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Abstract

One of the most natural approaches to reinforcement learning (RL) with function approximation
is value iteration, which inductively generates approximations to the optimal value function by
solving a sequence of regression problems. To ensure the success of value iteration, it is typically
assumed that Bellman completeness holds, which ensures that these regression problems are well-
specified. We study the problem of learning an optimal policy under Bellman completeness in the
online model of RL with linear function approximation. In the linear setting, while statistically
efficient algorithms are known under Bellman completeness (e.g., (Jiang et al., 2017; Zanette et al.,
2020a)), these algorithms all rely on the principle of global optimism which requires solving a
nonconvex optimization problem. In particular, it has remained open as to whether computationally
efficient algorithms exist. In this paper we give the first polynomial-time algorithm for RL under
linear Bellman completeness when the number of actions is any constant.

Keywords: Reinforcement learning, Linear Bellman completeness, Optimism
1. Introduction

Reinforcement learning (RL) describes the problem of solving sequential decision-making problems
in a stochastically changing environment, and is typically studied using the formalism of Markov
Decision Processes (MDPs). In an MDP, a learning agent must choose a sequence of actions over
some number of time steps, each of which affects the state of the environment and potentially yields
some reward to the agent. The agent aims to find a policy, or a mapping that describes which
action to take at each state, that maximizes its expected total reward. In order for RL to yield
effective learning strategies in its various application domains, including robotics (Gu et al., 2017),
economics (Zheng et al., 2022), and healthcare (Yu et al., 2021), it is necessary to come up with
efficient strategies for exploring complex state spaces, which may be infinite or exponentially large.

A general approach to RL, which dates back decades (Bradtke and Barto, 1996; Melo and
Ribeiro, 2007; Sutton and Barto, 2018) and yet still forms the basis for many current empirical
approaches (Hasselt et al., 2016; Schulman et al., 2017), involves the use of value function approx-
imation. Recall that the optimal value function maps a state-action pair to the agent’s expected re-
ward under the optimal policy starting from that state-action pair. Then this approach posits that the
optimal value function belongs to some known function class JF, such as a class of linear functions
or neural networks. A key question is: under what assumptions on the class F can we efficiently
learn a near-optimal policy, i.e., one with near-maximal expected reward?
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Value iteration and Bellman completeness. A popular and time-tested approach to finding a
near-optimal policy with value function approximation is value iteration. To explain this procedure,
we consider the finite-horizon setting, whereby interactions with the environment occur in episodes
lasting H time steps. Letting X" denote the state space and .A denote the action space, value iteration
computes mappings Qh : X x A — R in a backwards-inductive manner, i.e., for h = H, H —
1,...,1. The values Qh(:c, a) should be interpreted as estimates of the optimal value' at step h
given that the state-action pair taken at step h is (z,a). Since the environment’s reward functions
and transitions are unknown, ()}, must be estimated empirically. Given a dataset D consisting of
tuples (zp,ap, rh, Tpe1) Of states, actions, and rewards drawn from the environment at step h,
together with the subsequent state at step h + 1, Qy, is typically chosen to be the function in F
which minimizes the following square-loss objective whose labels are defined in terms of Q ht1:

2
Qn = arg min Z (Qh(flfm ap) — (Th + max Qh+1(Thi1, a’))) Y

EF
Qn (Zh,an,Th,The1)ED

The procedure defined by (1) is often known as least-squares value iteration (LSVI) (Bradtke and
Barto, 1996; Osband et al., 2016). A natural condition under which LSVI might yield good estimates
of the optimal value function, and thereby a near-optimal policy, is that the least-squares problem
(1) be well-specified. This requires that for any Qh+1 € F, there is some @}, € F so that, for all
xp € X,ap € A,

Qn(wh,an) =E |1y, +H5;LXQh+1($h+1,a/) | (zn,an)| - 2

(2) is known to be necessary for LSVI to succeed, in the sense that without it, the value functions
computed by LSVI may be wildly divergent (Tsitsiklis and van Roy, 1996). Moreover, classical
results (Munos, 2005; Munos and Szepesvéri, 2008) showed that if the dataset D is sufficiently
exploratory, then (2) is sufficient for LSVI to succeed. The requirement that (2) holds for any
Qh+1 € F is often known as Bellman completeness; it is a property of the MDP and the value
function class F.

In this paper, our focus is on finding computationally efficient algorithms. Since regression
problems such as (1) can be computationally intractable for even relatively simple nonlinear classes
F such as shallow neural networks (Dey et al., 2020; Bakshi et al., 2019; Goel et al., 2020), we
focus on the case where F is simply the class of linear functions in ¢p(x,a), for some known
feature mappings ¢, : X x A — R? In this setting, the requirement of Bellman completeness
in (2) is known as linear Bellman completeness (see Definition 2.1 for a formal definition). In
the remainder of this section we discuss our results on computationally efficient learning of MDPs
satisfying linear Bellman completeness.

1.1. Exploration and linear Bellman completeness

The results of (Munos, 2005; Munos and Szepesvdri, 2008) referenced above showing sufficiency
of Bellman completeness do not address the following central problem in RL: how can we find a
dataset D which is sufficiently exploratory to compute a near-optimal policy? More precisely, we
would like that for tuples (xp, ap, 7h, ht1) € D, the feature vectors ¢y (xp, ap) span a “sufficient

1. Le., the value of the optimal policy.
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number” of distinct directions in R?. We adopt the standard online setting in RL, allowing the learn-
ing algorithm to form D by repeatedly sampling trajectories from the MDP using adaptively chosen
policies.> We first note that this problem is known to be statistically tractable using a technique
known as global optimism (see Section 3.1). This technique has various instantiations as specific al-
gorithms in the setting of linear Bellman completeness, including ELEANOR (Zanette et al., 2020a),
GOLF (Jin et al., 2021), OLIVE (Jiang et al., 2017), and Bi1inUCB (Du et al., 2021). While
these algorithms require only polynomially many samples (i.e., rounds of interaction) to output a
near-optimal policy, all are computationally inefficient, even when specialized to the linear case,
since they require solving nonconvex optimization problems. Our goal is to find a computationally
efficient algorithm which achieves the same guarantee:

Question 1.1. Is there an algorithm which learns an e-optimal policy in an unknown linear Bellman
complete MDP using poly(H, d, |.A|,e~') samples and time?

A sizeable portion of the work on computationally efficient RL in the last several years has been
focused on answering Question 1.1 for settings which are strict special cases of linear Bellman com-
pleteness. The simplest such setting is the rabular setting, which describes the case that | X|, |.A| are
finite and the goal is to obtain sample and computational complexities scaling as poly(H, | X|, |A]).
In this setting, there are several computationally efficient algorithms which can be viewed as vari-
ants of value iteration that are optimistic in the sense that they add bonuses to the rewards to induce
exploration: these include UCBVI (Azar et al., 2017) and Q—learning-UCB (Jin et al., 2018;
Zhang et al., 2020), which are known to obtain near-optimal rates. Tabular MDPs are generalized
by the linear MDP setting, in which feature vectors ¢y, (z,a) € R? are given, and the state-action
transition probabilities are assumed to be linear in ¢p. Here too there are computationally efficient
algorithms, namely LSVI-UCB (Jin et al., 2020), an optimistic version of LSVI, as well as more
recent rate-optimal variants (Agarwal et al., 2022; He et al., 2023). Finally, in the setting of linear
Bellman completeness, which is a strict generalization of linear MDPs (Zanette et al., 2020a, Propo-
sition 3), the algorithm FRANCIS of (Zanette et al., 2020b) is computationally efficient and learns
a near-optimal policy in the special case that the MDP is reachable, meaning that any direction in
R? can be reached under some policy.

Despite the above line of work, Question 1.1 in its full generality has remained open. Part of the
reason for this is that the two principal techniques to perform computationally efficient exploration
in RL both break down in the general setting of linear Bellman completeness:

1. The first technique is local optimism,> which adds exploration bonuses to the reward at each
state which scale inversely with how often the state has been visited. It includes the UCBVI and
Q-learning-UCB algorithms for the tabular setting, and the L.SVI—-UCB algorithm for the linear
MDP setting, among others. Local optimism requires that the value function class be complete with
respect to the exploration bonuses, which is satisfied for linear MDPs but which fails more generally
(see Section 3).

2. The second technique is to construct a policy cover, which is a small set of policies which,
roughly speaking, covers all states to the maximum extent possible. This technique includes the
FRANCIS algorithm, as well as computationally efficient and oracle efficient algorithms for related

2. See Section 2.1 for a formal definition.
3. “Local” is used to distinguish this technique from global optimism, which, as discussed above, works in the setting
of linear Bellman completeness but is computationally inefficient.
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tasks in RL such as representation learning (Du et al., 2019; Misra et al., 2020; Mhammedi et al.,
2023b,a; Golowich et al., 2023) and learning in POMDPs (Golowich et al., 2022). In order for this
approach to work in the absence of reachability, it is necessary to analyze a truncated version of
the true MDP. But doing so seems impossible in our setting, since truncating the MDP breaks the
property of linear Bellman completeness.

Thus, in addition to generalizing a long line of work on computationally efficient learning of MDPs,
Question 1.1 captures exactly the point where known exploration paradigms in RL break down.

1.1.1. MAIN RESULT FOR THE ONLINE SETTING

Our main result is a positive answer to Question 1.1 in the case that |.A| is any constant:

Theorem 1.1 (Informal version of Theorem D.10). Suppose the ground-truth MDP satisfies linear
Bellman completeness. Then for any € > 0, there is an algorithm (PSDP-UCB; Algorithm 1) which
with high probability learns an e-optimal policy using (Hd|Ale=1)OUAD samples and time.

We remark that the exponential dependence of the sample and computational complexities on
|A| is somewhat unusual in RL. We are not aware of any prior work on an RL problem for which
poly(|.A|) dependence is possible but for which a “natural” algorithm for even the |A| = 2 case
does not extend to the general case. Theorem 1.1 thus presents an intriguing challenge: to either
improve the guarantee to fully answer Question 1.1 in the affirmative, or to find a lower bound.

Organization of the paper. We discuss preliminaries in Section 2, and overview the proof of
Theorem 1.1 in Section 3, which is proved formally in Appendices C and D.

2. Preliminaries

A finite-horizon Markov Decision Process (MDP) s given by atuple M = (H, X, A, (PM)IL  (rM)H_  qi1),
where H € N, X is a measure space denoting the state set, A denotes the action set, P (-|z,a) €

A(X) (for h € [H]) denotes the probability transition kernels, 7' : X x A — [0,1] (for h € [H])

denotes the reward functions, and d}’ € A(X') denotes the initial state distribution. When the MDP

M is clear from context, we will drop the superscript M in these notations. We let A := |.A| denote

the number of actions in the MDP.

A policy 7 consists of a tuple 7 = (m1,...,7my), where each 7, : X — A(A) is a map-
ping from states to distributions over actions. Note that we allow policies to be nonstationary and
randomized; II denotes the set of all such policies. A policy m € II defines a distribution over
trajectories (x1,a1,71,..., g, am,7H) € (X x A x [0,1]%, as follows: first, 2y ~ dj, and
then for each h € [H], we draw a;, ~ 7 (zp), observe rp,(zp, ap), and transition to xpyq ~
Py,(:|zp, ap). Let S5 denote the set of trajectories. For a function f : ##; — R*, we often write
EM~[f(x1,a1,71,...,20,am,7H)] to denote the expectation of f over trajectories drawn from M
under policy 7. If M is clear from context, we will simply write E™[f (21, a1,71,...,ZH, af, TH)]-
Given policies 7 = (m1,...,7mg), 7 = (7},...,7)) € L and a step h € [H], we let w oj, 7’ € II
denote the policy (71, ..., Tp—1,7}, ..., Ty), i.e., which acts according to 7 during the first & — 1
steps and thereafter acts according to 7’.

For a function f : X x A — R, a (randomized) policy 7 and h € [H]|, we write f(z, m(z)) =
D [f(z,a)]. The state-action value function (or Q-function) and state-value function (or V-
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function) of a policy 7 € II are then defined as follows: for h € [H],z € X,a € A,

H
Qn(x,a) :==rp(z,a) + ET Z rg(xg,ag) | (@h,an) = (z,a)| , Vi (x) == Qp(x, ().
g=h+1

The optimal policy is defined as 7* := arg max, cry E[V]"(z1)] (Where expectation is over 1 ~ dy).
It is known that there is always a deterministic optimal policy 7* (i.e., so that 7} (z) is a singleton
for all z, h). We often abbreviate Q% (7, a) := QT (v, a) and V;*(z) := V/™ ().

2.1. The online learning problem

We assume that the transitions, rewards, and initial state distribution of the ground-truth MDP M are
unknown to the algorithm. To learn information about the MDP, the algorithm interacts with M via
the episodic online learning model, as follows. The interaction proceeds over a series of 1" episodes.
In each step h € [H] of each episode, the algorithm observes the current state xj, specifies an action
ap € A to take, and observes a reward of 7, = rp(zp,ap). Then the environment transitions to
a new state 5,41 ~ Pj,(-|zn, ap,). We assume that the algorithm can query ¢y, (z,a) € R? for any
x, a, h. We remark that our algorithm only needs to query ¢, (z, a) for states = which are visited at
some point in some episode.

The goal is as follows: for e, € (0, 1), to give an algorithm which interacts with the environ-
ment for ' = T'(¢, §) episodes in the manner described above, and then to output a policy 7 so that,
with probability 1 — &, E[V*(z1) — V{*(21)] < €. Moreover, we wish the algorithm to be computa-
tionally efficient (both in terms of the computation required when interacting with the environment
over the course of T' episodes and when outputting 7 at termination).

2.2. Function approximation

In order for the above learning problem to be tractable, it is necessary to make some assump-
tions on the ground-truth MDP M being learned. While it is well-known that boundedness of
| X, |.A| implies efficient learning algorithms whose computational and statistical costs scale with
poly(|X],|A|) (Azar et al., 2017; Jin et al., 2018), realistic RL environments typically have enor-
mous state spaces. Thus we aim for weaker function approximation assumptions: a common and
longstanding such assumption (Bradtke and Barto, 1996; Melo and Ribeiro, 2007; Sutton and Barto,
2018; Yang and Wang, 2020; Jin et al., 2020) is linearity of the value functions, with respect to some
known features. In particular, given d € N, we assume that functions ¢y, : X x A — R? are given
for all h € [H|, mapping each state-action pair (x, a) to a collection of d features which should be
interpreted as capturing all relevant information about (z, a).

