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Abstract

We study the complexity of sampling from the stationary distribution of a mean-field SDE, or
equivalently, the complexity of minimizing a functional over the space of probability measures
which includes an interaction term. Our main insight is to decouple the two key aspects of this
problem: (1) approximation of the mean-field SDE via a finite-particle system, via uniform-in-
time propagation of chaos, and (2) sampling from the finite-particle stationary distribution, via
standard log-concave samplers. Our approach is conceptually simpler and its flexibility allows for
incorporating the state-of-the-art for both algorithms and theory. This leads to improved guarantees
in numerous settings, including better guarantees for optimizing certain two-layer neural networks
in the mean-field regime.

1. Introduction

The minimization of energy functionals £ over the Wasserstein space Pz,ac(]Rd) of probability mea-
sures has attracted substantial research activity in recent years, encompassing numerous application
domains, including distributionally robust optimization (Kuhn et al., 2019; Yue et al., 2022), sam-
pling (Jordan et al., 1998; Wibisono, 2018; Chewi, 2024), and variational inference (Liu and Wang,
2016; Lambert et al., 2022; Diao et al., 2023; Jiang et al., 2023; Lacker, 2023a; Yao and Yang, 2023).

A canonical example of such a functional is £(u) = [V du + [log pndu, where V' : R? - R
is called the potential. Up to an additive constant, which is irrelevant for the optimization, this
energy functional equals the KL divergence KL(u || 7) with respect to the density 7 o< exp(—V/),
and the celebrated result of Jordan et al. (1998) identifies the Wasserstein gradient flow of £ with the
Langevin diffusion. This link has inspired a well-developed theory for log-concave sampling, with
applications to Bayesian inference and randomized algorithms; see Chewi (2024) for an exposition.

The energy functional above contains two terms, corresponding to two of the fundamental
examples of functionals considered in Villani’s well-known treatise on optimal transport (Villani,
2003). Namely, they are the “potential energy” and the entropy, the latter being a special case of
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the “internal energy.” However, Villani identifies a third fundamental functional—the “interaction
energy’—with the pairwise form given by

0.2
&)= [ Vo) + [[Wia =)o) ni@y) + G [1ogutontae). o8

More generally, in this work we consider minimizing the generic entropy-regularized energy

2
E(p) = F(p) + % / log pdp (gE)

where F : Ps ac (R%) — R is a known functional. The minimization of the energy (gE) has recently
been of interest due to its role in analysing neural network training dynamics in the mean-field
regime, including with (Suzuki et al., 2022) and without (Chizat and Bach, 2018; Mei et al., 2018)
entropic regularization, as well as with Fisher regularization (Claisse et al., 2023).

For the sake of exposition, let us first focus on minimizing the pairwise energy (pE). A priori,

this question is more difficult than log-concave sampling; for instance, m does not admit a closed
form but rather is the solution to a non-linear equation

m(x) exp(——V /W x — d7r (1.1)

However, here too there is a well-developed mathematical theory which suggests a principled
algorithmic approach. Just as the Wasserstein gradient flow of (pE) in the case when W = 0 can
be identified with the Langevin diffusion, the Wasserstein gradient flow of (pE) in the case when
W = 0 corresponds to a (pairwise) McKean—Vlasov SDE, i.e., an SDE whose coefficients depend
on the marginal law of the process, given below as

ax, = —(Vv(x) + / VI(X, — ) dm ) di + 0 dB,, (PMV)

where m; = law(X;), W is even, and {B;};+>0 is a standard Brownian motion on R?. Since the
McKean—Vlasov SDE is the so-called mean-field limit of interacting particle systems, we can
approximately sample from the minimizer m by numerically discretizing a system of SDEs, which
describe the evolution of N particles{th:N}tZO ={(X}, ..., X)) s as:

dX} = 7<VV(XZ) S ovw(xi - Xj)) dt+odBi, Yie[N], (pMVy)
JEINI\i

N_

where { B’ : i € [N]} is a collection of independent Brownian motions. Moreover, the error from
approximating the mean-field limit via this finite particle system has been studied in the literature on
propagation of chaos (Sznitman, 1991). Similarly, the Wasserstein gradient flow for (gE) corresponds
to the mean-field Langevin dynamics and admits an analogous particle approximation.

The bounds for propagation of chaos have been refined over time, with Lacker and Le Flem
(2023) recently establishing a tight error dependence O(1/N) on the total number of particles N.
These bounds, however, do not translate immediately into algorithmic guarantees. Existing sampling
analyses study the propagation of chaos and discretization as a single entangled problem, which thus
far have only been able to use weaker O(\/l/iN ) rates for the former. Furthermore, there has been
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recent interest in using more sophisticated particle-based algorithms, e.g., “non-linear” Hamiltonian
Monte Carlo (Bou-Rabee and Schuh, 2023) and the mean-field underdamped Langevin dynamics (Fu
and Wilson, 2023) to reduce the discretization error. Currently, this requires repeatedly carrying out
the propagation of chaos and time discretization analyses from the ground up for each instance.

This motivates us to pose the following questions: (1) Can we incorporate improvements in the
propagation of chaos literature, such as the O(1/N) error dependence shown in Lacker and Le Flem
(2023), to improve existing theoretical guarantees? (2) Can we leverage recent advances in the theory
of log-concave sampling to design better algorithms?

Our main proposal in this work is to decouple the error into two terms, representing the propaga-
tion of chaos and discretization errors respectively. This simple and modular approach immediately
allows us to answer both questions in the affirmative. Namely, we show how to combine established
propagation of chaos bounds in various settings (including the sharp rate of Lacker and Le Flem,
2023) with a large class of sophisticated off-the-shelf log-concave samplers, such as interacting
versions of the randomized midpoint discretization of the underdamped Langevin dynamics (Shen
and Lee, 2019; He et al., 2020), Metropolis-adjusted algorithms (Chewi et al., 2021; Wu et al., 2022;
Altschuler and Chewi, 2023), and the proximal sampler (Lee et al., 2021; Chen et al., 2022b; Fan
et al., 2023). Our framework yields improvements upon prior state-of-the-art, such as Bou-Rabee
and Schuh (2023); Fu and Wilson (2023), and provides a clear path for future ones.

1.1. Contributions and Organization

Propagation of chaos at stationarity. We provide three propagation of chaos results which hold
in the Wh, VKL, and v/F| “metrics™; the rates reflect the distance of the k-particle marginal of the
finite-particle system from 7®*: (1) In the setting of (pE), under strong displacement convexity, we
obtain a (’)(\/m ) rate by adapting techniques from Sznitman (1991); Malrieu (2001); (2) without
assuming displacement convexity, but assuming a weaker interaction, we obtain the sharp rate of
O (k/N) following Lacker and Le Flem (2023); (3) finally, in the general setting of (gE), and assuming
F is convex along linear interpolations, we obtain a (’)(W) rate following Chen et al. (2022a).
Unlike prior works, our proofs are carried out at stationarity; thus, our proofs are self-contained,
streamlined, and include various improvements (e.g., weaker assumptions and explicit bounds). As a
result, our work also serves as a helpful exposition to the mathematics of propagation of chaos.

Discretization. Once the error due to particle approximation is controlled, we then obtain improved
complexity guarantees by applying recent advances in the theory of log-concave sampling to the
finite-particle stationary distribution. See Table 1 for a summary of our results, and the discussion in
§4 for comparisons with prior works and an application to neural network training.

Once again, the importance of our framework is its modularity, which allows for any combination
of uniform-in-time propagation of chaos bounds and log-concave sampler, provided that the finite-
particle stationary distribution satisfies certain isoperimetric properties needed for the sampling
guarantees. Toward this end, we also provide tools for verifying these isoperimetric properties with
constants that hold independently of the number of particles (see §3.2.1).

1.2. Related Work

Mean-field equations. The McKean—Vlasov SDE was first formulated in the works McKean
(1966); Funaki (1984); Méléard (1996), with origins dating to much earlier (Boltzmann, 1872). It has
applications in many domains, from fluid dynamics (Villani, 2002) to game theory (Lasry and Lions,
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2007; Carmona and Delarue, 2018); see Chaintron and Diez (2022a,b) for a comprehensive survey.
The kinetic version of this equation is known as the Boltzmann equation, and propagation of chaos
has similarly been studied under a variety of assumptions (Bolley et al., 2010; Monmarché, 2017;
Guillin and Monmarché, 2021; Guillin et al., 2022). One prominent application within machine
learning is the study of infinitely wide two-layer neural networks in the mean-field regime (see §4.2).

Propagation of chaos and sampling for (pE). The original propagation of chaos arguments of
Sznitman (1991) were first made uniform in time in Malrieu (2001, 2003) in both entropy and W.
The aforementioned works all achieve an error of order O( \/k/iN ), and require a strong convexity
assumption on V and W. These were later adapted for non-smooth potentials (Jabin and Wang, 2017,
2018; Bresch et al., 2023). Finally, Chen et al. (2022a) obtained an entropic propagation of chaos
bound under a higher-order smoothness assumption. See Chaintron and Diez (2022a) for a more
complete bibliography.

The breakthrough result of Lacker (2023b) obtained the sharp bound of O(k/N) when the
interaction is sufficiently weak, and this bound was made uniform in time in Lacker and Le Flem
(2023). Their approach differs significantly from previous proofs by considering a local analysis
based on the recursive BBGKY hierarchy. These results have been extended to other divergences,
e.g., the x? divergence, but without a uniform-in-time guarantee (Hess-Childs and Rowan, 2023). In
addition, Monmarché et al. (2024) showed an extension of this result under a “convexity at infinity”
assumption.

