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Abstract

The connections between (convex) optimization and (logconcave) sampling have been considerably
enriched in the past decade with many conceptual and mathematical analogies. For instance, the
Langevin algorithm can be viewed as a sampling analogue of gradient descent and has condition-
number-dependent guarantees on its performance. In the early 1990s, Nesterov and Nemirovski
developed the Interior-Point Method (IPM) for convex optimization based on self-concordant
barriers, providing efficient algorithms for structured convex optimization, often faster than the
general method. This raises the following question: can we develop an analogous IPM for structured
sampling problems?

In 2012, Kannan and Narayanan proposed the Dikin walk for uniformly sampling polytopes,
and an improved analysis was given in 2020 by Laddha-Lee-Vempala. The Dikin walk uses a local
metric defined by a self-concordant barrier for linear constraints. Here we generalize this approach
by developing and adapting IPM machinery together with the Dikin walk for poly-time sampling
algorithms. Our IPM-based sampling framework provides an efficient warm start and goes beyond
uniform distributions and linear constraints. We illustrate the approach on important special cases, in
particular giving the fastest algorithms to sample uniform, exponential, or Gaussian distributions on
a truncated PSD cone. The framework is general and can be applied to other sampling algorithms.
Keywords: Dikin walk, Interior-Point method, sampling with local geometry, warm-start generation.

1. Introduction

Consider the following motivating problem: how can we efficiently sample a d X d matrix from a
distribution with the following density?

sample X ~ exp(—(<A,X> + X = Bl + |X — C||% - log det X))
s.t. X =0, <Di,X>26i, VZE[m]

This rather complicated looking distribution recovers as special cases the problems of sampling from
the Max-Cut semi-definite programming relaxation and the set of minimum (or bounded) volume
ellipsoids that contain a given set of points. The above density is logconcave, so we can use Ball walk
or Hit-and-Run (with rounding) to sample the distribution with O(d® log d) membership/evaluation
queries. This “general-purpose” sampler already gives a poly-time mixing algorithm. However, each
term in the density and constraints is “structured”, which poses the following natural question: can
we leverage structure inherent in the problem to get more efficient algorithms?
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Let us consider an ‘optimization’ version of the sampling question above for a moment, motivated
by a conceptual analogy between sampling and optimization: sample from exp(—V') vs minimize V.
Then, the optimization version turns into a structured convex optimization problem with structured
objectives and constraints. Formally, for proper convex functions f; and h;, we want to minimize
>, fi(x) subject to hj(x) < 0, for which the interior-point method (IPM) is a powerful framework.

Interior-point method. Given a convex optimization problem — min,c - f(x) for a real-valued
convex function f on convex K C R? — the IPM first replaces f by a new variable ¢ and adds
the epigraph constraint {f(x) < t}. Here, the structured constraints / objectives admit a self-
concordant barrier ¢ for the augmented constraints, and IPM tackles a ‘regularized’ problem —
min f)(z,t) := t + }¢(z,t) with parameter A > 0. Then, an optimization step that is aware of
the local geometry given by V2¢ moves the current point closer to arg min fy, with the barrier
function ¢ designed to prevent escaping from the feasible region. Increasing A a bit, IPM repeats this
procedure with the updated point used as a starting point for solving min f)1s. As A increases, the
effect of %gﬁ vanishes in the regularized problem, which gradually brings us to a point sufficiently
closer to the minimum.
Returning to the sampling problem with IPM in mind, we pose our main question:

Problem Let f; be a proper convex function and h; a convex function on R% for i € [I] and j € [J].
Then the goal is to develop a sampling IPM for solving

sample = ~ T X exp(— Zfl) st. ze K = ﬂ {z € R?: hj(z) <0}, (strLC)
L S

where we assume that K has non-empty interior and w has finite second moments.

In this paper, we derive an IPM framework for structured logconcave sampling, answering two
important questions: (1) What is a geometry-aware algorithm sampling from a regularized distribution,
(2) what should be an annealing schedule of )\, and how to control closeness of distributions?

As for (1), we use Dikin walk as a sampler to implement the “inner” step of IPM, providing a
gentle introduction to Dikin walk and self-concordance in §2. We then provide a mixing-time bound
for Dikin walk, going beyond uniform distributions (§3.1) and recovering previous work as special
cases. This generalization is necessary to be able to utilize Dikin walk within the IPM framework.
As for (2), we present in §3.2 the sampling IPM with its role of warm-start generation and theoretical
guarantees. Our framework is suited for breaking down complicated sampling problems into smaller
structured problems (i.e., write f = > . f; and K = N;K;). Toward this divide-and-conquer
approach, we develop in §3.3 a “calculus” for combining multiple constraints and objectives, and
deriving the resulting theoretical guarantees (analogous to and inspired by the work of Nesterov
and Nemirovskii (1994) for optimization). To provide concrete understanding and instances, we
illustrate the framework on some well-known families of constraints in §3.4, in particular obtaining
faster algorithms to sample uniform, exponential, or Gaussian distributions on truncated Positive
Semi-Definite (PSD) cones in §3.5. We refer readers to §4 for background and related work, and to
Figure A.1 for an overall structure of the paper.

2. Warm-up: Dikin walk and self-concordance

We use the same symbol for a distribution and its density w.r.t. the Lebesgue measure. We use
S‘i (and Si ) to denote the set of d X d positive semidefinite (and definite) matrices, respectively.



THE INTERIOR-POINT METHOD FOR LOGCONCAVE SAMPLING

For two matrices A, B, we use A < Btomean A 3 B and B 3 A. A local metric g defines

at each point z € K C R? a positive-definite inner product (-, -) g(@) R? x RY — R, which
induces the local norm ||v||4(,) = [(v, v>g(m)]l/2. We use ||v]|,; to refer to [|v]|4(,) when the context
is clear. We abuse notation and use g(x) to denote the d x d positive-definite matrix represented
with respect to the canonical basis {e1,...,es}. For a function f defined on K C R?, we let
D! f(x)[h1, ..., h;] denote the i-th directional derivative of f at - in directions h,
Dif(@)[ha, . hil = g f(@ 4+ 2o tihy)le, . ni=o- We let Ny (z)

... hi €RY e,
xTr) =
. . . . 2 .
the normal distribution with mean x and covariance - g(z)~1. See §A for other notation.

N(z, % g(x)"1) be
Dikin walks and self-concordance. Given a local metric g in R¢, the Dikin ellipsoid of radius r at
r € R?is defined as Dy () C{yeR?:|y— | g(z) < 7} i€, it is a norm ball of radius 7 defined
by the local metric. From this perspective, Dikin walk (Algorithm 1) is a natural generalization of
Ball walk to a local metric setting.

-
=
-
-
-

Algorithm 1: Dikin walk (7o, m, g,7,T')

Input: Initial dist. g, target dist. ™ e 1k,
A 0 (A, X) = b
X0 Fon)

local metric g, step size r, # iterations 7.

Output: x7

1

1

\ Sample xq ~ 7y at random.
1

\ fort =0,---,T—1do
1
\
\
1
1
)
\
)
1
1

Sample z ~ N (zy, %g(xt)_l)

Typ1 4 2 Wp. Ay, (2) == 1A (m

) Py (2)T(Ti-1) ) '
Otherwise, xyy1 ¢ .

end

Table 1: Iterates of the Dikin walk. Solid lines centered at X; indicate Dikin ellipsoids, Dy (X;).
The pdf of N'(x, X7!) is denoted by p,(z) = 4/ % ez llz=all},

The metric g used to define Dikin walk plays a crucial role in its convergence. Our metrics will
be defined by Hessians of convex self-concordant barrier functions. We now collect definitions of

these functions; they will be important to state our general guarantees for the mixing of Dikin walk.
The concept we need is summarized by the definition of a (v, )-Dikin-amenable metric.

Definition 2.1 (Self-concordance (brief version of Definition A.1)) For convex K C RY, let ¢ :
int(K) — R be a smooth convex function, g(-) < V2¢(-), and Nj (z) := N (z, %g(m)_l).

» v-self-concordant barrier (SC): (i) |[D3¢(z)[h, h, h]| < 2||h||3v2¢(x) for any x € int(K) and

h € RY, (i) lim,_,ox ¢(x) = 0o, and (iii) HV(b(x)H[QV%(I)}_l < v forany x € int(K).

s Highly SC (HSC): |D*¢(z)[h, h,h,h]| < 6]|h||

lim, 55 ¢(x) = occ.

4V2¢>(x) for any x € int(K) and h € R?, and

» Strong SC (SSC): ||g(x) "2 Dg(z)[h] 9(x) "2 |k < 2||h|y(x) for any z € int(K) and h € R%.
« Strongly lower trace SC (SLTSC): Tr((g(z) + g(x))71D2g(a:)[h, h]) > —Hh”g(m) forany g :

int(K) — S, z € int(K), and h € R%. We call it lower trace self-concordant (LTSC) if it is
satisfied when g = 0.
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+1
Dy (x1) ~ (1= Iy — xzllgep)” Df(acz) DL(X) C K n (2X — K) € D" (X)
(a) Self-concordance of barrier/metric (b) v-symmetry
Figure 2.1: (a) Self-concordance of barrier/metric (Definition 2.1) ensures that the Hessian (so Dikin

ellipsoids) changes smoothly. (b) 7-symmetry (Definition 2.2) indicates how well a Dikin ellipsoid
Dy (X) approximates the locally symmetrized convex body, K N (2X — K).

* Strongly average SC (SASC): For any ¢ > 0 and g : int(K) — Si, there exists . > 0 such
2 .
that ]P’ZNNQT+§($)(||Z - -$||!2](_z).— HZ — x”?;(x) § 22) > 1 —¢ forr < r.. We call it average
self-concordant (ASC) if this is satisfied when g = Q.

SC imposes regularity on the eigenvalues of the directional derivative Dg[h] through —2||h||3 g =2
Dg[h] =< 2Hh||§g (or equivalently the largest magnitude of eigenvalues of g~7/2Dg[h]g~"?), and
HSC does the same on the higher-order derivative D?g[h, h]. SSC introduced by Laddha et al. (2020)
imposes stronger regularity on the eigenvalues of Dg[h] by definition, as SSC is stated in terms of the
Frobenius norm of g_%Dg[h] g_%. LTSC relaxes ‘convexity of log det ¢’ required by Laddha et al.

(2020). In particular, SSC and LTSC control the change of log det g, leading to a refined analysis of
Dikin walk. Lastly, ASC is pertinent to the average of the squared local norm difference of z — x
computed at z and z, which controls the acceptance-probability of each iterate of Dikin walk.

These notions are sophisticated enough to carry out a tight mixing analysis of Dikin walk, but
also simple enough for us to develop a “calculus” for combining metrics for multiple constraints in
§3.3. Moreover, these conditions may look difficult to verify, but we show that a proper scaling of
(H)SC barriers immediately makes them satisfy these properties.

