). On the other hand,
consider X with centred independent coordinates, and where the first coordinate has kurtosis x > 1,
while the other coordinates have constant kurtosis. Then Oliveira’s bound scales as V'« - d, while
ours scales as y/k - log(d). Finally, versions of Proposition 18 that mimic Oliveira’s bound can be
deduced from the recent literature (Abdalla and Zhivotovskiy, 2023; Oliveira and Rico, 2022). The
same considerations apply when comparing these results.

On the fourth moment assumption. We carried out our analysis under a fourth moment as-
sumption on Px. We argue here that this is in some sense the most natural assumption to study
this problem. Indeed, recall the fact that ¥, is an empirical average of the random matrix X X7

Therefore, by the law of large numbers, in A 1«4, and by the continuous mapping theorem,

S d . .
Amin(Xn) — 1 as n — oo. To say something about the rate of this convergence, the most natural
assumption to make is that the entries of the random matrix X X7 have finite variance so that the
CLT holds. This is equivalent to assuming that Py has fourth moments.

On the critical sample size. Our main application of Propositions 17 and 18 is in providing upper

E(1-6/2) < 1/4}. In
particular, these upper bounds correspond to the sample size restrictions in Corollary 9 and The-
orems 11 and 12. We claimed after the statement of these results that these restrictions were in
some sense optimal; we expand on this here. Let L := lim, ;00 /0 - Q,_ A (in)(l —0), and

define ng(Px,d) = min{neN‘mznéQl_/\ WG ( —0/2) > \F} If no(Px,d) <
n*(Px, ), then we can reverse the above-mentioned upper bounds using the first item of Proposi-
tion 17, up to a y/log(d) factor. In words, if the critical sample size is determined by the asymptotic

bounds on the critical sample size n*(Px,d) := min{n eN ‘ Q_,

behaviour of the 1 — §/2 quantile of 1 — )\min(in), then our bounds on the critical sample size are
tight. When the hypothesis in this last statement is true remains unclear however. The choice of the
constant 1/4 in the above argument is arbitrary, and can be replaced with any absolute constant.

6. Conclusion

In this paper, we studied minimax linear regression under the quantile risk. We gave an in-depth
characterization of the minimax risk over the Gaussian class Pgauss(Px, 02), and leveraged these
results to establish the minimaxity, up to absolute constants, of the min-max regression procedure
for p-norm regression problems. While the problem of estimation with high confidence has been
studied intensely recently, we are not aware of its formalization through quantiles as was done in
this paper. We hope this new perspective proves fruitful in advancing both our understanding of
learning problems and our ability to design efficient solutions for them.

12
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Appendix A. Preliminaries

A.1. Pseudo-inverses and quantile function

We say a function f : R — R is increasing if = < y implies f(z) < f(y), and strictly increasing if
x < yimplies f(z) < f(y). For a function f : R — R, we define Im(f) = {f(z) |z € R}.

Definition 19 Let f : R — R be an increasing function. We define f~ : [—00,00] — [—00, 0],
the pseudo-inverse of f, by

f(y) =inf{z e R| f(z) > y},

with the conventions inf @ := oo and inf R := —oo0.

Lemma 20 The following holds.

Let f : R — R be an increasing function. Then forall x € R, f~(f(z)) < .
Let f, g be increasing functions from R toR. If f > g then f~ < g~.
Let I be an index set and let { f;},.; be a collection of increasing functions from R to R. Then
(Sup f¢> <inff7 <supf, < <inf fi> .
i€l iel iel il

Let f : R — R be a strictly increasing function, so that it is a bijection from R to Im(f).
Denote by f~1 : Im(f) — R the inverse of f. Then for all y € Tm(f), f~(y) = f~1(y).

Let f : R — R be an increasing right-continuous function. Then for all y € [—o0, ],
[ (y) = min{z e R| f(z) = y},
with the conventions min & := oo and min R := —o0.

Let I be an index set and let { f;};.; be a collection of increasing right-continuous functions
from R to R. Then
sup f; = <inf fl-> .
icl i€l
Let f : R — R be increasing and right-continuous, and let g : R — R be increasing. Then
(fog) =g of.

Let (f)ken be a decreasing sequence of increasing right-continuous functions, and assume
that f,, — f pointwise as n — co. Then,

sup f, ' = fh.
neN

Proof

18
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We have, since f(z) > f(x),
f7(f(z)) =inf{z e R| f(2) = f(2)} < 2.

Fix y € [—o00,00], and define Sy := {x € R| f(z) >y}, and S, := {z € R|g(x) > y}.
We claim that S, C Sy from which the statement follows. If S, = @, the statement follows
trivially. Otherwise let x € Sy. Then f(x) > g(x) > y,sox € Sy.

We prove the last inequality. The first follows from a similar argument. By definition, for all
J € I,supcr fi > fj. Applying the second item yields that forall j € I, (sup;c; fi)~ < fi-
Taking the infimum over j € I yields the result.

Let y € Im(f) and let S := {z € R| f(z) > y}. We claim that f~!(y) = minS from
which the claim follows since then f~(y) = min S. Indeed, since f(f~!(y)) = y, we have
f~'(y) € S. Now suppose that there exists an x € S such that f~!(y) > z. Since f is
strictly increasing, we would have y = f(f~(y)) > f(z), which contradicts the fact that
x € S. Therefore f~1(y) < x for all z € S. This proves that f~!(y) = min S.

The statement holds trivially if f~(y) € {—o00, c0}. Otherwise, f~(y) € R, and by definition
of the infimum, for all £ € N, we have 2 := f~(y) + 1/k € S and therefore f(xx) > v.
Furthermore, limy o0 2 = f~*(y) and , > f~!(y), so by the right-continuity of f we
obtain

F(fHy) = lim () > y.
k—o00
Therefore f~1(y) € S which implies f~!(y) = min S.
The inequality (<) is covered by the third item, therefore it is enough to prove the inequality

(>). Lety € [—o0, 00]. We claim that

sup f; (y) > (g fz)_(y)-

il

The statement follows trivially if sup;c; f; (y) = oo. Otherwise, we have f; (y) < oo for

all i € I. If sup;e; f; (y) = —oo, then f; (y) = —oo for all i € I, which implies that
fi(x) > y for all z € R. This in turn implies that for all z € R, inf;cr fi(x) > y and
therefore (inf;cr f;)~ (y) = —oo. It remains to consider the case where sup;c; f; (y) € R.

We claim that

inf f; = >
inf f; <§1€111) £ (y)> >y
from which the main claim follows by definition of the pseudo-inverse. Indeed, let i € I. If
fi (y) € R, then we have

fi (s'u? fi (y)> > filfi W) =y
je

where the first inequality holds since f; is increasing, and the second by the fifth item and the
fact that f; (y) € R. Otherwise f; (y) = —oo, and therefore f;(x) > y for all z € R, which
in particular implies the desired statement since sup;c; f; (y) € R.
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* Lety € [—00, 00]. By the assumed properties of f and the fifth item, we have f(g(x)) > y if
and only if g(z) > f~ (y). Therefore

(feg)~(y) = nf{z € R| f(g(x)) =y}
= inf{z € R|g(z) > f(y)}
=9 (W)= (9" o))
» We start with the inequality (<). Let z € R. Since (f,(x))nen is decreasing, we have

f(z) = limy 00 fn(z) = infen fn(z). Therefore, for all n € N, we have f,, > f. By the
second item, we therefore have f,7 < f~. Taking supremum over n yields the result.

For the inequality (>), lety € R, and suppose that sup,,cy f,, (v) < [~ (y). If sup,,en fr, (y) =
—00, then for all x € R and for all n € N, f,(z) > y, which implies that for all x € R,
f(x) = lim, 00 frn(z) > y, and therefore f~1(y) = —oo, contradicting the strict inequality.
Otherwise z* := sup,,cy f,, (y) € R, and either f~(y) = ocoor f~(y) € R.

If f~(y) = oo, then on the one hand, for all z € R, lim,_, fn(z) = f(z) < y. On
the other hand, for all n € N, f,(z*) > y. Indeed, if f, (y) € R, then by the fifth item
fu(x*) > fu(f (y)) > y. Otherwise, f, (y) = —oo so that f(z) > y forall z € R, and in
particular f,,(z*) > y. But then we get the contradiction y > lim,, oo frn(z*) > y.

Finally, if f~(y) € R, define ¢ := f~(y) — z* > 0. By definition of z*, f~(y) —e > f,, ()
for all n € N. We claim that for all n € N

fu(f~(y) —€) > v

Indeed, if f,, (y) € R, then by the fifth item f,,(f~(y) —¢) > fu(f, (v)) > y. Otherwise,
fo (y) = —oco so that f(z) > y for all x € R, and in particular f,,(f~(y) — &) > y since
f~(y) — € € R. Taking the limit as n — oo yields

Jm fo(f7(y) =) = f(F7(y) =€) 2y
contradicting the minimality of f~ (y).

For a random variable X, we denote by Fx : R — R its cumulative distribution function
Fx(z) :=P(X < z),and by Qx : [—00,00] = [—00, 00] its quantile function Qx (p) := F (p).
Since F’x is right-continuous, then by the fifth item of Lemma 20 we have

Qx(p) = min{z € R| Fx(x) > p}.

Furthermore, since lim,_, o F'x(x) = 0and lim,_, Fx(x) = 1, itis easy to verify that Q x (p) €
R forall p € (0,1) and Q@x(0) = —oo. If X, Y are two random variables, we define the random
variable Fx|y (7) := P(X < x|Y') and we note that Fix (v) = E[Fxy(x)] forall z € R.

Lemma 21 Let ¢ : R — R be strictly increasing and left continuous. Then for all p € (0,1)

Qux)(p) = 0(Qx(p))-

where we define p(00) := 0o and p(—o0) := —o0.
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Proof Let e := P(X = o0) and ey = P(X = oc0). By definition, ¢(X) = o0 & X = —o0,
so the identity holds trivially for all p € (0,e_] U [1 — e4,1). Now consider the case p € I :=
(e—,1 —&4). First, since lim,_, _, Fx(x) = e_ and lim,_,, Fx(z) = 1 — £ by continuity of
probability measures, we have Q) x (p) € R. The same argument shows that Q(x)(p) € R. Now,
since ¢ is strictly increasing,

Fx(x) = P(X <) = P(p(X) < p(2)) = Fox) (0(2) = (Fpx) 0 9)().

