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Abstract

We revisit the problem of offline reinforcement learning with value function realizability but without
Bellman completeness. Previous work by Xie and Jiang (2021) and Foster et al. (2022) left open
the question of whether bounded (all-policy) concentrability coefficient along with trajectory-based
offline data admits a polynomial sample complexity. In this work, we provide a negative answer to
this question for the task of offline policy evaluation. In addition to addressing this question, we
provide a rather complete picture for offline policy evaluation with only value function realizability.
Our primary findings are threefold: 1) The sample complexity of offline policy evaluation is governed
by the concentrability coefficient in an aggregated Markov Transition Model jointly determined by
the function class and the offline data distribution, rather than that in the original MDP. This unifies
and generalizes the ideas of Xie and Jiang (2021) and Foster et al. (2022), 2) The concentrability
coefficient in the aggregated Markov Transition Model may grow exponentially with the horizon
length, even when the concentrability coefficient in the original MDP is small and the offline data is
admissible (i.e., the data distribution equals the occupancy measure of some policy), 3) Under value
function realizability, there is a generic reduction that can convert any hard instance with admissible
data to a hard instance with trajectory data, implying that trajectory data offers no extra benefits over
admissible data. These three pieces jointly resolve the open problem, though each of them could be
of independent interest.

1. Introduction

In offline Reinforcement Learning (RL), the goal of a learner is to either find the optimal policy
(policy optimization) or evaluate a given policy (policy evaluation) based solely on pre-collected
data (i.e., offline data), without direct interaction with the environment. This paradigm is particularly
relevant in situations where real-time interaction is infeasible or expensive, e.g., in safety-critical
applications such as healthcare and autonomous driving. The primary challenge in offline RL comes
from the mismatch between the offline data distribution and the distribution induced by the target
policy (i.e., the optimal policy or the policy to be evaluated), which can severely affect the efficacy of
the output policy or evaluation. Therefore, a large portion of offline RL research aims to mitigate the
impact of this mismatch.

* Authors are listed in alphabetical order by last name.
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To deal with large state spaces in RL, function approximation is used to generalize the learned
knowledge across states. One such approach is the model-based approach, where the learner explicitly
models the transition and the reward functions. Theoretical research for this approach studies the
sample complexity under model realizability, i.e., assuming that the learner is provided with a model
class that includes the true model (Uehara and Sun, 2021). In this setting, the minimax sample
complexity is polynomial in the concentrability coefficient and the complexity of the model class
(Uehara and Sun, 2021). The concentrability coefficient of a policy is defined as the largest ratio
between the probability of a state-action pair being visited by that policy and the frequency of it
in the offline data (formally defined in Section 2.2.1), which captures the mismatch between the
distribution induced by the offline data and the target policy. The model class complexity captures
the diversity of the model class, and unfortunately, could be large in practical RL settings.

Another approach is the value-based approach, where the learner only approximates the value
function of the target policy. Usually, the value function class complexity is much smaller than the
model class complexity, and is sometimes considered as a simpler and more direct approach. However,
under value function realizability, all prior works that establish polynomial sample complexity
make additional assumptions than just bounded concentrability coefficient, for example, Bellman
completeness (Chen and Jiang, 2019), S-incompleteness with 5 < 1 (Zanette, 2023), or density-
ratio realizability (Xie and Jiang, 2020), pushforward concentrability (Xie and Jiang, 2021), etc.
While, any of these additional conditions along with bounded concentrability coefficient can lead to
polynomial sample complexity, it remained open for a long time whether bounded concentrability
alone is enough for sample efficient offline RL.

The work of Foster et al. (2022) gave a negative answer to this open problem. They showed that
realizability and concentrability alone cannot ensure polynomial sample complexity. Their lower
bound construction, however, relies on the offline data being generated in an unnatural way — the
offline data distribution has to either cover state-actions that will never be visited by any policy, or
has to come from just the first two steps in an episode, with all data from later steps hidden from the
learner. Thus, the following question remains open:

Can offline RL be sample efficient under value function realizability, bounded all-policy
concentrability, and natural offline data distribution such as trajectories generated by a single
behavior policy?

Our work takes a first step to addressing this questions, where we consider the setting of offline
policy evaluation (OPE), where the goal is to evaluate the expected payoff of a prespecified policy.
We answer the above question in the negative and show that there exist MDP instances where the
offline data consists of trajectories generated by a single behavior policy, the value function is
realized by a small function class, and the concentrability coefficient for all policies is polynomial
in the horizon length, but the worst-case sample complexity for OPE is exponential in the horizon
length.

En route to establishing the above result, we provide a rather complete characterization for OPE
with value function realizability. First, we show that in order to achieve sample efficiency, the concept
of “concentrability” needs be strengthened. More precisely, we show that the sample complexity of
OPE under value function realizabilty is characterized by the “aggregated concentrability coefficient”
(of the evaluation policy) instead of the concentrability coefficient in an aggregated transition model.
The aggregated transition model is constructed by aggregating states with indistinguishable value
functions, and its transition is jointly determined by the aggregation and the offline data distribution.
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On one hand, our lower bound construction generalizes that of Foster et al. (2022) by providing
instance dependent lower bounds applicable to MDPs with different structures; their construction can
be viewed as a special case where the aggregated concentrability coefficient is exponentially large.
On the other hand, our upper bound recovers the notion of pushforward concentrability coefficient
used by Xie and Jiang (2021) to establish their sample complexity upper bound, as one can show
that the aggregated concentrability coefficient is upper bounded by the pushforward concentrability
coefficient.

Having identified that the aggregated concentrability coefficient is the key quantity that governs
the sample complexity for OPE, we provide a simple example where the offline data distribution is
admissible (i.e., the offline data distribution equals the occupancy measure of an offline policy), the
all-policy concentrability coefficient is O(H?), but the aggregated concentrability is 20UH)  where H
is the horizon length. Since aggregated concentrability governs the sample complexity, this implies
that realizability, concentrability, and admissibility are not sufficient for sample efficient OPE.

We then provide a generic reduction that converts this hard instance for admissible data into a
hard instance for trajectory data, which implies the above lower bound for offline policy evaluation
with trajectory data.

2. Preliminaries

2.1. Markov Decision Process

We consider the finite horizon setting. A Markov Transition Model (MTM), denoted by M =
MTM(X, A, T, H,p), is parameterized by a state space X, an action space A = {a,,a,,...}, a
transition kernel 7' : X x A — A(X'), horizon length H € N, and initial distribution p € A(X’). We
assume that the state space X is layered across time, i.e., X = X1 uXpuU---u Xy with X;n X; = & for
any ¢ # j. The initial distribution p € A(X}) specifies the state distribution that every episode starts
with. The transition kernel T'(z" | 2, a) for z € X \ Xy, 2’ € X and a € A specifies the probability of
transitioning to state x’ if the learner takes action a on state . By the layering structure, T'(- | z, a)
is supported on X, if x € Ap_;.

For a MTM M and policy 7 : X - 4(A), we let EM™[.] denote the expectation under the
following process: x1 ~ p; and for h = 1,..., H, action ay, ~ 7(- | xp,), and next state xj,1 ~ T'(- |
p,a). The state occupancy measure for a particular layer  is defined as dff (z; M) := EM™[1{z), =
x}], and the state-action occupancy measure is defined as dj (x,a; M) := dj (x; M )7 (a | x).

A Markov Decision Process (MDP), denoted by M = MDP(X, A, T,r, H,p), is a Markov
Transition Model augmented with a reward function r : X x 4 - A([-1,1]). For h < H, the state
value function of a policy V;"(-; M) : &), = R is defined such that for any x}, € &}, V;" (zp; M)
is the total cumulative reward obtained by starting at state =, at timestep h, and acting according
to the policy = till the end of the episode, i.e. V;"(z; M) = EM’”[ SH ey, ar) | xp = a:] We
similarly define the state-action value function Q7 : A} x A +~ R such that for any z;, € A},
Qp(w,a) = EMm (S r(xn,an) | (zh,an) = (z,a)]. Whenever clear from the context, we omit
the dependency on M and simply write df (x), V" (x) and V™ (p), etc.

For the ease of notation, for any policy 7, we define T'(z' | #, ) = Eqor(fo)[T(2" | z,a)] and
7(2,m) = Equr(oy[7(2,a)], and if 7 is deterministic (i.e., 7(- | x) is always supported on a single
action for every x € X)), we use m(x) € A to denote the action it chooses on the state x. Furthermore,
whenever clear from the context, we overload the notation and use r(x, a) to denote the expected
value of reward distribution r(z, a).
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2.2. Offline RL Preliminaries

Throughout the paper, we consider the offline RL setting. In this setting, the learner is equipped with
an offline data distribution' and can only gather data about the MDP by i.i.d. sampling from this
offline distribution. We consider three types of offline data models:

e General Data: The offline dataset is characterized by an offline distribution p = (p1, ..., pug)
where pj, € A(XjyxA) for h < H. An offline sample comprises of the tuple (h, zp, ap, rh, T}, )
where h is drawn from Uniform([H]), (zx, an) € X, x A is drawn from pp, rp € [-1,1] is
drawn from r(zy,, ap), and x},, € X1 is drawn from T'(- | zp, ap).

e Admissible Data: Similar to the General Data setting, but with the addition requirement that
there exists an offline policy 7, € IT such that for all = € X and a € A, py(z,a) = d;* (z, a).

e Trajectory Data: Each offline sample is a complete trajectory of the form (z1, a1, 71, x2,a2,79, . ..

x ) sampled in the underlying MDP using an offline policy 7.

The goal of the learner is to estimate the value of a given evaluation policy 7 by collecting
samples from the offline data distribution. In particular, given access to the offline distribution p, the
learner would like to estimate V™ (p) up to an accuracy of ¢, i.e. return a V' such that

[V -V7™(p)| <e. (1)

We are interested in quantifying the amount of data required to achieve (1) with high probability.
It is not hard to see that learning with general or admissible data is more challenging than learning
with trajectory data, because from a trajectory dataset one can generate a (x,a,r,z’) dataset with
pn(z,a) = dp’(z,a), but not vice versa.

Throughout the paper, for simplicity, we consider a fixed and deterministic evaluation policy 7,
that takes action a, on all the states, i.e. m(z) = a, forall x € X.

Comparison to the Definition of Admissible Data in Foster et al. (2022). A result in Foster
et al. (2022) also claims to provide an exponential lower bound for admissible data but in the
discounted MDP setting. Their data distribution p(z,a) = %(d’lrb (z,a)+d5"(x,a)) is not considered
as admissible in our definition above®. We note that their lower bound construction heavily relies on
samples being drawn only from the first two steps, and no information from the third step or later
should be revealed. Our admissible data, on the other hand, forces the information to be revealed
on all steps. Our lower bound for the stronger notion of admissible data serves as an important step
towards the lower bound for trajectory data (see Section 4.2).

2.2.1. CONCENTRABILITY COEFFICIENT

The concentrability coefficient (Munos (2003); Chen and Jiang (2019)) of a policy 7 in an MDP
M= (X, A,T,r, H,p) with respect to offline data distribution y is defined as

dﬂ'
C(M,p, ) = max max M.
he[H] zeXp,aeA pp (2, a)

(@)

1. Various works in the offline RL literature assume that instead of direct sampling access to the offline distribution p,
the learner is given an offline dataset D of n samples drawn from p. These two settings are equivalent upto sampling.

2. Since Foster et al. (2022) consider the discounted setting, data from the first two steps is enough to provide bounded
concentrability coefficient. This is not true in our finite-horizon case.
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We further define the all-policy concentrability coefficient, which is the supreme of concentrability
coefficient over all possible policies.

Definition 1 (All-policy concentrability coefficient) Let 11 denote the set of all non-stationary
policies in the MDP M. Then, we define the all-policy concentrability coefficient of M w.r.t. an
offline distribution 1 as:

di (x,a
C(M,p) = sup max max M
well he[H] weXy.acd pup, (2, a)

3)

2.2.2. FUNCTION APPROXIMATION

The learner is given a function set F that consists of functions of the form X x A — [-1,1]. We
make the following realizability assumption that the Q-function belongs to the function class F.

Assumption 1 (Realizability) We have Q™ € F.

Under value function realizability and provided an offline data distribution g, a common goal for
offline policy evaluation is to design an algorithm that achieves (1) with probability at least 1 — ¢
using only poly(log|F|, H,1/s, /e, C(M, 1)) samples. In the following sections, we argue that this
is impossible, unless we replace concentrability coefficient C(M, p1) with aggregated concentrability
coefficient C. (M, ®, i1, 7. ) (of the evaluation policy), where ® is the state aggregation scheme that
aggregates indistinguishable states under F (see Section 3 for details).

2.2.3. OFFLINE PoLICY EVALUATION PROBLEM

An Offline Policy Evaluation (OPE) problem g is given by a tuple (M, e, i1, F) where M denotes
the underlying MDP, p denotes the offline data distribution, 7, denotes the evaluation policy, and F
denotes a state-action value function class. Given an OPE instance g and a parameter € > 0, the goal
of the learner is to estimate the value of the policy 7, in the MDP M upto precision €, in expectation,
by only relying on samples drawn from the offline distribution .

We say that the OPE problem g is realizable if Q™ (-; M) € F. Furthermore, whenever i is
admissible and there exists a policy m, such that pj = d;l”’ for all h < H, we often denote the OPE
problem as g = (M, e, 7, F). Finally, in the case of trajectory data, we still use the notation
g = (M, 7, m, F) to denote the OPE problem but explicitly clarify, whenever invoked, that the
learner now has access to complete trajectories sampled using 7y,

3. State Aggregation in Offline RL

We start by considering the offline policy evaluation problem with general offline data, and introduce
useful tools and notation for our main lower bounds for admissible and trajectory data, and our upper
bound, in the following sections.

There is a rich literature on understanding the right structural assumptions for offline RL with
general offline data. For a warm-up, when the underlying MDP is tabular, i.e. has a small number
of states and actions, it is well-known that the concentrability coefficient governs the statistical
complexity of offline policy evaluation. To give some intuition for this claim, and to set the foundation
for what follows, let z* denote the state that maximizes the right-hand side in the definition of the
concentrability coefficient in (2), and for simplicity, suppose that d™ (x*) > . Now, consider two
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scenarios, the first where the MDP has a reward of +1 by taking any action in the state z*, and the
second where the MDP has a reward of —1 by taking any action in x*; in both cases, we assume
zero reward on all other states. Thus, to estimate the value of 7, up to precision ¢, the learner needs
to distinguish between the two scenarios, and the only way to do so is to observe a transition from
x” in the given offline dataset, which requires at least m > C offline samples from p, in
expectation. To conclude, in tabular MDPs, the learner can explicitly keep track of different states
in the MDP, and use the corresponding transition and reward behavior on these states to evaluate
Te, and thus the worst case scenarios for offline policy evaluation is when the offline data does not
provide enough information about the parts of the MDP where 7, has high visitation probability,
and thus concentrability coefficient governs the statistical complexity.

The offline policy evaluation problem unfortunately becomes more challenging when the MDP
has a large state space and the learner has to rely on function approximation. For this regime,
previous works by Xie and Jiang (2021) and Foster et al. (2022) hint that the difficulty of offline
policy evaluation comes from the hardness of distinguishing states that have different transition
behaviors but the same values. Recall that every piece of data in the offline dataset is of the form
(z,a,r,2"). If 21 and x5 are two states appearing in the dataset such that F does not provide
any information to distinguish them, i.e., f(x1,-) = f(x2,-) for all f € F, then the learner has
no guidance from F whether they are essentially the same state or not in terms of their rewards
or dynamics behavior. There are also no clues from other parts of the dataset, since with high
probability, every state only appears at most once in the dataset due to the large state space. Under
such a challenging scenario, intuitively, the best the learner can do is to aggregate these two states
together and treat them as the same item, to get the most out of the offline dataset and the given value
function class. This algorithmic idea of “aggregation” is precisely what is used in the BVFTalgorithm
of Xie and Jiang (2021). In this following section, we formalize the argument that aggregating
indistinguishable states is indeed the best the learner can do by showing a general lower bound in
terms of aggregated concentrability coefficient. To establish our lower bound, in the next section, we
formally define the notion of state aggregation and aggregated concentrability coefficient.

3.1. Aggregated Concentrability Coefficient

Over a given state space X = XjU---uXy, we can define a state aggregation scheme ® = ®1U---Ud g
as below. For any h, @, defines a partition of A}, so that the following hold:

1) Every element ¢ € @y, is a subset of A};
2) The subsets are disjoint, i.e., ¢ N ¢’ = @ for all ¢, @' € Pp;
3) The subsets cover A}, i.e., Ugew, ¢ = X

An aggregated Markov Transition Model M is defined via a underlying Markov Transition Model
M = (X, A,T, H,p), state aggregation schemes ®;,, and offline data distributions pj, : X, x A = Ry
for 1 < h < H - 1. We write M = (M, ®, 11). The aggregated transition dynamics for a policy 7 is
defined by

_ ZJ?E¢ Zx’eqﬁ’ ZaeAﬁ(a ‘ .’IJ),U,}L(JI, a)T('T/ ‘ €, a)

4
S Saa 7] @)un(z,a) @

T(¢'| ¢, m; M)

6
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for ¢ € @y, ¢’ € ®j1. The aggregated occupancy measure for a policy 7 is defined as
I (65 M) = E[l{cbh = ¢} ‘ ¢1 ~ p(-), Giv1 ~ T (-] diym; M), ¥1<i<h-1],

where the initial distribution p is defined as p(¢) = ¥ ;e p().

Notice that in general, it may not be meaningful to define aggregated transitions with respect to
actions, i.e., T(¢' | ¢, a; M). This is because states in the same aggregation may not even share the
same action space. However, in the special case where states within the same aggregation share the
same action space, the quantity T'(¢' | ¢, a; M) can be defined, which could be useful in simplifying
the notation. We use this notation in our lower bound proof (Appendix D).

Definition 2 (Aggregated Concentrability Coefficient) For an aggregated MDP M = (M, ®, ;1)
with underlying MDP M, aggregation scheme ®, and offline distribution p, we define the aggregated
concentrability coefficient C.(M, @, u, wo) for policy 7o as

_ dre -
Ce(M, D, p,m) = mf?xmif}x{ oz 4y () Zcdy,, Y. dpe(¢) 2 5}.

Y peT Laep Mn (T, Te(T)) beT

The aggregated concentrability coefficient is analogous to the standard concentrability coefficient
defined in (2), but now under the aggregated transition model. The reason why the sum of aggregated
occupancy measure is restricted to be at least £ above is because those ¢ with extremely small
occupancy can be fully ignored during the policy evaluation process, while making no impact in the
estimation error even if the above ratio is large.

3.2. A General Lower Bound in Terms of Aggregated Concentrability Coefficient

We now have all the necessary tools to state our first lower bound. The following theorem provides
a general reduction that lifts any given instance of a Markov Transition Model, evaluation policy,
offline data distribution, and aggregation scheme into a class of offline policy evaluation problems,
and provides a statistical lower bound for offline policy evaluation for this class in terms of the
aggregated concentrability coefficient.

Theorem 3 Let ¢ € (0,1), M be a Markov Transition Model, ® be an aggregation scheme over
the states of M, we be a deterministic evaluation policy in M such that for any aggregation ¢ € ®
and states x,z' € ¢ it holds that 7o(x) = we(x"), and p be a general offline data distribution with
all-policy concentrability coefficient C(M, 1) and aggregated concentrability coefficient w.r.t. o as
C.(M,®, p, 7). Then, there exists a class & of realizable OPE problems such that for every OPE
problem g = OPE(M® 7@ (@ F@®) in &,

(a) The function class F'® satisfies Q™ (-; M @) € F@ (Assumption 1), and |F®| = 2.

(b) Any pair of states x,x' that belong to the same aggregation ¢ € ® satisfy f(x,-) = f(z',-) for
all f € FO.

(¢) The all-policy concentrability coefficient C(M® | 1,®) = ©(C(M, p)).
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Furthermore, any offline policy evaluation algorithm that guarantees to estimate the value of . in
the MDP M9 up to precision ¢, in expectation, for every OPE problem g € & must use

Q(C€(M7¢)mu77re))
IS

offline samples from u® in some OPE problem g € ®.

The proof of Theorem 3 is deferred to Appendix D. In the proof, instead of directly using the
given MTM M to construct the class &, we construct Block MDPs {M @} s with latent state
dynamics given by M (with three additional new latent states per layer). As shown in the appendix,
this reduction ensures that the all-policy concentrability remains unchanged. Furthermore, we note
that the function class F® and the evaluation policy 7. ® are the same for all instances g € G, and
that the aggregated concentrability coefficient in M@ is ©(C. (M, ®, u, 7)) (see Proposition 24).
We also have the following property.