Next, we recall a symmetry parameter of a self-concordant metric. We will later see that it has a
natural connection to Cheeger isoperimetry.

Definition 2.2 (7-symmetry) For convex K C RY, a PSD matrix function g : int(K) — Si is
said to be v-symmetric ifD;(:z:) CKN(2z—-K)C Df(m)for any r € K.

We note that K N (22 — K) is the locally symmetrized convex body with respect to x. Hence,
p-symmetry measures how accurately a Dikin ellipsoid approximates the locally symmetrized body.
One can show that 7 = O(v?) for any metric induced by a self-concordant barrier.

Going forward, we call a PD matrix function -Dikin-amenable if it is SSC, LTSC, ASC, and
v-symmetric. We sometimes call it (v, 7)-Dikin-amenable to reveal its self-concordance parameter

v. For example, the Hessian of the log-barrier for m linear constraints is (m, m)-Dikin-amenable.
We present several concrete examples in §3.4.



THE INTERIOR-POINT METHOD FOR LOGCONCAVE SAMPLING

3. Main results and technical overview

We provide four necessary components for a sampling IPM — Dikin walk for the inner-step of IPM
(§3.1), algorithm design (§3.2), calculus for the divide-and-conquer approach (§3.3), and parameter
estimations for well-known families of distributions/constraints (§3.4). Putting them together, we
obtain end-to-end guarantees for sampling from structured logconcave distributions. Generating a
warm start without overhead, the sampling IPM serves a faster sampling algorithm for numerous
constrained distributions previously studied (§3.5). We discuss interesting future directions in §3.6.

3.1. Result 1 - Mixing of Dikin walk for general well-conditioned distributions

We begin with our general analysis of Dikin walk (see §B for the details).

Theorem 3.1 Let K C R%be convex and 0 < o < 8 < oo.

* (Local metric) Assume that a C'*-matrix function g : int(K) — Si . is v-Dikin-amenable.

* (Distribution) Let 7y and m  exp(—f) - 1x be an initial and target distribution respectively,
where f is a-relatively strongly convex and S-smooth in g. Let ||mo/7|| = Er, [%f] and P be the
transition kernel of Dikin walk with the local metric g and step size 7 = O(1 A §~/2).

Then for any & > 0, it holds that dry(mo P, m) < & for T = d(1V ) (i A 1/a) log 172/l

This result serves as a unifying framework that recovers as special cases previous works on
Dikin walk for uniform sampling (Kannan and Narayanan, 2012; Narayanan, 2016; Chen et al.,
2018; Laddha et al., 2020), as seen later in §3.5. Our analysis extends beyond uniform sampling,
considering Dikin walk under a more general setting where the potential f satisfies ag < V2f =< g
on int(K). This setting is a generalization of af < V2f =< BI to a local metric V¢ =< g. We
also note that Dikin walk is the first implementable algorithm that provides a clean mixing guarantee
under this general setting, which is a necessary ingredient for theory of our sampling IPM.

Challenges. Laddha et al. (2020) attempted to characterize properties of g (or ¢) that determine
mixing times of Dikin walks for uniform sampling. These necessitates that g satisfy 7-symmetry,
SSC, convexity of logdet g(x), and z € Dy(z) whp. 2 ~ Unif(Dg(a;)). However, when a
constraint is given as a set of convex sets, their framework encounters a challenge arising from the
difficulty of verifying the convexity of log det(g1 + g2) when log det g; is convex for each i = 1, 2.

To address this and succinctly characterize essential characteristics of a metric for one-step
coupling, we relax the convexity of log det to (S)LTSC and introduce the notion of ASC to account
for the condition “z € Dy(z) w.h.p.”. Then under Dikin-amenability of a metric, we establish a
one-step coupling, one of main proof ingredients in obtaining a mixing-time guarantee of Dikin walk.

Proof ideas. We use a conductance argument (Lovasz and Simonovits, 1993), lower-bounding
the conductance of a Markov chain, which follows from two ingredients: one-step coupling and
isoperimetry. We focus on the first, a main difficulty when extending to general distributions.
One-step coupling requires that transition kernels at two nearby points have TV-distance bounded
away from one. All previous analyses of Dikin walk do not go through for general distributions, since
those techniques either have gap or yield a wrong proof.
A key distinction in extension lies in establishing a lower bound for the ratio %ﬁg; to ensure a

high acceptance probability. One can show Z’g%g; > 1 — ¢ at the expense of § + ¢ probability, by

using the Taylor expansion of f, self-concordance of g, and symmetry of the proposal. However, this
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% + ¢ loss is incompatible with previous approach based on the triangle inequality: for a transition
kernel T" and proposal kernel P, we have drv (T, Ty) < drv(Ty, Py) + drv(Py, Py) + drv(Py, 1)),
but the bound of % + ¢ for both dyvy (7%, P,) and drv (T}, P,) makes the RHS vacuous.

We instead work with the exact formula for drv (1%, Ty ): for the Gaussian p, = N (z, % g(z)™1),

@) [degl) ewlG)
)= Gnte) ~ \ detg(e) explpmy ) (LR,

the transition kernel is T (dz) = (1 — E,, A;) 6,(dz) + Az(2) pz(dz). Forr, :=1—-E, A,,

Ty + T 1
(T T) =57 45 [ 14220 5a(2) = A2y ()] .
As for r,, and r,, we bound below 33 : é;)) by 1 — ¢ at the cost of e-probability through SSC, LTSC,

and ASC of g. As mentioned earlier, Z’;g?;g; > 1 — ¢ at the cost of 3 + £ probability. Combining

these results, we obtain upper bounds of % + ¢ for small € > 0 on 7, and ry,.

Establishing a bound of 1/4+¢ on the second term is a more involved task. It requires the closeness
of acceptance probabilities A, (z) and A,(z) as well as that of the probability densities p,(z) and
py(2). This closeness can be achieved through sophisticated conditioning on high-probability events
due to ASC, SSC, and symmetry of Gaussian proposals. We refer readers to the sketch in §B.1.

3.2. Result 2 - Sampling IPM: Gaussian cooling with the Dikin walk (GCDW)

We present Gaussian cooling (see §C for details), essentially a sampling analogue of the optimization
IPM. The function counterpart refers to a self-concordant barrier ¢ such that V2¢ =< g on int(K).

Theorem 3.2 For convex K C RY, suppose that g : int(K) — S is (v, #)-Dikin-amenable and
¢ is its function counterpart such that min g ¢ exists. Gaussian cooling with Dikin walk (Algorithm 3
with Dikin walk serving as a non-Euclidean sampler) generates a sample that is e-close to exp(—f) -
1 in TV-distance using O(d (d;’gii VvV v)log %) iterations of Dikin walk with g, where a
C?-function f : int(K) — R satisfies aV2¢ < V2f < BV2¢on K for0 < a < 8 < oo. In
particular, when f(z) = o or c¢(z) for o € R% and ¢ € R, the algorithm uses O(d (d V v V 7))
iterations of the Dikin walk.

The inner loop of Gaussian cooling runs Dikin walk. The basic GC algorithm was introduced
in Cousins and Vempala (2018) for efficient sampling and volume computation. Lee and Vempala
(2018) studied its extension to Hessian manifolds for uniformly sampling polytopes. Our framework
is more general in that it handles more general distributions through a sophisticated annealing scheme.

This framework provides an efficient algorithm for generating a warm start for constrained
log-concave distributions. If we were to apply Theorem 3.1 with initial distribution being a single
point at some distance from boundary, even for the simplest case of uniform sampling, then an
additional factor of d would be incurred. On the other hand, given that v and v are typically O(d),
our framework only has a logarithmic (in dimension) factor overhead for generating a warm start. An
important reason why this works is the affine-invariance of Dikin walk. Samplers like Ball walk have
to apply isotropic transformation to achieve a warm start efficiently, which requires a near-linear
number of samples and thus have at least a linear in dimension overhead.
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Derivation of the algorithm. We describe this algorithm alongside its interpretation as a ‘sampling
analogue of the interior-point method’. To this end, we revisit high-level ideas of IPM, derive its
sampling version via a conceptual analogy between optimization and sampling, and then refine the
derived sampling IPM by highlighting the distinctions between the two method. See §C.1 for details.

(1) Optimization IPM (Algorithm 2). 1In solving the optimization problem, min,cx f(z) for a
real-valued convex function f on convex K C R?, IPM first replaces f by a new variable ¢ and
appends the epigraph {(z,t) € R : f(z) < t} to the constraint in addition to 2 € K. Then
summation of self-concordant barriers for K and the epigraph results in a v-self-concordant barrier
¢ for the augmented constraints. This barrier ¢ allows one to convert the constrained problem to a
unconstrained one, min f(z,t) :=t + %gb(l‘, t) for a parameter A\ > 0. Then an optimization step
(e.g., the Newtonian gradient descent) that takes into account the local geometry given by V2¢ moves
a current point closer to an optimal point, with the barrier ¢ preventing escape from the constraints.
Increasing A < A(1 + %), IPM repeats this procedure with the updated point used as a starting

point. As A increases (until A < v/¢ for target accuracy € > 0), the effect of % ¢(x,t) vanishes in
the regularized problem, which gradually brings us to a point sufficiently closer to the minimum.

(2) Translation to sampling (Figure C.1). We recall the following conceptual match between
convex optimization and logconcave sampling: for convex K C R% and convex function f : K — R

min f(z) st. x€K <+— samplex ~7mxexp(—f) st xze€K.

With the connection in mind, we can translate IPM’s machinery into the sampling context. As in
IPM, we replace f by a new variable ¢, introduce the epigraph constraint, and attempt to sample
a ‘regularized’ distribution fi,2(2,t) o< exp(—f,2(z,t)) = exp(—(t + 25 ¢(z,t))), where a
parameter o> corresponds to A above. This sampling step should be carried out with a sampler aware
of the local geometry given by V2¢ (call it NE-sampler, which is Dikin walk in our case). Then we
increase o2 slightly, and using the previous regularized distribution 1,2 as a warm start, we sample a
next regularized distribution yi,2, .. This iterative procedure continues until o2 reaches v.

(3) Refinements (Figure C.2). We now make this conceptual algorithm concrete in Algorithm 3.
The finalized sampling IPM' consists of four phases — Phase 1 for initialization, Phase 2 and 3 for
increasing o2 with control, and Phase 4 for high-accuracy sampling.

Phase 1 initializes the algorithm by a Gaussian truncated over a Dikin ellipsoid of radius
O(d=®M). This Gaussian serves as a good warm start for a regularized distribution with small o2,

The sampling IPM, in contrast to both the optimization IPM and the basic GC algorithm,
proceeds with a distinct annealing scheme. Phase 2 updates o2 «— ¢%(1 + 1/va) until o reaches v /d,
annealing not only ¢ but also the ‘modified’ potential vt/d. While 4 < 02 < v, Phase 3 updates
02 + 02(1+7/,/) but only ¢ part with the potential ¢ now fixed. We note that the basic GC anneals
only regularization term throughout.