Therefore, by the penultimate item of Lemma 20, we have

Qx =Fx =¢ oF ) =¢ 0Qux) ®)

We claim that for all p € I,

(pop™ 0Qux))(P) = Qux)(p) (6)

By the fourth item of Lemma 20, it is enough to show that Q(x(p) € Im(p) for all p € I. This
will be the goal of the proof. Let p € I, and define S := {z € R ‘ o(z) < Qu(x)(p)}- We claim
that S is non-empty and upper bounded. Indeed, suppose not. Then either ¢(z) > Q,(x)(p) for all
r € Rorp(r) < Qyx)(p) forall z € R. In the former case, this implies that for all z € R

Fx () = P(X < 2) = P(p(X) < ¢(z)) = P(p(X) < Qux)(p)) = p > e,

where the second inequality follows from the fifth item of Lemma 20 and the fact that Q,(x)(p) €
R. This leads to the contradiction

e-= lim Fx(z)>p>e_.

T—r—00

In the latter case, we get that for all x € R

Fx(z) =P(X <2) =P(p(X) < ¢(2)) < P(p(X) < Qux)(p))-

This leads to
l—ey = lim Fy(z) < P(p(X) < Qux)(p) <1—¢4.

where the last inequality follows from the fact that Q,(x)(p) € R. Now, since

P(e(X) < lim p(x)) =1-e4

T—00

and p(z) < Qu(x)(p) for all z € R, we get by the minimality property of Q,(x)(p)

Qu(x)(p) = lim ¢(z).

T—00

But, on the one hand, we have by continuity of probability,

Tim P((X) < ¢(n) = P(p(X) < lim p(n)) =12,

n—oo
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yet on the other, since ¢ is strictly increasing, we have ¢(n) < lim; 0 9(2) = Qu(x)(p) for all
n € N, so by the minimality of Q(x)(p), P(¢(X) < ¢(n)) < p forall n € N, from which we
obtain the contradiction

1—ey = lim P(p(X) <p(n)) <p

This proves that S is non-empty and upper bounded. Now define zy := sup S, which is guaranteed
to satisfy o € R by the upper boundedness of S and its non-emptiness. We claim that ¢(xg) =
Qu(x)(p). Indeed, by the left-continuity of ¢, we have, for any sequence (z,)nen in S such that
Tn — X0

(o) = lim p(zn) < Qu(x)(p) )

where the last inequality follows from the definition of S and the fact that z,, € S foralln € N. On
the other hand, by the maximality of z¢, we have for all = > zq, ¢(7) > Q(x)(p), which implies
that

Qux)(p) < lim o(z) ®)

$—>JZO

Combining (7) and (8), we obtain

Qu(x)(p) € [@(1’0)’ lim, 90(95)]

x—)xo
But for any y € [go(xo), limm_mar go(:z:)} , we have

P(p(X) <y) = P(p(X) < ¢(x0))

Indeed on the one hand
P(p(X) <y) > P(p(X) < p(x0))

On the other, if X > x¢, then since ¢ is strictly increasing, ¢(X) > lim__, - () > y. Therefore

CE*}[L’O

P(p(X) <y) < P(sO(X) < lim 90(50)> < P(X <) = P(p(X) < p(20))

but then, by the minimality of Q,(x)(p), we obtain Q,(x)(p) = ¢(zo). This proves (6). Now
applying ¢ to both sides of (5) and using (6) yields the result. |

A.2. Convexity
Definition 22 A subset A C R% is

 convexifforall x,y € Aandt € [0,1], (1 —t)z + ty € A.

o symmetric if forallx € A, —x € A.

Lemma 23 Let A be a non-empty convex symmetric set. Then for all A > 1, A C \A.
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Proof We start by proving that AA is convex. Indeed let z,y € AA and ¢t € [0, 1]. Then by definition
/X, y/\ € A, so by convexity of A

Ty
1-t)—+t=€ A
which implies
A ((1-nF ¥
(1—t)z+ty =\ «1 QA+¢A)EAA

Next we prove that 0 € A. Letv € A. Since A is symmetric, —v € A, and by convexity of A

1 1 1 1
— —r—-x=-1+=(—7) € A
0 5T = 3% 236—1—2( T) €

Finally, we prove the main claim. Let z € A. Then by definition Ax € AA. But then by convexity
of A and since A > 1

1 1
Ry ( A)O—i—)\)\xe)\

Definition 24 A function f : R — R is
s quasiconvex if for all v,y € R and t € [0,1], f((1 — t)x + ty) < max(f(z), f(y)).
o symmetric if for all v € RY, f(v) = f(—v).

Remark 25 Every convex function is quasiconvex. The function f(x) = log(x) is quasiconvex but
not convex. Every norm is quasiconvex (and, in fact, convex) and symmetric.

Lemma 26 The following holds.

o f: RY = R is quasiconvex and symmetric if and only if for all y € R, f~((—o0,y]) is
convex and symmetric.

o If f : R = R is quasiconvex and symmetric then 0 € argmin,cp f(x).

A.3. Gaussian measures

Lemma 27 Let Z ~ N(0,0?). Then

72 272
\/1 —exp(—w> < Fg(r) < \/1 —exp<—7m2>.

Proof Consider first the case where 02 = 1/2. Then

(Fia) = P(-r< z<nf = (2 [ e”dt)Z
_ 4 "

= / / e~ P+ gt ds = 4/6_(t2+82)dtds
™ Jo Jo m™Js
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where S = {(m, y) € R? ‘ 0<z,y< r} is the square of length » whose lower left corner is at
0. For a radius p > 0, define the quarter disks D(p) := {(a:, y) C R? ‘ z,y > 0,/x2 +y2 < p}.

Clearly, D(r) C S, so that

4 4

— / e~ (") dtds < / e+ dtds = 1 — exp(—T2)
s D(r)

™ s

where the last equality is obtained by an explicit integration using polar coordinates. On the
other hand, consider the quarter disk D(2r/+/7), and define A := D(2r/\/7) \ S and B :=
S\ D(2r/+/). Since S and D(2r/+/7) have the same area, so do A and B. But for all (¢, s) € A
and all (z,y) € B, we have

492
t?+s% < — < 2? +y* = exp(—(t* + 5%)) > exp(—(2* + y?))

Therefore

4/6_(t2+82)dtd82 é / e_(t2+52)dtds+/ e+ gt ds
TJs T\ JSND(2r//x) B

4 / e~ ) dtds + / e~ 5 dtds
T\ JSND(2r//x) A
2
— 4/ e~ +5%) dtds — 1 — exp<—4r)
T JD(2r//m) &

This proves the statement for 2 = 1/2. For 0? € (0,00), note that Z 2 /2027 where Z ~
N(0,1/2), so

FIZI(T):P(—TSZSr):P<_ g T >:FZ<T>7

20 202 202

and applying the result for 02 = 1/2 yields the general result. |

IN

[\

Lemma 28 Let XY be random vectors such that X | Y =y ~ N (y, X) for some fixed 3 € Sle_
and for all y in the image of Y. Then X —Y ~ N(0,X).

Proof Let B be a Borel subset of R?, and let Z ~ N(0, X). We have
P(X-YeB)=EPX-Y eB|Y)=E[P(ZeB)]=P(Ze€ B).
[

Lemma 29 (Anderson’s Lemma) Let Z ~ N(0,%) for some ¥ € S¢, andd € N. Let A C R?
be a convex symmetric set. Then for all a € R?, we have

P(Ze A)>P(Ze A+a).

Lemma 30 (Gaussian Poincaré/Concentration) Letd € N, Z ~ N (0, Ijxq), and f : R — R
be an L-Lipschitz function with respect to the Euclidean metric. Then Var[f(Z)] < L? and

2
P((2) - ELA(2)] 2 1) < oxp( 573 ):
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A.3.1. CONCENTRATION OF NORMS OF GAUSSIAN VECTORS

For this subsection, fix d € N, an arbitrary norm ||-|| on R%, and a covariance matrix ¥ € S¢ . Let
Z ~ N(0,%), and define M := E[||Z||]. Let S denote the unit sphere of the dual norm ||-||., and
recall that ||z| = ||2||« = sup,eg|(v, ¥)|. Define R := sup,cg v’ Xv, and v, = max,cgv! Sv
where the maximum is attained since .S is compact and the function is continuous.

Lemma 31 The function f : RY — R given by f(z) = |22z is v/R-Lipschitz in the Euclidean
merric.

Proof
F@) = 1)l = [I5V2] - 572 < Y20 — y)
—sup(sH20,0 ) < (maxl =%l ) o~ ol
veES veS

Lemma 32 Forallt > 0,

M2 <E[|Z|] < (1 + g>M2,

t2
PIM—||Z|| >21t) < - .
07 - 121 2 ) < exp( -3

Proof Notice that

2 2
M=E[|Z|]=E [sup\(v, Z)} > sup E[|(v, Z)|] = sup \/’UTZ'U = \/U*TZU*.
veS veS vesS VT n

where the inequality follows by convexity of the supremum and Jensen’s inequality, and the third
equality by the fact that (v, Z) ~ A (0,v” ) and an explicit calculation of the expectation. We
now prove the first item. The first inequality follows from Jensen’s inequality. For the second,
notice that ©~1/27 ~ N (0, I5xq), so that an application of Lemmas 30 and 31 yields

BJIZ|%] ~ (B[I1Z]))? = Var(| Z]]) = Var [f(57122)] < R =TS0, < 2 (B[|12]))*.

where f is as defined in Lemma 31. For the second item, notice that — f is also v/R-Lipschitz, so
that again an application of Lemma 30 yields

P(M — | Z|| > t) = P(ff(E‘l/ZZ) - E{—f(E_WZ)} > t)

<eo(gsm) <o ()
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Corollary 33 Forallr € R,
Ur) < Flz(r) < min{uy (1), uz(r)}
where

0= - o (520 1

—(M —1r)? r
ui(r) == eXp<(]7\f]w2)> Lioar) (1) + Liarec) (1), ua(r) = \/1 — exp<—i;> Lj0,00)(7)-

Proof We start with the lower bound. Let » > M. Then

r— 2
Fly(r) = P(1Z]| < v) = 1=P(|Z]| > r) = 1=P(| Z]| = M > r — M) > 1—6XP<—(21§4))

where the last inequality follows from Lemmas 30 and 31. For the lower bound, we have, by Lemma
32

Figy(r) =P 2] <r)=P(Z]| = M <r - M) =P(M — [|Z|]| = M =) < u(r).