The question of sampling from minimizers of (pE) was first studied in Talay (1996); Bossy and
Talay (1997); Antonelli and Kohatsu-Higa (2002). These works focused on the Euler—-Maruyama
discretization of the finite-particle system (pMV /), under L°°-boundedness of the gradients. Subse-
quently, the convergence of the Euler—Maruyama scheme has been studied in many works, including
but not limited to Bao and Huang (2022); dos Reis et al. (2022); Li et al. (2023). The strategy of
disentangling finite particle error from time discretization also appears in Karimi Jaghargh et al.
(2024), which approaches the problem from the perspective of stochastic approximation. This work,
however, is not focused on obtaining quantitative guarantees. Finally, Bou-Rabee and Schuh (2023)
considered a non-linear version of Hamiltonian Monte Carlo; we give a detailed comparison with
their work in §4.

Propagation of chaos and sampling for (gE). The mean-field (underdamped) Langevin algorithm
for minimizing (gE) was proposed and studied in Chen et al. (2022a, 2024). Under alternative
assumptions (see §3.1.2), they established propagation of chaos with a O(\/1€/7N ) rate, for both the
overdamped and the underdamped finite-particle approximations. Recent works from the machine
learning community (Nitanda et al., 2022; Suzuki et al., 2022; Fu and Wilson, 2023; Suzuki et al.,
2023) studied the application of these algorithms for optimizing two-layer neural networks and
obtained sampling guarantees. We provide a detailed comparison with their works in §4.2.

2. Background and Notation

Let 7727%(}1%‘1) be the set of probability measures on R that admit a density with respect to the
Lebesgue measure and have finite second moment. We will also abuse notation and use the same
symbol for a measure and its density when there is no confusion. We use superscripts for the particle
index, and subscripts for the time variable. We will use O, O to signify upper bounds up to numeric
constants and polylogarithms respectively. We recall the definitions of convexity and smoothness:
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Definition 1 A function U : R¢ — R is a-uniformly convex (allowing for o < 0) and B-smooth if
the following hold respectively

(VU(z) = VU(y),z —y) = allz —y| forall z,y € R,
IVU(z) = VU(y)l < Bz -yl forallz,y € RY.

For two probability measures u, v € 7727aC(Rd), we define the KL divergence and the (relative)
Fisher information by

KL(u || v) = Eu[log ] and  Fiu]v) =E,[||V1og =],

with the convention KL(x || v) = Fl(p || ) = oo whenever € v.
We recall the definition of the log-Sobolev inequality, which is used both for propagation of
chaos arguments as well as mixing time bounds.

Definition 2 (Log-Sobolev Inequality) A measure 7 satisfies a log-Sobolev inequality with param-
eter Cs) if for all i € 7727ac(Rd),

KL(u || 7) < % FI(u | 7). (LSD)

When log(1/7) is a-uniformly convex for o > 0, it follows from the Bakry—Emery condition
that 7 satisfies (LSI) with constant C|g; < 1/« (Bakry et al., 2014, Proposition 5.7.1).
We can also define the p-Wasserstein distance W, (p, ), p > 1, between fi, 7 as

WP(u,m) = inf /1:— P~(dz,dy),
A ot |z — y||? v(dz, dy)

where I'(j1, ) is the set of all joint probability measures on R?xR? with marginals , 7 respectively.

Lastly, we recall that the celebrated Otto calculus interprets the space P2 ac (R9), equipped with
the W, metric, as a formal Riemannian manifold (Otto, 2001). In particular, the Wasserstein gradient
of a functional £ : Py ».(R%) — R U {00} is given as Vi, £ = VL. Here, 5L is the first variation
defined as follows: for all vy, 1 € 7327ac(Rd), §L(vg) : RY — R satisfies

lim L((1—t)vg+tvr) — L(vo)
t\O t

= (0L(w),v1 — ) = /5£(1/0) d(v1 — ).

The first variation is defined up to an additive constant, but the Wasserstein gradient is unambiguous.
See Ambrosio et al. (2008) for a rigorous development. As a shorthand, we will write 6L (v, z) =
dL(vp)(x) and similarly Vi, L(vo, x) == Vw, L(v0)(z).

2.1. SDE Systems and Their Stationary Distributions

2.1.1. THE PAIRWISE MCKEAN—VLASOV SETTING

In the formalism introduced in the previous section, we note that (pMV) can be interpreted as
Wasserstein gradient flow for (pE). In this paper, we refer to (pMV) as the pairwise McKean—Viasov
process. As noted in the introduction, it has the stationary distribution (1.1) which minimizes (pE).
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Recall also that the equation (pMV) is the mean-field limit of the finite-particle system (pMV y/).

This N -particle system has the following stationary distribution: for 2N = [z1, ... 2N] € RN,
) .
1:N/ 1:N = % o
pt (x )ocexp< UQ.ZV(&:) _1 Z Z W (z* :c) (2.1)
i€[N] ze[N SN

The system (pMV ) can be viewed as an approximation to (pMV), with the expectation term in the
drift replaced by an empirical average. Note that the measure 1"V is exchangeable.! While the
standard approach is to apply an Euler—Maruyama discretization to (pMV ) in order to sample from
(pMV), our perspective is to write more sophisticated samplers for z'*V directly. Indeed, unlike (1.1),
the finite-particle stationary distribution (2.1) is explicit and amenable to sampling methods.

2.1.2. THE GENERAL MCKEAN—-VLASOV SETTING

More generally, we consider the functional (gE) where F is of the form F (1) = Fo(p) +% [|]|* dp
with A > 0. The second term acts as regularization and is common in the literature (Fu and Wilson,
2023; Suzuki et al., 2023). We can describe its Wasserstein gradient flow as the marginal law of a
particle trajectory satisfying the following SDE, which we call the general McKean—Vlasov equation:

dX; = {~Vw,Fo(m, X¢) — AX }dt + o dBy, (gMV)

where m; = law(X}), and { B; }+>( is a standard Brownian motion on R?. The stationary distribution
m of (gMV), and its linearization 7, around a measure y € PQ’aC(Rd>, satisfy the following equations:

2 Alz|? 2 Az|?
m(x) exp(—; 0Fo(m,x) — ‘g”) and m,(x) o< exp (_ﬁ dFo(p,x) — ’L‘ZH) . (22)

The latter is called the proximal Gibbs distribution with respect to pu. The general dynamics
corresponds to the mean-field limit of the following finite-particle system described by an N-tuple of
stochastic processes { X}V >0 = {(X}, ..., X)) biso:

dX{ = {=Vw,Folpxpn, X{) = AX{}dt + 0 dB}, €MV y)

and p,1.v = % Zf\il 0, is the empirical measure of the particle system. The stationary distribution
for (gMV y) is given as follows (Chen et al., 2022a, (2.16)): for z'V = [21,... 2] € RN,

) ) 2N A
P @) o exp (=25 Folpon) = 5 21V)) 23)

One can show that V. Fo(p,n) = % Vw,Fo(pgrv,at), and hence (gMVy) is simply the
Langevin diffusion corresponding to stationary measure (2.3). Moreover, when A = 0 and choosing

= [V(z)p(dz) + [[ W(x — y) p(dz) u(dy), then the equations (gMV), (2.2), (gMV y),
and (2.3) reduce to (pMV), (1.1), (pMV y), and (2.1), respectively.

1. Exchangeability refers to the property that the law of [z, ..., z"] equals the law of [z ... )

permutation o of {1,..., N}.

for any



SAMPLING FROM THE MEAN-FIELD STATIONARY DISTRIBUTION

3. Technical Ingredients

Our general approach for sampling from the stationary distribution 7 in either (1.1) or (2.2) is
to directly apply an off-the-shelf sampler for the finite-particle stationary distribution '*~. The
theoretical guarantees for this procedure require two main ingredients: (1) control of the “bias”—i.e.,
the error incurred by approximating 7 by the 1-particle marginal of ;""" —and (2) verification of
isoperimetric properties which allow for fast sampling from the measure ;" .

3.1. Bias Control via Uniform-in-Time Propagation of Chaos

In this section, we focus on the first ingredient, namely, obtaining control of the bias via uniform-in-
time propagation of chaos results. Proofs for this section are given in §A.

3.1.1. PAIRWISE MCKEAN-VLASOV SETTING

We first consider the pairwise McKean—Vlasov setting described in §2.1.1. Our first propagation of
chaos result uses the following three assumptions.

Assumption 1 The potentials V, W are By, By -smooth respectively.
Assumption 2 The distribution 7 satisfies (LSI) with parameter C\ (7).
Assumption 3 The ratio p == o*/8p2,C%(x) is at least 3.

Remark 3 Note that from (1.1), we typically would expect CES|(TI') to also scale as o* (e.g., in
the case when V and W are a-uniformly convex for o > 0). Therefore, Assumption 3 is typically
invariant to the scaling of o and can be satisfied even for o ™\ 0.

Under these assumptions, we obtain a sharp propagation of chaos result via a similar argument
as Lacker (2022); Lacker and Le Flem (2023). We note that the former is more permissive regarding
the constant in Assumption 3 as compared to this work.