Lastly, the sampling IPM runs Dikin walk once in Phase 4. If one stopped after Phase 3 (when
o2 reaches as the optimization version, then the total iterates of Dikin walk would be O(d (d V
v)/poly(e)). This guarantee can avoid the symmetry parameter, but this comes at the cost of low-
accuracy of the sampler (i.e., dependence on poly(¢~!)). Hence, we finish up the algorithm with
another execution of Dikin walk, obtaining high-accuracy O(d (d V v V ) log 1 )-mixing.

GCDW is exactly this refined algorithm with Dikin walk used for the NE-sampler (Algorithm 3).
Specifically in the inner loop, it runs Dikin walk to sample regularized exponential distributions of

1. We focus on e~ * for exposition. Our algorithm can deal with more general potentials (relatively convex and smooth).
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the form exp(—(cit + cad(w,t)) subject to z € K and {(z,t) € R¥! : f(z) < t}, where the
local metric therein consists of the Hessians of self-concordant barriers for K and the level set of
f. Comparing with Ball walk for a general logconcave distribution (Lovasz and Vempala, 2007),
incorporating the geometry of a level set of f (not V2 f) is a natural approach to sampling from e~7.

Closeness of consecutive distributions. At the heart of the algorithm lies closeness of regularized
distributions in consecutive iterations. That is, a distribution p; := J152 SErves as a good warm start
/piv1]| is small).

For the first two phases, closeness of consecutive distributions follow purely from a property of
log-concave distributions, which is independent of local metrics. To sketch the idea, in Phase 2, it
holds that for ¢ := 4 + ¢ on K and F(0?) := [, exp(—1/0?),

for the subsequent distribution p; 41 := Ho2, | (.e.,

i il = F((G5 = ) ) Flot)/Flo?)?.
7 i+1

As the function a + a?F (";) is log-concave (Lemma C.2), the update rule o2 =1+ \[)02-2 and

the definition of logconcavity with endpoints = = - = +— and ——, and the middle point 02 , lead to
i+1 'L+1 7
-1
PG =) VP @ V(e e
rer c\@oaoa) Uiy ) <0+a)=e
9% 9it1” %ita Vd
In Phase 3, for r = %,5 = 1—_’;7“, =0, and F(o fexp (=t — ¢/0?), we have
F( : 1 141 1+
o (ui | 1) = *log +S =) / / 9) dgdl = / / L Var, s dgdi
1 1
where g(1) := log F' ( ) for [ > 0 and v, exp( — Z—f) is a probability measure. By the
Brascamp-Lieb inequality with a function V := ¢ + q , for a self-concordance parameter v
2 o2y

-1 g
Var,,¢ <E,, [(Ve)T(V2V) V¢] < ;Eyq[nwuﬁw)_l] < —
Putting this back to the integral, one can check Ro(u; || piv1) S %5 s* Tt follows from s = 4> and
= \% that p; is an O(1)-warm start for p; 1. As for Phase 4, the same technique along with a
limiting argument shows that the final distribution i, is an O(1)-warm start for the target 7.

Inexact error analysis. The law of iterate of Dikin walk slightly deviates from an actual target in
each phase, so the sampling IPM uses as an initial distribution an inexact one i 2, not j,2. One can
resolve this discrepancy through the triangle inequality.

Let m = O(\/&) be the number of total phases involved in the sampling IPM with initial
distribution 7, a target distribution 7; in phase i € [m], and the Markov kernel P; defined by
Dikin walk such that dry(m;—1P;, m;) < e. Then, the law of sample at the end of each phase is
actually 7; := mo Py - - - P; = ;1 F;. Using the triangle inequality and data-processing inequality,

dry(mi, ;) < dry(mi, mim1P) + drv(mio1 Py 711 By) < e + dypy(mim1, Tri—1) < ie.

Hence, dyv (7, Tm) < me, so it suffices to work with € /m in place of ¢ throughout the analysis.

2. Ry :=log(x? + 1) = log ||it: / pti+1]| is the 2-Rényi divergence.
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3.3. Result 3 - Self-concordance theory for combining barriers

The sampling IPM allows us to focus on the following reduced problem: Let ¢1,...,t; € R and
y = (z,t1,...,t7) € R x R = R, We denote E; := {(x,t;) € R . fi(z) < ynuq} for
i€ [I]and K, := {z € R%: hj(x) < 0} for j € [J], whose convexity follows from convexity of f;
and h;. Denoting the embeddings of E; and K; onto R4+ by E; and K j» we can reduce (strLC) to

I J
sample y ~ 7 oc exp(—(0,...,0,1,...,1)Ty) st ye K := ﬂEl N ﬂ_;‘(j7 (redLC)
NS ; ;

d times I times =1 j=1

where K’ is closed convex and has non-empty interior, and we are given self-concordant barriers for
each E; and K;. As the z-marginal of 7 is 7, we just project a drawn sample from 7 to the x-space.
When f;(x) can be written as d separable terms (i.e., f;(z) = Zle fii(x1)), it is more convenient
to introduce d many variables ¢; 1, .. .t; g for fi1(z1), ..., fia(zaq).

In §D, we study how to combine a self-concordant metric and its parameters from each epigraph
E; and convex set K; (for the mixing estimation of Dikin walk). As in the optimization IPM, the
addition of all barriers is actually a good candidate of a barrier for K’, but under an appropriate
scaling. However, the sampling version requires not only self-concordance parameters but also
symmetry parameters, SSC, and LTSC for final mixing time guarantees. Notably, SSC and LTSC
assume invertibility of a local matrix function, but the Hessian of a barrier for a lower-dimensional
space is degenerate w.r.t. the augmented variable y C R, We address this technical issue by
working with Definition D.16 and several matrix lemmas to study how to maintain or update each of
the main properties such as symmetry, SSC, and LTSC under addition and scaling.

Using these notions, we can state how to put together information of a barrier for each constraint/
epigraph. The readers can note the analogy to Nesterov and Nemirovski’s IPM theory for optimization.

Theorem 3.3 In the reduced problem (redLC), assume the following:

* For i € [I], the epigraph E; admits a PSD matrix function g§(x,t;) (or g (x,t;1,. .. ,t;q)) that is
a (v, ;)-SC barrier, SSC along some subspace, SLTSC, and SASC.

* For j € [J], the constraint K; admits a PSD matrix function g§(z) that is a (1;, 7);)-SC barrier,
SSC along some subspace, SLTSC, and SASC.

For appropriate projections 7§ and 7€, a matrix function g on y € int(K") defined by

1 J
(U, V) gy = (I +J) (Z(qu, TEV) ge (ne (y)) T Z(Wcu,ﬂcwg;(,rc(y))) for u,v € R
i=1 j=1

is (14 )y vi+ Xy my), (I + J)( 1y % + Y/, 0;))-Dikin-amenable on K.

3.4. Result 4 - Metrics for well-known structured instances

In §E, we examine required parameters and properties of a barrier for a structured constraint and
potential, such as linear, quadratic, entropy, ¢,-norm, and PSD cone. See Table 2.

(1) Linear constraints. We start with linear constraints given by K := {z € R? : Az > b} for
A € R™*4 and b € R™, where A is assumed to have no all-zero rows. For x € int(K) and i € [m)],
let a; be the i-th row of A, and denote S, := Diag(a;rx —b;) €ER™ ™ and A, := S;'A € R™*4,

These linear constraints admit efficiently computable self-concordant barriers: logarithmic barrier,
Vaidya metric, and Lewis-weight metric. The simplest one is the logarithmic barrier defined by
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Constraints / Epigraphs Barrier v v SSC LTSC SLTSC ASC SASC
Plog m m
Ar=b GVaidya Vmd  /md
ILw d d vd o Vd o Vdo Vd
lz —pl3 <1 Pellip d d d
|z — )3 <t PGauss d d d
lz—pllg <t $soc d d d d d
X=0 ®psD d d d?
—z;logx; <t; Vi € [d] Qent d d
|z;|P < t; Vi € [d] Ppower d d d

Table 2: Self-concordance and symmetry parameters, and required scaling factors for a family of
barriers. Here, we assume A € R™*4 » € R? and X € S%. Empty entries indicate O(1)-scalings.

Prog(w) == — > 1" log(a]z — b;). When the number of constraints m is large, one can use a
self-concordant metric due to Vaidya (1996). For a full-rank matrix A, the resulting Vaidya metric
takes advantage of the leverage scores o(A,) of A,, the diagonal entries of the orthogonal projection
matrix P, = A, (ATA,)"1A, € R™™ e, [0(Az)]i == (Py)i; > 0 fori € [m]. For ¥, =
Diag(c(A;)) € R™*™, the Vaidya metric is defined by gvaiaya() := O(1)\/F A (Se + 4 1) A,
which satisfies gyaidya =< V> (\/% (Pyor + %Cblog)) for ¢yl := % log det(V2dlog).

Its self-concordance parameter is still poly(m). It turns out that dependence on m can be made
poly-logarithmic by a Lewis-weight metric that utilizes the Lewis weights of A;. The £,-Lewis weight
of A, is the vector w, € R™ satisfying the implicit equation w, = o (Diag(w,)'/2~1/PA,). Note
that the leverage scores can be recovered as the £5-Lewis weight of A,.. Then the Lewis-weight metric
is defined by gy (z) := O(log®M m) ATW, A,. With p = O(log®™) m), the self-concordance
parameter of this metric can be made O*(d).

For the sampling purpose, we need to look into other properties: SSC, SLTSC, and SASC, etc.
The log-barrier and Vaidya metric fulfill these without additional scaling, while the Lewis-weight
metric requires a v/d-scaling for SLTSC and SASC. We summarize these results below.

Theorem 3.4 (Linear constraints (Informal)) We assume m > d in the cases of the Vaidya and
Lewis-weight. Let w,, be the {y-Lewis weights with p = O(log®M m).

* Log-barrier ¢iog: g = V2¢log satisfies v,v < m, SSC, SLTSC, and SASC.

* Vaidya metric gvaiaya: 9 = 449vaidya Satisfies v, v = O(v'md), SSC, SLTSC, and SASC.

o Lewis-weight metric gry: g = VdgLw satisfies v, 7 = (5(d3/ 2), SSC, SLTSC, and SASC.

(2) Quadratic potentials and constraints. Now consider quadratic potential (i.e., Gaussian) and
constraints (i.e., ellipsoid and second-order cone). A self-concordant barrier introduced by Nesterov
and Nemirovskii (1994) serves as an efficient barrier for each constraint or epigraph of a potential.
We show that all barriers are HSC, so the scaling of d makes it satisfy SLTSC and SASC.