Furthermore,

Fiz(r) = P(ggguv,zn < ) < P(|(0., 2)] < 1) < us(r),

where the second inequality follows from the fact that (v., Z) ~ N (0, R) and Lemma 27. [ |

A.4. Inverse Gamma measure

Let «, 5 > 0. The inverse gamma measure Inv-Gamma(a, 3) on (0, c0) has density

fos(@) = s exp(_ f)

with respect to Lebesgue measure, where I' is the gamma function.

Lemma 34 Let X ~ Inv-Gamma(a, ) and Z ~ Inv-Gamma(a, «). Let r > 0, and define

xa,g(r) = 2ar 2r

Blexp(r) — exp(—r)] o1 —exp(—2r) exp(2r) — 1
palr) = P(F R < 7 < )

Then for all x € (0, 00)

Pa(r) = P([log(X/za,5(r))| <) = P([log(X/z)| < 7).
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Proof Fix r € (0, 00). Define h,(z) := P(|log(X/z)| < r). Then we have

d

%(hr(ﬂﬂ)) = —(P(Jlog(X/x)| <))

(P(mexp ) < X < zexp(r)))

z exp(r
/ fa,ﬁ )
z exp(—r)

= exp(r) fa,p(x exp(r)) — exp(=r) fa,p(x exp(=r))

&\&9‘\&%\&

(‘D

where in the last line we used Leibniz integral rule. Setting the derivative to 0 and solving yields
Zq,8(r). Examining its derivative, we notice that h, is non-decreasing on (0, z, ()] and non-
increasing on [z, 3(r), 00). Therefore x,, g(r) is the global maximizer of h,. Now

P([log(X/@a,5(r))| <7) = P(za,p(r) exp(=r) < X < za,5(r) exp(r))

_ P<1 — exp(—2r) <% < exp(2r) — 1>
2r 15} 2r

= pal(r)

where in the last line we used that if X ~ Inv-Gamma(a, (), then ¢X ~ Inv-Gamma(a, ¢ - /3) for
allc¢ > 0. |

Lemma 35 Let p,, be as defined in Lemma 34. The following holds.
* po(r) is non-decreasing in o for all r > 0.

* pa(r) is strictly increasing in r for all o > 0 and Im(p,) = (0,1)

Appendix B. Suprema of truncated empirical processes

B.1. Truncation function

Let a, 5 € R such that o < 3. Define

B if x>p,
bap(z) =< if x¢€la,pl, )
a if z<a.

Lemma 36 The following holds for all x € R.
* ¢ ¢ap(x) = Peacp(cz) forall c € [0,00).
* —¢ap(®) = ¢-p-al-2).
* 0a8(T) + Y = Gatys+y(x +y) forally € R.
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Proof Just check the three possible cases for each item. |

Fix n € N. For a real valued sequence a := (a;)!_,, define the sequence a* = (a})_, by

aj := an(; forall i € [n] and where 7 : [n] — [n] is a permutation that orders a non-decreasingly,

Le. ar(1) < ... < dg(y). Note that this is well-defined since any such permutation gives the same
a*. Addition and scalar multiplication of sequences are as usual. For two sequences a, b, we say
that a < bif a; < b; for all i € [n].

Lemma 37 Leta = (a;)}_, and b = (b;)}_, be real valued sequences.
a<b=a* <b*

Proof Let 7 and o be permutations of [n] that order a and b non-decreasingly, respectively. Let
i € [n]. We show that ar(;y < b,(;). We consider two cases. If 7(i) € {o(1),...,0(i)}, then
ar(iy < br@s) < byi). Otherwise, m(i) € {o(i+1),...,0(n)}. This implies that there exists
aj € {i+1,...,n} such that 7(j) € {o(1),...,0(i)}, from which we conclude that a,; <

arty < ety < by u

Letk € {1,...,|n/2]}. Define

a):= a, ar_,(ai). (10)
i=1

Lemma 38 The following holds for all real-valued sequences a = (a;)}_;.
* c-pr(a) = pg(c-a)forall c € R.
* pr(a)+n-c=pglatc)forallc € R.

* pr(a) < ¢i(b) for all sequences b = (b;)}"_, such that a <'b.

Proof We start with the firstitem. Let 7 : [n] — [n] be a permutation that orders a non-decreasingly.
The case ¢ = 0 is trivial. Now consider the case ¢ > 0. Then since ¢ > 0, 7 also orders ¢ - a non-
decreasingly. Therefore (¢ - a)! = c- a} and

c- (Pk ZC ¢ak,a z) = Z (bc-az,c-a (c- az Z(b(ca )i(ca)k (C : ai) = Sok(c La),
=1

where the second equality follows from the first item of Lemma 36. Now consider the case ¢ = —1.
Then the permutation 7 orders —a non-increasingly so that (—a)} = —a;, _, and

—pi(a Z ¢ak’an k (as) Z - O kv*“k —ai) Z¢( )i, (=a);, k(_ai) = or(—a),
where the second equality follows from the second item of Lemma 37. For the case ¢ < 0, we have
¢ pr(a) = (=¢) - —pr(a) = (=¢) - pr(=a) = pi(c- a).
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For the second item, we have by Lemma 37 that ¢* < b*, from which we conclude

n—k—1 n—k—1
@n( Z%k,an a)=kaf+ Y af v ka_, <K+ > b+ Rb = oi(b)
=1 i=k+1 i=k+1

Lemma 39 Leta = (a;)}_, and b = (b;)}_, be real valued sequences such that b > 0. Then

n—2k
(a+b ><;0k Zb*

Proof Let 7 and o be permutations that order @ + b and a non-decreasingly, respectively. By

definition
n—k

or(a+0) =kla+b),+ > (a+b)f+kla+b) 4
i=k+1

We lower bound each of the three terms separately. For the first, define the sets I; := {7 (1),...,m(1 + k)}
and J; := {o(1 + k),...,0(n)}, and notice that

|IlﬂJ1| = |Il‘—|-‘<]1|—|[1UJ1| > (1+k)—|—(n—k)—n:1.
Therefore, we have
(a+b)>{+k = aﬁ(1+k)+bﬂ(1+k) = max{ai + bi | 1 € Il} Z max{ai + bi ‘ 1€ Il N Jl} Z ag(H_k),

where the last inequality uses the non-negativity of b. Similarly, for the third term, define the sets
I :={n(1),...,m7(n —k)} and Jo := {o(n — k), ...,0(n)}, and notice that

|[Io N Jo| = |Io| + |Jo] = |[I2UJ2| > (n—k)+ (1+ k) —n=1.
Therefore, we get
(a+b);§,k = aﬂ.(n_k)—i-bﬂ.(n_k) = max{ai + b; ‘ 1€ IQ} > max{ai + b; ’ 1€ lon JQ} > Qg (n—k)>

where again we used the non-negativity of b in the last inequality. It remains to lower bound the
second term. Let S* C I such that | S| = k and {o(1),...,0(k)} NIy C S. Notice that

n—k n—k
Y (a+b); =D (an@) +bawy)
i=k+1 i=k+1
= max Z a; + b;)
|S| szIQ\S
> Z a; + Z b;
1€\ S* 1€I2\S*
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Let us further bound each term. For the first, notice that by definition of S*, we have (I3 \ S*) C J;
and |1y \ S*| = n — 2k, therefore

n—k
D ez omin ) ai= ) g
1€I2\S* |T|=n—2k €T i=k+1
For the second, we have
n—2k
b; > min b; = b*
Z "7 TCln) ZZ Z '
1€\ S* |T|=n—2k €T i=1
Combining the bounds yields the desired result. |

B.2. Suprema of truncated empirical processes

Let 7 be a countable index set, and let ({Z; s}se7)/_; be independent real-valued 7 -indexed
stochastic processes. Define Z := sup,c > .. | Z; . For s € T, define Z := (Z; 5)I_,. For i.i.d.
Rademacher random variables (£;)"_,, define p := E[sup,c > i ; €iZ; s]. We assume throughout

that o2 := SUPgeT iy B [Zf 8] < 00. We start by recalling the following result.

Lemma 40 (Klein and Rio (2005)) Assume that for all s € T and i € [n], E[Z; ;] = 0, and that
R = sup(, j)e7xn] | Zisll0 < 00. Define v := 2RE[Z] + o2. Then

P(Z > B[Z]+1) < exp<—;]$2h<?£t>>,

where h(t) := 1+t — /1 + 2t with inverse h™1(t) = t 4+ /2t. Consequently, with probability at

least1 — 0
Z < E[Z]+ 3}3102(1/5) + v/2vlog(1/9).

The following result is due to Lugosi and Mendelson (2021).

Lemma 41 Let T > 0. Then with probability at least 1 — §

sup|{i € [n] [ |Zis| > T}

seT
_ 2u o? 81 202 3log(1/6)
< aéﬁfl){sT tazoere T \/<5T Aoz ) e/ + =, '

Proof Let " > 0 and € € (0, 1), and define the function x7. : R — [0, 1] by

0 ife<(1-—¢)T
T 1—=¢
=0 — — —— if 1—e)T.T
XT,a(x) T c 1.7}6(( 5) > ]
1 ifex>1T.
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Note that 1(7,00) < XT,e < L((1—¢)7,00) and x7 is (1/€T')-Lipschitz. Now we have

Supleoo (1Zisl) <SUPZXTs’ Zis|)

seT .2 seT 12

SSU;EZXT,E(‘ZZ’,SD_ [XTE(‘Z’LS‘ +SUPZEXT5 ‘Z7,5|)] (11)
EIS i=1 s€T =1

Wis =

)

The second term of (11) is bounded by

0_2

E[ (1Zis])] < P(|Zis| >1—e)T) < ———. 12
i??z Ixre(1Zi.s)] i?pz (1Zisl > (1= )T) < 7370 (12)
We now turn to the first term of (11) which we denote by W. We note that E[W; ;] = 0, |W; 5| < 1,
so by Lemma 28 we have with probability at least 1 — ¢
3log(1/6
W < E[W] + OgZ(/) + 2(2E[W] + a2) log(1/5), (13)

where o 1= sup,er iy E[W?,]. It remains to bound E[W] and . The former is bounded by

EW]=E SUPZXT,SGZLSD — E[x1(1Zi s])]

S€T =1

Sup § 81, Z S

s€7—l 1

n
< zE!suszixT,guzi,sD (19

seT ;4

where the first inequality is by symmetrization and the second by the contraction principle and the
(1/£T)-Lipschitzness of x7. o |-|. The latter is bounded by

0_2

(1—¢)2T2%
(15)

o? = sup E < sup EX (1Z; < sup P(|Zis| > (1 —e)T) <
5672 s] SeTZ ()] Sg; (1Zis] > (1 =&)T)

Combining (13), (14), and (15) yields that with probability at least 1 — §

2u 8 202 3log(1/9)

Combining (11), (12), (16), and optimizing over € € (0, 1) yields the result. |

Corollary 42 Using the same notation as in Lemma 29, we have with probability at least 1 — &

Sup|{z € [n]||Zis| > To}| < 8log(1/d),

seT

where

. p o?
1032202 Togti/a) \ Tog(1/9) [
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Proof The result follows from taking ¢ = 1/2 in the bound of Lemma 29, replacing T" by Ty, and
straightforwardly bounding the resulting expression. |

Lemma 43 Let 0 € (0,1) be such that k := 8log(2/6) is an integer satisfying 1 < k < |n/2].
Assume that for all s € T and i € [n|, E[Z; ;] = 0. Then with probability at least 1 — §

sup|{i € [n] | |Zis| > To}| < k,

seT
and

sup ¢r(Zs) < 50 max{u, o2 10g(2/5)}.

seT

o 1 o’
e Qm“{ log(1/3)" | Toa(1/5) }

Proof By Lemma 29, with probability at least 1 — §/2, we have forall s € T

where

* *
—Tp < Zl—l—k,s < Zn—k,s < To.