Theorem 4 (Sharp Propagation of Chaos) Under Assumptions I, 2 and 3, for any N > 100 and
k € [N], it holds that KL(p'* || 7%%) = O(dk?/N?). Thus, KL(u ¥ || 7%%) < €2 if

N >100VQ(kvVde™?). (3.1)

We note that the rate in Theorem 4 is sharp; see the Gaussian case in Example 1. A condition such
as Assumption 3 is in general necessary, since otherwise the minimizer of (pE) may not even be
unique (see the example and discussion in Lacker and Le Flem, 2023). However, it can be restrictive,
as it requires the interaction to be sufficiently weak. With the following convexity assumption, we
can obtain a propagation of chaos result without Assumption 3.

Assumption 4 The potentials V,W are v, aw-uniformly convex with oy + oy, > 0. Here,
ay, = aw N 0 denotes the negative part of ayy.

The following weaker result consists of two parts. The first, a Wasserstein propagation of chaos
result, is based on Sznitman (1991). The second, building on the first, is a uniform-in-time entropic
propagation of chaos bound following from a Fisher information bound. The arguments are similar
to those in Malrieu (2001, 2003), albeit simplified (since we work at stationarity) and presented here
with explicit constants.
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Theorem 5 (Weak Propagation of Chaos) Under Assumptions I and 4, for any N > Qv 2,

ay+oy,
if we denote o = oy + ayy, then
. 4p2,0%d k
Wit 7o) < TS (2)
2 13283 (Bv + Bw)*d k
KL(uLFk || 7®F <U—FI Lk || ®ky < w & ‘
(| 7)< TRt | 7)< v s (3.3)

3.1.2. GENERAL MCKEAN-VLASOV SETTING

In the more general case where we aim to minimize (gE) for a generic functional F of the form
F(u) = Folp) + % [1I-II* dp, we impose the following assumptions. They can be largely seen as
generalizations of the conditions for the pairwise case, and they are inherited from Chen et al. (2022a);
Suzuki et al. (2023). There is an additional convexity condition (Assumption 5), which in the pairwise
McKean—Vlasov setting amounts to positive semidefiniteness of the kernel (x,y) — W (x — y) on
R4 x R<; thus, in general, the following assumptions are incomparable with the ones in §3.1.1.

Assumption 5 The functional JFy is convex in the usual sense. For all vy, v1 € Paac(R%), t € [0, 1],
]:0((1 — t) vy + tl/l) < (1 - t) ]:0(1/0) + t]:()(Vl) .

Assumption 6 The functional F is smooth in the sense that for all z,y € R v,/ € szaC(Rd),
there is a uniform constant 3 such that

IV F (v, 2) = Vi, F(V, )L < B ([l — yll + Wa (v, ).

Assumption 7 The proximal Gibbs measures satisfy (LSI) with a uniform constant: namely, it holds
that Cygi(m) V SUP Py o0 (RY) CL5|(7T“) < Clys.

Remark 6 These assumptions taken together cover settings not covered in the preceding sections,
including optimization of two-layer neural networks. See Chen et al. (2022a, Remark 3.1) and §4.2.

Under these assumptions, we can derive an entropic propagation of chaos bound by following
the proof of Chen et al. (2022a). Through a tighter analysis, we are able to reduce the dependence on
the condition number x = C|5,3/c? from k? to k.

Theorem 7 (Propagation of Chaos for General Functionals) Under Assumptions 5, 6, and 7, for
N > 1605Cs1/02, we have

1 . )
—— W3 (", 7®F) < KL(p || 7®F)
2C s

Among these assumptions, the hardest to verify is the uniform LSI of Assumption 7. Fol-
lowing Suzuki et al. (2023), we introduce the following sufficient condition for the validity of
Assumption 7; see Lemma 19 for a more precise statement.

335C  s1dk
< ——mF
- 02N

Assumption 8 There exists a uniform bound on the Wasserstein gradient of the interaction term
Fo: for some constant B < oo and all i € Paac(RY), 2 € RY, ||V, Fo(u, )| < B.

Lemma 8 (Informal) Assumptions 6 and 8 imply Assumption 7 with an explicit constant C\s,
given in terms of d, B, 3, A\, and o.
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3.2. Isoperimetric Properties of the Stationary Distributions

In this section, we verify the isoperimetric properties of 7, ;'Y with proofs provided in §B.

3.2.1. PAIRWISE MCKEAN—VLASOV SETTING

If V, W satisfy Assumptions 1 and 4 (i.e., V and W have bounded Hessians), then the potential
for (1.1), i.e., log(1/7), is % (v + amw)-convex and % (Bv + Bw)-smooth. By the Bakry—Emery
condition, 7 satisfies (LSI) with parameter Cs(7) < 7°/2 (ay +aw).

Similarly, for the invariant measure x'*" in (2.1), we can prove the following.

Lemma 9 IfV and W satisfy Assumption 1, then log(1/u'*N) is % (Byv + % Bw )-smooth.
If V and W satisfy Assumption 4, then log(1/u'N) is % (av + 25 ayy)-convex.”

We now consider the non-log-concave case. It is standard in the sampling literature that the
assumption of (LSI) for the stationary distribution yields mixing time guarantees. Since our strategy
is to sample from (2.1), we therefore seek an LSI for p'*Y, formalized as the following assumption.

Assumption 9 The distribution ;' satisfies (LSI) with parameter Cys) (™).
In this section, we provide an easily verifiable condition, based on the Holley—Stroock condi-
tion (Holley and Stroock, 1987), for this assumption to hold with an /N-independent constant.

Assumption 10 The potentials V and W can be decomposed as V- = Vo + Vi and W = Wy + W1
such Vo, Wy satisfy Assumption 4 and osc(V;), 0sc(W1) < oo, where for a function U : RY — R we
define osc(U) = sup U — inf U.

Under this assumption, a careful application of the Holley—Stroock perturbation principle yields
the following lemma.

Lemma 10 Under Assumption 10, 7, uV*V satisfy (LSI) with parameters

o2

2
Clsi(m) < (o Fow) exp(; (osc(Vi) + osc(Wl))>

o2

Cuai(p*N) <

2
= Yo + ) eXp(; (osc(Vi) + osc(Wl))) .

3.2.2. GENERAL MCKEAN-VLASOV SETTING

In the setting (gE) with 7 (u) = Fo(u) + 5 [|]|? du, we verify that Assumption 8 yields (LSI) for

p' with an N-independent constant. See Lemma 20 for a more precise statement.

Lemma 11 (Informal) [In the mean-field Langevin setting of §2.1.2, suppose that Assumption 8
holds. Then, Assumption 9 holds with CL5|(,u1:N ) depending on d, B, \, and o, but not on N.

2. Only the negative part of ayy contributes to the strong log-concavity of 1!V This is consistent with Villani (2003,
Theorem 5.15), which asserts that when aw > 0, the interaction energy p — [[ W (z — y) p(dz) p(dy) is aw-
strongly displacement convex over the subspace of probability measures with fixed mean, but only weakly convex over
the full Wasserstein space.
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Algorithm | “Metric” | Assumptions M N
LMC k2d/e?
MALA-PS | va/o Wy 1,2,3,9 | kd®*/eV/2 | d'/?/e
ULMC-PS K32dY? e
ULMC* | va/o Wy 1,3,4 kd3 )23 | A2 /e
LMC k2d/e? 41,9
ULMC VKL L k3212 | K AE
LMC ’ rd /e 91 9
umct | VW kdl/3 /23 | ° dfe
LMC Kk2d/e? 5
ULMC—PS V KL 5, 6, 7, 9 /{3/2(11/2/5 /id/g

Table 1: In this table, we record M, the total number of oracle queries to log 11! made by the log-concave
sampler, and N, the number of particles.

4. Sampling from the Mean-Field Target

In this section, we present results for sampling from 7. As outlined in Algorithm 1, we use off-the-
shelf log-concave samplers to sample from ', during which we access the first-order® oracle
for "V (i.e., an oracle for evaluation of log 1"V up to an additive constant, and for evaluation
of Vlog u'*N). For N sufficiently large, the first particle given by Algorithm 1 is approximately
distributed according to 7: for iV the law of the output of the log-concave sampler and its 1-particle
marginal distribution /1!,

N R 1 T )
Wyt ) < Wa(its i) + Waut m) <3  Wal(@h™, ) + Wa(u!, 7).

where the inequality follows from exchangeability (Lemma 21). A similar decomposition also holds
for KL, although the argument is more technical. We defer its presentation to §E.

Algorithm 1 Sampling from the Mean-Field Stationary Distribution
Input: the number N of total particles, a log-concave sampler LC-Sampler
Output: % particles X 1%
1: Sample XEN o 5N via LC-Sampler, so that iV ~ N, e.g., in W5 or VKL.
2: Output the first k particles X 1.

To bound the second term by ¢, it suffices to choose NV according to the propagation of chaos
results in §3.1. Our results are summarized in Table 1, in which we record the total number of oracle
calls M for ;'Y made by the sampler )/ and the number of particles N needed to achieve ¢
error in the desired metric, hiding polylogarithmic factors. Note that in the pairwise McKean—Vlasov
setting, each oracle call to ' requires NV calls to an oracle for V, and (gf ) calls to an oracle for W.

The algorithms in the table refer to: Langevin Monte Carlo (LMC); underdamped Langevin
Monte Carlo (ULMC); discretizations of the underdamped Langevin diffusion via the randomized

3. For our results involving the proximal sampler, we also assume access to a proximal oracle for simplicity.
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midpoint method (Shen and Lee, 2019) or the shifted ODE method (Foster et al., 2021) (ULMC™);
and implementation of the proximal sampler (Lee et al., 2021; Chen et al., 2022b) via the Metropolis-
adjusted Langevin algorithm or via ULMC (MALA-PS and ULMC-PS respectively). Note that
LMC applied to sample from p'*V is simply the Euler—Maruyama discretization of (pMV y), and
likewise ULMC is the algorithm considered in Fu and Wilson (2023). We refer to §E for proofs and
references.

