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Abstract
We consider the task of properly PAC learning decision trees with queries. Recent work of Koch,
Strassle, and Tan showed that the strictest version of this task, where the hypothesis tree T is
required to be optimally small, is NP-hard. Their work leaves open the question of whether the task
remains intractable if T is only required to be close to optimal, say within a factor of 2, rather than
exactly optimal.

We answer this affirmatively and show that the task indeed remains NP-hard even if T is al-
lowed to be within any constant factor of optimal. More generally, our result allows for a smooth
tradeoff between the hardness assumption and inapproximability factor. As Koch et al.’s techniques
do not appear to be amenable to such a strengthening, we first recover their result with a new and
simpler proof, which we couple with a new XOR lemma for decision trees. While there is a large
body of work on XOR lemmas for decision trees, our setting necessitates parameters that are ex-
tremely sharp and are not known to be attainable by existing such lemmas. Our work also carries
new implications for the related problem of DECISION TREE MINIMIZATION.
Keywords: Decision trees, hardness of approximation, learning with queries

1. Introduction

Decision trees are a basic and popular way to represent data. Their simple logical structure makes
them the prime example of an interpretable model. They are also the base model at the heart of
powerful ensemble methods, such as XGBoost and random forests, that achieve state-of-the-art per-
formance in numerous settings. Owing in part to their practical importance, the task of efficiently
constructing decision tree representations of data has been intensively studied in the theory com-
munity for decades, in a variety of models and from both algorithmic and hardness perspectives.
Indeed, on the heels of Cook and Karp’s papers on the theory of NP-hardness, Hyafil and Rivest
(1976) proved that a certain formulation of decision tree learning is NP-hard. Quoting their in-
troduction, “While the proof to be given is relatively simple, the importance of this result can be
measured in terms of the large amount of effort that has been put into finding efficient algorithms
for constructing optimal binary decision trees.” This effort has only compounded over the years,
with a recent surge of interest coming from the interpretable machine learning community; the
2022 survey (Rudin et al., 2022) lists decision tree learning as the very first of the field’s “10 grand
challenges”.

We consider the problem within the model of PAC learning with queries (Valiant, 1984; An-
gluin, 1988). In this model, the learner is given query access to a function f and i.i.d. draws from
a distribution D, along with the promise that f is computable by a size-s decision tree. Its task
is to output a size-s′ decision tree that achieves high accuracy with respect to f under D, where
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s′ is as close to s as possible. Motivation for studying query learners for this problem is twofold.
First, it models the task of converting an existing trained model f , for which one has query access
to, into its decision tree representation—a common post-processing step for interpretability rea-
sons. The second, more intrinsic, motivation comes from the fact that computational lower bounds
against query learners, for any learning task, have generally been elusive. We are aware of only one
such result outside of decision tree learning, on the NP-hardness of learning DNF formulas with
queries (Feldman, 2006)—this resolved a longstanding open problem of Valiant (1984, 1985).

For decision tree learning, recent work of Koch et al. (2023a) showed that the strictest version
of the problem, where s′ = s, is NP-hard. This resolved an open problem that had been raised re-
peatedly over the years (Bshouty, 1993; Guijarro et al., 1999; Mehta and Raghavan, 2002; Feldman,
2016), but still left open the possibility of efficient algorithms achieving s′ that is slightly larger
than s. Koch et al. (2023a) listed this as an natural avenue for further research, while also pointing
to challenges in extending their techniques to even rule out s′ = 2s.

This work. We show that the problem remains NP-hard even for s′ = Cs where C is an arbitrarily
large constant:

Theorem 1 For every constant C > 1, there is a constant ε > 0 such that the following holds.
If there is an algorithm running in time t(n) that, given queries to an n-variable function f com-
putable by a decision tree of size s = O(n) and random examples (x, f(x)) drawn according to a
distribution D, outputs w.h.p. a decision tree of size Cs that is ε-close to f under D, then SAT can
be solved in randomized time O(n2) · t(poly(n)).

Consequently, assuming NP ̸= RP, any algorithm for the problem has to either be inefficient
with respect to time (i.e. take superpolynomial time), or inefficient with respect to representation
size (i.e. output a hypothesis of size much larger than actually necessary).

Theorem 1 is a special case of a more general result that allows for a smooth tradeoff between
the strength of the hardness assumption on one hand and the inapproximability factor on the other
hand:

Theorem 2 Suppose for some r ≥ 1 there is a time t(s, 1/ε) algorithm which given queries to
an n-variable function f computable by a decision tree of size s and random examples (x, f(x))
drawn according to a distribution D, outputs w.h.p. a decision tree of size 2O(r) · s that is ε-close to
f under D. Then SAT can be solved in randomized time Õ(rn2) · t(nO(r), 2O(r)).

By taking r to be superconstant in Theorem 2, we obtain superconstant inapproximability ratios
at the price of stronger yet still widely-accepted hardness assumptions. For example, assuming SAT
cannot be solved in randomized quasipolynomial time, we get a near-polynomial inapproximability
ratio of 2(log s)

γ
for any constant γ < 1.

Our work also carries new implications for the related problem of DECISION TREE MINIMIZA-
TION: Given a decision tree T , construct an equivalent decision tree T ′ of minimal size. This prob-
lem was first shown to be NP-hard by Zantema and Bodlaender (2000), and subsequently Sieling
(2008) showed that it is NP-hard even to approximate. We recover Sieling (2008)’s inapproxima-
bility result, and in fact strengthen it to hold even if T ′ is only required to mostly agree with T
on a given subset of inputs (rather than fully agree with T on all inputs as in Sieling (2008)). See
Appendix G for details.
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2. Background and Context

2.1. Algorithms for properly learning decision trees

In the language of learning theory, we are interested in the task of properly PAC learning decision
trees. We distinguish between strictly-proper learning, where the size s′ of the hypothesis decision
tree has to exactly match the optimal size s of the target decision tree, and weakly-proper learning,
where s′ can be larger than s. Koch et al. (2023a) therefore establishes the hardness of strictly-proper
learning whereas our work establishes the hardness even of weakly-proper learning even when s′ is
larger than s by any constant. We now overview the fastest known algorithms for both settings.
Strictly-proper learning via dynamic programming. There is a simple 2O(n) time algorithm
for strictly-properly learning decision trees: draw a dataset of size O(s log n), dictated by the VC
dimension of size-s decision trees, and run a 2O(n)-time dynamic program to find a size-s decision
tree that fits the dataset perfectly. (See Guijarro et al. (1999); Mehta and Raghavan (2002) for a
description of this dynamic program.) There are no known improvements to this naive algorithm
if one insists on strictly-proper learning, and indeed, Koch et al. (2023a)’s result strongly suggests
that there are probably none.
Weakly-proper learning via Ehrenfeucht–Haussler. The setting of weakly-proper learning al-
lows for a markedly faster algorithm: a classic algorithm of Ehrenfeucht and Haussler (1989) runs
in nO(log s) time and outputs a decision tree hypothesis of size s′ = nO(log s). Ehrenfeucht and Haus-
sler (1989) listed as an open problem that of designing algorithms that output smaller hypotheses,
i.e. ones where s′ is closer to s. There has been no algorithmic progress on this problem since 1989,
and prior to our work, there were also no hardness results ruling out efficient algorithms achieving
say s′ = 2s.

2.2. Lower bounds for random example learners

The problem is also well-studied in the model of PAC learning from random examples, where
the algorithm is only given labeled examples (x, f(x)) where x ∼ D. Lower bounds against
random example learners are substantially easier to establish, and a sequence of works has given
strong evidence of the optimality Ehrenfeucht and Haussler (1989)’s weakly-proper algorithm under
standard complexity-theoretic assumptions.

Pitt and Valiant (1988), in an early paper on the hardness of PAC learning, showed that strictly-
proper learning of decision trees from random examples is NP-hard; they attributed this result to
an unpublished manuscript of Angluin. Hancock et al. (1996) then established a superconstant in-
approximability factor (assuming NP ̸= RP), which was subsequently improved to polynomial
by Alekhnovich et al. (2009) (assuming the Exponential Time Hypothesis (ETH)). Recent work
of Koch et al. (2023b) further improves the inapproximability factor to superpolynomial (assuming
ETH) and quasipolynomial (assuming the inapproximability of parameterized SET COVER), the
latter of which exactly matches Ehrenfeucht and Haussler (1989)’s performance guarantee.

It is reasonable to conjecture that Ehrenfeucht and Haussler (1989)’s algorithm is optimal even
for query learners. If so, our work is a step forward for proving lower bounds in the more chal-
lenging setting of query learners so that these bounds might “catch up” with those in the random
example setting; historically, the race has not been close—query-learner lower bounds have lagged
far behind. Just as Koch et al. (2023a) can be viewed as establishing the query-learner analogue
of Pitt and Valiant (1988)’s result (i.e. the hardness of strictly-proper learning), our work can be
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Figure 1: Summary of lower bounds for decision tree learning.

viewed as establishing the query-learner analogue of Hancock et al. (1996)’s result (i.e. supercon-
stant inapproximability of weakly-proper learning). Figure 1 summarizes the current landscape of
decision tree lower bounds and shows how our work fits into it.