Therefore

n
supp(Zs) =sup » ¢zx 7+ (Zis)
sET ’ 567'; Lk, n—k,s 105

n
:$@§:¢mﬂd%9+%@ﬁwﬁ+ﬂﬁ+MZLM—TM
sE i=1 N———
<0

<sup > b_1,1,(Zis) — Elo—m,1(Zirs)] +5up > Eld_g,1,(Zis)] + 2k T

seT i—1 Wi’s — seT i—1
(17)
We now bound the second term of (17) by
sup » Elo_1,1,(Zis)] =sup » E[Z; ] +E{[(To — Zis)1(1.00)(Zi,s) (18)
567_; [ 0 0( ] 567'; [ ] [( (To,00) ]
+E[(—To — Zi )V (—oo,—1)(Zis)]
n 2
1/2 12 O
<sup Y E[Z?]""-P(Zi,< -Ty)"* < —, (19)
867; [ ' ] ( ) To

where we used the Cauchy-Schwarz inequality and Markov’s inequality respectively. Denote the
first term of (17) by W, and note that E[W; ;] = 0 and |W; 5| < 2T}, so by Lemma 28 we have with
probability at least 1 — 6/2

W < E[W] + 2Ty log(2/6) + /2(4To E[W] + a2) log(2/6), (20)
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where o ;= sup,cr > i | E [VVZQS} . It remains to bound E[W] and o. The former is bounded by

E[W]=E

sup Z ¢-10.10(Zis) — Elo-1y, 130 (Zi,s)]]

seT

n
sup Z 81'22'75

s€T ;.

n
sup Z EiﬁzszoyTo (ZZ}S)

s€T ;.

<2E <2E , (21)

where we used symmetrization and the contraction principle along with the 1-Lipschitzness of
®_1y,1, respectively. The latter is bounded by

n n n
o? < sup Z E [WZQS] < sup Z E [¢2_T07T0(Zi,s)] < sup Z E [ZZ%S] (22)
seT seT T2 s€T 33

Combining (20), (21), (22), and using the definition of T}, we obtain with probability at least 1 —0 /2
W < 16 max{u, o? log(l/é)} (23)

Combining (17), (19), (16), and the definition of 7T yields the result. |

Appendix C. Proofs of Section 4
C.1. Proof of Theorem 13

By definition of the minimax risk, we have

R;(0) = 12f Rs(¢,d) = 1%f 18525)7 Rs(¢, P,d) = 1réf ]sjlg)p Qepay) (1 —0) = Héf ]sgtég)n FE(P,d(O))(l —9).

Applying the sixth item of Lemma 20 to the last expression yields

R5(f) = it <Igg§3 FZ(P,d(O))) (1 —9).

Now let k£ € N. Since infpep Fg(pd(o)) < Ep,wr,c [Fg(p’d(o))‘p] = FZE];D,d(O))’ where O ’ P~P
inside the expectation, we have by the second item of Lemma 20

—1
R(0) > 1%f(FZ(’;3’d(O))) (1-0)> <S1;p Fe(gd(o))) (1—5) = py,(1 - 4).

where the second inequality follows from the third item of Lemma 20, and the last by definition of
pe - Taking supremum over k, and combining our assumptions on the sequence (pg ) ken With the
last item of Lemma 20 yields the result.
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C.2. Proof of Proposition 14

The first statement follows from the assumption on ¢ and Lemma 21. For the second statement,
define S := {Rs(¢, P,d) | P € P} C [—00,00) and x := sup S. If 29 = —o0, then ¢(xy) = —o0,
and p(¢{(P,d(0)))) = £(P,d(0)) = —oo with probability at least 1 — ¢ for all P, so the statement
holds. Otherwise zy € R. Now for any z € S, we have z < zg, so p(z) < ¢(z¢), and hence
sup,eg ¢(x) < (o). On the other hand, let (x))ren be an increasing sequence in S such that
x — xo as k — oo. Then by the left-continuity of ¢, we obtain sup,cg ¢(z) > limg_,o0 @(xf) =
©(zo), which proves the statement. For the last statement, suppose that d* € argming Rs(¢, d),
then by assumption R5(¢,d*) < oo, so that by the second statement Rs(p o ¢, d*) = ¢(Rs(¢,d)).
Now let d be any other decision rule. If Rs(¢,d) < oo, then by the minimality of d* we get
Rs(¢,d*) < Rs({,d), and since ¢ is increasing and using the second statement again, Rs(p o
0,d*) = o(Rs(¢,d*)) < p(Rs(¢,d)) = Rs(p o l,d). If Rs(¢,d) = oo then there exists Py € P
such that Rs(¢, Py, d) > Rs(¢,d*), but then since ¢ is increasing, Rs(p o £,d) = suppep Rs(p 0
¢, P,d) > ¢(Rs(¢, Py,d)) > ¢(Rs(¢,d*)) = Rs(p o £,d*). This proves the last statement.

C.3. Proof of Proposition 15

Proof We present here the proof for the case p(xz) = x. The general statement follows from
Proposition 14. Our aim is to apply Theorem 13. We select 7, := N(0,X/\;) for a decreasing
strictly positive sequence (A )ren satisfying A, — 0 as k& — oco. We want to compute, for all ¢ € R,

pek(t) = sup P(e(a((Xi)iey — p)) < 1),
i

where 1 ~ 7, and X; | pp ~ N (p, ) for all i € [n] independently. A classical Bayesian calculation

shows that p | (X;)l, ~ N(Yk,zk) where X, := ﬁ)\kX and Xy, = ﬁl)\kE, where X =

n~t 3" | X; is the sample mean. Now we compute, for Z, ~ N(0, Zy),

sup P(M —a € 671((—00’t]) | (Xi)?zl)]

The second line follows from conditioning on (X;)"; and the symmetry of e. The fourth line
follows from combining the assumptions on e with the first item of Lemma 26, as well as an ap-
plication of Lemma 29, known as Anderson’s Lemma. The last line follows from the fact that

p—Xp | (X)), 4 Z.. To conclude it remains to prove the needed properties for the sequence
(pe,k)ken- The right-continuity follows directly from the fact that Fe( Z) is a CDF. To see that the
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sequence is decreasing, define ny := n + A and note that ng > ng41. Then, forall t € R

Fuzn(® = Ple(5) <) = P(Z € e ((-00.0) =P/ - Zisr € (0.1

ng
Nk41

= P(Zk:—H € -e_l((oo,t])) > P(Zk+1 S 6_1((*Oo,t])) = Fe(Zk+1)(t)a

where the inequality follows from the fact that \/ng/ng1 > 1, e ((—00, ] is convex and sym-
metric, and Lemma 23. Finally, let Z ~ N (0, X/n). We compute

. . _ . ng  _
kIEEOFe(Zk)(t) = klggloP(Zk €e'((—o0,t])) = kl;n;()P(Z € ‘/; e 1((—00,15]))

— P(Z c ﬂ {\/? 6_1((—00,25])}) = P(Z € 6_1((—oo,t])) = Foz)(t),

k=1
Finally, the worst-case risk of the sample mean is given by Q. (z) (1 — ¢) as can be checked with a
simple explicit calculation. An application of Theorem 13 concludes the proof. |

C.4. Proof of Proposition 16

Proof We aim at applying Theorem 13. We select 7, := Inv-Gamma(\g, ;) for a decreasing
strictly positive sequence (A)32 ; satisfying A, — 0 as k — oo. We need to compute

pek(t) = SgpP<10g<62((;)yﬂ)) < t>,

where 02 ~ 7 and X; | 02 ~ N(u,0?) for all i € [n] independently. A classical Bayesian
calculation shows that 0 | (X;)"_; ~ Inv-Gamma(ay, (), where oy = n/2 + A, and By =
Me + D0 (Xi — p)?/2. Recalling the definition of the fucntion p,, from the statement, we obtain

P(l ( o > E P(105( % (X5)
sup 8\ =5 7vm N < t> = sup <0g<) < t‘ i ?: )
& 02((Xi)i:1) be(0,00) b '

where the last equality follows from Lemma 34. It is straightforward to check that p,, is continuous
for all values of & € (0,00). Furthermore, by Lemma 35, the sequence (pa, )ren is decreasing
with limit p,, /2. This provides us with the first part needed for Theorem 13. Now note that, for any
02 € (0,00) and X; ~ N(u1,0?) for all i € [n] and independently, we have (n - 02)/ > " | (X; —
w)? ~ Inv-Gamma(n/2,n,/2), so that for the estimator 52 defined in the theorem, we have

P(Jlog(0*/6*(X))| < by f5(1 = 9))

= Elpay, (1)] = pay, (t)

O'2 _
=P (exp(or, (1 -0) < S S )
o (Lmeeh(1-8) o2 enm(1-0) -1
a 2p,, (1 = 0) T (X p)? 2p,, (1 — 0)

= puja(py (1~ )
=1-6
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and therefore the worst-case risk of this estimator is equal to p;/lz( 1 —4). Applying Theorem 13
proves the minimaxity of this estimator. An explicit calculation of the worst-case risk of the sample
variance combined with the uniqueness of the minimizer in Lemma 34 shows that it is not minimax.
|

Appendix D. Proofs of Section 2
D.1. Proof of Theorem 3

Before we proceed with the proof, we start with a simple lemma.