To streamline the rates, we simplify the notation by defining 5 = By + Sw if Assumption 1
holds, otherwise we use the value from Assumption 6. We let & = ay + ay;, under Assumption 4,
a = 7 /2max{Clsi(u'*V),CLs ()} under Assumptions 2 and 9, and o = 7*/2max{Cys(u1V),CLsi} in the
general McKean—Vlasov setting.

Finally, we let k := [3/« denote the condition number. We briefly justify this terminology.
If the target and all proximal Gibbs measures are strongly convex with parameter «:/02, then the
Bakry—Emery condition implies that C| g < %2 Hence, the scale-invariant ratio C| 5|3 / o2 reduces
to the classical condition number 3/, the ratio of the largest to smallest eigenvalues of the Hessian
matrices for V and W. Therefore, C 5 3/0? is a generalization of the condition number to settings
beyond uniform strong convexity which allows us to state more interpretable bounds. The additional
assumption £ < vVd /e will be used to simplify some of the rates.

In the following subsections, we discuss some of the results in greater detail.

4.1. Pairwise McKean-Vlasov Setting
Example 1 (Gaussian Case) Consider a quadratic confinement and interaction,

1 1 A
V)= 5o Az = Slally, W) =3

; .

for some matrix A € R with A = 0, A\ > 0. The resulting stationary distributions can be
calculated explicitly to be Gaussians. We show in §C that for large N, KL(p!* || 7¥%) = ©(dk?/n2).
This shows that the rate in Theorem 4 is sharp.

Example 2 (Strongly Convex Case) Consider the strongly convex case where o = ay + iy, > 0.
The prior work Bou-Rabee and Schuh (2023) also considered the problem of sampling from the
mean-field stationary distribution 7, with 02 = 2. If we count the number of calls to a gradient
oracle for V, their complexity bound reads O(+*%d*/?/:5/3) to achieve va/o Wi (3!, 1) < . We
note that their assumptions are not strictly comparable to ours. They require the interaction IV to be
sufficiently weak, in the sense that By < «, which is similar* to our Assumption 3; on the other
hand, they only assume vy > 0, rather than vy + oy, > 0. Nevertheless, we attempt to make some
comparisons with their work below.

Without Assumption 3, ULMC achieves va/o Wh(ji!, ) < & with complexity O (x*d*/?/z8/3),
which matches the guarantee of Bou-Rabee and Schuh (2023) up to the dependence on ~. We can
also obtain guarantees in v/KL, at the cost of an extra factor of 2.

With Assumption 3, MALA-PS has complexity O(xd*/*/:3/2) and ULMC™ has complexity
O(xd*/¢/25/3), which improve substantially upon Bou-Rabee and Schuh (2023).

To summarize, in the strongly convex case, we have obtained numerous improvements: (i) we
can obtain results even without the weak interaction condition (Assumption 3); (ii) when we assume

4. See eq. (2.24) therein; note that they have a scaling factor of ¢ in front of their interaction term, so that our parameter
Bw is equivalent to their e L.
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the weak interaction condition, we obtain improved complexities; (iii) our results hold in stronger
metrics; (iv) our approach is generic, allowing for the consideration of numerous different samplers
without needing to establish new propagation of chaos results (by way of comparison, Bou-Rabee and
Schuh (2023) developed a tailored propagation of chaos argument for their non-linear Hamiltonian
Monte Carlo algorithm).

Example 3 (Bounded Perturbations) Both the results of Bou-Rabee and Schuh (2023) as well as
our own allow for non-convex potentials, albeit under different assumptions—Bou-Rabee and Schuh
(2023) require strong convexity at infinity, whereas we require (LSI) for the stationary measures
p"N and 7. In order to obtain sampling guarantees with low complexity, it is important for the LSI
constant of 1'*V to be independent of N. We have provided a sufficient condition for this to hold: V'
and W are bounded perturbations of Vj and Wy respectively, where vy, + vy, > 0; see Lemma 10.

We also note that in this setting, both of our works require a weak interaction condition. This is
in general necessary in order to ensure uniqueness of the mean-field stationary distribution, see the

discussion in §3.1.1.

4.2. General McKean—-Vlasov Setting

Example 4 (General Functionals) In the general setting, under Assumptions 5, 6, and 7, the work
of Suzuki et al. (2023) provided the first discretization bounds. They impose further assumptions and
their resulting complexity bound is rather complicated, but it reads roughly M N = (’)(poly ) d?/e4)
for the discretization of (gMV ). Subsequently, Fu and Wilson (2023) obtained an improved
complexity of MN = O(x*d/ ?/e3) via ULMC in the averaged TV distance. In comparison, we
can improve this complexity guarantee to O(x*/2d*?/:3), and the guarantee even holds in VKL if
we combine ULMC with the proximal sampler. It appears that we gain one factor of y/x through
sharper discretization analysis (via Zhang et al. (2023), or via the error analysis of the proximal
sampler in Altschuler and Chewi (2023)), and one factor of « via a sharper propagation of chaos
result (Theorem 7).

We also note that the result of Fu and Wilson (2023) is based on a kinetic version of the
propagation of chaos argument from Chen et al. (2024), whereas our approach uses the original
“non-kinetic” argument from Chen et al. (2022a) in the form of Theorem 7.

Application to Two-Layer Neural Networks. Let us consider the problem of learning a two-layer
neural network in the mean-field regime. Let f5 : R — R be a function parameterized by 6 € RP,
and for any probability measure p over R?, let f, := [ fypu(df). For example, in a standard
two-layer neural network, we take § = (a,w) € R x R? and f, () = aReLU((w,z)). When
u= =+ Z 6(a .w;) 1s an empirical measure, then fu is the function computed by a two-layer
neural network with m hidden neurons. In this formulation, however, we can take u to be any
probability measure, corresponding to the mean-field limit m — oo (Chizat and Bach, 2018; Mei
et al., 2018; Chizat, 2022; Rotskoff and Vanden-Eijnden, 2022; Sirignano and Spiliopoulos, 2020).

Given a dataset {(z;,y;)}", in R? x R and a loss function £ : R x R — R, we can formulate
neural network training as the problem of minimizing the loss o — > | ¢(fu(x;), y;). To place
this within the general McKean—Vlasov framework, we add two regularization terms: (1) 3 [1|-[|? du

corresponds to weight decay; and (2) %2 [ log pudp is entropic regularization. We are now in the
setting of §2.1.2, with Fo(u) = >y £(fu(xi), vi)-

12



SAMPLING FROM THE MEAN-FIELD STATIONARY DISTRIBUTION

To minimize this energy, it is natural to consider the Euler-Maruyama discretization of (gMV y),
which corresponds to learning the neural network via noisy GD, and was considered in Suzuki et al.
(2023). Recent works Fu and Wilson (2023); Chen et al. (2024) also considered the underdamped
version of (gMV) and its discretization. Under the assumptions common to those works as well as
our own, our results yield improved algorithmic guarantees for this task (see Example 4).

Unfortunately, the assumptions used for the analysis of the general McKean—Vlasov are restrictive
and limit the applicability to neural network training. For example, it suffices for ¢ to be convex
in its first argument (to satisfy Assumption 5), to have two bounded derivatives (w.r.t. its first
argument), and for 6 — fy(x;) to have two bounded derivatives for each x;. The last condition
is satisfied, e.g., for fyp(z) = tanh((f,z)). For a genuinely two-layer example, we can take
fo(z) = tanh(a) tanh((w, z)) for & = (a,w) € R x R? Under these conditions, Assumptions 6
and 8 hold, which in turn furnish log-Sobolev inequalities via Lemmas 8 and 11. In general, these
LSI constants depend exponentially on quantities such as the dimension p of the parameter space,
which is unavoidable as global non-convex optimization is intractable in the worst case. However,
we note that these limitations are inherited from the prior literature and not specific to our approach.

5. Conclusion

In this work, we propose a framework for obtaining sampling guarantees for the minimizers of (pE)
and (gE), based on decoupling the problem into (i) particle approximation via propagation of chaos,
and (ii) time-discretization via log-concave sampling theory. Our approach leads to simpler proofs
and improved guarantees compared to previous works, and our results readily benefit from any
improvements in either (i) or (ii).

We conclude by listing some future directions of study. We believe there is further room for
improvement in the propagation of chaos results. For example, can the sharp rate in Theorem 4
be extended to stronger metrics such as Rényi divergences, as well as to situations when the weak
interaction condition (Assumption 3) fails, e.g., in the strongly displacement convex case or in the
setting of §3.1.2? For the sampling guarantees, the prior works Bou-Rabee and Schuh (2023); Suzuki
et al. (2023) considered different settings, such as potentials satisfying convexity at infinity or the use
of stochastic gradients; these extensions are compatible with our approach and could possibly lead to
improvements in these cases, as well as others. Finally, consider the case where [ VIV (X; — -) dmy
in (pMV) is replaced with a generic function [ by(Xy,-)dm, by : R™ x R™ — R". It would be
interesting to extend our analysis to this setting, as it arises in many applications (Arnaudon and
Del Moral, 2020).
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Appendix A. Control of the Finite-Particle Error

In this section, we prove the results in §3.1 on the finite-particle error. We will make extensive use of
the following transport inequality, which arises as a consequence of (LSI).