Property 1 In the construction in Theorem 3, if the offline distribution p is admissible for the

Markov Transition Model M, then for every OPE problem g € &, the offline distribution u'® is also
admissible for the corresponding MDP M@,

3.3. Can Aggregated Concentrability be larger than All-Policy Concentrability?

h=1 h=2 h=3 h=H
T
5

Y

[ ] [ ] [ ] A
. ¢IEII]

.

2
o oy

Figure 1: Markov Transition Model and aggregation scheme used in Example 1. The blue arrows
represent the transitions under action a,, and the red arrows represent the transitions under
az.

Theorem 3 indicates that the sample complexity of offline policy evaluation (with general data)
grows with the aggregated concentrability coefficient C.(M, ®, i, 7. ) instead of the all-policy
concentrability coefficient C(M, 11). Given this lower bound, one may wonder how large can the
aggregated concentrability be in comparison to the all-policy concentrability. In this section, we will
demonstrate via an example that the gap could indeed be exponential.

Example 1 Consider the example represented in Figure 1 where
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Figure 2: Dynamics for policy 7. in the aggregated MDP M in Example 1, where pj,
T((b&ﬂl | <;5£L1],7re;M). As shown in the appendix Lemma 33, p; > % for all 1
h<H-1.

IN

e Markov Transition Model M consists of three states {z}}, 21* 2}*'} in each layer h € [H],

and two actions A = {a,,as}. The initial distribution p (denoted by the solid green arrows) is
defined such that p(z}"') = (H-1)f2m, p(2{?) = 120 and p(z") = 1/-.

The transition dynamics are identical for every layer h € [H — 1], and is defined such that on
taking action a, the agent transitions deterministically according to the solid blue arrows, and
on taking action a,, the agent transitions stochastically according to the dotted red arrows.

e For every h € [H], the aggregation scheme ®;, = {(;SE:], gbf]} with the aggregation <I>£L1] =
{x%], xf]} and qﬁf] = {xf]} The aggregated states are denoted by rectangular blocks.

e The offline distribution . é's the occupancy measure of an offline policy m, defined such
that mp(x) = %6((11) + %6(%) for all x € X, and the evaluation policy m, such that
me(x) =0(ay) forall x € X.

Proposition 4 For ¢ < 1/15, the Markov Transition Model M, aggregation scheme ®, evaluation
policy me and offline distribution p given in Example 1, the all-policy concentrability coefficient
C(M, 1) = O(H?), whereas the aggregated concentrability coefficient C.(M, ®, p, we) = Q(217).

We now give a sketch for the proof of Proposition 4, with the full details deferred to Appendix E.
We first calculate the upper bound on the all-policy concentrability coefficient. First, we argue that
forh >3, dp°(wp) = 1if 2y, = xf] and 0 otherwise. This can be easily observed from the transition
of me (blue arrow) in Figure 1—following the blue arrow, the policy must stay in xf] for h > 3.
Next, we lower bound the state occupancy under 7. We claim that

1 1 1
oy [1] T 2] s [3]
dhb({lih )29(27), dhb(l‘h )ZQ(W)7 and dhb(.'lfh )25 (5)
The third inequality in (5) is easy to see since the occupancy on xf] is non-decreasing w.r.t. h
under any policy (Figure 1). To see the first two inequalities in (5), notice that since 7, chooses

az with probability 1 - % and ay carries % of the weights from x%] to xﬂl (depicted by the red

arrow in Figure 1), we have d" (mg]) > p(ac[lu (3(1- #))h_1 = Q(Qih) Similarly, de(a:f]) >
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p(a:[lz] )(l(l - %)) Q( ok ) With the calculation above and the fact that wegaizg < H?, we

< O(H?). Similarly, we can show that the concentrability

conclude that C < H? maxj, max, Zwb Bh
coefficient is also bounded for other policies (thus giving all policy concentrability).

We now proceed to the lower bound on aggregated concentrability coefficient of 7. From (4),
we know that the aggregated dynamic for 7., shown in Figure 2, is constructed by reweighting
the transition in the original transition model using d™(-). Since 7, takes action as with large

[1

probability, and a2 does not change the relative weight Zngfg (see Figure 1), it can be shown that
h

d7b (] [1]
ngﬁ > i) = M2 forall h. This gives
h 1

_dy ) 1 (@) - ()
dye (zl) + d (217) T2

DPh - _T(¢h+1|¢h7 e) —

(1] (1]

where the factors of 1 and 1/2 are the probablhty of transitioning to ¢; ., from x; * and z h2 following

me. This further 1mphes al”‘e (cbh )25 ( H;Q) On the other hand, using a similar argument as for

(5), we have d’r” (ng 5 ) < 5i. These two bounds together imply that the aggregated concentrability is
20(H),

4. Main Lower Bounds for Offline Policy Evaluation
4.1. Admissible Data

Example 1 provides an instance of a Markov Transition Model, aggregation scheme, evaluation policy
and offline distribution for which the all-policy concentrability is O(H?) whereas the aggregated
concentrated is 2°2(1) Since the offline distribution w in Example 1 is the occupancy measure d™™
for the policy 7y, plugging Example 1 in Theorem 3 implies the following lower bound for offline
policy evaluation with admissible offline data.

Theorem 5 Let € < 1/15, and horizon H > 1. Then, there exits a class & spy of realizable OPE
problems, such that for every OPE problem g = (M@ 1, p® F®) € & ,py, the all policy
concentrability coefficient w.r.t. u® is O(H?), the offline distribution 11 is admissible for the MDP
M®, and |]:(9)| =92

Furthermore, any offline policy evaluation algorithm that guarantees to estimate the value of
7e'® in the MDP M9 up to precision €, in expectation, for every OPE problem g € & ypy must use
oSU(H) offline samples in some g € & py.

The construction of the class & ,py, and the proof of Theorem 5, are deferred to Appendix E. We
remark that in all the OPE problem instances g € & spy, the corresponding MDPs M (® share the
same action space A = {a1, a2} (binary actions), state space X’ and horizon H, however, the transition
dynamics, reward function and initial distribution could change with the instance. Furthermore, the
policy 7.(® and the state-action value function class F® are also same across all instances g € &py.

Our lower bound in Theorem 5 considers admissible offline data distributions, where for any

@ (+; M®), and the offline algorithm
@ rpy ~ 1@ (2, ap,)

instance g € & ,py and h < H, the offline distribution u(”) d’rb
can draw samples of the form (zp,, an, 7, 2p11) from the process (xp,ap) ~ i,

10
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and xp,41 ~ T (- | zp,ap). Thus, Theorem 5 strengthens over the results of Foster et al. (2022), in
which the offline data distribution is not equal to the occupancy measure of a single policy.

Having shown that bounded concentrability coefficient and realizability alone are not suffi-
cient for statistically efficient offline policy evaluation, even if the offline distribution u; = dzb
is admissible, we now ask what happens if the learner has access to complete offline trajectories
(1,a1,71,82,...,7H, Sy ) sampled using . Unfortunately, for this scenario, the result of Theo-
rem 5 no longer holds. This is because the reduction in Theorem 3, which is a key tool in the proof
of Theorem 5, does not prevent from leaking additional information when the learner has access to
trajectories of length more than 2. In particular, by looking at the conditional distributions of 3 after
fixing actions a1 and as for the first two timesteps in that construction (which can be computed when
given trajectory data that covers the first two timesteps), the learner can infer the value of 7, in the
underlying MDP. In the next section, we develop additional tools to handle trajectory data.

4.2. Trajectory Data

In many real world applications, the offline dataset is collected by sampling trajectories of the form
(z1,a1,71,22,...,xH,a,ry) and it remains to address whether access to the entire H-length
trajectory instead of just the tuples (z,a,r, z") can allow the learner to circumvent the challenges
introduced in previous subsections. In fact, Foster et al. (2022) left it as an open problem whether
access to trajectory data can make offline RL statistically tractable. In this section, we answer this
in the negative and show that in the worst case, access to trajectory data does not overcome the
statistical inefficiencies of offline RL with just bounded concentrability coefficient and realizability.

Theorem 6 Let € < 1/15, and horizon H > 1. Then, there exits a class &g,y of realizable OPE
problems, such that for every OPE problem g = (M@ 1,® 7,(® F®) € Brpyp,, the learner has
access to offline trajectories sampled using m,'®, the all-policy concentrability coefficient w.r.t. m,®
is O(H®), and | F®| = 2.

Furthermore, any offline policy evaluation algorithm that estimates the value of 7,'® in the MDP
M@ up to precision /(16 H), in expectation, for every OPE problem g € ®gx; must use 221
offline trajectories in some g € Brray.

While the full proof is deferred to Appendix F, we present the main ideas and the key tools below.
The primary reason why the lower bound from Theorem 5 does not hold under trajectory data is that
access to trajectories spanning more than two timesteps in the underlying MDPs in that construction
leaks additional information, which can be exploited by the learner to evaluate 7. In particular,
given trajectory data, the learner can compute the marginal distribution over xj,o given actions ay,
and ap.1, for h < H — 2, which can be used to identify the underlying instance in the class & spy
and thus compute 7. Our key insight in the proof is to fix this problem of information leakage by
introducing a general-purpose reduction from offline RL with admissible data to offline RL with
trajectory data, which may be of independent interest. This reduction is obtained by using two new
protocols called (a) the REPLICATOR protocol, and (b) the ADMISSIBLE-TO-TRAJECTORY protocol,
which we describe below.

REPLICATOR: Given in Algorithm 1 in the appendix, the REPLICATOR protocol takes as input a
realizable OPE problem g = (M, 7y, me, F ) where the MDP M has horizon H, and a parameter K,
and converts it into another realizable OPE problem § = (M, 7, T, F) where the new MDP M has
horizon H = (H - 1)K + 1. We require that REPLICATOR satisfies the following property.

11
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o@ o0 o &
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Figure 3: Lower bound construction for the proof of Theorem 57. For each h € [ H], the correspond-
ing block denotes the K layers that are obtained using REPLICATOR by replicating the
h-th layer in the given MDP M for K many times. The solid red arrows represent the
transitions under the action a,, the dotted blue arrows represent the transitions under the
a, (under which we resample from the admissible distribution (), the solid green arrows
denote the transitions according to the original MDP M.

Property 2 (Informal; Formal version in Lemma 37) The realizable OPE problem§ < REPLICATOR (g, K)
satisfies the following:
d%tﬂ'

Ea

h

< (HK)-sup, sups<g

o0

L. . dy
(a) Concentrability coefficient supz supy;_ fl‘ =
B h

(b) The value of the policy T in M is equal to the value of e in M.

Our construction of REPLICATOR essentially replicates each layer in the given MDP M for
K times (except for the last layer); see Figure 3 for illustration. In the following, we call these
replicated layers as sub-layers. We first define the transition function. For the last sub-layer (i.e.,
for k = K) of each layer h < H — 1, the transition is exactly the same as that in the MDP from
layer h to h + 1 (denoted by the green arrows in Figure 3). For other sublayers with k < K, the
transitions are designed such that: if the action a, is taken, then the state transitions to the same state
in the next sub-layer (red arrows in Figure 3); and if the action a, is taken, the next state is sampled
independently from the offline data distribution 415, = d}" (blue arrows in Figure 3). Furthermore, the
evaluation policy 7. in the new MDP is the same as 7., and takes action a, on all states The offline
policy 7 is set as 7, for the last sub-layer (i.e. £ = K), and is set as %(5a1 + dq, ) for the intermediate
sub-layers with k < K — 1.

The rationale behind this design is that since 7, = %(6(11 + g, ), for each h, with probability
1 — 275+1 the offline policy will choose a, at least once in sub-layers k = 1,..., K — 1. If a, is
chosen at least once, then the state distribution at k£ = K is equal to pp = d"™ and independent
from all previous layers 1,...,h — 1. As long as K is large enough, this happens with very high
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probability, which makes the offline data distribution at sub-layer k£ = K resemble admissible data
with distribution py, = dzb, even when the data is actually a complete trajectory. It can be shown that
this conversion preserves the all-policy concentrability coefficient up to an (H K') factor.

ADMISSIBLE-TO-TRAJECTORY: Given in Algorithm 2 in the appendix, this protocol takes
as input K tuples of the form (xp,ap, s, xp1) sampled from an admissible offline distribution
b = d;l”’ , for every h € [H], and returns a trajectory 7 of length Hin M. We require that
ADMISSIBLE-TO-TRAJECTORY satisfies the following property.

Property 3 (Informal; Formal version in Lemma 38) For a large class of offline policies my, the
distribution of trajectory T, constructed by ADMISSIBLE-TO-TRAJECTORY using offline data tuples
from d™, is close to the distribution of trajectories 7' obtained using 7y, in M.

The idea of ADMISSIBLE-TO-TRAJECTORY is straightforward: We already argue that REPLI-
CATOR can simulate admissible data using trajectory data. Hence, with a reverse process, given an
admissible dataset, we can create a new trajectory dataset in a new MDP that simulates the original
admissible dataset.

With the above two protocols, the reduction of offline RL with admissible data to trajectory
data is straightforward and is stated in Algorithm 3 in the appendix. At a high level, given a
realizable OPE problem g with admissible offline distribution d™®, for some large enough K, we
use the REPLICATOR protocol to create a realizable OPE problem § and use the ADMISSIBLE-TO-
TRAJECTORY protocol to generate trajectory data corresponding to 73, in M. Since, Property 2-(a)
implies that the concentrability coefficient stays bounded and Property 2-(b) implies that the value
to be evaluated remains unchanged, the above reduction provides a way to solve offline RL with
admissible data by invoking an offline algorithm that requires trajectory data. Thus, if trajectory
data with bounded concentrability coefficient is tractable, then so is admissible data by leveraging
Algorithm 3, which contradicts Theorem 5. This implies that offline RL with trajectory data must
also be statistically inefficient. The formal proof is deferred to Appendix F.

S. Upper Bound

Our lower bounds show that the worst-case sample complexity of offline policy evaluation grows
with the aggregated concentrability. In this section, we complement our lower bounds with an upper
bound of the form poly(C, H,e7!,log | F|). Taken together, the lower and upper bound suggest that
aggregated concentrability, but not the all-policy concentrability, characterize the worst-case sample
complexity of offline policy evaluation with value function approximation.

Theorem 7 Let ¢ > 0, F be a state-action value function class that satisfies Assumption I, e be an
evaluation policy and . be an offline (general) data distribution. Then, Algorithm 4 (a adaptation
of the BVFTalgorithm of Xie and Jiang (2021)) returns a V such that ‘EINP[V”‘?(:U) - ‘7]‘ =0 (¢e)
after collecting

n:o(C'H“lZf(lfl/é))

many (offline) samples from p, where C := maxy, yrer 552/H2(M, O(f, ), p,me) and O(f, ') is
the state aggregation scheme determined by f, ' € F (see Definition 42 for the precise definition).
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The proof of Theorem 7 is deferred to Appendix G, wherein we also provide a generalization of
this result that accounts for misspecification error in Assumption 1, and an upper bound for a slightly
more challenging scenario where the learner only has access to the state value function class (instead
of the state-action value function class). Note that the upper bound depends on the aggregations
scheme ®( f, /). The appearance of such an aggregation scheme in the upper bound is not surprising.
In our lower bound in Theorem 3, while ® is given as an input, the corresponding value function
class F constructed for the class & satisfies that ®(f, f’) = ® (see item-(b) in Theorem 3).

Algorithm 4 is an adaptation of the BVFTalgorithm (Xie and Jiang, 2021) for offline policy
evaluation. At a high-level, the key idea in the algorithm is to solve a minimax problem (with the
objective determined by Bellman error) over pairs (f, f') € F x F, where for each pair, the algorithm
creates a “tabular problem” by aggregating states with the same (f(z), f'(z)) value, and estimates
the Bellman error for this tabular problem. Intuitively, this is probably the best the learner can do,
since besides the value of (f(x)) er, the learner has no other ways to distinguish states in the large
state space. Thus, due to aggregation, the upper bounds depends on aggregated concentrability
coefficeint rather than the all-policy concentrability coefficient.

We remark that while Xie and Jiang (2021) do not present their upper bound in terms of the
aggregated concentrability, this quantity already appears in their analysis (see Appendix C in Xie and
Jiang (2021)). However, their final bound is represented with a stronger version of concentrability
coefficient Cu¢ (pushforward concentrability coefficient, formally defined in Definition 8 in the
appendix). It is straightforward to show C < Cpr (Lemma 55). Our analysis follows theirs, but along
the way does not relax Cto Cor.

6. Conclusion

Our paper considers the problem of offline policy evaluation with value function approximation,
where the function class does not satisfy Bellman completeness, and shows that its sample complexity
is characterized by the aggregated concentrability coefficient—a notion of distribution mismatch in an
aggregated MDP obtained by clubbing together transitions from the states that have indistinguishable
value functions under the given value function class (formal details in Section 3). We provide an
example of an MDP where the aggregated concentrability coefficient could be exponentially larger
than the (all-policy) concentrability coefficient, using which we conclude that statistically efficient
offline policy evaluation is not possible with bounded concentrability coefficient even if we assume
access to trajectory data. This result thus highlights the necessity for further research into designing
more effective strategies for dealing with the complexities inherent in offline reinforcement learning
environments. Further discussion of our results and related works are given in Appendix A and
Appendix B respectively.
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Appendix A. Discussion

Could the Aggregated Concentrability be Smaller Than the Standard Concentrability? In
Section 3.3, we demonstrated via an example that the aggregated concentrability can be exponentially
larger than the standard concentrability. However, it is also quite easy to come up with situations
where the aggregated concentrability is actually smaller than the standard one. For example, suppose
the aggregations scheme ®;, = {¢y, } with ¢p, = X}, i.e. all states belong to a single aggregation. Here,
the aggregated concentrability coefficient is exactly 1 since each layer has only one aggregation,
whereas the standard concentrability coefficient could be arbitrary.

Gap Between Upper and Lower Bounds in terms of Dependence on c. The sample complexity
in our upper bound (Theorem 7) scales with 5% instead of the more common 6% This is similar
to Xie and Jiang (2021) and is because we divide the state space into O(e%) aggregations, each of
which consists of states having the same value functions up to an accuracy . On the other hand, our
lower bound has a Q(%) dependence instead of the more common Q(a%) Improving the dependence
on ¢ in either the upper or lower bounds is an interesting future research direction.

Connections to Other Notations of Concentrability. Various other notions of concentrability like
pushforward concentrability Cpy, and action concentrability C 4 Definition 8 are considered in the
literature (Xie and Jiang, 2021). We show that C < Cpr (Lemma 55) and C<(C A)H (Lemma 56).
Note that the sample complexity bound of O((C ) ) is also what we get by using importance
sampling to perform offline policy evaluation.

Role of Realizable Value Function Class in Offline RL. In this paper, we considered the realizable
setting (Assumption 1) where the learner has access to a value function class that contains Q”°, and
showed that the statistical complexity of offline policy evaluation is governed by the aggregated
concentrability coefficient for the aggregation scheme induced by the given function class. However,
how important is this access to the value function class? In particular, is statistically efficient
offline RL feasible in the agnostic setting where the learner does not have any value function class?
Unfortunately, as we show in Appendix H, agnostic offline policy evaluation is not statistically
tractable in the worst case even when the learner is given trajectory offline data that has bounded
pushforward concentrability coefficient (From Lemma 55 recall that this implies bounded aggregated
concentrability coefficient for any aggregation scheme). Hence, further structural assumptions on
the underlying MDP or the policies are needed for tractable learning. Sekhari et al. (2021); Jia et al.
(2024) explored some structural assumptions that enable agnostic learning in the online RL setting,
and extending their work to the offline setting is an interesting future research direction.

How to Benefit from Trajectory Offline Data? Our work indicates that in the worst-case, trajec-
tory offline data provides no additional statistical benefit over General or Admissible offline data
in the standard offline RL setting with value function approximation and bounded concentrability
coefficient. But not all MDPs are the worst-case. Can we expect some instance-dependent benefit
from access to trajectory data in offline RL.? Alternately, can we make further assumptions on the
underlying MDP or the value function classes, that are benign enough to capture real-world scenarios,
but allow the learner to better exploit trajectory data. Furthermore, it is also interesting to study
whether we can get statistical or computational improvements under trajectory data when the Bellman
Completeness property holds.
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Appendix B. Related Works

Offline RL is challenging due to lack of direct interaction with the environment. Existing theoretical
works that provide polynomial sample complexity guarantees often rely on multiple assumptions to
be satisfied simultaneously. Specifically, in the realm of value function approximation, three pivotal
assumptions stand out: (value function) realizability, concentrability, and Bellman completeness
(i.e. Tpfns1 c Fp forall fryq1 € Frye1). The first two assumptions can be further categorized into
single-policy concentrability (i.e., only the target policy has bounded concentrability) and all-policy
concentrability (all policies in the MDP have bounded concentrability).