Lemma 44 Under the setup of Theorem 3, the functions £ , E are strictly convex and symmetric
with unique minimizer 0. Furthermore, if (X,Y) ~ P € Pgauss(Px,0?) so that Y = (w*, X) +n,

then E(v) = E(v — w*) for all v, and w* is the unique minimizer of E(w).
Proof We prove the convexity and symmetry of E first. We start with the symmetry.
E(=A) = Ele(—(A, X) +n)] = E[e((A, X) —n)] = E[e((A, X) +n)] = E(A),

where the second equality follows from the symmetry of e, and the fourth equality follows from
n 4 —n. For the strict convexity, let ¢ € (0,1) and A, A’ € R%. Then

E((1—t)A +tA") = Efe((1 — ){(A, X) + 0} + t{(A, X) +1})] < (1 - t)E(A) + tE(A),

where the inequality follows from the strict convexity of e. Therefore E is strictly convex and
symmetric, and since £ and F differ by a constant, the same holds for £.
For the second statement, notice that, by symmetry of 7,

E(v) = Ele((v, X) = Y)] = Ele((v — w", X) —n)] = E[e({(v — w", X) + )] = E(v — w").

After routine calculations and an application of the chain rule, this also shows that E' is strictly
convex, symmetric, and differentiable at w* with VE(w*) = VE(0). We compute

VE(w*) = VE(0) = E[Ve(n)] = E[¢'(n) X] = E[¢(n)] EIX],

where 7 ~ N (0, 02) and the last equality follows from the independence of i and X . Now

B[¢/(n)] = - Ble(n)n] = - Ele(—n) - (~)] =~ Ele(n] = ~ B[¢/()]

where the first and last equalities are by Stein’s lemma, the second since 7 4 —n, and the third by
the symmetry of e. This proves that E[¢/(n)] = 0, and hence that w* is the unique minimizer of £
by strong convexity. |

We now present the main proof of the theorem.
Proof [Proof of Theorem 3] Our strategy is to use Theorem 13 with a properly chosen sequence of
distributions (7, )xcn. Notice that, associated to each P € Pgauss(Pyx, 0?) is a unique minimizer
w* € R? of the expected error F(w). So putting a distribution on the set of the latter, R?, induces a
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distribution on the set of the former, Pgauss(Px, 02). Specifically, let (A )ren be a strictly positive
sequence converging to 0, and define 75 := N(0, )\,;1 - (02/n) - Ixq). With the goal of applying
Theorem 13, we need to compute

pr(t) == sgpP(S(w((Xi,Yi)?zl)) <t),

where w* ~ g, (X;)%; ~ P, and Y; | (w*, X;) ~ N((w*, X;),0?) for all i € [n], and
independently. A basic calculation shows that w* | (X;, Y;); ~ N (wy, (62/n)E; "), where

1S ~ ~ 1 &
=1 i=1
Therefore, using Lemma 44,

p(t) = sup P(E() < t) = sup P(E(i — w*) < t)

w w

= squ[P(E(U} — w*) <t ‘ (Xh}/;)?:l)}

w

=E

5;11R%P(w* —v € g_l((*oo,f]) ‘ (Xi,n)?ﬂ)]

- E[P(w* —wy € EH(—00,1]) ) (X, Yi)?:l”
_ P(E(Zk) < t> = Fz(z (1)

where Zj, | (X;); ~ N(0, (62/n)X; 1). The fifth equality is obtained by combining the first item
of Lemma 44 with the first item of Lemma 26, and an application of Lemma 29. With the goal of
applying Theorem 13, we verify the needed properties on the sequence (pk)ken-

First, since each py is a CDF, it is right-continuous. To show that (pg)ren is decreasing, let

k € N. Since A\, > Agy1 by assumption, X >~ X1, and therefore E,;l < E,;il. We conclude

that Zyp 1 < Zp + Vi, where Yy, L Zj, | (X;)" and Vi | (X)7y ~ N0, C v -,
Now

I
= =T v

Fg iz i, ()

(6 <t| (X))
Zivsr € E71 (=00, 1)) | (X1 )

(
<Zk +Yj, € EH((—00,1]) ‘ (Xz‘)g;l)

P(Z+ Vi€ £ (=00, 1)) | (X010, i)

<E|sup P(Z+a €& (o0, t)) | (Xi)iLy, Vi)
_aER‘i

= E[P(Z € £} (~o0,1)) | (X011, Vi)

= Fgzioxy, (),
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where the penultimate equality follows from Lemma 28 and the fact that, given ((X;),, Y%), Zx
is a centred Gaussian vector. Taking expectation of both sides with respect to (X;)?_; proves that
the sequence (pg)ken is decreasing. It remains to compute its limit.

By the monotone convergence theorem, we have

lim Fy, () = lim P(S(Zk) < t)

k—o0

= lim E[P (g(Zk) <t ‘ (Xi)?:l)}

k—o0
- E[lim P(E(Zk) <t ‘ (Xi);.;l)] (24)
k—o0
Furthermore, letting Z ~ N (0, I5x4), we have
lim P(E(Zk) <t ‘ (Xi);gl) — lim P(Zk () ‘ (Xi);;l)
k—o0 k—o0

= m p(2 € Pue (| )

k—o0 o
_ p<z e N{LrsE (-} <X¢>;;1>
k=1
— P(z € *fi}ﬁé—l((—oo,t]) ' (Xi)?l), (25)

where the second line follows from the fact that Z;, 4 ﬁz}j 27 and the third line from the conti-
nuity of probability and the fact that for all £ € N,

\(/fﬁE}C/ﬁlg_l((—oo,t]) c \ﬁﬁEi/2g_1((—m,t]).

Indeed, by the spectral theorem, there exists an orthogonal matrix ) and a diagonal matrix A such
that ¥, = QAQT, so E,lc/2 = QA2 + A,le/2I)QT. Now since A\;11 < A, we have by Lemma 23

(A2 + NEDQTE (=00, 1)) © (A2 + N/*)QTE (—o0,1)),

Mapping the above sets through @ yields the desired statement. Now if rank(f)n) < d, then
dim(Im(SY%)) < d and

0< P<Z e YPS128-1((Loo ) ‘ (Xi)?l) < P(Z € Im@}/?)) =0 (26)
o

where the last equality follows since 7 is a standard normal vector, so its distribution is absolutely

continuous with respect to Lebesgue measure on R?, and Lebesgue measure assigns zero measure

to all hyperplanes. Otherwise, rank(%,,) = d, and we get

g

P(2e R (oot v ) = P(8( 80 2) <o o) e
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Combining (24), (25), (26), and (27) proves that

. s 0 &=
khﬁr{olopk(t) =FE |:P (8 (\/ﬁzn 1/22> <t ‘ (Xz)?:1> l{rank(in)zd}((Xi)ln:l)
which can be interpreted as the CDF of the random variable
~ O' ~ A~
£ (2—1/22> if rank(%,) = d
A((Xi)ier, Z) = vn " "

00 otherwise

so we write limg_, o p(t) = Fa(t). It remains to show that the worst case risk of the procedures
defined in the theorem is Q 4(1 — §). Let w be a procedure satisfying the condition stated in the
theorem and fix w* € R?. Then, on the event that rank(in) = d, and through an elementary explicit
calculation, we have w0 — w* = i;l(% S miX;) where n; ~ N(0,0?) are ii.d.. Therefore,
LS miXs | (Xo)y ~ N(0,0%/n - 5,), and hence & — w* | (X;)"_; ~ N(0,02/n - S;1),
so the worst case risk of this procedure is upper bounded by Q4(1 — ). Applying Theorem 13
concludes the proof. |

D.2. Proof of Proposition 4

The proof is a simple application of the second-order delta method. Let (Z,,, (X;)}"_;) be such that
(Xi)y ~ PYand Z, | (X;), ~ N(O, %QE;I) whenever ¥, is invertible and set Z, = 0
otherwise. The conclusion of Theorem 3 can then be rewritten as

RZ,&(PGauss(PX, 02)) = QE(Zn)(l — ),

with the additional specification that £(Z,) := oo whenever (X;)_, is such that S, is singular.
Recall that Z ~ N(0, I4x4). By a property of Gaussian vectors, we have that on the event that in
is invertible, Z, L ﬁi; 12z By the weak law of large numbers and the continuous mapping
theorem, we have 3, 2 2 sy 2, so that an application of Slutsky’s theorem yields \/n - Z,, KN
N(0,0%2%71). Now by assumption, £ is twice differentiable at O where its gradient vanishes by
Lemma 44, and where its Hessian is given by VZ£(0) = E[e” () X XT| = 2a% by independence
of n and X. Therefore, by an application of the delta method, we obtain

lim n-&(Zy) % 020l Z|2
n—oo

Since convergence in distribution implies the pointwise convergence of quantiles, we obtain the first
equality in the proposition. The second statement follows from Lemma 27.

D.3. Proof of Lemma 5

We start with the first statement. Let § € (€n, 1). By the monotone convergence theorem and the
fact that £(w) < oo for all w € R by assumption on Py, we have

lim Fy ;) (t) = lim E[P (E(Z) <t ‘ (Xi)?:1> L)y (X)) | = 1= 20

t—o00
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Therefore, since 1 — 6 < 1 —¢,, there exists at € R, such that FE(Z) (t) >1-4,s0 QE(Z) (1-9) <
c0. On the other hand, for all £ € R, Fg ;) (t) <1—¢ep,soforanyd € [0,e,], QE(Z)(l —6) = oo.
As for the lower bound on €, El Hanchi and Erdogdu (2023, Lemma 1) proved that there exists a
wo € S9! such that p(Px) = SUpyera\ {0} P((w, X) = 0) = P((wo, X) = 0) < 1. Therefore

e = P(Amm(in) - o) > P (ﬂ{(wo,X¢> - 0}> — p(PY)"

i=1

The upper bound on ¢,, follows from the proof of (El Hanchi and Erdogdu, 2023, Theorem 4).