The weakest assumption on value function linearity is simply that Q} is linear, i.e., for some
w} € RY, we have Qf(z,a) = (w},¢n(z,a)) for all (z,a) € X x A. Unfortunately, unless
NP = RP, it is not possible to computationally efficiently learn a near-optimal policy under this
assumption (Kane et al., 2022; Liu et al., 2023). Accordingly, we make a stronger assumption
known as linear Bellman completeness, which states, roughly speaking, that the Bellman backup of
all linear functions is linear. To formally state this assumption (in Definition 2.1 below), we need
to introduce the following notation: for h € [H], define By, = {# € R? : |(¢n(x,0),0)| <
1 V(z,a) € X x A}. Inwords, B}, denotes the set of coefficient vectors inducing bounded (linear)
functions on X' x A.
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Definition 2.1 (Linear Bellman Completeness). The MDP M is defined to be linear Bellman
complete with respect to the feature mappings (¢n)ne(p) if, for each h € [H], there is a map-
ping 7, : Bpy1 — Bp, so that, for all 6 € Bjyq and all (z,a) € X x A, (¢p(z,a), Th0) =
By Py (2,0) [MaXaca(@ny1(2',a’), 0)]. Moreover, we require that for all b € [H], (z,a) € X' x A,
the reward at (z, a) at step h is given by: 74 (z, a) := (¢n(z, a),d};) for some vectors 6} € By,.

It is immediate from Definition 2.1 that if M is linear Bellman complete, then there are vectors
wy € H - By, so that Qf (x,a) = (w}, ¢n(x,a)) for all z,a. In addition to linear Bellman com-
pleteness, we make the following standard boundedness assumptions on the coefficient and feature
vectors:

Assumption 2.1 (Boundedness). We assume the following:
1. Forallh € [H|,x € X,a € A, we have ||¢p(z,a)|2 < 1.
2. For some parameter B € R : for all wy, € By, it holds that ||jwy||2 < B.
3. Forall h € [H], ||0}|l2 < 1 (and hence sup, , j, |r1(x,a)] < 1).

We present additional preliminaries in Appendix A. Here we highlight the definition of a linear
policy, which is defined as follows: for w € R? and h € [H], the associated linear policy at step h
is 7 () = arg max,c 4 (w, ¢p(z, a)) if the argmax is unique. We discuss in Appendix A how to
deal with the (typically measure-zero) situation that the argmax is not unique.

3. Technical overview

In this section, we overview the proof of Theorem 1.1 (stated formally in Theorem D.10), which
shows how, in the online setting (Section 2.1), Algorithm 1 can efficiently learn a near-optimal
policy for an unknown MDP which is linear Bellman complete. To simplify our notation, we assume
in this section that the parameter B in Assumption 2.1 is bounded by B < O(1). The bulk of the
challenge is to perform the task of exploration: how can we interact with the environment so as to
reach state-action pairs (z, a) for which ¢, (x, a) points in a new direction?

3.1. Prior work: exploration via optimism

A popular approach to exploration in RL involves the use of optimism, which describes, loosely
speaking, the technique of perturbing the algorithm’s estimates of the MDP’s value function, typi-
cally to increase the estimated values, so as to induce the algorithm to visit new directions in feature
space. Two distinct flavors of optimism have emerged in the literature: the first, global optimism,*
constructs a confidence set consisting of all possible vectors w = (w1, ..., wy) which could be
consistent with the optimal value function given the data observed so far. The global optimism
procedure then chooses some w in this confidence set which maximizes E[max, (w1, ¢1(x1,a))].
It then executes the linear policy defined by w, namely the policy (71 @, , - .., TH,wy ), Uses the re-
sulting data to update the confidence sets, and repeats. Unfortunately, the optimization problem of
finding a maximizing w is nonconvex, and seems unlikely to have an efficient algorithm.

The second type of optimism-based exploration technique in RL is a more local approach: at

each episode t, for some function B,(lt) : X x A — R>g, an exploration bonus of B,(f) (z,a) is

4. See, e.g., (Zanette et al., 2020a), which used global optimism to computationally inefficiently learn a near-optimal
policy under linear Bellman completeness; many other papers, including (Jin et al., 2021; Jiang et al., 2017; Du et al.,
2021), use global optimism in settings with more general nonlinear function approximation.
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added to the reward ry,(z, a) for the pair (z, a) at step h. Then, the algorithm uses the data gathered
prior to episode ¢ to estimate a policy 7(*) which, roughly speaking, maximizes the expected sum of
rewards 7, (xp, ap, ) and bonuses B ,(lt) (xp, ap) over atrajectory. This technique has proved successful
for computationally efficient learning of tabular MDPs (i.e., the setting where |X|, |.A| are finite)
(Azar et al., 2017; Jin et al., 2018), as well as linear MDPs (Jin et al., 2020), which constitute a
generalization of tabular MDPs and a strict subclass of linear Bellman complete MDPs.
Unfortunately, the local optimism approach fails in the more general setting of linear Bellman
completeness. At a high level, this failure of local optimism results from the fact that the explo-

ration bonuses B}(lt) (x,a) may not be linear. To illustrate, we consider the LSVI-UCB approach of

(Jin et al., 2020). This approach computes optimistic ()-function estimates, Qg), in a backwards-
inductive manner. In particular, it defines:

OO (,a) = min{ (0", dn(x, 0)) + B (x, ), H}, )

where qz;,(f) is the solution to a least-squares objective function whose labels are given by max,c 4 Qg-)u (2%, a),

for various states z*.> The bonus B,(f) (z, a) is defined as follows: let Eg) be the covariance matrix

of features at step h observed prior to episode ¢. Then B,(f) is given by a scaling of the quadratic

bonus, i.e., for some scalar 3y, B}(Lt) (x,a) = B - Bguad(a:, a; (Zg))*l), where the quadratic bonus,
Bguad(a:, a;Y), is defined for a general PSD matrix 3, by

B;’:uad(x7a; 2) - (¢h(x,a)T ) ¢h(x,a))1/2. (4)

The intuition behind the quadratic bonus is as follows: Bguad (z,a; (Eg))_l) will be particularly

large if ¢, (x, a) points in the direction of eigenvectors of Eﬁf) with small eigenvalues, i.e., directions
which have not been explored in prior episodes. Thus such unexplored states receive larger bonuses,
and should be explored more during later episodes. More formally, Bg”ad (+) takes the same form as
the standard error bound from least-squares regression (see Lemma D.7), meaning that by adding
it to the reward function, one can ‘“cancel out” regression errors and thus show that Qg) in (3) is
optimistic (see (Jin et al., 2020; Agarwal et al., 2022; Zhang et al., 2022; He et al., 2023)).

To ensure that w,(f), used in the definition of Qg), is a good estimator of the future rewards and
bonuses, we certainly need the regression problem to be well-specified, i.e., the expectation of the
regression labels is a linear function in the features ¢, (z, a). In particular, this approach crucially
relies on the fact that, in a linear MDP, E,/_p, (5 o) [max, Qg}rl(:n’ ,a’)], is a linear function of
¢n(z,a). In fact, an even stronger statement holds for linear MDPs: for any function F' : X — R,
its Bellman backup, namely E,/_p, (2 o)[F(2')], is linear in ¢5,(x, a). Unfortunately, this fact fails
to hold under the weaker assumption of linear Bellman completeness. We provide an example in
Proposition F.1 for which E,/.. p, (5.q) [max,s Qﬁf}rl(w’ ,a’)] is not linear, for some le as in (3).

Our main innovation is to show that if the bonus B}(Lt) (z,a) is carefully defined to be somewhat

different from a quadratic bonus, then a variant of (3) does have a linear Bellman backup. In the
remainder of this section, we discuss in detail how to execute this strategy: in Section 3.2, we first
discuss the overall structure of our algorithm, PSDP-UCB, which is a variant of the LSVI-UCB

5. The choice of the scalar H in the minimum in (3) results from the fact that the Q-function of any policy is bounded
above in absolute value by H, as the reward at each step has absolute value at most 1.
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algorithm discussed above but which lends itself to a simpler analysis for the setting of linear Bell-
man completeness. Then, in Sections 3.3 and 3.4, we discuss how to construct exploration bonuses
for use in PSDP-UCB which do have a linear Bellman backup.

3.2. Overview of PSDP-UCB

Algorithm 1 PSDP-UCB(T, H, A, 3, A\1): PSDP with upper confidence bounds
Require: Number of episodes 7', horizon H, non-negative parameters A, 3, A1.
1: for Roundt=1,...,7T do

2 for Steph =H,...1do

3: Fori € [n], draw {(z} t’z’h) Ig’z’h) ,(f’l’h))}kH:1 from unif ({7#(®) o, 7oy AW,

4 Set =0 4 AL+ 51, Gu(al ), ) on 0, o)

5 For each g > h and i € [n], deﬁne > Fggt) defined in (33).
fgt’i’h) — Tét,i,h) + Fg(t) ($§t7i7h)). (5)

6: Set w A(t) (ZI(L))il e 1¢h(thh)>al(f7i7h))' ( o Zg ht1 T (“h))'

7: Define 77,(1) by 7%,(1)( ) := arg max,c 4(¢n(x, a), wh > (Ift = 1, let #®) be arbitrary.)

8: Define (X, A') := truncgtr()% (2 ;f)) 1/2) (per Definition D.2).

9: Define 7?,(5) X — A(A) by, for all (z,a) € X x A, 7?,(? (z)(a)

Pry,nr0,5) (@ = arg max, ¢ 4 (w, op(, a)).

Our algorithm, PSDP-UCB, is presented in Algorithm 1. For some 7" € N, the algorithm pro-
ceeds over T rounds. In each round ¢ € [T], PSDP-UCB constructs a policy 7(*) = (fr%t), e ﬁg) )s
which may be interpreted as an estimate of the optimal policy. We will show that, for 7" sufficiently
large, with high probability there is some ¢ € [T'] so that E[V*(z1) — V1 ( 1)] is small.

In each round t € [T7], the algorithm iterates through steps h = H, H — 1,..., 1: for each such

h, it will define the mapping 7r( Jox o A(A). Thus, at step h, fr}(ﬁl, . ,frg) have already been
defined. At each step h, in Llne 3, the algorithm samples some number n of trajectories from the
MDP according to a uniformly random policy from (roughly) the set {fr(s) Op+1 fr(t)} se[t—1] b Next,

in Line 4, the algorithm sets ng)

the n trajectories just sampled.

to be the empirical covariance matrix of features at step h under

PSDP-UCB then modifies the rewards in each of these n trajectories by adding to the true

rewards an exploration bonus, denoted by Fét) () in Line 5. We call these modified rewards, denoted
by (t,Z,h)

deﬁmng and explaining the intuition behind the bonus function Fét) (the formal definition is given

in Algorithm 1, optimistic rewards. The remainder of this section will be focused on

in (33)). Then, in Line 6, PSDP-UCB sets u},(f) to be the solution to a least-squares regression

6. Technically, this statement is slightly inaccurate: Algorithm 1 actually samples a uniform policy from the set {ﬁ'<5) op
2 o ht1 7 )}56 +—1]» Where 7r< *) is defined for each s to be a policy which performs a sort of “uniform” exploration
at each step h (Line 9). This ch01ce is made to simplify the analysis and is immaterial for our present discussion.
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(t)

problem where the covariance matrix is 3, and the labels are the cumulative optimistic rewards
from step i to H. The algorithm then repeats this procedure for step 2 — 1, and so on.

We have omitted a description of Lines 8 and 9, in which a policy at step h, w,g) X = A(A),
is defined. This policy plays a relatively minor role (see Footnote 6) and may be ignored for the

purpose of the present discussion.

Overview of the analysis of PSDP-UCB. To analyze PSDP-UCB, we define

H
Q;f)(x,a) =rp(z,a) + £ Z re(zg,aq) + Fg(t)(a:g) | (xp,an) = (z,a)|, (6)
g=h+1

and V( (x) = Qh (x, 7%,(: (x)). QE:) represents the ()-value function corresponding to the pol-
icy 7T(t) and the optimistic rewards discussed above. Our main technical lemma is the following

statement showing that adding the exploration bonuses F}Et) (+) to the rewards ensures that QS) is an
upper bound on Q:

Lemma 3.1 (Informal version of Lemma D.9). With high probability over the execution of PSDP-UCB
(Algorithm 1), for all x,a, h,t, we have Qg) (,a) > Q3 (x,a) — o(1) and V,ft) (z) + F,(Lt) (x) >
Vi(z) —o(1).

In light of Lemma 3.1, we can bound the average suboptimality of the policies #(!) as follows:

T
Tz(quxﬁknﬁ%ZXw“<Hﬂk>—WWmem

1 & ®
_- #(t
== ) E

t=1

H
SR m)] —o(1), )

h=1

where the inequality uses Lemma 3.1, and the equality uses the definition of Vh(t). To upper bound

(7), we need to show, roughly speaking, the following: for states x which are likely to be vis-
ited by many of the policies #(*), the sum of exploration bonuses at x is sublinear in 7T, i.e.,
+ Z?zl F,Et) () = o(T). We show a version of this statement “in feature space”: in particular,

we first upper bound ]F,St) ()|, for all states x, as follows.

Lemma 3.2 (Informal version of Lemmas D.2, D.3 and D.5). For all x, h,t in the execution of

1/2
PSDP-UCS, it holds that |F}§t) (z)| < poly(d, H)4 - maxgec 4 ((ﬁh(x, a)’ - (Zg))_l - op(z, a)) / .

Lemma 3.2 shows that for states = for which all actions a € A point in directions of Eg)

corresponding to eigenvectors with large eigenvalues (i.e., “well-explored” directions), |F,Et)(:n)|
must be small. Using Lemma 3.2, the quantity in (7) may be bounded by o(1) using a variant of
the elliptic potential lemma (Lemma E.4). The elliptic potential lemma formalizes the notion that
there are finitely many “different directions” in RY, so if T is sufficiently large, all directions R?
frequently explored by policies #() must correspond to large-eigenvalue directions for Eg).

Thus, it remains to discuss the proofs of Lemmas 3.1 and 3.2. Notice that the statements of these

t)

two lemmas are in tension: Lemma 3.1 requires the bonuses £ ,E be sufficiently large so that ng)
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is an upper bound on )7, while Lemma 3.2 requires that F,gt) be sufficiently small, as controlled by

)

Zg). As discussed in the following subsections, by carefully defining U , we can ensure that both

of these criteria are met.