10
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Theorem 3.5 (Quadratic) Letr K1 = {z € R : %xTQ:r +pTx+1 <0} withp € RYand 0 #

Q € SL. Let Ky = {(z,t) € R¥!: S|z — pl|% <t} and Kz = {(z,t) € R - ||z — pllyy <t}

with i € R? and © € S . Let x € int(K;) and h € RI™(K),

* Ellipsoid ¢eniip(x) = —log(—1 — pla— %xTQ:v)for Ki:g= dV2¢>emp satisfies v, = O(d),
SSC when Q € S, D2g(x)[h, h] = 0 (so SLTSC), and SASC.

* Gaussian ¢gass(x,t) = —log(t — %Hx — ,u||22)f0r Ks: g = dV?¢gauss satisfies v,v = O(d),
SSC, and D2g(z,t)[h, h] = 0 (so SLTSC), and SASC.

« Second-order cone psoc(x,t) = —log(t? — ||x — p||%) for K3: g = dV3¢soc satisfies v, 7 =
O(d), SSC, SLTSC, and SASC.

(3) PSD cone. Another fundamental constraint is the PSD cone Si. This convex region admits
a d-self-concordant barrier ¢psp(-) = —logdet(-). We show that it satisfies SLTSC, while the
d-scaling further guarantees SSC and ASC. In establishing ASC, we find an interesting connection to
the Gaussian orthogonal ensemble (GOE), one of the main objects studied in random matrix theory.
However, we cannot prove SASC, so we need the d(d+1)/2-scaling for SASC (due to HSC of ¢psp).

Theorem 3.6 (PSD cone) Let K = S, X € int(K), and H € S%.Then, dV?¢psp satisfies
v, 7 = O(d?), SSC, D2g(X)[H, H] = 0 (so SLTSC), and ASC. ") 72 is SASC.,

(4) Entropy and (,-norm. It is sometime more convenient to introduce d many new variables.
Theorem 3.7 (Entropy and /,-norm) Let K; = Hle{(a:i,ti) e R?:2; >0, t; > x;loga;}
and K9 = H?:l{(xivti) cR?: ]xz\p < Ifi}.

o Entropy ¢ent(x,t) = — Z?:l (log(ti — z;log ;) + 36log xz) for K1: g = dV?¢en satisfies
v, v = O(d?), SSC, SLTSC, and SASC.
* The p-th power of {,-norm ¢power(z,t) = — Zgzl (log(t?/p — x?) + 72log ti) for Ko: g =

d V2 Gpower satisfies v, = O(d?), SSC, SLTSC, and SASC.

3.5. Examples

Our theory (Theorem 3.2 and 3.3) with the study of barriers (Table 2) proposes local metrics for
structured instances. GCDW with them mixes in poly-time faster than Ball walk. For fair comparison,
the complexity of Ball walk refers to that of isotropic rounding® (see §F).

Motivating example: Let us introduce a variable for each of | X — Bl and || X — C|%.
Then our theory suggests the following barrier: 4(¢iog + A% Gaussian + A>dsoc + d2¢pSD), which is
O(1) (m + d3, m + d?)-self-concordant, SSC, LTSC, and ASC. By Theorem 3.2 with o = 0 and
B =1 (due to ¢pgsp in the potential), we need O (d2 (m + d3)) iterations of Dikin walk in total.

Uniform and exponential sampling: Let us first consider uniform sampling over linear
constraints given by Az > b for A € R™*% and b € R™. Recall that for uniform sampling
Ball walk mixes in O(d3) iterations (including isotropic rounding). On the other hand, O(md)
queries are enough for GCDW with the (m,m)-Dikin amenable metric induced by ¢j,. This
recovers the mixing time of Kannan and Narayanan (2012) without warmness. If we use the
(v'md, v/md)-Dikin-amenable Vaidya or (d®/2, d3/?)-Dikin-amenable Lewis-weight metric instead,

3. For general logconcave sampling, Ball walk needs isotropic rounding, using o (d") queries (Lovész and Vempala,
2006b, 2007), after which it mixes in O(d?) queries. Without rounding, it is not necessarily poly-time mixing. For
uniform sampling only, the complexity of isotropic rounding was improved to O(d®) by Jia et al. (2021).

11
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then GCDW with each metric recovers the O(m!/2d3/2) and O(d%/2) mixing of the Vaidya walk
and Approximate John walk (Chen et al., 2018) without warmness. For a second-order cone with
linear constraints, we can use the Hessian of 2(¢1og + d¢soc) that is (m + d, m + d)-Dikin-amenable,
with which GCDW mixes in O (d (m + d)) iterations in total. Lastly, for the PSD cone with linear
constraints, we can use the (m+d*, m + d*)-Dikin-amenable 2V?(¢oe + d*¢psp ). GCDW with this
needs O(d2(m+d?)) queries. For large m, we use the (d3, d3)-Dikin-amenable 2(dgp +d2V2¢psp ).
with which GCDW mixes in O(d?) iterations. In the same setting, Ball walk needs O(d®) queries.

For exponential sampling, GCDW requires the same number of iterations of Dikin walk for each
case (i.e., polytope, second-order cone, PSD), while Ball walk needs (5(d4) iterations for the polytope
and second-order cone, and (5(d8) iterations for the PSD cone. Detailed statements on the mixing
times and efficient per-step implementation can be found in §F.3.

Uniform sampling over hyperbolic cones: Narayanan (2016) went beyond linear constraints
and analyzed Dikin walk for uniform sampling over a convex region given as the intersection of (1)
linear constraints, (2) a hyperbolic cone with a v-SC hyperbolic barrier ¢y, and (3) a general convex
set with a nu-SC barrier ¢5. Using V2 (¢og + dpp, + d>d5) as a local metric, this work shows that
Dikin walk mixes in O (d(m+ dvy, + (dvs)?)) steps from a warm start. The term d(dv;)? induced by
self-concordance alone is typically the largest one in the provable guarantee. Interesting results of this
work arise when K is the intersection of (1) and (2). Since a hyperbolic barrier is HSC (Giiler, 1997,
Theorem 4.2), the d-scaling of a HSC barrier makes it SSC, SLTSC, and SASC. Also, as a v;,-SC
hyperbolic barrier is O (v}, )-symmetric (implied in Giiler (1997, §4)), it follows that d¢y, is (dvy, dvp,)-
Dikin-amenable. Hence, ¢1,s + d¢y, induces an (m + dvy, m + dvy,)-Dikin-amenable metric, and
Dikin walk with this metric mixes in O(d (m + dvy,)) iterations from a warm start by Theorem 3.1.
Without warmness, Narayanan (2016) showed that Dikin walk started at € K, where s > Ipl/|q| for
any chord pg of K passing through x, mixes in O (d(m + dvy,)[dlog(s(m + dvy)) + log 1]) steps.
On the other hand, GCDW requires only O (d (m + dvp,) log d(%d”h)) iterations.

Gaussian sampling: Going forward, we consider only logarithmic barriers for linear constraints.
Ball walk for general log-concave distributions mixes in (5(d4) iterations. As per our reduction,
we first replace a quadratic potential (coming from the Gaussian distribution) by a new variable,
adding its epigraph to a constraint. For a polytope, one can use the (m + d, m + d)-Dikin-amenable
2V2(¢10g + doGauss)» S0 GCDW needs 10) (d (m + d)) iterations of Dikin walk. For the second-order
cone with linear constraints, GCDW with the (m + d, m + d)-Dikin-amenable metric 3V?(¢jog +
désoc + ddGauss) requires O(d (m + d)) iterations. For the PSD cone with linear constraints,
GCDW with the (m + d*, m + d*)-Dikin-amenable metric 3V2(¢10g + d%¢psp + d? PGauss) Mixes
in O(d2(m + d®)) iterations. Ball walk is much slower, requiring O(d®) iterations in this setting.

Entropy sampling: For a polytope, we use the (m + d?, m + d?)-Dikin-amenable 2V?(¢jog +
den) in 2d-dimensional space. Thus, GCDW needs O(d (m + d?)) iterations of Dikin walk. For
the second-order cone with linear constraints, GCDW with the (m + d?, m + d?)-Dikin-amenable
3V2(drog + ddpsoc + dpent), Tequires in 6(d (m + d?)) iterations. Lastly, for the PSD cone with
linear constraints, GCDW with the (m + d*, m + d*)-Dikin-amenable 3V2(¢10g + d?gpsp + d° fent)
mixes in O(d2(m + d*)) iterations. Ball walk mixes in O(d®) iterations in this setting.

3.6. Discussion

The inner loop of the sampling IPM samples from a distribution whose potential is of the form
c'x 4 a¢(x). Thus, the study of other non-Euclidean samplers for relatively convex and smooth
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potentials will be interesting future work. Next, one question unanswered is if the d-scaling of ¢psp
can be improved, which is mathematically interesting in its own right. The d-scaling for ASC is
shown through the random matrix theory, which is challenging to extend to SASC (see Remark G.7).

4. Background and related work

Our problem (strLC) is a special case of logconcave sampling: sample from a distribution 7 with
density proportional to exp(—V’) for a convex function V on R?. This problem has spawned a long
line of research in several communities, as it captures various important distributions, including
uniform distributions over convex bodies and Gaussians.

A large body of recent work in machine learning and statistics makes the assumption of 0 =<
al < V2V < BI on R? (i.e., a-strong convexity and 3-smoothness of the potential V) for the
logconcave sampling, where the strong-convexity assumption is sometimes relaxed to isoperimetry
assumptions such as log-Sobolev (LSI), Poincaré (PI), and Cheeger isoperimetry (see Chewi (2024)
for a survey on this topic). The guarantees provided on the mixing time of samplers under this
assumption have polynomial dependence on the condition number defined as 3/« (or «v is replaced
by the isoperimetric constant). These guarantees do not apply to constrained sampling. For example,
in uniform sampling, the simplest constrained sampling problem, V is set to be a constant within
the convex body and infinity outside the body, which leads to discontinuity of V and 8 = oo. The
sudden change of V' around the boundary requires special consideration, such as small step size, use
of a Metropolis filter, projection, etc., making it a more challenging problem.

Uniform sampling. Uniform sampling can be accomplished through Ball walk (Lovasz and
Simonovits, 1993; Kannan et al., 1997), Hit-and-Run (Smith, 1984), and In-and-Out (Kook et al.,
2024), which only require access to a function proportional to the density. When a convex body
K C R%satisfies B,.(zg) C K C Br(zo) for some xo, both Ball walk (Kannan et al., 1997) and
Hit-and-Ru n (Lovdsz, 1999; Lovdsz and Vempala, 2006a) mix from a warm start in the total variation
(TV) using O(d?(R/r)?) queries. In-and-Out, the proximal sampler for a uniform distribution, mixes
in the ¢-Rényi divergence using O(qd?(R/r)?) queries from a warm start. Lovdsz and Vempala
(2007) further extended these results to general logconcave distributions. These algorithms need to
use a “step size” of 2(1/ \/E), and their mixing is affected by the skewed geometry of the convex
body (i.e., when R/r >> 1). The latter can be addressed by rounding the body, after which the three
samplers mix in O(d?) steps from a warm start, due to bounds on the KLS constant by Chen (2021);
Klartag (2023) and stochastic localization by Chen and Eldan (2022).