D.4. Proof of Proposition 7
Proof In this proof we will let Z ~ N(0, %igl), so that the minimax risk is given by QIIZH% (1-—

en, — 0)/2. Define the random variables

E(1Z]l2 | (Xi)iy]  if rank(S,) = d

00 otherwise

M((Xi)izq) = {

02~ a
)\max<2‘1> if rank(3,) = d
n

00 otherwise

To simplify notation, we will write M and R only, and leave the dependence on (X;)? ; implicit.

Upper bound. We have, for all r € R,

Fizi3(r%) = B [P(1 212 < 7| (X)) s,y (X))

= E[{1 = P(IZll2 > 7| (X))} iy ay (K1)

> B [{1 - e () b 091 s,y ()|

L

=P(M<r)—E [exp (—%) Il[o,r](M)] =: L(r)

where the inequality follows from the Gaussian concentration (Lemma 32), and where the expres-
sion inside the expectation is defined to be 0 whenever rank(X) < d. The penultimate equality
follows from the fact that H[M,OO)(r)ﬂrank(i):d«Xi)zn:l) = Tjo(M). Now let 0 < ¢ < 1 and
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define ¢ :== Qpr(1 — €, — ¢d). Then, recalling the definition of W from the statement,

L(r+q)>P(M <q)+P(M € (q,r+q])

r2 r— M|?
—E [exp <_2_R> ﬂ[O,q} (M):| —E exp (_|2R|> ]]_(q’r+q] (M)
<1

>P(M <q)—E [GXP<—2T;> ﬂ[O,q}(M):|
>1—e,—c5—EF [exp( 2’;) rank@):d((xi)?l)]

2

—E {{1 - exp< ;’R> }nrank@)d((xi);;l)] — b

()

%QW(I —&p, —cd) and ¢ = 1/2 in the last display yields

hence taking r =

202
L(QM(l —en—90/2)+ TQW(l —&p — 6/2)) >1—¢e,—9

_10

And since F| 2 0 ¢ > L where ©(r) = 72, we get by the second item of Lemma 20 that ¢
Q712 < L™. Applying ¢ to both sides yields and using Lemma 21 we obtain,
(4] pplying ¢ y g

“(1—g,—0))?
2
( 1—%—vm»+J%wiu—5m—wm>

@Wu—%—wm+2cMﬂ—%—wﬂ

Q)z3(1 —en =) < (

< 2%(@%( (1= en = 5/2) +2Qu(1 — e — 5/2))
2
<47 (Qpysy(1 = 2u = 0/2) + Qu(l — 0 — 6/2)),

where in the penultimate inequality, we used the fact that M? < Tr (E ) by Jensen’s inequality.
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Lower bound. For any (X;)? ,, define v((X;)"_;) to be the eigenvector corresponding to the

smallest eigenvalue of in Then we have.

Fizj3(r?®) = B[P(1Zll2 < 7| (X)10)1, s —a(Ki)i)|

IN

[ 212 n
<E 1 —exp TR ]lrank(i) d((Xi)izl)

[ 1 272 n
<B[{1- Jon(-25) Moneyoal X020

Where the third line follows from Lemma 27. Now let ¢ > 0 and define

7r02

r(e) == Qw(l —ep—20)—¢

Then
1
Ui(r(e)) < 5(1—5n+1—€n—25) =1—¢,—0.
Since this holds for all € > 0, we obtain U; (1 — &, — §) > r(0). Therefore,

7'['0'2

(
B[P((0((X)0), 2)] < 7| (X)) sy -a((5X0)

)]

Quziz(1—en—06) = (Uy (1 —ep — §))% > r2(0) = —Qw(l —&n — 20)

This finishes the proof of the first part of the lower bound. For the second part of the lower bound,

we also have by Gaussian concentration, and in particular Lemma 32,

Fizi3(r®) = E[P(IZ]l2 < 1 | (X)) Lyl (X010

- M
=E exp( | 7”| >11['r<>o +11[0,r)(M)]

—P(M <r —i—E[eXp( ‘M_rP)ﬂ[m)(M)] —: Us(r)

42
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Leta € (0,1),¢ > 1,and ¢ :== Qp(1 — &, — ¢d). Then we have,

2
U((1—a)g) =E|exp (— M _75}\4_2 a ) Lj(1-a)qq) (M) | +E

eXp(_IM 75]1\42 )dl )1[%00)(]\4)]

+P(M <q)—P((1—a)g <M <q)

<P(M <q)+ E[exp<— M _75]1\4_2 G)Q|2> IL[q,oo)(M)]

P
< <1 — exp(—‘f» P(M < q)+ exp<—(i> (1—-ep)
(1= o) )1 - et - 2)1 - e
(
0

where the last line follows from taking a = 0.96, and ¢ = 4, and noticing that with these choices

2

c(l - exp(—%)) > 1. Now since Fj 2 o ¢ < Up where ©(r) = r*, we get by the second item

of Lemma 20 and an application of Lemma 21,

Quzig(l —en—0) = (U (L —en — 8))°

1 2
> (25QM(1 —En — 45))

1

1

0_2
= 625(1+ 7/2) 7 Qur(s) (L =& —49).

Averaging the two lower bounds yields the result. |

D.5. Proof of Lemma 8

We start with the bounds on QTr(i—l) (1—46), and in particular the lower bound. If (a;)%_; is a finite
sequence of non-negative real numbers, then twice applying the AM-GM inequality we obtain

d d 1/d Zn d 1 d2
i=1 @i
zfl_llgmai) ST = luz

43



EL HANCHI MADDISON ERDOGDU

Using this, we have

T(i—l)—zdjx(i—l)—zd: L . 4
o) T A T L S T ()

Now, since E[Tr(X,,)] = d, we have

d? (s s P L BTS¢
P(n(in) St) _P<T n) 25 > STen

Applying the second item of Lemma 20, we obtain the desired lower bound

Qrs;H(1=0) 2 Qp s,y (1 —0) 2 d- (1 -9).

The upper bound follows from the simple observation Tr(2;1) < d - Apax (S571). We now move to
bounds on Q (1 — §), and we start with the lower bound. By definition, we have

13 <PW < Qu(1-3) = 1 - Blexp(~Quw (1= 8) - Auin(E))]

hence, by Jensen’s inequality
6 > B[exp(—Quw (1= 8) - Anin(En))] = exp(=Qu (1= 6) - B[ Amin(Sa) ).

and using the variational characterization of the smallest eigenvalue we get, for any v € S%~1,

n

inf L Z@,z—lﬂxi)?] < E[(U,E_lﬂX)Q} ~ 1.

veSi-1n

E[Amm(in)} _E

Therefore Qw (1 — §) > log(1/6) as desired. For the upper bound, let g := Q/\max(i_l)(l —4/2)
and define the event A := {)\max(i; < q} which satisfies P(A4) > 1 — §/2. Notice that

t
{1 — exp <_)\max(§]n1)> }JIA((Xi)?zl)

Taking t > ¢ - log(2/d) ensures that the above probability is at least 1 — 0. By the minimality of
the quantile, we get that Qy (1 — §) < Q)\max(i—l)(l —d/2) -log(2/0), which is the desired upper
bound.

P(W <t)>E > (1-0/2)(1 — exp(t/q)).

D.6. Proof of Corollary 9

Proof We claim that for all the allowed sample sizes,

Q/\max(in))(l —6/2) <2.

Indeed, the restriction on the sample size n is chosen in such a way that by the upper bound in
Proposition 17, we have

N | —
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Now if 1 — )\min(f}n) < 1/2, then /\min(in) >1/2and /\max(iﬁl) =1 (35,) < 2. Therefore

P</\max(§);1) < 2) > P(Amm(in) < 1/2) > P(Amin(in) <Qy. &1 5/2)) >1-5/2.

which finishes the proof of the bound on ) A () (1 —6/2). Now appealing to Lemma 8 proves
the result. u

D.7. Proof of Proposition 10
Using Lemma 2.5 in Adil et al. (2023), we have for the p-th power error e(t) = |t|P/[p(p — 1)],

& 1
E(A) = Ele({A, X) +n)] — Ele(n)] > WATE[J(W)XXT}A-
Since €”(t) = |t|P~2, and 77 and X are independent,

=~ 1

E(A) > S0 m(p — 2)oP 2ATSA.

Therefore, by Theorem 3,

(p—2)oP?

m 02
Rn,&(PGauss(PX7 02)) = Qg(Z)(l —0) > 8(p—1) : ;Q”Aug(l —9)

where A ~ N(0,%;1). Now noting that %QHAH%(l — ¢§) is the minimax risk under the square
error, applying Proposition 7 and Lemma 8, and using the constraint on §, we obtain the desired
lower bound.

Appendix E. Proofs of Section 3
E.1. Proof of Theorem 11

Fix a distribution P € Py(Px,0?). We will prove an upper bound on the risk of the proposed
procedure under P. We follow the approach developed by Lugosi and Mendelson (2019a). Define

o(w) = max g (w, v),

veERd
and note that by definition of w,, 5, we have
V(W w") < Gt k) < P(w”). (28)
The key idea of the proof is to show that ||y, , — w*||x; is small, by simultaneously showing that
s Forall w € RY, if ||w — w*||x is large, then so is ¥ (w, w*),

o ¢(w*) is small.
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The combination of these statements combined with (28) will show that ||, , — w*||x. is indeed

small. Define
2[d +1log(4/6
n
All the following lemmas are stated under the conditions of Theorem 11. The first step of the proof
is a simple application of Lemma 43.

Lemma 45

P(| sup ™ g [((Ve((w”, Xi) = Y3),0))ity] > A(S )) <9/2

vlls<1

Proof For v € R? such that ||v||s < 1 and i € [n], define

Ziyi= - (Ve({w®, Xi) — ), 0) = - €(X0)

U

Our aim is to apply Lemma 43, so we make the necessary computations here. We have

E[Zi v] = %<E[V6(<w*7XZ> — }/Z)],U> — %<VE(UJ*),U> _ O,
2
B[Z},] =~ E[¢(X,0)?] < Z.
vsgpq; n “ji;p Bl <

where the last inequality follows from the assumption E[§2 | X } < o2. Now, for independent
Rademacher variables (&;)]" ;, we have

sup § &2 iv

||v||2 Limh

= < ZslﬁlX“v>
Hsz 1
—EllZ e
LS e, ]
i=1 »-1

<E 725@

| JEEI /02

Where again we have used the assumption E[¢? | X] < o2, Recalling that k = 8log(2/(5/2))
from the statement of the theorem, and applying Lemma 43 with the above constants yields the
result. |

From this result, we can deduce the following estimate, which will help us bound ¢(w*) later on.