We refer the reader to Section 2.1 of Koch et al. (2023a) for a discussion of the technical chal-
lenges involved in proving lower bounds against query learners, and why the techniques developed
in (Pitt and Valiant, 1988; Hancock et al., 1996; Alekhnovich et al., 2009; Koch et al., 2023b) for
random-example learners do not carry over.

2.3. Other related work: improper learning of decision trees

There is also vast literature on improper learning of decision trees, where the target function is
assumed to be a small decision tree but the hypothesis does not have to be one (see e.g. (Rivest,
1987; Blum, 1992; Kushilevitz and Mansour, 1993; Hancock, 1993; Bshouty, 1993; Blum et al.,
1994; Hancock et al., 1996; Jackson and Servedio, 2006; O’Donnell and Servedio, 2007; Klivans
and Servedio, 2006; Gopalan et al., 2008; Kalai et al., 2009; Hazan et al., 2018; Chen and Moitra,
2019)). Examples of hypotheses that are constructed by existing algorithms include the sign of
low-degree polynomials and small-depth boolean circuits.
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We remark that in the machine learning literature, “decision tree learning” almost exclusively
refers to the problem of constructing decision tree hypotheses. See e.g. the Wikipedia page for
Decision tree learning or Chapter 18 of the textbook Shalev-Shwartz and Ben-David (2014).

3. Technical Overview

At a high level, our proof proceeds in two steps:

◦ Step 1: Slight inapproximaibility. We first give a new proof of Koch et al. (2023a)’s result.
In fact, we prove a statement that is (very) slightly stronger than the hardness of strictly-proper
learning: we show that it is NP-hard for query learners to construct a decision tree of size s′ =
(1+δ) ·s for small constant δ < 1. While such a slight strengthening is not of much independent
interest, it is important for technical reasons because it establishes some inapproximability factor,
albeit a small one, which we then amplify in the next step.

◦ Step 2: Gap amplification. We give a reduction that for any integer r runs in time nO(r) and
amplifies the inapproximability factor of s′/s = 1 + δ from the step above into (1 + δ)r. In
particular, for any arbitrarily large constant C this is a reduction that runs in polynomial time and
amplifies the inapproximability factor to C.

At the heart of this reduction is a new XOR lemma for decision trees: roughly speaking, this
lemma says that if decision trees of size s′ incur large error when computing f , then decision
trees of size (s′)r incur large error when computing the r-fold XOR f⊕r(x(1), . . . , x(r)) :=
f(x(1))⊕ · · · ⊕ f(x(r)).

There is a large body of work on XOR lemmas for decision tree complexity (Impagliazzo et al.,
1994; Nisan et al., 1994; Savickỳ, 2002; Shaltiel, 2004; Klauck et al., 2007; Jain et al., 2010;
Drucker, 2012; Ben-David and Kothari, 2018; Blais and Brody, 2019; Brody et al., 2020), but our
setting necessitates extremely sharp parameters that are not known to be achievable by any existing
ones. Most relevant to our setting is one by Drucker (2012), but it only reasons about the error of
decision trees of size (s′)cr for some c < 1 instead of (s′)r. This constant factor loss is inherent
to Drucker (2012)’s proof technique, and we explain in Remark 31 why we cannot afford even a
tiny constant factor loss in the exponent.

3.1. Step 1: Slight inapproximability

Like Koch et al. (2023a), we reduce from the NP-complete problem VERTEX COVER. For every
graph G there is an associated edge indicator function IsEdge defined as follows:

Definition 3 (IsEdgeG) Let G be a graph with vertex set V = {v1, . . . , vn}. We write Ind[e] ∈
{0, 1}n for the encoding of an edge e ∈ E in {0, 1}n. That is, Ind[e]i = 1 if and only if the vertex
vi is in e. The edge indicator function of G is the function IsEdgeG : {0, 1}n → {0, 1},

IsEdgeG(x) =

{
1 x = Ind[e] for some e ∈ E

0 otherwise.
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For technical reasons, we work with a generalization of IsEdge called ℓ-IsEdge where ℓ ∈
N is a tuneable “padding parameter” (we defer the definition of ℓ-IsEdge to the main body; see
Definition 13). We prove that the decision tree complexity of ℓ-IsEdgeG scales with the vertex
cover complexity of G with fairly tight quantitative parameters:

Claim 1 Let G be a graph on n vertices and m edges. For all ℓ ≥ 1 and ε > 0, the following two
cases hold.

◦ Yes case: if G has a vertex cover of size k, then there is a decision tree T computing
ℓ-IsEdgeG whose size satisfies

|T | ≤ (ℓ+ 1)(k +m) +mn.

◦ No case: there is a distributionD such that if every vertex cover of G has size at least k′, then
any decision tree T that is ε-close to ℓ-IsEdgeG over D has size at least

|T | ≥ (ℓ+ 1)
(
k′ + (1− 4ε)m

)
.

It is known that there is a constant δ > 0 such that deciding whether a graph has a vertex cover of
size ≤ k or requires vertex cover size ≥ (1+ δ)k is NP-hard (Papadimitriou and Yannakakis, 1991;
Håstad, 2001; Dinur and Safra, 2005). With an appropriate choice of parameters, Claim 1 translates
this into a gap of ≤ s versus ≥ (1 + δ′)s for some other constant δ′ > 0 in the decision tree
complexity of ℓ-IsEdge. The NP-query hardness of learning size-s decision trees with hypotheses
of size (1 + δ′)s follows as a corollary.

Key ingredients in the proof of Claim 1: Patch up and hard distribution lemmas. As is often
the case in reductions such as Claim 1, the upper bound in the Yes case is straightforward to estab-
lish and most of the work goes into proving the lower bound in the No case. Koch et al. (2023a)’s
analysis of their No case is rather specific to the ℓ-IsEdge function, whereas we develop a new tech-
nique for proving such lower bounds on decision tree complexity. In addition to being more general
and potentially useful in other settings, our technique lends itself to an “XOR-ed generalization”
which we will need for gap amplification. (Koch et al. (2023a)’s technique does not appear to be
amenable to such a generalization, despite our best efforts at obtaining it.1)

There are two components to our technique, both of which are generic statements concerning a
decision tree T that imperfectly computes a function f . The first is a patch up lemma that shows
how T can be patched up so that it computes f perfectly. The cost of this patch up operation,
i.e. how much larger T becomes, is upper bounded by the certificate complexity of f , a basic and
well-studied complexity measure of functions. (We defer the formal definitions of the technical
terms and notation used in these lemmas to Section 4.)

Lemma 4 (Patch up lemma) Let f : {0, 1}n → {0, 1} be a function and let T be a decision tree.
Then

DT(f) ≤ |T |+
∑

x∈f−1(1)

Cert(fπ(x), x)

where π(x) denote the path followed by x in T and fπ(x) is the restriction of f by π(x).

1. On a more technical level, Koch et al. (2023a)’s technique requires them to reason about the complexity of PARTIAL

VERTEX COVER, a generalization of VERTEX COVER, whereas our simpler approach bypasses the need for this.

6



SUPERCONSTANT INAPPROXIMABILITY OF DECISION TREE LEARNING

The second component is a hard distribution lemma that shows how a hard distribution D can
be designed so that the error of T with respect to f under D is large. Roughly speaking, the more
weight that D places on “highly sensitive” points, the larger the error is:

Lemma 5 (Hard distribution lemma) Let f : {0, 1}n → {0, 1} be a nonconstant function. Then
for all nonempty C ⊆ f−1(1), there is a distribution over C and all of its sensitive neighbors such
that for any decision tree T , we have

errorD(T, f) ≥
1

2|C|Sens(f)
∑
x∈S
|Sens(fπ(x), x)|

where π(x) is the path followed by x in T and fπ(x) is the restriction of f by π(x).

The No case of Claim 1 follows by applying Lemmas 4 and 5 to the ℓ-IsEdge function and
reasoning about its certificate complexity and sensitivity.

3.2. Step 2: Gap amplification

As alluded to above, a key advantage of our approach is that the patch up and hard distribution
lemmas lend themselves to “XOR-ed generalizations”:

Lemma 6 (XOR-ed version of Patch Up Lemma, see Lemma 18 for the exact version) Let f :
{0, 1}n → {0, 1} be a function and let T be a decision tree. Then for all r ≥ 1,

DT(f⊕r) ≤ |T |+ 2r
∑

x∈f−1(1)r

r∏
i=1

max{1,Cert(fπ(x), x(i))}

where π(x) is the path followed by x in T and fπ(x) is the restriction of f by π(x).

Lemma 7 (XOR-ed version of Hard Distribution Lemma, see Lemma 19 for the exact version)
Let f : {0, 1}n → {0, 1} be a nonconstant function, C ⊆ f−1(1) be nonempty, and T be a decision
tree. There is a distribution D over the inputs in C and their sensitive neighbors such that for all
r ≥ 1,

errorD⊗r(T, f⊕r) ≥
(

1

2|C|Sens(f)

)r ∑
x∈Cr

r∏
i=1

max{1, |Sens(fπ(x), x(i))|}

where π(x) is the path followed by x in T and fπ(x) is the restriction of f by π(x).