Sampling with local geometry. Ball walk uses the same radius ball for every point in the convex
body. One might want to use a different radius depending on the distance to the boundary. This by
itself does not work as it simply makes the current point converge to the boundary. However, replacing
balls with ellipsoids whose shape changes based on the proximity to the boundary does work. Several
sampling algorithms are motivated by the use of local metrics: Dikin walk (Kannan and Narayanan,
2012), Riemannian Hamiltonian Monte Carlo (RHMC), Riemannian Langevin algorithm (RLA)
(Girolami and Calderhead, 2011), etc.

Which local metrics would be suitable candidates? It turns out that a suitable metric can be
derived from self-concordant barriers, a concept dating back to the development of the interior-point
method in convex-optimization literature (Nesterov and Nemirovskii, 1994). It is well-known that any
convex body admits a d-self-concordant barrier such as universal barrier (Nesterov and Nemirovskii,
1994; Lee and Yue, 2021) and entropic barrier (Bubeck and Eldan, 2015; Chewi, 2023), but these are
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computationally expensive. Moreover, as noted in Laddha et al. (2020), the symmetry parameter of
these general barriers is Q(d?) for d-dimensional bodies (even for second-order cones), and so the
resulting complexity for Dikin walk on the PSD cone is Q(d? - d*) = Q(d®). Thus, there is a need to
find barriers that are more closely aligned with the structure of sets we wish to sample.

Polytope sampling. Samplers such as Ball walk and Hit-and-Run can be used to sample polytopes,
but they do not really use any special properties of polytopes.

For polytopes with m linear constraints in R (m > d), the first theoretical result via self-
concordant barriers dates back to Kannan and Narayanan (2012) which proposed Dikin walk with
the m-self-concordant logarithmic barrier and established the mixing rate of O (md) for uniform
sampling. Chen et al. (2018) revisited the idea of Vaidya (1996) using the O(ml/zdl/z)—self—
concordant barrier, which is a hybrid of the volumetric barrier and log-barrier, for a faster IPM. They
presented Dikin walk with the hybrid barrier giving an 5(m1/ 23/2)-mixing guarantee.

While the next point proposed by all these Markov chains is obtained by a Euclidean straight
line step, Geodesic walk and RHMC use curves (geodesics and Hamiltonian-preserving curves
respectively). Lee and Vempala (2017) and Lee and Vempala (2018) showed that for uniform
sampling, Geodesic walk and RHMC with the log-barrier mix in O(md>3/4) and O(md?/3) steps
respectively. Kook et al. (2023) extended theoretical analysis of RHMC to truncated exponential
distributions and showed that discretization of Hamilton’s equations by practical numerical integrators
maintains a fast mixing rate. Gatmiry et al. (2023) showed that RHMC with a hybrid barrier consisting
of the Lewis weights and log-barrier mixes in O (m'/3d*/3) steps. Their proof is based on developing
suitable properties and algorithmic bounds for Riemannian manifolds.

Generalization of approaches. Extending these non-Euclidean methods to general domains (e.g.,
the PSD cone) and to more general densities (e.g., Relatively strong convex and smooth, Gaussian)
to potentially improve the complexity of the problem significantly beyond the bounds that follow
from general convex body sampling, have been open research directions and motivate our paper.

Narayanan (2016) explored the first direction, analyzing Dikin walk for uniform sampling over
the intersection of linear constraints, a hyperbolic cone with a hyperbolic barrier, and a general
convex set with a self-concordant barrier. Our current understanding of the second direction is rather
limited. A line of work has focused on the analysis of first-order non-Euclidean samplers, such
as Mirror Langevin algorithm (MLA) or RLA but under strong assumptions. For example, Li et al.
(2022) provided mixing-rate guarantees of MLLA under the modified self-concordance (msc) of ¢ in
the setting aV2¢ =< V2 f < SV?¢. However, the msc is not affine-invariant, so it does not correctly
capture affine-invariance of the algorithm. Ahn and Chewi (2021); Gatmiry and Vempala (2022)
avoid the msc, analyzing MLLA and RLA under an alternative discretization scheme that requires an
exact simulation of the Brownian motion V2¢(Xt)_1/ 2 AW, which is not known to be achievable
algorithmically. Gopi et al. (2023) proposed a non-Euclidean version of the proximal sampler based
on the log-Laplace transformation (LLT) and analyzed its mixing when a potential is strongly convex
and Lipschitz (not smooth) relatively in V2¢. However, the LLT has no closed form in general.

Our study of Dikin walk for general cones and general densities provides a rather complete
picture of zeroth-order non-Euclidean samplers. It also provides a general framework and improved
bounds as well as a “handbook” for structured sampling.
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Appendix A. Missing notation

Definition A.1 (Self-concordance) For convex K C R, let ¢ : int(K) — R be a convex function,

g : int(K) — S% a PSD matrix function, and Nj () := Nz, %g(z)_l).

» Self-concordance (SC): A C3-function ¢ is called a self-concordant barrier if |D3¢(z)[h, h, h]| <
2Hh||v2¢ for any x € int(K) and h € R% and lim, 5 ¢(x) = oc. The first condition
is equlvalent 10 —=2||h||g2(2) V2@ (x) = D3¢(2)[h] X 2[|hllg2p(x) V2P(x). We call it a v-self-
concordant barrier for K if sup,cra(2(Vo(x), h) — HhH%%(x)) < v forany z € int(K) in
addition to self-concordance. A C'-PSD matrix function g : int(K) — Si is called self-
concordant if —2||h||y(zy9 = Dg(x)[h] = 2||hlly()g for any x € int(K) and h € R?, and
there exists a self-concordant function ¢ : int(K) — R such that V¢ =< g on int(K). We call it
a v-self-concordant barrier for K if its counterpart ¢ is v-self-concordant.

* Highly self-concordant function (HSC): A C*-function ¢ is called highly self-concordant if
|D*¢(x)[h, b, h, h]| < 6Hth2¢(x forany x € int(K) and h € RY, and lim,_,9x ¢(x) = oo.
 Strong self-concordance (SSC): A SC matrix function g is called strongly self-concordant if g is
PD on int(K) and ||g(x)~"/*Dg(z)[h] g(z)~/?||p < 2||hllg(z) for any x € int(K) and h € R,

We call a SC function ¢ strongly self-concordant if V¢ (x) is strongly self-concordant.

* Lower trace self-concordant matrix (LTSC): A SC matrix function g is called lower trace self-
concordant if g is PD on int(K) and Tr(g(z) ' D?g(z)[h, h]) > ||h|]g(x) forany x € int(K)
and h € RY. We call it strongly lower trace se 1f concordant (SLTSC) if for any PSD matrix function
g onint(K) it holds that Tr((g(x) + g(z))  D?g(x)[h, h]) > —||h||§(l,)f0ranyac € int(K) and
h € R4

» Average self-concordance (ASC): A matrix function g is called average self-concordant if for any
€ > 0 there exists re > 0 such that P,y y (12 — ng(Z) |z — ng(z) < 2552) > 1— ¢ for
r < r.. We call it strongly average self- concordant (SASC) if for € > 0 and any PSD matrix
function g on int(K) it holds that IP)ZNN;+§(I)("Z — xH;( — |z = ng(x < 2‘5;2) >1—c¢for
r < 7e.

Basics. Forn € N, let [n] := {1,--- ,n}. Weuse f < g to denote f < cg for some universal
constant ¢ > 0. The O complexity notation suppresses poly-logarithmic factors and dependence on

error parameters. For v € R?, the Euclidean norm (or £5-norm) is denoted by [[v[2 = /3", €ld vZ,
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and the infinity norm is denoted by ||vsc = max;e(q) [vi|]. A Gaussian distribution with mean

p € R and covariance ¥ € R%*4 is denoted by N (u, X2).

Matrices. We use S to denote the set of symmetric matrices of size d x d. For X € S%, we
call it positive semidefinite (PSD) (resp. positive definite (PD)) if h' Xh > 0 (> 0) for any
h € R% We use Sﬂlr to denote the set of positive definite matrices of size d x d. Note that
their effective dimension is ds; := d(d + 1)/2 due to symmetry. For a positive (semi) definite
matrix X, its square root is denoted as X %, and is the unique positive (semi) definite matrix
satisfying X2X2 = X. For A,B € S% we use A < B (A < B) to indicate that B — A
is PSD (PD). We use A = B to indicate A = B and B =< A. For a matrix A € R its
trace is denoted by Tr(A) = Zle A;i. The operator norm and Frobenius norm are denoted by

1All2 & sup,cpa [|Az |2/ |[2]|2 and | Allp & (3¢, A%)Y? = \/Tr(AT A), respectively.

Basic operations. For X ¢ SY, its vectorization vec(X) € R is obtained by stacking each
column of X vertically. Its symmetric vectorization svec(X ) € R% is obtained by stacking the lower
triangular part in vertical direction. For a matrix A € R%*? and vector € RY, we use diag(A)
to denote the vector in R? with [diag(A)]; = A for i € [d], Diag(A) to denote the diagonal
matrix with [Diag(A)];; = Aj; for i € [d] and Diag(x) to denote the diagonal matrix in R%*¢ with
[Diag(x)]s; = x; for i € [d].

Matrix operations. For matrices A, B € R%*¢ their inner product is defined as the inner product
of vec(A) and vec(B), denoted by (A, B) = Tr(ATB). Their Hadamard product A o B is the
matrix of size d x d defined by (A o B);;j = A;jB;j (i.e., obtained by element-wise multiplication).
For A € RP*? and B € R"**, their Kronecker product A ® B is the (pr x ¢s) matrix defined by

AHB Aqu
A®B=| Fo
ApB - ApB

where A;; B is a matrix of size X s obtained by multiplying each entry of B by the scalar A;;.

Projection matrix, Leverage score and Lewis weights. For a full-rank matrix A € R™*? with
m > d, we recall that P(A) := A(ATA)~1 AT is the orthogonal projection matrix onto the column
space of A. The leverage scores of A is denoted by o(A) := diag(P(A)) € R™. We let $(A) :=
Diag(c(A)) = Diag(P(A)) and P@)(A) := P(A) o P(A). The £,-Lewis weights of A is denoted
by w(A), the solution w to the equation w(A) = diag(W"/>~/* A(ATW1=%» A)"LATW/2="/r) €
R™ for W = Diag(w). When m < d or A is not full rank, both leverage scores and Lewis weights
can be generalized via the Moore-Penrose inverse in place of the inverse in the definitions.

