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Abstract

We investigate the existence of a fundamental computation-information gap for the problem of
clustering a mixture of isotropic Gaussian in the high-dimensional regime, where the ambient di-
mension p is larger than the number n of points. The existence of a computation-information
gap in a specific Bayesian high-dimensional asymptotic regime has been conjectured by (Lesieur
et al., 2016) based on the replica heuristic from statistical physics. We provide evidence of the
existence of such a gap generically in the high-dimensional regime p > n, by (i) proving a non-
asymptotic low-degree polynomials computational barrier for clustering in high-dimension, match-
ing the performance of the best known polynomial time algorithms, and by (ii) establishing that
the information barrier for clustering is smaller than the computational barrier, when the number
K of clusters is large enough. These results are in contrast with the (moderately) low-dimensional
regime n > poly(p, K'), where there is no computation-information gap for clustering a mixture of
isotropic Gaussian. In order to prove our low-degree computational barrier, we develop sophisti-
cated combinatorial arguments to upper-bound the mixed moments of the signal under a Bernoulli
Bayesian model.

Keywords: Gaussian mixture; clustering; high-dimension, computation-information gap; low-
degree polynomials.

1. Introduction

We investigate the problem of clustering a mixture of isotropic Gaussian in a high-dimensional
set-up. The problem of clustering a mixture of Gaussian is a classical problem, which has lead to a
large literature both in statistics and in machine learning (Dasgupta, 1999; Vempala and Wang, 2004;
Lesieur et al., 2016; Lu and Zhou, 2016; Diakonikolas et al., 2018; Regev and Vijayaraghavan, 2017;
Giraud and Verzelen, 2019; Fei and Chen, 2018; Chen and Yang, 2021b; Kwon and Caramanis,
2020; Segol and Nadler, 2021; Romanov et al., 2022; Liu and Li, 2022; Diakonikolas et al., 2023).

Set-up. We observe a set of n points Y7, ..., Y, € RP, which have been generated as follows. For
some unknown vectors i1, ..., ux € RP, some unknown o > 0, and an unknown partition G* =
{G7,...,G}}of {1,...,n}, the points Y7, ..., Y, are sampled independently with distribution

Y; ~ N (ur, 0%1,), fori € Gj.
We focus in this paper on the high-dimensional setting p > n, with balanced clusters

*
M < «, forsomea > 1. (1)
* 9
miny, |G|
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Curse of dimensionality. For K = 2 clusters, in low dimension p < n, it is well known that
the probability of misclassifying a new data point given the label of all the others decays like
exp(—cA?) with the separation

_ 2
A2 —  min llpar = pul” , )
I#£re[l,K] 202

In the high-dimensional regime p >> n, the variance of the estimation of the high-dimensional
means y, leads to the slower rate exp (—c’ %A‘l) when A2 < p/n, see (Giraud and Verzelen,
2019).

This curse of dimensionality for the classification problem has some repercussion on the clus-
tering problem. When K = 2, and p > n are large, Ndaoud (2022) proved that a separation

2plog(n)
n

A% >2

is necessary in order to perfectly recover the clusters, and also sufficient to recover them in poly-
nomial time. For larger K, Giraud and Verzelen (2019) proved that an SDP relaxation of Kmeans
(Peng and Wei, 2007) provides a non-trivial clustering for A2 > /pK? /n, when p > n, where 2
hides a multiplicative constant depending only on «. Perfect clustering is also possible with single-
linkage hierarchical clustering when A? > /plog(n) + log(n) —see Appendix F for details on
hierarchical clustering—, so, when p > n, non-trivial clustering is possible in polynomial time for

K2
A% Z ([P A /plog(n). 3

Some non-rigorous arguments from statistical physics suggest that this minimal separation for non-
trivial clustering in polynomial time may be optimal, up to a possible /log(n) factor for the second
term. Indeed, building on the replica heuristic from statistical physics, Lesieur et al. (2016) con-
jectures that, when the means i, are drawn i.i.d. with Gaussian N/(0, p_1A21p) distribution in RP,
in the asymptotic regime where n,p go to infinity with p/n — v € [(K/2 — 2)~2, +00), non-
trivial clustering is possible in polynomial time only for A? > \/yK2, while it is possible without
computational constraints for A% > 2,/vK log(K), see also (Banks et al., 2018) for the problem
of cluster detection. Computation-information gaps correspond to such phenomenon, where there
exists a gap between what can be achieved without any computational constraint, and what can be
achieved in polynomial time.

These results are in contrast with the moderately low-dimensional setting, where it follows
from (Liu and Li, 2022) that for n > poly(p, K), non-trivial clustering is possible in polynomial
time when A% > (log(K))'*¢, with ¢ > 0, almost matching the information minimal separation
A? > log(K) from (Regev and Vijayaraghavan, 2017; Kwon and Caramanis, 2020; Romanov et al.,
2022), up to a small power of log(K’). This set of results leaves open two fundamental questions:

1. Can we design a polynomial-time algorithm achieving non-trivial clustering for a separation
smaller than (3) in the high-dimensional setting p > n?

2. What is the minimal separation A necessary for non-trivial clustering in high-dimension,
and is there a computation-information gap as conjectured in (Lesieur et al., 2016)?
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Our contribution. We provide an answer to these two fundamental questions.

1. Our first contribution is to prove a non-asymptotic low-degree polynomial lower bound sug-
gesting that the separation (3) is minimal, up to a possible polylog(n) factor, for clustering in
polynomial time in the high-dimensional setting p > n.

2. Our second contribution is to prove that the information barrier for non-trivial clustering is

A% > log(K) v 1/ PE108U). )

n

with the exact Kmeans algorithm beeing (without surprise) information rate-optimal.

These two results provide evidence for the existence of a computation-information gap for the prob-
lem of clustering a mixture of isotropic Gaussians in high-dimension p > n, when the number K
of clusters is larger than some constant Ky; confirming and generalizing the gap conjectured in

(Lesieur et al., 2016).
Klog(K K log(K — |pK? [pK?
n n n n

Impossible Hard Easy

Clustering hardness in high-dimension p > n. Here, < hides polylog(n) factors.

The main difficulty of the proof of the low-degree computational barrier is to bound mixed mo-
ments of the high-dimensional signal, drawn under a Bernoulli Bayesian model defined in Section
2. To derive these pivotal bounds, we develop sophisticated combinatorial arguments.

Literature review. The problem of clustering in high-dimension has been investigated in (Lu and
Zhou, 2016; Fei and Chen, 2018; Giraud and Verzelen, 2019). The latter provide some state-of-
the-art controls on the (partial or perfect) recovery of the clusters in polynomial time, based on
an SDP relaxation of Kmeans (Peng and Wei, 2007). Ndaoud (2022) considers the problem of
perfect recovery when there are K = 2 clusters, identifying a sharp threshold for information-
possible perfect recovery, and proving that perfect clustering is possible in polynomial time above
this threshold with a simple Lloyd algorithm. In particular, there is no computation-information gap
for a mixture of K = 2 isotropic Gaussian, whatever the ambient dimension p. In a Bayesian setting
with a Gaussian prior on the uy, Lesieur et al. (2016) conjectures a computation-information gap for
clustering in the asymptotic limit where p/n — v € [(K/2 — 2)72, +00). Similarly, Banks et al.
(2018) proves that the information threshold for detecting the existence of clusters is smaller than
the spectral detection threshold, when K is large enough. Interestingly, this information barrier for
cluster detection in this Bayesian setting matches, up to a possible constant, the information barrier
(4) for clustering, so that there is no test-estimation gap at the information level. On a different
perspective, the estimation of the parameters of a Gaussian mixture distribution in high-dimension
has been addressed in (Doss et al., 2023).

Contrary to our high-dimensional setting p > n, there is no computation-information gap
for learning mixture of isotropic Gaussian (Regev and Vijayaraghavan, 2017; Kwon and Cara-
manis, 2020; Romanov et al., 2022; Liu and Li, 2022) in a moderately low-dimensional setting
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n > poly(p, K). Some computation-information gaps have yet been shown in moderately low-
dimension for learning mixture of non-isotropic Gaussian with unknown covariance. In such a
setting, Diakonikolas et al. (2017) and Diakonikolas et al. (2023) establish some lower-bounds
for the running time of any Statistical-Query algorithm (SQ-algorithm), enforcing a computation-
information gap between SQ-algorithms and information optimal algorithms. We emphasize that
in our high-dimensional setting, contrary to the moderately low-dimensional case, the computation-
information gap is not induced by some non-isotropic effects. Indeed, when p > n, the computation-
information gap shows up for isotropic Gaussian mixture. In addition, the performances of poly-
nomial time estimators are similar for isotropic Gaussian and anisotropic subGaussian mixtures
(Giraud and Verzelen, 2019). We refer to Section 4 for (i) a detailed discussion on the differences
between the high and moderately low-dimensional settings, and (ii) a discussion highlighting that
optimal clustering rates cannot be simply derived from estimation rates.

The low-degree polynomial model of computation requires the output of the algorithm to be
computed by a low-degree polynomial of the entries of the input data. Many state-of-the-art algo-
rithms, including spectral methods and approximate message passing algorithms, can be approxi-
mated by low-degree polynomials, and the class of low-degree polynomials is as powerful as the best
known polynomial-time algorithms for many canonical problems, including planted clique (Barak
etal., 2019), community detection (Hopkins and Steurer, 2017), sparse PCA (Ding et al., 2023), and
tensor PCA (Hopkins et al., 2017). A low-degree polynomial lower bound is then a compelling ev-
idence for computational hardness of a learning problem. Low-degree lower bounds have been first
introduced in (Barak et al., 2019) —see also Hopkins (2018)—, and then extended in many settings.
Kunisky et al. (2019) and Schramm and Wein (2022) provide some generic techniques for proving
low-degree lower bounds in a wide range of situations. For example, building on these results, Luo
and Gao (2023) provides evidence for the computation-information gap conjectured in Decelle et al.
(2011) for clustering in the Stochastic Block Model.

In our setting, the random partition and the high number of dimensions cause a high dependence
between the signal vectors. Thus, we have to appeal to delicate combinatorial arguments in order to
upper-bound the mixed moments of the signal. We discuss this more precisely in the sketch of the
proof of Theorem 1, in Section 2, and in the proof of the theorem in Appendix A.

Outline and notation. We state our computational lower bound in Section 2, we analyse the
information-barrier for partial and perfect recovery in Section 3, and we discuss these results and
their connections with the literature in Section 4. All the proofs are deferred to the appendices,
though a sketch of the proof of the computational lower bound is provided in Section 2.

Throughout this documents, we use || - ||, for the L, norm of a vector or of the entries of a
matrix. For ¢ = 2, we simply write || - || for the Euclidean norm of a vector, and || - || for the
Frobenius norm of a matrix. The notations || - ||, and || - || respectively stand for the operator norm
and the nuclear norm of a matrix.

We denote by P, the set of partitions of [1, n] fulfilling (1). For a partition G = {G1, ...,Gk},
we define kZG as the integer such that Y; € Gj,, and the partnership matrix Mg =1 KG=kG - For

G = G*, we simply write k] = kf “and M* = MS". We also define the proportion of misclassified
points as

K
err(G,G*) = L min Z |GLAG 1] Q)
k=1

2n TESK
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where AA B stands the symmetric difference between the sets A and B, and Sk denotes the set
of all permutations of [1, K].

2. Low degree polynomial lower bound

Low degree polynomials are not well suited for directly outputting a partition G , which is combina-
torial in nature. Instead, we focus on the problem of estimating the partnership matrix MZ-*]- =1p= K
with low-degree polynomials. It turns out that estimating M ™ and (partially) recovering the partition
G* are closely related. On the one hand, for any partition G, we have

n

1 )
n(n—1) 7?61‘15'111( (1”(’“?)7’5@ v lﬂ(kaG#k;‘)
i#j=1

1

- MG _M* 2

IN

n

2 . x
S, ; Loeyprs < 2err(G,G7),

so, if it is possible to cluster (in polynomial time) with error err(é’, G*) < p, then we can
estimate M* (in polynomial time) with error n=2||M& — M* % < 2p. On the other hand, for any
estimator M, we have

n

> RIS 4[| = M.

ij=1
So, when H]\//.T — M*||% < 1/4, pairing together points i, j fulfilling ]\Z] > 1/2 provides a valid
partition, equal to G*.

To provide evidence of a computational barrier for the clustering problem, we build on this

connection by proving a low-degree polynomial lower bound for the estimation of M*. In this
section, we consider the following generative prior for the partition G* and the means 1, . .., (k.

Definition 1 We draw k1, ..., k,, i.i.d. uniformly on [1, K. For a given A > 0, independently from
(ki)ie[,n) we draw pa, . .., px € RP iid. uniformly distributed on the hypercube £ = {+¢, —¢}?,
with e? = %5202. Then, conditionally on (k;)i=1,...n and (py)k=1,.... K, the Y; are independent with
N (ks 02Ip) distribution. The partition G* is obtained from the k;’s with the canonical partitioning
Gz = {Z € [1,11], ki = ]{3}, and M;Z = lki:kj-

77777

We observe that in this model, for any k # ¢ the normalized square distance ||ix — pe]|?/(202) is
equal to A (1 + Op(p~1/2)).

Let Rp[Y] be the set of all polynomials in the observations (Yj;); je[1,n]x[1,p] Of degree at most
D. We consider the degree-D minimum mean squared error defined similarly as in Schramm and
Wein (2022) by

n

! 53 B[ - M ©)

MMSE<p:= inf _
- fijERD[Y] n(n— 1 ’i;ﬁj:l

We observe that the trivial estimator ]\7“ = 1and ]\A/[Z-j = 1/K for i # j has a mean square error

ﬁ E||M - M* ||%] =+— % Our main result is the next theorem, which identifies a regime



EVEN GIRAUD VERZELEN

where low-degree polynomials cannot perform significantly better than the trivial estimator in the
high-dimensional setting p > n. We refer to Appendix A for a proof of this theorem.

Theorem 1 Let D € N. If p > nand ¢, := w max (%, 1) < 1, then under the prior
of Definition 1, we have
1 n
MMSE<D2—(1+>. @)
K K? (1—G)?

In particular, if A> < D=6 (\/ % A \/]5>, then MMSE<p = % — H}?gl).

Remark: The same result holds (with a different power of D), when, in Definition 1, the prior on
the iy, is i.i.d. N'(0, el}), instead of i.i.d. uniform on £ = {+¢, —¢}?.

The second part of Theorem 1 ensures that, when p > n, low-degree polynomials with degree
D < (log(n))**" do not perform better than the trivial estimator when

_ K2
A? <« (logn)~6(1+m) (w/pn A @) .

Since lower-bounds for low-degree polynomials with degree D < (log(n))!*" are considered as
evidence of the computational hardness of the problem, Theorem 1 suggests computational hardness

of estimating M* when A2 < (logn)~6(1+7) ( pnﬁ A \/ﬁ> and p > n. Since, as made explicit

above, estimation of M™* is possible in polynomial time when clustering is possible in polynomial
time, this provides compelling evidence for the computational hardness of the clustering problem in
this regime. Conversely, we explained in the introduction, that non-trivial clustering, i.e clustering
better than random guess, is possible in polynomial-time under the almost matching condition A2 >

\/ % A y/plog(n).

Sketch of the proof By linearity of the loss function, we only consider, without loss of generality,
the problem of estimating z = M7, when 02 = 1. We need to prove that

. 1 1 Cn
reia) () =] 2 - 15 <1 " (1—\/@3) '

Since E[z?] = 1/K, the problem boils down —see Schramm and Wein (2022)— to proving that, the
so-called low degree correlation corr<p satisfies the following

1 Cn
corr<p:= sup E(f(YV)r)< —/14+ ———r= .
cwi= s B K\/ Ty
E[f2(Y)]=1

Interestingly, we can rewrite the observed matrix Y as a Gaussian additive model ¥ = X +
E, where E € R™ P is made of independent standard normal entries, and X = AH where the
matrix A € {0,1}"*¥ contains exactly one non-zero entry on each row and its position is sampled



COMPUTATION-INFORMATION GAP IN HIGH-DIMENSIONAL CLUSTERING

uniformly at random, and where the matrix e 'y € RP*K is made of independent Rademacher
random variables. B

This allows us to apply the general results of Schramm and Wein (2022), which bound the low
degree correlation in terms of a sum of cumulants

2 K
corrzp < Z —‘?‘ , )
- aeNnxp o
|o|<D

where the a’s run over all integer valued matrices whose sum is at most D, and where «,, is the cu-
mulants of the random variables (z, X11,...,X11,...,Xij,...,Xij,...). The bound (8) turned
out to be instrumental for establishing low degree polynomials lower bounds for submatrix estima-
tion (Schramm and Wein, 2022), and for Stochastic Block model (SBM) estimation (Luo and Gao,
2023). In these two works, the authors follow a two-steps approach: first, they prune the sum in (8)
by characterizing all the cumulants that are equal to zero. Second, they bound the cumulants as a
polynomial sum of mixed moments.

In comparison to the above works, we use the same general strategy, but the structure of the
signal matrix X is more involved. Indeed, in submatrix problem, the matrix X only contains a
single non-zero blocks whereas, for SBM, X is, up to a permutation, a block-diagonal matrix.
Here, we need to leverage on the fact that the rectangular matrix X = Ay jointly involves a random
partition matrix A and an high-dimensional random matrix p. As a coHsequence, we need to rely
on more subtle arguments both for the pruning step, that is for characterizing null cumulants, and
for bounding mixed moments with respect to the entries of X.

For that purpose, we represent « € N™*P as a bi-partite multigraph G, between the set [n] of
points, and the set [p] of variables and we write G, for its restriction to non-isolated nodes. In
Lemma 5, we first establish that the cumulant x, is null unless the graph G satisfies the three
following properties: (i) G, is connected, (ii) Both the first and the second points belong to the con-
nected component, and (iii) Each variable in G is connected to at least two distinct nodes. Indeed,
if at least one of these properties is not satisfied, it is possible to partition (x, ..., X; ;,..., X ,...)

a,',j
into two sets of independent random variables, which implies the nullity of the cumulant.