Corollary 46 For any r € (0, 00),

P( sup  Yp(w*,v) >r- A(5)> <4/2.

[o—w|ls<r
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Proof We have
sup  Yp(w*,v) = sup  gpf(e((w, Xi) = Y;) —e((v, Xi) — Vi)
lv—w*|ls<r lo—w*|s<r

= sup ¢ —<V6(<w*7Xi>—Yi)av—w*>—;<XiUw*>2n
(

H’U_W*”E<T i=1

< sup gr[(—(Ve((w*, X;) = Yi),v —w*)) ]

[[lv—w*||s<r

(a0 S

= arl((Ve(lw X =Y o))

where the first line is by definition, the second holds since e is quadratic so its second order Taylor
expansion is exact, the third by the third item of Lemma 38, and the fourth by the first item of
Lemma 38. Applying Lemma 45 to the last line yields the result. |

The key technical novelty of this proof is the following lemma, which uses our new results
Proposition 18 and Lemma 39.

Lemma 47 Letr € [8A(d),00). Then

2
P(” ian> Yr(v,w*) < % - TA(5)> <d

Proof We start with the case ||[v — w*||x, = . We have

inf  p(o,w") = inf T lep(e((v, Xi) — Y5) — e((w, Xi) — Yi))iy]

[v—w*|[s=r [o—w*|lg=r

lv—w*||ls=r 2 i=1

9 n
= inf n7'gy [(7“ A(Ve((w*, X;) = V), 57 120) + %(Uv El/QXz‘>2> ]
=1

OIS L
Define X; = ¥~ Y/2X;, and Ziy = (v, X;)?2 for (i,v) € [n] x S9!, Then we have by Lemma 39,
inf (o, 07)

[v—w*|s=r

n—2k
n
>r. inf no! [(v * X)) — ), N2 ) } 20 it 0t S 22
> 7o inf | ((Ve((w®, Xo) =Y, 2720)) - fr® e inf n Z
7“2 n—2k
—— . inf n7! Zf —r- sup n ! Ve({w*, X;) —Y;),v))"
5 A Z; b H’Uﬂzgl erl((Ve(( i) = Yi),v))is]

The second term is bounded with probability 1—4§/2 by 7+ A(§) by Lemma 45. For the first term, the
restriction on the sample size in Theorem 11 is chosen such that by Proposition 17, with probability
atleast 1 — 62/2>1—6/2
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Therefore, with probability at least 1 — §

r2

inf (v, 0”) >

lv—w*||s=r 8

—rA(0).

We now extend this to all vectors w € R? such that |w — w*||s > r. On the same event, if
|w —w*||s = R > r, then v := w* 4+ 5 (w — w*) satisfies |[v — w*|x = r, and

n(an %) = e (Tl X) = Y = ) + =t X)L )

R : n
= nilgpk |:<r<v6(<w*7Xz> th)? v 'LU*> t TT§<U a w*jXZ>2>z:1:|
>n gy, [<R<V6(<w*,X1> Yo — w) + Sl -, X)), ” ]
. r 2 i=1
= g (v, w")
> (v, w")

where the first inequality follows from the fact that R/r > 1, (v — w*, X;)? > 0, and Lemma 38,
and the second inequality follows from the fact that by the condition on r, we have ¢y (v, w*) > 0
on the event we are considering. |

We are now ready to state the proof of Theorem 11. Set r := 20A(J), and recall from (28) that

Vi (W, w*) < d(w™) = sup Pr(w*,v)
veERI

= maX{ sup (o (U}*a ’U), sup wk(w*v U) }

[lv—w*|lg>r lo—w*||s<r

:max{ inf  Yr(v,w*), sup 7/1k(W*aU)},

lv—w*||>r lv—w*|ls<r

where the last line uses the fact that iy (w,v) = —; (v, w). Now by combining Corollary 46 and
Lemma 47, we have with probability 1 — ¢ that the first term in the above maximum is negative,
while the second is bounded by 7 - A(J) = 20A2(5). On the other hand, we have on the same event

by Lemma 47 that
2

inf (v, w*) > % — rA(8) = 30A2(9)

lv—w*|s>r

Therefore, we conclude that with probability at least 1 — §
| — w*||z < 20A(0).
finally, noticing that this implies, with probability at least 1 — §
. L x
Etn) = 5 [l k. — w3 < 202A%(3),

finishes the proof.
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E.2. Proof of Theorem 12

The high-level idea behind the proof of Theorem 12 is similar to that of Theorem 11, but with a few
more challenges. Fix P € P,(Px, o2, 11). We prove an upper bound on the risk of Wy, ), under this
fixed P. Define H := V?E(w*), ¢ := essinf(E[|¢[P7? | X]), C := esssup(E [|§]2(p_1) | X]).
Note that

H=E[¢f2XXT] =c- % (29)

Define

o m(2p —2) oP[d +log(4/6)]
A(5) = 50\/ o7 -

Our first statement is an analogue to Lemma 45.

Lemma 48

P( sup n~ oy [((Ve((w?, Xi) — ¥i),0))iy] > pr)) <3/2

[vllm<1
Proof For v € R? such that ||v||g < 1 and i € [n], define
Zii= - (Vel{w®, Xi) ~ Yi),v)
Our aim is to apply Lemma 43, so we make the necessary computations here. We have

B[Z;,] = %(E[Ve((w*,Xi) — V), v) = %(VE(w*),v) —0

and

n

sup E[ZZU] = 1 sup E[fQ(p*1)<X, v)z]

Il <1525 Mol m<1
1 esssup(E[fQ(p_l) | X]) 9
< — sup - E|(X,v
w1 esEE 2 X)) ]
m(2p —2) o?
“m(p—-2) n
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where the first inequality follows from (29), and the second from the assumption on the class of
distributions. Now, for independent Rademacher variables (¢;)"_;, we have

n
E[ sup ZgiZi,v

1 n
=E| sup <n ZEiV€(<w*,Xi> — Yi),v>
i=1

lollr=13=1 Llollzr=1
iy
=E||=) &Ve((w', X;) - Y;)
L " ’l:]. H71
[ Lo 2 1/2
<E||=) eVe((w*, X;) — Y;)
n =1 -1

\/E[sﬂpnnxnw

n

essinf(E[P—2 | X])) n

< m(2p —2) oPd
“\ m(p—2) n
Where again we have used the assumption on the class of distributions, and where we used (29)

in the penultimate line. Recalling that & = 8log(2/(J/2)) from the statement of the theorem, and
applying Lemma 43 with the above constants yields the result. |

S\/esssup(E[ga(p—n\X]) E[IX]12]

The second statement is also similar to Corollary 46. The additional challenge here is that
second order Taylor expansion is not exact.

Corollary 49
P( sup  Y(w*,v) >7r- Ap(5)> <4/2.

[[lv—w*|| g <r

Proof By Lemma 2.5 in Adil et al. (2023), we have that, for all £, s € R,

e(t) —e(s) —(s)(t = 5) 2 8(pl—1) e"(s)(t — s)*
Therefore,
H 751*1|I|) < D(w*,v) = H 781’}'1') < orl(e((w*, X;) — Vi) — e((v, Xi) — Vi)™ ,]
—(Ve((w*, X;) = Y;),v —w* —M v — w*)?
: v—zgﬁ)H«@kK el X =3, A ) >

< osup ep[(—(Ve((w*, X;) = Y;), 0 — w*))i ]

[[lv—w*|| g <r

2ol 0 =) |

= s al(Ve((w, X5 = ¥, )]
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where the second line is by the inequality cited above, and the third by dropping negative terms.
Applying Lemma 48 to the last line finishes the proof. |

It remains to show the analogue of Lemma 47. This is the most technical part of the proof.

Lemma 50 Letr € [32(p — 1)A,(6),00). Then

7,,2
P inf v, W) < ———< —7A,0) | <6
<||v—w*||H2r velo,w) 32(p—1) #l )>

Proof We start with the case ||[v — w*||z = r. We have, using the quoted lemma in the proof of
Corollary 49,

inf (v, w")

lv—w*|[z=r

= inf  nlep(e((v, X;) = Y5) — e((w*, X;) — Yi))I ]

lv—w*|[ =

p—2 "
> inf nlgok[<<ve(<w*,Xi> —Y,‘),U_w*> —|—|€Z|p<v—w*7X¢>2> ‘_1]

lo—w* [ r=r 8(p—1)
|p—2 n
= inf n~ r-(Ve({w*, X; —Y,H_l/% +7"2-L v,H_l/QXi 2) .
nf e (v Vet ) v, 402 S ?)
Now define the random vector W := \§|(p_2)/ 2. X, whose (uncentered) covariance matrix is H.

Further define W; := H~Y/2W;, and Ziy = (v, W;)2 for (i,v) € [n] x S%1. Then we have by
Lemma 39,

inf (v, 0")

[o—w*[|m=r

2 n—2k
. X)) — V). H V2" . -1
= velgdf M go;{((Ve((w X —Yi), H U>>z‘:1} + 8(p—1) velgdf " Z
7“2 n—2k
=—— . inf n! —r- sup n lep[((Ve((w*, X;) — Yi),v .
o1 LT A s Tl (Velf X Yo

The second term is bounded with probability 1 — §/2 by - A,(6) by Lemma 48. For the first term,
we claim that the restriction on the sample size in Theorem 12 is chosen such that by Proposition
17, with probability at least 1 — §2/2 > 1 — §/2

1
inf n! Z Z5, > i (30)
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Let us show why this is true. Let Py be the distribution of W, and notice that

Anax(S(P)) + 1= sup B[ W3- (v, H=2W)?|

veS[d—1
= sup B[¢P0 X3 (H 2, X)?]
veSd—1
< esssup(E[|€27 Y | X]) - sup E[||IX|[%-1 (v, X)?]

lvllr=1

C(®—-2)/(p—1)

=T e sup B[[[X g1 (v, X)?]
¢ lv]lm=1
p—2
m(2p — 2)oP\»=1 1
= < m(p — 2) > Hp/(p—]_) [Amax(S(Px)) + 1]

where the fourth line follows by Jensen’s inequality, and the last line by the properties of the class
of distributions. Note that this upper bound holds uniformly over all members of P, (P, o2, ).
Through a very similar argument, one may show

m(2p — 2)oP
m(p —2)

)%1 L - [R(Px) +1]