Derivatives. For a function f : R? — R, let Vf(z) € R? denote the gradient of f at z (i.e.,
Vf(z); = g—i(x)) and V2f(z) € R4 denote the Hessian of f at x (i.e., [V2f(2)];; =

8228]; - (z)). For a matrix function g : R? — R%*? in 2, we use Dg and D?g to denote the
. 2 ..
third-order and fourth-order tensor defined by [Dg(x)];j1 = % and [DQg(w)],-jkl = %.

We use the following shorthand notation: ¢/, := Dg(z)[h] and ¢, := D%g(z)[h, h]. We let
Dig(x)[h1, - ,hi] = Dig(z)[h1 ® --- ® h;] denote the i-th directional derivative of g at = in
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directions hy,--- ,h; € R%, ie.,

, d¢ !

Dl ol =g ga(er om)|
Jj=1 Lrrobti=
Local norm. At each point = in a set K C RY, a local metric g, denoted as g, or g(x), is a
positive-definite inner product g, : R? x R — R, which naturally induces the local norm as
vllg(z) == v/ gu(v,v). We use ||v]|, to refer to ||v]|4(,) when the context is clear. When an ambient
space has an orthogonal basis as in our setting (e.g., {e1,...,eq}), the local metric g, can be
represented as a positive-definite matrix of size d x d. With this perspective, the inner product can
be written as g, (v,w) = v'g(z)w. Going forward, we use g, = g(z) to denote a local metric
(or positive definite matrix of size dim(x) x dim(x)) at each point € K. The local metric g is
assumed to be at least twice differentiable.

Markov chains. We use the same symbol for a distribution and its density with respect to the
Lebesgue measure. Many sampling algorithms are based on Markov chains. A transition kernel
P : RY x B(R?) — Rxq (or one-step distribution) for the Borel c-algebra B(R?) quantifies the
probability of the Markov chains transitioning from one point to another measurable set. The
next-step distribution is defined by P,(A) := P(x, A), which is the probability of a step from
x landing in the set A. The transition kernel characterizes the Markov chain in the sense that if
a current distribution is y, then the distribution after n steps can be expressed as P, where
pP®(z) = Jga P(- ) p P is defined recursively for i € [n] with the convention P = .
We call 7 a stationary distribution of the Markov chain if m = 7 P. If the stationary distribution
further satisfies [, P(z, B) n(dx) = [ P(x, A) w(dz) for any two measurable subsets A, B, then
the Markov chain is said to be reversible with respect to 7.

It is expected that the Markov chain approaches the stationary distribution. We measure this with
the rotal variation distance (TV-distance): for two distributions p and 7 on R4, the TV-distance is
defined as dpy (p, 7) = SUpgcp(ra) |U(A) — m(A)| = [ ga (di—g - ‘j—g‘ dz, where the last equality
holds when the two distributions admit densities with respect to the Lebesgue measure on R%. We
also recall other probabilistic distances: when u < v,

. d
The chi-squared divergence x2(u || v) = / (d—'u —1)dv,
v

o d
L2-distance ||p/v| & / d—l: dp = *(p|lv) +1.

Moreover, the rate of convergence can be quantified by the mixing time: for an error parameter
e € (0,1) and an initial distribution 7(, the mixing time is defined as the smallest n € N such that
dTv(ﬂ'oP(n) ,m) < e. In this paper, we consider a lazy Markov chain, which does not move with
probability % at each step, in order to avoid a uniqueness issue of a stationary distribution. Note
that this change worsens the mixing time by at most a factor of 2. One of the standard tools to
control progress made by each iterate is the conductance ® of the Markov chain with its stationary
distribution 7, defined by

def

6% g Js P(z,S°) n(dx)
measurable S W(S) VAN W(SC)
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Dikin walk’s mixing Gaussian cooling Examples
under self-concordance with the Dikin walk ( §FI;
(Theorem 3.1, §B) (Theorem 3.2, §C)

Self-concordance theory
(Theorem 3.3, §D)

. Handbook for
( Aiar:ﬂ;;gl ;PZ/IC) constraints & epigraphs
s ’ ($E)

Figure A.1: Outline

Another crucial factor affecting the convergence rate is geometry of the stationary distribution 7, as
measured by Cheeger isoperimetry

e e lmsgn tr({z: 0<d(S,z) < 6})
T measlulrlableS W(S) A 77(5’0) ’

where d(S, x) is some distance between x and the set S.

Appendix B. Mixing of the Dikin walk

We follow a standard conductance based argument (see e.g., Lovdsz and Simonovits (1993); Vempala
(2005)). A lower bound on the conductance of a Markov chain provides an upper bound on the
mixing time of the Markov chain due to the following result.

Lemma B.1 (Lovasz and Simonovits (1993)) Let 71 be the distribution obtained after T' steps of
a lazy reversible Markov chain of conductance at least ® with stationary distribution 7 and initial
distribution Ty. For A = E, [%] and any £ > 0, we have drv (mp, ) < e+ (67 1A) /2 (1 - %2)T.

A lower bound on the conductance follows from two ingredients: (i) one-step coupling and (ii)
isoperimetry. The first refers to showing that the one-step distributions of the Dikin walk from two
nearby points have TV-distance bounded away from one. The second is a purely geometry property
about the expansion of the target distribution. Combining these two leads to a lower bound on the
conductance:

Lemma B.2 (Kook et al. (2023), Adapted from Proposition 9) Let 7 be the stationary distribution
of a lazy reversible Markov chain on M with a transition kernel P,. Assume the isoperimetry 1 x4
under the Riemannian distance d(x,y) and the following one-step coupling: if |z —yl/4») < A <1
for x,y € M, then drv(Py, Py) < 0.9. Then the conductance ® of the Markov chain is bounded
lower by QY A).
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B.1. One-step coupling and isoperimetry

Recall that a v-Dikin-amenable metric is 7-symmetric, SSC, LTSC, and ASC. Laddha et al. (2020)
was the first to attempt characterizing essential properties of g (or ¢) that determine mixing times of
Dikin walks for uniform sampling. Their framework necessitates that g satisfies 7-symmetric, SSC,
convexity of log det g(x), and 2 € Dj(z) w.h.p. (where z ~ Unif (D} (x))).

However, their framework encounters a challenge when further incorporating the work of
Narayanan (2016), which analyzes the Dikin walk for uniform sampling over a convex region given
as the intersection of various convex sets. The challenge arises from the difficulty of verifying the
convexity of log det(g1 + g2) when log det g; is convex for each i = 1, 2.

To address this challenge and succinctly characterize essential characteristics of a metric for
one-step coupling, we relax the convexity of log det to (S)LTSC and introduce the notion of ASC to
account for the condition “x € Dy(z) w.h.p.”. We show that one-step coupling lemma below, one of
main proof ingredients in obtaining a mixing-time guarantee of the Dikin walk, can be established
under Dikin-amenability of a metric. Our characterization of a metric for achieving one-step coupling
is general and unifies previous work on Dikin walks (Kannan and Narayanan, 2012; Narayanan,
2016; Chen et al., 2018; Laddha et al., 2020).

We now proceed to establish one-step coupling under the relative smoothness in ¢.

Lemma B.3 (One-step coupling) For convex K C RY, let g : int(K) — Si 4 be SSC, ASC,
LTSC, and ¢ : int(K) — R be its function counterpart. Suppose that the potential f of the
target distribution w is B-relatively smooth in ¢. Then there exist constants sy, so > 0 such that if
Iz = Yllg@) < sir/Vdwithr = sy (1A 1/vB) for z,y € int(K), then dry(Py, Py) < 3 +0.01.

We provide a sketch of the proof (see §G.1.1 for the full proof). A key distinction when extending
beyond uniform distributions lies in establishing a lower bound for the ratio P/ (2) 15 ensure a
. o . exp(f(2) = "7
high acceptance probability. To tackle this issue, we use the symmetry of the proposal distribution,
claiming exp(f(z))/exp(f(z)) > 1 at the expense of % probability. However, this % probability loss is
incompatible with previous proof techniques based on the triangle inequality: for a transition kernel

T and proposal kernel P, the triangle inequality leads to

drv(Ty, Ty) < drv(Ty, Pr) + dov(Pe, Py) + drv(Py, Ty)

and then bound the second term in the RHS by Pinsker’s inequality, making it arbitrarily small by
taking 7 = (1) small enough. However, this approach yields a bound of % + ¢ for both drvy (T, Py)
and drv (7}, P,), making the RHS vacuous.

We instead work with the exact formula for dry (T, T;,): for the Gaussian p, = N (z, % g(z)™h),

oy Pe@m(z)  [detg(z) exp(f(x)) 2) = min(1, Ro(2) 15 (2
Ra:( ) - px(z) 77'(:[‘) a \/;Mexp(f(z))’ Az( ) (17Rx( )1](( )),

the transition kernel 7). of the Dikin walk started at = can be written as

Ty(dz) = (1 — Ep, [A5(+)]) 62(d2) + Az(2) pa(dz) .

=rg

Then,

ry + Ty
2

dry(T2, T,) = 45 [ @ n) - 442 py ()] 2.
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As for 7, and 7, we bound below |/det 9(2)/det g() by 1 — € at the cost of e-probability through
SSC, LTSC, and ASC of g, following Laddha et al. (2020) with convexity of log det replaced
by LTSC. As mentioned earlier, we also deduce exp(f())/exp(f(z)) > 1 through the symmetry of
Gaussian distributions at the cost of % probability. Combining these results, we obtain upper bounds
of % + ¢ for small € > 0 on 7, and r,.

Establishing a bound of 1/4 4 ¢ on the second term is a more involved task. It requires the
closeness of acceptance probabilities A,(z) and A,(z) as well as that of the probability densities
pz(2) and p,(z). This closeness can be achieved through sophisticated conditioning on high-
probability events due to ASC, SSC, and symmetry of Gaussian proposals. To be precise, define good
events G, = mi:0’2733;ﬂ- and Gy = ﬂi:0,273B§ﬂ- such that P./\/'g’“(x) (G;) < 3¢ and PN;(y)<G§) < 3e,
where

2 1
Byo={l]z — x|, > cr} withc>1+4 — log—, (Tail bound for Gaussian)
€

Vd
Bya={—(Vf(z),z —2) <0}, (Symmetry of Gaussian)
2
By ={]|z— z|)? = ||z —z|? > 25%}, (ASC of g)

1
B.s = {(Ve(z),z —z) < —2% lg(x) Y2V p(z)]|2 log E} . (SSC & tail bound for Gaussian)

We further denote G := G, U G, and a partition of G by

Gpy = Go\Gy,  Goyi=GoNGy, Gy, i=G\Gy.

Then,
1 1 1 1
/Am(z)px(z)—Ay(z)py(zﬂdz<3€+/ de+/ de+/ Qdz .
2 2 Jo 2 Jo 2 Jo
=Q z\y y\z T,y
=A :TB =C

We can bound A and B by O(g) by Pinsker’s inequality and a well-known formula for the KL
divergence between two Gaussians. As for C, conditioning on B; ;1 and using the triangle inequality
lead to

c<liongl /Gmc;ymB;l ‘mm(l exp f (@) pz(:c)>_mm<py(2) exp f(y) pz(y))

4 2 "exp f(2) pa(2) pe(2)” exp f(2) pa(2)
=:U =V =W

pz(z)dz.