Now that we have pruned the sum in (8) by restricting ourselves to such matrices «, we need
to control the non-zero cumulants . Since cumulants express as linear combination of moments,
we bound mixed moments of the form E[X7] = E[[TiL, [[}_, X,?;J] and E[zX"], for matrices
~v € N™*P_'We establish in Lemma 6 that

1 -2 -cc,
E[X"] < elmin | 1,51 (K> : ©)

where |y[ = >, v;; is the number of edges of G, CC, is the number of connected components
of G7, and [, is the number of nodes.

For establishing (9), we first rely on the fact that the entries of ;4 are independent and follow a
symmetric distributions. Since X = AH’ where we recall that A,y =1 k;=k encodes the partition of
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the n points, we have

K »p Z" n
v — i=1 ‘i, kVij
X =TT,

k=1j=1

The conditional expectation of X7 given A is therefore non-zero (and is equal to €/}, if and only
if, > A; ki is even for all (k, j). We call the latter a (A, ) parity property. Since ¢! Hyi isa
Rademacher random variable, it follows from the above that

E[X7] = €7 P[(A, ) satisfies the parity property] .

Next, we characterize in Lemma 8§ the partition matrices A (or equivalently the partition G*) that
satisfy the parity property. In particular, we show that the partition induced by G* on the set of
non-zero rows of -y only contains a small number of groups. More precisely, we bound this number
of groups in terms of ||, the number of non-zero rows of -y, the number of non-zero columns of
7, and C'C,, the number of connected components of g; . In turn, this condition on the number
of groups enforces that P[( A, ) satisfies the parity property] is small. This combinatorial argument
for establishing Lemma 8 is the main technical result in our proof.

Finally, we build upon the mixed moment bounds (9) to control the cumulants x,. Coming back
to (8), this allows us to conclude.

3. Information barrier

3.1. Clustering below the computational barrier with exact Kmeans

For a mixture of isotropic Gaussian, the partition G maximizing the likelihood is the exact K -means
partitioning, which minimizes the criterion

K 2
G € argmin Crit(G) , where Crit(G) =) > . (10)

Gegk k=1 a€Gy

1
R P IR

bEGk

with G the set of partitions of [1, n] in K groups. Minimizing Crit(G) is NP-hard in general, and
even hard to approximate (Awasthi et al., 2015).

Next theorem proves that exact K-means succeeds to produce non-trivial clustering for a sep-
aration smaller than the computational barrier (3) for p > n, and for K larger than some constant
K.

Theorem 2 Assume that G* belongs to the set of balanced partitions P,. Then, there exist some
constants ¢, c, ¢’ depending only on «, such that the following holds. If

Klog(K
A2 > <log(K) v pi’lg()> , (11)
then, we have with probability at least 1 — ¢ /n?
N 12 2 2 nA4
err(G,G*) <e “ %, where s*=A*A e (12)
p
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This result follows from the more precise Theorem 5 stated and proved in Appendix B. The rate
e="s* for the proportion of misclassified points, matches the optimal probability of wrongly clas-
sifying a data point given the label of all the others (Giraud and Verzelen, 2019). The term A2 in
52 corresponds to the rate in low-dimension, while the term % is induced by the minimal error
o+/pK /n for estimating the means i in dimension p with n/K observations. We underline yet in
Section 4, that the minimal separation (11) for clustering cannot be readily derived from the minimal
estimation rate for the means.

In the high-dimensional setting p > n, Theorem 2 ensures that for

pK log(K)
n

A? >
the exponential exponent ¢”’s? is larger than (1+7) log(K), so the proportion of misclustered points
by exact Kmeans is smaller than 1/K!*". Exact Kmeans then performs a non-trivial clustering in
this regime, breaking the computational barrier (3) established in the previous section, when K is
larger than some constant K.

We underline that the result of Theorem 2 remains valid for independant sub-Gaussian mixtures.
Indeed, Hanson-Wright Lemma 16 still holds for subGaussian random variables with independant
components, with larger numerical constants yet. Hence, if we suppose that, for i € G3, Y; =
wx + E; with E; a SubG(0?1,) random variable whose components are independant, Theorem 2
still holds in that case. Only the numerical constants may change.

3.2. Information lower bound

For A > 0, let ©x denote the set of K-tuples p1,...,ux € (RP)X that satisfy A > A, with
A defined in (2). Given py,...,ux € (RP)X and G a partition of [1,7], we denote by P.c
the probability distribution of the random variables (Y7,...,Y,) € (RP)™ generated as follows:
Y1,...,Y, are independent, and Y; ~ N (ug, 02Ip) when ¢ € Gj. The next result, proved in
Appendix C, provides a minimax lower bound on the partial recovery of a partition. This lower-
bound on partial recovery exhibits regimes where estimators make at least a linear fraction of error.
We recall that P, denotes the set of partitions of [1, n] fulfilling (1).

Theorem 3 There exist c,c/, C and K numerical constants such that the following holds. Assume
that p > clog(K), K > Ko, n > 2K, and o > % Then, for any estimator G, we have

n

sup sup E#,G[err(é,G)] >C, when A%< |log(K)V
GEPo ne®x

pK log(K)> .

We note that the hypothesis o > % is only required to ensure P, # (). Theorem 3 actually holds
for any o > 1 provided that P, is non-empty.
For exact Kmeans, according to (12) from Theorem 3, partial recovery is achieved for balanced

clusters when

At
2 A2 A2 > og(K
S pK ~ Og( )7
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or equivalently A% > log(K) V . Exact Kmeans is then information optimal for partial
recovery, and the information threshold for partial recovery is

K log(K
A2 > log(K) v /P18
n

We observe that this information barrier for clustering matches, up to a possible constant, the infor-
mation barrier A2 > 2,/vK log(K) + 2log(K) established in (Banks et al., 2018) for detecting
clusters in a Bayesian setting with a Gaussian prior N (0, p_IAQIp) on the ug. Hence, there is no
(significant) test-estimation gap at the information level. We refer to Section 4 for a comparison of
the information rates for clustering and estimation.

We complement this result with a lower bound for perfect recovery of the planted partition,
proved in Appendix D.

pK log(K)
n

Theorem 4 There exist numerical constants ¢, C and ng such that the following holds. Assume
thatn > 9K /2, a > % and n > ng. Then, for any estimator G,

N _ K1
sup sup P, [G #+ G] >C, when A?<c|log(n)V ZLg(n) .
GEPq /.LG@A n

As for Theorem 3, the hypothesis o > % is only required to ensure P, # (). Theorem 4 holds
for all @ > 1 such that P, is non empty.

For K < log(n), we recover the optimal separation from Ndaoud (2022) (K = 2) and Chen
and Yang (2021a), up to a multiplicative constant. Perfect recovery corresponds to a proportion
of misclustered points err(@ , G*) smaller than 1/n. For exact Kmeans, according to (12), perfect

recovery is achieved for

A4
s =A% A T;—K 2 log(n),

or equivalently A% > log(n) Vv %g("). Exact Kmeans is then also optimal for exact recovery,
and the information threshold for perfect clustering is then

A? > log(n) Vv \/Nﬂzg(m. (13)

When K < log(n), Giraud and Verzelen (2019) shows that an SDP relaxation of Kmeans (Peng and
Wei, 2007) also succeeds to perfectly recover the clusters when (13) is met, so there is no separation
in this regime —see also Chen and Yang (2021a). Yet, in the high-dimensional setting p > n, we
observe that the threshold (13) is smaller than the computational barrier (3) when K 2 log(n), so
there is also a computation-information gap for perfect recovery in this regime, thereby confirming
the conjecture of Chen and Yang (2021a).

4. Discussion

4.1. Comparison to the moderately low-dimensional setting

No non-isotropic effect. 'We emphasize that compared to the moderately low-dimensional setting
n > poly(p, K), the computational hardness of clustering in the high-dimensional regime p > n

10
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is not driven by any non-isotropic effect. Indeed, contrary to the low-dimensional setting where
there is no computation-information gap for learning mixture of isotropic Gaussian (Regev and
Vijayaraghavan, 2017; Liu and Li, 2022), we prove the computation-information gap for a mix-
ture of Gaussians with covariances known to be all equal to the identity. Furthermore, there is no
difference between the Gaussian and the sub-Gaussian setting, in the sense that for a mixture of
possibly anisotropic sub-Gaussian distribution, clustering is also possible in polynomial time above
the computational barrier (3) established for Gaussian mixture, for example with an SDP relaxation
of Kmeans (Peng and Wei, 2007; Giraud and Verzelen, 2019) for K < y/n, or with single linkage
hierarchical clustering (Giraud, 2021) for K > /n.

Comparison to moderately low dimension. Contrary to the high-dimensional setting, where the
computational hardness seems tightly related to the BBP transition for the largest eigenvalue of the
Gram matrix of the observations (Baik et al., 2005; Debashis, 2007), the computational hardness
in moderately low-dimensional settings n > poly(p, K') is completely driven by the unknown non-
isotropy of the components of the mixture. A first example of non-isotropic mixture giving rise to
a computation-information gap is the so-called example of parallel pancakes” (Diakonikolas et al.,
2017). In this example, the K unknown centers of the Gaussian distribution are aligned along an un-
known direction v, and the unknown covariances are all equal to the identity, except in the direction
v, where they are very thin. The key feature of this construction, is that the 2K — 1 first moments
of the mixture distribution match those of a standard Gaussian, so that it is impossible to figure out
the direction v from the 2K — 1 first moments. As a consequence, Diakonikolas et al. (2017) proves
a lower-bound for the running time of any Statistical-Query algorithm (SQ-algorithm), enforcing
a computation-information gap between SQ-algorithms and information-optimal algorithms in this
moderately low-dimensional setting.

This approach has been extended by Diakonikolas et al. (2023), who has adapted this construc-
tion for centers with separation A? > k" much larger than the information-minimal separation
A? > log(K) (Regev and Vijayaraghavan, 2017) in moderately low dimension. For such a large
separation, the centers are drawn according to a standard Gaussian on a (unknown) random subspace
of dimension d ~ AZ2. Diakonikolas et al. (2023) then proves again a lower-bound for the running
time of any Statistical-Query algorithm (SQ-algorithm), enforcing a computation-information gap
between SQ-algorithms and information optimal algorithms in this (moderately low-dimensional)
setting.

4.2. Comparing estimation and clustering rates

Assume with no loss of generality that 0> = 1. Theorems 2-3 establish that the information-
minimal separation for clustering is A% > log(K) V \/Kplog(K)/n. When the separation A? is
larger than log(K), it is known that the information-minimal rate for estimating the means y, is at
least \/ K'p/n. This rate stems from the fact that we estimate p-dimensional vectors with about 1/ K
observations for each of them. In the moderately low-dimensional regime n > pK?, estimation of
the means is actually information-possible at the rate \/ K p/n, up to logarithmic factors (Kwon and
Caramanis, 2020).

Nonetheless, in the high dimensional regime % > log(K), at the information-minimal sep-
aration for clustering A% < \/Kplog(K)/n > log(K), the best possible precision /K p/n for
estimating the means s, is much larger than the minimal distance between the centers v/2A =
(Kp/n)Y/*. Hence, a natural estimate-then-cluster strategy that would consist in (i) estimating

11
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the means with a precision at least A, and then (ii) apply Linear Discriminant Analysis with the
estimated means [i; would not work.

Indeed, with a precision /K p/n, up to log factors, for estimating the means, having a sep-

aration A larger than this precision would require A% > log(K) V (ﬁ) up to possible log

n
factors. Hence, an estimate-then-cluster strategy as above would require a separation of at least

A? > log(K) V (%) up to possible log factors, which is much larger than the information-
minimal separation needed for clustering A? > log(K) V 4/ % log(K'). The message is then that
optimal rates for the estimation problem do not directly provide useful information for the clustering

problem in this regime.

4.3. Hidden low-dimensional structure

We give evidence of a computational/information gap in high dimension, using means 1, ..., tx
which are well-spread on the all space. If we assume that the means have a hidden low-dimensional
structure, our computational lower-bound does not hold anymore. The problem would be easier,
both for the informational and computational point of view.

For example, let us suppose that we are in the extreme case where the means pu1, .. ., ux all be-

long to the same line. Then, half of the means are separated by at least K'A /2, and the direction can

P
. . . . . . . nK2 '
It is then possible to cluster the data projected on the estimated one-dimensional subspace in poly-

nomial time, using for example a Hierarchical Clustering procedure. When assuming a hidden
low-dimensional structure of the means, clustering can then be possible even below the informa-

be recovered from the leading eigenvector of the Gram matrix as soon as A2 > polylog(n)

tional minimax rate /£ K log(K). Also, there might still remain a computation-information gap,
but we do not investigate that question.

4.4. Computation-information gap for partnership matrix estimation

While our primary interest is on clustering, we point out below that our results provide evidence for
the existence of a computation-information gap for the estimation of the partnership matrix M* in
Frobenius norm, in the high-dimensional regime p > n.

As discussed in Section 2, starting from a partition G, we can estimate the partnership matrix
Mz‘*j = 1k:‘:k;f with Mé =1 L

G- The mean squared error 7=y || M G _ M |2 is then upper

bounded by twice the clustering error err(@ ,G*). Relying on this connection, we prove below
that, when the dimension is high p > n, and when there is a large number of points n > K? log(n),
the exact Kmeans provides an estimation of M * below the computational barrier in the generative
model of Definition 1.

kG =k

Corollary 1 Let us consider the generative model of Definition 1. Assume that n > cK?log(n),
with ¢ > 0 a numerical constant, and p > n. There exists ¢ and C, two numerical constants, such
that the partnership matrix estimation induced by the exact Kmeans partition G fulfills

1

A C K 1
7E[\|MG—M*||% < —, when A2ZC'\/]Lg(n).
n(n —1) n? n

12
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We refer to Section E for a proof of this corollary of Theorem 5 stated in Appendix B, which

slightly generalizes Theorem 2. Thus, when % log(n) < A? < 1%2, the error obtained
with the exact K-means estimator decays much faster than the trivial error % obtained with the

trivial estimator p, and with the best polynomial of degree at most D(n) = log(n)'*", when A? <

(logn)~60+m. /pK2 /n.

4.5. Connection to the BBP transition

In the asymptotic p/n — v 2 (log(K)/K )2, with K fixed, and when the z’s are drawn i.i.d with
Gaussian A (0,p~'A?1,,), the largest eigenvalue of the Gram matrix of the data points singles out

of the bulk of the spectrum only for A? > \/yK? =< |/2K2. This phenomenon is known as the
BBP transition (Debashis, 2007; Baik et al., 2005). In this asymptotic setup, the BBP transition
matches our computational barrier up to logarithmic factors, yet being valid also for v = %, ie
asymptotically p 2 5.

Above the BBP transition threshold A% =< /K2, it is also known that it is possible to estimate
the linear space spanned by the eigenvectors corresponding to the largest eigenvalues (Debashis,
2007). Once this linear space is recovered, one can perform clustering on the projected dataset. This
suggests that our computational barrier A? > polylog(n), /2 K? corresponds, up to logarithmic
factors, to the threshold above which clustering is possible using spectral methods.

The connection between the BBP transition and our computational barrier is not surprising
since the eigenvectors corresponding to the largest eigenvalues of a matrix can be approximated
using polynomials of logarithmic degree. Schramm and Wein (2022) uses this fact to justify that
polynomials of logarithmic degree can be used as a proxy for algorithms computable in polynomial
time in the low-degree framework.

The existence of a computational barrier related to the BBP transition in the above model was
already uncovered for the problem of detecting the existence of clusters. Banks et al. (2018) under-
lines that spectral detection is not possible below the BBP transition A? =< y/~K? while detection
is information possible at the slower threshold A% > 2,/vK log(K) + 2log(K).

4.6. Limitations

Inspired from Schramm and Wein (2022), our analysis for establishing a low-degree polynomial
lower bound has the nice feature to provide a rigorous and non-asymptotic computational lower-
bound, but it has the drawback to be a bit rough, and a spurious polylog(n) factor shows up in the
computational lower bound. Removing this polylog(n) factor in the proof would probably require
a different strategy for bounding the correlation corr%, by precisely keeping track of all terms. The
complexity of such an analysis would go well beyond the complexity of our proof of Theorem 1.
Given the already high complexity of our proof, we do not intend to pursue in this direction.

Another drawback of our analysis is that it is limited to the dimension range p > n, while a
computation-information gap may also exist for smaller values of the ambient dimension p. Indeed,
when the means i, are drawn i.i.d. with Gaussian A'(0, p~1A%[,) distribution in R?, and in the
asymptotic regime where n, p go to infinity with p/n — v € [(K/2 — 2)72, +00), Lesieur et al.
(2016) conjectures that non-trivial clustering is possible in polynomial time only for A% > /vyK2,
while it is possible without computational constraints for A > /K log(K) V log(K ), which is
smaller for K > 1V (y~1/21og K).
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This result, and the previous discussion on the BBP transition, suggest the existence of a
computation-information gap not only for p > n, as considered in this paper, but more generally for
p = n(log(K)/K)? and K > Kp. In Appendix A.6, we adapt the proof of Theorem 1 in order to
provide a computational lower-bound when p < n. We believe that our computational barrier is not
tight in this regime, yet it already provides evidence for the existence of a computation-information
gap when

% VK < p<n,
where < hides polylog(n) factors. Proving a more tight computational barrier for the range
n(log(K)/K)? < p < n is left for future investigation.
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Appendix A. Proof of Theorem 1

With no loss of generality, we assume in all the proof that 0> = 1. Let D € N. We recall the
assumption that p > n, and

_ A'D8(1+ D)*
p

Cn max (%,1) < 1.
Since the minimization problem defining M M SE<p in Equation (6) is separable, and since the
random variables MZZ are exchangeable, the M M S E<p can be reduced to
1 —~ . )2
MMSE<p=———— S inf E [(£50) = a7

n(n — 1) i;ﬁjzl fijERD(Y Y

_ : * \2
= i B (F(V) = M)’

In the remaining of the proof, we write x = M7, = 1j, —,. Then, our goal is to upper-bound

_ : 2
MMSE<p= inf B [( FY) — ) }

As noticed by (Schramm and Wein, 2022), the M M SE<p can be further decomposed as

1

MMSE<p = E[z?] — COTT‘%D == — COT‘T%D ,

where corr<p is the degree-D maximum correlation

corr<p = sup E(f(Y)x)= E[f(¥)a] (14)

sup Y.
FERp[Y] ferply] VE(f2(Y))

E[f2(Y)]=1 E(f2(Y))#0

Hence, in order to prove Theorem 1, it is enough to prove that

1 G
2 n
corth < —5 ( 1+ )

PR < (1= VG)?
The model of Definition 1 is a particular instance of the Additive Gaussian Noise Model con-
sidered in (Schramm and Wein, 2022). Hence, we can use Theorem 2.2 from (Schramm and
Wein, 2022) that we recall here. For a matrix a € N"*P, we define o] = >, 25:1 a;; and
ol = [T, [T}, ci;!. Given another matrix 8 € N"*?, we Wfite (g) =TI [T (gs) Finally,
given a matrix Q@ € R™P, we write Q* = [[;_, H§:1 Qio;-” . We define X € R™*P the signal
matrix whose i-th row is the vector fi,, so that, conditionally on X, the Y;; are independent with
N(X;j,1) distribution. Throughout this proof, we write X; = puy,.