R(Pw)+1< < /D)

It is then straightforward to apply Proposition 18 under the above bounds and the sample size re-
striction and conclude that the claim (30) is true.
Therefore, with probability at least 1 — §

2

inf  gp(o,wt) > oo

> —rA,(9).
Jo—w* || g =r ~32(p—-1) v(0)

We now extend this to all vectors w € RY such that |w — w*||y > r. On the same event, if
|w—w*||g = R > r,thenv :=w* + 5 (w — w*) satisfies ||v — w*||g =, and

* -1 * NN Vv Lk |§i|p_2 P A2 "
Y (w,w*) >n" er| | (Ve((w*, X;) = V), w — w*) + ————(w —w", X;)
i=1

_ 8(p—1)
- 2 ¢ |p—2 "
=n"lop <]f<Ve(<w*, Xi) = Yi),v—w) + ]f?8|(£1;il)<v B w*7Xi>2> '—j

>n" oy (f(Ve((w*,Xi) -Y),v—w")+ EM(U — w*,Xi)2>n ]

r8(p-—1) i1
R r?
=7 (gp=ry ~ )

?”2

> m —rAp(5)

where the first inequality follows from the fact that R/r > 1, (v—w*, X;)? > 0, and Lemma 38, and

the second inequality follows from the fact that by the condition on r, we have WZ—U —rAp(d) >0

on the event we are considering. |
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Finally, we present the main proof. For the first step, we localize w0, j, using the lemmas we just
proved. In particular, let r := 96(p — 1)A,(6). Then following the same argument as in the proof
of Theorem 11, we obtain that with probability at least 1 — §

P (e, w*) <7+ Ap(8) = 96(p — 1) A2(6)

On the other hand, and on the same event,

2

inf (v, w") -

> —rAy(6) =192(p — 1)2A%(6).
lo—w*|| g >r ~32(p-1) »(9) (p ) p( )

Therefore,
[ — w*|[ < 96(p — 1)Ay(0)

It remains to bound the excess expected error. By Lemma 2.5 in Adil et al. (2023), we have the
upper bound
e(t) —e(s) — €/ (s)(t — s) < 4e”(s)(t — s)* + 2pP 2|t — 5|

Integrating this bound we obtain
E(n,1) < lon ke — w*(|F + 2072 B[(dn — w*, X)P).

We have control over the first term. We need to control the second, in a noise-independent way. We
have, for any w € R?, by (29)

1/2
ol > Ve [wls > Vi E[w,X)?]"
Therefore
E[(w, X)[P1"7 _ 1 E[[(w, X)["]'” _ N(Px,p)
sup W_— sup o1z .
weR\ {0} H VI werd\fo} E[(w, X)?] Vi

Using this we obtain

(Px,p)

) ) o NP R
&t ) < Al — w7 + 29 o [t 1 — w™ |y

Under the restriction on the sample size stated in the theorem, in particular the second term, we have
on the same event

2 NP (Px,p)

o7 2 e =y < A —

2pP~
Hence with probability at least 1 —
& (b, 1) < 8-[96(p — 1)Ap(8)]?

Replacing A, (6) with its value we recover the desired bound.
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Appendix F. Proofs of Section 5
F.1. Proof of Proposition 17

Proof Asymptotic lower bound. By the central limit theorem, as n — oo, and by the finiteness of
the fourth moments of Px,

Vi, 1) % G,

where G is a centred symmetric Gaussian matrix with covariance
Elgijgst] = E[(X:i)?j — i) (X Xy — Is,t)]v

for i,j,s,t € [d]. Now since G is Gaussian and centred, we have G 2 _@. On the one hand, by
the continuous mapping theorem, this implies

V(L = Anin(E0)) = Vidmax (I = 5) % Anax(G).

On the other, Apax(G) 4 Amax(—G) = —Amin(G), and therefore for ¢ > 0,

P(HGHO,, > 1) = P(Amax(G) > t or Apin(G) < —t)
< PMmax(G) > t) + P(Amin(G) < —t) = 2P (Anax (G) > ).
so we conclude that

t
<
=n

Now since convergence in distribution implies the pointwise convergence of quantiles, we obtain

dm i@y 30 (1= 0) = Qa1 - 0) 2 Qg (1 - 20)

(1 +P(|Gllop < 1))

n—o0

lim P (1 = Amin(En)

DO | =

) PO (G) < 1) <

It remains to lower bound this last quantile. We do this by deriving two upper bounds on the CDF
~ 2

of [|Gllop. Let vy := argmax,cga—1 E |:<<U,X>2 - 1) ] and note that vI' Gu,. ~ N(0, R(Px)).

Therefore by Lemma 27,

2t2
On the other hand, it can be shown that ||G||p is a Lipschitz function of a standard normal vector
(see e.g. Van Handel (2017)), with Lipschitz constant y/ R(Px ). Therefore by Gaussian concentra-
tion (Lemma 30)

2
P(IGllop < £) = PELGllop] ~ Gllop > E[IGllop] — ) < exp<— (E[Hﬁz”&i) . )

Now note that since v” Gv is a Gaussian random variable for any v € R,

E[[Gllop] > sup E[[o7Go[] = /2 E[("Gv)?]"* = \/ > /R(Px)

u
veSd—1 m s
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where the first equality is an explicit calculation of the first absolute moment of a Gaussian random
variable. Bounding the right-most term in the previous display, we obtain

(E[|Glop] — t)?)
7 E[|Glop)”

P(HG”op < t) < exp <_

Using the two bounds on the CDF of ||G||op and the second item of Lemma 20, we obtain the
following lower bound

QHGHop(l —26) > [HGHOP] ( ﬂlog(l ~ 95 ) \/7\/ (Px) log 45)

using the restriction on ¢ € (0,0.1), we obtain

1 1
Qlialop (1 = 20) 2 55 E[[|Gllop] + 5\/R(PX) log(1/46)
Finally by the Gaussian Poincare inequality (Lemma 30)

E[IG13] — E[IC]e))* < R(Px) < ZE[IC]op])*

rearranging yields

B0 (S)

2 711/2
> =

E[IGllop] =

1+7/2

and therefore

Amax (S)

2] 4 S V/R(Px) og(1/49)

Q) (1 —20) =

This concludes the proof of the lower bound.
Upper bound. We have the variational representation

1= Amin(En) = Amax(I — £5) = sup Z B|(v, X ] (v, X)2). 31)

veSd—1

Now the processes ({Ziy }pega-1), are iid., E[Z;,] = 0, and Z;, < n~! for all (i,v) €
[n] x S9!, so that by Bousquet’s inequality (Bousquet, 2002), with probability at least 1 — §

sup ZZ“,<2E[ sup ZZ“,

vegd-1 vegd-1

\/2R(Px) log(1/9) | Alog(1/0) 5,

n 3n

lI XXT>]
n

It remains to bound the expectation in (32). We may rewrite it as

n
1
E Z:o| = E —(I-X; XTI —E
o 2] <] s {3 RAD o] (5
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Define the matrices Y; := 1 (I — X; X) and notice that they are i.i.d. and satisfy Amax(Y;) = n7,
so that by the Matrix Bernstein inequality (Tropp, 2015b, Theorem 6.6.1) we obtain

= 2Amax (S) log(3d)  log(3d
E[Am (Z Y) | Rnec(S)log(3d) | log(3d) (33)
prt n 3n
Combining (31), (32), and (33) yields the desired result. |

F.2. Proof of Proposition 18

Proof Define S := S(Px) + 1 = E[||)~(||%)~()~(T] and R := R(Px) + 1 = sup,cga-1 E[(v,f()ﬂ.
Let

. n/\max(g)
B = ¢4(1 + 2flog(d)])’

and define Xg := X - H[O,B)(H)A(/II%), Y = E[XBXT} Sp = E[(XBXT) ], an =
sup,ega-1 E[(v, X5)*]. Note that Amax(SB) < Amax(S) and Rp < R. For (i,v) € [n ] X Sd L
define Z;, := (v, Xp;)?, and note that (Z;,)"_; are i.i.d. with mean m(v) := E[(v, Xg)?] and
Y > Z; »,. Now we have by Lemma 37

n—k n—=k
sup Z E[(v,X}z}—YiTv < (n—2k) sup E[(v,X)z} ~E[(v, Xg)?]+ sup Z E[(v,XB)z]—Z;U
vesd—1, 57, vesd-1 veST ik

The first term is bounded by

sup B|(v,X)?| —E[(v, Xp)?] = sup B|(v, X)"1p.00) (| X]3)]

UESd71 UESd71
o~ 1 ~
= sup E|(, X2 X[ 1m0 (1X]2)
vesiit x|z e
< 23 A afiogfaT)y et
n
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For the second term, define, for (i,v) € [n] x S%!, W, := E[(v, Xp)?] — Z;,, and note that

E[W;,] =0,E [va} < R. Furthermore

2E

n
sup Z eiWin
veSd—1 i=1

n
=2E| sup UT{Z ei(Xp — XB,ng,i)}U]
i=1

vegd-1

Y (S - XpiXE,)
=1

<2E

op

- 1/2
< VAT 208 mvs(S) + 401+ 2Mlog(d)]) E [max| X XF, - Zl

< VA1 + 2[log(d) 1)/ nAmax (S) + 4(1 + 2[log(d)]) E

< AL+ 2Mog (@) mAmas(5) + 4(1 + 2log(d)]) max{ B, 1}

= 4+/1 + 2[log(d)]\/nAmax ()

2
max{m?}](”XB,iH%a /\maX(EB)}
€N

1/2

where the fourth line follows from the proof of the second item of Theorem 5.1 in Tropp (2015a),
the sixth line follows from the fact that || X 5||3 < B, and the last line follows from the condition on

n and the fact that Ayax(S) > 1, which itself follows from the positive semi-definiteness of S(Px ).
Defining W,, = (W), forv € S d=1and appealing to Lemma 43, we may therefore bound the

second term as follows, with probability at least 1 — §

n—=k n—=k

2 * *

sup Z E[(v,XB> ] —Z7, = sup Z Wi,
veSITl ikt veSITl ikt

< sup (Pk(Wv)+ sup k(’W1+k,v’+|Wn*k,v

veSd—1 veSd—1

< 96 - <¢4(1 + 2ﬂog(dﬂ)\/n)\max(g) - anog(2/5)>

Combining the bounds, and bounding 1/4(1 + [log(d)]) < 8log(6d) yields the result.
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