3.3. Implementing local optimism via Bellman-linearity

Essentially any approach to proving Lemma 3.1 requires that Qg) (z,a) be a linear function of
én(z,a).” In turn, as discussed in Section 3.1, this requires that the bonuses F,Eﬁzl () have a Bellman
backup which is linear in ¢y (x, a). It will be useful to formalize the following notion of Bellman-

linearity, which describes those functions whose Bellman backup is linear in the features:

Definition 3.1. Fix h € [H] with b > 1 and k € N. We say that a function G : X — R* is
Bellman-linear at step h if there exists W € RF*? so that, for all (x,a) € X x A, it holds that
Wa - ¢n-1(z,a) = Eyop, (2,0)[G(2")]. In particular, in the case that k = 1, G : X — Riis
Bellman-linear at step  if there is wg € R so that (wa, dp—1(x,a)) = Epop,  (2,0)[G(2)].

If the value of h is clear, we will simply say the function G is Bellman-linear. The canonical
example of a Bellman-linear function is the mapping  +— max, (w, ¢»(x,a)), for any w € R
Given that such functions are Bellman-linear, we can construct additional Bellman-linear functions
by averaging, taking limits (Lemma C.1), and differentiating (Lemma C.2). The following lemma

)

shows that Bellman-linearity of the bonuses F,Et
Q)

Lemma 3.3 (Variant of Lemma D.1). Suppose that, in PSDP-UCB, for each h € [H|,t € [T},
F, }Et) : X — R is Bellman-linear at step h. Then for all h,t, there is some w}(f) € R? so that
Qg) (x,a) = (pn(x,a), w,(f)>for all (z,a) € X x A

is indeed a sufficient condition for linearity of

The proof of Lemma 3.3 requires some work to show that the expectation of the bonuses Fét)
for g > h + 1 is linear at step h: this fact crucially relies on the fact that the policies #(*) are linear
policies (see Lemma C.3).

A Bellman-linear approximation of Bg”ad. In light of our discussion pertaining to the quadratic

bonus Bg”ad around (4) above, a natural strategy is to show that max, B?L”ad(-, a;Y) is Bellman-
linear at step h for any 3. Though this is not the case (Proposition F.2), Lemma 3.4 below suggests a
workaround: the quadratic bonus BI***(z, a; ) can be approximated by a Bellman-linear function.

Lemma 3.4 (Simplified version of Lemma D.3). Fix h € [H] and a PSD matrix ¥, and define
FEm (0 5) = Euos [masgt (2. 0)|. ®)

Then F}'L“’rma' (+; X)) is Bellman-linear at step h, and for any x € X,

1

\/72? ar,zl?é}; ((¢’L(x? Cl) - ¢h(x7 a/))TE(¢iL(xa CL) - (bh('ra CL/)))
7. In particular, linearity of ng) establishes that the regression problem solved in Line 6 of Algorithm 1 is well-
(t)

h

1/ 1/2

Y < B (@:3) < Vdmax (64(2,a) T S64(2, 0))

specified, which allows us to show upper bounds on the prediction error )(u?ff), on(z,a)) — (z, a)‘ and is in

turn used to establish optimism.

10
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The proof of Lemma 3.4 is straightforward: that z — F;L‘°""a' (x;Y) is Bellman-linear at step h
follows from the fact that F;L‘O'“ma'(x; Y)) is defined as an average of Bellman-linear functions. The
upper and lower bounds on F;L‘°”“a' (z; %) follow from a direct computation.

Lemma 3.4 suggests the following approach: for some scalar 5, suppose we define

E (@) = B B s () 7). ©)

Since F;L“’""a' (+; X) is Bellman-linear and approximates the quadratic bonus (Lemma 3.4), we might
hope that it acts similarly to the quadratic bonus in LSVI-UCB to induce an optimistic property of

the value functions Qg) (x,a) in PSDP-UCB, thereby allowing us to establish Lemma 3.1. Unfor-
tunately, this argument encounters a few snags:

1. The lower bound on F'°™!(z; %) in Lemma 3.4 is not exactly a constant times B{**%(z; %),
but instead involves a difference between feature vectors at the state x. Thus, strictly speaking,
Erermal (g 37) does not give a multiplicative approximation of the quadratic bonus Bguad (z;%).

2. Bvenif F°™a!(z; %) did give a multiplicative approximation of Bg”ad (7; %), we would need to
ensure that this multiplicative approximation is good enough for all arguments to go through.

3. Ignoring the previous two items, we still suffer from the following exponential blowup. Roughly
speaking, the proof of Lemma 3.1 proceeds by showing that the loss in value from any sub-optimal
action taken by #(*) at step h is canceled out by the bonus F,Et) (). To show this, we need to show
that the exploration bonus 3}, - Fomal(z,; (Eg))_l) is at least as large as the regression error in
our estimate of w,‘? from Line 6. But the labels in this linear regression involve the sum of bonuses

Fg(t)(-) for h + 1 < g < H, and thus scale with 8,41 + --- + By. Working through standard
high-confidence bounds for linear regression (see Lemma D.7 for details) establishes that we would
need fj, > poly(d) - (Bny1 + - - - + Br). This recursion leads to 3; > d°1), which would require
exponentially many samples to cancel out exponentially large error terms.

Items 1 and 2 above turn out not to be major issues, as discussed in the proof of Lemma D.9.

The main technical challenge is dealing with Item 3 above, namely the exponential blowup of
Bn. Typically, the solution to the above dilemma is to truncate the bonus, i.e., define F,Et)(x) =
min{g - Fpomal(z; (Eg))_l), Fy(x)}, for some Fj,(z) < 3 which is a uniform upper bound on
Vi*(x). (Note that, when using such an approach, the parameter 3 does not need any dependence on
h.) Indeed, this truncation is used in LSVI-UCB, where the Qg) function in (3) is truncated by the
constant Fy(x) = H. Unfortunately, in the setting of linear Bellman completeness, truncation, in
general, breaks Bellman-linearity of F,Et) (z). In the following section, we discuss how to implement
this truncation in a way that preserves Bellman-linearity.

3.4. Constructing truncated bonuses

Approximating (ng))_l. For each h € [H| and ¢t € [T, the inverse covariance matrix (Eg))_l
captures which directions of feature space are explored by policies #(*) o, 7#(5), for s < ¢t — 1. We

split (Eg))*1 into matrices representing “well-explored directions” and “unexplored directions”,
as follows: for an appropriate threshold value o, we let ¥/ denote the projection matrix onto the

subspace spanned by eigenvectors of (Eg))_l/ 2 with eigenvalues greater than o, and A’ denote the

11
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projection matrix onto the subspace spanned by eigenvectors of (Zg))*l/ 2

than o. Formally, as defined in Definition D.2, we write (X', A") = truncg((Zg'))*l/ 2). We denote
subspaces onto which >’ A’ project by Syv, Sy, respectively. Note that X'A’ = A’Y’ = 0 and
¥ + A = I; we call the pair (X’, A’) an orthogonal pair (Definition C.1).

If o is chosen sufficiently small to be less than our desired error threshold, then the estimations
uﬁg) produced in Line 6 of Algorithm 1 are sufficiently accurate in directions spanned by Sy:.
Thus, we only have to add an exploration bonus at a state  which scales in proportion to the
width of the features ¢, (x,a), a € A in directions spanned by the orthogonal complement of
Sas, namely Syy. This leads us to aim to construct an exploration bonus which scales roughly as
x — min{B - Fpomal(z; %), Fy, ()}, for some parameter 3 > 1 and an appropriate choice of F},
which should (a) be uniformly upper bounded by a parameter which does not scale with 3, and (b)
be an upper bound on V}*. It turns out that condition (b) can be relaxed to require only that Fy(z) be
an upper bound on max,e 4 Q7 (z,a) — minge 4 Q} (x, a) = max, ore 4 (W}, dn(z, a) — Pp(x, a’)).
Thus, to summarize, we aim to find a bonus function which satisfies the following properties:

with eigenvalues less

Problem 3.2 (Bonus function). Fix A, t (which determine (X', A’) = tru ncg((Zg))_l/ 2) as above),

and some 3 > 1. Can we find a Bellman-linear function F, ,Et) : X — Ry( which satisfies:

1. Forallz € X, F,Et) (x) is lower bounded as

Fy(2) 2BH - max min {8 - |- (¢n(x,a) = ¢, a"))]l2, A - (Sn(z,a) = dn(z,a))]2}
(10)

2. Forallz € X, F,Et) (x) is upper bounded as F,Et)(x) < poly(d, H, B)-max,ec 4 min { 8% - ¢n(z, a)l|2, ||on(z, a)|2}.

The case d = A = 2. To proceed, we consider the special case in which d = 2. Let us suppose
that Sy, Sp/ are each one dimensional, and are spanned by unit vectors u,v € R?, respectively,
which are orthogonal. Let us consider the function
Fl(a; = -
h(x’uvv) Ic?eaj(<u7 (bh(x?a» +r{§1€aj(<v7¢h(x7a)> I;lgﬁ((u—kv,gbh(a:,a)%

for some parameter 5 > 1. If we suppose that there are only 2 actions (i.e., |A| = 2), then
T Do et} Fl(z; Bey - u, €, - v) (scaled by a poly (B, H) factor) satisfies the conditions of
Problem 3.2. To see this, let us write A = {0, 1}, and set ¢4 (z) := ¢p,(z,1) —¢p(z,0). Fixz € X,
and choose €, €, € {%1} so that (e, - u, ¢5*(z)) and (€, - v, 2 (x)) have opposite signs. Then

F (2; Beu, €,0) =|(Bewu, o5 (2))] + [(ewv, 85 (2))| — [(Bewu + epv, 87 (2)))]
> min{|(Bu, 65 (2))], |{v, ¢ (@)}, (11
where the inequality uses the property that for real numbers a, b with opposite signs, we have |a| +

|b| — |a + b] > min{|al, |b|}. By combining (11) with non-negativity of F}'(-), we obtain the first
property of Problem 3.2. The second property may be verified in a similar manner (see Lemma C.8).

The case of general d and A. A direct extension of the above argument for d = A = 2 runs
into some snags even in the case that d = 2 and A = 4. We discuss these issues and additional
techniques we introduce to overcome them in Appendix B.

12
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Appendix A. Additional preliminaries

In this section, we present several additional preliminaries that will be useful in our proofs.

Polytope of actions. We assume that A is finite and write A := |.A|. Let 22 denote the space of
d-dimensional (bounded) polyhedra. For A € N, let Qzﬁ c 2% denote the space of d-dimensional
polyhedra @ so that dim(Span®) < A. For each x € X, we define ®p(z) := {¢n(x,a) : a €
A} € R%and @p,(z) := co(Pp(z)) € 24 C 24

Gaussian smoothing. For § € R? and o > 0, we write
1 1
No(0) = N10.0% 1)0) = s oxv (=51 618 )

to denote the probability density function of the standard normal distribution with covariance o%1;.
Furthermore, for f : R? — R, we write S, f(6) to denote the convolution of f with A, namely

S,1(0)i= [ FENo0=2)dz = [ 10— WNo(2)dz = Euonioniy [F0 = 2]

Miscellaneous notation. Given d € N, we let S¢ denote the space of symmetric d x d matrices,
S‘i C S? denote the space of positive semidefinite (PSD) matrices, and Si L C S‘i denote the space
of positive definite matrices. For a PSD matrix T' € S%, we let T''/2 denote the unique PSD matrix
whose square is 7'. Given a subset S C R? and a matrix 7' € R4, welet T - S := {Tv: v € S}.
For vectors v, v’ € R?, we let [v, '] denote the segment [v,v'] := {\v + (1 — \)v' : X € [0,1]}.
Let S9! = {u € R?: ||u||s = 1} denote the d-dimensional unit sphere. For a square matrix T,
we let | 7'|| denote its spectral norm.

A.l. Linear policies

Under the assumption of linear Bellman completeness, there is always an optimal policy with the
additional structure of being a linear policy. Roughly speaking, linear policies take an action defined
by the argmax with respect to some fixed coefficient vector: in particular, given w € R? and
h € [H], the associated linear policy at step h is 7y, ., () := arg max,c 4 (w, ¢p(x, a)) if the argmax
is unique. It requires some care to appropriately break ties for states x at which the arg max is not
unique.® To do so, given w € RY, h € [H],z € X, define Ay, () := arg max,c 4 (w, ¢n(z,a)) C
A, where arg max is interpreted as the set of all actions maximizing (w, ¢p(x, a)). Then we set, for
each a € Ap, (),

Ohw(z,a):= {9 eRY: B2 =1, (6, ¢p(z,a) > ax (0,¢h(x,a')} .

m
aleAh,w(m)\{a}

Let 14 denote the spherical measure on S9!, It is straightforward to see that, for all w and z,
Sa=1\ UaeAh,w(x) Gh.w(x, a) has measure 0 with respect to v4. We now define, 7y, ,, : © — A(A)
to be the following randomized policy: for all w € R%, h € [H],z € X, a € A,

Thw(alz) = 1{a € Apw(@)} - va(Ghw(z, a)). (12)

It is straightfroward to see that 7, ,,(-|z) € A(A). We say that a policy = is a linear policy if
it is of the form 7 = (T1uys - -+, TH.wy )s fOr wi, ..., wy € R Welet TN := {7, ,, : w € RY}
denote the space of linear policies at step h, and IT'"" := {(my,...,7g) : 7, € IIi"} denote the
space of linear policies.

8. In particular, an appropriate tie-breaking procedure is necessary for Lemma C.3 to hold.
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Appendix B. Additional technical overview

Recall that in Section 3.4 we gave an overview of the construction of truncated confidence bonuses
(namely, those satisfying the conditions of Problem 3.2) in the special case that d = A = 2. In this
section, we extend this argument to the case of general values of d, A.

The case d = 2 and general A. Let us try to extend the above argument (i.e., in Section 3.4) for
the case d = 2 and A = 2 to the case of general A (still keeping d = 2 fixed). Unfortunately, the
functionz — >, criqy Fl(z; Bey - u, €, -v) we used above no longer satisfies the first condition
of Problem 3.2. To see this, suppose that A = {0, 1,2, 3} and the feature vectors at some state
form a rectangle, i.e., ¢p(x,0) = (0,0), dp(z,1) = (u,0), dp(x,2) = (u+v,u + v), Pp(x,3) =
(0,v). It is straightforward to see that F}'(z; u,v) = 0, whereas max, o/c 4 min{|(8u, ¢n(z,a) —
on(z,a )|, (v, dp(z,a) — op(x,a’))|} > 1 forany 8 > 1 (e.g., take a = 0,a’ = 2). Thus, (11)
cannot hold, even if we only wish for it to hold up to a poly(H, B, d) factor.