Bellman Completeness. If Bellman completeness holds, either all-policy realizability with single-
policy concentrability (Xie et al., 2021) or single-policy realizability with all-policy concentrability
(Chen and Jiang, 2019) can guarantee polynomial sample complexity for policy optimization. Further-
more, other classical algorithms like Fitted Q-Iteration (FQI) (Munos, 2003; Munos and Szepesvari,
2008; Antos et al., 2008) are proved to have finite sample guarantee in terms of concentrability. The
Bellman completeness assumption, however, is deemed rather undesirable because it is non-monotone
in the function class and thus may be severely violated when a rich function class is used. Several
efforts have been made to remove this assumption, though all requiring new assumptions: Xie and
Jiang (2021) showed that if a stronger version of concentrability, called pushforward concentrability,
holds, then with only single-policy realizability, polynomial sample complexity can be achieved
without Bellman completeness. Xie and Jiang (2020), Zhan et al. (2022), and Ozdaglar et al. (2023)
introduced the notion of density-ratio realizability (different from value function realizability), and
showed that this along with single-policy realizability and single-policy concentrability ensures
polynomial sample complexity. Zanette (2023) relaxed Bellman completeness to the notion of
B-incompleteness where Bellman completeness corresponds to 3 = 0. He proved that 5 < 1 along
with realizability and concentrability admits polynomial sample complexity for policy evaluation.

The question of whether just realizability and concentrability alone are sufficient for sample efficient
offline RL remained open until the work of Foster et al. (2022), who answered this in the negative.
They gave two examples where polynomial samples is insufficient even with all-policy realizability
and all-policy concentrability. However, their lower bounds heavily rely on the offline data distribu-
tion being non-admissible, leaving the admissible and the trajectory cases open (see definitions and
comparison in Section 2.2).

Further works on offline RL include Liu et al. (2018); Uehara et al. (2020, 2021) that focus on policy
evaluation, and Zhan et al. (2022); Huang and Jiang (2022); Chen and Jiang (2022); Rashidinejad
et al. (2022); Ozdaglar et al. (2023) that focus on policy optimization.

Other Lower Bounds in Offline RL. There is another line of works showing exponential lower
bound / impossibility results for offline policy evaluation with linear function approximation, but with
concentrability replaced by other weaker notions of coverage (Wang et al., 2020; Amortila et al., 2020;
Zanette, 2021), e.g. the linear coverability assumption that Amin (E(s q)~,¢(s,a)¢(s,a)”) > 1/d.
However, their alternate assumptions do not imply concentrability; Furthermore, these prior works
also do not consider trajectory data, as in our results. More positive results can be found in the
literature of model-based approaches, for which we refer the reader to Uehara and Sun (2021) and
the related works therin.
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Online RL. In online RL, while value function realizability and Bellman completeness is still a
common assumption, the bounded concentrability coefficient assumption can be replaced by some
low rank structure on the Bellman error or its estimator (Jiang et al., 2017; Zanette et al., 2020;
Du et al., 2021; Jin et al., 2021), which allow for efficient exploration. Recently, Xie et al. (2022)
identified a new structural assumption called coverability which resembles all-policy concentrability
and ensures polynomial sample complexity when combined with Bellman completeness. There have
been various works in online RL that attempt to relax the Bellman completeness assumption by
instead assuming density ratio realizability Amortila et al. (2024), occupancy realizability Huang
et al. (2023). Additionally, Krishnamurthy et al. (2016); Du et al. (2019); Misra et al. (2020); Zhang
et al. (2022); Mhammedi et al. (2023), focus on the simpler setting of block MDPs (which is a special
case of density ratio realizability). It is an interesting direction to further unify the common notions
used in online and offline RL.

Appendix C. Additional Definitions and Notation
In this section, we provide additional definitions and notations used in the appendix.

Definition 8 (Pushforward Concentrability Coefficient and Action Concentrability Coefficient; Xie and Jiang (20
For a distribution 11 € A(X x A), if we further assume that

(a) There exists some C 4 > 0 such that i(a | ) > 1/C4 for any x € X,a € A,

(b) There exists some Cyx > 0 such that the transition model satisfies T(z' | z,a)/pu(z") < Cy,
and the initial distribution p satisfies p(x)/p(x) < Cx forany x,2" € X, a € A,

then we say that the MDP'’s pushforward concentrability coefficient with respect to jiis Cpr = CxCo4,
and the MDP’s action concentrability coefficient with respect to p is C 4.

Aggregated Transitions with Actions. We further define the aggregated transitions with actions:

Z;veqﬁ Za:’eqﬁ’ ,u(x, a)T(ac’ | €T, a)
Zaced) u(:v,a)

T(¢" | p,a; M) := ©6)

Notice that when 7(z) = d,(+), i.e. 7 takes action a with probability 1 at all states, T'(¢' | ¢, a; M)
in (6) agrees with T'(¢’ | ¢, 7; M) in (4).

Definition 9 (Block MDP; Du et al. (2019); Misra et al. (2020)) A block MDP is defined on top
of a latent MDP M = (Z, A, T,r, H, p), a rich observation state space X (partitioned into disjoint
blocks X, for each latent state z), a decoder function & and a conditional distribution q(- | z) €
A(AX,). The block MDP M = (X, A, T,# H,p) withT(z | z,a) = q(z" | £(z"))T(£(2") | £(x),a),
#(x,a) =r(&(x),a) and p(x) = p(§(x))q(x | £(x)).

Definition 10 (17 -function of OPE problems) Given an OPE problem (M, ji, 7we, F), the W -
Sfunction: W™ (:;u, M) : [H] — R is defined as

W7 (hyp, M) = . pn(2,me(2)) Q) (2, me(2); M). %)

ZEZh

Whenever clear from the context, the dependence on me, 1w and M will be ignored.
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Additional Notation. For n € N, we write [n] = {1,...,n}. For a countable set S, we write
A(S) for the set of probability distributions on S. For any function v : X x 4 — R and distribution
p € A(X x A), we define the norms |[u1,, = E(5 q)~pl[u(z,a)|] and |ul2,, = \/E(La)Np[uQ(x, a)].
For a distribution P € A(X'), we define the cross product of P®" to be a distribution over X such
that P®"((x1, -, x,)) = [1iv P(;), where z; € X. We use Dy (p,¢) and D, 2(p|q) to denote the
TV distance and x2-divergence between two distribution p and ¢. Unless explicitly specified, any
log is a natural logarithm.

Appendix D. Proof of Theorem 3

Suppose we are given the Markov Transition Model MTM) M = (Z,A, T, H, p), and a distribution
uover Z x A. ® is an aggregated scheme so that every z € Z belongs to exact one of ¢ € ®, written
as z € ¢ (also all the latent states in ¢ should be at the same layer). We further define the aggregated
function ¢ : Z — ®, where for any z € ¢,

((z)=¢ ®)

In the proof we will construct two class of offline policy evaluation (OPE) problems & and &
from the given MDP M and distribution p. And we will prove Theorem 3 by showing that there
exists an OPE problem in & = ™ u &® that requires {2(C/e) number of samples for each layers
to achieve accuracy 1/2. The constructive proof is divided into three parts:

(i) Construct aggregated MDPs M ™ and M ® according to M and & such that the concentrability
coefficients of M and M ® are of order C (Section D.2).

(i) Construct two OPE problems g = (M® ' 7., F) and g® = (M®,u', 7e, F) (Sec-
tion D.3), where MDP M and M are obtained by adding three states uy,, vy, and wy, in
each layers. Distribution y’ is obtained from p after rearranging some probability to uy,, vy,
and vj,. And we can show that the concentrability coefficients of M and M can translate

to the ratio between difference of value functions and difference of rewards between M and
M®,

(iii) Construct two class of OPE problems & and &® by lifting OPE problems g’ and g®
into rich observations (Section D.4).

D.1. Construction Sketch

Suppose we are given an arbitrary Markov Transition Model M with state space Z, transition
dynamics 7' and initial distribution p, any offline data distribution y, and any state aggregation
scheme & (see Figure 4(a)). Let Z and h* denote the set of aggregations and horizon that attain the
maximum for C. (M, ®, j1, w,) given in Definition 2. In Figure 4(a), T is represented with the bold
rectangle (for simplicity, in Figure 4, Z only includes a single aggregation that contains a single
latent state z*, but in general Z may include multiple aggregations each with multiple latent states).
Based on M, we will construct two MDPs M (with transitions 7'V and reward V) and M
(with transitions 7' and reward r®), and will argue that it is difficult for the learner to tell them
apart when the MDPs are lifted to block MDPs.
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(a) Given Markov Transition Model M and (b) Augmented Markov Transition Model
aggregation scheme ®. M’ and aggregation scheme ®’.
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h=H
(¢) Determine the reward and value functions (d) Determine the value functions induc-
in the layer H. tively assuming Q are already deter-

mined on all layers b’ > h + 1.

Figure 4: Lower bound construction used in the proof sketch of Theorem 3. States are represented
with circles and the corresponding state aggregations are represented with rectangles. We
use the bold rectangle to denote the set of aggregations Z that attains the maximum in the
definition of C.(M, ®, j1, ) (see Definition 2). For simplicity, in the above figure Z only
contains a single aggregation that contains a single latent state z*, while in general Z may
include multiple aggregations each with multiple latent states.

1. Modified Markov Transition Model (MTM) M’ (Section D.3): We construct an MTM M’
with state space Z’ that comprises of the state space Z (corresponding to M) along with three
additional states uy,, vy, wy, on each layer h € [ H] (see Figure 4(b)). The transition dynamics 7"
in the M’ is defined such that
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(a) Each of uy, vy, and wy, deterministically transitions to w1 under any action.
(b) Forany 21,20 € Zand a € A, T' (23 | 21,a) = (1-2/H)T (22 | 21, a). In particular, the
probability of each transition from Zj, to Zj,,1 is decreased by a factor of (1 —2/n).

(c) The remaining 2/H probability mass in 7" is assigned to transitions from Zj, to u,,; and
vp41. These transitions are different for M and M, and will be specified later.

Finally, we also define a new a modified aggregation scheme ®’ that comprises of ® along with
3H more singleton aggregations, each consisting of uy,, vy, wy, for h € [H].

2. Reward functions (Section D.2 and Section D.3): We create reward functions 7 and r®,
for MDPs M and M® respectively, such that non-zero rewards are only given to states in
aggregation Z and to (up, vy, wp) ne[#] (see Figure 4(c)). In particular, we set

o 1V (2,m(2)) = aand r®(z,m.(2)) = —« for any state z € Z, for some properly chosen
constant a.
o r(up,a)=1,7"(vp,a) = -1and 7 (wp,a) =0 forany h e [H] and a € A.
e rV(z,a) =0 forall other z € Z and a € A.
3. Value functions and missing transitions (Section D.2 and Section D.3): We now proceed to
the construction of state-action value functions Q) and Q® for the evaluation policy 7., and

the transition probabilities 7" and T'®, for M and M ® respectively. These quantities are
constructed so as to ensure that:

(a) All states that belong to the same aggregation have the same value in both M and M@,
and are thus indistinguishable via the value functions, i.e. for any aggregation ¢ € ®’, states
21,29 € ¢, and a € A,

Q" (z1,a) = QW (2z2,a) and QP (z1,a) = Q¥ (29,a). 9)

(b) From any aggregation, the probability of transitioning to states uy, (or to states vy,) is same
between M and M@, i.e. forany ¢ € ® and h € [H],

Vae -A> Z Mh(z7 a)T(l)(uh+1 | 2y a) = Z ;U'h(z7 a)T(Q)(uh+1 | Zva)a

zep zep
Vae A, Z pn(z,a) T (vper | 2,0) = Z pn(z,a)T® (vpe1 | 2,0). (10)
zep zep

(c) Forany 21,29 € Z, we have T (25 | 21,a) =T"(22 | 21,a) forall a € A.

Value functions and transitions that satisfy the above constraints are inductively constructed from
time step h = H to 1. Since each of the above constraints is a linear equation, the corresponding
solutions can be obtained by solving a system of linear equations. At a high level, the reason why
we added up,.1 and vp1 — by splitting out some transition probabilities to uy41 and vp,1, and
adjust their differences properly (notice that Q) (up,1,a) = 1 and Q) (vp,1,a) = —1), we can
calibrate the state-action values in ¢, making them all equal.
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Jointly solving (9), (10), and using the condition T (up41 | z,a) + T (vp41 | 2,a) = %, we can
obtain the following solution:

QW (¢a)= 3 T(¢'¢,a)V(¢), (11

¢'e@piq

where Q' (¢, a) is the value of Q™ (2, a) shared by all z € ¢, @1 is the set of aggregations

i 7 / T’ ! . ., . .
on layer h + 1, and T(¢' | ¢,a) = Lse Z§¢ :Zgz(:l) #1296 the aggregated transition. This
is where the aggregated transition comes into the picture. With (11), the argument that the
aggregated transition plays a role in the sample complexity is similar to the argument in the

tabular case as outlined in Section 3. For formal proofs, see Lemma 15(a)-Lemma 15(c¢)

4. Construction of offline distribution ;' (Section D.3): For any z # uy,, vp,, wp, we set uy, (2, a) =
% wn(z,a). Furthermore, for z = uy,, vy, wp,, we define py(z,a) = % This construction ensures
that both C and C remain unchanged up to constant factors in the original M and in the modified
M® and M@, See Lemma 15(d) and Corollary 16 for formal proofs.

5. Lifting to block MDPs (Section D.4): We finally lift M and M to block MDPs where every
state z serves as a latent state invisible to the learner. Instead of observing the latent state z, the
learner only observes a rich observation from the set X corresponding to latent state z.

For the rest of this section, we provide a formal proof for Theorem 3.

D.2. Construction of Aggregated MDPs

We first construct two aggregated MDPs M@ = (&, A, T, 7", H, p) and M®) = (&, A, T,7?, H, p)
of horizon H, whose state space is ¢ and action space is .A. Furthermore, both of them have identical
transition models and initial distributions given by:

e State Space @, and action space A.

e Transition model T is defined as T(¢ | ¢,a) = T(¢p | ¢,a; M), where T(¢ | ¢,a; M) is
given in (4).

o Initial distribution p is defined as p(¢) := ¥,y p(2).

Suppose h* € [H] and set Z c @y« attains the maximum in Definition 2. The reward function of
M® and M® are given by:

¢ Reward function 7 for M (V. We set the reward to be 0 for all states ¢ ¢ Z. Furthermore,
for ¢ € Z, we set the reward to be 0 for actions that would not have been chosen by 7. On the
remaining (¢, a) tuples, we set a non-zero reward given by:

£
2H ¥ yer dys (5 M)

7 (¢, a) = Hopel a=m(e)}

The key intuition in the above choice of reward function is to ensure that only those states-
action contribute to non-zero rewards for which ¢ € Z and a = 7.(¢); Hence, in order to
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receive a non-zero return, any agent in this MDP needs to first find states in Z and then play
action given by 7. on them. The denominator just consists of additional normalizing factors to
ensure that the value is bounded by /2.

e Reward function 7® for M ®. The reward function is similar to 7#*), but with the negative
sign. In particular, we define

r® (¢7 CL) ==

&
2H Y gez diis (¢; M)

Definition 11 (Aggregated MDP) We define aggregated MDPs M® = (@, A, T,7 Y, H, p) and
M® = (®,A,T,7, H,p) as follows: transition model T is defined as T(¢ | ¢,a) = T(¢ |
¢,a; M), where T(¢ | ¢, a; M) is given in (4), reward functions are defined as

HopeZ,a=me(p)}

~(1) _ < ) -

PO = Sy g d (g PO
and,

P2 (¢, a) = - - HpeT,a=m(e)}.

2H 3 per djs (65 M)
Lemma 12 The value functions of M™ and M® satisfies that for any policy w and ¢ € ®,

V(s M) ==V (; M),

Proof of Lemma 12. This lemma is easy to see after noticing that the transitions of M) and M
are the same, while the reward functions of M and M® are of opposite signs. [ |

Lemma 13 The value functions of M and M® satisfies that

V(5 MDY = = AV (5: M®) = -
(5 M) =5y an (5 M) =~
Additionally, for each ¢ € P,
_ _ 1 1 _ _
0<V™(dp; M) < —, ——— <V (p; M) <0. 12
(M) < o~ V(6 M®) (12

Proof of Lemma 13. According to Lemma 12, we only need to prove results for A/ First of all,
we can write the value functions as weighted averages of rewards with occupancy-measure-weights:

Tef=. A (1)) _ (1) e Ny _i
V7T (p; M )—%T (¢77Te(¢))dh*(¢vM)— oOH" (13)

Next, We let 7 to be the set which attains the second maximum in (3) of the definition of Co(M, ).
Then 7 c &y, for some h € [ H], and it also satisfies sz d;s (¢; M) > €, which implies that

1
0<F(pa)S <o, Voedpacd  and  rO(6,a)=0, VofBacd
Hence for any ¢ € @, the sum of rewards along any trajectory which starts from ¢ is always between
0 and 1/2# in M. Therefore we get 0 < Ve (¢p; M) < 1/2H for any ¢ € . [ |
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D.3. Construction of Latent-State MDPs and OPE Problems

Based on M and M®, we next construct two MDPs M ™ and M ® which will be used as latent-
state dynamics for rich observation MDPs that we construct in the next section. For i € {1,2}, we
define

M® =MDP(Z', A, T?,r H, p),
where

o State space Z’ is defined such that 2’ = UL | Z] where, for each h € [H], in addition to the
states in Z},, the set Z;, contains three additional states {uy,, vy, wy, } for all h € [H]. Formally,
Z; = Zp U {up, vp, wp b

The roles of uy, vy, and wy, is to ensure that for every aggregated state ¢ € @, each state z € ¢
has the same value functione; How we achieve this will become clear later when we define the
transition model 7'V

o Initial distribution p is the same as the initial distribution in M (the original MDP that was
used in the construction of M and M ®).

¢ Reward function »” is set as

7TD(¢(2),a) ifzeZy,

. if z =
T(z)(zva): . s
-1 if z =y
0 if z = wy,

for all h € [H |, where ((2) is defined in (8). In particular, we use the same reward in M as
in M@ for the (old) states z € Z, and define new rewards for (newly added) states wup,, vy and
wy,. By definition, the reward r(2’,a) = (2", a) whenever 2’ and 2" belong the same
aggregated state ¢, for all a € A.

e Transition model 7. The transitions are defined such that 7 (2’ | z, a) is proportional to
T(z"| z,a) for tuples (z,a,2") € Z, x A x Z}, that corresponds to transitions amongst (old)
states that were also present in ), and the remaining probability mass is redirected it to new
states {up, U, Wh } pe[ r]- Formally, for 2 € Z, and action a € A, we set

(1 - %) T(z'|z,a) if 2'eZp
[ATO])(2) + 3 if 2 =up
—[ATO)(2) + 4 i 2 =vpa

0 if 2 =wpn

T2 | z,a) = ; (14)

where we defined

[ATO)(2) %( > T v i) -(1-2) ¥ T(z'|z,a>vwe<<<z'>;M“>>).
P'ePpia 2'e€Zp 41

5)
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Furthermore, for any z € {uy,, vy, wp, } and a € A, T? transits to wy,,1 with probability 1, i.e.

. 1 if 2=
T2 | 2,a) = { BoE T (16)

0 otherwise
Intuitively, the above transitions imply that states { wh}he[ ) act as terminal states.

We further define distribution pj, over Z; of layer h € [ H] as follows:

p(2)[2 z € Zp,
()= 1" " (17)
1/6 S {uhvvhawh}‘

Additionally, to be formal, we define 7,(2) = me(2) = ap (an arbitrary fixed state in A) for any
z € {up,vp, wy }. And we define OPE problems g and g as

g(l) = (M(l)hulaﬂ—ea]:)v 9(2) = (M(2),/L’,7Te,.7:), (18)

where F := {Q®,Q®} with Q" and Q® are Q-functions of M and M® under policy .
Before we proceed, we note the following technical lemma.

Lemma 14 Fori € {1,2}, T constructed via (14) and (16) above is a valid transition model.

Proof of Lemma 14. We first show that T7”(z' | z,a) >0 forall a € Aand z, 2" € Z; . This is
trivial for 2’ € Z;, or when 2’ = wy,11. We next show that the same holds when 2’ € {up 1, vp41}-

Note that due to Lemma 13, we have that [V (¢; M )| < 5k for all ¢ € ®. Plugging this in (15),
and using Triangle inequality, we get that

) — _ 1
AT < Ve ;M(%) < .
[AT®](2)] <11€1§\ (6 M) < o

Using this in (14), we immediately get that T (2" | z,a) > 0 for any € < 1. Furthermore, it is easy
to check that forany z € Z; anda € A, ¥rezr TW(2"| z,a) = 1. Thus, T®™ is a valid transition
model. =

We note the following technical lemma, which will be used in the rest of the analysis.