Proposition 1 (Schramm and Wein, 2022) The degree-D maximum correlation satisfies the upper-

bound

12
c0r7'2<D§ Z —C‘“ , (15)
= a!
aENTXP
|a|<D
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where K, for a € N"*P is defined recursively by

ko = EeX®] — Y E[X*F] <g> ks . (16)

psa

Schramm and Wein (2022) observe that, for « € N"*P, the quantity x,, corresponds to the cumulant
k(x, Xay, .., Xa,,), where {a1, ..., an} is the multiset that contains «;; copies of (4, j), fori, j €
[1,n] x [1,p]. We refer e.g. to the lecture notes (Novak, 2014) for more details on cumulants. In
the remainder of the proof, we first characterize the matrices « for which x, # 0, and we provide
an upper bound on the corresponding cumulants.

Let us first provide sufficient conditions on «, so that the corresponding cumulant x,, is zero.
For that purpose, it is convenient to represent o € N"*P as a bipartite multi-graph. More precisely,
we define G, as the bipartite multi-graph on two disjoint sets of nodes U = {u;,i € [1,n]} and
V = {vj,j € [1,p]}, with o;; edges between u; and vj, for i,j € [1,n] x [1,p]. For a given
o € NP, the (!-norm |a| = Y1, 25:1 a5 corresponds to the number of multi-edges of G,.
Besides, we also denote by G, the graph G, from which we have removed isolated nodes, and we
write [, for the number of nodes of G . We define m,, (resp. 7,) as the number of nodes of G, NU
(resp. G, NV), so that |, = mq + 7. The following lemma is proved in Section A.2.

Lemma 1 Let o € N"*P be non-zero such that ko # 0. Then, G is connected and contains both
uy and ug. Moreover, all the nodes vj of G, are connected to at least two distinct nodes of G, .

This lemma is proved in Section A.1. The proof mostly relies on the property that a cumulant of two
sets of independent random variables is zero. As a corollary, we deduce the following properties for
matrices «, such that x,, is non-zero.

Lemma 2 Letr o € N"*P be non-zero. If ko # 0, then mqy > 2,

al > 2rqand o) > ro +mg — 1.

Proof of Lemma 2 The first property (m, > 2) holds because u; and uy are spanned by G, . The
last property (|a| > 74 + mq — 1) holds because the multigraph G, is connected. Finally, we know
that each node of G, that is also in V" has degree at least 2. Since the graph G is bipartite, all these

edges are distinct and we deduce that || > 27, [

In order to upper-bound corr? ;,, we need to upper-bound the cumulants r,, for all a € NP
that satisfy the conditions of Lemma 1.

Lemma 3 Let o € N"*P be such that ko, # 0. We have

lo]

1 1\lem 2~
ol < €' (14 Ja)!* min | 22 ol <K> : (17)

Now we gather the three above lemmas to control the sum . |,j<p k2 /alin (15). We reorga-
nize the sum over « by organizing it according to the values of m,, r, and |«|, which respectively
correspond to the number of u-nodes, v-nodes and edges in G, .

m72d2d

Lemmad4 Givenm > 2,r > 1,d > max(r+m—1,2r), there exists at most p'n matrices

a € N P sych that ko # 0, mg = m, 7o = 1 and || = d.
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Proof of Lemma 4 Since x, # 0, Lemma 1 ensures that both u; and ug are nodes of G . Hence,
there are less than n™2p" possibilities for choosing the remaining nodes. By assumption d >
max(m, 7). For each edge, there are at most mr < d? possibilities. Since G, has d edges, we have
less than d?? possibilities for choosing these edges. Since G is one to one with «, we conclude
that there are less than p"n™2d?? matrices « satisfying the given constraints. |

Combining the bounds on the cumulants of Lemma 3 and Lemma 4, we are in position to
control corri p- We slice the sum of the cumulants according to r, m and d,, and we use below
the notation Dy = {(r,m) € [1,d] x [2,d] : max(m +r — 1,2r) < d}. We recall that X;; takes
value in {—¢, +¢}, withe = A/,/p, so that

corr% < g /ﬁi

aeNnXp
|a|<D

1 1\ 2mt2r—d-2
</<;U+Z Z p'nm2d% e 2d( +d) min <K2,d2d (K) )

d=1 (r,m)€Dy

D . 1 1 2m+2r—d—2
r m 2 2
2+Z >, o D(1+D>>mm<K2,<K> ) (18)

=1 (r,m)€Dy

Since (, = w max (%, 1), with A? = pe?, we get
1
CO'I’"I”QD — ﬁ
d m+2r—d—
Z Z d/2 —(d/2=r)m=2 —1 " min L i " 2
= (ramyeD max(1,n/K?) K2\ K
D a2, 4o 1 dj2 1\ Zmt2r—d—4
r+m— i 1. — 1
dZ( ; . (astrore) ”““( (&) ) )

where we used in the last line that n < p and r < d/2. Let us check that each term in the sum is

upper-bounded by Cfll/ 2, by considering apart the cases d/2 > m +r —2and d/2 < m +r — 2.
When d/2 > m + r — 2, the exponent of n is non-positive, so that

y 1 d/2 1 2m+-2r—d—4
T+?ﬂ*d 2—2 : 1 7 < 1 .
! <max<1,n/K2>) e ( ’ (K) ) =

When d/2 < m + r — 2, we can upper bound the minimum by K ~(2m+2r=d=4) ‘5o that

o vmafie ( 1 >d/2 - (1 <1> 2m+2r—d—4)
max(1,n/K?) "\ K
n \mtr—d/2—2 1 d/2
= <ﬁ) (max(l,n/f@)) '
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If n < K2, the latter expression is smaller or equal to one. If n > K?, this last expression, is equal
to (n/K?)™+7=4=2 and is also smaller or equal to one since d > m + r — 1 for (r,m) € Dy. Back
to (19), and relying on the assumption (,, < 1, we conclude that

corry, < —4-72 Z Cd/2

d—l( )EDd
1 2 dd—1)
SpE|ltl T 55/2]
d=2
1 G
< | o= .

A.l. Proof of Lemma 1

In order to prove Lemma 1, we will use a classical property of cumulants, that we recall here.

Lemma 5 [e.g. Novak (2014)] Let X1, ..., X, be random variables on the same space ). If there
exists a partition A, B of [1,r] such that (X;);c is independant from (X;);cp, then the cumulant
K(X1,...,X}) is zero.

We prove below that k, = 0 if one of the three following properties is satisfied:
(i) wy or ug are not spanned by G,
(i1) anode of G which also belong to V' is connected to at most one node in U,

(iii) G, is not connected.

We denote by U, C U (resp. V, C V) the set of nodes of G that also belong to U (resp. V).
We denote by E,, the set of edges of G .

Let us first show that (i) is a sufficient condition for s, = 0. By symmetry, we suppose that u;
is not spanned by G_ . Then, k; (the group corresponding to u1) is independent from the family of
random variables (X, ’I:]')U»L’,'Uje E,- Hence, the random variable © = 1, —, is also independent from
(Xij)u; v eE, - Together with Lemma 5, this implies the nullity of the cumulant .

Then, let us show that (ii) is also a sufficient condition for k, = 0. We suppose that there exists
Jo € [1, p] such that vj, is connected with only one node u;, € U. Conditionally on (k;);c[1,x) and
on (fik,5 )k je[1,k]x ([Lp]\{jo)}» the variable X, ;; is uniformly distributed on {—¢,e}. This implies
the independence of X, j, With ((Xij)u; v;eEa\(i0,jo): ©)- Lemma 5 then leads to the nullity of the
cumulant .

Finally, let us show that (iii) is a sufficient condition for x, = 0. Let @ € N™*P guch that
G, has at least two connected components. Let us denote C; and Cs two of these connected
components. At least one of them does not contain both u; and ug. We suppose by symmetry that
(1 does not contain both these nodes (we suppose that it does not contain ug for example). We
denote Ey = E, N ((UNCY) x (VN Cy)) which corresponds to the edges of G which connect
points from U, N C] to points from V,, N C;. We will show that the families of random variables
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(Xij)us v;em and (2, (Xij)u,; v;e B\, ) are independent, which will lead to the nullity of £, using
Lemma 5.

For sake of clarity, we begin by dealing with the simple case where (' also does not contain
ui. So, the intersection of Cy with {u1,us} is empty. For w;, v; € By, Xij = pg, ;. By defini-

tion of our model, the family ((ki>uieClﬂU7 (k.5 ke, K] ,vjeomv> is independent from the family

<(ki)ui€U\Cl , (Mk,j)ke[l,K],uje\/\a)- On the one hand, the random variables (Xij)uwjeEl are
measurable with respect to (k;)u,ecinu and (fig,j)req1,Kx),0;,ecinv- On the other hand, the ran-
dom variables (z = 1y, =k,, (Xij)u; v;cE,\k,) are measurable with respect to (k;),ernc, and
(1k,5)kel1,K),0;ev\0y - This leads to the independence of (X;)u, v;emy With (2, (Xij)u, v;e B\ 1 )-
Lemma 5 implies the nullity of x,,.

Now, let us deal with the more complex case where C contains u. Again, the random variables
x and (Xij)y, v,cE,\E, are measurable with respect to (k;)y,cu\c, and (pk,j) ke, k],0;ev\c: - The
difference with the previous case lies in the fact that, since u; € Ci, we lose the independence
of (ki)iecy with (¥ = Lk =gy, (Xij)u;0;eEa\E,)- Instead, we will show the independence of the
partition induced by the k;’s on C1 N U with (z = 1p,—g,, (Xij)u; v,eB.\E, ). We denote G this
partition. Two nodes u; and u;y of C; N U are in the same group of G if and only if k; = k.

Let (uj,vj) € Ey. Let A € G the group of G containing u;. Then, X;; = |7}| YA [k, G- SO,
the family (Xj)u, v;er, is entirely defined by G and by the centers of this partition for coordinates
j €[1,p]NCy. For A € G, we denote KA = ‘7}| > useA Mk, j» Which is the j-th coordinate of the
center of the group A.

The family (, (Xij)u; ;e E.\E, ) is measurable with respect to the family

Xy = ((ki)uieU\Cla (1,3 by €[1, K] % (V\Cy )5 1k1:k2)

Since the intersection of U N C with (U \ C1)U{u1, us} contains only uy, it is clear that the family

(k=) (us . )e(Uncy) 18 independent from Xy Then, & is independent from .

We now condition to the k;’s for i € [1,n], and to X;. Then, G is fixed. Since the Mk,jS
are drawn independently, we deduce that, with our conditioning, the y ;’s, for j € V N Cy, are
still drawn independently and uniformly on {—&,e}. For A € G, there exists k4 € [1, K] which
satisfies; for all j € V- N Cy pa,; = pik, ;- The application A — k4 being an injection, we deduce
that the yy,, ;’s, for A € Gandj € VNC,are independent and uniformly drawn from {—¢, +¢}.

Let us summarize this; the partition Gis independent from A7, and conditionally on G and X1,
the ju4;’s, for A € G and vj € V N (Y4, are independently and uniformly drawn from {—¢, +¢}.
Together with the fact that the family (Xij)ui,vje E, 1S measurable with respect to G and the HA,;’S,
for A € G and vj € V N (1, this leads to the independence of (Xij)u, v;er, With 7.

Since (z, (Xi),,. v;€Ea) 1, ) is measurable with respect to X, we deduce the independence of
the families (Xj)u, v;ep, and (z, (Xij)u, v;ep,\E,)- Hence, Lemma 5 leads to the nullity of the
cumulant x,. This concludes our proof.

A.2. Proof of Lemma 3

First, we provide an upper-bound on the moments of the form E[X 7] and E[zX7].
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Lemma 6 Lety € N"*P. We denote by CC,, the number of connected components of G~ and by
Ly the number of nodes of U UV spanned by G . Then, we both have

1 ,-1-cc,
E[X"] < eMlmin [ 1, 5] <K) :

and

7]
2

Elz X" vl 1 (1 hTE e
< in | — —
[z X7] < e'min K,M (K)

This lemma, which is the core of our arguments, is shown in the next subsection. Here, we deduce
the upper-bound (17) on the cumulant from this lemma.

We proceed by induction on o € N™*P. For the initialization , we have kg = E[z] = % Then,
we take v € NP and we suppose that, for all 5 < «, we have

16|
Bl

1

1 to=
< Bl 18] i [ L 15080 (L

From Lemma 1, we can suppose that G, only has one connected component, otherwise ko, = 0.
We recall that, given v € N"*P, [, and C'C, respectively stand for the number of nodes spanned by
Q; , and the number of connected components of Q; . The Definition (16) of k., Lemma 6, and the
induction hypothesis imply that

ol SE[XT+ ) <a> E[X*7)|rg| + |kol E[X°]
0<B<a ﬁ

lo]

lo—lol g
1\~ 2
<ell|a|® <K
1 )lﬁla—ﬂ—lgl—mzm—l—cca—ﬂ

+ (O‘> le|1BI+a=81(1 1 |3]) 11| 8]8l| o — Blle—B <
0<§ﬁ;§a B K

lo|

lo—lol_q
1 1\ 2
+ T€|a‘|ala ()

la|

la—1gl1
<2¢lel|q)® 1 ’
- K

lo

-5 lB—‘rla,B—l—CCa,B
relllal () T2 (§)a+en (%) ' e

0<B<La

Claim: For any 0 < 8 < o, we have lg + 13 — Co—g > la.
We first show this claim. We have supposed that G only has one connected component. We
denote C1,...,Ccc, , C U UV the connected components of G, 5. Forall s € [1,CCq—_g],

there exists € Cs which is spanned by QE. Indeed, otherwise, since the set of edges of G is the
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union of the edges of QB_ and G B Cs would also be a connected component of G, which does
not span the nodes spanned by Qﬁ_. This contradicts the connectivity of G, . So, there exist at least
CC,—p distinct points of U UV which are spanned both by G 5 and QB_. Since the nodes spanned
by G, are spanned by Q;_B or g[;, this leads to lg + lo—g — CCh_p > lq4.

Now that we proved the claim, we plug it in (21). This leads to

lo—12l1
Kol <el®lafl®! <Il{) 24 ) < ) (1 +8)"!

0<fB<a

ol ol (L) 181
o (6% ﬁ
<elol|a) <K) 24+ ) <>|a|

0<fB<
o1

1\ =51
<eellalel () 20 3 ()

o]
!

1\
<claljqllel(q ol (1
<eaf (1 +|a)) | =

This inequality proves the first part of the sought upper-bound of Lemma 3.

It remains to prove that |r,| < l®/(1 + |a)l! +. For all 8 < o, we know from Lemma 6 that
E[XP] < elfl and E[zX*] < %5"“. Together with the induction hypothesis, this leads to

k| <el® |+Z< > 1+18]) Iﬁlfglﬁ\ la—B]

BLa

<dol L 1+Z( )w

Ba

~clol(q jof L
<elol (1 + Jal)el

This concludes the induction; for all a € N"*P  we have

_lel_y

] < 1+ o) min | L jape (L)
ol = K? K

A.3. Proof of Lemma 6

Lety € N"*P such that G~ has CC,, connected components and spans [, nodes. Let us first upper
bound E[X7]. We denote m., the number of nodes of U spanned by G~ and r, the number of nodes

of V spanned by G . We suppose by symmetry that -y is supported on [1,m,] x [1,7,]. We denote
G the partition induced on [1, my| by k1, ... km

vt

Lemma 7 If, for all j € [1,74] and for all groups A € G c [1,m,], we have ), 4 vij =0 [2],
then, E[X7|G"] = eN|. Otherwise, we have E[X7|G"] = 0.
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This lemma, proved in Section A.4, implies

EX" =eMP|vje[lr], VAeG?, > 7; =0 [2]
€A

(22)

Let G be a partition of [1,m,] with |G| < K, and let us upper-bound P[G7 = G]. We write
G = {Gl, .. .,G|G|}. We take, for k € [1,|G]], ix € G. Then, G = G implies that, for all
i

k € [1,|G]], for all i € G, the equality k; = k;, holds. And,
Pk € [1,|G]], Vi€ Gy\{ix}, ki=ky]= [] PIVieGe\{ix}, ki=ki]
KE[L|G]
1 |Gx|—1
- 11 (%)
ke[L|G]

()

P[GY = G] < (;{)W—GI

The next lemma upper-bounds the number of groups of a partition G of [1,m.,] such that, for all
J € [1,7,] and all groups A € G, we have ), , vi; = 0 [2]. Its proof, given in Section A.5, relies
on delicate combinatorial arguments.