Just as how Lemmas 4 and 5 combine to yield Claim 1, combining their XOR-ed generaliza-
tions Lemmas 4 and 19 yields the following amplified version of of Claim 1:

Claim 2 Let G be a graph on n vertices and m edges. For all ℓ, r ≥ 1 and ε > 0, the following
two cases hold.

• Yes case: if G has a vertex cover of size k, then there is a decision tree T computing
ℓ-IsEdge⊕rG whose size satisfies

|T | ≤
[
(ℓ+ 1)(k +m) +mn

]r
.
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• No case: there is a distributionD such that if every vertex cover of G has size at least k′, then
any decision tree T that is ε-close to ℓ-IsEdge⊕rG over D has size at least

|T | ≥
[
(ℓ+ 1)(k′ +m)

]r − ε
[
8m(ℓ+ 1)

]r
.

With an appropriate choice of parameters, Claim 2 translates a gap of ≤ k versus ≥ (1 + δ)k
in the vertex cover complexity of G into a gap of ≤ sr versus ≥ (1 + δ′)rsr in the decision tree
complexity of ℓ-IsEdge⊕rG , where δ′ is a constant that depends only on δ. Theorem 2 follows as
a corollary. See Figure 2 for an illustration of this amplification and how it fits into our overall
reduction from VERTEX COVER.

0

n

0

2n

0

2n

VC(G) ≤ k

VC(G) > (1 + δ)k size-(1 + δ′)s DT

size-s DT

size-(1 + δ′)rsr DT

size-sr DT

Step 2: gap amplificationStep 1: Slight

inapproximability

Vertex cover size of G
DT size of ℓ-IsEdgeG

under D
DT size of ℓ-IsEdge⊕r

G

under D⊗r

Figure 2: An illustration of main reduction from VERTEX COVER in two steps. The first step, which
establishes slight inapproximability of decision tree learning, is proved in Claim 1. The second step
amplifies this slight inapproximability gap using Claim 2.

4. Preliminaries

Notation and naming conventions. We write [n] to denote the set {1, 2, . . . , n}. We use lower
case letters to denote bitstrings e.g. x, y ∈ {0, 1}n and subscripts to denote bit indices: xi for
i ∈ [n] is the ith index of x. The string x⊕i is x with its ith bit flipped. We use superscripts to
denote multiple bitstrings of the same dimension, e.g. x(1), x(2), ..., x(j) ∈ {0, 1}n. For a set S and
an integer r ≥ 1, we write Sr to denote the r-ary Cartesian product of the set.

Distributions. We use boldface letters e.g. x,y to denote random variables. For a distribution
D, we write errorD(f, g) = Prx∼D[f(x) ̸= g(x)]. The support of the distribution is the set of
elements with nonzero mass and is denoted supp(D). For r ≥ 1, we write D⊗r to denote the
r-wise product distribution D × · · · × D︸ ︷︷ ︸

r times

.

Decision trees. The size of a decision tree T is its number of leaves and is denoted |T |. In an abuse
of notation, we also write T for the function computed by the decision tree T . We say T computes
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a function f : {0, 1}n → {0, 1} if T (x) = f(x) for all x ∈ {0, 1}n. The decision tree complexity
of a function f is the size of the smallest decision tree computing f and is denoted DT(f).

Restrictions and decision tree paths. A restriction ρ is a set ρ ⊆ {x1, x1, . . . , xn, xn} of literals,
and fρ is the subfunction obtained by restricting f according to ρ: fρ(x⋆) = f(x⋆|ρ) where x⋆|ρ is
the string obtained from x⋆ by setting its ith coordinate to 1 if xi ∈ ρ, 0 if xi ∈ ρ, and otherwise
setting it to x⋆i . We say an input x⋆ is consistent with ρ if xi ∈ ρ implies x⋆i = 1 and xi ∈ ρ implies
x⋆i = 0.

Paths in decision trees naturally correspond to restrictions. A depth-d path can be identified with
a set of d literals: π = {ℓ1, ℓ2, . . . , ℓd} where each ℓi corresponds to a query of an input variable
and is unnegated if π follows the right branch and negated if π follows the left branch.

Boolean Functions. We use f to denote an arbitrary n-bit Boolean function, f : {0, 1}n →
{0, 1}. For a set D ⊆ {0, 1}n, we write f : D → {0, 1} for the partial Boolean function defined on
D. We use both partial and total functions and specify the setting by writing either f : {0, 1}n →
{0, 1} or f : D → {0, 1}. For f : D → {0, 1}, the sensitivity of f on x ∈ D and the certificate
complexity of f ’s value on x are defined as

Sens(f, x) = {x⊕i ∈ D : f(x) ̸= f(x⊕i) for i ∈ [n]}
Cert(f, x) = |π| s.t. π is the shortest restriction consistent with x and

fπ is a constant function.

Note that both of these definitions are with respect to D. Also, we refer to the sensitivity of f which
is Sens(f) := maxx∈D |Sens(f, x)|.

Graphs. An undirected graph G = (V,E) has n vertices V ⊆ [n] and m = |E| edges E ⊆ V ×V .
The degree of a vertex v ∈ V is the number of edges containing it: |{e ∈ E : v ∈ e}|. The graph
G is degree-d if every vertex v ∈ V has degree at most d. We often use letters v, u, w to denote
vertices of a graph G.

Learning. In the PAC learning model, there is an unknown distribution D and some unknown
target function f ∈ C from a fixed concept class C of functions over a fixed domain. An algorithm
for learning C over D takes as input an error parameter ε ∈ (0, 1) and has oracle access to an
example oracle EX(f,D). The algorithm can query the example oracle to receive a pair (x, f(x))
where x ∼ D is drawn independently at random. The goal is to output a hypothesis h such that
distD(f, h) ≤ ε. Since the example oracle is inherently randomized, any learning algorithm is
necessarily randomized. So we require the learner to succeed with some fixed probability e.g. 2/3.
A learning algorithm is proper if it always outputs a hypothesis h ∈ C. A learning algorithm with
queries is given oracle access to the target function f along with the example oracle EX(f,D).

4.1. Vertex Cover

Vertex cover. A vertex cover for an undirected graph G = (V,E) is a subset of the vertices
C ⊆ V such that every edge has at least one endpoint in C. We write VC(G) to denote the size of
the smallest vertex cover of G. The VERTEX COVER problem is to decide whether a graph contains
a vertex cover of size ≤ k. For a > 1, an a-approximation of VERTEX COVER corresponds to the
problem of deciding whether a graph contains a vertex cover of size ≤ k or every vertex cover has
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size at least a · k. There is a polynomial-time greedy algorithm for vertex cover which achieves a
2-approximation.

Hardness of approximation. Constant factor hardness of VERTEX COVER is known, even for
bounded degree graphs (graphs whose degree is bounded by some universal constant). This is the
main hardness result we reduce from in this work.

Theorem 8 (Hardness of approximating VERTEX COVER) There are constants δ > 0 and d ∈
N such that if VERTEX COVER can be (1 + δ)-approximated on n-vertex degree-d graphs in time
t(n), then SAT can be solved in time t(n polylog n).

Theorem 8 follows from the works of Papadimitriou and Yannakakis (1991); Arora and Safra
(1998); Arora et al. (1998). The fact that Theorem 8 holds for constant degree graphs will be
essential for our lower bound because it allows us to assume that k is large: VC(G) = Θ(m).

Fact 1 (Constant degree graphs require large vertex covers) If G is an m-edge degree-d graph,
then VC(G) ≥ m/d.

This fact follows from the observation that in a degree-d graph each vertex can cover at most d
edges.

5. Patching up a decision tree: Proof of Lemma 4

We start with the following claim about building a decision tree from scratch using certificates. See
Appendix A for the proof.

Claim 3 (Building a decision tree out of certificates) Let f : D → {0, 1} be a function with
D ⊆ {0, 1}n, then

DT(f) ≤ 1 +
∑

x∈f−1(1)

Cert(f, x).

The next lemma shows that we can patch up a decision tree by querying certificates. This
recovers Lemma 4 in the setting where D = {0, 1}n.

Lemma 9 (Patch-up with respect to 1-inputs) Let f : D → {0, 1} be a function with D ⊆
{0, 1}n and let T be a decision tree, then

DT(f) ≤ |T |+
∑

x∈f−1(1)

Cert(fπ(x), x)

10
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Proof Let Π denote the set of paths in T . Then,

DT(f) ≤
∑
π∈Π

DT(fπ)

≤
∑
π∈Π

1 +
∑

x∈f−1
π (1)

Cert(fπ, x)

 (Claim 3)

= |T |+
∑
π∈Π

∑
x∈f−1

π (1)

Cert(fπ, x) (|Π| = |T |)

= |T |+
∑

x∈f−1(1)

Cert(fπ(x), x).

The last equality follows from the fact that the set of paths π ∈ Π partition f−1(1).

6. Hard distribution lemma: Proof of Lemma 5

Lemma 5 is proved for the canonical hard distribution for a partial function f : D → {0, 1}.