Lemma 15 We have the following properties of value functions, Q-functions and occupancy mea-
sures of M™ and M®:

(a) Forie{l1,2}, and forany ¢ € ®, z€ ¢, and a € A,
Q" (20 M) = @ (¢(2), 0 11).
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(b) Corresponding to the initial distribution p, the expected values satisfy

VT (ps MP) = V™ (ps M) = %

(¢) Forany h € [H], latent state ¢ € @y, action a € A and latent state z' € Z’,

Sz 7€ 6,a)TO( | 20) = ¥ u(z | 2 € ,a) (! | 2,a).
zep z€

(d) Foreachie{1,2}, forany h € [H] and z € Zy, and policy T,

1 .
EdZ(Z; M) <di(z;M®W) <dfi(z;M).

Proof of Lemma 15. Observe that, by construction, we have for i € {1,2},
Q(up,a) =1, Q" (vp,a) = -1,and Q" (wp,a) =0,
for any h and a € A.

Proof of (a):  The proof follows via downward induction from i = H to h = 1. First note that
for any z € Z and a € A, we have Q™ (z,a; M) = 0 = Q™ ({(2),a; M@); Thus the base case is
satisfied. For the induction hypotesis, assume that the desired claim holds for & + 1. Thus, for layer
h, using Bellman equation for the policy 7, we have that

Q" (z,a; M™)
=r(z,a) + T (upy1 | z,0) = TP (vps1 | 2,0) + Z T | 2,a)Q™ (2, me(2"); M)

2'€Zp 1
=7(C(2),a) + T (ups1 | 2,0) =T (vpar | z,0) + Y, TOE | 2,0)V7(((2"); M©)
2'€Zp 1
=7(C(2),a) + Y T(¢'1¢(2),a)V7(¢"s M) = Q™ (¢(2),a; M),

P'e@p41

where in the last line, we used Bellman equation for policy 7. under the MDP M. The above
completes the induction step, thus showing that the claim holds for all h € [ H].

Proof of (b):  Using part-(a) above, we note that
VT (2 MW) = Q7 (2,me(2); M) = Q™ (¢(2), Te(((2)); M) = VTe(¢(2); M©).

Similarly, we also get that V™ (z; M®) = V™ (((z); M®). The desired bound follows by noting
that (13) implies

VI (p M) =V (0 M) =
which implies

VT (ps M) = V™ (ps M) = %
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Proof of (c):  First note that whenever 2’ ¢ {up,,v; }1.,, we always have T® (2’ | z,a) = T®(»
2z, a) according to the definition of 7" and T®. We next show that the same holds for 2’ = uj;. We
only need to verify Y., (2, a) (T (up | z,a) =T (up, | 2,a)) = 0.

> 1z a) (T (up | 2,0) =T (uy | 2,a))

|

130}
=2 u(za)( Y T(¢'(2), V() - Y TOE2a)VO((X)))
zed ¢'e®piq Z'eZp 4
=2 u(za) Y T 6,a)VP(¢) - > > VP Y ulz,a) TV | 2,a)
zed ¢'e®piq ¢'ePpiy 2'eg) zed
=2 u(za) 3 T |da)VV(¢) - 3 VO Y D nu(za)TV (" 2 a)
zedp ¢'e®piq ¢'e®pig z'ed’ ze¢
=2 u(za) 3 T(d|,a)VP(¢) - 3 VP() D u(za)T(¢'] d,a) =0,
zed ¢'e®piy @'e@piq zed

where the first equation uses the definition of T and T™® in (14) and Lemma 12, and the last
equation follows from the definition of T in (4). Hence (c¢) is verified for z’ = uy,. The proof for
2" = vy, follows similarly.

Proof of (d):  We only prove the result for M ; the proof for M follows similarly. In fact, we
show a slightly stronger result that for all h € [H ] and z € Z,

o\ h-1
(577) @) < i m) < di e . 4

The proof follows via induction over h. For the base case, note that for & = 1, by definition, we have
d7(z; M) = p(z) = df (z; M) for any z € Z1, which implies (19).

For the induction step, suppose (19) holds for a certain i < H — 1. For the upper bound, note that any
z € Zy41 satisfies

ha (2 MO) = 5 dp (5 MO)TO (2] 2,7 (2)),

Z’EZh

which combined with the upper bound in (19) implies

(s MW) < 37 di (s M)T (2] 2/, m(2')) = iy (2, M).

Z’EZ;L

For the lower bound, recall from the definition of 7", which implies that

TO (x|, 7 (2')) = %T(z 2 ().

Using the above with the lower bound in (19), we get that

(s MP) = 37 di (s MO)T V(2] 2,7 (2))

Z’GZ;L
H-2\"! . H-2 H-2\" .
z( - ) 2 h(z';M)-TT(z]z',ﬂ(z')):(T) 47 (2, M),
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The two bounds above imply the (19) also holds for & + 1. This completes the induction step. W

This lemma has two direct corollaries:

Corollary 16 The concentratbility coefficients C(M™ ") of M (or C(M® ") of M®) satis-
fies that
C(M®, ") <6C(M, ), and, C(M®,pu") <6C(M,pu).

Proof of Corollary 16. This corollary directly follows from Definition 17 and Lemma 15 (d). W

Corollary 17 For any two policies ™ and 7" and any i € {1,2}, we have
a7 (z; M® dT(z; M
sup sup L <48- sup sup M

ne[i) zez] i (z; MD) = () zez,, dj (23 M)

Proof of Corollary 17. First of all, for those z € Z;, and h € [H ], Lemma 15 (d) indicates that

s . (i) s . U .
d::,(z,M ) <16- d:,(Z’M) <48 sup sup —d::,(z,M).
dy (z; M®) dy (z; M) he[H] zeZ, ], (z; M)

Next, we verify cases where 2 € {uy, vy, wp, }7,. Notice that the transition model of M gives that
i (wn; M) = djy_y (up; MP) + djy_y (vp-1; M),
we only need to verify that for any z € {u,, v, }1L, we have

dT( z: M(i) d™(z: M
dy (z; M®) he[H] =2, i (23 M)

Without loss of generality, we only verify for z = u,. We write

di(un; M) = 57 T (up | 2,7(2))dp1 (2).

zezh,l

According to the transition model of M, we have for any z € Z;,_; and any a € A,

. 1 3
T [— —]
(uh|z,a)e oI’ 2H |’

which indicates that for any policy 7, 7/, we have

TP (up | 2z,7(2))

su €|1,3].
P T 2w () <
Therefore, we have
Cl7r ;M(z‘) d7r ;M(i) d7r 7]\4
dZ (up; M @) 2€Zp_1 d;{_l(ZQ M®) he[H] z€Z, dz (z; M)
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D.4. Construction of the Class & of Offline Policy Evaluation (OPE) Problems

In this section, we construct the class & of OPE problems that are used in Theorem 3. The
corresponding MDPs in & are block MDPs based on M and M (constructed in the previous
section), and certain decoder functions. The organization of this section is as follows:

e In Appendix D.4.1, we provide a general procedure to lift an OPE problem (M, y, 7e, F) over
state space Z into a block OPE problem (M, ji, 7., F) with rich-observations in a set X and
latent states in Z, given a decoder function ).

e Then, in Appendix D.4.2, we first provide a class ¥ of decoder function and use the above
procedure to construct the family & of offline RL problems.
D.4.1. LIFTING FROM OPE PROBLEMS TO BLOCK OPE PROBLEMS

In this section, we will discuss how to lift a normal OPE problem (M, u, 7, F) (F satisfies Q-
realizability) into a block OPE problem (M, fi, 7re, F ) where F satisfies (Q, W')-realizability.

Let Z = Upe[r] Zn be the state space of MDP M, and we fix X' = {X(2)}.ez to be a family of
disjoint sets that denote rich-observations corresponding to latent states z € Z. Furthermore, let
Xy = {X(2)}zez,. Then, for M = (Z, A, T,r,H, p), we can define a block MDP

M =MDP(X, A, T,R, H,p)
with latent state Z and rich observations in X', where

» State space: X consists of rich-observations corresponding to latent states. We assume that
the state space X' = Upe[ ] An 1s layered.

* Transition Model depends only on the latent transition model 7". In particular, for any h € [ H ],
x € X(z) corresponding to z € Zy, and 2’ € X (2") corresponding to 2’ € Z,,1, we have

T(z' |z, a) =

|X( ) T(2'| z,a).

« Rewards: Forany z € Z and z € X, and a € A, R(x,a) is a {-1,1}-valued random variable
with expected value 7(z,a).

¢ Initial distribution: p € A(X}) is defined such that for any = € A7,

p(x) = -p(2) (20)
X ( )
where z is such that z € X' (z2).
In particular, corresponding to a latent state z, the observations are sampled from Uniform(X'(z)).

In order to construct respective offline RL problems on the MDP M, we also lift the offline data
distribution y to /i, and offline policy 7 to 7, as follows:
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* Offline distribution For any h € [ H |, we define /i, € A(X}, x A) such that for any x € A},
and a € A,

uh(x a) ,Uh(zva)7

IX( )|

where z € Zj, is such that z € X (z2).

* Evaluation policy 7, : X — A is defined such that for any = € X, 7o(2) := 7e(2) where z is
such that x € X'(2).

« Function class F consists of tuples ( 1, W) where each f e F generates a tuple (£, W) with
f: & x A - R defined as f(:z: a) = f(z,a) forany 2 € X(z) and W : [H] — R is defined as
W[ :| erX;L fin(, 776(37))f(x io(a)).

The following lemma indicates that f is the Q-function of block MDP M as long as f is the
Q-function of MDP M.

Lemma 18 Forany he [H], z € Z, x € X(2) and a € A, we have
Qre(z,a; M) = Q7 (2, a3 M).

Proof of Lemma 18. We prove this equation by induction from A = H to h = 1. When h = H,
we have QT (z,a; M) = QT (2,a; M) for any z € Zp, z € X(z) and a € A. Next, suppose

h+1(x a; M) = @p51(2,a; M) holds for z € Zp.q and z € X(2). According to the Bellman
equation and definitions of T', R, for any z € 2, and z € X(z), we have

Qre(z,a; M) =E[R(z,a)]+ Y. T(2'|z,a)Qf (z',7e(2"); M)

z'€Xp 11
=r(z,a) + Z h+1(z me(2')) Z T(m' | x,a)
2'eZp1 z'eX(2)
=7r(z,a) Z Qe 1(2 me(2"); M) Z T(Z |z,a)= Qe (z,a; M),
2leZp 1 z'eg!

where we use the induction hypothesis and the fact that 7. (") = me(2) for 2’ € X(2') in the second
equation. |

Lemma 19 Forany he [H],
> fin(z,7e(2)Qpe (2, Te(@); M) = 3 pin(2,me(2)) Q¢ (2, me(2); M).

zeX}, 2€Z),

Proof of Lemma 19. We first notice that x € X(z), we have 7.(x) = m(2). Hence according to
Lemma 18 we only need to verify that, for any z € Z,

>, fn(w,7e(x)) = pn(2, me(2)),

zeX (2)

which is given by definition of fip,: fip(z,a) =
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Lemma 20 For any policy 7 over M, let 7 to be the policy m such that 7(z) = Z“l%;;(x)for any

z € Z. Then we have for any h € [H], z € Z}, and x € X(z),

dy (z; M)

(s M) = X

2D

Proof of Lemma 20. We will prove via induction on the layer of z. For x € A3, (21) holds acording
to the definition of initial distribution p. The induction from layer A to layer h + 1 can be achieved by

djy 1 (5 M) = Z}:{ B M)T (x| 2,7 (2")) = Z;: Z(z';M)T(zHXZ(’;;‘(Z)) = d;‘lr)(j(;:ﬁ)

for any z € X(z) and z € 2,1, where we use the fact that d} (z'; M) = df (x; M) for any
z,x' € X(2). [ |

The above lemma has the following corollary:

Corollary 21 The concentrability coefficient C(M , [t) is the same as the concentrability coefficient
C(M, ).

Proof of Corollary 21. According to Lemma 20, for any policy 7 of MDP M, there exists a policy
7 of MDP M such that for any h € [H], z € Z;, and x € X (2),

dZ(x;M) _ i (z:M)]|x(2)| _ dy(z; M)
a(x) r())|x(2)| w(z)

Taking the supreme over all h € [H], z € Z5, x € X(z) and 7, we get

. dre(x; M dre(z; M
C(M,pn) = Sup sup sup M = sup sup sup 2 ( )

v G520 ().
™ hE[H] CCGXh ,Uz(JU) T hE[H] ZEZh H(z)

D.4.2. CONSTRUCTION OF THE FAMILY OF OFFLINE RL PROBLEMS

We will construct two OPE families & and & by lifting OPE problems g = (M i/ 7o, F)
and g@ = (M@, ', 7., F) defined in (18) into Block OPE problems. Each Block OPE problem
has the same observation space but a different emission distributions. Furthermore, each of these
Block OPE problem has latent state space Z and is based on the same aggregation scheme .

let {X(¢)}4cz be a family of disjoint sets that denote rich-observations corresponding to aggregated
states states ¢ € ¢ such that

|¢|3H8 *SUPpeq |q>h| *SUPged |¢|(_:E(M’ P, K, 7T6)3
3 .
&

(X (o) 2 (22)
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The observation space for all the Block-MDPs is given by X = uhH: 1Xn, where

Xy, = {up, vp, wp} U (Vgen, X (0)).

The Block-MDPs that we construct next will different in terms of which observations from X' (¢)
will be assigned to latent states z € ¢. To make this explicit, we rely on decoder functions that
map ¢ : X — Z. Without loss of generality, assume that all decoders that we will consider satisfy
W(up) = up, Y(vp) = vy and P (wy,) = wy, for all h € [ H]. Additionally, given a decoder 1), we define
the set Xy (z) = {x € X' | ¥(x) = z}. We finally define the set ¥ as the set of all possible decoders
which ensure that for any ¢ € ®, each latent state z € Z gets the same number of observations from
Z. In particular,

\Il={¢:X»—>Z|V¢Eq),Vze¢: Xy(2) € X and |Xy(2)| = \X|<(p<‘1>)l}.

Offline Policy Evaluation (OPE) Problem given ). Given a decoder v, and the above notation,
we will lift OPE problem g = (M, i/, 7o, F) and g® = (M@, i/, 7o, F) into OPE problems

(1) (M( )i e, Fy) and 9(2) (Mif)7 ji', #e, Fyy) using the recipe in Appendix D.4.1, with Fy,
satlsﬁes (Q W)-realizability.

Family of OPE problems. We finally define the family & for OPE problems as
6= {g, 9}
o Y 1YY

We note the following important technical lemma.

Lemma 22 For any ¢, € U, we have Fy, = Fy.
Proof of Lemma 22. We will only prove the results for prl). To verify this, we only need to prove
that for any v, 1)’ € ¥, we have forany 1 < h < H,

Qi (D1 = Qe (+D1P) and W (hsjly, M) = W (hs il M),

The second equation directly follows from Lemma 19. In the next, we will verify the first equation.
Lemma 18 gives that for any ¢ € &}, and x € X(¢) and a € A, we have

Qpe (w,a; M) = Qe ((x),a; MD).
Next, Lemma 15 () indicates that
Qe ((x),a; M) = QFe (C(¥(x)),a; MD).
Notice that for every z € X'(¢), we have ((¢(z)) = ¢ for any 1) € ¥. Hence for any ¢ € ¥, we have
Qpe(z,a; Mf;)) = Qp°(¢,a; M©V) for every ¢ € ® and x € X'(¢), which is independent to ). W
Thus, moving forward, whenever clear from context, we will use the notation F to denote fw for
any ¥ € U, i.e.
F = QR (3150 W (hs i, M), (QF (3T W (i iy, M)

for some 1 € ¥ (according to the above lemma, F is independent to the choice of i € W.)
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D.5. Proof of Theorem 3

After constructing the class &, we have finished the construction step. In the rest of the section we
will prove the theorem by analyzing properties of OPE problems in 6. Actually we will prove the
following stronger results than Theorem 3:

Theorem 23 Class & satisfies the following properties:
(a) Function class F with only two elements realizes the (Q, W')-function for all OPE problems
in®;
(b) For any OPE problem (M, F, i, 7.), we have C(M, ") < 6C(M, 11);
(c) Let N = o(HC-(M.®,p,me)/s). For any algorithm which takes D = uh 1Dh as input and output
the evaluation of value function V, there must exist some g = (M, F, [ %) € ® such that the

algorithm fails to output €/ H-accurate evaluation with probability at least 1/2 if the dataset Dy,
are collected according to i and M using N samples.

Proposition 24 The aggregated concentrability coefficient of OPE problems g = (M, F, i 7)€
& is of the same order of the original one, i.e. C.(M,®, i’ 7o) = O(C.(M, D, u, we)) where the
aggregation scheme ® is defined over X such that @y = {X($) : ¢ € Py} U {{un}, {vn}, {wn}}.

D.5.1. TECHNICAL LEMMAS FOR PROOF OF THEOREM 23

In this subsection we provide several useful technical lemmas for proof of Theorem 23.

To begin with, we denote

Oy VieZmeX
(x)_{u fixo=)  Vze Zwe Xy(2),

V€ {up, vp, wp il
Since the transition of uy, vy, wy, are already known, and /iy (z) > fi,(x) for all x € X (2) and
z € Z, in the following we only need to prove the results for OPE problems g = (M, F, ji, 7).

In the following, we use Py, ,,(+; ft, M) where M = (X, A, H,T, R, p) to denote the law of n tuples
of (z,a,r,z") jointly, where each tuple is i.i.d. collecting as follows: first sample (x,a) ~ fip,, then
sample r ~ R(-| z,a),2" ~T(z' | z,a). Let

1 . 1 .
PO = 3 Prn(fig, M) and P = — 37 P (v g, M), (23)
h,n |\I,| we\y ,1 ’(/] ’lZJ h,TL |\I,| sze\Ij ,1 1/1 ’l[)

Furthermore, for any M, let Py, (v 1, M) := @ Py, (5 2, M), and using this notation, define

P = 3 P i, M) and PO = L 3 Py ( fupy M D). (24)

Additionally, since the state space S = Sy U--- U Sy is layered, we get that ¢ can be separated across
layers, and thus the above definitions imply that

H
P{) = }@P(“ and Pg>:§P;ﬁ;. (25)

We have the following inequality for TV distances between product measures.
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Lemma 25 (Polyanskiy and Wu (2014), 1.33(b)) For distributions P1,---,Pr and Q1,---,Qr, we
have

H H o
DTV(® Pha}@Qh) <> Dyv(Pr,Qp).
1

h=1 = h=1

To prove this theorem, we first show the following lemma.

Lemma 26 For any algorithm which takes Dy, ,, = {(xh,i,ap i, rh,i,m;m)}?:l where h € [H] as
input and returns a value V (D1.ir ) (Where we use D1.pr , to denote D1 p, -+, D ), it must satisfy

H
il IRy € (+_ 1 p@
1/,5\1187111{)172} EDl:H,nNPn(ﬁﬂqul(;)) [‘V(DlH,TL) V(va)H 2 AH (1 };DTV(Ph’n7Ph’n )

Proof of Lemma 26. Lemma 22 gives that for any M, M’ e {M&f) : 1 € U}, we have
Q7 (- M) = Q7 (-; M), which implies that MDPs in {M” : 1) € W} share the same value function.
Hence we have

Vi (i M) = VI (g M"), VM, M e (M7 : ¢ ¢ U},
In the following, we denote the above quantity to be V'™ (). Similarly, we denote V¥ () to be the
counterpart for MDPs in {Mg) tp e Ul

For any dataset D1.f7 ,,, we use 0(D1.i,,) to denote the following random variable:

6(D1:mn) =1 {v(DLH,n) < ) ; V(2)(ﬁ)} € {0,1},
Then for any 1) € ¥, we have
B st ot [V (Psttn) = V(5 20)
= EDLHMP”(.;,:%,M;U) [6(Drsin)- W(DLH,n) -VOp)]
2 E PG ) [5( Ditrn)- ‘V“)(ﬁ) ; Va®) o (p)‘]
2 PDLH’mPn(.;w,MLl))(5(D1:H,n) =1)- VO (p) ; vV (p)

9
YA PD1:H7n~Pn(-;ﬂw7MI(L)1))(5(D1:H,n) =1),

where in the last equation we use (b) and Lemma 18. Similarly, for ¢ € ¥, we have
i A Y € —
EDl:H,n"‘Pn('§ﬂw’MziJ2)) |V(D1:H,n) B V(p’ M)| z ﬁ . PDI:H,nNPn('§ﬂ¢7M1§)2))(5(D1:H7n) B 0)
Therefore, we obtain that

sup E

[|V(D1:H,n) - V(ﬁa M)H
e ie{1,2}

Dl:H,nNPn('Qﬂvaqf))
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2|\I’| ¢Z EDl:H,nNPn('Zﬂvai,l)) [|V(D1H,n) - V(ﬁ’ M)”

+ m Z‘:II EDl:H,nNPn(';ﬂw,le)) [|‘7(D1H,n) - V(pv, M)l]

€ 1 1
2 E ' (m w PDlH,nNPTL(7/1¢,M1(L)1>)(5(D1H7n) = ]‘) + m wze\:lj PDI:H,nNPn(';lZV”MlE)Q))(6(D1:H7n) - 0))

1-D (I‘PI > P fig, M), |\I,| > Pu(s qu,M(”)))

phew el

SR
P A

1- Dry(PY,PY)))

(1) (2)
1H (I_ZDT (Pl Phn )

where in the inequality (i) we use P(€) + Q(€°) > 1 — Dy (P, Q) for any event &, in the inequality
(i7) we use (24), and in the equation (iii) we use (25) and Lemma 25. [ |

Hence we only need to upper bound the TV distance between Pﬁll)n and ng)n, which is proved in the
following lemma.