Lemma 12 (Talagrand’s Transport Inequality, Otto and Villani (2000)) If a measure 7 satisfies
(LSY) with constant C\ s, then for all measures |1 € PQ’aC(Rd),

W3(u,m) < 2C s KL(1e || 7). (TI)

A.1. LSI Case

We provide the proof of Theorem 4 under the assumption of (LSI) for the invariant measures of
(pPMV) and (pMV p;). This relies on a BBGKY hierarchy based on the arguments of Lacker and
Le Flem (2023).

Recall that ' is the k-particle distribution of the finite-particle system. Explicitly,

N
. . 2 ,
log ptF (1) = log/exp(g2 E V(z') — Z(N=1) E Wz )dkaN + const.
=1 zg 1
i#]

Using exchangeability, we can then compute the gradient of the potential for this measure as

02 1:k/,1:k
9 Vi log p (")

N -k .
= VV(z') + —va = al) + S By VW (@' = ).
Jj=1
i#]
Let X% ~ ;1'F and introduce the notation

Ki = KL(u'™ | 7).

Invoking (LSI) of the mean-field invariant measure (and tensorizing) leads to

Kk: < C’LS2I(77) FI(MI:IC H ﬂ_®k)
_ 20C5(m ) y
T [HN—IZVW 0 [owox -

J#l
/VW k+1|1k( ’Xlk H ]

< & [HZ(VW X9 —/VW(X1 - ~)d7r)H2]

0-4

n 4kc;_jl<( H/VW (d k-+1|1: k:( |X1 k:) d7T H }

B
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where the last line follows from exchangeability and |la + b||> < 2(||al|?> + ||b]|?) for vectors
a,b e RY,

A.1.1. BOUNDING THE ERROR TERMS

We now handle terms A, B separately.

k
A= E[|VW (X' — X)) —E VW (X' — )|
j=2

k
+ Y CE(VW(X! = X') — B, VW(X! =), VIW(X! = X7) = E, VW(X' - 1))
i,j=2
i#j

= (k= DE[[YW (X' - X?) ~E, YW(X' —)[*}+

+(k-1)(k-2)E(VW (X' - X?) —E, VW (X' —),
VIW(X' - X%) —E. VIW(X' - )

= (k—1) By E[|X — Y]

+ (k= 1)?E(VW(X' - X?) —E, VIW(X' — ), VIW(X' — X?) —E. VW (X' — 1)),

where we used the exchangeability of the particles in (i) and the smoothness of W in (ii). Here,
X ~ pl and Y ~ 7 are independent.

Let us deal with these two terms separately. For the first term, let Y ~ 7 be optimally coupled
with X. Then, by independence and sub-Gaussian concentration (implied by (LSI)),

E[|X —Y|? <2E[|X - Y|*] + 2E[|Y = Y|*] = 2W;(u',7) + 4E[|Y —EY]?]
< 4CLsi(m) KL(p" || 7) + 4dCysi(m) < 4C1si(7) (K3 + d) (A.1)

where the second inequality follows from (TI), and the last one follows from the data-processing
inequality for the KL divergence.

For the second term, the Cauchy—Schwarz inequality leads to

E(VW (X' - X?) —E, VW(X' —), VIW(X! = X?) - E, VIW(X' - ))
=E(VW(X' = X?) —Er VW(X' =), Ejno( x12) VW (X =) = E, V(X' —.))

< B3 VE[IX — Y[ /EWZ (u32(:

< G /40081 () (Ks )20 () EKL (12 (- | X12) | )
= 383, CLsi(m)V/Ks + dv/Ks (A2)
< 385 Crsi(m) (K3 + d),

X1:2)’ ﬂ-)

where in (i) we applied the bound (A.1) as well as (TI), and in (ii) we used the chain rule for the KL
divergence.
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We return to the analysis of the term B. In a similar way, we obtain
2
B — EH‘/VW(Xl o ) (duk+1|1:k(_ | Xl:k) o dﬂ_)H :| < BIQ/[/]EWZQ(ﬂk+1|1k( | ‘X*l:k)7 7[')
< 283 Cusi(m) (K1 — Ki) -

A.1.2. INDUCTION

Putting our bounds on A and B together, we obtain for N > 30,
<, < BOK 55 Clg () shofy Cla(m)

- o4 N2 o4

In particular, the case of £ = N involves our bounds only on A, leading to

(Kz +d) + (K1 — Kie) - (A3)

30N ﬂ%vCLa( )

Ky < (Ks+d).
ot
By grouping together the K, terms in (A.3),
8kBZ,Ci () /o 2k \ 2
Ky < W LS| K ) (K +d)). A4
kS 1+8k5§vcgs,(7r)/a4( bt ()7 (Ks+ ) (A4)

=:Cy,

Iterating this inequality down to k = 3, for p := ¢*/882,C% (x),

N—-1 N-1 k
Ks < (H Cr) 30NB%Z4CES'(”> (ks +d)+ > (TTe) (%)2 (Ks + d)

[<,€1_[36’“>4/])V+ (Hcg) ] (Ks + d).

3 (=3

N-1
k=

=icN

Now we show ¢y < 1/2, which implies K3 < 2c¢yd. We require the following lemma.

Lemma 13 For3<i<k<N,

Proof For C;, = we have

1+£ 1+ep=1°

k
1
—1 c, =51 ( ) <y
As the summand is decreasing in £, it follows that
k

l+1 1 k+1 1 k 1
CS—Z/ _ldx:—/ ﬁdx:—plogﬂ.
—Jo ltwxp i 1tap i+p
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Therefore,

k
k+1 -
Hcﬁzexpcg (ﬂ) P’
e t+p

which proves the lemma. n

Using Lemma 13, we obtain
N'- 1
en <43+ p)’ (— + I<:2_p> .
p

Under Assumption 3, i.e., p > 3, we may assume p = 3 since we can always take a worse bound on
the constants By so that p = 3. As seen shortly, the rate does not improve even if p > 3.% For p = 3
and N > 100, we therefore obtain

N—-1

1 N1

< 4( 7> -

en <864 {3t e 2o 1) =3
k=3

and thus
dlog N
Ky < Ng2 : (A.5)

A.1.3. BOOTSTRAPPING

Substituting the bound (A.5) for K3 into the recursive inequality (A.4), we end up with a suboptimal
rate of O(k3/N?) for Kj. To improve the bound, we substitute our established bound (A.5) into
(A.2), which results in an improved recursive inequality. Indeed,

A < kB, Clq () (KLs + d) + k*B3,CLsi (1) v/ KLs 4 d/KLz < dkBE,CLsi(m)/log N

and therefore

dk2B2,C 8kpB3,CE
Ky < (’)( ﬁVZNLQS'( )> + BWJ4LS'(7T) (Ki1 — Ky) -

For k = N this yields
dpiC
Ky < o(iﬂw 0'4-5'( )) :

Regrouping Ky, as before, we obtain

Ke < C (Kk-I—l + (5(%)) :

Iterating this down to k = N,
N-1 N—1 ¢ ol
< (H Cg) Ky + Z(HCJ> O(NQ)
=k =k j=k

5. Alternatively, one can show the bound in Lemma 13 decreases in p, so we can just substitute p = 3 therein.

23



KOOK ZHANG CHEWI ERDOGDU LI

(k:3 dﬁ‘qus' +N ke ) dk:z)
N3 (11) N2

ZIN
Gz

l=k

where in (i) we used Lemma 13 with p = 3, and (ii) follows from p > 3 and }_,, 7% < k1.

Therefore, for some fixed k it suffices to take N = 100 V Q(k+v/d/e) to achieve e2-bias in KL,
completing the proof of Theorem 4.

A.2. Strongly Convex Case

The following propagation of chaos argument for the strongly log-concave case is based on Sznitman
(1991). Let (X/}*V);>0 denote the stochastic process following the finite-particle stochastic differen-
tial equation (pMV ). Let the corresponding semigroup be denoted (7;),~, defined as follows. For
any test function f : RN — R,

Tf (o) = BIF(XEY) | XEY = 2],
Then, the following simple lemma proves Wasserstein contraction for the finite-particle system.
ay —Qy
ay+(aw)_’

Wasserstein distance with exponential rate at least /2, where o *= o + auy,. In other words, for
any measures 5, v§V in Py(R>N),

Lemma 14 Under Assumption 4 and for N > (Tt)4>q is a contraction in the 2-

WalubNTr, ENTR) < expl(—at/2) Wa(ul™ )

Proof Note that (7;),- corresponds to the time- scaled (by factor 02 /2) Langevin diffusion with
stationary distribution z"*"V, which i is = 2 (v + N T Oy )-strongly log-concave by Lemma 9. The
condition on NV ensures that this is at least a/o?. Consequently, it is well-known (e.g., via syn-

chronous coupling) that the diffusion is a contraction in the Wasserstein distance with rate at least
af2. [ |
We next bound the error incurred in one step from applying the finite-particle semigroup to 7%,

Lemma 15 Under Assumptions 1 and 4, for any \ > 0, Ty, induces the following error in Wasser-
stein distance:

W2 (7N T, 79N <

)\71 2 2dh2 A 2 h2
(1+ )aﬁwa eXp((1+ ;BW )

Proof We resort to a coupling argument, noting that 7 is stationary under (pMV). Starting with
7N, we evolve (X}*N),5 and (V;"V),5 according to (pMVy) and (pMV) respectively, i.e.,
XN ~ 7®NT and VYN ~ 7®N | This argument is adapted from the original propagation of chaos
proof by Sznitman (1991).