This equality leads to

Lemma 8 Let G be a partition of [1,m,] satisfying, for all j € [1,74], all groups A € G, the
equality Y . vij = 0 [2]. Then, the number of groups satisfies the following inequality

kel
G <55 =1y +CCy

Applying this lemma together with the fact that there are at most mZ” partitions of [1,m.,] leads

to
vl

R . 1 My +ry—CCy— 5
P(Vjel,r] VAecG, Z%j =0 [2]| <my” <K>

€A
We plug this inequality in (22) and get, using m- < |y

bl

ol

1 >m~,+T»yCC»y2

E[X7] < 5|7||'y||7| <K

Moreover, since P [Vj €[l,r,], VA€ G, Y oicaii =0 [2]] <1, we get

1 >m~,+TWCCW|z

E[X7] < elmin [ 1, |47 (K

Now, let us upper bound E[zX7]. Since the random variables z and | X 7| /¢! belong to [0, 1] almost
surely, we obtain
E[zX"] < min(e"E[z], E[X"]) . (23)

Then, since E[z] = 1/K, we can deduce the desired bound from the previous case.
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A.4. Proof of Lemma 7

We suppose first that, for all j € [1,7,] and for all groups A € G, we have Yicaij =0 [2].
Consider a specific (7, j). If k; = k, we have X;; = py, ;. This implies that

Diki=k Vi
Y — R4 »
X7 = | I I .
k.je[l,K]x[1,ry]

Moreover, by hypothesis, conditionally on G for k € [1, K] and j € [1, Toyls D ek Vi =
0 [2] and |k ;| = €. Hence, we have
XV =|g|= = |gn .
This leads to the sought equality
E[X7|G"] = || = [e|P] .

Now, let us suppose that there exists j € [1,7,], a group A € G7, such that Yicavii =1 (2]
We have as before

D i,k Vi
o — sRg
= I mg :
k.je[l,K]x[L,ry]
By independence of the py, ;’s, for k € [1, K] and j € [1, p|, both between themselves and with
the k;’s, for i € [1,n|, we deduce that, conditionally on the k;’s, for such k;’s that induce GA»’V, that

> =k Vi,
EIX7[(k)iep,n] = T Bl ™ Ricm) -
kgl K]x[1,r4]
Let us denote &’ € [1, K] and j" € [1,r,] that satisfies; >, ;. _,vij» = 1 [2]. This, together

with the fact that the probability distribution of ju4/ ;- is symmetric, leads to [ ukz,;,k i=k Tt |(Fi)icpin] | =

0. This implies E [ X" (ki)ie[l,n]] = 0. Thus, we get the sought equality
E[X7|G"] =0 .

A.5. Proof of Lemma 8

In this proof, given a partition G of a subset of [1,n], and given v € N"*P_ we say ~ is even
with respect to G if the following holds: .. ,vi; = 0 [2] forall A € G and j € [1,p]. We
recall that m., 7, and C'C, respectively stand for the number of nodes in U N G, the number
of nodes in V' N G/, and the number of connected components of the graph G;'. We prove in
this section the following claim, which rephrases Lemma 8. For v € N"*P and a partition G of
{i € [1,n], 3j € [1,p], vj > 0}, if G is even with respect to -y, then

|G\<m—r +CcC (24)

=79 v v o

For 5 < -y a restriction of y to one of the connected component of G, and for j € [1, p], the vector
B.; is either null or equal to .;. So, if each restriction of y to a connected component of Q,? 1S even
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with respect to a partition G, then + is also even with respect to G. Hence, it is sufficient to prove
this lemma when G is connected. We proceed with by induction on ., > 0.

Initialization. If 7, = 1; we suppose by symmetry that -y is supported on [1,m,] x {1}. Again, we
proceed by induction. If |y| = 1, then there exists no partition that satisfy the conditions of Lemma
8 and so the proposition is true. We suppose that |y| > 1 and that the proposition is true for all
B < ~v. We distinguish two cases.

First, we consider the case where, for all i € [1,m,], v;1 =1 [2]. Let G a partition of [1,m.]
for which ~y is even. Then, each group of G must have an even number of elements. So, each group
of G is of cardinality at least 2. Hence, there are at most % groups in the partition G. Moreover,

ly| > m,. Thus, |G| < L.

Now, let us consider the case where there exists ig € [1,m,] such that v;,1 = 0 [2]. We define
7' by 7vi; = 7ijLizi,- Let G a partition of [1,m,] for which ~ is even. We define G’ the partition
induced on [1,m,] \ {ig}. Then |G| < |G’| + 1. The fact that v;,;; = 0 [2] implies that +y is also
even with respect to G'. Since v =+ [2], we deduce that /' is even with respect to G'. Applying
the induction hypothesis on G’ leads to |G'| < %/l Thus, |G| < @ + 1. Since 7;,1 > 2, we obtain

|G| < %, which concludes the proof of the initialization.

Induction step. Now, we suppose that the following holds. For all v’ < r,, all § satisfying
rg = r’ and Gs connected, for all partition G of {i € 1,n],3j € [1,p], Bi; > 0} for which

B is even, we have the inequality |G| < @ — rg + 1. Let us prove that, for G a partition of

{i € [1,n],3j5 € [1,p], ~i; > 0}, if v is even with respect to G, the inequality |G| < ‘%' —ry+1
also holds.

We suppose by symmetry that v is supported on [1,m,] x [1,7,]. We call V, the graph on
[1,7,] where we connect nodes j and j', if they have a common neighbour in g, , see Figure 1.
More formally, for all j, j" € [1, p], there exists an edge in V,, between j and j', if and only if, there
exists ¢ € [1,n] such that ;5 > 0.
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Example.
Let us illustrate the construction of the graphs 1, and V., on an example. Let v be the matrix
below, which is even with respect to the partition {1, 2, 3,4}, {5}

21020000
01200100
v=]02002120
00000020
00000020

Figure 1 represents respectively G~ and the corresponding graph V... We also represent the
set L == {i € [1,m,], 3i' € Uy, 3A € G, {i,i'} C A}. We do not represent here
multi-edges.

Figure 1: The graph G (on the left), and the corresponding graph V., (on the right).

For j,7' € [1, p], the nodes j and j are in the same connected component for V., if and only
if, v; and v are in the same connected component for §,. Hence, the graph V), is connected.
As a consequence, there exists a spanning tree of this connected component. By symmetry, we can
suppose that the node 7 is a leaf of this tree. This implies that the graph induced by V, on 1,7, —1]
is also connected. We define +' by fylfj = %ij1 2y, We write V., for the graph induced by V., on
(1,7, — 1]. The graph V., is obtained by removing the node r., and the edges connected to it, as
represented in Figure 2. This implies that )./, and therefore also Q;, are connected graphs. We
denote U,y = {i € [1,n],3j € [1,p],~; > 0}.
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Example (continued). In our example, we have r, = 7, and the node 7 is a leaf of a spanning
tree of V,. After setting to zero the column j = 7, we obtain

21020000
01200100
¥Y=10 2002100
0000 O0O0TO0OTO O
000 0O0O0TO0OO O

The corresponding graphs Q;, and V;, built by removing v7 and the edges connecting it, are
represented in Figure 2.

Figure 2: The graph G,/ (on the left), and the corresponding graph V., (on the right).

Let G a partition of [1, m,] such that -y is even with respect to G. The r-th column of 4/ being
null, we have that, forall A € G, Y, 4 %/’H = 0.

For j # r.,, the j-th column of y is equal to that of 4. This implies, since  is even with respect
to G, that >, 4 v;; =0 [2] forany Ain G.

Thus, for all groups A € G, all j € [1,7,], we have >, ,7; = 0 [2]. This means that 7' is
even with respect to the partition G. Now, we distinguish in the set U,, different type of nodes. First,
we have the set Uy, = {i € [1,n],3j € [1,7y — 1],7}; > 0} of nodes of U spanned by G_,. Then,
we define L = {i € [1,m,], 3’ € U,, A € G, {i,i'} C A}, the set of nodes of U which are
linked to U, through the partition GG. Note that U, C L. Finally, we consider the remaining nodes
[1,my] \ L.

We respectively define G’ the restriction of G to U, and G” the restriction of G to [1,m,] \ L.
By definition of L, we have |G| = |G| + |G"|.

Let us first use the induction hypothesis on |G’|. To do so, let us prove that 7' is even with
respect to G’. 'We know that 4/ is even with respect to G. Moreover, every group A’ of G is
the restriction of a group A of G to U,,. This implies that, for all j € [1,7, — 1], the equality
> icar Vij = Dica iy holds. Hence, 7 is even with respect to G'. This allows us to apply the

induction hypothesis and leads to |G'| < % — 7Ty + 2.
Now, we upper bound |G”|. For all group A of G”, it is clear by definition of L that A is also
a group of G which contains only elements from [1,m,] \ L. Hence, > ;.4 Vir, = 0 [2]. Thus,
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ol

we know from the initialization step of the induction that |G”| < , where we define 7 as the

restriction of 7 to (UgegrA) x {ry}. This leads to |G| = |G| + |G"| < %A + % — 7y + 2.
It remains to prove that |y'| + |7"| < [y] — 2. It is clear that |y| = [/| + || + >_,c Yir,- We
distinguish three cases.

First case: If |{i € [1,m,], vir, =1 [2]} NUy| = 1. We call i the only point in this set. We
denote A the group of G such that ig € A. By hypothesis, > . , vir, = 0 [2]. Hence, there exists
i # i € A which satisfies 7;,., = 1 [2]. Thus, since A C L, we get > . Yir,, > 2. This leads to
=+ 1+ 2.
Second case: If [{i € [1,m,], vir, = 1 [2]} N Uy,| = 0. Since G, is connected, there exists
i € Uy such that ;. > 0. Since [{i € [I,m,], 7, =1 [2]} NUy| =0, we have ;.. > 2. The
fact that U,y C Lleadsto ), 7vir, > 2. Hence, || > |[¥'| + || + 2.
Third case: If [{i € [1,m,], vir, =1 [2]} NU,| > 2. In this case, Zierl Yir,, > 2. This leads
[y = [+ [+ 2.

This concludes our induction and leads to the sought inequality |G| < |l2| — 1, + 1 for any ~y

such that G2 is connected and for any partition G of {i € [1,n], 3j € [1,p], vi; > 0} thatis even
with respect to . In the general case where G, has C'C, connected components, we readily get

al < —r +co0,.

A.6. A computational barrier for p < n

In this section, we adapt the proof of Theorem 1 to provide a computational lower bound when
p < n. This lower-bound provides evidence for the existence of a computation-information gap for
= VK < p < n, where < hides some polylog(n) factors. We believe yet, that our computational
lower-bound is not tight in this regime.

Proposition2 Let D € N. Ifp < nand (, =
prior of Definition 1, we have

A4 N8 4
% max (%, 1) < 1, then under the

1 1 ¢
MMSESD > —=—-——= 1|1+ Cn

B a- oy

In particular, if A*> < D=6 <% A %) then MMSE<p = % — IJ;?S).

The second statement of Proposition 2 states that low-degree polynomials with degree D <
(log(n))**" do not perform better than the trivial estimator when

— e o~ l)k p
A? — N —
< (n \/ﬁ>’

where < hides polylog(n) factors. Since lower-bounds for low-degree polynomials with degree
D < (log(n))'*™ are considered as evidence of the computational hardness of the problem, this

% A %) and p < n. Since,

as made explicit in Section 2, estimation of M* is possible in polynomial time when clustering is

suggests computational hardness of estimating M* when A% <
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possible in polynomial time, this provides compelling evidence for the computational hardness of
the clustering problem in this regime.
Comparing the computational lower bound A% ~> (% A %) for p < n, to the information

barrier

n
we observe that there is a computation-information gap when

pK pK P
1v — N —=
n <<(n \/ﬁ)7

which happens when

n —
— VK <n.
K KLp<n

Proof of Proposition 2. We argue exactly as in the proof of Theorem 1 by upper bounding 007“7“2S D-
In the proof of Theorem 1, we only used the assumption that n < p in (19). Hence, we start
from (18) by plugging the definition of {,, = A*D*(1 + D)2 2 57 ax (1?2 ) 1). This leads us to

9 1
CO’/’T<D—W
2—d/2 1 d/2 1 2m+2r—d—4
< ’I‘ m 3 _
- Z > o <max<1,n/f<2>> m““(l’(K) )
d=1 (r,m)€Dy
D 2—df2 1 d/2 1 2m+-2r—d—4
< m+7‘ : i
= Z 2)29 (i) mm<l’<K> ) @
r,m)EDy

where we used in the last line that n > p. Note that this upper bound is exactly the same as in (19)
except that ¢,, has been replaced by (,,. Hence, arguing as in the proof of Theorem 1, we arrive at
the similar conclusion

Cn

(1— /¢,

1
corrzD < 2 1+

Appendix B. Proof of Theorem 2

Without loss of generality, we assume throughout this proof that o = 1. We will use the following
notation. For i € [1,n], we decompose Y; = E(Y;) + E; = g + E;, if i € G} Then, (E;);c1 )
are independent vectors, with distribution NV (0, I,,). We denote:

* Y € R"*P whose i-th row is the vector Y;,

« A € R"*K the membership matrix defined by A;j, = licgys
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o I/ ¢ R™P the noise matrix whose i-th row is the Gaussian vector E;,
o 1 € REXP whose k-th row is juy,.

We then have the relation
Y=Au+E.

Let us also denote m = min¢[; k] |G| the minimal size of the clusters, and mt = maxye(1, k] G
the maximal size. The hypothesis G* € P,, is equivalent to %Jr < a. We define the signal-to-noise
ratio §2 = A2 A NT"‘. We note that s> < §2 < s%, where s? is the signal-to-noise ratio defined in
(12).

We prove in this section a more general theorem, which induces directly Theorem 2.

Theorem 5 There exist positive numerical constants c, ¢/, ¢’ such that the following holds. If

mt
V —

5 > ellog(n/m) v —) , (26)

then, we have err(G,G*) < e=<"% with probability at least 1 — d /n?

First, let us formulate the K'-means criterion in an alternative way. Given G = {G1,...,Gg} a
partition, let us define the normalized-partnership matrix B(G) by:

1
Bij=Y_ 1@166%@ :
k<K k

The application G — B(G) is a bijection on
B={BeS,(R)*: B;; >0, Tv(B) = K,Bl1 =1,B%> =B} .

We refer to Peng and Wei (2007) and to Chapter 12.4 of Giraud (2021) for this last statement. It
implies the following proposition.

Proposition 3 (Peng and Wei (2007)) Finding Ge argming Crit(Q) is equivalent to finding

Be argmax(YY7T B) .
BeB

We will denote in the following B a minimiser of (YYT B) over the set B. We note that the
convex relaxation of this problem introduced in Peng and Wei (2007) and studied in Giraud and
Verzelen (2019) is the minimiser of (Y'Y T B) over the convex set

C={BeSy,(R)": Bj; >0, Tx(B) =K, Bl=1} .

Since we have B C C, all the bounds obtained in Giraud and Verzelen (2019) for the matrices in C
are de facto valid for B.
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B.1. Sketch of proof

In the sketch of proof, for the sake of simplicity, we only deal with the balanced case, where all
the groups of G* have approximately the same size. The proof of Theorem 5 follows similar steps
as the analysis of the relaxed K-means in Giraud and Verzelen (2019). The main differences are
in the control of the quadratic noise term, where we take advantage of the combinatorial nature of
the Kmeans criterion to implement a delicate pealing argument, while the analysis of Giraud and
Verzelen (2019) uses instead some dual norm arguments.

By definition of B, we have (YY” B — B*) > 0. Decomposing Y with the relation ¥ =
Ap + E, we get

(Au(Ap)", B* = B) < (AuE” + E(AW)T, B — BY) + (EET — pl, B~ B") .

For any partition G, the clustering error is linked to the norm ||B* — B*B||; by the inequality
err(G,G*) < m, see Lemma 9. Building on this bound, our strategy is:

(i) to lower-bound the signal term (Au(Ap)T, B* — B) with respect to the the quantity || B* —
B*Bl|1, A

(i) to upper-bound the quadratic term (EET, B — B*),

(iii) to upper-bound the cross-products term (AuET + E(Ap)”, B — B*).

The signal term. For the term (Au(Ap)”, B* — E), we use the results from Giraud and Verzelen
(2019) which ensure that

(Au(Aw)", B — B*) 2 A*|B* — B*B|1 2 nA%err(G,G") .

The quadratic noise term. This is the part where the analysis differs the most from the analysis
of the relaxed K -means algorithm done in Giraud and Verzelen (2019). It is where the main hurdles
of the proof lie. We decompose

EE" — pl, =(I - B")(EE" - pL,)(I - B*) + B*(EE" - pl,)
+ (EET — pI,)B* — 2B*(EE" — pI,))B* .

We upper-bound the four corresponding quadratic terms:

« For the term (EET — pl,,, (I — B*)(B — B*)(I — B*)), we use the classical Hanson-Wright
inequality combined with a bound on the cardinality of the partitions, whose partnership
matrices satisfy ||B* — B*B|| € [j — 1, j], for j € [1,2n]. We obtain, with high probability,
uniformly over all partitions G, the bound

(EET —pl,,(I-B*)(B—-B*)(I-B"))| < <log(K) + 1/£K10g(K)> |B*—B*B|:1 .

This term is swallowed by the signal term, provided A% > log(K) + /2 K log(K).
e The terms (EET — I,,, B*(B — B*)), (EET — I,,, (B — B*)B*) and (EET — I,,, B*(B —

B*)B*) are dealt using similar arguments. We distinguish two cases. For matrices B fulfilling
|B*—B*B||1 > 7, we again use the Hanson Wright inequality. This leads to the same bound
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as for the first point, uniformly over the partnership matrices fulfilling || B* — B*Bl|; > %.
For the partnership matrices B such that || B* — B*B||; < %, we use the bounds obtained by
Giraud and Verzelen (2019).

We deduce from these two points that, with high probability,

(BE" — L, 5" = B S~ 5B (tog() + 2 K ogr) )

R nk3
+|B* = B*B|1 | EK log(— )
n |B* — B*Bl|1
N nk3
+|B* - B*B|1log(— ) .
|B* — B*B||1

The cross-products term. Again, for this term, we use a bound from Giraud and Verzelen (2019)
which states that, with high probability,

. . nKk3
(ARE" + B(AWT. B~ B*)| < B~ B'Bl\| A2log [ — "0}
|B* — B*Bl

0 . 2
Conclusion. All the above bounds imply that , when A* 2 log(K) + /2 K log(K),

3 3 3
A% > BK]og LA + log LA + .| A?log LA :
n |B* — B*B|1 |1B* — B*Bl|x |1B* = B*Bl|

We deduce from the above bound that | B* — B* B|| < nK? exp(—cs?), with ¢ a numerical constant
and s2 = A2 A %. Then, building on the bound err (G, G*) < 1B - B*B|| of Lemma 9, and
using the hypothesis s2 > log(K), we get that err(G,G*) < exp(—cs?), with ¢ a numerical
constant. This concludes the proof of the theorem.