The bound of log U > —4¢ was already obtained when bounding r,,. We then show that |log V| < 5e
and logW > —7e conditioned on G, N Gy N Bg‘;l via closeness of SSC (Lemma D.6). Using these,

/ [TAU—=VAW|p.(2)dz < e* — e,
G.NGyNBE

which results in C < 1/4 + O(e). Putting the bounds on r,, r,, A, BB, and C together, we conclude
that the TV-distance is bounded by 3/4 + O(e).

Remark B.4 We further note that ||z — y||, can be replaced by the Riemannian distance d(x,y)
with the metric defined by V2 ¢, since these two distance are within a constant factor of each other:
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Lemma B.5 (Nesterov et al. (2002), Lemma 3.1) Let ¢ : int(K) — R be self-concordant, and
x,y € int(K) with 6 := ||z — y||» < 1. Then,

1
0 — 507 < dg(w,y) < —log(1 - 9).

Next, we present two isoperimetric inequalities derived from distinct sources: the first comes
from the symmetry of a barrier, while the second arises from strong convexity in a local metric.

Isoperimetry via barrier parameters. The first one states that isoperimetry of log-concave
distributions under distance dy(, ) (or || — yl|4(,) due to Lemma B.5) is €2(1/v/7). The following
lemma is an extension of Laddha et al. (2020) from uniform distributions (over a convex body) to
general log-concave distributions. We defer the proof to §G.1.2.

Lemma B.6 For a log-concave distribution T, isoperimetry 1 under distance dy is Q(1//D).

Isoperimetry from relative strong convexity. Another kind of isoperimetry comes from relative
strong-convexity of the potential of a distribution. For a scalar o > 0, isoperimetry of e~*¢ on a
Hessian manifold equipped with the metric V2¢ is Q(/a) if D4¢(z) [h®4] > 0 forall z € K and
h € R? (Lee and Vempala, 2018, Lemma 37). Gopi et al. (2023, Lemma 9) further generalizes
this to show that if ¢ is self-concordant and the potential f is a-relatively strong convex, then its
isoperimetry is (/). We can adapt this lemma by restricting this to a convex set K (not necessarily
bounded). See §G.1.2 for the proof.

Lemma B.7 (Gopi et al. (2023), Adapted from Lemma 9) For a closed convex set K C R%, let
a convex function ¢ : int(K) — R be self-concordant on K, f : int(K) — R a-relatively strongly
convex in ¢, and T a log-concave distribution with m < exp(—f) - 1x. For a partition {S1, S2, S3}
of K and the Riemannian distance d s induced by the inner product {(a,b), := a"V?¢(x) b, it holds
that

m(S3) 2 Vardy(S1, S2) m(S1) m(S2) .-

B.2. Mixing time: Proof of Theorem 3.1
Putting all these components together, we obtain the following mixing-time bounds for the Dikin walk.

Theorem 3.1 Let K C R? be convex and 0 < o < 3 < o0.

* (Local metric) Assume that a C''-matrix function g : int(K) — Si . is v-Dikin-amenable.

* (Distribution) Let 7y and m  exp(—f) - 1x be an initial and target distribution respectively,
where f is a-relatively strongly convex and S-smooth in g. Let ||mo/7|| = Er, [%f] and P be the
transition kernel of Dikin walk with the local metric g and step size 7 = O(1 A §~/2).

Then for any & > 0, it holds that dry(mo P, m) < & for T 2 d(1V ) (i A 1/a) log 172/l

Proof Lemma B 2 ensures that ¢ > Lw due to the one-step coupling in Lemma B.3. Lemma B.6
leads to ¢ 2 —=, while Lemma B.7 1mp11es ¥ > \/a due to V2¢ < g. Thus,
1

2 Y 0 ).
and using Lemma B.1, we can enforce dyv (77, 7) < € by solving § + / e T2%/2 < ¢ for T,
which resultsin 7 > d (1 V 8) (7 A 1) log 2. ]

(Varv
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Algorithm 2: Interior-Point Method
Input: A v-self-concordant barrier ¢ for a constraint
Output: y)
Denote fx(y) := cTy + L (y).
// Phase 1: Starting feasible point

Find yo = arg min ¢(y), set A = % HCH[_V12¢(yO)]—1’ and g < o.
v+1
&€

// Phase 2: Increasing A until A<
while A < “t1 do
Yn < Y — [V2f)\(§>\)]_1Vf)\@>\) // Y‘Opt. step’’ (e.g., the Newton step)
A (L+7r)Awithr = ﬁ. // Increase A

end

Appendix C. Gaussian cooling on manifolds revisited: IPM framework for sampling

We derive a sampling analogue of the Interior-Point Method through comparison with IPM in
optimization, by extending Gaussian cooling on manifolds introduced in Cousins and Vempala
(2018); Lee and Vempala (2018). Combining the sampling IPM framework with the Dikin walk
efficiently generates a warm start for a target distribution 7 o< e~/ - 1 with finite second moment.

C.1. Derivation of sampling IPM

Let us recall our setup. Let K C RY be a closed convex set, g : int(/K) — S‘j + a (v, 7)-SC matrix
function, and ¢ : int(K) — R its (strictly convex) SC counterpart. We assume min, ¢(x) = 0 by
considering ¢ — min, ¢(x) (here, arg min ¢(z) can be efficiently found by the optimization IPM).
We assume that f is a-relatively strongly convex and S-relatively smooth in ¢ for 0 < a < 8 < oo,
ie,0 =< aVi¢ < Vif < BV2ponint(K). We define f(-) := % f(-) and gy () := V2¢(-).

Interior-point method for optimization. A structural convex optimization problem is formulated
as mingc e f(z), where f : R? — R is a convex function, and K C R? is a closed convex set. Also,
both K and {(z,t) : f(z) < t} admit efficiently computable self-concordant barriers denoted by ¢;
and ¢z, respectively. We can simplify the problem by equivalently solving mingc g, {(z,¢):f()<t} ¢
and in general focus on ming,c g {(x,1):f(z)<t} ¢ (z,t) for a constant ¢ € R*+1,

IPM then regularizes ¢' (z,t) by adding 3 ¢(z,t) = $(¢1(2) + ¢2(,t)) for A > 0. This
regularization removes the hard constraint of K’ N{f(x) < ¢}, and the resulting formulation becomes

1
] = T —
y:(x{ffl)lélﬂ{dﬂ hy)i=ely+ A o),

where ¢(y) blows up as y approaches the boundary of the constraint. For each fixed A > 0, there
exists a minimum y, of the convex function f(y). Intuitively, as A\ — oo the regularization term
% ¢(y) vanishes, so y) converges to arg min,e gn{ f(x)<t} cTy. The path followed by {y}rs0 is
called the central path, and IPM aims to approximately follow this central path as A increases.

To be precise, suppose that for A\; > 0, an approximation solution ¥, maintained by IPM is
close enough to y,,. Then IPM takes an optimization step (e.g., a Newton step), which takes into
account the local geometry induced by the Hessian of the barrier ¢, to find an approximate solution
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Vs

. Y2
R LTS
——"—-: . /{'\
3

Va Y1
Voo

Non-Euclidean OPT-step
(e.g., Newton descent)

o _
V1

\

\

Non-Euclidean Sampling-step
-> Dikin walk

Figure C.1: Comparison between the optimization IPM and the sampling I[PM.

Y, When Ao > Aq. As long as g, is sufficiently close to y,,, this approximate solution ¥, serves a
good starting point for the non-Euclidean optimizer, which takes ¢, to 4,. IPM alternates between
increasing A and updating 7/, until X reaches v//¢. This is described formally as Algorithm 2.

The ideas behind IPM are justified by the following theoretical guarantee: Algorithm 2 returns ¥ in
(@) (ﬁ log(g el yo) - )) iterations such that ¢y < ¢'y*+¢ for y* = arg MiNye e f(z)<t} cly.

Translation to sampling. Now let us adapt each step of IPM into the sampling context with the
conceptual analogy between convex optimization and logconcave sampling in mind: For convex
K C R? and convex function f : K — R

min f(x) <+— sample x ~ exp(—f)
st.z € K st.z€ K.

Similar to the optimization IPM, we first replace f(x) by a new variable ¢ and add the constraint
{f(z) <t} (which is convex due to convexity of f), resulting in the following sampling problem:
sample (x,t) from a distribution with density proportional to e~* subject to z € K and {(z,t) €
R+ f(2) < t}. We note that this is indeed an equivalent sampling problem, since the 2-marginal
of the distribution is exp(—f) - 1x:

o

exp(—t) - 1g(z)dt = /f( )exp(—t) 1g(x)dt =exp(—f) -1k .

/{(w:t)GRd“:f(z)q}
Now assume that K N {f(z) < ¢} admits a barrier ¢. Thus, this motivates our focus on sampling
from distributions of the form exp(—c'%) subject to a convex region K with a barrier ¢, where
y := (x,t) € R% ! is a variable in the augmented space and ¢ € R%*! is a vector.
Regularizing the potential ¢y of the distribution by adding % #(y) for some o2 > 0, we can
ignore the hard constraint K and obtain the following formulation: for f,2» := (c,-) + % o,

sample y ~ fi,2 o exp(—f,2(y)) = exp(—(cTy + % ¢(y))) ,
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exp (—(#f + 0_1—2¢>)> exp (‘(f + 01_2¢))
A

' Yl

_____ 1 _————

|;‘/_ _,lez_ B '[zo_
® ) ) 1
Gaussian 0" <o (1 + d_)
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] ]
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d3

Figure C.2: We refine the derived sampling IPM to obtain the Gaussian cooling on manifolds. The
red dashed line indicates a centra path of measures. The red dots are target probability measures
appearing in the sampling IPM, while blue dots are probability measures given by a non-Euclidean
sampler, which are approximately close to those target measures (red dots). Closeness of two dots
(bounded by the green dashed boxes) is quantified by the TV-distance.

where ¢(y) goes to infinity as it approaches the boundary of K. The regularization % ¢ vanishes as
02 — 00, s0 we can expect ji,2 — T < exp(—(c,-)) - 1xz. Comparing this with the optimization
IPM, the path of measures {52 },2~( can be viewed as the central path in the space of measures. In
an ideal scenario, a sampling IPM should closely follow this central path while increasing o along
the path. To this end, we update the current distribution fi,2, which is already close to y,2 on the
central path. This update should leverage a sampling step that is aware of the local geometry induced
by V2¢, which may involve running a non-Euclidean sampler such as the Dikin walk. This update
brings fi,2 to a new distribution fi,2 5 that should be close to (1,25 for small 6 > 0, while i,
serves a good starting point for this sampling step to find fi,2 5. This procedure is repeated until o?
becomes large enough.