Definition 10 (Canonical hard distribution) For a function f : D → {0, 1} with D ⊆ {0, 1}n,
the canonical hard distribution, Df , is defined via the following experiment

• sample x ∼ f−1(1) u.a.r.

• with probability 1/2, return y ∼ Sens(f,x) u.a.r.

• with probability 1/2, return x.

When f is clear from context, we simply write D. We use the canonical hard distribution to prove
the following result which recovers Lemma 5 in the setting where D = {0, 1}n. See Appendix B
for the proof.

Lemma 11 (Hard distribution lemma) Let f : D → {0, 1} be a nonconstant function for D ⊆
{0, 1}n. Then for all C ⊆ f−1(1), there exists a distribution D over C and and all of its sensitive
neighbors such that for any decision tree T , we have

errorD(T, f) ≥
1

2|C|Sens(f)
∑
x∈C
|Sens(fπ(x), x)|.

7. Hardness of learning via ℓ-IsEdge

We are interested in the following learning task.

DT-LEARN(s, s′, ε): Given queries to an unknown function f : {0, 1}n → {0, 1}, random
samples from a distribution D over {0, 1}n, parameters s, s′ ∈ N and ε ∈ (0, 1), and the
promise that f is a size-s decision tree, construct a size-s′ decision tree T that is ε-close to f
under D.

11
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The main theorem of this section is the following reduction from approximating VERTEX

COVER to DT-LEARN. This theorem recovers, via a simpler proof, the main reduction in Koch
et al. (2023a), while also achieving a better dependence on the VERTEX COVER approximation
factor. Later, we build on this reduction to prove our main result Theorem 1.

Theorem 12 (Reduction from VERTEX COVER to DT-LEARN) If there is a time-t(n, 1/ε) algo-
rithm solving DT-LEARN(s, (1 + δ)s, ε) over n-variable functions for any ε > 0, s = O(n),
and δ > 0, then VERTEX COVER can be (1 + δ′)-approximated on degree-d, n-vertex graphs in
randomized time O(n2 · t(n2, 1/ε)) for any δ′ > (δ + 4ε)d+ δ.

At a high level, Theorem 12 works by taking a graph G, and defining an “amplified” version
of the edge indicator function for G (recall Theorem 3). This function is called ℓ-IsEdge and is
formally defined as follows (see also Koch et al. (2023a)).

Definition 13 (The ℓ-amplified IsEdge function) Let G = (V,E) be an n-vertex graph and ℓ ∈
N. The ℓ-amplified edge indicator function of G is the function

ℓ-IsEdgeG : {0, 1}n × ({0, 1}n)ℓ → {0, 1}

defined as follows: ℓ-IsEdgeG(v
(0), v(1), . . . , v(ℓ)) = 1 if and only if

1. IsEdgeG(v
(0)) = 1 (i.e. v(0) = Ind[e] for some e ∈ E), and

2. v
(1)
i = · · · = v

(ℓ)
i = 1 for all i ∈ [n] such that v(0)i = 1.

We write ℓ-Ind[e] ∈ ({0, 1}n)ℓ+1 for the generalized edge indicator (Ind[e], . . . , Ind[e]). Note that
ℓ-IsEdge(ℓ-Ind[e]) = 1.

7.1. Decision tree size upper bound for ℓ-IsEdgeG: First part of Claim 1

The upper bound in Claim 1 follows from (Koch et al., 2023a, Theorem 2):

Theorem 14 (Upper bound on decision tree size of ℓ-IsEdge (Koch et al., 2023a, Theorem 2)) Let
G be an n-vertex, m-edge graph with a vertex cover of size k. Then, there is a decision tree T com-
puting ℓ-IsEdgeG : {0, 1}nℓ+n → {0, 1} whose size satisfies

|T | ≤ (ℓ+ 1)(k +m) +mn

and T can be computed in polynomial-time given G and a size-k vertex cover of G.

The last part of Theorem 14, the constructivity of T , is implicit in the proof of (Koch et al., 2023a,
Theorem 2), but is made explicit in their paper when proving Lemma 5.2 (see Section 5.3 of Koch
et al. (2023a)).

12
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7.2. Decision tree size lower bound for ℓ-IsEdgeG: Second part of Claim 1

The lower bound in Claim 1 is proved with respect to the canonical hard distribution for ℓ-IsEdgeG:

Definition 15 (Canonical hard distribution for ℓ-IsEdge) For a graph G, we write ℓ-DG to de-
note the canonical hard distribution of ℓ-IsEdge and ℓ-DG = supp(ℓ-DG) to denote the support of
the canonical hard distribution. As per Definition 10, this distribution is defined via the experiment

• sample ℓ-Ind[e] u.a.r. among all generalized edge indicators;

• with probability 1/2, return y sampled u.a.r. from the set of sensitive neighbors:
Sens(ℓ-IsEdge, ℓ-Ind[e]) = {ℓ-Ind[e]⊕i | i is a 1-coordinate of ℓ-Ind[e]}; and

• with probability 1/2, return ℓ-Ind[e].

Lemma 16 (Decision tree size lower bound for computing ℓ-IsEdge) Let T be a decision tree
for ℓ-IsEdgeG satisfying errorℓ-DG

(T, ℓ-IsEdge) ≤ ε, then

|T | ≥ (ℓ+ 1) · (k′ + (1− 4ε)m)

where m is the number of edges of G and k′ is the vertex cover size of G.

We obtain Lemma 16 using an application of the general size lower bound from Lemmas 9
and 11. See Appendix C.1 for the proof.

7.3. Putting things together to prove Theorem 12

The following key lemma is used in the analysis of correctness for the reduction in Theorem 12. It
follows from Claim 1 and a careful choice of parameters. We defer the proof to Appendix C.2.

Lemma 17 (Main technical lemma) For all δ, δ′, ε > 0 and d, k ≥ 1, the following holds. Given
a constant degree-d graph G with m edges and parameter k, there is a choice of ℓ = Θ(|G|) and a
polynomial-time computable quantity s ∈ N such that so long as δ′ > (δ + 4ε)d+ δ and dk ≥ m
we have:

• Yes case: if G has a vertex cover of size at most k, then there is a decision tree of size at most
s which computes ℓ-IsEdge : {0, 1}nℓ+n → {0, 1}; and

• No case: if every vertex cover of G has size at least (1 + δ′)k, then (1 + δ)s < |T | for any
decision tree T with errorℓ-DG

(T, ℓ-IsEdge) ≤ ε.

Theorem 12 follows in a straightforward way from Lemma 17. We defer the proof of it to
Appendix C.3.

8. Patching up a decision tree for f⊕r: Proof of Lemma 6

The following lemma recovers Lemma 6 by setting D = {0, 1}n. See Appendix D for the proof.

Lemma 18 (XOR-ed version of patchup lemma, formal statement of Lemma 6) Let T be a de-
cision tree and f : D → {0, 1} be a nonconstant function for D ⊆ {0, 1}n, then

DT(f⊕r) ≤ |T |+ 2r
∑

x∈f−1(1)r

f⊕r
π(x)

is nonconstant

r∏
i=1

max{1,Cert(fπ(x), x(i))}.

13
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9. Hard distribution lemma for f⊕r: Proof of Lemma 7

The following lemma recovers Lemma 7 by setting D = {0, 1}n. See Appendix E for the proof.

Lemma 19 (Hard distribution lemma for f⊕r) Let T be a decision tree, f : D → {0, 1} be a
nonconstant function and let C ⊆ f−1(1). There is a distribution D over the inputs in C and their
sensitive neighbors such that for all r ≥ 1,

errorD⊗r(T, f⊕r) ≥
(

1

2|C|Sens(f)

)r ∑
x∈Cr

Sens(f⊕r
π(x)

,x)̸=∅

r∏
i=1

max{1,Sens(f (i)
π(x), x

(i))}.

10. Hardness of learning via ℓ-IsEdge⊕r

The main theorem of this section is the following reduction from approximating VERTEX COVER

to DT-LEARN. This reduction enables us to prove Theorems 1 and 2.

Theorem 20 (Main reduction from vertex cover to DT-LEARN) For all r ≥ 1, ε < 2−3r, and
A > 1 the following holds. If there is a time t(s, 1/ε) algorithm for solving DT-LEARN(s,A · s, ε)
on n-variable functions with s = O(nr), then VERTEX COVER can be (1 + δ′)-approximated on
degree-d, n-vertex graphs in randomized time O(rn2 · t(n2r, 1/ε)) for any δ′ > (A1/r − 1 + ε1/r ·
8)d+A1/r − 1.

The proof largely follows the steps in proving Theorem 12 where the lower bound is obtained
using a combination of Lemmas 18 and 19. We defer the proof to Appendix F.