B.2. Detailed proof

In this Section, we prove Theorem 5 in the general case where we do not suppose the balanceness
of the groups.

First, we use that, for any partition G, the proportion err(G,G*) of misclustered points is
controlled as a function of the [y norm ||B* — B*B||;, where B is the normalized-partnership
matrix associated to G. More precisely, we show, in Section B.4, the following Lemma.

Lemma 9 Consider two partitions G* and G. Write B* and B for the corresponding normalized-
partnership matrices. For some numerical constant ¢ > 0, we have

+ * *
err(G,G*) < ¢ <m> 1B = B* Bl )

m n
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As a consequence, we only have to control the /1 error |[B* — B*B||;. Again, as in Giraud and
Verzelen (2019), we start from the optimality condition that defines B, that is

YYT,B—B*) >0 .
By definition, we have Y = Ap + E. Plugging this expression in the above inequality leads to
(Ap(Ap)"', B* = B) < (ApE" + E(Ap)", B — B*) + (EE", B — B*) . @7
We call (Au(Ap)T, B — B*) the signal term, (EET, B — B*) the quadratic noise term, and
(AuET + E(Ap)T, B — B*) the cross-products term. The three following lemmas control each of

these three terms. For any B € B3, we denote g = || B* — B*B|;.

Lemma 10 For all B € B, we have
1
<AM<AM)T7B* - B> - <Sv B* — B> > §A25B 5
where Sgy, = —3||1ta — po|* for a and b in [1, n).

Lemma 11 There exists numerical constants c1 and co such that the following holds with proba-
bility at least 1 — <%. Simultaneously for all B € B, we have:

n?*

<EET’ B — B*> <c90p <log(n/m) V TZ';_ + \/T]T)L <log(n/m) \Vi 77::))

K3 K?
+ c20p ( %log(nT) + 10g(n5)>

Lemma 12 There exist constants c3 and cy such that the following holds with probability at least
1 — 2. Simultaneously for all B € P, we have

3
(AuET + E(Ap)T, B — B*) < ¢4\/(S, B* — B)[éplog <"*§> ,

where Sqp = —3 || tta — 11

Lemmas 10 and 12, taken from Giraud and Verzelen (2019), are in fact valid for the larger
class of matrices B € C. The difference with Giraud and Verzelen (2019) lies in the quadratic
noise term controlled by Lemma 11. For this quadratic term, we can get an upper-bound over the
class B, that is significantly smaller than over the class C. Indeed, here, we can leverage the fact
that the class B of matrices is finite. Instead of having an upper-bound of the order of n/m, we
get a smaller upper-bound of the order of log(n/m) V ’% This is the main reason for which
the Condition (26) for exact Kmeans is less stringent than the condition § > n/m for the SDP
relaxation of Kmeans. We refer to Section B.3 for a proof of Lemma 11, which is the main hur-
dle for proving Theorem 5. We note that when the constant ¢ of (26) is large enough, the term
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c20p | log(n/m) Vv 7’% + \/Tﬂ <log(n/m) v ”;J)) is bounded by %. That allows us to ne-

glect it in (27) up to a multiplicative constant.
Combining (27) with Lemmas 10-12, we deduce that, for some constants ¢’ and ¢’ the following
holds with probability at least 1 — Tf—;

~ n 3
(S,B*—B)y/dz log(;(:g) +d5 ( % log(n—?s) + log(n?)>] .
B B B

Below, we write for convenience a < b for a < ¢b, with ¢ a positive numerical constant that may
vary from line to line. The above bound implies

(S,B* - B) < ¢

X nk? P nk3
* < § B . e =
(S,B* — B) S dplog ( 5 )V g log ( 5

) .

Moreover, by Lemma 10, we have %AQ(SB < (S,B* — E) This leads us to

nk? D nk?
A% dalog(——)Vda | —log(—) ,
B B 53 B m (SB
which, in turn, implies that
K3 At
log(n—) > A% A 2 _g
(53 p

Thus, for some numerical constant ¢y, we have
dp < nk3e=0%

Coming back to Lemma 9, we conclude that the proportion of misclassified points satisfies err(é’ ,G*) <
(%)K Bgme0s® < (%)46_6052. Therefore, provided that the constant ¢ in Condition (26) is large
enough, there exists a constant ¢” such that

A /132

errf(G,G*) <e “©°

This concludes the proof.

B.3. The quadratic noise term (Proof of Lemma 11)

In this section, we will upper-bound uniformly over all B the noise term (EET B— B*).

Let us decompose, for B € B, the term B — B*. We get: B — B* = B*(B — B*) + (B —
B*)B*+(I,— B*)(B—B*)(I,— B*)— B*(B— B*)B*. We also remark that, since for all B € B,
Tr(B) = K, we have (I,,, B — B*) = 0. We thus get

(EET,B — B*) =2(EE" — plI,,, B*(B — B))
+ (EET - pI,,, (I, — B*)(B — B*)(I, — B*))
— (EET — pI,,, B*(B — B*)B*).
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We will control each of these terms.
First, let us deal with the term in (Z,, — B*)(B — B*)(I,, — B*). We show, using Hanson-Wright
lemma and union bounds over the sets

BJ = {B 68753 € [.]_17.7]}7 JS 2n )
the following lemma (see section B.3.1 for the proof of this lemma).

Lemma 13 There exists cs, cg two positive numerical constants such that the following holds with
probability at least 1 — 5. Simultaneously for all B € B, we have

(EET—pl,,, (I-B*)(B-B")(I-B")) < cs0p <10g<“/m> v ng - \/ n (log(”/ Y 775)) '

Now we will upper bound the other quadratic terms (the ones corresponding to B*(B — B*)
and to B*(B — B*)B*). To do so, we will distinguish two cases:

1. We will use the bound obtained in Giraud and Verzelen (2019) for the matrices B such that
op <m;

2. We will then show a similar result than Lemma 13 for the matrices B that fulfill 65 > m.

For the first point, we will use Lemma 7 of Giraud and Verzelen (2019) which states:

Lemma 14 There exist positive numerical constants c; and cg such that the following holds with
probability at least 1 — <%. Simultaneously for all B € B, we have

K3

i)

n2"

3
<EET —pl,, B*(B — B*)) < 08\/% ( plog (ni) ++v0p + llog (n

The same result holds for the term in B*(B — B*) B*.

This lemma implies that, with probability at least 1 — %, for all matrices B fulfilling 65 < m,

D K3 K3
(EET — pI,,,2B*(B — B*) — B*(B — B*)B*) < 6¢s0p | 1/ — log(n—=) + log(n—=)
m 0B OB

For the second point, we will do as for Lemma 13 and use Hanson-Wright Lemma and union
bounds over the sets B; to get the following Lemma (see Section B.3.4 for a proof of this lemma).

Lemma 15 There exists cg and c1g two positive numerical constants such that the following holds.
With probability higher than 1— =%, we have simultaneously for all B € B such that || B*—~B*B||; >
m,

(BET — pl,, B*(B — B")) < ci00p <10g(”/ m)V mm+ i \/SL <10g(n/ Y TZD) |

The same result holds for the term in —B*(B — B*) B*.

Combining the results from Lemma 13-15, we get the bound of Lemma 11.
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B.3.1. PROOF OF LEMMA 13

Let us use Hanson-Wright Lemma, that we recall here (see e.g. Giraud (2021)).

Lemma 16 (Hanson-Wright inequality) Ler ¢ ~ N (0, 1) for some d. Let S be a real symmetric
p X p matrix. Then, for all x > 0,

P [e7Se — Tr(S) > \/8||S||%,x\/(8||SHOpx)} < e,

That inequality implies that, for a fixed matrix B € B, with probability at least 1 — e~ 7,

(EET —pl,, (I - B)(B — B*)(I - B)) <\/8pz|[(I — B*)(B — B)(I - B*)|%
V(8I( ~ BB~ B)(I ~ B)|p) -

Our task will be to bound both ||({ — B*)(B — B*)(I — B*)||op and ||(I — B*)(B— B*)({ — B*)||r
with respect to 6g. We will then do an union bound on all B € B; := {B € B,0p € [j — 1,j]},
and finally a union bound on all j in [1,2n]. From Lemma 1 of Giraud and Verzelen (2019), we
have 6p = 23,1 |Barar 1. Foralli € Gy, 37,4 | Bigy| < 1. This implies 65 < 2n. Hence, it s
sufficient to consider j < 2n.

We have, for j € [1,2n] and B € B;,

L. [[(I — B*)(B—B*)({ — B*)|lop < [({ — B*)(B — B*)(I — B*)||« where || - ||, denotes
the nuclear norm. And, Lemma 1 of Giraud and Verzelen (2019) shows that ||( — B*)(B —
B*)(I — BY)||x < 6. Hence: ||(I — B*)(B — B*)(I — B*)|lop < L6p;

m

2. Since (I — B*)(B — B*)(I — B*) is a difference of product of projections, all its eigen-values
are bounded by 2 in absolute value. Hence: ||( — B*)(B — B*)(I — B*)||op < %53;

3. (I = B*)(B—B*)(I — BY)||lr S ||({ — B*)(B — B*)(I — B*)||+ and therefore, we also
have [|(I — B*)(B — B*)(I — B*)||r < Lop:

4. Since all the eigen-values of (I — B*)(B — B*)(I — B*) are bounded by 2 in absolute
value, we have ||(I — B*)(B — B*)(I — B*)||r < /||(I — B*)(B — B*)(I — B*)|x. Thus,
I(I = B*)(B = B*)(I = B*)llr £ =08

xT

These inequalities on the norms imply that, for B € B; and x > 0, with probability at least 1 —e™ %,

D x
EET —1,,(I - B*)(B— B*)(I - B*)) <6 = :
(BB 1, (1= BB - B0 - B S o ([ 2Ty )
Doing an union bound on B, it appears that for z > 0, this inequality remains true with probability
atleast 1 — |B;|e™", simultaneously on all B € ;. This implies that for a positive constant ¢;, with
probability at least 1 — 5’5, simultaneously on all B € B;:

(EET — I, (I - BY)(B - B)(I - BY)) S 0 <\/ P log([Bs] Vn)  log(IB;] v ”>)

m  jVm iVvm
The next lemma, proved in Section B.3.2, bounds the cardinality of |3;|.
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Lemma 17 Forany j € [1,2n],

Byl < (j1) %9295

C1

Hence, with probability at least 1 — -5,

simultaneously on all B € B;,

£log(n) + log((jffn)) + jlog(K) + 5™~
m jVm

(BET —I,,(I - B")(B — B*)(I - B)) 553(\/

. log(n) + log((j;zn)) + j log(K) +‘7Tr’g) )

jVvm
And,

* We have log (]/T\Ln) S jlog(5x;)- The function z — xlog(%) being increasing on |0, ¢,
n

we get that, when j < mand m < 2 jlog(jALn) < mlin(). When j > m, we have

e’ ~
jlog(5;) < jlog(y). Moreover, if m > ¢ and j < n, jlog(53;) < ¢ log(e) < mlog(;:).
If m 2 2 and j > n, then jlog(57-) = 0 < mlog(n/m). Hence, we get that log (];\ln) S
(mV j)log(37);
¢ jlog(K) < jlog() since K < I

* The fact that the function x — xlog(%) is increasing on |0, 2] also implies that, if m < 2,
log(n) < mlog(7%). If m > 2, we have log(n) Sn S 2 < mlog(n/m).

~ e ~

Thus, with the same probability 1 — ==L, simultaneously on all B € B,

2n3°

An union bound on j € [1,2n] concludes the proof of the lemma.

B.3.2. PROOF OF LEMMA 17

In this section, we consider the partitions G such that B(G) € B;. For B € B, denote BGZGZ‘ the
restriction of B where we keep the rows belonging to G}, and the columns belonging to G. From
Lemma 1 of Giraud and Verzelen (2019), we get that, 6p = 2, 2k ’BGZG? , for all B € C, and
therefore for all B € B. This equality tells us that if a point i € G, for some r € [1, K|, is linked
in G to a majority of points not belonging to the same G7, then the contribution of 23, . |Bic:|
in dp is at least of one. Indeed, denoting by [ the index such that i € (G;, we have

In order to bound |B;|, we will find, for a partition G whose normalized-partnership matrix is in
Bj, alabelling G'1, ..., Gk for which we can upper-bound the possibilities for choosing points that
are in some G N G for [ # r.
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The equality that fulfills §5 will help us bound the possibilities of choosing the points that are
in some G N Gy, with [ # r and |G|lglG|7”‘ < % On the other hand, the following lemma allows us

to control the number of cotuple (I, ), with [ # r, satisfying % > %, by stating that for any of

these cotuple, we can consider that all the points belonging to G} add a contribution of at least one
to 0p.

Lemma 18 Ler G = {G,...,Gx} be a partition of [1,n]. There exists ¢ : [1, K| — [1, K]

a bijection such that the following holds. For all | # r such that % > % we have
|GTQG¢(Z/)| 1

maxy/ 7|G¢(l/)| = 5.

This lemma is proved in Section B.3.3. Let G such that B(G) € B;. Without loss of generality,
we can suppose that the bijection ¢ considered in Lemma 18 is the identity. Fix any [ # r in [1, K].
We consider two cases

1. ‘Gﬁgrc‘;rl < % For any i € G} N G, we have
. 1
Z |Bicy| = Z Bi > TR |’G \Gil = 3
k:k#l te[1,n)\G
2. ‘Gﬁgrc‘;rl > % Consider any ¢ € G. Then, denoting !’ the index such that i € Gy, we have

from Lemma 18 that |G‘QG|“‘ < % Arguing as above, this implies Zk# ‘BiG’,;| > % Hence,

Zk:k;ﬁr \BGiG;; >

Since B € B, we deduce from the above discussion that (i) there are at most j An points that belong

to G; N G, for some [ # r such that |G|Z*Gmf|;r‘ < $ and (ii) that [{(l,7),l # r, lG‘Ger"" > 1} <

Hence, |B;| is upper-bounded by the number of partitions satisfying these two conditions. Such
partitions are fully defined by the points 7 that are in some G} N G, for [ # r. So, it is sufficient to
count the possibilities of choosing these points:

* We choose j A m points, and for each of these points we decide a group G, where it is sent
(r is not necessarily different than the index of the group of G* that contains 7); we have
(] /\n) KJ"" such possibilities,

« We choose L - couples ([, r) and, for each of these couples, we choose a subset of G} that will

be a subset of G;.. That gives less than 20 K 2% possibilities.
. .mT
Hence, we conclude that |B;| < (jxn) K320,

B.3.3. PROOF OF LEMMA 18
Let G = {G1, ..., Gk} a partition of [1,n]. For I € [1, K] such that there exists I’ € [1, K] which

satisfies |G‘£G”‘ > 1, we define ¢(I) = I'. The mapping ¢ is an injection since for all I’ € [1, K],
there is at most one index [ such that W%VG'M > % Then, we can expand ¢ to [1, K| in order to

have a permutation of [1, K.
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The permutation ¢ verifies the following assertion. For [ € [1, K], if there exists I such that

|Gy NGyanl 1 IGFNGyay] 1 IGo@NGEl 1
T > 3, then, we also have ol > 5. So, for 2 r such that Tl > 3, there
. GinG . GinG
exists no !’ such that ‘|ZG7¢<”)‘ > % Indeed, otherwise, we would also have |’G7"’(l)| > % That
o] 1Go
. . |GG
would contradict the hypothesis W > 1.

This concludes the proof of the lemma.

B.3.4. PROOF OF LEMMA 15

For any B in B, Lemma 16 implies that, for L > 0, with probability at least 1 — e L,

(EE" — I, B*(B — B")) <\/8pL||B*(B — B*)|%
V (8|B*(B — BY)|lopL)

Following the same arguments as in Section B.3.1, it is sufﬁcient to show that, for j > m and
B € B;.|B¥(B — B)|lr £ 05 and | B*(B = B")|op < 05

1. B*(B — B*) is a product of a projection and a difference of projections. That implies that all
its eigen-values are bounded by 2 in absolute value. Hence: || B*(B — B*)||op < %5 B-

2. All the coefficients of B* are non-negative and bounded by % Since the coefficients of
B*B and of B*B* are convex combinations of coefficients of B*, it comes forward that
all its coefficients are also bounded by L in absolute value. That implies that the coeffi-
cients of B*(B — B*) are bounded by = in absolute value. Hence: ||B*(B — B*)||r <

F=VIB*(B =Bl £ 7=05.

That concludes the proof for the term in B*(B — B*).
For the term in B*(B — B*)B*,we use the same arguments and add the fact that || B*(B —
B*)B*||1 = ||B*(B — B*)||1 (see Lemma 1 of Giraud and Verzelen (2019)).

B.4. Proof of Lemma 9

In this section, we bound the proportion of misclassified points

1
err(G,G") = o min Z ]GkAGW(m ,

'IZTI'EK

with respect to || B* — B*B)||, for a given partition G and its normalized-partnership matrix B.
We consider G a partition. By Lemma 18, there exists a bijection ¢ : [1, K] — [1, K] such that
the following holds. For all 1 # -, if ‘025! - & then for all 1, ‘“$27GT! < L. Without Toss of

generality, we suppose that this bijection is the 1dent1ty.
Then, by definition,

K
o1
err(G,G*) 2;\GkAGk| :
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So, we have

err(G,G") Z Z licging, -

l;ér i€[l,n]

Letl # r. If % < %, each i € G N G, adds a contribution of at least 1 in ||B* — B*B||;.

Moreover, if ‘Glgz |Gl| > 2, each point of G} adds a contribution of at least 1 in ||[B* — B*Bl[;.

So, we can match any set G N G, such that ‘G| C? ‘Gll > %, to a group G} which contains points

all adding a contribution of at least 1 to |[B* — B*Bl||;. Since |G;| > mand |GE NG| < m™

|Gy > 2 |(GEn Gl\ Let us denote Ay the set of points that are in some G} N Gy, with [ # r,
|G mGll

satisfying e 5. We also denote A; the set of points that are in some G N G, satisfying
|G‘ Cr; ?ll S . We then have

Aol= > IGinG

AGENG a1
Z#Tw>§

mt .
— > el

|Gy nGy| 1
l#r .7|G” >3

IN

Given [ # r such that ‘G|Gm ‘G” > %, the following assertion is satisfied: For all I’ € [1, K],

GNG

| ‘ZGV'”‘ < 1. Hence, = Z \G NGyl _ |Gy N Gy|. Moreover, for all I € [1, K], there
e _2

exists at most one index r such that |G‘ Cr; |G" 5. Hence,

+
m
|G ﬁGl/|<1

Vg1 <3

<" B - BB\ .
m

where the last inequality comes from the fact that, for [, € [1, K], if ‘G| Cr; G[“' < %, each point of
|G N G| adds a contribution of at least 1 to || B* — B*B)||.