We can compute the evolution under a synchronous coupling as:

40X = ¥) = (V) = TV dt 0 SO (VWX — X))~ B VIV (Y ) e
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i i 1 = i J i J
= = (VX)) = WV (Y))) dt = = > (YW(X] = X{) = YW(Y] = X)) dt

j=1
J#i
1 Y . , . )
“N_1 (VW(Y]) = X]) = VW (Y} —Y/))dt
j=1
J#i
1 Y . . .
TN_1 S (VW = Y) =B VW (Y — ) dt.
j=1
i#i

Now let us denote by VW (z,y) .= VW (x — y) — E VW (x — -) the centered gradient (with
respect to ). By It6’s formula and Assumption 4,

dflx; — Y’H2 2(X; - Y/, d(X]{ - Y{))

~2(ay +aw) |1X] - Y|P dt
9 N

— o XYL VWY - X]) - V(Y - YY) de
j=1
i
o XM o ,
— N X YL VWY YY) - Bl V(Y] - ) dt
j=1
i
< 28w |IX} - Y/ iy 2| X7 - /|| j
= N _1 ZHX Y”dt'*’NiHZVWYt,Y Hdt
]7éZ ]761
or
d| X} - Y| < BW ZHX] Y]Hdt+7 HZVW Y Hdt
J?f% J#%
Integrating and squaring,
2 5W i v i v 2
IX; = Y7)* < ZIIX Y/| y+— ZVWY Y9)|) ds

14+ X) B2t (1
_(;)BWE /IIXJ yi|2ds+ 3FA) +A /H§ VW(Y, YY)
i
Ve

where the last line follows from Young’s inequality.
Next, we take expectations. Note that VIV (-, -) is centered in its second variable, so for any

J# ks

‘ ds,

E(VW (Y, Y{), VW (Y}, YF) = 0.
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Otherwise, we can bound the terms via

5%,02d
-

E(IVW (Y, Y))IP) < Bl By L 1YY = Z)°) <
Z~T

Here, Z is an independent draw from 7 and so cannot be reduced via coupling. The second inequality
follows from a standard bound on the centered second moment of a strongly log-concave measure,
using the fact that 7 is 2cc/o-strongly log-concave (c.f. Dalalyan et al., 2022).

Therefore, taking expectations and summing over the particles,

. . L . (14+ A1) B2, 0%dt?
BN ~ V) < (140 Bt [ I - VP as+ LPwe

By Gronwall’s inequality below,

(1+ A1) B2 02dh? exp(u + ) 5§Vh2) |

B[ XY - V)2 < L .

This concludes the proof. |

Lemma 16 (Gronwall’s Inequality) For T > 0, let f : [0,T] — R> be bounded. Suppose that
the following holds pointwise for some functions a,b : [0,T] — R, where a is increasing:

£(t) < a(t) + /0 b(s) f(s) ds

Then, .
f(t) < a(t)exp (/0 b(s) ds) .

Composing Lemmas 14 and 15, we now prove our propagation of chaos results.

Proof of Theorem 5 Indeed, we have

Wz(lulzN’ﬂ_@N) — W2(M1:N77“ 7T®N) < WQ(MI:N’]?“ 7T®N771) —|—W2(7T®N77“ 7_[_®N)

1 52 2 12
(1+ A1) By 02dh? exp((1+)\iﬂwh )

< exp(—ah/2) Wy (u'N, 7®N) + \/ o

Rearranging,

LN _®N 1 \/(1 + A1) By 02dh? (1+ ) B °
W%, w7 < 1 —exp(—ah/2) « exp( 4 ) '

Let A N\, O first and then A " oo to obtain

< 455‘,02d ‘

Wi (ut, 7Ny 3

Finally, when & < N, we use exchangeability (see Lemma 21 below) to conclude the proof of (3.2).
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For (3.3), by the Bakry—Emery condition we have Cs)(7) < 9°/2a, and tensorization (c.f. Bakry
et al., 2014, Proposition 5.2.7) leads to Cpg;(7®Y) < 0*/2a. Thus, (TI) leads to

1:N QN o?
KL(p 7 [ 797) < —

Fl 1:N RN )
R | oY)

However, one notes that the density of 'V is log-smooth with parameter % (By + % Bw)
(Lemma 9). Likewise, 7®% is log-smooth with parameter % (Bv + Pw ). Now consider a functional
F on the space of probability measures on Pz ,.(R*N) given by F : v +— E,[||V log % |1?]. Note
that log(p'* /7% is smooth with parameter at most - (B + 5 Sw) < 2 (Bv + Bw). for
N > 2.

Next, note that for YV ~ 7®N,

F(r®N) = Eron ||V log u"N = Viog 7N |?]

_ AN i R Can)P
- E[H;(VW(W Y9 /VW(Y1 )d )‘H

ot (N —1)?
N
el ]

by using exchangeability and the definition of VIV.
Subsequently, one derives the following inequality using the Wasserstein distance bound:

. 128 .
F(u"™) < —5 (By + Bw ) Wi (", 7%) + 2F ()

5128%,d ) 8N SN NTE:
< Sagor Byt Bw) E[H; v ]
512%.d 16682, N
< oS (B + ) + S BV - BY)
51282 .d 1662,d
< TUVZ (Bv + Bw)* + MVZ ;

by using (3.2) and the fact that VW (-, -) is a centered random variable in its second argument. This
concludes the proof for k = N, and as in the W2 bound, Lemma 22 will conclude the proof for
k<N. |

A.3. General Functional Case

For any measure y, define its entropy as ent(u) = [ log udpu. We now provide a self-contained
propagation of chaos argument in the general McKean—Vlasov setting, following Chen et al. (2022a).
We begin with the following entropy toast inequality, i.e., half of the entropy sandwich inequality
from Chen et al. (2022a).
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Lemma 17 (Entropy Toast Inequality) Define the empirical total energy for an N -finite particle
system as follows. Given a measure v**N € 7727aC(RdXN),

ENWINY =N / F(pgn) vV (datN) + o ent(p) .
v 2

Under Assumptions 5, it holds for all measures vV ¢ P27aC(RdXN )
o2

> KLY || 7@y < eN (Y)Y — NE(n),

where £ is the total energy (gE) and 7 is the stationary measure (2.2).

Proof By Assumption 5, we have

ENWINY = NE(m) = NE v v [Fppin) — F(m)] + % (ent(v'*Y) — Nent(r))

> vy [N / SF(r,2) (o (dz) — m(d2)] + & (ent(™) — N ent(m)

2 2
_ _% E, 1.8 [N / log 7(2) (pyin (dz) — w(dz))} + % (ent('N) — N ent(r))
02 02 1:N
=5 E 1~ 1N [N/logﬂ(z) pxlzN(dZ)] + 53 ent(v")
[ N LN LNy L O LN
_ 7 : : :
——Z/Z;logﬂ(:v)u (dz )—|—7ent(1/ ).
1=
However, this is just "—22 KL(v"N || 7®N), so we are done. [

Proof of Theorem 7  We bound £V (u'*V) — NEN () via the following argument. First, define
the finite-particle mean-field functional as 7V (v1V) = N [ F(py1n) vEN (dzt). In the sequel,
we also use the following notation for conditional measures: if 2% := (x!#~1 21N ¢ RdX (N=1),

IulzN(:L,l:N) _ Mz\—Z(xz ’ x—z’) % /,L_i(l'_i).

We know that

EN (V) — NE(m) = FN (uN) ~ NF(m) + T ent(u'™V) - N et .
Furthermore, by Assumption 35,

FN(u'"N) = NF(r) < NEjiv v /51?(/)9;1% 2) (pgrn (dz) — m(dz)) .

Using the subadditivity of entropy, we can therefore write

N
SN(/LLN) — NE&(m) < ZExl:NN#LN [5.7:(p$1;1v,xi) — /(5.7:(,0:,:1:N, ) dm
=1
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+ 5 (ent (- | 7)) — ent(ﬂ))] .
)

To decouple the terms, we now replace each §.F (p,1:~, -) term with 6. F (p i, ):

EN (") — NE(n)

N . 0'2 L. .
< ZEwI:NNMI:N [5]—"(%—1-,3:2) — /5.7-"(/)33_1-, ) dm + 5 (ent(,u”*’(' |z7")) — ent(ﬁ))}
i=1

A
N
+ ZEJELNN“LN [5F(px1:N,xi) - 5f(px—i,l'i) - /(5,/—"(p1,1;N, ) - (5./—"([)3,—1', )) dﬂ'} .
i=1
B

We consider the two terms in turn, beginning with the first.
Note that by Fubini’s theorem,

Epin p1in 0F (pp-i, ") = Epmirymi / OF (pyeiy-) dpdl =i | 277).

In order to relate the first term A to a KL divergence, for each % € R¥(N=1) we introduce the
probability measure 7, € Pa,c(R?) via

Tyt € exp(—% 6F (peis7))
We can compute
KL= ™) [ 7e)
= [(55 67 (i) +logu™iC [ 27) (- | 7)o Z(7, ).

where Z(7,-:) is the normalization constant for 7,—,
2
log Z(7,-i) = log/exp<—(72 OF (py—i, z)> dz

= log/exp(j2 (6F(m,2) — 6F (py—s, z))) m(dz) + log Z(m)

2
> —2/5}"(%1-, -)dm —ent(r) .

(2

Upon taking expectations, we obtain

9 N
g i|—i —i
A< 5 E Ey-ip-i KL (1 =i 27 H Tyi) -
=1

Moreover, we can recognize that 7,,—; is a proximal Gibbs measure. By Assumptions 6 and 7,

A< 6LS| 02 al E _, FI ’i|—i —1 .
< 2 B P L) [ )
1=1
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_ Cisi0° al E Y . loe it (2 | 2 2 T Flo s 2l 2
-4 Z LN~y 1N |:H zi 108 [ (33 | T ) + ) Wa (pz*lam )H }
=1

!