10.1. Proof of Theorem 2

By Theorem 8, there is a constant δ such that if VERTEX COVER can be approximated to within
a factor of 1 + δ in time t(n), then SAT can be solved in time t(n polylog n). Given an n-vertex
graph with constant degree d, the reduction in Theorem 20 produces an instance of DT-LEARN

in time nO(r). We choose A = 2Θ(r) in Theorem 20 so that δ
2 > (A1/r − 1)d + A1/r − 1 and

ε = 2−Θ(r) small enough so that δ
2 > ε1/r · 8d. This ensures that our reduction from VERTEX

COVER produces an instance of DT-LEARN(s, 2Θ(r) · s, 2−Θ(r)) for s = nO(r). The algorithm
guaranteed by the theorem statement solves DT-LEARN(s, 2Θ(r) ·s, 2−Θ(r)) in time t(nO(r), 2O(r)).
Therefore, by Theorem 20, VERTEX COVER can be approximated to within a factor of 1+δ in time
O(rn2) · t(nO(r), 2O(r)). The proof is completed by using the reduction from SAT to approximating
VERTEX COVER. ■

10.2. Proof of Theorem 1

Let C > 1 be the constant from the theorem statement. Let r ≥ 1 be a large enough constant so
that the 2O(r) term in Theorem 2 is greater than C. In this case, the error parameter ε = 2−Θ(r)

is also a small constant that depends on C. It follows that any polynomial-time algorithm solving
the problem in the theorem statement can solve SAT in time Õ(rn2) · poly(nO(r), 2O(r)) which is
polynomial when r is constant. Therefore, the task is NP-hard. ■
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Appendix A. Proof of Claim 3

Let T be the decision tree built iteratively by the following procedure. In the first iteration, pick an
arbitrary x ∈ f−1(1) and fully query the indices in Cert(f, x). Let Ti be the tree formed after the
ith iteration. Then Ti+1 is formed by choosing x ∈ f−1(1) which has not been picked in a previous
iteration. Then, at the leaf reached by x in Ti, fully query the indices in Cert(f, x) (ignoring those
indices which have already been queried along the path followed by x in Ti). Repeating this for
|f−1(1)| steps, yields a decision tree with at most

∑
x∈f−1(1)Cert(f, x) internal nodes. Therefore,

the number of leaves is at most 1 +
∑

x∈f−1(1)Cert(f, x).
It remains to show that this tree exactly computes f . Specifically, we’ll argue that fπ is the

constant function for every path π in the decision tree. If not, then there is an x ∈ f−1(1) so that x
follows the path π and fπ is nonconstant. But this is a contradiction since π consists of a certificate
of x by construction. ■

Appendix B. Hard distribution lemma: Proof of Lemma 11

First we prove a lemma which counts the error under D conditioned on the 1-input obtained in the
first sampling step.

Lemma 21 (Error with respect to the canonical hard distribution conditioned on a 1-input) Let
T be a decision tree, f : D → {0, 1} be a function, and let D be the canonical hard distribution.
For all x ∈ f−1(1),

Pr
z∼Df

[T (z) ̸= f(z) | first sampling x from f−1(1)] ≥ 1

2
·
|Sens(fπ(x), x)|

max{1, |Sens(f, x)|}
.

Proof If |Sens(f, x)| = 0 then |Sens(fπ(x), x)| = 0. And if the RHS is 0 then the bound is
vacuously true. Assume that Sens(fπ(x), x) ̸= ∅. Both x and all y ∈ Sens(fπ(x), x) follow the
same path in T and have the same leaf label. Since f(x) = 1 and f(y) = 0, we can write

Pr
z∼Df

[
T (z) ̸= f(z) | first sampling x from f−1(1)

]
≥ min

{
Pr

z∼Df

[
z = x | first sampling x from f−1(1)

]
,

Pr
z∼Df

[
z ∈ Sens(fπ(x), x) | first sampling x from f−1(1)

]}
= min

{
1

2
,
1

2
·
|Sens(fπ(x), x)|
|Sens(f, x)|

}
≥ 1

2
·
|Sens(fπ(x), x)|
|Sens(f, x)|

where the inequality follows from the fact that the probability of an error is lower bounded by the
probability that z = x when the label for the path in T is 0 and is lower bounded by the probability
that z ∈ Sens(fπ(x), x) when the label for the path is 1. Note that if Sens(fπ(x), x) ̸= ∅ then
necessarily |Sens(f, x)| ≥ 1 and max{1, |Sens(f, x)|} = |Sens(f, x)|. Therefore, the proof is
complete.

Proof [Proof of Lemma 11] We prove the statement for C = f−1(1). If C ̸= f−1(1), we can
consider the function f : C∪C ′ → {0, 1} where C ′ denotes the set of sensitive neighbors of strings
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in C, and the same proof holds. Let D denote the distribution from Definition 10 and notice that the
support of this distribution is C and all of its sensitive neighbors. We have

errorD(T, f) = Pr
z∼D

[T (z) ̸= f(z)]

=
∑
x∈C

1

|C|
· Pr
z∼D

[T (z) ̸= f(z) | first sampling x from f−1(1)]

≥ 1

2|C|
∑
x∈C

|Sens(fπ(x), x)|
max{1, |Sens(f, x)|}

(Lemma 21)

≥ 1

2|C| · Sens(f)
∑
x∈C
|Sens(fπ(x), x)| (max{1, |Sens(f, x)|} ≤ Sens(f) for all x)

where the last step uses the fact that Sens(f) ≥ 1 since f is nonconstant. In particular, we have that
max{1, |Sens(f, x)|} ≤ Sens(f) for all x.

Appendix C. Deferred proofs for Theorem 12

C.1. Proof of Lemma 16

First, we give a basic zero-error lower bound on ℓ-IsEdge and observe some properties about the
sensitivity and certificate complexity of ℓ-IsEdge in Lemma 22, Theorem 23, and Proposition 24,
respectively.

Lemma 22 (Zero-error lower bound for ℓ-IsEdgeG; see (Koch et al., 2023a, Claim 6.6)) Let G
be an n-vertex, m-edge graph where every vertex cover has size at least k′. Then, any decision tree
T computing ℓ-IsEdgeG : ℓ-DG → {0, 1} over ℓ-DG, the support of the canonical hard distribu-
tion, must have size

|T | ≥ (ℓ+ 1)(k′ +m).

Proof The same lower bound is proved in Claim 6.6 of Koch et al. (2023a) under a slightly different
subset of inputs. Specifically, they prove DT(ℓ-IsEdgeG) ≥ (ℓ + 1)(k′ + m) where ℓ-IsEdgeG :
D′ → {0, 1} for the set D′ = ℓ-DG ∪ {0n+ℓn} which adds the all 0s input. This small difference
doesn’t change the lower bound since any decision tree T computing ℓ-IsEdgeG over the set ℓ-DG

also computes it over D′. Indeed, every 1-input to ℓ-IsEdgeG is sensitive on every 1-coordinate and
so if T satisfies T (x) = ℓ-IsEdgeG(x) for every x ∈ ℓ-DG, then it must query every 1-coordinate
of each 1-input. Therefore, we can assume without loss of generality that T (0n+ℓn) = 0.

Proposition 23 (Sensitivity of ℓ-IsEdgeG) For a graph G, ℓ ≥ 1, and ℓ-IsEdgeG : ℓ-DG →
{0, 1}, we have

Sens(ℓ-IsEdgeG) = 2(ℓ+ 1).

Proof Let ℓ-Ind[e] be an edge indicator for an edge e ∈ E. Let i ∈ [nℓ + n] denote the index of
a 1-coordinate of ℓ-Ind[e]. By definition, there are 2(ℓ + 1) many such i and each i is sensitive:
ℓ-IsEdgeG(ℓ-Ind[e]

⊕i) = 0. Therefore, |Sens(ℓ-IsEdgeG, ℓ-Ind[e])| = 2(ℓ + 1). Conversely, for
every sensitive neighbor ℓ-Ind[e]⊕i, we have Sens(ℓ-IsEdgeG, ℓ-Ind[e]

⊕i) = {ℓ-Ind[e]} and so
|Sens(ℓ-IsEdgeG, ℓ-Ind[e]⊕i)| = 1. Thus the overall sensitivity is Sens(ℓ-IsEdgeG) = 2(ℓ+ 1).
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Proposition 24 (Sensitivity equals certificate complexity of 1-inputs) Let G be a graph and ℓ-IsEdge :
ℓ-DG → {0, 1}, the corresponding edge function. For all edge indicators x = ℓ-Ind[e] and for all
restrictions π, we have

Cert(ℓ-IsEdgeπ, x) = |Sens(ℓ-IsEdgeπ, x)|.

Proof By definition |Sens(ℓ-IsEdgeπ, x)| is the number of 1-coordinates in x which are not re-
stricted by π. The set of 1-coordinates of x not restricted by π forms a certificate of ℓ-IsEdgeπ since
fixing these coordinates forces ℓ-IsEdge to be the constant 1-function. It follows that Cert(ℓ-IsEdgeπ, x) =
|Sens(ℓ-IsEdgeπ, x)|.