Since all i € A; adds a contribution of at least 1 to ||B* — B*B]|
B*B|;.

This leads t 3, 3 icpy o Licazng, = Aol + 41| < [|[B* = B*B|1(1+ Z-) < 2||B* —
BBl

Therefore, the proportion of misclustered points is upper-bounded by

1, we have |A;] < ||B* —

mT
err(G,G*) < 2—||B* — B*B]||; .
m
This concludes the proof of Lemma 9.
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B.5. The signal term (Proof of Lemma 10)

The term (Au(Ap)T, B* — B) is already dealt in Giraud and Verzelen (2019). We re-derive
Lemma 10 for the sake of completeness. We denote S € R™ ™ the matrix defined by Sy, =
—0.5(|pr, — || if a € G and b € G}. For B € C, we get

(Ap(Ap)",B* = By = Y (ta, tiv) (B}, — Bab)

a,be(1,n]

= 3 (05l — gl + 0.5l + 0.5l (B — B
a,be(1,n]

= > —05|pa — mll* (B — Bap)
a,be(l,n]

=(S,B*—-B) ,

where the third equality comes for the fact that, for a € [1,n],
Y lnall® (Bay — By) =0 .
be(l,n]
The term S, being null when a and b are in the same group, we have

(5,8 - B) =053 3" 3 e — pull*Bay

i#k acGy beGy

207> ) ) Ba

i#k acG beG:
1
>A B = BB |

where the last inequality comes from Lemma 1 of Giraud and Verzelen (2019), which states that
for any matrix B belonging to the larger class of matrix C, we have the equality ||B* — B*B||; =

2 Zi#k EaEG;; ZbeG; Bap.
This concludes the proof of Lemma 10.

Appendix C. Proof of Theorem 3
C.1. Sketch of proof

We assume that A? < log(K) + /2K log(K) and p 2 log(K). We also assume, without loss of

generality, that 02 = 1. The proof of Theorem 3 is an application of Fano’s lemma.

Given p a probability measure on (RP)¥and G a partition of [1,7n], we define P, ¢ the proba-
bility measure on RP*", and [E,, ¢ the corresponding expectation, defined by: draw j1, ...,y ac-
cording to  and, conditionally on the py’s, draw Y7, . ..,Y,, independently with Y; ~ N (g, 1),
ifi € Gy.

Finding a lower-bound of inf 4 supgep, Epc [err(G , G’)} is sufficient in order to lower-bound

2

the minimax risk inf squep% SUP,,, ucoa BpG {err(G, G)}, provided that p ((RP)X\ ©3)

is small.
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For S C Ps and p a probability measure on (R?)X, for G(O) e S, it follows from Fano’s
2
Lemma that

1+‘éﬁ§:GeS}(L/OPAG:PmGﬂU)
'es log | S|

inf sup E,q {err(G, G)} >
G GEP%

(28)
Then, the difficulty is to find a set of partitions .S C Pz and a prior p on 1, ..., x such that:
2

* |S| is large enough,
e for G # G’ € S, the error err(G, G') is lower-bounded by a positive constant,

* the Kullback-Leibler divergence K L(P, ¢, P, () ) is upper-bounded on this set S, with G
a reference partition.

« The prior p satisfies that, with high probability, 3 ming ||, — pul|* > A2

Assuming that we are able to find a set S C 73%, with log(|S]) 2 nlog(K), and such that,

for G # G' € S, err(G,G’) > a, it remains to upper-bound the Kullback Leibler divergence
KL(P,q,P p,G(O))’ for a reference partition G(°) € S and a well chosen prior p. We distinguish
two cases:

« If A? < log(K), we choose deterministic 1, . . ., i satisfying %mink# o — ]| > A2
and § maxy,z ||, — pu||* < 4A% This is possible thanks to the hypothesis p > log(K). The
second inequality, combined with the Kullback-Leibler divergence between two Gaussian
distributions, implies the upper-bound, for G € S,

KL(Puc P, go) S nA? S nlog(K).

Using Fano’s lemma (28), this allows us to lower-bound inf s supgep, Ep |:6TT(G, G)},
2

and in turn the minimax risk inf 5 supgep, SUP,co 5 I[-Eu,(;[err(é'7 Q).

« Iflog(K) S A* < /2K log(K), then, we are in the high-dimensional regime p 2 7 log(K).
This is the challenging part of the proof. We define p a prior for uy, ..., ux for which the
ui’s are independently and uniformly distributed on the hypercube £ := {—¢,e}P, with

€= \/% A. The hypothesis p > 2 log(K) ensures that, with high probability under the law
p, 3 ming || — || > A2 Then, for G € S, lengthy computations lead to the upper-

bound KL(P) P, o) < nlog(K). This is sufficient to lower bound the minimax risk,
using Fano’s lemma (28).

C.2. Detailed proof

In this section, we prove Theorem 3. We suppose that p > clog(K), for ¢ a numerical constant
that we will choose large enough later. Without loss of generality, we suppose throughout this proof
that ¢ = 1. We suppose n > 2K, K > Ky, for K¢ a numerical constant that we will choose large
enough, and v > %
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Given p a probability distribution on (R?)X and a partition G of [1,7] in K groups, we denote
IP, c(B) the probability distribution on (R”)" defined by

Boc(B) = [ Buc(Blip(u) -

To prove Theorem 3, we will use three lemmas. The first one, proved in Section C.5, is a conse-
quence of Fano’s lemma that we recall in Section C.5.

Lemma 19 Let p be a probability measure on RP*X . For any finite set A C P,, any partition
GO ¢ P, we have the following inequality

L+ Ygea KL (Brc,Pygo)
. 2 A ) [A] £«GeA PGy p,G0)
inf — E,clerr(G,G)] > min err(G,G") |1 -
¢ A Gze;l palerr(G, Q)] 2 GAG'€Pq ( ) log | A|

The second lemma is a reduction lemma, which plays the same role as Lemma 26 in the proof of
Theorem 4. We prove it in Section C.7.

Lemma 20 Suppose that there exists a probability distribution p on RP*X and a numerical con-
stant C' > 0 satisfying

inf sup E, ¢ [err(é, G)} — p(RP*EN\ ©5)>C .
G GEPq

Then, we have
inf sup sup E,q {err(@, G)} >C .

Finally, the third lemma helps us choose the set A of partitions to whom we will apply Lemma 19.
We prove it in Section C.8. We define G the partition of [1,n] defined by; i € Gy, if and only if
i =k [K].Itis clear that G € Ps.

2

Lemma 21 We suppose that the constant K such that K > Ky is large enough and thatn > 2K.
There exists S C Ps which satisfies:
2

* There exists a numerical constant ¢ > 0 such that log |S| > ¢'nlog(K),
o There exists a numerical constant a > 0 such that, for G # G’ € S, err(G,G") > q,

s Forallk € [1,K], forall G € S, |G| = |Gyl

We distinguish two cases. In the first one, we suppose that there exists a numerical constant cy,
that we will choose small enough, such that A? < ¢; log(K). In the second one, we will suppose

that ¢ log(K) < A? < ¢34/ 2K log(K), for ¢ a numerical constant that we will also choose small
enough.
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C.3. Case A? < ¢ log(K)

In this section, we suppose that A? < ¢;log(K). We suppose that the constant ¢ such that
p > clog(K) is larger than 4/ log(2), for having £ log(2) > log(K). Our choice of the centers
U1, ..., tx relies on the following lemma, proved in Section C.9.

Lemma 22 If £log(2) > log(K),fthere exists fi1, . . ., px in RP such that % ming, || — o ||? >
A? and % max;,, ||j — pr||? < 4A2.

We consider p = (pi1, . .., puxc) in (RP)¥ given by this lemma. In particular, we have y € O 3.

We recall that G is the partition of [1,n] defined by; i € Gy, if and only if i = k [K]. Given G
taken in the set S defined in Lemma 21, let us compute K L(P,,;, P, 7). We denote P, :(Y;) the
marginal law of Y; under the joint law [P, . By independence of all the Y;’s, we have that

n

KL(Buc.B,5) = > KL(E,a(Y).B,5(Y) .
1=1

Giveni € [1,n], with k and [ such thati € G, NGy, we have K L(P,,¢(Y;),P, 5(Y;)) = M
A fortiori, using Lemma 22,

KL(Puc,P,q) < 4nA? < deinlog(K) .

Applying this, together with log |S| > ¢"nlog(K) and Lemma 19 with p = §(,,, ., leads to

L. 2 A 1+ 4c3nlog(K) 1+ 4c2nlog(K)
f 25N F [ G,G}> 1— L >a1- L
inf 157 2 Buc [err(G.0)] 2 ( oels] ) 2" o log(K)

GeS
Th . 1+4c2nlog(K) . a . .
e quantity a (1 — ~Inlog(K) being larger than 5, supposing c¢; is small enough and K large
enough, there exists a constant C' such that

2

igf Kl GZESE#’G [err(é, G)} >C .

A fortiori, since pt € ©x and S C Py,

inf sup sup E,q {err(@, G)} >C .
G GEP. uedy

This concludes the proof of the theorem in this case.

C4. Case ¢; log(K) < A? < 31/ 2K log(K)

In this section, we suppose that ¢ log(K) < A? < ¢9,/EK log(K), with ¢3 a numerical constant
that we will choose small enough. We still suppose that K > Kj.

Let us define p the uniform distribution on the hypercube £ = {—¢, +¢}PX, where ¢ = \/% A.
We show in Section C.6 the following lemma, which controls K'L(IP, , P pﬁ)’ forG e S.
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Lemma 23 If ¢y is small enough with respect to c1 and c1 log(K) < A% < co4/ P Klog(K), there
exists a numerical constant " > 0 such that, for all G € S, KL(P, ¢, P, 5) < " c3nlog(K).

Combining this lemma with Lemma 19 implies that

inf — Z E,c [err(G G)} min _err(G,G’) <

1+ c”c%nlog(K))
a 1S ot G#G'eS

dnlog(K)

By definition of S in Lemma 21, given G # G’ € S, we have err(G,G’) > a. Hence,

inf — Z E,c [err(G G)} >a <1 _

1 —|—c”c§nlog(K)>

c'nlog(K)

This last quantity is larger than § provided c; is small enough and K large enough. Hence, since
S C Py, this implies

inf sup E, ¢ [e'rr(G G)}
G GeP.,

l\ﬂ@

In order to apply Lemma 20, it remains to upper-bound the quantity p(RP*%\ 61 ). The next lemma,
proved in Section C.10, provides such an upper-bound.

Lemma 24 Forall K > 2, p > 1 and A > 0, the probability distribution p satisifes

p(RP*E\ 93) < M€*P/8 .

In particular, if the constant ¢ such that p > clog(K) is large enough, the quantity M e P/3
is smaller than a/4. This, together with Lemma 20, leads to the existence of a numerlcal constant
C > 0 such that

inf sup sup E, {ew’(é, G)} >C .
G uedx GEPa

This concludes the proof of the Theorem 3.

C.5. Proof of Lemma 19

Lemma 19 is a simple derivation from Fano’s Lemma that we recall here (see e.g Giraud (2021)).

Lemma 25 (Fano’s Lemma) Let (P;) jel1,Mm) be a set of probability distributions on some set ).
For any probability distribution Q such that for all j € [1, M], P; << Q,

M:

inf
J:y—[1, M]

5 1+ﬁZK1KL(PjaQ)
(J 7”) 1;g(M) ’

where we recall that KL(P,Q) = [ log (%) d P stands for the Kullback-Leibler divergence be-
tween P and QQ.
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Let A be a subset of P,. Denote G(l)A, ..., GUAD the elements of A. Given any estimator G,
we denote j an index that minimises err (G, GU)).

Forany j € [1,|A]], using the definition of 7 together with the fact that the function err satisfies
the triangular inequality (for the second inequality), we have

rzn#iir,lerr(G("),G(i/))lﬁj < err(G(j),G(j))

< err(G, GG)) + err(G, GY))
< 2err(G,GV)) .

Applying the expectation to this last inequality, we have, for j € [1, |A]],

2Epc0 [e”(é’ G(j))} 2 ?712}/1 eTr(G(i),G(il))IP’p,mj) [5 # j]

Summing over G € A leads to
2 IE A > . / . 1 ]P) ~ .
W Z 0,G {err(G, G)] min err(G, G)m}nm Z 2.G) |;] =+ j} .

~a.GcA
GeA ¢ GUeA

Applying Fano’s Lemma 25, we get the sought inequality

2 R
e 2 o ,
1réf A g E,c {err(G, G)} > Jin err(G,G") (1

Ly Xgea KL(P, g, vaG‘O’))
GeA 7

log(|A4])

This concludes the proof of the Lemma 19 .

C.6. Proof of Lemma 23

For G € S, let us compute K'L(P)c:,P 7). We recall that i € Gy, if and only if i = k [K].

From Lemma 21, we have that, for k& € [1, K], |G| = |G}|. We define my, this quantity. Given
k,l e [1, K], we write my; = ‘Gk N Gl‘

We recall the definition KL(P,c,P,5) = [ log (cdlﬁp,g) dP, . We write Py ¢, or equiv-
’ P,

alentely P, =, the distribution of (Yi)z‘e[l,n} when p1 = ..., ux = 0 almost surely. Under this
distribution, the Y;’s are drawn independently according N (0, I,,). First, we will compute the quan-

tity

dP, g dP, o
de,G _ dPoc  dPp (29)
dP é deE d]P)p’a ’
P dPy Py &

where the second equality comes from the fact that Py ¢ = P, =. Given a probability distribution P
on some Euclidean space, which is absolutely continuous with respect to the Lebesgue measure, we
write d P for the density of this distribution with respect to the Lebesgue measure. For the numerator
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in (29), we have

dP,a
dPo

Ep[dPc(Y)]
Eo [dPyc(Y)]

By [Miequ Mico, exp (=31 — ell?)|
_EO [er[u{] HieGk €xp (_%HYZ' - Nkuz)}

E, [Hde[Lp] [rep k) ILice, exp <—% (Yid— ,Uk,d)2)]
- Hde[l,p] er[l,K] Hzeck exp (_%de)

(Y) =

Using the independence of the 1, 4’s under the law p, we get that

H’LEGk exp (

d]p’G E, (Yia — pir.a) )}
e = 1111

1
2
de(l,p) ke[1,K] 1€Gk exp ( )

e (-5 (= - (10))

dellpl ke[1,K]  |i€Gy
- B

= H H E, H exp <Y3,duk,d - 2)

de[l,pl ke[LLK] | i€Gk
H H e 3= cosh Z eYiq
de(l,p] k€[1,K] 1€Gy,
Similarly, we have
de,

H H e 3= cosh Zede

d IPO’G dell,p] ke[l,K] icGy,

Combining these two equalities in (29), we end up with

cosh (ZieGk E}Q,d)

(30)
ke[1,k] cosh (Zigék EYi,d)

deG ﬁ

2
We denote ¢ the standard Gaussian density ¢(x) = —=—e 2 . We recall that my, is the size of G,

_ _ Var
(and also of |G;|) and my; = |G, N G;|. Under the law P, ¢, conditionally on sy, ... g ~ p, we
have that:
* ZiEGk }/;;:d ~ N(mkuk,da mk)a
* Zieék Yia~ N(Zzg[l,K] MUk T )-
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Plugging these two points, together with equality (30), in the definition of the Kullback-Leibler
divergence leads to

;KL(IP’,,,G,PP’G): Y E, [ / log cosh (e (mgpn.1 + /mex))d(x)dx

ke[1,K]

= 3 5 | [ogeoh(e( X mua+ ViEE)o@ds| G

ke[1,K] l€[1,K]

By symmetry, it is sufficient to upper-bound the term corresponding to the first group G in the sum
above which is equal to S1 = S11 — S92, with

Su =E, [/ log cosh(e(mip1,1 + \/nTlx))ng(x)d:c} )

and S;p=E, /logcosh(s( Z mup1 + vmix))o(z)de

le[1,K]

First, we upper-bound the term S7;. We will use the following inequality

2 4 2

< logcosh(z) < %,

r
2

8

VreR . 32)

—
[N

Proof of inequality (32) Let us first prove the upper-bound log cosh(x) < %2 For z € R,
cosh(z) = ) ey é—i;, < D ien % = exp (%) Applying the logarithmic function leads to
log cosh(z) < %

Let us now prove the lower-bound log cosh(x) > %2 — f—; To do so, we write, for x > 0,
f(z) = tanh(z) and g(z) = = — 353—3 We have f/(x) = 1 — (f(x))2. Besides, ¢'(z) = 1 — 22 <
1 — (g(x))?. Together with the fact that f(0) = g(0) = 0, this implies

f(x) > g(x), Vo >0 .