Lemma 27 Suppose for every ¢ € ¥, we have

’¢|3H8 *SUDPpeq |(I>h| *SUPged ’¢|CE(M7 P, p, 7_‘_6)3
3 .
&

(X ()] 2

Ifn< S—IiCE(M, O, 11, 7e), then we have

l\DI»—l

H
> Drv(P P2 <
=1

Proof of Lemma 27. At a high level, the proof contains three steps:

(i) We first define intermediate distributions P{” over tuples (z,a,r,z’) and observe that via
Triangle inequality that

H
Z Dry(P}) P < Z Dry(Py) P + Z Dry (PP

The final bound follows by showing that ¥ | DTV(Ph P ) <Maforallie{1,2}.

(44) Note that P{” is a distribution over tuples (z,a,r,z") where the instantaneous reward r ~
RO (r| z,a). We first simplify our objective a Pit by converting P;;)p to ﬁ(ifn, where 52’)71 isa
distribution over tuples (z,a,r,z") where r ~ R©(r | x,a) where R is the reward function
in P;LOL. Another application of Triangle inequality implies that,

H H
> Drv(Py) P ) < Y Dy (P PR ) + Z Dry(Py) . P).
h=1 h=1

38



OFFLINE RL: ROLE OF STATE AGGREGATION AND TRAJECTORY DATA

Bounding the first term above is straightforward.

(i71) We finally bound the term Dy (ﬁﬁll)n, Pﬁlo)n) for each h € [H] by delving further into the

structure of the MDPs and the underlying data distribution in 52). Most of the proof will be
spend on bound.

Part-(i): Construction of P{”. We first define additional notation. Let the distribution v €
A(X x Ax X) such that forany h € [H], ¢ € Dy, ¢ € Dpq and x € X (), 2" € X(¢'), a € A, we
have

2,a)TP (2] z,a)

vp(z,a,2") = Z Z AL

) (26)
cpae X)X ()]
Additionally, we define a reward distribution R{” € A({-1,1}) such that
1(°) T = Upat,
R (| @ a) = 18-1() Z = vper, 27

%51(.) + %571(.) otherwise,

where we use &;(-) denote the density of delta-distribution at ¢. Given v and R\ above, we define
PV e A(X), x Ax {-1,1} x Xpy1) as

P ((z,a,r,2")) = vp(z,a,2" )R (r | z,a), (28)

0) _ (0)\®n
and set P = (P;”)®".

As a sanity check, note that

Z P;lo)((x,a,r, 2')) = Z vp(z,a,x")

(z,a,r,2")eXp x Ax{~1,1}xXp 41 (z,0,2")eXp x AxXp 41

= > > Y3 w(z,a)TV(" | 2,a) =1,

¢e®p ¢'e®@]  U{uns1,0n41} 260 27€Q’

and thus Pﬁlo) is a valid distribution; the above also implies that v, (defined above) is a valid
distribution. Furthermore, while the above definition is based in 7", we could have also defined P;LO)
using 7 and would have ended up with the same distribution since . ¢, (2, a)T (2" | z,a) =
Y e (2,a) TP (2" | z,a) for any ¢ € @, z € Z’ due to Lemma 15-(c).

Given P;ZO)n, using Triangle inequality we have

> Drv(P P < Y0 Drv(P) P+ Y0 Drv(Py) PP (29)
he[H] he[H | he[H|

In the next part, we prove that } [ 7 DTV(P;;)H, P;LO)n) < 1/a. The proof for P;fil follows similarly,

and combining the two bound gives the desired statement.

Part-(ii): Construction of P’ and bounding Dy (P{" ,P{" ). First recall that from (24), we
can write

n

1 ) ) .
Pz{),l({(ivi,ai7ri,$§)}?:1) =T S 1T ine (@i @) RSP (7 | $i7ai)T$)(flf§ | 24, a),
el i=1
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where R{" is given by

01(+) T = Uhsl,
RP(-|w,a) = il_(lo(l)é_lc) 51()-6-1() : I ;
>t 2 mnganean LX) foréel,a=me(r)
%51(.) + %5_1(.) otherwise.

(30)

We next define the distribution '3,2111 similar to P;;L, but where we use R® (given in (27)) instead of

R® to remove the dependence on the rewards on . In particular, we define

ﬁzt;({(xi’ai’ri’x;‘)}i ’\If‘ Z H/‘h ¢($Z’GZ)R(O)(T1 | $laaz)T(l)($ |l’1,al) (31
PeW i=1

If we denote
V(l)(xzaaz) = [R;11)(‘|x’a)] and T(O)(xzaaz) = [Rzo)(‘|x’a)].

HCS(M7¢7M7WG)
2e

Note that when n < , using the above definitions, we have

H
> Drv (PP,
h=1

] -
:5 Z Z |P(1) {(x“a“r“wl)} ) Pé{;({(xmal7rl7$;)}?=1)|
he[H]  {(zs,a5,m,25) 37
e(XpxAx{0,1}xXp11)™
(4 1
g

Z Z |T(1)($iv ai) = Th )(xza a;) H Hh,w(l’z, a;)

[H] {(zi,a:)}7  e(Xpx A" |‘I’\ el i=1

i 1
= 2|\Il| Z Z Z Z Mh,w(%az)lr“)(fm,%)—rh)(:cl,al)|

e i=1 he[H] (z4,a: )eXp x A

i) 1 (o () MW (@) € T))
" 20y wzwz;hz m%“w( il Z))2H2¢ezdze(¢§M)

-~ > n(zme(=)
= _ = w(z,me(2)),

AH Y per i (03 M) L. (Fhex ’
where inequality (¢) follows from Triangle Inequality, inequality (ii) follows by rearranging the
terms and using the fact that 3>, . fin ¢ (2, a;) = 1. The inequality (74i) is from plugging in the
forms of R and R(O) from (27) and (30). Finally, the last line uses the fact that

|\I,| > 2 f (@i we(z))H{C(W(zi)) € D)t = Y plz,me(2)),

PYe¥ x; z:¢(2)e

from the definition of ji. Next, using the definition of C_(M, ®, 11, ) in Definition 2, and recalling
that 7 is the maximizer aggregation in Definition 2, we get that
Zd)&l’ d;;re (¢a M)

Cs M, @, p,me) = )
( a ) Zz:((z)el'ﬂ(zvﬂe(z))
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which implies that

ne
AHC. (M, ®, p, 7o)

HC. (M, ®,p,me)
2e :

g W B 1
> Drv (PP < < 3’
h=1

where the last inequality holds since n <

Thus, using Triangle inequality,

>, Drv(Py).Pio) < 3 Drv(P Py + 30 Drv(Py),. Pyl
he[H] he[H] he[H]
- (32)
<5t X DAL
8 he[H] ’ ’

Part-(iii): Bound on Dty (P{” ,P{") ). First note that, from Polyanskiy and Wu (2014, Proposi-
tion 7.13), we have

. 1 =
Drv (PP < 5/ Dy (PLLIPY). (33)
Using the form of y2-divergence, we note that
P (1) (0)
DXQ(Ph,n“Ph,n
[~ 2
(Pﬁjjl({(xi,auwmzzl)) B

PO (s, an i)}y

3 § § 2
(% Ypew [Ty finy (@i, @) RY (i | i, az—)quf’(x; | 4, ai)) .

Ty v (@i, ai, ) RY (| @i, a5)

_E
{(eiairia)}r, P

{(zi,airi @)y, ~P)

where the second line plugs in the definition of Isﬁllil in (31) and P;LOZT in (28). We next note

that the terms R;LO)(W | z;,a;) will cancel out in the ratio, thus implying that the expression is

independent of {r;}",. Furthermore, from the definition of P;LOL in (28), we note that sampling

{(z, ai,zl) iy ~ P;lozl is same as sampling {(x;, a;, z;)}", ~ 1/,?”. Thus,

p(1) (0)
I)X2 (Ph,n “ Ph,n

. ~ 2
) ﬁ ypew [Ty fin,g (@i, ai)Té;l)(x; | zi, ai) 1
{(zi,as@)) g~y [Tt vn(zi, ai, @)
1 > & IEI foh gy (i @) iy (i, a0 T (] | @iy ) T) (2 | 4, a5) )
= — PSR AN U =1 ) -
[UP oy, ew taisdhn™ 1 va(i, @i, x7)?

n

1

=== 2 E(w,a,z'>~uh[

V[, aew

2

oy (5 @) fi (2, ) T30 (2 | 2, )T (2" | 2, a) i
vp(z,a,z") ’

=B (Y1,92)
(34)
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where the second equality follows by expanding the square and rearranging the product. Finally, the
last line exchange the expectation and the product by using the fact that tuples {(z;, a;, =) }}-, are
i.i.d. sampled from v,. In the following, we will complete the proof by giving bounds on the terms
B(1)1,12) under various conditions on t; and v)2. However, we need additional notation before we
proceed:

e Givenany he[H], ¢ € Dy, 2,2" € ¢, and 11,15 € ¥, we define

X, X,
On (@, 21, 22591, 12) 1= | wl(’z’l))(?(b)%(@)' (35)

to denote the fraction of repeated observations between z and 2z’ amongst all the observations
that correspond to aggregation ¢.

o Let & =1/(64H%n) € (0,1/n). Forany h € [H], ¢ € @y, and 21, 22, € ¢, we define

1+
(&5 ¢, 21,22) = {Wh%) € U2 0(6, 21, 22;¢1,12) < |¢—|§} (36)
to denote the set of all pairs (11,12) for which the corresponding ratios 6(¢, z1, z2; 1, ¥2)
are small.
¢ Finally, we define the set
I'(¢) = N ( N F(f;ﬁbaZl,Zz))- @37
he[ H],pe®pU{up,vp } \ 21,22,6¢

We now have all the necessary notation to proceed with the proof. We split the terms B (1)1, 12)
appearing in (34) under two separate scenarios:

e Case 1: B(1,12) € T'(£). In this case, Lemma 28 (below) implies that
B¢, v2) < (1+6).
e Case 2: B(11,12) ¢ T'(§). In this case, Lemma 29 (below) implies that

B(1,¢) < suplg|".
ped
Combining the two above in (34), we get that

Da@RIPD) S g 3| (100.0) €X©)1+ 97 4 1{(n,) §T@) suplol™ )| -1

P1,poeV
cgm 3 |(1ezme i sl |1
|0 1 hoel Pped
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1
= 26n +sup|¢| " - gz 2 MWL) ¢T©)},
ped K4 1,0el
where the second line uses the fact that (1 + &)™ < 1+ 2&n for any £ < /n. Next, we notice that for
o€ uthl{uh, vp} and z1, 29 € ¢, since |¢| = 1, we always have (1)1,12) € T'(§; ¢, 21, 22). Therefore,
we have
r¢)= N ( N F(§;¢721722))-
he[H],pe®p, \ 21,22,€¢
Lemma 30 gives that for any h € H, ¢ € ®}, and 21, 2o € Y, we always have

1 262 X ()] 26 inf e X2
_2 Z I{(T/}hd’?)¢Fh(§§¢72172’2)}<6 ¢ <Fh(€ ¢721722)}<6 ¢ )
Y 1 ,poel

1,92
which indicates that
1 1
e Yo @) ¢T(O) < ) > e Y W (W1, 2) $Th(& ¢, 21, 22) )
| 1 )oeW he[H],pe®p, 21,22€¢>| | 1 ,poeW
_ 21n [X ()]
<H. sup|<I>h\ sup]¢]2 267 infpeq o3

ped
This suggests that

~ _ | ()]
Dy (PP, < 26+ H -sup|y - suplgf™ 2.2 o T
’ ' heH Ped

Finally, when
|X(¢)| > co-n’|¢PH® -sup|®y| -suplg| Vo ed
heH Ped

for some sufficiently large constant ¢, with choice £ = 1/(64H%n) we will have

D P(l) P(O)

PBDIPY) <

Hence when

‘¢|3H8 *SUPpeH ’(I)h‘ ’ Sup¢€<1> ‘¢|C€(M7 (bv Ky 776)3
e3

[X()2

this together with (33) implies that

H _
and nSS—Ca(M,q),u,We)
€

Drv (P}, Py)) <

According to (32), we have

Z Dry (P} ,Pi) < ool
helI 8H 4
Similarly, we can also prove that
1
>, Drv(Py) P
he[H] " 4
Plug in these two in (29), we get the desired bound. |
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Lemma 28 We have the following property for By, (11, 12) defined in (34): For any 11,15 € T'(§),
we have

B, (11, 92) < (1+€)2.
Proof of Lemma 28. Recall that

iy (2, 0) fi, (2, ) T0) (2 | 2, a) T (2" | @, a)
Vh(xa a, x,)Q

%h(wla ¢2) = E(z,a,x’)~uh

According to our construction of fis  in Appendix D.4.1, for any x € X(z), we have

pn(z,a) . a)- 4]
X Y R

Additionally, according to our construction of Té}l)(m’ | x,a), for any z € X(z) and 2’ € X(2"), we
have

fnga(z,a) =

T (5 ’
(Z |,z,a) _ T(l)(zl | z,a) . |¢ |, )
X ()] X (¢)]
This implies that for any ¢ € ®p,,¢" € ) |, and z € Xy, (21) N Xy, (22), 2" € Xy, (21) N Xy, (25),
we have

T (' | ,a) =

llh,dq (xv a)lahﬂbz (I, a)Tqii) (‘T/ | x, a)qul; (x, | x, a)
ek P

[X(P)]* X()

And the definition of 4 in (35) gives that

B (21, @) pn (22,0) T (21 | 21,0) TV (22 | 22,a). (38)

| Xy, (21) N Xy, (22)] = O (@, 21, 22591, 92) - |X (@)
|X¢1(zi) n Xl/&(zé)l = 9h+1(¢,7zivzé;¢l,w2) : |X(¢)|

Hence we can write

Foh by (z, a’)ﬂhﬂ/)z (m,a)Tz(pll)(x' |z, a)T&;)(x' | z,a)
Vh(x7a7$/)2

E(:v,a,z’)~yh

o apy (X, @) fup, gy (T, a)Tl/(Jll)(x' | z, a)Té}?(m’ | x,a)
Vh(xvaax,)

=2 2

xeXp ac Az e Xp 1 U{upy1,V041 )

Yyy 0¥

T (2
Py acA ¢ e®@p 1 U{tp41,0p41} TEX(P) '€ X (P) Zzaj) Zz’e(b’ #h(‘f\;t(l;)l‘x((;’ﬁﬂ)

YR Y TR YT maomaaT 6@ | 5T 2.a)

pe®p, acA ¢'e®p, 1 U{up1,Vne1 ) 2160 2] €9 2260 25 eg)

2 712
RoyE e 1A (21) 0 Xy (25) 1%, (21) 0 Xy, (22)]

1in (2,:0)TD (2 [2,0)
Yiep Lrrey' T 1R(H)R D))

[y (5 @) fi g (2, a)qull)(wl |z, a)iﬁ)(l’, | 2, a)
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EUDWD) > S YT Y w1, 0) (e, )TV (21 | 21,0) T (25 | 2,0)

¢y acA ¢ e®p 1 U{up1,0n41 )} 2160 2] €0 2260 zhed!
2 712
% . % SO (D, 21, 2251, 902) - Opa1 (@, 21, 2931, 102) - | X (D))

1in (20)TD (2/|z,0)
2zep et X (H)R(F)]

Wy s > Y XY YL e @)z, @) T (21 | 21,a) TV (2 | 20,0)
$e®p acA @' €@y U{upi1,0p41} 2160 2] €Q’ 22€¢ zheg)

0 (9, 21, 22;V1,02) - Op1 (@, 21, 29301, 2)

Yrep Lree Mn(2,a)TO (2" | 2, a) ’

where in (i) we use the exact form of v, defined in (26), in (7i) we group those = € Xy, (21)NXy, (22)
and ' € Xy, (21) N Xy, (25) together (because the summand gives the same value) and use (38), in
(i71) we use the definition of 0y, (¢, z1, z2;11,12) in (35), and (iv) is just algebraic calculation.

Next, when (11,2) € I'(£), according to the definition of () in (37), we have

(¢15¢2)€Fh(§;¢721722) VhE[H],d)E@h,Zl,ZQE’QZ)7

(39)

which implies that

1+¢

W . (40)

1+
On (9, 21, 22591, 92) < |¢—|§ and  0p.1(¢", 21, 231, 12) <
Bringing this back to (39), we obtain that

it (2, @) it (2, ) T (@ | 2,0) T (2! | 2, )

vp(x,a,x")?

(:v,a,:p’)w/h

D T D o N S e ot s

¢ePyp acA ¢/ €Dy U{Up41,Un11} 2164 2] € 22€¢ 2 e/ Zzegb Zz’ed)’ /‘h(zv a)T(l)(zl | 2, CL)

ENCEYILED DY 2 > X in(z1,0)TV (2 | 21,0)

pe®p, acA @€y U{up1,0h41} 2160 2] €0

DA+ T T T mlena)TOE | za) = (1+6)?,

4 !
2eZp ae Az €Z;

where in () we use (40), (i7) is just algebraic calculation, and in (iii) we use the fact that u,(-) €
A(Zp,x A)and TV (- | z,a) € A(Zp41) forany z € Z,a € A. [ |

Lemma 29 We have the following property for By, (11,12) defined in (34): For any 11,19 ¢ T'(§),
we have

B, (¢1,12) < suplo|’.
ped

Proof of Lemma 29. For (¢1,19) ¢ T'(§), since forany h € [H], ¢ € ®j, U {up, vy} and 21, 25 € ¢,
we always have

Xy, (21) N Xy, (22) € X(9),
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we have 0y, (o, 21, z2;101,1%2) < 1. Bringing this back to (39), we obtain that

ﬂh7w1 (l’, a)ﬂhﬂbQ (.Z', a)qu(Jll) (x/ ‘ xz, G)TQL;) (x, | z, a)

vp(x,a,x")?