Proof [Proof of Lemma 16] For a graph consisting of m edges, the number of 1-inputs to ℓ-IsEdge :
ℓ-DG → {0, 1} is m. Therefore,

ε ≥ 1

2m · Sens(ℓ-IsEdge)
∑

x∈ℓ-IsEdge−1(1)

|Sens(ℓ-IsEdgeπ(x), x)| (Lemma 11)

=
1

2m · Sens(ℓ-IsEdge)
∑

x∈ℓ-IsEdge−1(1)

Cert(ℓ-IsEdgeπ(x), x) (Proposition 24)

≥ 1

2m · Sens(ℓ-IsEdge)
(DT(ℓ-IsEdge, ℓ-DG)− |T |) . (Lemma 9)

Rearranging the above, we obtain

|T | ≥ DT(ℓ-IsEdge, ℓ-DG)− 2εm · Sens(ℓ-IsEdge)
≥ (ℓ+ 1)(k′ +m)− 2εm · Sens(ℓ-IsEdge) (Lemma 22)

= (ℓ+ 1)(k′ +m)− 4εm(ℓ+ 1) (Theorem 23)

which completes the proof.

C.2. Proof of Lemma 17

This lemma is a consequence of the following proposition along with the upper and lower bounds
we have obtained for ℓ-IsEdge. The proposition is a calculation involving the parameters that come
into play in Lemma 17. We state it on its own, since we will reuse the calculation later when proving
Theorem 2.

Proposition 25 For all δ, δ′, α > 0 and ℓ,m, n, k, d ≥ 1 satisfying m ≤ dk and δ′ > (δ + α)d+

δ + (1+δ)mn
k(ℓ+1) , we have

(1 + δ) [(ℓ+ 1)(k +m) +mn] < (ℓ+ 1)
[
(1 + δ′)k + (1− α)m

]
.
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Proof The proof is a calculation. We can write

(1 + δ′)k − (1 + δ)k = (δ′ − δ)k

>

(
δ + (δ + α)d+

(1 + δ)mn

k(ℓ+ 1)
− δ

)
k (Assumption on δ′)

= (δ + α)dk +
(1 + δ)mn

ℓ+ 1

≥ (δ + α)m+
(1 + δ)mn

ℓ+ 1
(m ≤ dk)

= (1 + δ)m− (1− α)m+
(1 + δ)mn

ℓ+ 1
.

Therefore, rearranging we obtain

(1 + δ) [(ℓ+ 1)(k +m) +mn] < (ℓ+ 1)
[
(1 + δ′)k + (1− α)m

]
which completes the proof.

Proof [Proof of Lemma 17] Given a degree-d, m-edge, n-vertex graph G and parameter k, we
choose ℓ = Θ(n) so that δ′ > (δ + 4ε)d + δ + (1+δ)mn

k(ℓ+1) and set s = (ℓ + 1)(k +m) +mn. Note
that such an ℓ exists since k = Θ(n) for constant-degree graphs. We now prove the two points
separately.

Yes case. In this case, we have by Theorem 14 that there is a decision tree T computing ℓ-IsEdge :
{0, 1}nℓ+n → {0, 1} whose size satisfies

|T | ≤ (ℓ+ 1)(k +m) +mn = s.

No case. Let T be a decision tree satisfying errorℓ-DG
(T, ℓ-IsEdge) ≤ ε. Then, using our as-

sumptions on the parameters:

(1 + δ)s = (1 + δ) [(ℓ+ 1)(k +m) +mn] (Definition of s)

< (ℓ+ 1)
[
(1 + δ′)k + (1− 4ε)m

]
(Proposition 25 with α = 4ε)

≤ |T |. (Lemma 16 with k′ = (1 + δ′)k)

We’ve shown the desired bounds in both the Yes and No cases so the proof is complete.

C.3. Proof of Theorem 12

Let G be a constant degree-d, n-vertex graph and k ∈ N, a parameter. Let A be the algorithm for
DT-LEARN from the theorem statement. We’ll use A to approximate VERTEX COVER on G.

The reduction. First, we check whether dk ≥ m. If dk < m, our algorithm outputs “No” as
G cannot have a vertex cover of size at most k. Otherwise, we proceed under the assumption
that dk ≥ m. Let s ∈ N be the quantity from Lemma 17. We will run A over the distribution
ℓ-DG and on the function ℓ-IsEdgeG : {0, 1}N → {0, 1} where ℓ is as in Lemma 17. Note that
N = nℓ+ n = O(n2) and s = O(n2) = O(N). See Figure 3 for the exact procedure we run.
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VERTEX COVER(k, (1 + δ′) · k):

Given: G, an m-edge degree-d graph over n vertices and k ∈ N

Run: DT-LEARN(s, (1 + δ) · s, ε) for t(N, 1/ε) time steps providing the learner with

– queries: return ℓ-IsEdge(v(0), . . . , v(ℓ)) for a query (v(0), . . . , v(ℓ)) ∈ {0, 1}N ;
and

– random samples: return (v(0), . . . ,v(ℓ)) ∼ ℓ-DG for a random sample.

Thyp ← decision tree output of the learner

εhyp ← errorℓ-DG
(Thyp, ℓ-IsEdge)

Output: YES if and only if |Thyp| ≤ (1 + δ) · s and εhyp ≤ ε

Figure 3: Using an algorithm for DT-LEARN to solve VERTEX COVER.

Runtime. Any query to ℓ-IsEdge can be answered in O(N) time. Similarly, a random sample can
be obtained in O(N) time. The algorithm uses O(N · t(N, 1/ε)) time to run DT-LEARN. Finally,
computing errorℓ-DG

(Thyp, ℓ-IsEdge) takes O(N2). Since t(N, 1/ε) ≥ N , the overall runtime is
O(N · t(N, 1/ε)) = O(n2t(n2, 1/ε)).

Correctness. Correctness follows from Lemma 17. Specifically, in the Yes case, if G has a vertex
cover of size at most k, then there is a decision tree of size at most s computing ℓ-IsEdge. Therefore,
by the guarantees of DT-LEARN, we have |Thyp| ≤ (1 + δ) · s and εhyp ≤ ε and our algorithm
correctly outputs “Yes”.

In the No case, every vertex cover of G has size at least (1+δ′)k. If εhyp > ε then our algorithm
for VERTEX COVER correctly outputs “No”. Otherwise, assume that εhyp ≤ ε. Then, Lemma 17
ensures that (1 + δ)s < |Thyp| and so our algorithm correctly outputs “No” in this case as well.
This completes the proof. ■

Appendix D. Proof of Lemma 18

We require the following generalization of a result from Savickỳ (2002). Savický proved that for
functions f1 : {0, 1}n → {0, 1} and f2 : {0, 1}n → {0, 1}, it holds that DT(f1 ⊕ f2) ≥ DT(f1) ·
DT(f2) (Savickỳ, 2002, Lemma 2.1). We will use the following analogous statement for partial
functions.

Theorem 26 (Generalization of Savický (Savickỳ, 2002)) Let f (1), . . . , f (r) be functions, f (i) :
D(i) → {0, 1} with D(i) ⊆ {0, 1}n(i)

for each i = 1, . . . , r. Then,

DT(f (1) ⊕ · · · ⊕ f (r)) =
r∏

i=1

DT(f (i)).
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· · ·

· · ·

··
·

··
·

T (1)

T (2) T (2)

T (r)T (r) T (r)

size DT(f (1))

Figure 4: Illustration of a stacked decision tree for a function f (1) ⊕ · · · ⊕ f (r). For
an input x = (x(1), . . . , x(r)), the decision tree sequentially computes f (i)(x(i)) for each
i = 1, . . . , r using a decision tree T (i) of size DT(f (i)) for f (i). Then at the leaf it outputs
f (1)(x(1))⊕ · · · ⊕ f (r)(x(r)). The overall size of the decision tree is

∏r
i=1DT(f (i)).

Proof First, the upper bound DT(f (1) ⊕ · · · ⊕ f (r)) ≤
∏r

i=1DT(f (i)) follows by considering the
decision tree for f (1) ⊕ · · · ⊕ f (r) which sequentially computes f (i)(x) for each i = 1, . . . , r using
a decision tree of size DT(f (i)). See Figure 4 for an illustration of this decision tree.

The lower bound is by induction on
∑

i∈[r] n
(i), the total number of input variables. In the base

case, n = 0 and the bound is trivially true: the constant function requires a decision tree of size 1.
For the inductive step, let T be a decision tree for f (1)⊕· · ·⊕f (r) of size DT(f (1)⊕· · ·⊕f (r)), and
let xj be the variable queried at the root. Assume without loss of generality that xj belongs to f (1).
The subfunctions computed at the left and right branches of the root of T are f

(1)
xj←0 ⊕ · · · ⊕ f (r)

and f
(1)
xj←1 ⊕ · · · ⊕ f (r), respectively. Each is a function on

(∑
i∈[r] n

(i)
)
− 1 many variables and
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so we can apply the inductive hypothesis. Therefore:

DT(f (1) ⊕ · · · ⊕ f (r)) = |T |

≥ DT(f
(1)
xj←0 ⊕ · · · ⊕ f (r)) + DT(f

(1)
xj←1 ⊕ · · · ⊕ f (r))

(Root of T is x(1)j )

≥ DT(f
(1)
xj←0)

r∏
i=2

DT(f (i)) + DT(f
(1)
xj←1)

r∏
i=2

DT(f (i))

(Inductive hypothesis)

=
(
DT(f

(1)
xj←0) + DT(f

(1)
xj←1)

) r∏
i=2

DT(f (i))

≥
r∏

i=1

DT(f (i))

where the last step follows from the fact that DT(f
(1)
xj←0) + DT(f

(1)
xj←1) ≥ DT(f (1)). Indeed, one

can construct a decision tree for f (1) of size DT(f
(1)
xj←0) + DT(f

(1)
xj←1) by querying xj at the root

and on the left branch placing a tree for f (1)
xj←0 and on the right branch placing a tree for f (1)

xj←1.