The above issue runs fairly deep: it can be shown that, under some mild conditions on F,E' which

ensure that it be Bellman-linear,” there is no function F}Et) satisfying both conditions of Problem 3.2.
To rectify this issue, we will relax the first condition of Problem 3.2, as follows:

Problem B.1. In the setting of Problem 3.2, can we find a Bellman-linear function F, }(Lt) X = Ryo
which satisfies the constraints of Problem 3.2 where Item 1 is replaced by the following constraint:

I. Forallz € X, F,Et) (x) is lower bounded as

F"(z) >BH - max min B (@n@,0) =)l + 1A+ (0 = dn(@, 2}, (13)
a,a’€ApeD(x

where ®,(7) := co{dn(z,a) : a € A} denotes the convex hull of the feature vectors
¢h($7a)7 ac A

Note that (13) is weaker than (11), as can be verified by considering the choices ¢ = ¢p(z, a)
and ¢ = ¢p(x,a’) for given a,d’ in the outer maximum. As we discuss in Appendix D.3, this
weaker lower bound on F}Et) (x) is still sufficient to ensure optimism. Moreover, for the example
discussed above in which the feature vectors at a state  form a rectangle, the right-hand side of (13)
is 0: if a, a’ in the outer maximum are chosen to represent opposing corners of the rectangle, then
taking v to be one of the other two corners yields |(Bu, ¢p(x, a) VY| = (v, — dp(z,d))| =
0. For this example, we therefore have that x — >°, _ criqy Fi(z; Bey - u, €, - v) satisfies the
properties of Problem B.1.

In fact, this holds more generally in the d = 2 case, as can be seen by the following argument:
fix any a,a’ € A, and choose

¢* = argmin {|(Bu, ¢n(x, a) — )| + (v, ¢ — n(x,a"))[} . (14)
PEP ()

Moreover choose €,, €, € {£1} so that (¢p(x,a) — ¢¥*, e u) > 0 and (pp(z,a’) — ¢Y*, e,v) > 0.
Note that (14) is a convex optimization problem; its KKT conditions tell us that ()* — v, Be,u +

9. Namely, that F})(z;u,v) = [, o4 f(w) - maxaea(pn(x, a), w)dp(w), for some Borel measure 4 and function
f:R* SR
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€,v) > 0 for all ¢ € @y, (). Then, recalling that a, a’ € A were fixed, we have
Flsl(xS BEuU, Ev'U) Z<B€uu ¢h(x a)> + <€UU7 (Z)h(l'a a'/)> - maj(</8€uu + €y, ¢h(xa L_l)>
ac
<B€uuv ¢h(x a)> + <€UU7 (bh(xv a/)> - </B€uu + €V, W)
(
|

Vv

Beuua ¢h(xa CL) - ¢*> + <EUU, ¢h(x7a,) - ¢*>
<BU, d)h(xva) - ¢*>| + ‘<Uv¢h(x7a,) - w*ﬂv (15)

where the second inequality uses the KKT conditions of (14) and the final equality uses the choices
of €, €. (15), combined with non-negativity of F}tl' (+), verifies the first property of Problem B.1, as
desired; the second property (namely, Item 2 of Problem 3.2) can be verified by a direct computation
(Lemma C.8).

The case of general d and general A. The argument presented above for d = 2 generalizes
to the case of arbitrary d € N. In particular, we will aim to construct a bonus of the form
Gg)(x) := O(BH) - Eyup,, v, [Ff (x;u,v)], where Dsy, Dy are distributions supported on
Sy, Sar, respectively. A key consideration is: how do we choose the distributions Dsy, Dy:? To
answer this question, it is instructive to consider how the above argument verifying Item 1 of Prob-
lem B.1 generalizes to higher dimensions. In particular, given arbitrary a,a’ € A, in lieu of (14),
we define

P = argﬁmin{HBZ’ (pp(xya) —)|la + [N - (Y — dp(x,a))]2 } (16)
Yedy ()
Using the KKT conditions of (16), it can be verified that, for u = - ((d?hh((::;)) w*>)|\ and v =

A’ (on (z,0")—1p*)
A" (on (z,a")=¥*) 2

Fy (23 Bu,v) 2 [|BE" - (¢n(z,a) = ")z + A" - (S (x,d) — ¢7)]|2. a7

Unfortunately these choices of u, v depend on the state x, and Dy, Dy, must be independent of x
in order to ensure Bellman-linearity of the bonus function.

Fortunately, as shown in Lemma C.9, under some additional technical conditions, (17) holds up
to an additive term of O(¢) when the left-hand side is replaced by Ff!(x; Bu/,v'), for any vectors
u’, v’ which are e-close in /5 norm to u, v, respectively. If we take Dsy, Dy to be the uniform
distributions on the unit sphere in the subspaces Sy, Sy, respectively, then ' ~ Dysy,v' ~ Dy
satisfy ||u' — ul|s < e, ||t — v||2 < € with probability e2(9). With these choices of Dsy, Dy, the

we have that

bonus G ht satisfies the constraint (13) up to a factor of e =@ In fact, this can easily be improved
to a factor of e~ by using the fact that closeness of u, u’ and of v, v’ only needs to hold in the
subspace spanned by ¢ (x, a) (for a € A), which has at most A dimensions — see Lemma C.10.

It turns out to simplify the analysis to take Dy, Dy to be the distributions A/(0, X'), (0, A’),
respectively, which permit essentially the same analysis as described above. Moreover, to satisfy
certain technical conditions in Lemma C.9, we add a term to the bonus function which is propor-
tional to Fpomal(y;3Y) = Ey~nr0,5) [Maxae a(w, ¢p(x,a))]. To sum up, we define the bonus
function as

( ) =P - u’NNOE’)Ev’NN(O,A’) Fisl(x;ﬁulvv/) + B2 'EwNN(O,E’) gle%i{<w’¢h(x’ CL)> )
(18)
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where 81, B2, (8 are carefully chosen parameters bounded above by (BH D /e)°(4), where € is the
desired error level of the algorithm’s output policy. The precise values of these parameters appear

in the formal definition of F,Et) in (33). We remark that, crucially, 82 < (1 - 5 — the entire point of

the truncation procedure we have just described is to ensure that the size of F,(Lt) () (which may be
as large as O([(2)) does not scale with f3.

In Appendices C.2 and C.3, we formally verify, per the arguments outlined above, that the bonus
F ,Et) in (18) satisfies the properties laid out in Problem B.1. Then, in Appendices D.1 to D.3, we
show how this implies the statements of Lemmas 3.1 and 3.2, which suffices to prove our main
theorem (Theorem 1.1).

Appendix C. Bellman linear functions

Recall the definition of Bellman linearity in Definition 3.1. In this section, we discuss several
properties of Bellman linear functions.

Lemma C.1 (Limiting preserves Bellman-linearity). Fix h € [H|. Suppose that for each i € N, we
are given a function G; : X — R which is Bellman-linear at step h and so that sup ¢ y ;en |Gi(z)| <
C, for some C > 0. Furthermore suppose that, for some G : X — R, lim;_,o, Gi(z) = G(z) for
all x € X. Then G is Bellman-linear at step h.

Proof. For each ¢ € N, we know that there is some w; € R% so that, for all (r,a) € X x A,
<¢h71 (1‘, CL), w2> = EI’NP;L_l(ma) [G’L (1'/)] For each i, a, z, we know that ’Ex’NPh_l(a:,a) [Gl (x/)” <
C' by uniform boundedness of G;, so |{(¢p—_1(z,a),w;)| < C for all i, a, x. By definition of Bj,_1,
it follows that w; € C - Bj,_1, which gives ||w;|][2 < CB by Assumption 2.1. Hence we may
find a subsequence (w;;);jen so that lim; o w;; = w*, for some w* € C - By, 1. Thus, for any
(z,a) € X x A, we have

<¢h71(x7 a)u U}*) = jlig:o«bh*l (CU, a)7 wij) = ]ll)rgo Ex’NP;L,l(x,a) [GZ] (23/)]

oo | i Go(8)] =BG

where the second-to-last equality uses the dominated convergence theorem and uniform bounded-
ness of the functions Gj. O

Lemma C.2 (Differentiation preserves Bellman-linearity). Fix any h,k € N and consider an open
set U € R¥ as well as a function F : U x X — R so that F(u,x) is continuously differentiable
inu for all x € X, and that maxgcx yey max{F(u,x), |V, F(u,z)|2} < C. Suppose that,
for all w € U, the function F(u,-) is Bellman-linear at step h. Then the function V,F(u,-) is
Bellman-linear at step h, for all u € U.

Proof. By Bellman-linearity, we know that for all v € U, there is some w, € R? so that, for all
(z,a) € X x A, it holds that

<¢h(xva)vU)U> = EI/NPh—l(x:a) [F(u,xl)] .

By the dominated convergence theorem (which may be applied as a consequence of uniform
boundedness of ||V, F'(u,x)|2 over u € U), it holds that u +— (¢p(z,a),w,) is continuously
differentiable for all =, a, and moreover,

vu<¢h($a a), wu> = Ex’NPh_l(;t,a) [VUF(uv 33,)] (19)
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Choose (r1,a1), ..., (v, ap) € X x Aso that {é(x;, a;) }¢_; is linearly independent and spans
{on(,0)}(za)cxxas then £ < d. Let Wy, € R%*4 be any matrix satisfying

Wy - dn(xi, a;) = Vldn(xi, a;), wy) Vi€ [l

which is possible by linear independence of ¢, (z;, a;), i € [¢]. Now consider any (z,a) € X' x A;

we can find o, . .., ay € R so that ¢p(z,a) = Zle a; - ¢p(zi, a;). Then
‘ ‘
W - ¢n(z,a) = Zai -Vl bn(®i; a;); wu) = Vy Zai A (@i, ai), wu) = Vu(on(z, a), wy),
i=1 =1
which completes the proof by (19). O

Lemma C.3. Suppose that M is linear Bellman complete. Then for each h € [H] and eachw € R,
the mapping ' — ¢pi1(x', Thi1,(x")) is Bellman-linear at step h + 1, i.e., there is a linear map
Ly(w) : R — R? so that, for all (z,a) € X x A,

Ly(w)" - ¢p(w,a) = By p, (2,0) [Oh41 (2, Thg1 0 (2))].

Proof. Fix h € [H]. Define V (2/,0) := maxyc 4(¢p11(2',a’),0) and Q(x, a,0) = (¢p(z,a), Tpb),
so that Q(x, a,0) = (n(x,a), Th0) = Epp, (z,a)[V(2',0)]. By Fubini’s theorem, for any o > 0,
we have

SUQ(-’L', a, 9) = EZNN(O,O'2Id) [Q(xa a,f— Z)] = ECC/NPh(J?,a)EZNN(O,G'2Id) [V(xla 0 — .’L’)] = Ex’NPh(x7a) [SUV(.T/, 9)]

Linear Bellman completeness of M gives that for each § € R, the function 2’ + V (', #), and thus
x' — S,V (2, 0) is Bellman-linear at step 2+ 1. The function S,V (2, 6) is infinitely differentiable
as a function of 0, for all z’; moreover, since

VSUV(:L‘/a 9) = ]EZNN(O,O‘ZId) [VV(:Elv 0 — Z)] = EZNN(O,O'QId) [¢h+1(m/a 7Th+1,9—z($,))]7 (20)

we have that max{S,V (2/,0), ||[VS,V (2, 0)||2} is bounded uniformly over 2’ in the neighborhood
of any . We remark that the first equality in (20) uses the dominated convergence theorem, and
the second equality uses that the V (z/, 0 — z) is differentiable almost surely over z ~ N(0, o21).
Thus, by Lemma C.2, the function 2’ — VS,V (2/, 0) is Bellman-linear at step h, for all € RA.
But for 2/ € X and w € RY,

VSJV(JJ,, w) = ¢h+1($/7 7rh+1,w,0'(x/))>

where the equality above uses (20) together with Definition F.1. Next, (72) ensures that for each
€ X, lim, o+ ¢pt1(2, Thitwe (@) = dny1(2, Thi1,w(2’)). Then Lemma C.1 (applied
to each coordinate of the function @’ +— ¢pi1(2’, Thi1,w0(2"), for o > 0) yields that 2’ —
Gh41(2, Thi1.0(2")) is Bellman-linear at step h + 1, for any w € R<. O

Given any 741 € H'ﬂ:}rl (so that 7,11 = 7py1,, for some v € R% and w € R?, we define
TFw := Lp(v) - w. Then by Lemma C.3, for all (z,a) € X x A,

<¢h (:‘C’ CL), ﬁzﬂw> = E:E’NPh(ac,a) [<¢h+1 ($/> Th+1 (:LJ))? w)] (21
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Note that 7, depends only on 7, 1; thus with slight abuse of notation, we will sometimes write
77;”1“10 in place of 7;"w. We also remark that by linearity of expectation, for any 7 € 17" and
w € RY, there is a vector TTw e R? so that (21) holds for the perturbed linear policy 7.

As an immediate consequence of Lemma C.3, we can show that the ()-function for a linear
policy is linear.

Corollary C.4. Suppose that M is linear Bellman complete, and that = € TIP'"™. Then for each h €
[H], there is a vector wf € H-By, C R so that for all (z,a) € X x A, Q% (x,a) = (W}, dp(x, a)).
Moreover, < HB.

Proof. Since Qf (z,a) = r4(7,a) + Epop,(2,0)[@Qf 41 (¥, Thy1(z))], by induction and the fact
that r;,(z,a) is linear, it suffices to show that for all v € RY, there is some w € R so that
(tn(z,a),w) = Epop,(z,a0)(on(T, Thy1(z)),v)]. We may write 711 = Thy1y,, for some
y € R%and o > 0; then by Lemma C.3, we may take w = B,y 02)[Ln(2)] - v

To see the upper bound on ||wj ||2, note that, by definition of ()7, we have |<wh, op(z,a))| < H
for all z, a, h. Then it follows that ||w} ||» < H B by Assumption 2.1. O

C.1. Construction of Bellman-linear functions for bonuses

A central component of the proof consists of the construction of functions, to be used as exploration
bonuses, which (a) are Bellman-linear and (b) approximate a truncated version of arbitrary norms
induced by PSD matrices. In this section, we establish Bellman linearity of certain functions which
form the building blocks of these bonuses.