Integrating these function leads to

2 4

x x
1 h > — — — >0 .
og cosh(z) > 7 T 12’ Ve >0

By parity of these functions, this last inequality is satisfied for all x € R. |

Inequality (32), together with the independence of x and 1 1, imply that

1 1
S < §EP [/(5(m1,u1,1 + Vmix))?¢(x)dz| < 55—:2 (m1 +mie?) . (33)
We arrive at )
S < §m162(1 + m1€2) . (34)
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Let us now lower-bound S75. Inequality (32) induces

1 2
S12 25 By /52< Z m1z/ll,1+\/mw> ¢(z)dx

le[1,K]

4
- %EP /54< Z ma 1 +\/”Tll’> ¢(x)dx

le[1,K]
L, L 4y o
256 Z mlle +mq | — —5 E Z M1 — Ea 3mj
le[1,K] le[1,K]
- *8 my E,[( Z myp,1)
I€[1,K]
2
1 1 1
2552 Z m1l5 —+ mq — 558 Z mill —+ 6 m%l — 154772%
le[1,K] l€[1,K] le[1,K]
1
- *€6m1 Z m%l
le[1,K]
We end up with
2
1 1
S12 > 2m1£2 . Zmla — 75 m ml 1 —5 Z m‘lll +6 Z m%l . (35)
le[1,K] le[1,K] le[1,K]

Combining inequalities (34) and (35), together with the equality m; = > lef1, k) Ml leads to

1 1 1
S1 §§m152(1 —|—m152) — §m15 + 4m%54 + 5 my Z mll
le[1,K]
2

—i—%ag Z m‘lll—l—G Z m%l

le[1,K] l€[1,K]
3 7 1
<4m15 + = 19 Sm‘f—l— 2E6m§

< n? 4 1 4 n?
SCq ﬁg + 5 K + E ﬁ s
where c4 is a numerical constant, obtained using the fact that m; < %% Summing over k € [1, K|

in (31) leads to

n? , 412
KL(]P),D,GaIPp,§> < C4p?6 <1 +€ ? +e€ K2>
From the definition of &, we have p%e‘l = 4%54. The hypothesis A? < ¢9y /2K log(K) leads

to pree? < 4cdnlog(K). Moreover, the hypothesis ¢; log(K) < A% < ¢3,/2K log(K) implies
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2n_2nA4<2

&K = PK A7 =
constant ¢/ > 0 such that, when ¢ is small enough,

C2 < 1, if ¢y is small enough with respect to c¢;. Thus, there exists a numerical

KL(Pyg,P,5) < ¢"cGnlog(K) .
This concludes the proof of the lemma.

C.7. Proof of Lemma 20
We suppose that there exists a probability distribution p on R”*¥ and C' > 0 satisfying

inf sup E, ¢ {err(é’, G’)} — p(RP*EN\ @5) > C .
G GePa

Given an estimator G, there exists a partition G € P, such that E,c [err(é, G)} p(RPXEN
©x) > C. Since E, ¢ [err(G,G)} = fRPXK E.c [err(é, G)} dp(p) and E,, ¢ [err( )} is
upper bounded by 1, we end up with IQA E.c [err(@, G)} dp(p) > C.

This implies the existence of ;1 € ©x such that E,, ¢ [err(é , G)} > (. A fortiori,

sup sup E,q [eTT(G,G)] >C .
}LE@A GE’PQ

This last inequality being true for all estimator G, we get the sought inequality

inf sup - sup E.c [err(G G)} >C .

C.8. Proof of Lemma 21

We recall that G is the partition of [1,n] which is defined by i € Gy if and only if i = k [K].

Throughout the proof of this lemma, we denote m = |z |. We define V' C Ps, the set of partitions
2

G which satisfy

« the restriction of G to [1, K |2 ]] U [K'm + 1,n] is equal to the restriction of G on the same
set,

* |G| = |G| forall k € [1, K].

The number of partitions in V' is equal to the number of partitions [K | % | + 1, K'm] in K groups of
size m — | 2|. For the [ 4] first groups, we choose m — | % | elements amongst at least | £ | (m —
K
(Ll Ly

m_\_ 2 J )

K m
We arrive at log [V| > L log (ij(m—tﬂ)). Besides, if the constant K| is large enough, we

m—| % |

L
get that, when K > K, (Lgiffmﬂ%) > (K ) -5 W Besides, log( L”;j)' <
2 m—lq

)
(m— %)) log (m — |%]). Wearrive at log (( _%% )) > 2 (log (52) —log (m — | 2])).

|5]) elements. Hence, the number of such partitions is lower-bounded by

[E ¢
2]
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This implies the existence of a numerical constant c3 > 0 such that, if K > K with K large
enough,
log |[V| > esnlog(K) . (36)

Let S be a maximal subset of V satisfying; for all G, G’ € S, the proportion of misclassified points
between these two partitions err(G, G’) is lower-bounded by a, with a > 0 a numerical constant
that we will choose small enough. As a consequence, for all G € V, there exists G’ € S such
that err(G,G") < a. For G € S, we denote B C V the set of partitions G’ € V that satisfy
err(G,G") < a. Then,
|4
S| = S L —
maxges | Bg|

Given G € S, let us upper-bound |B|. For G’ € V, we define E(G') = {i € [1,n], 3k #1 €
[1,K], i€ Gy NG} C [K|%] + 1, Km]. We recall the definition

(37

err(G,G') = min —Z ]GkAGﬂ(k

WESK

For k € [1, K|, if m(k) # k, then |GxAG] | = 2[[7]| = |G}, N E(G')|. If m(k) = k, then
\GkAG;(kﬂ > |G}, N E(G")|. Plugging this in the definition of err(G, G') leads to

err(G,G') > —E(G) .

1
2n
Hence, if G’ € Bg, then E(G") < 2an. For choosing a partition G’ such that E(G’) < 2an, we
choose 2an points amongst [K | | + 1, K'm] points and, for each of these points, we choose the
group G}, which will contain it. We arrive at [{G' € V, E(G’) < 2an}| < (K(mgk J))KQ‘m. We
end up with log | Bg| < 2anlog(K) + log (K(";;TLL%J)) < 2anlog(K) + 2anlog (5-). Combining
this last inequality with inequalities (36) and (37) leads to

1
log |S| > ecanlog(K) — 2anlog(K) — 2an log(%) .

If the constant a is small enough and the constant K large enough, we have, when K > Kj, and a
fortiori n > 2Ko, $nlog(K) — 2anlog(4) > 4% log(K).

Besides, if a is small enough, we also have ci”nlog(K) 2anlog(K) > “" log(K). This leads
to the sought inequality

log S| > %log(K) :

For G € Sand k € [1, K], we have |Gy | = |Gy| € [[ %], [ %] + 1]. Hence, S C Ps. By definition

of S, for G # G’ € S, we have the lower-bound err(G, G') > a. Hence, the set S satisifies all the
conditions of Lemma 21. This concludes the proof of the lemma.

C.9. Proof of Lemma 22

We suppose that §log(2) > log(K) and we want to find vectors ju,. .., pux in RP such that
3 mings, ||pr — pul|? > A% and L maxgz, | — pr||? < 4A2

53



EVEN GIRAUD VERZELEN

Denote H = A\/g {—1,1}P. There are 2P elements in . Consider H a maximal subset of 1
such that the following holds. For 6 and ¢’ two distinct elements of H, there exists at least § index
such that 0; # ;.

If 6 and &' are two distinct elements of H, we have from the definitions of H and H that

1
<o - 0'||> < 4A? .

It remains to lower-bound the cardinality of H. Given 8 € H, denote By the subset of 7 made
of the elements &’ that have at least L%pj index such that §; = ¢;. From the definition of H, we
deduce that H C |y Bo- Since the By’s are all of the same cardinality, we get that, for 6 € H,
[H| < [H]|Bel.
Let us upper-bound | By|. Given a fixed set of index of cardinal L%’J , there are at most 24 points
)25
Plugging this inequality in [#| < |H||By| leads to log(|H|) > plog(2) — log (L%J) — Flog(2).

in H that are equal to 6 on these index. Hence, the cardinal of By is upper-bounded by (

Using the inequality log (LBZJ) < log (LIQDJ) < Llog(2), we end up with log(|H|) > % log(2). This
4 2

implies from our hypothesis on p that |H| > K. Any K-tuple of vectors p1, ..., pux taken from

| H| satisfies the sought conditions. This concludes the proof of the lemma.

C.10. Proof of Lemma 24

Letp > 1 and K > 2. We lower bound in this section ming || — || when p ~ p. Let
k # 1€ [1,K]. Then, ||u — wl? = 4e?35_, 1 #Md Hence, 422 |1 — ]2 is @ sum of p
independent Bernoulli random variables of parameter 1 In particular, -1 ezl — |? is the sum of
p independent random variables of mean 3 L and bounded in absolute value by 1. Using Hoeffding’s
inequality leads to

2 b 1 2 1 2 p
_ Ll _— _ _ _— _ < _£
P | el — sl < 2] =B | Lol — sl — & | Ll l?] < -]

_9(P)?
<o [ 2
p
)
< _Z
= &Xp ( 8
Besides, 1% |k — > = g ke — pu]>. Henee,
1 _
Pl Sl — wl? < A% <exp (—E)
2 8
Using an union bound on the set of pairs k # [ € [1, K] leads to
1 = K(K -1
Pk £ 1€ [LK], Sl —ml? < A% < SE =D o (1)
This concludes the proof of the lemma.
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Appendix D. Proof of Theorem 4
D.1. Sketch of proof

The proof of Theorem 4 follows the same outlines than the proof of Theorem 3. Again, this is
an application of Fano’s lemma. As in the proof of Theorem 3, given p a probability measure
on (RP)Xand G a partition of [1,n], we define P, & the probability measure on RP*™ defined by:
draw p1, ..., ug according to p, and, conditionally on the p’s, draw Y7, . .., Y, independently with
Y, ~ ./\/’(Mk, Ip), if i € Gy,

We suppose that A? < log(n) + (/2K log(n). Without loss of generality, we suppose that

oc=1 ForS c Ps, GO € S, and p a probability distribution on (RP)K , we have, using Fano’s
2
lemma,

_ . L+ ﬁ >ces KL (PP7G7]P)p,G(O)>
inf sup P,q[G# G| >1-—
G GE'P% log ‘S‘

(38)

Provided that p ((R?)X \ ©3) is small, lower-bounding the quantity inf & SUPGep, ]P)pjg[é #
2
G is sufficient in order to lower-bound the minimax risk inf 5 supgep, sup,ceo; Pu,clG # Gl
2

In this proof, we take G(*) € Ps and we define S the set of partitions obtained after exchanging
2
two points from two consecutive groups of G(°). We have that log(|S|) > log(n). To prove

Theorem 4, we have to find a distribution p on (RP)¥X such that K L (IP,,,G, Pp7G<o)) < log(n) for

GebS.
We distinguish two cases:

« if A? < log(n), we set i, = /2kAe, with e a unit vector. We have, using the divergence
between two Gaussian distributions, that, for G € S, KL(P,¢,P, co) < A? < log(n).
This is sufficient to obtain a minimax lower-bound using Fano’s lemma (38).

e iflog(n) < A2 <, / 2K log(n), we are in the high dimensional regime p 2 7 log(n). As for
Theorem 3, this is the challenging part of the proof. We define the same prior p on 1, ..., i
defined as follows. The puy’s are independently and uniformly distributed on the hypercube
E = {—e,e}P, with e := \/%A. One can compute KL <Pp7g, IP’va(O)) < log(n). This
bound is sufficient in order to apply Fano’s lemma (38). This concludes the proof of Theorem
4.

D.2. Detailed proof

Without loss of generality, we suppose throughout this proof that 0 = 1. We suppose that n > ny,
with ng a constant that we will choose large enough. We also suppose that o > % and n > 9K/2.

As in Section C, we will distinguish two cases. In a first time, we will prove that there exists
numerical constants ¢; and C' such that when A? < ¢; log(n),

inf sup sup P, (G #G)>C .
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Then, in a second case, we will show that there exists a numerical constant ¢, such that this also
holds when ¢; log(n) < A% < ¢y % log(n).
In the following of this proof, we consider a partition G(?) € Ps. In particular, G(©) € P,. The

existence of such a partition is ensured by the hypothesis n > 2 (for example, we can take the
partition G defined in the proof of Theorem 3 by i € G, if and only if i = k [K]).

D.3. A? < ¢plog(n).

Let us suppose that A2 < ¢ log(n) for ¢; a positive numerical constant, that we will choose small
enough later.

Let e be a unit vector of R? and define j, = v/2kAe for k € [1, K]. It is clear that y =
i, ..., i € ©x. We will prove our statement using Fano’s Lemma that is recalled page 47. Our
goal will be to find different partitions G, ..., GM) ¢ P, with M as large as possible, such that
KL(P, oo, P, co) remains small for all € [1, M].

Givenk € [1,K —1],i € G,(CO) and j € G,(ﬂl, we define the partition G(*) as follows. For
[ € [1, K] distinct both from %k and k£ + 1, we take G(i’j) = G(O). Besides, we take G(i’j) =

Gg)) \ {z}) U{j} and Gﬂl = ( gl \ {’L}) U {j}. This partition corresponds to the partition

G after shifting the points i and j. We denote Sh(G(®)) the set of all these partitions
SHGD) = {GW), ic G jeGY),, kell,K 1]} . (39)

For G(1) € Sh(G©), the groups of G(*) are of the same size than the groups of G©). Thus,
G ¢ P,. And, all the groups of G(?) are of size at least 3. This implies that the G(*7)’s are all
distinct.

For G(") € Sh(G©), let us compute KL(P, i), P, ). Given i’ € [1,n], we denote
P 1,G(59) (Y;r) the marginal law of the vector Y;s under the joint law P 1,Glod) - Using the independence
of the Y;’s for i’ € [1, n], we get

KL(P, ¢ Py ZKL i (Vi) P ao (Ya)

=KL (B, 0 (Y1), By g0 (Y0)) + KL (B e (V7). By 0 ()
=KL (N(ukJrlﬂ [p>7N(,U/k7 Ip)) + KL (N(Mkv Ip)7N(uk+1ﬂ Ip))
=2A?% < 2¢2log(n)

where we used the property KL (N (f, I,), N (g, 1)) = ”fﬁq”z ,forall f,g € RP.
For any estimator GG, we associate J the estlmator that gives (i,7) if G = G and (1, 2)

elsewhere (we can suppose that G(12) e § h( )) Lemma 25 implies that, for all estimator G,
the corresponding estimator J satisfies

1+ 2c¢2log(n)

1 S
Z P, can(J #(i,7)) 21— m .

1Sh(GON]
|Sh(GW)]| G eSh(GO))
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Forall i € Gy, if j € Gy, then G € Sh(G®). The groups of G(¥) are of size at least 22
Hence, since K > 2 and n > 9K /2,

o\ 2 4 n?
|Sh(GO)| > (K —1) <3K> > o w0)
We arrive at
= 7 . 1+ 2c¢2log(n
Y. Piaen(#G5) =1 1+2cilog(n)

|Sh(G)] log(n)

Gl ESh(GO)

If ¢y is small enough and ng large enough, there exists a constant C' > 0 such that, for all integers
2
M > C. This implies
og(n)

1 T . .
|SR(GO)| > Puaun(J#£3EH)=C
GGEDeSh(GO)

n > ng, we have 1 —

For any estimator GG and its corresponding estimator .J, for any G(J) e Sh(G©®), we have
P, qin(G = Gy < P, ¢t (J = (4, 7)). Thus, we arrive at

1 . y
|Sh(GO)| Y Puoun(G#GY)>C .
G(:3) eSh(GO)

This, with the fact that, for all estimator G ,

1 R N
sup sup P,o(G#G)> —— P (G #£GHD))>(C .
MEGIZ G€7§a #G( # ) ’Sh(G(O )| G(i,j)e%(G(O)) H’G( ])( ?é )

This concludes the proof of the theorem in the regime where A2 > ¢; log(n).

D4. cilog(n) < A% < 31/ 2K log(n).

We suppose that c1log(n) < A? < ¢,/ %K log(n), with ¢; the numerical constant chosen just

above and cp another numerical constant that we will choose small enough. Given p a probability
distribution on (RP)X and a partition G of [1, n] in K groups, we define the probability distribution
on (RP)" by

BclB) = [ BucB)ola) -

The proof of Theorem 4 in this regime uses the following lemma. It is a reduction lemma which
plays the same role as Lemma 20 in the proof of Theorem 3.

Lemma 26 We suppose that there exists a probability distribution p on (RP )K and a > 0 such that

inf sup P, (G # G) — p(R")*\03) > a .
G GEPq

Then, we have

inf sup sup P, (G #G) >a
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We refer to Section D.6 for a proof of this lemma. We will consider the same distribution on
(RP)X as in Section C. We take ¢ = \/% A and p the uniform distribution on the hypercube £ =
{—e,e}PxK, X

We will use Fano’s Lemma to lower bound inf » supgep, Pp.c(G # G). To do so, we need to
find many partitions G, ..., GM) ¢ P, with M large, such that KL(IP’AG(;) ) PP’G(O)) remains
small. Again, we use the set of partitions Sh(G(?)), defined by (39), for G0 ¢ 73% . For such a
partition G € Sh(G(?), the next lemma controls the quantity

dP,q
KL(P,6,P, o) = / log(ﬁ)dﬂ)mg :
0,G(©

We refer to Section D.5 for a proof of this lemma.

Lemma 27 We suppose that ca is small enough with respect to c1. Then, there exists a numerical
constant ¢ > 0 such that, for all G € Sh(G)), we have the inequality

KL(Pyc,P,q0) < cc3log(n)

Together with Lemma 25 applied to the set Sh(G ©) ), this lemma induces

L Y PelG#£GI =1

1+ cc3log(n)
G |Sh(GO)] GeshE) y

- log(ISA(GO))])
Since for all estimator (3, the inequality

1 N R
T A P,clG # G] < sup P,g[G # G]
0 Z p,G P
|Sh(GO)] GesmE) GEPa

is satisfied, we have the following inequality

. A 1 + cc3log(n)
f P G+ >1— 27547
nf sup BoclG # Gl 2 1= o rghicon)

Finally, referring to equation (40), we have log(|Sh(G(?)|) > log (n). Thus, if we choose ¢y small
enough and if ng large enough, there exists a numerical constant b > 0 satisfying

inf sup ]P’pg[é #G|>0b .

G GeP,
In order to apply Lemma 26, it remains to control p(RP*X \ © ). Lemma 24 states that p(RP*K \
Ox) < K(K — 1)exp(—p/8). Moreover, since cilog(n) < c24/2Klog(n), we have p >

2
4 n

b log(n). This implies that p(RP \ ©x) < 2, provided c, is small enough with respect to
c1. Combining this inequality with Lemma 26 leads to

~

inf sup sup P, (G # G] >
G GEPa ey

N o

This concludes the proof of Theorem 4.
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D.5. Proof of Lemma 27

By symmetry, we can suppose that 1 € Ggo) and 2 € Ggo) and we compute K L(PP’G,PP’G(O))
for G = G(1?). We proceed similarly as for the proof of Lemma 23, except that here we will use
an upper-bound and a lower-bound of increments of the function log cosh, instead of bounding the
function log cosh itself. That will allow us to have a sharper bound on K L(PP 0,12, P, co) ).