_ Cygi0?

N

. . 2 :
ZEII:N,\,HLN [Hvxq log N (2B V) + o Vo, F(pyp—i, ")
i=1

- N
Cisi
= Y B [[Vm F o, o) = Vo Flpgi, ') ]
=1
~ N
B*Cls
< o2 Z ExlzNNMLN W12(,OI1:N,/)$7¢) .

To transport the mass from p, 1.~ to p,—:, we take the transport plan which moves m of the

mass from z° to each 27, j # i. It yields

N
1 . 4
Wl(px1:N7 pm_l) < m ; Hx’ — || . (A.6)
J#i
Hence,

C
A< 2NB2(J\;SI El”wl”z(z”x o)

’L].j].

c . 2C
QN% (AL[S' Eptn opton ; |z — 9| = ﬁ(ﬂ];s' Bz gaz]at — 27
i#]

We then use the inequality
1 .
S Epraallle — 027 < 20312, 702) 4 Eproponl 2! — 22|

W22(/11:N7 7T®N) + 2Egr[llz — E$||2]

8ClLs|
N
where we used Lemma 21 and the Poincaré inequality for 7. Hence,

262C s (8CLSI
N

Next, we turn toward term B. First, define a function C;l: v RIS R by

Cin(y) = 6F (py-isy) — 6 F (pgrn, y).

It is clear from Assumption 6 that this function is Lipschitz with constant 28W; (p,1:~, p,—i ). Thus,
we obtain using this Lipschitzness, (A.6), and Young’s inequality,

2\#

KL(p' N || 7®N) 4 2dC s, (A7)

A<
— 02N

KLY || 7@ + 2d€LS.) .

B=3 By [ (G ) ~ Can(2) (2
=1
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3 20 N
< ;EQ;I:NNMLN / m jz; HJ;J _ le sz . Z” W(dz)
J#
B g &
. - ' 2
< m Eml:Nw,ul:N g ||JUZ — || + N ;E(mi,z)wul(gﬁ[ﬂxz . ZH ]
i#j —

= BEpiepzlllz! — %% + BE( oy on(lle — 2II°] -
For the first term, we can apply (A.7), and for the second term, we can apply (A.1). It yields

< 208Cs)

B
- N

KL(p'"™N || 7¥N) 4+ 88C1sid.

Putting the bounds together with Lemma 17,

. 338Cs1d
KL(u || 79) < 220CLsd
o
forall N > 1603C s, / o2. The result for k& < N follows from Lemma 22. |

Appendix B. Isoperimetric Results for the Stationary Distributions

B.1. Convexity and Smoothness

Here, we verify the convexity and smoothness properties of ;' in the pairwise McKean—Vlasov
setting.

Proof of Lemma 9  For 'V = [z ... 2"] € R™¥, the Hessian of log(1/u'") can be
explicitly computed as

V2V (z!) 0 0

2 0 ViV (z?) - 0

_ %VQ log'ul:N(xlzN) _ : :( ) ‘ :

0 0 c V2V (2N)
YN, VW (el —ad) VW (el —a?) - —VEW (2! —a®) ]
1 VW@t —at) YL VW (a? —ad) - —V2W (22 — zV)
+ T 72
VW EN ) W EN -2 SV W (N - o)
=B

Clearly, the first block matrix has eigenvalues between oy and Sy . For the second block matrix B,
let us denote A; j == VW (z' — 27) for i, j € [N]. Note that A; ; = A;; since W is even, and each
A; j is clearly symmetric.
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For B € R¥V*4N the second matrix and y = [y, ...,y"V] € R, we have
y' By = ZyiT( > Aw) vi— > i Ay
i<N JEINI\E 1,j <N
i#j
= Y (uf Aujyi + ] Ay — vl Aigyy — u] Ajaye) = > (Wi — y5) T iy (v — ) -
1, <N 4,J<N
1<j 1<J

Using awfd = Ai,j = ﬁWId and

N—1 -1 -1
-1 N-1 - -1
M=V2 S yi—ylP =2 | S S
i,j<N ' . ' .
<) -1 -1 ... N-—-1

we have % awM < B =< % Bw M. Since the circulant matrix in M is PSD due to diagonal dominance
and its largest eigenvalue is at most IV, it follows that the eigenvalues of M lie between 0 and 2N.
Hence, the eigenvalues of B lie in the interval [% ayy % Bw ] |

B.2. Bounded Perturbations

In this section, we prove the isoperimetric results from §3.2.1. We again introduce the conditional
measure: if 7% i= (171 g T1N) € RXIN=1) we define

1:N(x1:N) _ Mi\—z‘(l,i ’ iL'_i) > 'u—i(x—i)

for the conditional distribution of the ¢-th particle and the distribution of an N-particle system with
the ¢-th particle marginalized out.

I

Proof of Lemma 10  We begin by proving the statement about 7. The potential of the invariant
measure 7 can also be written as

logﬂ(lx) _ % <Vo(x) Vi) + /(Wo(x )+ Wiz~ ) dr)

:%< /Wox—)dﬂ>—i— V1 /W1x—

This is the sum of a % (ay; + apy, )-convex function with a3 2 (osc(V1) + osc(W7))-bounded
perturbation. Thus, 7 satlsﬁes (LSI) with the claimed parameter

We now prove the statement about 1. By the tensorization argument in Bakry et al. (2014,
Proposition 5.2.7) or Boucheron et al. (2013, Theorem 4.10), we obtain the inequality that for any
smooth test function g% : RN — R, and X% ~ p 77,

ent'ulzN < Z]Eent i|— IX »L)( ()(17/—17 ° XZ+1N)) , (B])
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where each entropy term in RHS involves the distribution of the i-th particle, conditioned on the
remaining particles. This conditional measure has a density of the form

i|—i —i 2 2 j
= 27 o exp(—; V() — (m_uje%\iw(‘ - T )) )

where both V' and W are bounded perturbations of vy, agy,-strongly convex functions respectively,
irrespective of the conditional variables. Thus, by Holley—Stroock perturbation and the Bakry—Emery
condition, each p/I=%(- | %) satisfies (LSI) with parameter

2 N - 2
Crsi < % (op + N1 ) ! exp(; (osc(Vi) + osc(Vl))) :

Therefore, we can further bound each entropy term in (B.1) by

N
ent, v (9%) <D 20 BB i x—0y [10ig(X 71, Z, XN P = 2015 B, 1n [[| Vg1 ?]
i=1

Therefore, 'V satisfies (LSI) with parameter Cyg;. [ |

B.3. Logarithmic Sobolev Inequalities via Perturbations

In this section, we state log-Sobolev inequalities for Lipschitz perturbations of strongly log-concave
measures, which is used for the general McKean—Vlasov setting in §2.1.2.

Lemma 18 (LSI under Lipschitz Perturbations (Cattiaux and Guillin, 2022, Theorem 2.7))

Let v < exp(—V) for an ay-strongly convex and By -smooth function V. : R® — R. Let
H : R* — R be a L-Lipschitz continuous function. Then, ji o exp(—H) v satisfies (LSI) with
constant Cy (1) given by

4 L [2\2 d 4172 L?
C|_s|(,u)§—+(f+ —) <2+d+710g6—v+—) exp(—).
ay ay ay 2 ay  ay 20y

From this one derives the following log-Sobolev inequality for the proximal Gibbs measure.

Lemma 19 (Uniform LSI for the Proximal Gibbs Measure (SuzuKki et al., 2023, Theorem 1))
For the proximal Gibbs measure (2.3) in the setting of §2.1.2, under Assumptions 6, and 8, we
have that

sup  Cusi(my) < Cusi,
NEPQ,aC(Rd)

where o can be bounded by

_ 2 8B? 202 B 8 B2 B?
Clg < %exp(mxﬂd/ﬂ) N {% + (E + %)2 (2+d+ W) exp(w)}.
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Finally, we provide an LSI for the finite-particle stationary distribution x'*V with a constant
independent of IV, using an approximate tensorization argument.

Lemma 20 Consider the general McKean—Vlasov setting with F (1) = Fo(u) + 5 [|||* dp and
suppose that Assumption 8 holds. Then, u'*V satisfies (LSI) with parameter independent of N given
by

s )= 5 (4 2 (8 Yo (2).
2

Proof Since 'V (2'V) o exp(—Z F(p,in)), where pav = & 31, 8, is the empirical
measure, we can check that

U IN A .
pl= |27 o exp (=25 Folpn) = S5 12')2)
Also, note that
1 i
inf(](pzl:N) = N VWQfO(pxlivi ) .

Using Assumption 8, ¢ 20—];7 Fo(pgi:n) is 2B/o2-Lipschitz.
Then, apply Lemma 18 with ay = By = /62, to obtain

i : 402 /2B 0 \2 16 B* 2B?
i (-] 27) < h\ + \ + e +d+ o2 ) P2
Applying the tensorization argument from the proof of Lemma 10 completes the proof. |

Appendix C. Explicit Calculations for the Gaussian Case

Here we provide complete details for Example 1: for any £ < N,

dk? : dk?
N2 S KL(E"* | 7%7) < e log N .

Note that for C € RV*N with Ci=N—-1andC;; = —1ifi # j,

| 2 A - i -
W =N(0 S (Ive A+ o= Col) ) and w=N(0, 5 (A+ M) ).