Given orthogonal vectors u,v € R?, we let Ty, = | . Note that if u, v are unit

vectors, then II,, ,, is the projection matrix onto Span{u, v}.

Definition C.1 (Orthogonal pair). We define a tuple of d x d PSD matrices (3, A) to be an orthog-
onal pair if the following equalities hold:

¥ =3, A2 =A, YA =AY =0, Y4+ A =1,

For an orthogonal pair (3, A), &, A are projections onto subspaces of R?, which we denote by
Sy = {Yv: v € R}, S) := {Av: v € R}, respectively. Since YA = AY = 0, the subspaces
Sy, Sp are orthogonal. Since ¥ + A = I, we have that dim(Sy) 4+ dim(Sy) = d.

Definition C.2 (Truncated linear bonus). Consider orthogonal vectors u, v € R%. For ® € 2%, we
define
F(;
(5 u,v) = Iggg@ ,®) +Iggq>;< v, $) — glgxwﬂ ,9).

For z € X and h € [H]|, we then define F} (z;u,v) := FY(®p(2); u, v).
The following lemma is immediate from the definition of F''(-).

Lemma C.5 (Bellman-linearity of truncated linear bonus). Given any h > 1 and vectors u,v € RY,
the mapping x — F{'(x;u,v) is Bellman-linear at step h.

We next record the following lemmas for future use, which follow as an immediate consequence
of the definition of F*!,
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Lemma C.6. Let ® ¢ 2% Suppose that u,u',v,v' € R? satisfy (u,¢) = (v, ) and (v,¢) =
(v, @) for all ¢ € ®. Then

FY(®;u,v) = FY(®; 4/, 0').

Proof. We have that max e (w, ¢) = maxyeq(w’, ¢) for each pair (w, w’) € {(u,u'), (v,v’), (u+
v,u’ + )} O

Lemma C.7. Let ® € 2% Suppose that u,v € R are given and that o, o, > 0 are real numbers.
Then

FY(®; o - 1y - 0) > minfov,, oy} - FH(®; 0, 0).

Proof. Since F(®; au,av) = a - FY(®;u,v) for any a > 0, it suffices to consider the case that
min{a,,, a,} = 1. Without loss of generality let us suppose that o, = 1 < «,,. Then

FY(®; -v) — FY(®; =(op — 1 : >0
( ,U, aU ’U) ( ,u,v) (041; ) Idr>1€aq)>(<v ¢> %1§£(<u + aU U7¢> —i—r;lgq))((u—i-v,(b) -

where the final inequality follows since u + v, - v = (u + v) + (o, — 1) - . O

C.2. An upper bound on the truncated linear bonus

Lemma C.8 below shows that the truncated linear bonus F'*!(®; u, v) can be bounded above by the
length of the projection of ® onto each of v and v.

Lemma C.8. Suppose u,v € R? and ® € 2. Then

0 < F'(®;u,v) < 2-min {¢{ga€><¢<u,¢ —-¢), ) Joax, (v,p— ¢ >}

Proof. For any fixed ¢, we have

(u+v,¢) < g}gg}gw ¢') + g}axw 0,

which implies F**'(®; u,v) > 0.
To upper bound F*(®;u, v), we first note that
FY(®;u,v) <FU(®;u,v) + FY(®; —u, —v)

=¢IE,EL€X¢< s — )+ ngaﬂ ¢ — ¢>—¢H¢1)a><<u+v¢ 9').

We will now upper bound F!(®;u,v) + F(®; —u, —v) as follows. By symmetry, it is without
loss of generality to assume that max g ca(u, @ — ¢') < maxy e (v, ¢ — ¢'). Now we have

max<u+v¢ ¢>>max( ¢ — ¢>—max<—u,qb—¢/>

¢,9'€® &, ¢,0'€®
= max (v, ¢ — — max (u,
max (0,0~ ) = max (u. 6~ ¢).

Rearranging, we see that F'Y'(®; u, v) + FY(®; —u, —v) < 2maxy yea(u, ¢ — ¢'), as desired. [

22



EFFICIENT LEARNING OF LINEAR BELLMAN COMPLETE MDPs

C.3. A lower bound on the modified truncated linear bonus

Given ® € 2 and a matrix I' € R%¥?, let Sp C R? denote the subspace Sp := Span{¢ :
¢ € @}, and S C R? denote the subspace Sor = Span{l' - ¢ : ¢ € &} =T - Sp. Let
e r € R%*? denote the matrix which projects onto Sar. Recall that for an orthogonal pair (2, A)
(Definition C.1), we have Sy, = £ - R% Sy = A - R Then for any ¢ € P4 Spy C Sy and
So,n C Sh.

Moreover, given ® € 2% and ¢, ¢y € O, we define

Hag1,62 = argergin{l\@ (@1 =2+ [[A- (€= P2)ll2}- (22)

The point ;@7 1.0 CAN be thought of as a sort of “midpoint” between ¢; and ¢5 in ¢, where the
distance between ¢ and u& 61,60 is measured with respect to 53 and the distance between pr, 61,69
and ¢5 is measured with respect to A. As it turns out, this particular notion of midpoint will be
useful in proving that our exploration bonuses induce optimistic value functions.

Finally, we introduce some notation regarding the normal cone of a convex body. For a convex
subset C C R? and z € C, the normal cone of C at z, denoted N¢(z) is defined as N¢(z) := {y €
RY: (y,z—2') >0V €C}.

Lemma C.9. Consider an orthogonal pair (X,\) and 3 > 1, > 0. Suppose that & ¢ ¢

satisfies

e {df@}é@ 1B% - (é1 = d2)ll2, max A -(d1 - ¢2)H2} <c 23)

|27
P1,02€P

Fix any ¢1, 92 € ®. Then there are unit vectors u € Sg y, and v € Sg A (depending on ®, 1, p2)
so that for all unit vectors u' € Sy, v' € Sy satisfying

lu—u|2 <e, v — |2 <e, (u',u) >, (W', v) >, (24)
it holds that
FN®; Bu/,0") = | B - (¢1 — 1,9y, ll2 + 0llA - (15.5,.6, — S2)ll2 — 22C.

Proof. Fix ® € 2 satisfying (23) and ¢1, ¢o € ®.

Step 1: Choosing u,v. The KKT conditions for optimality of “fh 1,0, (as defined in (22)) give
that, for all z € ®,

522 (1 — H&,m,@) A (¢ — N&,m,(pg)
1BE - (1 — kG gy p)ll2 A (D2 — g 4, 4,)ll2

where Ng (£) denotes the normal cone of ¢ at £.We now set

€ No(11h.,.0.): @5)

_ (o1 — M$,¢1,¢2) - A (g2 — M%,m,@)
12 (D1 = 15 6, 6,2 1A~ (D2 = 15 4, 4,) 12

Then (25) states that for all z € @, (Bu + v, pg 4, 4, — 2) = 0. Moreover, since pg , 4, € P, we
certainly have that u € Sp 5» C Sz, v € Sp p C Sa.

u
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Step 2: Relating u, v to v/, v’ satisfying (24). Now consider any unit vectors v’ € Sx;,v" € Sp
satisfying (24). Choose

¢ = argmax(fu’ + ', &). (26)
{ed

Next, we compute

(B + 0, & — 11 g, 4n) =((BU + 1) — (Bu+0),& — i 4,.50) + (Bu+0,E — 154, 4,)
<Bl(u—u',&" — 1 g, 900 + (v =0 & = 11 4, )]
=Blu—u', % (& — 1 g, s, )+ [0 =0, A (6 — 1 5, 5,))]
=Bl(Max - (u—u), 2 (& = g g, )|+ 1Ton - (v =), A (6 — 1G4, 5,))]
<BMas - (u—u)ll2- 5 (§ — g6y 6.)ll2 + [Ton - (v =0 )2 [[A- (6 = 1G.p,.0,)ll2
<2¢C, @7

where the first inequality uses the triangle inequality and the fact that (Su + v, &' — /@7 1, 4)2) <0
since &’ € ®; the second equality uses the fact that u — u’ € Sy, and v — v’ € Sy ; the third equality
uses the fact that X - (§' — ug 4, 4,) € Sexand A+ (§' — pg 4 4,) € So,a; the second inequality
uses Cauchy-Schwarz; and the third inequality uses (24) and (23).

We then have
(pr =&, pu') + (2 — €,")
=X (¢1 = &), fu’ + ) + (A (¢2 — &), 0" + Bu)
=(X -1+ Ao — &, Bu + )
>(X -1+ A2 — u¢7¢17¢2,6u +') —2¢¢
=X (D1 = 1 gy,95)s BU) + (A (B2 — 1G9, ,6,), V') — 26C
>nB[1% - (P1 — 1 6y p0) 2 T 0IA - (P2 — 13 4, 6)]l2 — 26C, (28)

where the first equality uses that Yu' = ', X0’ = ¢/, and ¥v' = Auv' = 0 since (3, A) is an
orthogonal pair, the second equality uses that 2 + A = I, the first inequality uses (27), the third
equality again uses ¥ + A = I; and the fact that o' = Au' = 0, and the second inequality uses
(24) and the definition of u, v.

Step 3: wrapping up. Finally, we may write
Ft(®: Iy — / no_ / /
(®; Bu, ) max(¢, fu )+ rgggw, v') rgggw, Bu’ + ')
o / N / /
—r;)leaqg((qb,ﬁu ) +r¢r)lgq>)<<¢,v> (&, Bu’ +)

Z<¢1aﬁu/> + <¢27U,> - <£aﬁu/ + U/>
>nBlI% - (f1 — 15 6y 00)l12 T 0IIA - (P2 — 1G4, 6,)]12 — 26C,

where the second equality uses the definition of £ in (26), and the second inequality uses (28). [

By averaging over v/, v’ drawn randomly from appropriate subspaces, we have the following
consequence of Lemma C.9.
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Lemma C.10. There is a constant Cc 1o so that the following holds. Fix A € N, an orthogonal
pair (,A), B>1,( >0, ® € P4, ¢1,¢2 € ®, and suppose that ® satisfies (23). Then for any
e>0,

3
Z[[B% - (01 = 113 61,60 )2 + 1A - (13,6, 6, — D2)ll2 — 42C.

CC. 2A
( 10) “Euwon0,5) Evan,a) Ft'(q’;ﬂul,v')]

Proof. Note thatif dim(Sg x;) = 0, then we could choose 11, Sibs = @9 in (22), and thus the lemma
statement becomes immediate. A symmetric argument applies to the case that dim(Sg o) = 0. Thus
we may assume for the remainder of the proof that dim(Sg x;), dim(Se o) > 1.

Note that the subspace Sp 37 C Sy; satisfies dim(Sp ;) < A, and similarly, dim(Sp z) < A.
Note that Eu’NN(O,E)[(H<I>,Eu,) . (HQEUI)T] = H@}E I H@E = Hq>’2, meaning that H(I),E’U// ~
N(0,IIp x). Similarly, we have that IIg A" ~ N (0,IIp A).

Therefore, we have that % ~ unif(S71 N Spx). Since S~ N Sp » may be covered
with (3/5)‘4 balls of radius e, it follows that, for any u € S~ N So,5, we have

e su/
u

Pry-nos) (H‘ <e) 2 et
2

o su/[2

Moreover, we have that Pr,, o s)([|[He su/ll2 > 1/2) > 1/2: this holds because ||Ilp su/||3
is a chi-squared random variable with dim(Sg x;) > 1 degrees of freedom. Using the fact that

Mg su' . . :
|y u'|2 and ﬁ are independent random variables, it follows that

1 A Mg su’
5 (e/3)7 =Prusyos) (HM —u, <eand e su2 >1/2).
In a symmetric manner, we obtain that
1 A H@’A'Ul
5(6/3) §Prv/NN(07A) (HM—U , SEand ||H(I>7AU,||2 > 1/2 .
H@’Eul quyA’U,

Let us define the random variables u” := e 2w'Ta and v" = T Ta” Let u € Spx
and v € Sp A be chosen according to the statement of Lemma C.9 giveﬁ D, p1, p2. Then with
probability at least (1/4) - (¢/3)24 over the independent draws of «’ and v’ (which induce values of

u”,v"), we have that:

”U” - uH2 <g, Hv” - UHQ <g <u”’u> > 1/27 (1)”,1)) > 1/27 ”HCP,EUIHQ > 1/27 HH<I>,AU/||2 > 1/27
(29)

_ _ 2
where we have used that e < 1 and that for unit vectors y, y’, we have (y,y’) = M

Forany ¢ € ® C Sg, we have

(W', ¢) = (u,2¢) = (llo vt/ X¢) = (g zu’, ¢),
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where the first equality uses that v’ € Sy, the second equality uses that ¢ € Sy, and the
third equality uses that Hq,’gu, € So»; € Syx. In a similar manner, we have that, for all ¢ € @,
(', ¢) = (Il AV, ¢). It then follows from Lemma C.6 that

FY®; pu’,v') = FY(®; 8 - Tlg su/, T p0). (30)

Under the event that ||IIp y;u/||2 > 1/2 and |[TIg Av'||2 > 1/2, we have by Lemma C.7 that

1
FYN®; Bllg wu, g pv") > 3 - FY(®; B’ v"). (31)
Combining Egs. (30) and (31), we see that

Ewen0,5)Eoronr(0,4) {F U(@; s/, v')}

1 ~
25 Bun o) Evan(on) [F (@; pu”, v")]

1 1 (3 2A * *
211 (5) 1B (01—t gy )iz + 1A (g, 4, — 0212 — 42C)

where the second inequality uses the fact that (29) holds with probability at least (1/4) - (¢/3)%4
together with Lemma C.9 with n = 1/2, «’ set to «”, and v’ set to v”. Rearranging and using that
A > 2, we obtain that

6 2 ol o
Z “Euono,5) Evonon) [F (@; Bu’,v")
>||BE - (¢1 = 1 py,00) |2 + 1A - (156,60, — P2)ll2 — 4eC,
as desired. (In particular, we may take C'c .19 = 6.) L]

Appendix D. The algorithm

The algorithm. Algorithm 1 presents our algorithm for learning linear Bellman complete MDPs.
For some 7' € N, the algorithm proceeds for 1" rounds. In each round ¢ € [T, the algorithm
computes two policies 7%,(:), ﬁ,(lt) : X — A at step h, in order of decreasing h. For each step h,
trajectories are gathered from the uniform mixture over #(s) oy, 7() Opt1 #®, for s € [t — 1]
(Line 3). These trajectories are then used, together with a procedure to construct an optimism-based
upper confidence bonus, to define a policy ﬁ,gt) (Lines 6 and 7), which represents the algorithm’s

current optimistic estimate of the optimal policy. Finally, ﬁ;lt) is defined to be a sort of uniform

policy (Line 9), with respect to the current covariance matrix of features Eg).