In the following, in order to ease the computations, we denote by p’ the probability distribution
on (R)P*K that satisfies; if (y1,...,ux) ~ o, all the p;’s are independent, 1y = p2 = 0 and
all the other j;’s are drawn uniformly on the set {—¢, +¢}P. We recall that 2 = %A and that

c1log(n) < A? < ¢p,/2K log(n), with ¢, that we will choose small enough.

First, we compute the quantity

aP 0,2) aP 0,2)
dPPaG(1’2) _ de’,G(l’z) _ de’,G(l’m 41
dP,co T Feo

dP , c(,2) )

where the second equality comes from the fact that P, n) = P 12). Given a probability dis-
tribution P on some Euclidean space, which is absolutely continuous with respect to the Lebesgue

measure, we write d IP for the density of this distribution with respect to the Lebesgue measure. For
the numerator in (41), we have

d]P)p,G<L2) Y EP _d]P)MvGu’2) (Y)i|
dPy a2 E, d]P#,G(l,Q)(y)}

Ey e ieeo exp (—31Y: — el ?) |
By _er[l,K] HieGga) exp (_%HYz - Mk\|2)}
Ep | aepp Hrep,r e exp <—% (Yia— Mk,d)2>]

[ 2
o’ _Hdeu,p] Hk:e[l,K] Hieggm exp (—% (Yi,d - Mk;,d) )}
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Using the independence of the 1, 4’s both for the law p and p’ together with the fact that, when
k > 3, py has the same distribution under p and p/, we get that

[ G2 eXP (=3 (Yid — th.a)?)

de,G“*"’) }
dP , (1 2) N H H 1 2
LG de(1,p] ke[1,K] [ EG;CLQ) eXp ( 5 Yid — 1, d) )}
H H [ G2 XD (=3 (Yid — 1 d)Q)}
de[lp] ke{1,2) Ep [ ieGl?) €XP (=3 (Yia — pur d)z)}
1 2 2
=11 1II B | I] e =5 ((Yia = pra)” = (Yia)®)
de(l,p] ke{1,2} ieGEcl’Q)
&2
=11 II E | I] e <Yz’,duk,d - 2>
de(l,p] ke{1,2} ieG,(cl‘Q)
‘G(l 2>‘€ 7|G(1 2)‘62
H e~ 2  cosh Z eY;q e 2z  cosh Z eYial,
de[1,p] icch? iccit?

where the third equality comes from the fact that, for all d € [1,p] and when i < 2, p; 4 = 0 almost
surely under the law p’. Similarly, we get that

dP —1c{? e —16{V|e2
,G(0) 2
cNpr = H e~ 2 cosh g eY;q e 2  cosh g eYiq
/ (2(0)
PG de(1,p] iecl? ieGy)

Combining these two equalities in (41), and using the fact that the groups of G(©) and G(12) are of
the same size, we get

dP, g2 B P cosh <ZieG§1’2> EYM) cosh (Zz’eGgl’Q) g}/;7d>
dP o
0,G(0) d—1 cosh ZieG(lm) eY; 4 ) cosh ZieGéo) ;4

Plugging equality (42) in the definition of the Kullback-Leibler divergence leads to

(42)

dP
- p.G12)
KL(P, o2, P,c0) =E, oz [log (W)]

= Z EP7G<1,2) log cosh | e Z Y;a | +logcosh | € Z Yia
de(1,p] iec{t? i€Gsh?

_ Z E, g0z |logcosh [ e Z Yia | +1logcosh | e Z Yia
de(l,p] iEGgO) iEGéO)
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—a?
We recall that ¢ is the standard Gaussian density ¢(x) = “2 . We denote by m; the size of

Lo
V2r
Ggo) and my the size of Ggo). Under the law P, 1,2), conditionally on p, ... i ~ p, we have

. Ziegglz) Yia ~ N(mipq,mi),

* ZieGél‘Q) Y;;,d ~ N(mQIU’Q,d7 m?),

¢ ZieG(lo) Yiaqn~ /\/((m1 - 1)Ml,d + 12,d; mi),

'Ejmcyfnd””A“0n2—])ﬂzd+ﬁudﬂnﬂ-

These four points, together with the fact that the p, 4’s are identically distributed, lead to

KL(P,cu2,P,q0) =pE, [/ log cosh(e(myp,1 + \/mlzzz))gb(x)dx]

+pE, /log cosh(e(mapa1 + \/nTgx))gb(az)dx]

- pE, /log cosh(e((mi — 1)1 + po1 + \/mim))d)(x)dw}

~E, | [[togcosh(e((ima — Dpas +pna + Viwae)ole)s|

(43)
First, let us upper-bound the term E,, [ [ log cosh(e(mip11 + /miz))é(z)dz] . We denote u =
e((my1 — 1)1 + /mix) and b = epq 1. Then, we have

E, {/ log cosh(e(myp1,1 + \/nTlx))qb(x)d:c] =E, {/ log cosh(u + h)qb(:c)dx]

We will use the Taylor expansion of the function log cosh around u. We compute the following
derivatives:

e Forall x € R, log cosh’(z) = tanh(x),
* Forall z € R, log cosh”(z) = 1 — tanh?(z) which is bounded by 2 in absolute value.
Hence, Taylor-Lagrange inequality implies
|log cosh(z 4 ) — log cosh(x) — tanh(z)y| < 32, Y(z,y) € R? . (44)
Plugging this inequality leads to
E, [/ log cosh(u + h)¢(x)dx| < E, [log cosh(u)]+E, [/ tanh (u)ho(z)dz | +E,(h?) . (45)
First, since h? = e* almost surely, we have E,(h?) = £*. Now, we need to upper bound E,, [ [ tanh (u)he(z)dz].

For any y € R, we have tanh’(y) = 1 — tanh?(y) and tanh”(y) = —2tanh(y)(1 — tanh(y)?),
which is bounded by 4 in absolute value. Hence, Taylor-Lagrange inequality taken at O leads to

|tanh(y) —y| < 2y* ,Vy €R .
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This leads to E, [ [ tanh (u)hé(z)dz] < E, [[ uh¢(z)dz] + 2E, [ [ u?|h|¢(z)dz]. On the one
hand,

By | [ wota)ds] 8, | [(m — Dy + Vo aote)de]

=¢? E, [(ml - 1)#%,1]
=(my — 1)t .

On the other hand,

B, | [hiotoras] =<2, | [ — Dy + Vi Poa)is|
A (m1 — 1)22 4+ my)

Plugging these inequalities in (45) leads to

E, [/ log cosh(u + h)(b(x)d:c} < E, [log cosh(u)] + (mq — 1)e* 4-2¢* ((mq — 1)2e? + m) +e2.

(46)
Now, let us lower-bound the term

£, | [ ogcosh(e((ms ~ s + o+ Vima))oa)da| =B, | [1ogeoshiu -+ 1)o(e)i]

where we define h' = epp 1, which is independent of w. Using inequality (44) together with the
independence of u and A’ leads to

E, [/ log cosh(u + h’)qﬁ(a:)dx] > E, [log coshu] +E, [/ tanh (u)<b(a:)d:c] E, [W'] —E, [n"?].
Since E, [/'] = 0 and E,, [n"?] = &%, we have
E, [/ log cosh(u + h’)¢(w)dm] > E, [logcoshu] —e? . (47)

Similarly, for the other terms in the equality (43), we have, denoting us = &((ma—1)u2 1 +/max),
h2 = EM2,1 and h/2 = EM1,1:

E, [/ log cosh(ug + hg)qb(m)d:c] < E, [log cosh(uz)] + (ma — 1)e* + 2e((ma — 1)%e* + mo) + &*

E, [/ log cosh(ug + hé)qﬁ(:c)da:] > E, [log cosh(ug)] —? .

We denote m = my + mo. Plugging these two inequalities, together with inequalities (47) and (46),
in equality (43) leads to

KL(PmG(l,Q),]P)p’G(O)) <p (64(3771 +2)+ g8 ((m1 - 1)2 + (mg — 1)2))
<dpme* (1 + me?) .
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Since £2 = %A we have

m
KL(P, ;1. P, qo) < 16A*—(1 + —AQ)
p p
Besides, G(©) € P3. Thus, all the groups of GO are of size at most %% Hence, m < 3%. We
2

arrive at n
KL(P,c02,P,q0) < 48A4K (1+ 6—A2)

The hypothesis ¢; log(n) < A? < ¢31/2K log(n) leads to
A4Kip < 3log(n) |

and to
nx2_ N oxal c3log(n)
Kp Kp~ A2 = cilog(n) =’
when ¢ is chosen small enough with respect to ¢;. Thus, there exists a numerical constant ¢ such
that
KL(]P’pg(l,z) , ]P)p,G(O)) < CC% log(n) .

By symmetry, this inequality is satisfied by all partition G' € Sh(G®)). This concludes the proof of
the lemma.

D.6. Proof of Lemma 26

Let us suppose that there exists a probability distribution p on (RP)¥X and a > 0 such that

inf sup P, (G # G) — p(RPF\ 03) > a
G GEP,

Given an estimator G, the previous hypothesis directly implies that there exists G € P, such that
F,.(C # G) — p(RPF\ ©3) > a
By definition, P, o(G # G) = [P,c(G # G)dp(u). The quantity P, (G # G) being
bounded by 1, we have P, o(G # G) < fGA P, c(G # G)dp(p) + p(RP*K \ ©3). Therefore,
f@ 1,6 ( (G # @)dp() > a. This implies the existence of ;1 € © such that IP)”,G(G # G) > a.
This being true for all estimator G, we get the following inequality that concludes the proof of

the lemma
inf sup sup P,q(G#G)>a

G pedx GeP,
Appendix E. Proof of Corollary 1

We suppose n > cK?2log(n), with ¢ > 0 a numerical constant that we will choose large enough,
and p > n. Let M© be the estimator of M* induced by the exact K -means estimator G. Again, we
suppose without loss of generality that o = 1.
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We will show that, if A* > ¢/ % log(n), for ¢ a numerical constant chosen large enough, the
conditions of Theorem 5 will be satisfied. These conditions are a condition of balanceness of the
partition G* and a condition on the separation of the ’s.

First, Lemma 28 states that the partition induced by the k;’s balanced. We refer to Section E.1
for a proof of this lemma.

Lemma 28 We consider the partition G* induced by the k;’s by the relation G, = {i € [1,n], k; =
k}. Then, there exists a numerical constant ¢ > 0, such that if n > cK 2 log(n), the following holds
with probability at least 1 — 5. For all k € [1, K), the size of G}, satisfies 3 < |Gf| < 37

Hence, conditionally on the yu’s, Theorem 5 implies the existence of a constant ¢; > 0 such that,
if ming 1l — it > cl% log(n), the partition G recovers exactly the partition G*, with
probability larger than 1 — 3, with co > 0 a numerical constant. The next lemma shows that this
condition on the separation of the p;’s is satisfied with high probability. We refer to Section E.2 for
a proof of this lemma.

Lemma 29 We suppose p > n. There exists numerical constants cs > 0 and c4 > 0 such that, if
At > 03% log(n), the following holds. With probability at least 1 — 7%, the separation between

the clusters satisfies A* = ming +| s — pu|* > cl% log(n).

Combining Lemma 28, Lemma 29 together with Theorem 5 leads to the following statement. If
n > cK?log(n), p > n and A* > c325 log(n), the partition G recovers exactly the partition G*

with probability at least %, with C' a numerical constant. This induces P[M G £ M < &

3 and
thus

1
n(n —1)
This concludes the proof of the corollary.

N . C
B[IME — MR <

E.1. Proof of Lemma 28

Let us denote N, = |{i € [1,n], k; = k}|, for k € [1,K]. We prove in this section that, if
n > cK? log(n), for ¢ > 0 a numerical constant that we will choose large enough, then, with
probability at least %, simultaneously on all k € [1, K, [Ny — #| < 5%.
Let k € [1,K]. Then, Ny = 3 ;c1 ) lk,=k is @ sum of n independent Bernoulli random
n

variables of parameter % Hence, E[N};] = % and Hoeffding’s inequality implies

2
n n 275 n
BNk~ gl 2 5] < 2exp (“if) <20 (- 57)

Moreover, if the numerical constant ¢ such thatn > c¢K? log(n) is large enough, we have exp (— 27’?) <

n}K. An union bound on k € [1, K] induces that -

n n 2
P |3k el K N——>—]<—.

This concludes the proof of the lemma.
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E.2. Proof of Lemma 29

We proceed as for the proof of Lemma 24 in Section C.10. Let k # [ € [1, K. Then, ||p — w]|? =
4€® 3 g1 ) Lk am o Hence, 2z |1k — p|? is a sum of p independent Bernoulli random variable

of parameter % Using Hoeffding’s inequality leads to

1 D P
Pl—llu—wl? <t < (”)

Since p > n, there exists a numerical constant ¢4 > 0 such that exp (—g) < Kcz—‘*nz. Using an union

bound on the different pairs k # | € [1, K] implies that the following holds with probability at least
1— % Forallk #1 € [1,K], 3|l — ul/* > pe* = AZ. This concludes the proof of the lemma.

Appendix F. Hierarichical Clustering with single linkage

For sake of completeness, we provide in this section an analysis of hierarchical clustering with single
linkage in the isotropic Gaussian setup. We recall our setup: for a hidden partition G* and hidden
vectors i1, ..., i € RP, the Y;’s are drawn independently and, if i € G}, Y; ~ N (,uk, UQIp).

Let us describe the algorithm considered. We build recursively a sequence of partitions as
follows. Initially, we take the partition G° = {{1},...,{n}}. Then, as long as G® has more than
K groups, we construct the partition G**1) by merging two groups of G(!) with the two closest
points. The algorithm stops when the number of groups of the partition G(*) is K, which occurs
when t = n — K. Let us write more precisely this algorithm. We define the linkage function
between two subsets A, B C [1,n] as [(A, B) = min(; jyeaxp ||Yi — Y;||*. Here is the hierarchical
clustering algorithm considered.

Algorithm 1: Hierarchical Clustering algorithm with single linkage
Data: Y7,....Y,
t <+ 0;

GO «— {{1},...,{n}};

while ¢ < n — K do
Find @, b minimizing / (Ggf), Gé”) :
Build G**1) by merging the groups Gét) and th), the other groups remaining unchanged;
t—t+1;

end
Result: The partition G~ %),

The next result gives a sufficient condition on the separation A for recovering exactly the parti-
tion G* with high probability using Algorithm 1.

Proposition 4 There exists numerical constants ¢, and ca such that the following holds. If A% >
c1 <log(n) ++/p log(n)), hierarchical clustering recovers exactly the partition G* with probability

at least 1 — Z—%
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Proof of Proposition 4 Without loss of generality, we suppose that ¢ = 1. We recall that, by
definition, for ¢ € G, we have k7 = k. Leti # j € [1,n]. Then
1Y; = Yi|? = | Bi = EjlI® + 2(Ei — Ej, py — ponr) + oy — g |? -

In order to prove Proposition 4, we shall prove that, with high probability, the above quantity is
uniformly smaller when £j = k7 than when k7 # k}. For i # j € [1,n], using Lemma 16, we get
that for some numerical constant ¢ > 0 and for all z > 0,

BB — Ejl]® — 20| > ¢ (vpz +a)] < 2¢77 .

Setting e™* = 7%4 and doing an union bound on all possible couples 7 # j, we get

. . 1
P|¥i#j € [Lnl, 1B = Bjll* = 2p| > de (Vplog(n) +log(m)) ]| < — .

Let us know control the cross term (E; — Ej, jugr — ,uk;f> uniformly on all ¢ # j € [1,n]. For
suchi # j € [1,n], (E; — Ej, gy — puz) ~ V2| — [kt IV (0, I,). Hence, for some numerical

xT

constant ¢ > 0, with probability at least 1—e ", we have (Ei—Ej, px: —uk;) > —c'z| g = [k .

Setting e = # and doing an union bound on all ¢ # j, we end up with

. . 1
P \Vi # j, (Ei — Ej, ey — puy) = —2 /log(n) || — ,Uk:;fH} =

Hence, with probability at least 1 — 2

-3, simultaneously on all 7 # j € [1,n], we have the two
inequalities

(Ei — Ej, puey — puy) = =2 \/log(n) [l — purs || 5
1B — E5]1* = 2p| < 4c (/plog(n) +log(n))

Let us restrict ourselves to this event of probability at least 1 — n% on which these two inequalities
are satisfied. Fori # j € [1,n],

o If kf =K, then [|Y; — Yil|? = |Ei — E;||* < 2p+ 4c (\/plog(n) + log(n)),

o If k7 # k7, then [|Y; — Yil* > 2p —4e (x/plog(n) + log(n)) —4c'\/log(n) || pxr — ks |+
i — o 2

Thus, if A% > ¢; <Iog(n) + plog(n)), for ¢; a numerical constant chosen large enough, we
get, for all ¢ #£ j,

* * 2
C IR = k. then [[Y; — ;12 < 2p + A7,
2
o Ifk; # k;‘, then ||Y; — Yj||2 > 2p+ L% .
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Therefore, we have with probability at least 1 — % uniformly on all ¢ # j such that k7 = £} and
i' # j' such that &}, # k7,
I1¥; = YiII* < 1Yo = Yy * - 48)

In other words, Algorithm 1 will always choose, when it is possible, to merge groups that both
intersect a same cluster of the partition G*. By induction on ¢ € [0,n — K], we deduce from this
that G® is a subpartition of G*, ie that each group of G(*) is a subset of a group of G* .

Initialization: The partition G(*) = {1}, ..., {n} is indeed a subpartition of G*.

Induction step: Let ¢ € [0, — K — 1] and let us suppose that G(*) is a subpartition of G* and
let us prove that so is G | Since ¢ <n—-K-1, ]G(t)\ > K + 1. Hence, there exists at least two
groups of G'*) that are subsets of the same group of G*. Equation (48) ensures that Algorithm 1 will
choose to merge such a pair of groups. Hence, G(*+1) is also a subpartition of G*. This concludes
the induction.

In particular, the output partition G("~ %) is a subpartition of G*. Combining this with |G("~5)| =
K leads to G("~K) = G*. This concludes the proof of the proposition. |
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