N -1
—_——
=31 =39

The k-particle marginal ;¥ is a Gaussian with zero mean and covariance being the upper-left
(kN x kN )-block matrix of 3, which we denote by ¥; j. Clearly, 7@k is also a Gaussian with zero
mean and covariance Yy j = [}, ® 9. From a well-known formula for the KL divergence between
two Gaussian distributions,

KL(p"* || 7%) = S (—log det(S5 ), 51k) — dk + tr(£551.4)) - (C.1)

N | —
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Let 1, € R? be the p-dimensional vector with all entries 1. From C = NIy — 1y 1%,

2 AN A -1
== (I A I) - —— (ANl ® I
o2 =1 <N®( ) N—l(NN)®d)
=Ay
)\ T -1
m (IN ® Ay — N_1 (Iv@ )1y ® Id))
Z(IN®A,\)_1

(ii)
—(In® A (Iy @ 1)
x (Ia+ (1% @ I)(In ® Ay) " (v © 1)) T (1% @ Ia) (In ® Ay) 7

= Iveo Ay - (v AT (Lo + (1) 1y) © AN AL ® 47
=IN® A - (v @ ATy + NAYH

= Iy @ AN — (In1]) @ (A3 + NAy) Y,

1 _
(1§ ® A

where in (i) we used (A ® B)(C ® D) = (AC) ® (BD), (ii) follows from the Woodbury matrix
identity, and (iii) used (A ® B)~! = A~! ® B~!. Hence it follows that

2 _ -1
g&,k =, ® Ay — (1:1]) ® (A3 + NAy) .

By the spectral decomposition of A, we can write A = UDU " for a diagonal D € R?*? and an
orthogonal matrix U € R%*? such that {o; = Dz‘,z‘}ie[d] correspond to the eigenvalues of A. Since
log det(-) and tr(-) in (C.1) are orthogonally invariant, let us look at the orthogonal conjugate of
Sy Y1k by I @ UT € R4k Using (A® B)T = AT @ BT and denoting D := D + 327 I,

(I ® UT)EiiELk(Ik ®U)
_ -1
= (Lo UN) (L @ (A+ M) (I © Ayt — (1e1]) ® (A3 + NAY) ) (Lx @ U)
— (I, ® (D + ML) (I © Dy — (141]) @ (D3 + NDy) ™)
— I, ® (D + Ma)DyY) — (141]) @ (D + Ag)(D3 + NDy) ™)
——"

::Jk ::S)\

Ik®D;1+Jk®SA).

A
-y _(
dk N _1

=M

For 04 = min;c(q 0i, == 0q + A, and € == A/(N — 1), we have D;l = é[d and Sy =2 ﬁ 1

due to 1

(6%
d (Sh)ii < .
ate " (’\)Z’Z_(a—i-s)(a—l—fs—i-N)

Since the eigenvalues of A ® B consist of all possible combinations arising from the product of
eigenvalues, one from A and one from B, the largest eigenvalue 7; of M is less than 1:
A aN e+ N

9
DM+ E|ISal < = -
N—lH A k] ’\"_a+5+(a+e)(a+e—l—N) ate+ N

((Dx) ™ Mia <

m <
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Denoting the eigenvalues of M by 7, it follows from (C.1) that

dk
2KL(u"* || 7®F) = —(log det(Igr — M) + dk — tr(Ig — M)) = — > (log(1 — n;) + ;)

dk nn -

i=1 n>2

Then, we have a trivial lower bound of 3 Zl 1 n?, and as for the upper bound,

dk
ZZ L Z(n + Z m ) = anlog(l%n) <( \/logg)tr(MQ),
=1 ¢

1=1n>2

where the last inequality follows from (1 — 7;)™' < (1 —n)~%

Using tr(A ® B) = tr(A) - tr(B),and D;' < L I;and S = ﬁ 14, we have

A~ a
2 )\2 —2 2 2
)\2 dk dk? < dk?

042N2+(05—|—N)2NW’

As for the lower bound, since (S );; ~ % for large IV, we have

dk?
tI‘(M2) Z Wa

which completes the proof.

Appendix D. Additional Technical Lemmas

In our proofs, we used the following general lemmas on exchangeability.
Lemma 21 Let ulZN , v be two exchangeable measures over RN For any k < N,

W22(,U/1:k,V1:k) < W22(/141:N,V1:N) )

=2|=

Proof Let (X", Y1V be optimally coupled for 'V and 'V . For each subset S C [N] of size
k, it induces a coupling (X*, Y ) of x'** and v'** (by exchangeability). In particular, the law of
(X°,Y"), where S is an independent and uniformly random subset of size , is also a coupling of

p"* and 1%, Hence,

1

WE(W*, %) < E[IXS - YOI = - 3 E[IXS - V5|
(%) 52
N — N A A
- T Z E[| X — Y| E[| X — Y|
k i:l =k:i€S =1
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k

= £ W),

which completes the proof. |

Lemma 22 (Information Inequality (Csiszar, 1984)) If X', ... X" are Polish spaces and ;"
VN are probability measures on Xlx oo x XN, where VN = vle- - @uN s a product measure,
then for the marginals 1" of p, it holds that

N

STKLG || 7)< KLY [ )
=1

In particular when p'*N, v'*N are both exchangeable, this states that KL(p! || ') < % KL(p'Y ||

Vl:N).

Note that Lemma 22 follows from the chain rule and convexity of the KL divergence.

Appendix E. Sampling Guarantees
Here, we show how to obtain the claimed rates in §4. We begin with some preliminary facts.
KL divergence guarantees. To obtain our guarantees in KL divergence, we use the following

lemma.

Lemma 23 (Zhang et al. (2023, Proof of Theorem 6)) Let i, i1, and m be three probability mea-
sures, and assume that y satisfies (LSI) with constant Cysi(1). Then,

KL(G | 7) < 25 | )+ KL | ) + S0 Rl )

1:N QN

We instantiate the lemma with 2"V, N, and 7®V respectively. In the setting of Theorem 5, it
is seen that KL (" || 7®V) and Cps) (") FI(u'N || 7®N) are of the same order and can be made at
most Ne? if we take N < x*d/e?. Thus, if we have a sampler that achieves x? (a5 || utV) < Ne?,
it follows from exchangeability (Lemma 22) that KL(7! || 7) < €2

Guarantees using the sharp propagation of chaos bound. Here, we impose Assumptions 1, 2, 3,
and 9. It follows from Theorem 4 that N = ©(+/d/¢) suffices in order to make vo/o Wy (u!, 1) < e.
For the first term, we use exchangeability (Lemma 21) to argue that

Wa(it, pt) < N2 Wo(at Y, ptVy
and hence we invoke sampling guarantees to ensure that va/o Wh (1N, ptV) < N 1/2¢ under (LSI).

¢ LMC: We use the guarantee for Langevin Monte Carlo from Vempala and Wibisono (2019).

* MALA-PS: We use the guarantee for the Metropolis-adjusted Langevin algorithm together
with the proximal sampler from Altschuler and Chewi (2023). Note that the iteration complex-
ity is O(kd'/?2N1/?), and we substitute in the chosen value for N.
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* ULMC-PS: Here, we use underdamped Langevin Monte Carlo to implement the proximal
sampler. To justify the sampling guarantee, note that since log 1"V is S-smooth, if we choose
step size h = % for the proximal sampler, then the RGO is S-strongly log-concave and
35-log-smooth. According to Altschuler and Chewi (2023, Proof of Theorem 5.3), it suffices
to implement the RGO in each iteration to accuracy N''/2%¢/k!/2 in v/KL. Then, from Zhang
et al. (2023), this can be done via ULMC with complexity O(x'/2d"/? /¢). Finally, since the
number of outer iterations of the proximal sampler is (5(/—@), we obtain the claim.

« ULMC™: Here, we use either the randomized midpoint discretization (Shen and Lee, 2019) or
the shifted ODE discretization (Foster et al., 2021) of the underdamped Langevin diffusion. We
also replace the LSI assumptions (Assumptions 2 and 9) with strong convexity (Assumption 4).

Guarantees under strong displacement convexity. Here, we impose Assumptions 1 and 4.
As discussed above, to obtain KL guarantees, we require log-concave samplers that can achieve
X2 (BN || ptN) < Ne?. For W, guarantees, by Theorem 5 we take N < x2d/<? and we require
log-concave samplers that can achieve va/o Wy (VN , V) < N1/2%¢,

» LMC: For Langevin Monte Carlo, we use the x? guarantee from Chewi et al. (2022) and the
W, guarantee from Durmus et al. (2019).

» ULMC: For underdamped Langevin Monte Carlo, we use the y? guarantee from Altschuler
and Chewi (2023).

e« ULMC™: Here, we use the W, guarantees for either the randomized midpoint discretiza-
tion (Shen and Lee, 2019) or the shifted ODE discretization (Foster et al., 2021) of the
underdamped Langevin diffusion.

Guarantees in the general McKean-Vlasov setting. In the setting of Theorem 7, we take
N = kd/e?. We use the same sampling guarantees under (LSI) as in the prior settings.
We also note that in order to apply the log-concave sampling guarantees, we must check that

p" WV is log-smooth. This follows from Assumption 6. Indeed,

N
I I 2 ,
IV 1og p N (") = Vlog pV (5" ™M) | = 54| IV F(pgrv, 2%) = Vo Fpyen, ) |2
=1

2[5 N
> (ll2* = g l12 + Wi (pgr, pyin))

=1

46 H LN 1:NH'
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