Parameter definitions. Below, we specify the parameters Aj, 3 used in the definition of the

bonuses F,Et) (in (33) below), the parameters A, n,T" used in Algorithm 1, as well as several other
parameters used in the analysis of this section:

Definition D.1 (Parameter definitions). Fix § € (0, 1), €final € (0, 1), as well as parameters A, H, B, d
of the MDP. We define the following parameters, which are used in Algorithm 1 as well in the re-
mainder of this section:

* A= Cpsdlog(2T'Hn/¢), where CF 3 is a constant chosen sufficiently large in Lemma E.3.
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6A+42

41387 41/2 10gl/2 . )
« T = (YpwH BdA  log /"(HABA/(¢fnatd)) , where C'p 19 is a constant chosen suffi-

Efinal

ciently large in the proof of Theorem D.10.

e n=23T.
.« L =log (TH()C\Sd—i-n))'
* \; = BH.

— Efinal

* Ebkup = 2H

_ Ebkup
P = 198BnCp N2 HBAY:
holds.

where C'p 7 is chosen sufficiently large in the proof of Lemma D.7

2A
B =4Cp7HBVdu-5)\Vd - <@)

px

.« ¢ — B
&= o HBVG i (Note that £ > 1.)

Definition of bonuses. Next we define the exploration bonus function Fg(t) : X — R used in the
construction of the rewards fgt’z’h) in Line 5. The key component in Fét) is a linear combination
of truncated linear bonuses Ffll(x; u, v), over various values of u, v. The vectors u, v are chosen to
belong to the subspaces Sy, Sy, for matrices >, A forming an orthogonal pair which are obtained

. . t . . .
from the covariance matrix Zg) via a certain truncation procedure, defined below:

Definition D.2. Let I' € R%*¢ be a PSD matrix, and suppose that I' may be diagonalized as I' =
UDU', for a diagonal matrix D and an orthogonal matrix U. Given ¢ > 0, we define the o-
truncated pair of T, denoted (X', A’) := trunc,(T'), as ¥/ = UD,U",AN' = UD_U", where
D, D_ are diagonal matrices whose entries are given by:

1 :Dy; >0 0 :Dj; >0
D Y ; D_ i — . 32
( +) {0 Dy <o ( ) {1 Dy <o (32)

In words, for (X', A’) = trunc,(T"), ¥’ contains the large components of I" (as parametrized
by o), and A’ contains the small components of I". Note that the definition of trunc,(I") does not
depend on the choice of diagonalization. Moreover, note that (X', A’) = trunc,(T") is an orthogonal
pair.

The bonus function F}(Lt) used in Algorithm 1 is defined as follows: for each ¢ € [T, h € [H],

F}Et) (CL‘) ::)\1 . < C.10> . Eu’NN(O,Z’)EU’NN(O,A’) [F,sl(a:;ﬁu',vl)}

€apx
+ 2v 27[')\15 : IEwrv/\/’(O,E’) |:In€zii<<wa d)h(.’ﬁ, CL)>:| (33)

for (2, A) == trunc,, ((8/A1) - (Egt))—l/Q)'
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Q- and V -function definitions. For each h € [H],t € [T'], we make the following definitions:

H

QY (x,a) =ra(z,a) + B | S rgag, aq) + FO(xg) | (zn,an) = (z,0a) (34)
g=h+1
V(@) =W (2,7 () (35)
OV (x,a) =@, ¢n(x,a))
V(@) =0} (2,7 (2)) = max Q) (w, a)

The functions QS)(-) and Vh(t)(~) represent the Q- and V-value functions for the policy #(*), with
respect to the rewards fét) defined in (5). In Lemma D.1 below, we show that Qg) is a linear
function, i.e., for some wf(f) € RY, Q,(f) (z,a) = (¢pn(x,a), w}(f)) forall (z,a) € X x A. The vector
ua,{f) computed in Algorithm 1 may be viewed as an empirical approximation to w}(f), so that Qg’) ()

and Vh(t) (+) represent empirical approximations to Qg), Vh(t), respectively.

Lemma D.1. Forallt € [T], h € [h], there is some w,(f) € RY so that Qg) (x,a) = (pp(x,a), w,(lt)>
forall (x,a) € X x A.

Proof. Forall x,a, h,t, we have

QY (2,0) = (2, @) + Byropy o) [F1 (@) + QI (& 71 (21))]

For fixed ¢ € [T], we will use reverse induction on A to establish the stated claim. The base case
h = H follows since Qg) (r,a) =rg(x,a) = (wg), ém(x,a)) for some wy € R?, by assumption.
Now, assume for the inductive hypothesis that for all (x,a) € X' x A, ng_)ﬂ (r,a) = <w}(lt4)rl, Oni1(z,a))

for some w}(f}rl € R% Then Lemma C.3 gives that there is some #' € R? so that for all (z,a) €

X x A,
(0", 6n(,0)) = Eyropy @y |01 (@', 71 (@)), 0i01)] = Earmy oy [ @100 @ 711 (0))]

Next, note that it is immediate from the definition (33) that, with probability 1 over v’ ~ A(0,%')
and v ~ N(0,A’), the function Fitbl+1('§ o', v, B/ A) is Bellman-linear at step h + 1. Note that
the function 2 +— maxge4(w, ¢p41(x,a)) is also Bellman-linear at step h + 1, for all w € R<.
Since the sum of Bellman-linear functions is Bellman-linear, the definition of F ,521 in (33) gives

that F,(LQI is Bellman-linear at step h + 1. Thus, there is some 0 € R? so that

(6, 0),0%) = Egrop, o) | Fh ()]

forall (z,a) € X x A.

Finally, by assumption, there is some 3 € R? so that 7, (x, a) = (8%, ¢p, (2, a)) for all (z,a) €
X x A. Hence, writing w,(f) = 0! + 62 + 63, we have that Q;Lt) (z,a0) = (w,(f), én(z,a)) for all
(r,a) € X x A. O
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D.1. Boundedness of the bonuses

Next, we prove some lemmas which establish bounds on the magnitude of the bonus functions
F,Et) (+), and thereby on the magnitude of the optimistic Q)-functions Qg) (+).

Lemma D.2. For a PSD matrix T and o > 0, writing (X', A") := trunc,(T'), we have that ¥ <
1
1.1

g

Proof. We write T' = UDU" and ¥/ = UD, U, where D, is as defined in (32). Certainly
0 = (Dy)is < Dy; if Dy < o; otherwise, we have 1 = (D4)y; < % - Dj;, which implies that

Dy = %, as desired. O

Lemma D.3. Let ® € 2% be a given polyhedron. Consider any PSD matrix ¥ € R%*?, Then

/
e s (6 )50 - 6)'? < Eyeios) [max(un )| < V- Euxos 00504

where ¢, := arg max e (W, @).

Proof. Define U = {X/2. ¢ : ¢ € ®}, and, for v € R?, write v, := arg max,,cy (v, 7). Then

/2. Oy/2, = »2. arg max (v, 21/2¢> = argmax(v,¥) = .
peD i

We then have the following equalities:

Jnax (¢ — ¢') (0 - ¢>>1/2—ﬁax v — /|12 (36)

1/2
Eyon(o,5) [¢> Z¢w] =E,n(0,14) [quzvzﬁbzl/%} =Eyn0,10) [Wv”%]lﬂ

(37

Eyon(0,3) [glgg(w ¢>] =E,n(0,1,) [Iggg@l/ %v ¢>>} Eyn0,1,) [ggg(m@] :
(38)

It therefore suffices to show that

o 10—V S Buton [mag(e. )] < VA Eenoun WA 69

To show the first inequality in (39), pick ¥, ¥1 € ¥ maximizing |19 — t1||2. Then
Eyn(0,14) [?gg(%@] >Eyn(0,1,) max{{v, o), (v,¥1)}]

=Evn(0,14) [(v5 (Y0 + ¢1)/2) + max{{v, (o = ¢1)/2), (v, (¥1 = 0)/2)}]
=Eonro,ra) [1{v; (o — ¥1)/2) ]

\[
\/*Hw() ¢1”2,

where the second equality uses that E, (0, 7,) [( (o +11)/2)] = 0, and the final inequality uses
that (v, (oo — ¥1)/2) ~ N(0, || (vho — %)/QH )-
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To show the second inequality in (39), note that

Eavavtotn) (0, )| Everiosy [0,

1/2
<Ey ot 10132 Boono.rp le00l|2]2
=Vd - E,no.1[1¢0l3]2,

where the inequality uses Cauchy-Schwarz. O

Lemma D.4. Suppose that T' € R? is a PSD matrix, and let 0 > 0 be given. Let (XN =
trunc, (). Then forall h € [H|,x € X, a,d’ € A, and v € ®p(z), it holds that

T (on(x,a) —v)ll2 + [l — dn(z,a’)|2

<P IS (@n(z,a) = )ll2 + A" (v = dn(z, a2 + V27 Eynro,s) [r&%w, On(z, d)] + 20.

Proof. Note that T2 < ||T'||? - ¥/ + 02 - I, so that

T (dn(@,a) = v)ll2 <IT - 15" (Gn(z;a) = v)ll2 + 0 - [dn(z,a) —vl2 < [ (én(z,a) —v)]2 + 20
(40)

where the final inequality uses that max,cg, () [[#]l2 < 1 (Assumption 2.1). Next, the fact that
N + ¥ = I, gives that

v = @n(z,a’)|a <A - (v = @n(z,ad"))l|2 +  max 15" (o, a1) — on(z, a2))]l2

<IN (0= Gn(o Dz + VIR Eueios [mglw n(o)| . @)

where the second inequality uses Lemma D.3. The conclusion of the lemma statement follows by
adding Eqgs. (40) and (41). 0

Lemma D.5 (Bound on bonuses in terms of X'). There is a sufficiently large constant Cp 5 so that
the following holds. Fixt € [T),h € [H], and let (X', A) := truncy, ((8/A1) - (Zg))_lm). Then
forallz € X,

Cps

Eapx

2A
) ()] <VdBA; - < ) Eunos) [glea;ﬁw,dm(w,a»] :

Proof. Fix any u’ € Ssv,v’ € Sps. Then
Fjl(; Bu’,v') <2|u[|2 - Joax, 1BE" - (én(z, a) — dp(x,a))ll2

<2V 2+ Bunvios) il (o)
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where the first inequality uses Lemma C.8 with v = S/, v = v as well as the fact that Yu' = v/,

and the second inequality uses Lemma D.3. Using the definition of F,Et) (+) in (33), it follows that,
for a sufficiently large constant C' > 0,

c 24
|F}Et)(33)| <A1 ( Cm) “Euwono) [4\ﬁﬁ||u ll2 * Ewnr(o,s) [gé%(w,%(%a»”

€apx

+ 2\/%)\15 . EwNN(O,Z’) [mgmx(w, ¢h(l‘, a)>]

€apx

. (4\/%/&&1. (CC‘10)2 +2FA1§> Ewn(0,5) [rgg<w,¢h<m,a)>]

C 2A
S\/gﬁ/\l ) < > : IEwm/\f(O,Z’) |:rgleaj{<wv ¢h(x7a)>:| ’

€apx
where the final inequality uses that £ < 3 (Definition D.1). ]
Lemma D.6 (Absolute bound on bonuses). For all h, t,, it holds that |F\" (x)| < T
and that Hwh ll2 < CDf\F

Proof. Fixt € [T],h € [H], and set (X', A’) := trunc,,, ((B/\1) - (2 n(t )) 1/2) as per (33). For any
fixed v/, v € R with v/ € Ssy,v’ € Sp/, we have

Fyl(a; Bu', o) <202+ max [|A"- (¢ = ¢')l|2 < 4]|v/]|2,
6.8/ €01 (@)

)

where the first inequality uses Lemma C.8 and the fact that Av’ = ¢/, and the second inequality uses
that maxy, 5 o ||¢n (2, a)||2 < 1. Then, by the definition of F}Et) in (33), we have

o 24
IFD ()] <)y - ( 0.10) Eyano,n [410]12] + (2V21018) - Eynro,s) {gle%m,(ﬁh(%a))

€apx

2A
<4nVd- <CC‘1°> +2V2r M€ - Vd < $,
Eapx 2Cp-HBVdu

where the second inequality uses Lemma D.3, and the final inequality is derived as follows:

IVa- <CC.10>2A+(2 %27T>\1£)'\/g<4>\1\/g' (CC.10>2A+ 3 < 3
€apx o €apx 4CD7HB\/£ o QCD.7HB\/J’

) B B
where we have used the fact that 2v/27\V/d ¢E< o HBVE and that 100 HBVE: > 4\ Vd -

o 24
<ﬂ) (by Definition D.1).

Eapx

The definition of w,(f) (per (34) and Lemma D.1), combined with the fact that |ry(z,a)| < 1
for all h, x,a (Assumption 2.1), gives that ](w}(f), on(z,a))| < H+H - maxh7${|F}Et) (x)|}, from
which it follows that w,(f) €c(H+H- maxhx{]F(t)( )]}) By, Since maxyep, ||w|2 < B (again

by Assumption 2.1), we have as a consequence that Hwh " ll2 < o B NG O
D.7
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D.2. Linear regression lemma

We will need the following lemma which establishes a standard concentration statement regarding

closeness of wﬁ? to w}(f).