‘Bh(%, ¢2) = E(:p,a,x’)w/h

< sup [¢f sup "

Pedp, ¢'e®'U{Up41,Vh41}

) Z Z Z Z Z Z Z Mh(zlaa)ﬂh(Z’z,a)T(l)(z{|zl,a)T(1)(zé|Z2’a)

pe®p, acA ¢ €@ 1 U{Up41,0p41 ) 2160 2] €/ 2260 2heg! Zzaj) Zz’eqﬁ’ Nh(zv a)T(l) (zl | 2 a)
= sup |¢|? sup EAIS >, > > mn(21,0)TV (21 | 21,0)
Pedp, ¢'e®'U{up 1,001} ¢e®p, acA ¢'e®p 1U{up+1,Vp1 )} 2160 2] €d
=suplof  sup (¢ Y Y D (e, )TV (2 | 21,0)
PPy ¢'e®@'U{up+1,Vh41} 2€Zp acA2'eZ] |
= sup |¢’ sup o'

Pedp, @'e®'U{un41,Vn41}

Further notice that for any ¢ € {ups1, vh+1} we have |¢ | <1< supyeq |¢'], which indicates that
%h(¢1, T;Z)Z) < SUPge,, |¢| Sup¢)’é<1>h |¢ | < Supqﬁe@ |¢| u

Lemma 30 Foranyhe[H],¢ € @y and z1,22 € ® and € € (0,1), we have

1
|2

o2 X(0)]
% Clel3 ,

Yo K (W1,4h) $Th(&h,21,22) } < e
P1,poeW

where Ty (&; ¢, 21, 22) is defined in (36)

Proof of Lemma 30. We denote S = | X' (¢)|. Without loss of generality, we assume X (¢) = [S] =
{1,2,---,S}. Since 91 and 1) are samples i.i.d. according to Unif(¥'), without loss of generality we
assume Xy, (21) = [5/|¢l]. And to prove this lemma, we only need to verify that when 12 ~ Unif (),

we have S(1+6)
1+ —252%
X, < 1 41
Pt ]| 2 s “v

Next, we notice that sampling v, ~ Unif (W) is equivalent of sampling X, (22) uniformly from all
subsets of [S] with exact 5/|¢| elements. Hence we obtain that

Sfiel\ (S=5/1¢l
(1+€)) _ ( t >(S/\¢\—t)
Xy, (2 = AL L iy
(‘ ol ””[w” 2N ) B ()

We further notice that according to Lemma D.7 in Foster et al. (2022) (also in Hoeffding (1994)), we
get

NG [X . (K ¢ )N] 3
t2S(1+8)|p2 (s/i)|) |¢|

where X ~ Hypergeometric(K, N, N') with K = N’ = S/j¢|, N = S. This verifies (41). [ ]
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Lemma 31 (Lemma D.7 in Foster et al. (2022)) Ler X ~ Hypergeometric(K, N, N') and define
p=K/N. Then for any 0 < € < pN', we have

P[X > (p+¢e)N'] < exp(-2e*N").
D.5.2. PROOF OF THEOREM 23

Proof of Theorem 23. Given the original MDP M and distribution i, we construct family & of
OPE problems in Appendix D.4.2. First of all, Lemma 22 indicates that function class F of these
OPE problems in & is 2. Next, bringing Lemma 27 into Lemma 26 and noticing that (22) satisfies
the condition of Lemma 27, we have that any algorithm which takes Dy, ,, for i € [ H ] must induce
error at least £/8H in one case within &.

Additionally, Corollary 21 indicates that the standard concentrability of instances in & equals to
the standard concentrability of C(M ™, u") or C(M® 1"). Additionally, Corollary 16 indicates
that C(M™, ") or C(M® 11") is no more than 6C(M, ). This verifies the second condition in
Theorem 23. |

Appendix E. Missing Details from Section 3.1 and Section 4.1

In this subsection, we will prove Proposition 4 and Theorem 5.

E.1. Proof of Proposition 4

The following lemmas state some properties of the MDP defined in Example 1. Proposition 4 is a
direct corollary of Lemma 35.

Lemma 32 For MDP M, and policy m, defined above, we have

dyb (2 M) > dy* (2 M) > and dy* (2 M) > =, V1<h<H.

e

1
2h+2 ) 2h+2H’

Proof of Lemma 32. Under policy m,(z) = %5% () + %5% (+), the transition satisfies

H?-1 H?2-1
Tl Lo mo(2,)) 2 == T (i | 7 02) = S

H?-1 H? -1
T(22, | 22, my(22)) » FE T, |2, 0,) = Spz o and

H?-1 H2 -1
T(zphy |27 m(z) 2 2 T(27, |27 a,) = H?

Hence according to the choice initial distribution p(-), we have forall 1 < h < H,

H-1 (H2—1)“ 1

e 2 ) 2

~ oh+2 ’

47



J1A RAKHLIN SEKHARI WEI

1 (H2-1\"'
u [2]. _
dhb h’M) 2oH ( 2H2 ) 2h+2H’and’
1(E2-1\"" 1
[3]
dzb Zh,M)ZE( 2 ) ZZ
Lemma 33 For MDP M and policy m, defined above, we have
d;”(z;;}) N H- 1.
Ay (27 3
Proof of Lemma 33. First we can write the dynamic programming formula for dj :
dyy (z))) = 4y (DT (2] | Zh Lm(z ) + dit ()T (2 | Zh mo(z25)s
dﬁl(zﬁh) dwb(zh )T(Zh+1 | Zh »”b(zh ))+d7rb(zh )T(zh+l | Zh v”b(zh ))-
According to our choice of 7, we have
0,0 -1 (1] (1) 1
T(Zh+1 | Zn (Zh ) = 2H2 ) T(zh+1|z Wb(zh )) = m7
-1
T(zpl |20 m(2)) =0, and  T(z7) | 27, m(z7)) = H2 ;
which indicates that
dZL(ZEfL Tz Z}L”mb(z[”)) T(zh+1 | zh Lm(z7)) dm’(zh )2 de(ZEf])‘
+1( h+1 T(zh+1|zh ,Wb(z ) T(Zh+1 | Zh 77Tb(Zh ) dwb( T H2-1 dZ”(Z;E”)
b [2] [2]
Additionally, after noticing that 2 1) = 25 ) — 1 we have forall 1 < h < H,
d}L (zl ) p(z1 )
d7rb —
(zh“) ! +(h-1)- 2 1 L2 1)3 S
dpt( ][1131 H—l H?2-1"H-1 H?-1 " H-1

Lemma 34 For any policy w, and the MDP M defined above, we have

AN +dy(27) < ST Vhe[H].

Proof of Lemma 34. First we can write the dynamic programming formula for dj :
o1 (2,0)) = i (3T (1 1 2,7 (2) + R ()T (=), | 27,7 (27))
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(i) = di ()T (22l | 2,0 m(=2,) + di ()T (=0 1 27 m(27)).

We let 71'(2][11]) =p10a, () + (1 = p1)da,(+), and 7r(z,[f]) =204, (-) + (1 = p2)dg, (+). Then we have

T(z0y |20 7 (2h) = (1—1)1), T(z2 12107 (2h) = pa,
1
T(z][;j1 | z,[f]m(z,[f])) =0, and T(z}[ﬁ1 | z}[f],w(z}[f])) = 5(1 - p2).
This implies that

us U 1
2dp . (250) + di o (221) = di (27) - (1= papr) + d (217) - (2 0+ 5(1 —p2))

1 U U
=5 (2d (z;;}) +d (zf])).

Further noticing that 2d™ (2{") + d™(2{%) = 2p(21") + p(2") < 1, we obtain that for any h € [H],

1
2d2(z,[l”) + dZ(z,[f]) < ohT

Therefore, for any h € [ H ], we have

d”(zh)+d ( 2 )<2h1

Lemma 35 For the MDP M and policy m, defined above, the concentrability coefficient of all
policies with respect to d;* (-; M) is upper bounded as

dy (z,a; M) 3
maxmax max ————<8H",
well  h ZEZ;L,aEACl (Z a; M)

where 11 is the class of all policies. However, for € < 1/15, the aggregated concentrability coefficient
is lower bounded as

CE(Mv ¢7d2b(a M)a 7Te) 2 2H_7'

Proof of Lemma 35. For our choice of 7,

dit(z,a; M) >

dre(z; M dr(z; M
4.0 BEM) e zaca

d dj ;M) <

which implies that
dﬂ' M dﬂ' M
;—Lb(zja’ ) < HQ . 72)(2?7 ) Vze Z.
d,’ (z,a; M) dy* (2, M)
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Hence, Lemma 32 and Lemma 34 give that for any policy m € II,1 < h < H and z € Z},

dy(z; M Lfgh-1
M < max{4, /2— =8H
dy (2 M) @2

This implies that
dr(z,a; M
maxmax max M <8H?®.
well h  zeZ;,aeA dhb (Z, a; M)

As for the lower bound of C. (M, ¢, dpt(-; M), m.), first we notice that according to (4), our choice
of me(2) = dq, (+) and Lemma 33, we have

Ty . A
Zh€¢£11]72;”1€¢£i]1 dh (Zh, a; M)T(Zh+l | Zh, al)

Zzed)g] dpt(z,a,; M)

T(d);ﬂl | ¢E],7Te) =

ZZ2+1€¢E+]1 dy (zn, a3 M)T (2, | 2,7, 02)

> Zzeqbg] dy® (zp, 015 M)

~ dy(masM)  H-1  H-1
2 et It (zpya; M) H-1+3 H+2

This implies that d7; (¢[1—11]3 M) satisfies for H > 2,

7 ( 4111, Tre (o 00 TT Tl | gl L(H-1\" 1
GO 2 dr @D TTTOL 16025 () 202
Hence when € < 1/15, we have
B Jﬂ'e((;s[l]; M)
Co(M, ¢, i, me) 2 A
ol )2 () )
] a3 (8 M)
d}rjb(z[}}]a We(zj[alr])5 M) + dzb (25—?7 71'6(2’5;]); M)
/a1
- 1/(2H—1)
> 9T,
where in the second inequality we adopt Lemma 34 with 7 = 7. |

E.2. Proof of Theorem 5

In this section, we will prove the following stronger results of Theorem 5.

Theorem 36 There exists a class & of realizable OPE problems such that for every OPE problem
g= OPE(M(B)’ We(g), ﬂb(”),f(”)) in Q5’
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(a) The function class F'® satisfies | F®| = 2 and

(Qﬂe(u)

(9)

(M), W (™ (s M©O): M) e FO,

(b) The all-policy concentrability coefficient of all policies with respect to dgb(g) (-; M) is upper
bounded by 384H?.

Furthermore, any offline policy evaluation algorithm that guarantees to estimate the value of m.'® in
the MDP M9 up to precision ¢, in expectation, for every OPE problem g € & must use

o)

admissible samples collected according to policy m,'® under MDP M. Here one admissible
. (9)

sample consists of (xy,an,Th, ), ) for all h € [H - 1], where (xp,ap,) ~ dp* (s M), and

rh, T, are collected according to the transition model and reward function of M®.

Proof of Theorem 36. We consider the class of offline RL problems constructed in Appendix D.4.2:
S = Uyew {gEj I, gi 1. According to the construction, the sampling distributions over rich observations
in gi] or gi] are fiy,(x,a) = #(¥(2).9)/|x,(2)|. And Theorem 23 indicates that for € < 1/41, for any
algorithm using less than

HCE(Mv ¢7 H, 7Te) > 2H—10£
8e - €
samples, there must exist some 1) € ® such that if the samples are according to i, the algorithm will
have error greater than £/8H in gE;] or ggj] with probability at least 1/2.

According to Lemma 15 (d), we have d™ (z; M) < d™(z; M) for any z € Z. Hence we obtain
that for any = € X\{u,v,w},
A (@) M) () M)

[Xp(2) A (2)]

a™ (a; 311

This also implies

d™ (, a; M) = d™ (a; M )my(a | 2) < (@) Mm(alz) _ d0 (i) a;M) fiy (2, @).

%y (2)] %y (2)]

Similarly, we can also obtain that
d™ (z, a; MT[;]) < fig(x, a).

Hence, for any algorithm using less than 2" 7'*H?/- number of samples, there must exists some
M e {Ml[;] 1 e Whu {Mg] :9) € U} such that if the samples are according to d™ (- | M), the
estimation error is at least ¢/H.

Finally, Lemma 35 indicates that the concentrability coefficient of M is bounded by 8 3. Hence
according to Corollary 17 and Corollary 21 we have for any such M, the all-policy concentrability
coefficient is upper bounded by 384 H3, which proves condition (b). And similar to the proof of
Theorem 23, we can also verify condition (a). [ |
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Appendix F. Missing Details from Section 4.2

In this section, we will provide missing details from Section 4.2. In Section F.1 we present algorithms
needed in Section 4.2. Finally, in Section 4.2 we present the proof of Theorem 6.

F.1. Algorithms

In this subsection, we provide algorithms mentioned in Section 4.2. Algorithm 1 will transform a hard-
case OPE problem for admissible data into a hard-case OPE problem for trajectory data. Algorithm 2
is used in the proof of lower bound with trajectory data, where the algorithm can transform admissible
data collected according to M (MDP in the hard-case OPE problem of admissible data) into trajectory
data of M (MDP in the hard-case OPE problem of trajectory data). And finally, Algorithm 3 shows
how to transform an algorithm for OPE with trajectory data to an algorithm for OPE with admissible
data.

F.2. Proof of Theorem 6

For MDP? M and policies 7 and 7y, we have the following properties:

Lemma 37 Suppose under OPE problem OPE(M ,Te, Tre, F) is the output of Algorithm 1 after
inputing OPE problem OPE (M, 7o, 7y, F ) and arbitrary integer K. Then,

(a) The all-policy concentrability of M and M satisfies that

@A) 7 (M)
sup sup sup —=————- < (HK)-sup sup sup —
’ﬁEﬁTLE[ﬁ] 'fe;(% d’ﬁb (J;,M) mell hg[H] reX), dh (.:U,M)

(b) Q calculated in (42) equal to the state-action value function of MDP M. Especially, the value
functions of M and M satisfies
V(7 M) =V (p; M), 43)
where p and p are initial distributions of M and M respectively.
Proof of Lemma 37. We first prove Lemma 37 (a). For any policy 7 over MDP M, we construct
a policy m over MDP M as follows: for any h € [ H | and x € X}, we construct
m(x) = 7((z, K)),

where we use (z, K) € X to denote the state constructed in Algorithm 1. Additionally, we
construct policy 7™ over MDP M as follows: let

™ () () ifxe U;”:El)(j
n"(z) =
() ifxe Uf:m?(j.

3. Throughout this section, we use a "tilde" over the variables, e.g. in M, 7, etc., to signify that they correspond to the
artificially constructed OPE problem in Algorithm 1 for analyzing trajectory data.
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Algorithm 1 REPLICATOR

Input: Offline policy evaluation problem OPE(M, 7, 7y, F) with M = MDP(X, A, T,r, H, p),

W

and parameter K > 1.

I: Define 7. : X - A to be an arbitrary mapping which satisfies 7.(x) # me(z) for all x € X.
2: /* Construct ]W:MDP(;YV,A,TV,'F,I?,@ *x/
3:

4: State space: Let X = Ule[ﬁ]‘)?l , where the state space X; = {(z,k) : = € X,k € [K]}

Horizon: H=K(H -1) +1.

l=(h-1)K +k,forhe[H]and k € [K].
Initial distribution: Let p((x,1)) = p(z) for z € X.
Transition model: Define the transition matrix 7' : X x A — A(X’) such that

o Whenk <K —1: Forany he [H],a€ A, and z,z’ € X}, let

{'(l'/:l') if a=m(z),

T((z' k+1)]| (z,k),a) =

(« )| (:8).a) dit(x'; M) otherwise.

o Whenk =K:Forany he [H-1],ae A,z € X, and 2’ € X}, 1, let
T((«", 1) | (2,k),a) = T (2" | z,a).

Reward function: For any x € X and a € A, let

0 if k<K-1,

r(s,a) otherwise.

7((z,k),a) = {

8: /* Construct evaluation policy 7. */
9: Construct 7, such that 7o ((x, k)) = me(x) forall x € X and k € [ K].

12:
13:

: /* Construct offline policy 7, */
11:

Construct 7, such that, for any x € X and k € [ K],

Aol (2,h) - {”Z’(m) .

%we(m) + %ﬂc(x) otherwise.

/* Construct state-action value function class f */

Construct F := {Q : Q € F}, where Q : X x A — R is defined such that

Q(zp,a) if k=K,
Qv((zvh?k)aa) = Q(whﬂre(xh)) if k<K7a:7Te(xh)7
St ey A (e M@y o)) i k< K% mo(an).

forany z € X and k € [K].

: Return: Offline policy evaluation problem OPE(]T/f To, T, F ).

(42)
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Algorithm 2 ADMISSIBLE-TO-TRAJECTORY
1: Input: Admissible datasets DyP" = {(:c}(f),a,(f), rlgl),:ilgl))}lSK forh e [H].

2: Set ¥ = 2", and initialize T = ().
3: forh=1,...,H-1do
4: Setl=1.
5: /* Construct Trajectory within Block h */
6: fork=1,...,.K-1do
7: Leth:=(h-1)K +k.
8: Sample @ ~ Uniform({7e(77), 7.(73)}), and update [ < | + 1 if @ = 7.(T7).
9: Set
_ Ty if Gy :ﬂe('ffﬁ) // Map to the Same State
XTrs =
hel .rgl) if @ =7 (T5) // Read Fresh State from D}™
10: Update T=TO (5ﬁ,?ﬁ = O,fz+1).
11 Upd _ ~ _ ()~ _ () = _ =)
: pdate 7 = 7o (a7 = a,”, 75 =1, T7,, = T;).

12: Return trajectory 7 of length (H — 1)K + 1.

Algorithm 3 Reduction of OPE with Admissible Data to Trajectory Data
Input:
* Admissible dataset D" of size K'n for each h € [H].

¢ State-action value function class F.

* OPE algorithm ALGqy,; that takes evaluation policy, state-action value function class and
trajectory data as input and returns a value estimation.

1: Initialize D™ = @.

2: forj=1,...,ndo A

3 For h € [K], construct D, "™ :DQDM[K(j—1)+1:Kj]. |
4:  Gettrajectory 77 = ADMISSIBLE—TO—TRAJECTORY(D?DM’], . ,DIA{DM’]).
5 Update D™ « DTRA | {77},

6: Construct state-action value function class F according to (42) based on F.

7: Return V <~ ALGTRAJ(DTRAJ, f)
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We will prove by induction that for 2 = (h — 1)K + k and (2, k) € f\%, we have

_ . h-1 m
G (k) L) < df (a; M) + (K - 1) 3 " (@5 M) + (k= 1) - (as M) (44)

m=1
Whenh =1,ie. h=1k=1, according to the construction of p'in Algorithm 1 we have
A7 ((w;k); M) = p((2,1)) = p(x,1) = d" (25 M),

which implies that (44) holds. Next, we assume that (44) holds for h = (h— 1)K + k and we aim to
prove for h + 1. We consider two cases, where k < K or k = K. When k < K, for any 2’ € X}, we
have

dy, (2" k+1); M) = 2}; di (23 k); MOT (2, k + 1) | (2, k), 7( (2, k)))

<dZ((2';k); M) +dp? (2'; M),

where in the inequality we use the fact that T((«',k + 1) | (x,k),a) = d(a' = ) for a = me(2") and
T((z' k+1)]|(x,k),a) =d;*(«'; M) for a # me(x"). Thus according to the induction hypothesis
(44) we have

B . h-1 _
dp, (2", +1); M) <dj(2"s M) + (K - 1) - Z_:ld’ﬁ (2" M) + k- dp (2" M),

Next, when k£ = K, according to the transition T constructed in Algorithm 1, for any x’ € X}, ,1, we
have

dy, (2", 1); M) = 3 di((2; K): M)T((2",1) | (a, K), 7((x, K)))

CEEXh
= Z; dg((x;K);]T[)T(w, | z,7(x))
h-1
: 22:( ( m(a M)+ (K -1)- Z_:ld?{m(m;M)+(K—1)-d2b($;M))'T(wl|x’7r(x))’

where in the inequality we use the induction hypothesis (44). Next, according to the definition of
policies 7", we have

> diy (@ M)T (2" |z, 7(2)) = dj 4 (a; M),

xEXh

S dp" (v M)T (2 |, 7(2)) = dyy (273 M),
JCEXh

S A (a3 M)T (2 | &, m(2)) = diyy (2 M),
ZBEXh

Bringing these back, we arrive at

~ . h+1 m
B ()5 =y M) + (K = 1) 3 d (25 M),
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which proves (44) for h+1. Hence according to induction, (44) holds for all h. Additionally, we
further notice that dpt((x,k); M) = dp*(x; M) for any x € Aj. Hence according to (44), for any
h=(h-1)K +k and x € X}, we have

&7 ((x,k); M) L (e M) + (K -1) ShL dr" (s M) + (k- 1) - di (3 M)
At ((w, k); M) ~ dy, (a; M)

5(1+(K—1)(h—1)+’“‘1)'8“§%
TE h )

<KH —d;{(:r; M)
< - Sup — :
mell dhb (37; M)
This implies
dZ(%; M) dy (z; M
sup sup sup ———— < (HK)-sup sup sup —;Lb(x’ ) :
el el ] 7y 4 (T5 M) well pe{ ) aet, &y (@5 M)

Next, we will prove Lemma 37(b) by induction on [ := (b — 1) H + k from H to 1. When [ = H, we
have

Q((zm,1),a) = Q(zH,a) =0, VayeXg,acA,
which satisfies the induction hypothesis. Next, assuming the induction hypothesis holds for [ + 1, we
will prove the induction hypothesis for [. We assume [ = (h — 1)K + k.
When k = K, according to Bellman equation and induction hypothesis, we have

@((xhaK)7a) :?((xhaK)aa) + Z T((x;wlvl) | (mth)7a)@/(($;z+l71)7%’6((x;z+17 1)))

!
Ty, 1 €41

= ’I“(.%’h, a) + Z T(x;wl | Lh a)Q(x;wl?ﬂ—e(x;wl)) = Q(l'h, a)'

!
Ty 41 €Xn41

When k < K and a = (), according to Bellman equation, we have

QU(zn, k), a) =7((xn, k), a) + > T((xh,k+1) | (zn,k), a)Q((z}, k + 1), 7e( (), k +1)))

I;LéXh

= Q(an,k+1),Fe((zn, k +1))) = Qan, me(2n)),

where in the second last equation we use the fact that T'((zp, k + 1) | (zn, k), me(zp)) = 1.
When k < K and a # (), according to Bellman equation, we have

Q(zn,k),a) =T((wn, k), a) + 3 T((zhk+1) | (zn, k), a)Q((wh, k + 1), Fe((a}, k +1)))

$’h€Xh
= 3 A (@ M)Q((@h k + 1), Fe((h, k +1))) = dj? (s M)Q(zn, me(wn)),
x;LE/Yh
Finally for (43) follows from p((z1,1)) = p(z1) for any x; € X}. [
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Lemma 38 For a fix OPE problem g = (M, 7o, my, F) and parameter K, suppose (M , 7o, Ty, F) to
be the output of Algorithm I with input to be g and K. Suppose D" are admissible data collected
according to M and m, and we feed D™ into Algorithm 2. Let Py to be the distribution of the
output. Additionally, we suppose the distribution of a trajectory collected from M and 7, to be P
Let & to be the following set of trajectories:

(45)

l, and for a trajectory 7, we say 7 € 7; if the first [ steps of 7 is exactly 7;. We denote

Pu() = Y Pu(®) and P3(F)= Y Py(7).