Proof [Proof of Lemma 18] Let Π denote the set of paths. For each path π ∈ Π, we write π(i)

for i ∈ [r] to denote the part of π corresponding to the ith block of input variables. This way, the
restricted function f⊕rπ corresponds to the function fπ(1) ⊕ · · · ⊕ fπ(r) Then we have

DT(f⊕rπ ) ≤
∑
π∈Π

DT(f⊕rπ )

=
∑
π∈Π

f⊕r
π is constant

DT(f⊕rπ ) +
∑
π∈Π

f⊕r
π is nonconstant

DT(f⊕rπ )

= |T |+
∑
π∈Π

f⊕r
π is nonconstant

DT(f⊕rπ ) (DT(f⊕rπ ) = 1 when f⊕rπ is constant)

= |T |+
∑
π∈Π

f⊕r
π is nonconstant

r∏
i=1

DT(fπ(i)) (Theorem 26)

≤ |T |+
∑
π∈Π

f⊕r
π is nonconstant

r∏
i=1

1 +
∑

x:f
π(i) (x)=1

Cert(fπ(i) , x)

 (Claim 3)
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We use the fact that 1 + a ≤ 2max{1, a} for all a ∈ R to rewrite the above in a simpler form,
while suffering a factor of 2r:

|T |+
∑
π∈Π

f⊕r
π is nonconstant

r∏
i=1

1 +
∑

x:f
π(i) (x)=1

Cert(fπ(i) , x)



≤ |T |+
∑
π∈Π

f⊕r
π is nonconstant

r∏
i=1

2max{1,
∑

x:f
π(i) (x)=1

Cert(fπ(i) , x)}



≤ |T |+ 2r
∑
π∈Π

f⊕r
π is nonconstant

r∏
i=1

 ∑
x:f

π(i) (x)=1

max{1,Cert(fπ(i) , x)}


= |T |+ 2r

∑
π∈Π

f⊕r
π is nonconstant

∑
x(1):f

π(1) (x
(1))=1

· · ·
∑

x(r):f
π(r) (x

(r))=1

r∏
i=1

max{1,Cert(fπ(i) , x(i))}

= |T |+ 2r
∑

x∈f−1(1)r

f⊕r
π(x)

is nonconstant

r∏
i=1

max{1,Cert(fπ(i) , x(i))}

where the last equality follows from the fact that Π partitions the input space and so for every
x ∈ f−1(1)r there is exactly one path π ∈ Π such that fπ(i)(x(i)) = 1 for all i ∈ [r].

Appendix E. Proof of Lemma 19

Lemma 27 (Error of f⊕r conditioned on an input) Let T be a decision tree, r ≥ 1, f : D →
{0, 1} be a nonconstant function, x ∈ f−1(1)r, D be the canonical hard distribution, and π be the
path followed by x in T and assume that Sens(f⊕rπ(x), x) ̸= ∅, then

Pr
z∼D⊗r

[f⊕r(z) ̸= T (z) | first sampling x] ≥ 2−r
r∏

i=1

max{1, |Sens(f (i)
π , x(i))|}

max{1, |Sens(f (i), x(i))|}
.
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Proof Let y ∈ Sens(f⊕rπ , x) and let j ∈ [r] be such that y(j) ∈ Sens(f
(j)
π , x(j)). Since f⊕r(y) ̸=

f⊕r(x), we have

Pr
z∼D⊗r

[f⊕r(z) ̸= T (z) | first sampling x]

≥ min
{

Pr
z∼D⊗r

[z = x | first sampling x],

Pr
z∼D⊗r

[z = (x(1), ..., y, ..., x(r)) for y ∈ Sens(f (j)
π , x(j)) | first sampling x]

}
(Either x or (x(1), ..., y, ..., x(r)) makes an error)

= min

{
2−r, 2−(r−1)

|Sens(f (j)
π , x(j))|

|Sens(f (j), x(j))|

}
(Definition of D⊗r)

≥ 2−r
|Sens(f (j)

π , x(j))|
|Sens(f (j), x(j))|

≥ 2−r
|Sens(f (j)

π , x(j))|
|Sens(f (j), x(j))|

·
∏

i∈[r]\{j}

max{1, |Sens(f (i)
π , x(i))|}

max{|Sens(f (i), x(i))|}

(max{1, |Sens(f (i)
π , x(i))|} ≤ max{1, |Sens(f (i), x(i))|} for all i)

= 2−r
r∏

i=1

max{1, |Sens(f (i)
π , x(i))|}

max{1, |Sens(f (i), x(i))|}
. (|Sens(f (j)

π , x(j))| ≠ 0 by assumption)

We can now prove the main result of this section.
Proof [Proof of Lemma 19] As in the case of Lemma 11, we assume without loss of generality that
C = f−1(1). We lower bound the error as follows

ε ≥ Pr
z∼D⊗r

[T (z) ̸= f⊕r(z)]

=
∑
x∈Cr

Sens(f⊕r
π(x)

,x)̸=∅

1

|C|r
· Pr
z∼D⊗r

[T (z) ̸= f⊕r(z) | first sampling x from Cr]

≥ (2|C|)−r
∑
x∈Cr

Sens(f⊕r
π(x)

,x) ̸=∅

r∏
i=1

max{1, |Sens(f (i)
π , x(i))|}

max{1, |Sens(f (i), x(i))|}
(Lemma 27)

≥ (2|C| · Sens(f))−r
∑
x∈Cr

Sens(f⊕r
π(x)

,x)̸=∅

r∏
i=1

max{1, |Sens(f (i)
π , x(i))|}

(|Sens(f (i), x(i))| ≤ Sens(f))

which completes the proof.
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Appendix F. Proof of Theorem 20

Before proving this theorem, we establish a few properties of ℓ-IsEdge⊕r which will be helpful for
our analysis.

Theorem 28 (Decision tree size lower bound for computing ℓ-IsEdge⊕r) Let T be a decision
tree for ℓ-IsEdge⊕rG with ℓ, r ≥ 1. Let k be the minimum vertex cover size of G and let m de-
note the number of edges of G. Then, if errorℓ-D⊗r

G
(T, ℓ-IsEdge⊕r) ≤ ε for the canonical hard

distribution ℓ-DG, we have

|T | ≥
[
(ℓ+ 1)(k +m)

]r − ε
[
8m(ℓ+ 1)

]r
Proof Since ℓ-IsEdge has m many 1-inputs over the dataset ℓ-DG and Sens(ℓ-IsEdge) = 2(ℓ+1),
we have

ε ≥
(

1

4m(ℓ+ 1)

)r ∑
x∈ℓ-Dr

G

Sens(ℓ-IsEdge⊕r
π(x)

,x) ̸=∅

r∏
i=1

max{1,Sens(ℓ-IsEdge(i)π(x), x
(i))} (Lemma 19)

=

(
1

4m(ℓ+ 1)

)r ∑
x∈ℓ-Dr

G

Sens(ℓ-IsEdge⊕r
π(x)

,x) ̸=∅

r∏
i=1

max{1,Cert(ℓ-IsEdge(i)π(x), x
(i))} (Proposition 24)

≥
(

1

4m(ℓ+ 1)

)r ∑
x∈ℓ-Dr

G

ℓ-IsEdge⊕r
π(x)

is nonconstant

r∏
i=1

max{1,Cert(ℓ-IsEdge(i)π(x), x
(i))}

≥
(

1

8m(ℓ+ 1)

)r

(DT(ℓ-IsEdge⊕r)− |T |). (Lemma 18)

In this derivation, we used the fact that if an input x ∈ ℓ-Dr
G is such that ℓ-IsEdge⊕rπ(x) is noncon-

stant, then it must be the case that there is some block i ∈ [r] where the path π does not fully restrict
the sensitive coordinates in the edge indicator for block i, and therefore it must also be the case that
Sens(ℓ-IsEdge⊕rπ(x), x) ̸= ∅. Now, we can rearrange this lower bound on ε to obtain:

|T | ≥ DT(ℓ-IsEdge⊕r)− ε
[
8m(ℓ+ 1)

]r
= DT(ℓ-IsEdge)r − ε

[
8m(ℓ+ 1)

]r (Theorem 26)

≥
[
(ℓ+ 1)(k +m)

]r − ε
[
8m(ℓ+ 1)

]r (Lemma 22)

which completes the proof.

The following proposition allows us to translate the above lower bound into a slightly simpler
form.

Proposition 29 For all a, b, r > 0 such that a ≥ b, we have ar − br ≥ (a− b)r.
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Proof Since a ≥ b, we have

1 ≥
(
1− b

a

)r

+

(
b

a

)r

.

Multiplying both sides of the inequality by ar and rearranging gives the desired bound.

With Theorems 28 and 29, we are able to prove the main technical lemma used for our reduction.