Lemma D.7. There is a sufficiently large constant Cp 7 (which is used in the definitions of €apx, 3, &
in Definition D.1) so that the following holds. There is an event £ which occurs with probability at
least 1 — 6/2 so that, for all h € [H],t € [T], ¢ € RY, it holds that

6.0 — )] < 8- (47 (2) ) “2)

Proof of Lemma D.7. Fix any h € [H],t € [T]. Note that, by definition of E;Lt) in Line 4 of
Algorithm 1,

Also recall that the definition of ﬁ)}(:) in Line 6 gives

H
w}(l (t) Z¢ tzh (tzh)) T;f’l’h)-i- Z f'g(yt’i7h)

g=h+1

Thus,

w}(lt) B ZAU}(lt) :(ng)) (Awh . Z¢ t,z,h a t,z,h))

H
(a0 0 i 3 gean ) ) )
g=h+1

For each i € [n], we have, by (34), that

H
Efr(t) T}(Zt,z,h) + Z f§t7i7h) | (x}uah) _ (xgt,z,h)’al(f,z,h)) Q(t ( tzh) glt,z,h)) _ <¢h($§f,z7h)7a§lt,z,h)) }(lt)>
g=h+1

(In particular, note that by definition of the sampling procedure in Line 3, the trajectory (zp, ap, . .., TH, ar)
is indeed drawn from the MDP with policy 7(%).)
Let us write Y := - B Ti The definition of § in Definition D.1 together with Lemma D.6
D.7

ensures that Y > 2H - max {1, maxp, |F,St)( } > ) (t:ih) 4 Zg il rét’l’h) with probability

1. We also have from Lemma D.6 that Y > ||wh ||2 with probability 1.
3 — — (tziyh) (tvivh) — (t7i>h) (tvivh) (t)
Thus, by Corollary E2 with g = A, ¢; = ¢p(x;,” 7, a7 ) and g; = (op(x),” a7 ), wp)” ) —

r}(lt’i’h) — Zf hal Tét’l’h (so that we may take 0 = 2Y"), under some event £ (t:1) which holds with

32



EFFICIENT LEARNING OF LINEAR BELLMAN COMPLETE MDPs

probability at least 1 — /(27 H ), we have

H
(2", alf ) (<¢h<x§f”’h%aS”’h’xw,%rﬁf”’“ > ﬁff’i’h’>

oy |1os (TH- det(S()1/2 det(AT)~1/2
Ad+n
< . L
<8YVd log (TH . 5/2>, (44)

where the final inequality follows since

d d d
det(z() < <dT z“) g( (AdJrZqu ), t’“h)n?)) §<Ad;”>.

Let us define w,(f) = w}(f) — uﬁgt) — (Zg))_l . )\w}(f), so that (43) and (44) give that, under £,

ONVIRCIT - Ad+n
1(=,7) 2w, 12 < 8YVd \/og <TH o2 ) (45)

It follows that, under £ (t’h), for all ¢ € R,

(@) — w6 =IME) el 6)] + (), 0)
=)y )+ () w,sf>,<z§:>>—1/2.¢>|

Ad+n
g(ﬁ-Y+8Y\/&-\/1og TH- Ad5/2>> \/qu “1.$,  (46)

where the final inequality uses (45), Cauchy-Schwarz, and
MED) ), )] =l (wf, A(E “’>-1¢>\
<l oy - N2 6
<V Y- \/qu ~1.¢,

where the final inequality above uses the fact that X - (Eg))*l = I;. Finally, we note that (46) gives
that (42) holds under £ (h1) since we have

X0 /2

TH(M\ +n)
v <f+8f\/ W)) @)

B=Y -CpsVd>Y - <\/CE.3dlog(2THn/5) + 8\/dlog <W>>
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where the above follows by the choices of A\ = Cgsdlog(2T'Hn/d), « = log (%) >

log(2T'Hn/4), and as long as Cp 7 is chosen sufficiently large. The conclusion of the lemma fol-
lows by taking & = (Vi) 1e(r] € (h*) and noting that by a union bound, € occurs with probability
atleast 1 — /2. O

D.3. Establishing optimism

In this section, we establish that that let)(-) is (approximately) an upper bound on Qj(-), in
Lemma D.9 below.

First, we prove Lemma D.8 below, which shows that for states  which satisfy a certain inequal-
ity (namely, (48)), V,(x) is approximately upper bounded by Vh(t) (x) for any linear policy m. It
is used to deal with one particular case in the proof of Lemma D.9. Recall that for any = € II'",
Corollary C.4 guarantees the existence of a vector w; € R? so that for all (z,a) € X x A,

Q7 (x,a) = (Wi, dn(x,a)).

Lemma D.8. Consider an orthogonal pair of PSD matrices (X, A), and fix x € X. For some § > 1,
suppose that

max A - (¢n(z,a1) — on(z,a2))ll2 <& max ||X- (n(x,a1) — dn(x,a2))[2.  (48)

ai,az€A a,a2€A

Then for any € TI'™,

Vil (@) + 26 w2+ max |15 (@n(a,a1) = dn(xa2))ll2 = Vi (@) + (Q4 (@ 71 (@) — Qf (e,

)

Proof. Note that, for any actions a,a’ € A, we have

|60 (2, a) = ¢z, a)ll2 <A - (¢n(2,a) — ¢n(z,a))|l2 + |2 - (dn(z, a) — ¢p(x,a))ll2
<2€- max |2 (¢n(z,a) = dn(@, @))ll2, 49)

where the second inequality uses (48) and the fact that & > 1.
We compute

Vi (@) - vh’f(x)
=Qp) (@, 7)) <>> Qf (. mh(x))
—(uf, on(z, 7} (2)) - ¢h<x,wh<x>>>+( V(A @) - Qe 7 (@)

— gl - on(e, 757 (@) = én(e mn (@)l + (@4 (@, 71 (@) - Q7 (@)
> = 2¢[wfllo - max |2+ (¢, ) = dnlx.a))l2 + (QF @, 7 (@) - Q. 71 @)))
where the final inequality uses (49). O

Lemma D.9 establishes that the functions Qgt) are an approximate upper bound on Q.

Lemma D.9 (Optimism). Under the event £ of Lemma D.7, it holds that, for all x, a, h,t,

Eokup - (H — h) + Q) (2,a) >Q} (x, ) (50)
Eokup - (H +1—h) + V(@) + FD (2) >V (2). (51)
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Proof. Condition on the event &, and fix t € [T']. We prove the statement using reverse induction
on h. The base case h = H + 1 is immediate since Q%)H(x, a) = Q4 (7,0) = V}(It}rl(x) =
Vi1 (z) = 0forall x,a,t.

Now suppose that the statement of the lemma holds at step i + 1. For all z, a, we have

Y (@,0) =rn(@,0) + By, ) [Foty (0) + Vi ()] (52
QZ (:C, CL) :Th(x’ CL) + Em’N]P’h (z,a) [Vi:(-i-l(m/)] ) (53)

where (52) uses the definition of Q,(lt), Vh(t) in Egs. (34) and (35). The inductive hypothesis gives
that

Eokop - (H+1—h—1)+ VO (o) + B (@) > Vie () (54)
for all 2/ € X'. Combining Egs. (52) and (53), we see that
(1) O ) F(t) / V(t) "N _V* N> (H=h
Qh (337a) Qh(-ra (I) —La/~Pp(z,a) h+1(x ) + h+1 ($) h+1(33 ) = —Ebkup ( )?
(55)

where the inequality uses (54). This verifies (50) at step h.

To establish (51) at step h, set (X', A’) := trunc,, ((8/A1) - (E;Lt))*l/Q) (per Definition D.2),
so that (X/, A’) is an orthogonal pair (note that this is the same choice as is made in the definition of
F () in (33)).

Let £ be defined as per Definition D.1, so that £ > 1. Now consider any x € X and 7 € II. We
consider two cases based on the value of z.

Case 1. In the first case, we assume that
max [[A" - (ép(z,a) — n(w,a))|l2 <& argﬁéﬁ\lz’ (on(z,a) — gp(z,a’))lla. (56)

a,a’€A

Then Lemma D.8 with (X, A) = (X', A’) and 7 = 7* gives that

Vi (@) 2wl - max, 8- (én(e, ) = n(e.a) 2 2V5 (@) + (QF (2.7 (2)) — Qi 0.7 (2))

>Vii (@) = bkup - (H = h),

where the second inequality uses (55). We may compute
25”“’2”2 : a%%},{zl ||E/ ’ (gbh(l‘?a) - ¢h($7 a/))H? §2£)‘1 Y 27-‘-Eww/\/'(O,Z’) |:Ic?eafl{<w’ ¢h($a a)>:| < F]Et)(x)a

where the first inequality uses Lemma D.3 and Corollary C.4 as well as the fact that (¥/)? = ¥,

and the second inequality uses the definition of F,Et) () in (33). It then follows that (51) holds at step
h.
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Case 2. In the second case, we assume that (56) does not hold, which implies that

e € ma 57 (0n0,) — 000 ) e [ (@n,) = (o)

a,a’eA

< max [|[A"- (¢n(z,a) — dp(z,a))|2 £ max ||¢n(z,a) — dn(z,a’)|2 < 2. (57
a,a’€A a,a’ €A

We will apply Lemma C.10 with (3, A) = (X', A’), the value of 3 set to the present value of 3

(defined in Definition D.1), € = €5px, and ¢ = i)h(x). We need to check that (23) holds; indeed,

we have

maox {5 o, 157 (0n(2.0) = (ol o, 1A' (6002, 0) = on )l

a,a’EA )

<SVERCp BT max {57 (64(0.0) = onas ) o 1 [ (0n(a,) = (o)l

)

§16\/ 27TCD.7)\1HBd\ﬂ,

where the first inequality uses the definition of £ in Definition D.1 and the second inequality uses
(57). Thus we may apply Lemma C.10 with { = 16v/27Cp 7\ HBd+/i. For a,a’ € A, let us write

: : . , )
u;h@ﬂ, as shorthand for Mgh(x),qﬁh(x,a)m(x,a’)’ which was defined in (22). Fix any a,a’ € A; then

applying Lemma C.10 with ¢ = ¢y (z,a), ¢’ = ¢p(x,a’), we have

J Ceio\ ™ tl ro
N (z) > 5 “Euren0,5 Eorano,a7) [Fh (z; Bu’,0")
apx

+ V27 - IEww/\/(O,E’) me%i(<w’ ¢h($a C_L)>

ZHBZ/ ’ (¢h(xa (Z) - 'u';,h,a,a’)”Q + ”A/ ) (M;,h,a,a’ - d)h('xa a/))HQ — 64y QWCD-7)‘1HBd\ﬁ " Eapx

+ V21 By onro,s) [max(w, ¢u(x, a@))

acA
218" - (n(@,0) = 1 paa)llz + 1A (15 5 aar = P0(2, @) ]l2 = Ebkup/ (221)
+V2m- IE:wN/\/'(O,E’) 111652‘(<w7 (bh(xv C_L)> ) (58)

where the first inequality follows from the definition of F}Et) (x) in (33) and the fact that £ > 1, the
second inequality uses Lemma C.10 with the above parameter settings, and the final inequality uses
the definition of £, in Definition D.1.

Write p* := u*
BB i ® @) @)
Lemma D.7 ensures that

. We now apply Lemma D.7 with ¢ = ¢p(, frg) (x)) — p*. Then

il =00 on(a 70 @) )| <8+ |STV2 - on(ea @) )| 69
Moreover, since p* € ®;,(x), we have from the fact that (50) holds at step & that
(W —wh, 4%y > = epup - (H — h). (60)
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Finally, we have
(wiy, w* = on(w, mh(2))) = — [[wpll2 - I = ¢n(a, 77 (2)) 2. (61)

We may now compute

V(@) - V@) =@V (z, 7" (2)) — Qi (x, mh(x))
>Q (@, 7 (2)) — Qj (. mh(2)) + (@), 1* — dn(x, 70 (@)))
(t) * t

=\ —wh, 1) + (@ = w, it = on (@, 70 (@))) + (Wi, 1t — on (@, 7 (2)))
> — ctap - (H— 1) = 8- ||(=)72 - (on(o, 70 () — ")

(62)

where the first inequality uses that fr;f) (x) = argmax,/c 4 Qg) (x,a’), and the second inequality

uses Eqgs. (59) to (61). Moreover,
B[ (e, 70 (@) - )
<B- | =72 @nla w0 @) = )|+ Al = o, mh@)) 2

<A (I8/30) -2 - @l 7 @) = 1)l + A (2t = dn e, mi (@) 2

, T lwhllz - ll6” = én(a, mh(2)l2

+V27 - Eyonvo,s) [mgw,m(x,a»] + 2Utr) ) (63)

where the first inequality uses that ||w}|2 < A1 (Corollary C.4) and the second inequality uses

Lemma D.4 with T' = (8/)) - (Eﬁf))*l/2 and 0 = oy, as well as the fact that H(ng))*l/QH <1
(which follows by the choice of A = 1 in Definition D.1), so that ||I'|| < 8/A;1.
Combining Egs. (58), (62) and (63) and the fact that A; > 1, it follows that

V(@) ~ Vi(@)
> — epup - (H = h) = B - (¢n (2, 1 (@) = 1*)l|2 = A - A - (0 — dn(a, i (2))]|2
- mAl : IlEww/\/(O,Z’) %?ff(wa ¢h(x7a)> — 2\ 0t

> — pup - (H — h) — F\ (1) — ebkup/2 — 2M10% (64)
> — epup - (H+1—h) — F (), (65)

V

where the final inequality follows since epyyp /2 4+ 20y < Ebkup Dy the choice of oy, in Defini-
tion D.1. This verifies that (51) holds at step h, completing the proof of the lemma. O

Theorem D.10. For any efina, 6 € (0,1), the policy T := % 23:1 #® produced by Algorithm 1
has suboptimality bounded by V(1) — V(1) < final after the algorithm has gathered

12A+4
o (2 <H4B3dA1/2 1og1/2(HABd/(aﬁna|5))> i
Efinal

samples and used (H BdAlog(1/(g5inai6)))°™) time.
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Proof. Using the fact that V’T( >( 1) = E*® [Z th1 rh(Th, ah)} as well as the definition of Vh(t) in
Egs. (34) and (35), we see that

VO (z1) — Vi (2 ZE“‘” [F(t )} (66)

Set v = VB - ( ) . For each h € [H],t € [T], let us write ((3})®, (A1)®) =

truncy,, ((5/A1) - ( ) /2). Then under the event £ of Lemma D.9 (which satisfies Pr(£) >
1-6/2),

Vi(an) — Vi (1) <H - prap + Vi (@1) + FL (1) — Vi (a)

H
=H - epkup + ZET}“) [F}Et) (xh)}
h=1

H

#()

<H -epap+7)_E {Eww(o,(zw [%ﬁ‘<w’¢h(“’a) >H
h=1

H
<H - epup +7 DB [\/& Eren(0.24)0) |00 T (@n) T (55) D bn(@ns 1))

h=1

L 1/2
<H - eppup +yVd Y EF T [¢h($haah)T(E;L)(tw)h(fUh,ah)}
h=1

1/2

B

Otr A1

H
S EF e [¢h($h,ah)T(Z§f))_l¢h($h’ah)}
h=1

<H - eppup + YWd-
(67)

where the first inequality uses Lemma D.9, the second inequality uses Lemma D.5 together with the
definition of -+, the third inequality uses Lemma D.3, the fourth inequality uses Jensen’s inequality
as well as the definition of frét) in Line 9 of Algorithm 1, and the final inequality uses the fact
that (X))@, (A1)®)) = truncgtr( (Z(t)) 1/2) together with Lemma D.2, which implies that
(S0P = (25)0 < B (5012