TeT TeT
We will prove by induction on [ that
Pur(7) = Pyr(70). (46)

When [ = 1, this is true since P/ (71) = p(T1) = P+7(77). Next, to finish induction from [ to [ + 1, by
the chain rule of probability, we only need to show that

P (@1, 7, 41 | 71) = Prp(@, 71, Tra1 | 7). (47)

We write [ = hK + k with 1 < k < K, and Z; = (x5, k) and Ty = (23, k + 1) (or (z},,,1)). If
k = K, we have

Par (@, 7, Ty | 71) = 7 (@ | 2p) R(FL | p, @) T (hyq | 2, @)

According to Algorithm 2, as long as there exists some (h— 1)K +1<t<(h-1)K + K - 1 with

a; # 1, we will have (77, a;,77,%;41) € D,PM, which indicates that

P (@, 71, T141 | 71) = mp(@ | o) R(FL | p, @) T(@hsq | ©hy @) = Par(@, 71, Tra1 | 7).
Ifl = hK + k for some h and 1 < k < K — 1, then the transition model of M gives that

I(’Flzo)l(x;l:xh)’ if a’l:ﬂ'e(xl%
(5= 0)-d (e M), i = ),

Pyr(ar, 71,2141 | 7) = {

N D=

Additionally, according to Algorithm 2, action 1 is taken with probability /2. Hence if @; = 7 (),
then the algorithm chooses x} = xj, and 77 = 0, we have

LHS of (47) = % (7 = 0)I(z}, = ).
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And if @; = m.(;), the algorithm will sample x;, from d}*(-; M'). Hence we obtain
|
LHS of (47) = 3 1(77 = 0)d;® (a3, M).

This finishes the proof of induction at [ + 1.

Finally, by induction, (46) holds for [ = H as long as 7 ¢ &. Hence for 7 ¢ £ we always have
P (7) = Pyr(7). u

Theorem 39 Suppose for M, algorithm ALGrga; taking n trajectories T1., and state-action value
function class F can output Vz,,, € [-1,1] such that

—

Ve - V(2] <.

S [

Then taking H?n admissible dataset Dy, and class of tuples of state-action value function together
with W-function, Algorithm 3 can output e-close value to Vp , = such that

Erem HVDn - VM(p)H <e+ H2 K42

Proof of Theorem 39.  We use 7., to denote n trajectories 71, -, 7, and let e(Tim) = ‘V’ﬁm -
VM (5)|. We have

> e(Fin) [1P(7) = B || - VI @) | < 2. (48)
j=1

Tlin

We further notice V (7; M) = V (p; M) from Lemma 37. Furthermore, since Algorithm 3 first transit
the admissible data Dk, into trajectory data 71., according to Algorithm 2, and then output V5
according to algorithm ALGqg,;, we have

—

Ex-a1 [V, - VM (p)|] = 2 VA - Vﬁ(ﬁ)‘ ﬁlﬁM(ﬁ) = e(Tin) ﬁlﬁM(?j)v
J= J=

Tlin

Tlin

where P u is defined in Lemma 38. Next, Lemma 38 indicates that if 7; ¢ £ (where & is defined in
(45)), then P/ (7;) = P+7(7j). Therefore, noticing that e(71.,,) = V.. - VM(5)| < 2, we have

> e(Fim) ﬁﬁM(’T}') = > 6(?1:n)ﬁ5M(ﬁ) + > 6(?1:n)ﬁﬁM('ﬁ)

T a\:1:11:3lgig'nvﬁ:iE(c/‘() ?1:n:V1Si§n7ﬁ¢gO

Y [[Pu) Y e(’ﬁm)f[lpﬁ(’fj)

:31<i<n, 7€ j=1 Tin:V1<i<n, 7:¢Eo

<23 PuGea)s T e ]Pg(m)

T1:n:V1<i<n, 75 ¢E0

IA

Tlin

=1
22%@ &)+ Y e(Fin) Hl Pr(T)
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Further notice that for any 1 < j < n, we have
Pu(Fe&)=1-(1-270)K < go-K+1

Therefore, using (48), we obtain

n n
2 Z PM(”Fz € (90) + Z 6(’7\:1:”) H P]W(:F]) < 2nH2—K+1 te,
=1 =

Tlin Jj=1

which indicates that Ez,,,.ar [|Vp, - VM (p)|] < e + H27K*2. -

This theorem has the following direct corollary, indicating that any algorithm taking trajectory data
as input cannot do policy evaluation in polynomial number of samples.

Proof of Theorem 6. According to Theorem 36, there exists a class M of MDPs, where
each M € M has bounded coverage 384H3. And any algorithm which takes o(#2"/c) number of
admissible samples together with realizable class of tuples of state-action value function together
with W -function induces estimation error ¢/8H in at least one MDP. We further carry the lifting in this
section for any MDP in M, and suppose these lifting MDPs form the class M. Lemma 37 indicates
that every instance in M has bounded all-policy concentrability 384 H*K < 384H® if K < H.

Next, we will prove this corollary by contradiction. Suppose the algorithm ALGrg,; using 6(H2"/c)
trajectories together with realizable state-action value function class induces estimation error less than
¢/16H in every MDP in M. Then after inserting ALGrg,; into Algorithm 3, we form an algorithm
which takes 6(#2"/c) admissible data for each layer, together with realizable function class, and
outputs an estimation to the value function.

Theorem 39 indicates that this algorithm will induce /165 + H2%*2 error for all MDPs in M.
Hence taking K = 2 + log, 16H?/c = log,, 64H?/¢, this algorithm will induces estimation error less than
¢/si in all MDPs in M. Notice that with this choice of K, we have 6(KH2" /) < 6(H2"[¢), which
contradicts to Theorem 36. |

Appendix G. Upper Bound for Offline Policy Evaluation

G.1. Setup

In previous sections we construct the lower bound assuming access to the Q™ function class. For the
upper bound, we consider a slightly more challenging scenario, where the learner only has access to
the V™ function class. It is not hard to see that learning with a V™ function class is more challenging
than learning with Q™ because one can always reduce a Q™ function set to a V' function set by
redefining f(z) < Eqr,(j2))[f(,a)]. For simplicity, we assume that 7 is deterministic, though
the extension to the stochastic case is straightforward. See Section G.2 for the discussion.

Similar to Xie and Jiang (2021), we first establish results for the case where the function set only
approximately realizes the true V™. The result for the fully realizable setting can be easily deduced
from it. Formally, we assume that the learner is given a function set F that consists of mappings
X — [-H, H] with the following approximate realizability guarantee.
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Algorithm 4 Batch Value-Function Tournament for Policy Evaluation (Xie and Jiang, 2021)

Input: Evaluation policy ., Offline Dataset D consisting of n tuples of the form (z, a, r, z").

1: Among all samples (x, a,r,z") in D, only keep those such that a = m.(z), and discard all others.
We denote the new dataset as D' = {(x;, 74, 1:;)}?;,1, where we omit a;’s since a; is always equal
to 7e(x;) in this dataset.

2: Compute

+_ . = " .
/ arirjrrunr;}?}cmi?x ||f 'Tg(f?f)f” h 49)

where

(11" = {922 R | ) =0 i £2) = 1) 0 £2) = () and (o) = o) .
(h(z) € [ H] denotes the layer at which z lies)

!

Tof = argmin ) (g(r:) - ri - Fa), (50)
g€ =1
o(2) = =3 Har = 2. 51)
ni=1
3: Return ]?

Assumption 2 (Approximate value function realizability) There exists an f* € F such that
supgex [V () = ()| < €appr.

Besides, the learner is given an offline dataset D, which consists of n tuples of (x,a,r,z") with
(z,a) drawn from y, and r ~ r(x,a) and s’ ~ T'(- | x, a) are sampled according to the MDP’s reward
function and transition model.

G.2. Algorithm

Our algorithm for this setting is presented in Algorithm 4, which is an adaptation of the BVFT
algorithm (Xie and Jiang, 2021) to the case of policy evaluation. In the beginning of the algorithm,
the dataset D is pre-processed so that only (x,a,r,z") samples with a = 7.(z) are kept (line 1). The
core of the algorithm is to solve the min-max problem in (49). The high-level idea of it is that for
every pair of functions f, f’ € F, the algorithm creates a “tabular problem” by aggregating states with
the same (f(x), f'(x)) value, and estimates the Bellman error for this tabular problem. Intuitively,
this is probably the best the learner can do, since besides the value of (f(z)) fer, the learner has
no other ways to distinguish states in the large state space. The output function f is the one that
always attains a small Bellman error estimate no matter what the other function it is paired with. For
more explanation on this min-max formulation, we refer the reader to Xie and Jiang (2021) or the
amazing talk by Jiang (2021). The key differences with the algorithm of Xie and Jiang (2021) are the
following:
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* We deal with policy evaluation for 7., and our function class consists of V™ functions, while
Xie and Jiang (2021) deal with policy optimization, and their function class consists of Q*
functions. For this reason, we have a preprocessing step in line 1 of Algorithm 4, which
removes data samples whose action is not generated by m.. These samples are irrelevant to our
policy evaluation task.

* We consider the finite-horizon setting while Xie and Jiang (2021) considers the discounted
infinite-horizon setting. Therefore, different from theirs, Our aggregation is performed in a
layer-by-layer manner, and only states in the same layer can be aggregated.

If 7, is stochastic, we perform the pre-processing step (line 1) in the following way: for each sample
(z,a,r,2") € D, sample a' ~ m(- | ). If a = d/, then keep this sample; otherwise discard this
sample.

Our upper bound result is stated in the following theorem, whose proof is provided in Appendix G.3
to Appendix G.5.

Theorem 40 Let f € F be the output of the BVFT algorithm given in Algorithm 4. Let O(f, ) be
the state aggregation scheme determined by f and f' (see Definition 42 for the precise definition),
and let C = maxy prer (_:EQ/HZ(M, O(f, "), . me). For given § >0, ifn. > Q (%), then
with probability at least 1 - 6,

Eaep[V™ (2) - (2)]| < O(e).

Because of the state aggregation procedure in BVFT, the sample complexity upper bound in Theo-
rem 40 depends on the concentrability coefficient of the aggregated MDP (i.e., C) rather than that of
the original MDP. Notice also that the sample complexity scales with 8%1 instead of the more common
6%. This is similar to Xie and Jiang (2021) and is because we divide the state space into O(e%)
aggregations, each of which consists of states having the same value functions up to an accuracy of
€. Our bound have a smaller dependence on the horizon length H, but this is simply because we
assume the range of the value function is [—1, 1] while they assume it to be [-H, H ].

Finally, we provide some implications of Theorem 40. First, as pointed out previously, we have
C < Cpf (Lemma 55). Second, in the case that the data is admissible with offline policy 7, and
W < C4 for all 2, we have C < (C4)" (Lemma 56). Interestingly, a sample complexity

Ty (Tre

bound of order (C4) is also the case if we use importance sampling to perform offline policy
evaluation. The difference is that importance sampling does not require access to any function class,
but needs the data to be trajectories, while BVFTrequires access to a function class, but only needs
the data to be admissible.

For the remaining of this section, we provide a proof for Theorem 40.

G.3. Definitions

Definition 41 (partial offline data distribution v()) Given the offline data distribution p € A(X x
A), we define the partial distribution v € A(X) such that v(x) = p(z, 7o (x)).

Definition 42 (aggregation schemes ®( f, /'), ®;(f, /') and maximum partition number &)
Define ®(f, ') as the state aggregation scheme (see Section 3.1) where x,y belongs to the same
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partition if and only if f(x) = f(y) and f'(x) = f'(y) and x,y are in the same layer. Let
O (f, f") c ®(f, ") be the set of partitions in layer h. Define ®max = maxy prer maxp | Py (f, f1)].

Definition 43 (aggregation ®*, aggregated transition T, occupancy d, and offline distribution 77)
Consider the partition ®* = ®(f, f*), where f is the output of Algorithm 4 and f* is defined in
Assumption 2. Let ¢, ¢' € ®*, Define

Zmeqﬁ Zz’e¢>’ v(x)T(2" |z, me)
Z:paf) l/(l‘) .

Furthermore, let d(¢$) be the occupancy measure of 7. in the aggregated MDP. That is, d follows the
recursive definition below:

T(¢'|¢) =

Vo €@, ()= T AGT( 9), withd(9)= = Y ple) for 6 @},

Ped} zed

Also, define v(¢) = ¥ e V().

Definition 44 (aggregated concentrability C?) The aggregated concentrability with respect to the
aggregation ®* = O(f, f*) (defined in Definition 43) is defined as

_ { Yper d(9) .

C; = maxmax

== L TIcd; d )
Loz V(o) & qﬁze;l' (¢)28}

(52)
Definition 45 (projection operators 7 f and 7A“g f) Let f: X - R, and let G be any function set
that consists of functions of the form X — R. Define

Tof = argmin 35 v(@)T(' | 27) (9(r) = (. m) = f()",

n/

7o f = argmin 1 > (g(xi) -1 - f(xg))z .
geg M

i=1

Definition 46 (weighted norm ||g|, 1) Let g € G(f, f') and ® = ®(f, f") for some f, f' € F. Let
w : ® - Ry be arbitrary. With abuse of notation, define || glwn = /2 gea,, w(0)g($)% where g(¢)
is such that g(x) = g(¢) for all x € ¢.

DPmax log(n‘i)max|.7:|/5)
n

Definition 47 (estimation error cgat) Egtat = \/
offline samples, and P, is defined in Definition 42.

, where n is the number of

We next establish a few properties of state aggregation.

Lemma 48 Let g = Tg (s 1) f for some f, [’ € F. Fix a layer h. Let g, be the value of g(x) for
those x € Xp,’s such that f(x) = a and f'(x) = B. Then gop has the following form.:

_ Zackyif(@)=a. ' (2)=8 V(@) T f(2))
erXh:f(a:):a,f’(x):ﬁ(l/(x)) ‘

9ap
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Proof of Lemma 48. Recall from Definition 45 that g is the minimizer of E;, Er (o, 7o) (9(2) = (2, 7e) = f(x))?
within G(f, f'). The derivative of this objective with respect to g, is

Ea;NVE:p’~T(-\x,7re)2(gaﬁ - 7"(1’, 7TG) - f(:c'))l{f(a;) =q, fl(x) =B, h(x) = h}

= 2¢ap Z v(z)-2 Z v(x) (r(m,we) + ZT(JE' | J),T(e)f(l',))

zeXy: f(z)=a.f'(2)=p weXp:f(z)=a,f'(z)=p
= 20aB > v(z) -2 > v(z)T f(x).
weXp: f(x)=a,f'(z)=0 weXp:f(z)=a,f'(x)=p
Setting this to be zero gives the desired expression of g,g3. |

vh S ”f -Tf

Lemma 49 For any f € F, we have that maxprer || f — Tg(s, 1) f Ve

Proof of Lemma 49. Fix f, f' € F and fix h € [H]. Let g = Tg(y,¢f and let g4 be the value of
g(x) for x € X such that f(x) = «and f'(x) = .
Define vo3 = ¥ pex, V(2){ f(x) = a and f'(x) = B}. Then by definition, we have

”f - 7Ej(f,f')f”zzz,h = Z Vaﬁ(a - Qaﬂ)2

a,B
) 2
= Vag (a -— > V(m)Tf(x)) (using Lemma 48)
a,B Vap zeXp:f(x)=a,f ()=
<y Vagi > v(z) (- Tf(z))* (Jensen’s inequality)
aB VB zexyif(x)=a.f'(x)=p
= ¥ (@) (f(@) - Tf(x))*
TeXy,
= £ =TFI2 -

G.4. Supporting Technical Results

Lemma 50 Wirh probability at least 1 - 0, for all f,f" € F and all g € G(f, ') such that
sup, |g(x)| < 1, it holds that

lglvn < V2]g
lgllon < v2lg

(Recall the definition of £y, in Definition 47)

ot @ (gstat) )

v,h T O (5stat) .

Proof of Lemma 50. Fix f, f and g. By Bernstein’s inequality, with probability at least 1 — ¢,

L5 (00 - ooty

=1 s

gl = 1915 4] =
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IN

@) (\/% Y v(z)g(x)tlog(1/6") + M)
<> v(x)g(x)? +O(%) (AM-GM)

- ol - o EU%).

Rearranging this gives

g log(:b/ o) )

log(1/¢’
wd ol 2lalt 0 (2010

2 o 2gu§,h+0(

Next, we take union bounds over f, f’ and g. Notice that for every pair of (f, f'), the value of
g €G(f,f") onz € & is determined by the values of {g(®)} gea, (f,77)> Where g(¢) is the value
of g(z) for x € ¢. Therefore, an e-net of G(f, f’) on layer h can be constructed by discretizing
each value of {g(®)}4ca, (f,)» and its size is at most (1/)CUPn (LI < (1/2)O(Pmax) 1t suffices
to pick € = % and bound the discretization error by O(%) Overall, the union bound is taken over

| F|>n®max instances. Therefore, we pick &' = m%%, which gives

lgl5.n < 2lg[5.5 + O (

3,}1 L0 ( D ax 10g(n|.7-“|/5)) '

P ax log(n|f|/5)) and

n

2
lgllzn <2lg ;”

Pmax log(nPmax|F1/6) fo-chos the
n

Finally, taking square root on both sides and recalling that eg, = \/
proof.

Lemma 51 With probability at least 1 - 0, for all f, f' € F, and h < H,

1 Tecr 0 f = Tacr ) fllvn < O (Ear) -

Proof of Lemma 51 .  We first fix the function pair f, f’ and define additional notation. Let
O =d(f,f)and G = G(f, f'). For every ¢ € @y, define

V(6)= X 0t (rtem) + DTG o ﬂe)f(x')) L 200)= T ul),

TED TED

P(6) = 3 3 M €0} (rlame) + £(aD). Z(6) = 5 3 Wwie o).

Additionally, let ' = s —, g9 = 50L%) and @), = {¢ € @)+ Z() > o).
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Using Lemma 48 together with definitions above, we get that for all x € ¢,

Tof@) =29 g o) - 29

Z () Z(¢)
Thus, we have
1Taf - Tofllin (53)
- 3 (@) (Tof () - Tof(2))’
PP )(Zw) 0
Y(9) _Y(9)) OV V@) T
¢ez<};'xze<;5 v )(Z(¢) Z(¢)) +4¢E¢0§<I);Ixz€;b (=)H Q) Z(d’)E[ %2)
(9) Y (o) V(o) V(@)
23 7)) - Z(¢)) 3 26 (59 - 29 SRR O
(Y@ -T(0)* , « T (Z0)-Z6)* 0
S2¢§; 2(9) 2%@ Z2(9)>  Z(9) Henleo

(because Z(¢) < gg for all ¢ € D, \ D))

(Y(9)-Y(¢)*+(Z(¢) - Z(<Z5))2 4P ax log(1/6")
<2 , 55
< ¢€Z¢;Ih 7(9) - (55)

where the last line follows by observing that ¥ (#)/Z(¢) < 1 for any ¢ € ®.