Lemma 30 (Main technical lemma for Theorem 20) For all δ, δ′, ε > 0 and d, k, r ≥ 1, the
following holds. Given a constant degree-d graph G with m edges, n vertices, and parameter k,
there is a choice of ℓ = Θ(n) and a polynomial-time computable quantity s ∈ N such that so long
as δ′ > (δ + 8ε1/r)d+ δ, dk ≥ m, and ε < 2−3r we have:

• Yes case: if G has a vertex cover of size at most k, then there is a decision tree of size at most
s which computes ℓ-IsEdge⊕r : {0, 1}r(nℓ+n) → {0, 1}; and

• No case: if every vertex cover of G has size at least (1 + δ′)k, then (1 + δ)rs < |T | for any
decision tree T with errorℓ-D⊗r

G
(T, ℓ-IsEdge) ≤ ε.

Proof Given a degree-d, m-edge, n-vertex graph G and parameter k, we choose ℓ = Θ(n) so that
δ′ > (δ + 8ε1/r)d+ δ + (1+δ)mn

k(ℓ+1) and set s = [(ℓ+ 1)(k +m) +mn]r. Note that such an ℓ exists
since k = Θ(n) for constant-degree graphs. We now prove the two points separately.

Yes case. In this case, we have

DT(ℓ-IsEdge⊕r) = DT(ℓ-IsEdge)r (Theorem 26)

≤ [(ℓ+ 1)(k +m) +mn]r = s. (Theorem 14)

No case. In this case, let T be a decision tree with errorℓ-D⊗r
G
(T, ℓ-IsEdge) ≤ ε. Then we have

(1 + δ)rs =

[
(1 + δ)[(ℓ+ 1)(k +m) +mn]

]r
<

[
(ℓ+ 1)(1 + δ′)k + (ℓ+ 1)(1− 8ε1/r)m

]r
(Proposition 25 with α = 8ε1/r)

≤
[
(ℓ+ 1)(k +m)

]r − ε
[
8m(ℓ+ 1)

]r (Theorem 29)

≤ |T |. (Theorem 28)

We’ve shown the desired bounds in both the Yes and No cases so the proof is complete.

Proof [Proof of Theorem 20] Let A be the algorithm for DT-LEARN from the theorem statement.
Given an n-vertex, m-edge graph G of constant degree d, we’ll use A to approximate VERTEX

COVER on G.

The reduction. First, we check whether dk ≥ m. If dk < m, our algorithm outputs “No” as
G cannot have a vertex cover of size at most k (see Fact 1). Otherwise, we proceed under the
assumption that dk ≥ m. Let s ∈ N be the quantity from Theorem 30. We run A over the
distribution ℓ-D⊗rG and on the function ℓ-IsEdge⊕r : {0, 1}N → {0, 1}where ℓ is as in Theorem 30.
Note that N = r · (nℓ + n) = O(rn2) and s = O(n2r). See Figure 5 for the exact procedure we
run.
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VERTEX COVER(k, (1 + δ′) · k):

Given: G, an m-edge degree-d graph over n vertices and k ∈ N

Run: DT-LEARN(s,A · s, ε) for t(s, 1/ε) time steps providing the learner with

– queries: return ℓ-IsEdge⊕r(x) for a query x ∈ {0, 1}N ; and

– random samples: return x ∼ ℓ-D⊗rG for a random sample.

Thyp ← decision tree output of the learner

εhyp ← errorℓ-D⊗r
G
(Thyp, ℓ-IsEdge⊕r)

Output: YES if and only if |Thyp| ≤ A · s and εhyp ≤ ε

Figure 5: Using an algorithm for DT-LEARN on ℓ-IsEdge⊕r to solve VERTEX COVER.

Runtime. Any query to ℓ-IsEdge⊕rG can be answered in O(N) time. Similarly, a random sample
can be obtained in O(N) time. The algorithm requires time O(N · t(N r, 1/ε)) to run the learner
and then O(N2) time to compute distD⊗r(T, ℓ-IsEdge⊕rG ). This implies an overall runtime of
O(N · t(N r, 1/ε)) = O(rn2 · t(n2r, 1/ε)).

Correctness. If we let δ := A1/r − 1, then the assumption of the theorem statement is that δ′ >
(δ + 8ε1/r)d+ δ. Therefore, we are able to apply Theorem 30 from which we deduce correctness.

In the Yes case, if G has a vertex cover of size at most k, then there is a decision tree of size at
most s computing ℓ-IsEdge⊕rG . So by the guarantees of DT-LEARN, our algorithm correctly outputs
“Yes”.

In the No case, every vertex cover of G has size at least (1+δ′)k. If εhyp > ε then our algorithm
for VERTEX COVER correctly outputs “No”. Otherwise, assume that εhyp ≤ ε. Then, Theorem 30
ensures that (1 + δ)rs < |Thyp| and so our algorithm correctly outputs “No” in this case as well.

Remark 31 (Why we require such sharp lower bounds in the proof of Theorem 20) A key step
in the analysis of the correctness of our reduction is Theorem 30. Since our upper bound for ℓ-
IsEdge is of the form sr, we require an equally strong lower bound of the form (s′)r. A weaker
lower bound (s′)cr for some c < 1 would be insufficient, since the parameter s would no longer
separate the Yes and No cases in Theorem 30.

Appendix G. Decision tree minimization given a subset of inputs

First, we recall the problem of decision tree minimization (Zantema and Bodlaender, 2000; Sieling,
2008).
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Definition 32 (Decision tree minimization) DT-MIN(s, s′) is the following. Given a decision
tree T over n variables and parameters s, s′ ∈ N, distinguish between

• Yes case: there is a size-s decision tree T ′ such that T ′(x) = T (x) for all x ∈ {0, 1}n; and

• No case: all decision trees T ′ such that T ′(x) = T (x) for all x ∈ {0, 1}n have size at least
s′.

Sieling (2008) proves the following hardness results for DT-MIN:

Theorem 33 (Hardness of approximating DT-MIN (Sieling, 2008)) The following hardness re-
sults hold for DT-MIN:

• for all constants C > 1, DT-MIN(s, Cs) is NP-hard; and

• for all constants γ < 1, there is no quasipolynomial time algorithm for DT-MIN(s, 2(log s)
γ ·s)

unless NP ⊆ DTIME(npolylog(n))

We observe that our proof of Theorem 2 recovers Theorem 33 and also strengthens the hardness
results to hold even when the no case in Theorem 32 is strengthened to: there is an explicit set of
inputs D and an explicit distribution D over D such that any decision tree T ′ which agrees with T
with probability 1−ε for x ∼ D has size at least s′. This is a strict strengthening since any decision
tree T ′ such that T ′(x) = T (x) for all x ∈ {0, 1}n also agrees with T over the distribution D.

Theorem 34 (Hardness of approximating DT-DATASET-MIN) Let DT-DATASET-MIN(s, s′) be
the variant of DT-MIN(s, s′) where the input includes a subset of inputs D ⊆ {0, 1}n, the pmf of
a distribution D over D, and a parameter ε, and the No case is changed to “all decision trees T ′

such that T ′(x) = T (x) with probability 1− ε for x ∼ D have size at least s′.” Then the following
hardness results hold

• for all constants C > 1 there is a constant ε > 0 such that DT-DATASET-MIN(s, Cs) with
error parameter ε is NP-hard; and

• for all constants γ < 1, there is a parameter ε = 2−(log s)
γ

such that there is no quasipoly-
nomial time algorithm for DT-MIN(s, 2(log s)

γ · s) with error parameter ε unless NP ⊆
DTIME(npolylog(n))

Proof These hardness results follow from the reduction in Theorem 20. Specifically, we construct
a decision tree T ⋆ computing ℓ-IsEdge⊕r over {0, 1}r(nℓ+n). The set of all n vertices of G trivially
forms a vertex cover of G. Therefore, we can apply Theorem 14 to obtain a decision tree for
ℓ-IsEdge of size (ℓ + 1)(n + m) + mn. We can stack r independent copies of this decision tree
as in the proof of Theorem 26 (see Figure 4) to get a decision tree for ℓ-IsEdge⊕r whose size is
[(ℓ+ 1)(n+m) +mn]r. We then choose ℓ-Dr

G = supp(ℓ-D⊗rG ) to be the subset of inputs for the
minimization instance. Moreover, it is straightforward to compute the pmf of the distribution ℓ-D⊗rG

and provide this to the algorithm for DT-DATASET-MIN.
Therefore, as in the proof of Theorem 1, (1 + δ′)-approximating VERTEX COVER reduces in

polynomial-time to DT-DATASET-MIN(s, Cs). This completes the proof of the first point in the
theorem statement.
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For the second point, let γ < 1 be given. We choose r large enough so that (1 + δ)r > 2(log s)
γ

where s and δ are parameters from Theorem 30. Since s = O(n2r), any r = polylog n satisfying
r1−γ ≥ Ω((log n)γ) is sufficient. For this choice of r, our reduction runs in quasipolynomial-
time and reduces (1 + δ′)-approximating VERTEX COVER to DT-DATASET-MIN(s, 2(log s)

γ · s).
Therefore, the proof is complete.
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