For each h € [H],t € [T} let us define

2B, 70
F(t) — gFWens [th(l’haah)ﬁbh(mhaah)—r}'

Next, for each ¢t € [T] and h € [H], we will now apply Lemma E.3 with P given by the
distribution of ¢p,(zp, ap) for (zp, ap) ~ P Y20 | Write

Aé) Eumf({ﬂ(s)ohﬁ(s)} [¢h($h,ah)¢h($hvah)T]’

so that for each i € [n], IE[th(fo’i’h), ag’i’h))gbh(azg’i’h), agf’i’h))—r] = AS). Then Lemma E.3 to-

gether with the definition of E,(f) in Line 4 of Algorithm 1 gives that, since A > C 3dlog(27°'Hn /)
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(per Definition D.1),

(3(/\I+ nA) < 20 < 5(AI+nA<”)) >1—6/(2TH). (68)

w

Let &’ denote the event that (68) holds for all h € [H], ¢ € [T, so that & occurs with probability at
least 1 — 0/2. Since n > 37, we have that %Ag) =3, I‘gs), and therefore, under £, we have
(t) ’\I +30 I‘(S = E( ). Next, we may compute, for each h € [H],

MH

T T

#®) o, #(t)
S ET o gy (@ an) T (SY)  on(ans an)] <S> ! 1y < 2dlog(27),
t=1 t:l t=1

(69)

where the final inequality uses Lemma E.4 together with the fact that A\/3 > 1. Combining (67) and
(69), and using Jensen’s inequality, we obtain that under £ N &’ (which occurs with probability at
least 1 — §), for sufficiently large constants C, C’,

T
: H~BVd
S (Vi (@) = Vi (21)) STHebkuﬁjﬁf 2Tdlog(2T)
=1 tr
2 2A
<THeépuy | AHdFM (Cps 2Tdlog(2T)
p
Ebkup Eapx
H6B5d3 4A 2A
gTHabkup—i—C v (Ceao) T (Cos) T 2Tdlog(2T)
Ebkup €apx Eapx
CHSBSd, [ C'H3B3dy1\ %"
STH&“bkup + Ebkup : < Ebkup \[>
20" HAB3dy /1 *4H
<Tfinat/2 + CH*B*d*/1 (M) , (70)
na

where the second inequality uses the definition of <, oy, and the remaining inequalities use the
definitions of €4px, /3, A1, €final in Definition D.1. Next, we have the following claim:

cY? HAB3d\1 6A+2
Claim D.11. The choice of T', . (in Definition D.1) ensures that T > d - <D105f|> .

Claim D.11 is proved at the end of the section. By Claim D.11, as long as the constant Cp 19
is chosen sufficiently large, the expression in (70) is bounded above by T'cgin,. Hence the policy
= % Ethl 7(® satisfies Vi*(z1) — Vi (1) < Efinal-

12A+4
Altogether, Algorithm 1 collects THn < O(HT?) < O <Hd2 : (H4Bgd“” 2log/*(HABd/ (sfi"a"W) )

Efinal
trajectories.

Finally, we analyze the computation time of Algorithm 1. It is straightforward to see that each
step of the algorithm can be implemented in poly(7’) time, with the exception of the computation
of Fg(t) (.%;t’z’h)) in (5), which requires integrating a nonlinear function over a Gaussian (see (33)).
To handle this difficulty, we discuss a slight modification of our algorithm and its analysis which
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proceeds by approximating this integral. To efficiently approximate the result of each such integra-
tion, we use O(log(T'/6) /<2, ) draws from the appropriate Gaussian to approximate each integral to
within €,,4. The error term of e,py that arises in this approximation leads to an additional error term
of £apx in (42) (Lemma D.7), which in turn leads to an additional term of —¢e,p, in (64). By an appro-
priate choice of the constants in Definition D.1, we can ensure that £apy + €pkup/2 +2M10tr < Epkups

which ensures that (65) still holds. The remaining details of the proof remain unchanged. O

Proof of Claim D.11. Note that, since n = 37" and by the definition of 7" in Definition D.1, for suf-
ficiently large constants C, C’ (independent of Cp 1), we have ¢ < C' - (log(HBd/§) 4+ 1log(T)) <

C'- Alog (M). Then

Efinald

Efinal Efinal

6A+2 6A+2
N (cg(§0H4B3d\ﬁ) i . (Wlogl/z(cum)-cg(§0H4B3dA1/21og1/2(HBdA/(sﬁna|5))) i

As long as C'p 19 is chosen sufficiently large so that v/ C”’ logl/2 (C’D,m)Cgio < Cp.10, the right-
hand side of the above expression is bounded above by 7', as desired. O

Appendix E. Useful lemmas

E.1. Concentration

Lemma E.1 (Concentration for self-normalized process; e.g., Theorem D.3 of (Jin et al., 2020)). Fix
n € Nandletey,. .., e, be random variables which are adapted to a filtration (F;)o<i<n. Suppose
that for each i € [n], Ele;|Fi_1] = 0 and E[e*i|F;_1] < e¥7°/2. Suppose that ¢1, ... ¢y is a
sequence which is predictable with respect to (F;)o<i<n, i.e., ¢; is measurable with respect to F;_1
for all i € [n]. Suppose that Ty € R is positive definite, and let T'; = T'g + Z;Zl <Z>j¢jT. Then
for any 6 > 0, with probability at least 1 — 6,

2
n T.)1/2 Tn)—1/2
Zdhfi < 20%log (det( t) 17 det(To) ) .
=1

1)
In the special case that the random variables ¢; are i.i.d., we obtain the following:

-1
L

Corollary E.2 (Concentration for self-normalized process; i.i.d. data). Fixn € N, and leteq, ... e,
be independent real-valued random variables, so that for each i € [n], E[e;] = 0 and E[e**i] <
eNo?/2 forall X € R. Let ¢1,...,¢n € R? be given. Suppose that Ty € R¥4 is positive definite,
andlet'; =T + 23:1 q§j¢jT. Then for any § > 0, with probability at least 1 — ¢,

n T.)1/2 Tn)—1/2
S| <20tlog (det( 0)'/? det(Ty) )
=1

)
Lemma E.3 (Lemma 39 of (Zanette et al., 2021)). There is a constant Cg3 > 0 so that the
following holds. Suppose P is a distribution supported on the unit Euclidean ball in R®. Write
Y = Epup(pd']. Suppose n € N,6 > 0, are given so that X > Cpg.sdlog(n/5). Suppose
O1y. .., On ~ Pareiid Then

2

-1
L

Pr (1(/\I—i—n2) = /\I+Z¢i¢2— = 5()\I+7”LE)) >1-4.
3 i=1 3
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E.2. Elliptical potential
The below lemma generalizes the elliptical potential lemma.

Lemma E.4. Consider any sequence T'1,...,I'r € R¥? of PSD matrices, and suppose that
TrTy < 1forallt € [T). Define ¥y = A\ + Zi:l L'y, for some \ > 1. Then

T
Z<Ft> ¥, < 2dlog(27).
=1

Proof. Write g = Al. Since A > 1, we have Et_ll = Iy and therefore (I';, Et_ll> <TrIy <1 for
all t € [T]. Thus (T'y, X, %) < 2log(1 + (T'y, £;4,)). Moreover, for each ¢ € [T7,

det(Zt) :det(th + Ft)
— det(Se_1) - det (I+Z 2 1/2)
> det(Si_1) - (14 Tr(S, P12, %)) = det(Se1) - (1 + Ty, 574)),

where the inequality uses that for any real numbers o1, ...,04 > 0, Hle (14+0;)>1+ Zle oi,
which implies that det(/ + A) > 1 + Tr(A) for any PSD matrix A (by taking o1, ..., 04 to be the
eigenvalues of A). Telescoping the above display, we obtain that

[\)

E.3. Performance difference lemma

Lemma E.S (Performance difference lemma (Kakade and Langford, 2002)). For any MDP M,
policies m, 7' € 11, it holds that

H H H
EM™ [Z Th(ﬁh,ah ]E]Mﬂ' Z xh,ah ] = ZEM,W' [VhM,w(xh) o Q]}\;f,w(xh’dh)] .
h=1 h= h=1

E.4. Linear algebraic lemmas

Lemma E.6. Two symmetric matrices ©.,T' € R%? commute if and only if their eigenspaces coin-
cide.
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Appendix F. Proofs for Appendix C
F.1. Functions which are not Bellman-linear

Proposition F.1. There isan MDP M = (H, X, A, (Py)p, (7h)n, d1) with horizon H = 2 satisfying
linear Bellman completeness with respect to some feature mappings ¢y, in dimension d = 1, together
with a vector w* € RY so that the function

Vi(x) := rgle%fl( min {(w*, ¢p(z,a)), H}

is not Bellman-linear at step 2 (per Definition 3.1).
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Proof. Weset H =2,d =1, X = {s1,820,52.1}, and A = {0, 1}, and define:

$1(51,0) = 1, ¢1(s1,1) = 2,
$2(82,0,0) = H, p2(s2,0,1) = —H, $2(s2,1,0) = 2H, p2(s2,1,1) = —2H.

The transitions are defined as follows: (s1,0) transitions to s2 ¢, and (s, 1) transition to so ;. All
rewards are 0. By defining 7w := H - |w|, it is readily seen that M is linear Bellman complete
with respect to the above feature mappings.

Let us choose w* = 1. Then Bellman-linearity of V5 (x) would require that there is some w € R
so that

¢1(517O)'1D:Ha ¢1(51,1)"U_):H.
But since ¢1(s1,1) = 2 and ¢1(s1,0) = 1, there is no such w. O

Proposition F.1 provides an example for which a function Qg’) as defined in (3), with B,(lt) =0,

is so that max,c 4 Qg) (-, a) is not Bellman-linear. We have considered that case that B}(Zt) is O for

simplicity. Note that in an instantiation of LSVI-UCB, B,(f) would not be identically 0, as it is

defined by (4). Nevertheless, the example in Proposition F.1 can be readily modified to account

for nonzero quadratic bonus functions B,(lt). In a similar manner, by rescaling the features we may

modify the example to ensure that ||¢y(x, a)||2 < 1 forall h,z, a (so as to satisfy Assumption 2.1).

Proposition F.2. There isan MDP M = (H, X, A, (Py)p, (rh)n, d1) with horizon H = 2 satisfying
linear Bellman completeness with respect to some feature mappings ¢y, in dimension d = 1, so that
the function

F =

n(z) = max [[én(z, a)ll2

is not Bellman-linear at step 2.

Proof. Weset H =2,d =1, X = {s1,520,52,1,522}, A = {0, 1}, and define:

$1(51,0) = 1, ¢1(s1,1) = 1,
$2(52,0,0) = 1,¢2(s2,0,1) = —1, 2(s2,1,0) = 2, ¢2(s2,1,1) =0, P2(5222,0) = =2, P2(s2,2,1) = 0.

The transition are defined as follows: (s, 0) transitions to sg ¢, and (s;, 1) transitions to each of
§9.1, 62 2 With probability 1/2. All rewards are 0. By defining 77w := |w|, it is readily seen that M
is linear Bellman complete with respect to the above feature mappings.

But Bellman-linearity of F5(z) would require that there is some w € R so that

$1(51,0)-w =1, ¢i(s1,1) - w=2
No such w exists since ¢1(s1,0) = ¢1(s1,1). O

Proposition F.2 establishes that, for Bzuad (x,a;Y) defined as in (4), the mapping max,e 4 Bg”ad (-,a;1y)
is, in general, not Bellman-linear.
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F.2. Perturbed linear policies

We begin by defining a perturbed version of linear policies.

Definition F.1 (Perturbed linear policies). For o > 0, h € [H] and w € R?, define Thawo : X —
A(A) by

Thw,o (T)(a) = Pronr(w,e2.1,) (@ € Ape()) .

In words, to draw an action a ~ 7, 4, (), we draw 6 ~ N (w, 02-Id) and then play arg max,/c 4(¢n(z, a’),0).
Given o > 0, we denote the set of all 7, ./, where w € RY o’ > 0 satisfy o’/||w|2 > o,

by IT; ™7, and IT7™o .= L 117", As a matter of convention we write IT, " := TIi" and

IP1in.0 = 11" Moreover, we write H,'j"“ = Uyoo I, ™ and TIPn =, HP"” 7

Note that, for any ¢ > 0, Th cw,0 = Thw,0/c- Moreover, note that tie-breaking is not an issue
for perturbed linear policies, since the measure of all # so that |Ay, g(x)| > 1is 0. The following
lemma provides another interpretation of linear policies, as a limit of perturbed linear policies:

Lemma F.3. Forany w € R% h € [H],x € X, we have

Thw(alz) = algg Thwe(alz) = 11)161+ Pron(we2.1,) (@ € Ang(x)) - (71)

Proof. ltis straightforward to see that forany a & Ap, ., (), lim, o+ Pro (w021, (a € Ang(z)) =
0. This verifies (71) for a ¢ Aj, ., (). Moreover, it also implies that for each a € A}, ., (), we have

UEI%’)I+ PrGNN(w 21y) (CL €A, 9( )) - PrGNN(w,UQId) <<67 ¢h(x7 CL)> > a’EA;EI,}Ua&{’)\{a}<€’ ¢h($7 a/)>> ‘ =0.

Since (w, ¢p(z, a)) = (w, ¢p(x,a’)) for all a, a’ € Ap,,(z), we have that

p

T~ N(wotla) ( On@a) > max oG on@ )>>

:P ~, g 97 ) !
T9N(0,021,) < , On(z,a)) aeAﬂfi(?;)\{a}< on(z,a )>>

Pro, <<e,¢h<m,a>> (0, 6n(, >>) — V(G 0)),

a EAh ,w (2?)\{(1}

where the second equality follows by rescaling. Combining the two displays above gives the result.
O

For a randomized policy 7 and h € [H], we use the shorthand
on(z, 7h(2)) = Eqer, (2)[Pn (2, )]
Then Lemma F.3 yields that, for any h € [H],w € RY, f : X x A — R, we have
On(, Thw(2)) = Im op(z, Thwe(2)),  falz, Thw(@)) = lm f(2,7hwe(z)). (72)

o—0t o—0+
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