Next, using Bernstein’s inequality for any ¢ € ®,, with probability at least 1 — ¢, we have

Y (9)-T(9)l< O( 29 rog 157 + M)

n

12(6) - Z(6) < 0( ZG) 173y o OIE) ) |

n

Plugging the above in (55), and using a union bound over ¢ € ®;, we get that with probability at
least 1 — 6’ ®ax,

”lrgf_l?:gf”ih <O Z log(1/5’) . 10g2(1/5/) . émaxlog(l/é’))

g, T n2Z(¢) n
4 !/
<O D nax log(1/6") . maXIOQg (1/5) D pax log(1/6 ))
n n2eg n

(for ¢ € 3, Z(¢) > €0)

(by the definition of ¢ and §")

=0 (I)max 10g(|f‘q)max/5))
n
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Finally, using a union bound over (f, f’) € F x F and recalling that ey = \/ Prmax log("y'@mx/ %)

finishes the proof. |

Lemma 52 Let f be the output of Algorithm 4 and f* be defined in Assumption 2.
(a) ”f‘ Tg(ﬁf*)ﬂ

) 1T 5 F - Ta oo lin < 1= £ Lo

vh < @ (Sappr + 8stat)-

(recall the definition of d in Definition 43)

Proof of Lemma 52. We prove the two parts separately below.
(a) Note that
max If - E(ﬁf*)f”l«h

< max |f- Tg(}jf*)f“u,h + ”Tg(]{f*)f - Tg(ﬁf*)ﬂb,h (triangle inequality)

< maxmax If- Tg(f,f')leah + O (Estat) (by Lemma 51)
< \/ﬁrfr}?}( max If- 7-g(f-’f,)f||f,7h + O (&stat) (by Lemma 50)

< \/51}1&}{ max If* - ’T’Q(f* S on + O (Estar) (by the choice of Fin (49))
/E ) b

<2 Bcnag max If* - %(f* S on + O (star) (by Lemma 50)
/E K

<2 I}la}( max I f* - Tg(f*,f/)f* vh + O (Estar) (by Lemma 51)
e

<2 max If*=Tf |un+ O (Estar) - (by Lemma 49)

(b) For the ease of notation, let G = G(f, f*). Notice that by Lemma 48,

Taep V(@) Tare,.,, T(a' | z,me) (f(a') - f*(2'))

Tof(#) = T5f" (9) = 5o (0)

Therefore,
1767 - Tof" 1%
= 3 d(6) (Tef(9) - Taf " (9))’

Pedy,
e[S (@) Sren, T 2 (Fa) - £ () )
- ¢€z<};h d(¢) ( Zseqﬁ U(:L’) )

Vs V(2)T (" |z, 7e)
Zse¢ V(:E)

< XX d(eb)(

) (f(a:') - f*(:n’))2 (Jensen’s inequality)
z'e€Xp 11 PPy,
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_ Z Z 2 (j(gb) (ZSE¢V($)T(SC |.’E,7Te)) (f(gf)’) —f*(gb,))Z
deDp 1 TP Pedy, Zseqs v(x)

= Y Y ANTS | 6) (Fle) - £7(6))
@'edp 1 PPy,

< X A () -1@)

“1F- 12

Lemma 53 With the ®* and C? defined in Definition 43 and Definition 44, there exist 71, ..., Ty
such that

* Jhc®;
* Z¢€Jh CZ(¢) <ég

* maxy, MaXged, 7, Eig < C;

N

Proof of Lemma 53. Define

Y pez d(®) . -
== . Tcd d > . 56
> ez 7(9) " gz (0)2 8} o

If Z;, has more than one solution, we pick one such that |Zy,| is the smallest. By the definition of C,

Z¢eIh g(¢) ~ %
S oz, 7D < CZ for all h.

Assume Ih = {¢h’1, e 7¢h,Nh} where Nh = |Ih
d(¢n1) S d(¢n,2) oS d(¢n,n,,)
v(én1)  v(on2)  P(onny,)

Ei; This is because if not, then

Iy = argmax {

we know that

, and assume without loss of generality that

S

N

If N}, =1, it is easy to see that ¢y, 1 = arg MaX geqpr

d(¢)
®n,1, argmax —
{ pea; V()
will be a better solution for Zy, in (56) than {¢y, ; }, contradicting that Z, = {¢y, 1 }. Thus, in this case,

Iy = {arg MAX g %} Then choosing J,, = @ satisfies all conditions in the lemma.

If Np, > 2, we define J, = Zp, N {¢n.n,, } = {Pn.1,---,Pn.n, -1} Below we verify that it satisfies the
two inequalities in the lemma.

First, we prove Y 4. 7, d(¢) < € by contradiction. Suppose that ¥ 4 7, d(¢) > e. By the assumption

that _ _
d(én,1) o d(on,n,)
v(ony)  v(dnnN,)
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we have

Y e, (D) N Y ez, d()
Yoed, V(D) Yoez, 7(0)

and thus [}, is also a solution of (56). However, | 73| < |Z,
the smallest.

, contradicting the assumption that |Z| is

S

(9)

@) < C;. Define

/ d(¢)

@}, = argmax — .
e\ T, ()

Next, we prove maxy, MaXgepr .7,

NI

If ¢}, = ¢p N, . then we have

d(¢},) _ d(n.n,) < > pez,, A(®) <
v(#))  U(bnnNy)  Teer, P(0)

c:.

If ¢}, # ¢p N, and % > CZ, then we have
h

ZqﬁeIh CZ(¢) + J(¢;L) > Zd)eIh CZ(qb)
Yer, V(@) + 1(B})  Lper, P(9)

Z¢eIh CZ((b)
ez, V(P)
contradiction. This concludes the proof. |

because < CZ. This implies that Z;, U {¢},} is a better solution than 7}, in (56), which is a

G.5. Proof of Theorem 7

Lemma 54 Ler C* = EQQ/HQ. With probability > 1 - 4,

Eoo[|f(z) - f(2)]] <O ( HeapprV/C + H\/ C* Dax 10g(:<1>max|f| /9) . 8) |

Proof of Lemma 54. In this proof, we denote G = G(F, f*). Recall the definitions of ®*, d, and
v in Definition 43. Notice that f, f*,Tgf,Tgf* € G. For any g € G and ¢ € ®*, we use g(¢) to
represent the value of g(z) for those x € ¢. Using Definition 46, we have

17 =S lan <V =T f Nan + 17~ TeFlan + 1T0F = To.f | an- 67

Before bounding the three terms above, we notice that by Lemma 53, there exist {jh}he[ ) such that

* Jnc®

° Z(;Sejh CZ(¢) < [8{_22

* mMax, MaXgep: .7, Dgig < CEQ/HQ
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Below we denote C* = C; JH2 Now we bound the three terms in (57). The square of the first term
can be upper bounded as

I£ = Tof |5, = Y d@) (£ (¢) - Taf (6))°

P}
2
< Y o) (£1(8) - Taf (6))° 7] (Zgeg, A(8) < 52)
RIS
2
<C Y w)(f(S)-Taf (#))’+ =5  (by the definition of )
GeBi T H
2
3,h + %
<C'|f*=Tgf* || H2 (because f*,T5f* € G)
2
;2 (by Lemma 49)
2
< C*gzppr + % (by the definition of eappr)
The square of the second term can be upper bounded as
IF-T6f130= ¥ d@) (F6) - TF(9))°
ped)
2
= > d®)(f(9)- Tgf(cb))
PP \Tn
— — — 2 —
<C* ¢ @*Zj 7(0) (F(¢) - 7'gf(q§))2 N % (by the definition of C*)
<C| g,h + %
2
=C*|f- 7'gf||3h + % (because f,T5f € G)
<O(Cel, +Cre2,) + ;2. (by Lemma 52-(a))

Next, again using Lemma 52-(b), the last term can be upper bounded as

Combining all above, we get
dh S “f fr ||dh+1+0(\/ *Eappr + V C 6stat'*‘—)

which gives || f— £l i1<0 (H vV é*sappr + HV Cregpa + 5) after recursively applying the inequality

and using Cauchy-Schwarz inequality. The desired inequality follows by noticing that E,..,[|f(z) -
[ (@)1 <|f - f*lz1 by Cauchy-Schwarz. [
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Proof of Theorem 40 (Theorem 7 in the main body). In the fully realizable setting (i.e.,
V™ e F), in order to control the magnitude of ®,,x, we discretize the function set F, and make it
an approximate realizable case.

. .
e This way, we have

2 4=
Eappr = H\/_ and @, = O ((Edppr) ) =0 (Iif ) Thus, by Lemma 54,

IF- a1 <0 (H\/a*aappr ¢y € B 0Bl F s ]5) )

n

) (’)(H \/C2H4log(n|f|HC/56) 5).

In order to make the last expression to be O(e), we need

0> Q(C2I-I610g(|.7-"|/(5))

o4
|
G.6. Implications of the BVFT Upper Bound
Lemma 55 Foranye, C. < Cor, where Cpy is defined in Definition 8.
Proof of Lemma 55. By the definition of C.,
C. < maxmax d(9)
h gy, U(o)
’ J ! T I, T, _
= max max Lg/ey (¢)T(S] ¢, me) (by the definitions of d and v and v)

h gedy, Yo i, me(x))
B Egrea,, AT (o] ¢, me) .
= max g;%f 5 oo (@) (me(@) | ) (by the definition of p(a | x))

Z¢’e¢h_1 J(¢,)T(¢ | ¢Ia ﬂe)

< max max -Cy
h  ¢edy ZI€¢M(33)
]- Tedt UV .’L‘, T X ,’L‘,"]T
<maxmax ——— Z d(qb') Yo €p ( )Zwe¢ ,( | e) C4
ho gedn erd”u(x) P'edp_y Zx’€¢' V(x )
(by the definition of T")

er¢ T(x | xlaﬂ'e)
< maxmax max .
h ¢E<I>h x’eXh,l ZIE¢ ILL(:C)

T(z |2, me)
<maxmax max —————
h (BEXh I’EXh_l /L(l")

<Cyx-Cy

'C.A
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Lemma 56 Let the offline data distribution 1 be admissible, i.e., p(x,a) = d™(z)m(a | z) for
< Cyforall x e X. Then forany e, C. < (C4)H.

1
(e (2)]2)

some Ty, . Suppose that u(wc(lm)lff) -

Proof of Lemma 56. For a fixed h, we have

d(¢)
max
ey, V() )
~ Yorea,, AT (o] ¢ me)
= max
pedy, Zzed) /J,(.’IJ, ﬂe(l'))
(by the definition of u(a | x))

_ Z¢/e¢>h,1 J(¢,)T(¢ | Cb,,ﬂ'e)

0t Yo (@) i(me() | 7)
Zq&’efbh_l (j(QﬁI)T(QZ5 | ¢,7 7re)

= max ! !/ ! /
Pe®p 21‘€¢ Za:’eXh_l Za’e.A :U(x , )T(x | Tr,a ),LL(’JTQ(JL‘) | iL')
(by the fact that i is an occupancy measure)

(by the definitions of d and 7 and v)

< max Z(b’e@h_l J(d),)T((b | ¢,77Te) .C
T 660 Y ep Sarer, , 1@ me(@ )T (x| me(a))
- max Zfb’e@}rl d_(¢I)T(¢ | ¢,7 7Te) ) C_A
Py, Zd)’eq)h,l erd) Zm’f(b’ M(aj,77-‘-6(‘75,))1"(5C | l”,ﬂ'e(ﬂf’))
= max Zorery, DT (@] &', me) Ca (by the definition of T')
Pedp, Z(i)’eq)h,l (Z:}c’ai)’ :U’($’a 776(:5’))) T(¢ | Qb’aﬂ'e)
(by the definition of v)

iy 2 AT ¢ me)
00 Lgren, V)T (G| me)

d(¢")
-C4.
: ¢'I?‘I§ii§1 D(¢’) A
()

< (C4)*. Then by just noticing that C, <

Recursively applying this we get max, maxgea,

maxy, MaXeed,, % finishes the proof.
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Appendix H. Role of Realizable Value Function Class in Offline RL

So far, we have considered offline policy evaluation problems where in addition to an offline data
distribution g (that satisfies concentrability), the learner is also given a function class F that contains
(Q™—the state-action value function corresponding to the policy 7, that the learner wishes to evaluate.
To understand the role of value function class in offline RL, in this section, we ask:

Is statistically efficient offline policy evaluation feasible without access to a
realizable value function class?

We answer this question negatively for both admissible and trajectory data. Our first result in
Theorem 57 (below) shows that given only admissible offline data, offline policy evaluation is
intractable without a realizable value function class, even when we have bounded pushforward
concentrability coefficient.

Theorem 57 For any positive integer N, there exists a class M of MDPs with shared state space
Xy, action space A = {al, az} and horizon H = 3, a deterministic evaluation policy e, and an
exploration policy m, with Pr(me(x) = mp(x)) > Y2 for all x € X such that any algorithm that
estimate the value V™ (p, M) up to error /2 for all MDPs M € M must use Q(N') many admissible
samples in some MDP in M.

Theorem 57 suggests the intractability of offline policy evaluation without a realizable function class
since the result holds for any positive integer N.

Remark 58 Note that since H = 3 in the construction of Theorem 57, the property Pr(me(z) = mp(x)) >
1/2 indicates that the pushforward concentrability coefficient Cpr < 8 w.r.t. the admissible distribution
wn(x,a; M) =d™(x,a; M) (see Definition 8). Thus, using Lemma 55, the aggregated concentrabil-
ity coefficient C < 8 for any aggregation scheme on the underlying MDPs.

On the other hand, under access to a realizable state-action value function class (Assumption 2), BVFT
algorithm (Theorem 40 + Lemma 56) obtains a sample complexity upper bound of O(poly (2, log(|F])))
which is tractable for i/ = 3. This highlights the role of a realizable value function class in offline
policy evaluation with admissible data. Our next result extends this to trajectory offline data.

Theorem 59 There exists a class M of MDPs with shared state space X, action space A =
{a,a,}, and horizon H, a deterministic evaluation policy m. and an exploration policy m, such
that the pushforward concentrability coefficient Cyr < 4 for the offline distribution p,(x,a; M) =
dp?(x,a; M) (see Definition 8).

Furthermore, any algorithm that estimate the value V7 (p, M) up to precision 1/2 for all MDPs
M e M must use Q(QH) many offline trajectories in some MDP in M.

The above shows that agnostic offline policy evaluation is not statistically tractable even when given
trajectory offline data. On the other hand, recall that under access to a realizable state-action value
function class (Assumption 2) and bounded pushforward concentrability coefficient, the BVFT
algorithm in Xie and Jiang (2021) enjoys a poly(Cpr, H,log(|F|),1/c) sample complexity (even
without access to trajectory data).
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Remark 60 For the lower bound MDP construction in Theorem 59, recall that m, () = Uniform(.A)
for any x € X. Thus, given trajectory data, the classical importance sampling algorithm from Kearns
et al. (1999); Agarwal et al. (2019) can evaluate the value of 7. upto precision ¢ after collecting
(’)(25—;[) many offline trajectories from Ty,

H.1. Proof of Lower Bounds

h=1
a .<
/ 3\

- FO 0000 -
a % /“%

h=3

Figure 5: Lower bound construction in Theorem 57. The blue arrows represent the transitions under
the action a;, and the red arrows represent the transitions under the action a,. In the middle
layer, the arrows to the blocks X3 and X3 denote uniform transitions to the states within
those blocks.

To avoid redundancy, we only provide an informal construction of the lower bound here. A formal
lower bound construction can be obtained by following arguments similar to that in Appendix D.

Proof of Theorem 57. Let NV be a positive integer, and consider a state space X = X1 U Ao U A3
where X} = {21}, X3 = {x3} and Ay is of size 4N 2. Consider a partition ¢ of X» that divides it into
two parts X5 and X2, each of size 2N2. For any such partition ¢, we define two MDPs M and
M®  where the Mg) =MDP(X, A H,TY r p)is defined such that (this construction can be
viewed in Figure 5):

e Horizon H = 3, action space A = {a,, a, }, and initial distribution p = 0, (-).
e Transition dynamics 7' is defined such that 7" (- | z3) = ., (+) for any x9 € X», and

TO( | a1,0) = | Do) Al a=an
Uniform(Xy) if a=a,.

e Reward function is defined for any a € {a,,a,},

0 if z=ux,
r(z,a) =41 if zeX”,

0 otherwise.
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We thus define the class M as

M= J(MP, M),
ped

where ® denotes the set of all feasible partitions for X» into X} and X of the same size, and satisfies
|(I)| _ 2O(Nlog(N)).

We further define the evaluation policy 7, and 7 such that for all z € X,
Te(x) = 0q, (+), and mp(x) = Uniform({a,, a,}).

Then for any M € UgepM™, we have V7™ (p; M) = 1 and for any M € Ugep M, we have
V7e(p; M) = 0. Hence if the algorithm cannot tell whether M € Ugeg M@ or M € Uygep M, then
the algorithm must fail to output 1/2-accurate estimation in at least one case among M.

The key intuition behind the proof is that given some dataset Dy, = {(xzp, an,7h, Ths1)}, the learner
can not identify which states belong to X21 Vs X22 in the second layer. Since, the reward model
depends on whether = € X} or z € XZ, inability to identify the partition ¢ which split X into X} and
X2, will lead to an error in evaluating V™ (p; M) with probability 1/2 since we consider ® to be the
set of all possible partitions of equal size.

To see the above, note that for any M € M, the marginal occupancy measure at layer 2 is
d5*(-; M) = Uniform(Xs x {a,,a,}).

Hence, samples (z2, a9, r2,x3) where o € Xy cannot provide useful any information unless we
know whether x5 € X21 or X22. However, while collecting admissible samples of the second layer, the
distribution we samples from is d5’(-; M), i.e. Uniform(X5), which reveals no information on X,
and X22 unless some state 5 appears both in samples (x1,a1,71,z2) and (x2, as,r2). According to
our choice of N, this happens with probability at most

2N N
1—1‘[(1—2—N2) <l
1 4N 2

Hence any algorithm must fail to output 1/2-accurate estimation of V™ (p; M) in at least one M € M
with probability at least 1/2. [ |

Proof of Theorem 59. Let N = 2 and consider a state space X = UL X}, where X; = {z1} and
Xy, -+, Xgr are of size 4N? each. Consider ¢ to be a partition of X5, X3, ---, Xy that divides each A,
(2 < h < H) into two parts X} and X2, each of size 2N?. For any such ¢, we define two MDPs M
and M@, where the Mg) =MDP(X, A H,TY r® p)is defined such that (this construction can
be viewed in Figure 6):

e Horizon H, action space A = {a,, a, }, and initial distribution p = §(x1).
e Transition dynamics 7 : X}, x A = X, is defined such that

Uniform (X)) if a=ay,
Uniform(&Xy uX3) if a=a,,

T(i)(' | $1,a) :{
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a; as — 2 S|
/\ /

- [0 -6 oe . @x
= g
Vi & ~) v

h=H-1 LXF]H ’ [ X2,
a; %2 - a

Figure 6: Lower bound construction in Theorem 59. The blue arrows represent the transitions under
the action a,, and the red arrows represent the transitions under the action a,. In layers
for h = 2 to H — 1, the arrows to the blocks X’ ﬁ and X, ,? denote uniform transitions to the
states within those blocks.

and for x € X}l with h e [H],

Uniform (X3 ) if a=a,
Uniform(Xy u X2) if a=a,,

T(i)(' | x,a) - {
for x € X2 with h e [H],

Uniform(X3) if a=a,,
Uniform(Xy u X2) if a=a,.

TO(- | z,a) ={

e Reward function: for any a € {a,,a,},

1 if zeXy,

0 otherwise.

r(z,a) = {

We thus define the class M as

M= MV, M),
ped

where ® denotes the set of all feasible partitions for X5, ---, X into X,} and X}% of the same size. We
further define the evaluation policy 7, and 7, such that for all x € X,

Te(2) = 0q, (+), and mp(x) = Uniform({a,, a,}).
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For any MDP M e M, we observe that the occupancy measure d}" (+; M) is
dt(-; M) = Uniform(X, x A).

Hence it is easy to verify that the strong coverability coefficient? of any instances in M is upper
bounded by 4. Additionally, we also have for any MDP M € Uges M(;l), V™ (p; M) =1 and for any

M € Ugea My, V™ (p; M) = 0.

The only way to tell whether a case M € Ugeo M(;l) or M € Ugea M(f) is through the reward
function in the last layer. However, if action a, is taken in any step within the whole trajectory, the
last layer distribution will be Uniform(X; ), which will induce the same reward distribution no
matter the MDP is M(;)l) or Mf).

Hence as long as none of the trajectory collected takes only action 1 among the trajectory, the learner
will fail to output 1/2-accurate estimation in at least one MDP in M with probability at least 1/2. And
using o(2/7) trajectories, the learner will fail to output 1/2-accurate estimation in at least one MDP
in M with probability at least /2 — o(21) - 1/27 > 1/4, [ |
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