To use this sampling IPM, we further refine the framework via Gaussian cooling on manifolds.

Comparison with the Gaussian cooling on manifolds (GCM). Gaussian Cooling introduced
in Cousins and Vempala (2018) was extended to manifolds by Lee and Vempala (2018). It was
initially proposed for volume computation but shares remarkable similarities with our sampling IPM.
In fact, GCM can be identified with the sampling IPM with ¢ = 0 (i.e., uniform sampling) and the
Riemannian Hamiltonian Monte Carlo employed for the non-Euclidean sampling step.

Returning to the comparison with the optimization IPM, we note that two algorithms use different

rules for updating o2. While the optimization IPM updates o2 <— (1 + %)02, GCM utilizes two
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distinct annealing schemes:
2 1 e 2
9 o (1 + ﬁ) ifo* < 4
o9, -

While the first type of update in the small regime of o2 relies on a property of logconcavity of
regularized distributions pi,2 o< exp (— (sqb(y) + cTy) ), the second type of update in the large regime
of o2 is justified by concentration of measure e ~*? in a thin shell for s > 0. We note that the second
type in fact accelerates the annealing process.

However, significant challenges remain for the sampling IPM. First, we need to extend this
annealing scheme to exponential distributions (recall that GCM was proposed for uniform sampling).
To be precise, we must account for the linear term ¢y (in addition to the ¢ term) when designing the
annealing scheme. Unfortunately, the previous update scheme (which is applied only to ¢ part) with
its analysis do not go through for this purpose.

To address this issue, we introduce a further generalization of the GCM annealing scheme in
the small regime of o2, enabling us to leverage logconcavity of 2. In the large regime of o2, we
use the same annealing scheme but employ a different analytical approach, utilizing a functional
inequality with no need to quantify the thin-shell phenomenon of p2.

To discuss another remaining issue, we note that a non-Euclidean sampler used in the sampling
step must have a provable mixing-time guarantee for u,2. We already provided this through
Theorem 3.1 in §B for the Dikin walk, since the target potential is s-relatively strongly convex and
s-relatively smooth in ¢!

C.2. IPM algorithm for sampling

Our algorithm consists of four phases, where each phase updates a current distribution in a different
way. For generality, we present this annealing process for a general potential f instead of linear
functions, where aV2¢ < V2f < fV?¢.

Going forward, we use the following notation: for f(z) := % f(),

o e e
[ exp(— f() CF)de if4 <o

We can show that 2* = arg ming (f + ¢) exists in Line 3 of Algorithm 3 and that all distributions
involved in the algorithm are indeed integrable. We defer the proof to §G.2.1.

Proposition C.1 Each probability density involved in the algorithm is integrable.

C.2.1. CLOSENESS OF DISTRIBUTIONS IN SAMPLING IPM

In this section, we demonstrate that within each phase a probability distribution y,2 serves as a good
warm start for sampling the subsequent distribution 2 )

For the first two phases, closeness of consecutive distributions follow purely from a property of
log-concave distributions, which is independent of local metrics.

Lemma C.2 (Kalai and Vempala (2006), Lemma 3.2) For a log-concave function g : R? - R,
the function a — a® [ g(z)® dx is log-concave in a.
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Algorithm 3: Interior-Point Method for sampling

Input: Target accuracy ¢, local metric g, its counterpart ¢, non-Euclidean sampler
NE-Sampler(g, €), target distribution 7 o< exp(—f).

Output: 2’

Let f = 2 fand p,2 oc exp(—V,2), where

v e ife? <y,
2 =
7 f—i—%qﬁ 0w

// Phase 1: 1Initial distribution
Find x* = arg mingcx (f + ¢) and let D := Dg”m/a(:c*) for 03 := 1075 /d5.

* U%
> 1+4vB/d

// Phase 2 & 3: Annealing until o?<vw
while o2 < v do
Update o2 by

Draw zy ~ NE—SampIer(g, %) with initial dist. N(:c g(x*)_l) - 1p and target fhg2-

) {(;2 (1+ ) ifo? < § (Phase2)

g~ <
o (14 %) if ¥ < 0% < v (Phase 3),

Draw x;41 ~ NE-SampIer(g, ﬁ) started at z; with target dist. ;,2, and increment .

end
// Phase 4: Sampling from e 7
Draw 7/ ~ NE—SampIer(g, %) started at x; with target dist. 7.

In Phase 1, we leverage another fundamental property of log-concave distributions. It allows us to
establish that the Gaussian distribution truncated over a small Dikin ellipsoid in Phase 1 provides an
O (%)d)-warm start for /1,2. Thus, the Dikin walk which has a log-dependency on the warmness
parameter introduces an additional factor of d.

Lemma C.3 (Lovasz and Vempala (2007), Lemma 5.16) Let X be a random point drawn from a
log-concave distribution with a density g : R* — R. If v > 2, then

P(g(X) < e~ maxg) < (ye! )",

Remark C.4 If we can show that the Dikin walk has a log log-dependency through the blocking
conductance or Gaussian isoperimetry, or if we utilize a non-Euclidean sampler with a double-log
dependency, we can avoid the additional factor of d.

We defer the proofs for closeness to §G.2.2.

Lemma C.5 (Phase 1) Let v* = argming (f + ¢). For 0?> = 107°/d> and g = V?¢, let ju be
the Gaussian distribution N (z*, 1—1-(17/72,8/d g(z*)™1) truncated over ’DSU\/&@J*), and po the initial

uﬂ+d)d
va+d/

distribution used in Phase 2 such that jiy exp(—%) - 1g. Then ||/ pol| < (
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In the following lemmas, we show that within each phase of our algorithm > serves as an O(1)-
warm start for the following distribution fo2, - In Phase 2, for 1/d® < 02 < v/d the multiplicative

update of (1 + 1/+/d) allows us to achieve an O(1)-warm start.

Lemma C.6 (Phase 2) In Phase 2 (i.e., o7 < v/d with the update o7 | = (1+1/vd) 6?), a previous
distribution y; serves as an O(1)-warm start for the next distribution pi;11, i.e., ||ui/piv1]] = O(1).

In the large regime of v/d < 0> < v during Phase 3, we leverage the Brascamp-Lieb inequality
to show that the accelerated update of (140 /+/v) ensures an O(1)-warm start. Moreover, we employ
the same technique along with a limiting argument to show that in Phase 4 the final distribution of
y is an O(1)-warm start for the target distribution 7.

Lemma C.7 (Phase 3and 4) In Phase 3 (i.e, v/d < o? < v with the update 0'Z-2+1 = o2(1 +
0i/\/V), a previous distribution p; serves as an O(1)-warm start for the next distribution p;1, i.e.,
| i/ pis1|l = O(1). In Phase 4, the distribution p o< exp(—(f + ¢/v)) - L is an O(1)-warm start
for the target distribution T x exp(—f) - 1.

C.2.2. PROOF OF THEOREM 3.2

We now prove Theorem 3.2, Algorithm 3 with the Dikin walk employed for the non-Euclidean
sampler.

Theorem 3.2 For convex K C R suppose that g : int(K) — S is (v, v)-Dikin-amenable and ¢
is its function counterpart such that ming ¢ exists. Gaussian cooling with Dikin walk (Algorithm 3
with Dikin walk serving as a non-Euclidean sampler) generates a sample that is e-close to exp(—f) -
1 in TV-distance using O(d (d”Ber VvV v)log %) iterations of Dikin walk with g, where a
C?-function f : int(K) — R satisfies aV2¢ < V2f < BV2¢on K for0 < a < 8 < oo. In
particular, when f(z) = Tz or c¢(z) for o € R% and ¢ € R, the algorithm uses O(d (d V v V 7))
iterations of the Dikin walk.

Proof By Theorem 3.1, if the potential V' of a target distribution satisfies aV2¢ < V2V < BV%S,

the mixing time of the Dikin walk is d (1 V 8) (7 A 1/a) log 2. Let & = %.

* Phase 1: When a target distribution is exp (— L +¢)) with 02 = 1075 /d3,

2 vBd~t+1 . vB+d
d (1 + — ) mln(u, ) lo (Va+

- < d’Rlogk.
1+ vad-! g) < dRlogR

* Phase 2 (1/d°® < 0% < v/d): Note that we need O*(v/d)-many iterations to double 2. Hence, in
this phase the number of iterations of the Dikin walk with a target exp( I +¢) adds up to

vpd=' +1 . 1.5

T) mln( m) f<d K/‘F\/gl/

* Phase 3 (v/d < 0% < v): We need (’)*(‘f) -many iterations to double 0. Hence, in this phase
the total number of iterations of the Dikin walk with a target exp( ( [+ = ))

d(1+

A1+ 8+ ) min(r, 1 v do_ﬁ(ma?) < (9K + Vdv) V (dF + dv)

a+ 0_2) o
* Phase 4: The Dikin walk takes O(dP) iterations.
Adding up all iterations, we need O(d (dr V v V 1)) iterations of the Dikin walk in total. [
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Appendix D. Self-concordance theory for sampling IPM

Theorem 3.2 shows that GCDW running with a (v, 7)-Dikin-amenable metric for exponential
distributions mixes in O(d max (d, v, 7)) iterations. Since every log-concave sampling problem
can be reduced to an exponential sampling problem (as shown in (redLC)), Theorem 3.2 ensures a
poly-time mixing algorithm that utilizes local geometry if we have a (v, )-Dikin-amenable metric
for the reduced sampling problem.

This poses a natural question of how to construct such an efficiently computable Dikin-amenable
metric for structured sampling problems. Suppose that the structured sampling problems assume a
Dikin-amenable metric for each constraint and epigraph of potentials. Motivated by self-concordance
theory of the optimization IPM, we consider the sum of each barrier (and thus, the sum of metrics) as
a candidate for the metric of the reduced sampling problem. In fact, this choice aligns seamlessly with
the Dikin walk. However, obtaining a provable guarantee of the sampling IPM with the Dikin walk
necessitates a comprehensive understanding not only of self-concordance but also of SSC, SLTSC,
SASC, and v-symmetry under the addition of barriers (or metrics).

In this section, we develop a “calculus” for combining metrics for multiple constraints and
epigraphs, deriving the resulting theoretical guarantees (Theorem 3.3). This leads to a consistent
analogy with the work of Nesterov and Nemirovskii (1994) for the optimization IPM.

D.1. Basic properties: Scaling, addition and closeness

Self-concordance is a central notion in the theory of interior-point methods for optimization (we
refer interested readers to Nesterov and Nemirovskii (1994); Nesterov et al. (2018)). We first recall
basic properties of self-concordance and then investigate those of strong self-concordance and lower
trace self-concordance, which are crucial to our analysis.

Self-concordance.

Lemma D.1 (Nesterov (2003)) Let f; be a v;-self-concordant function on a convex set K; C R for

i € [2], and o > 0 be a scalar.

* (Theorem 4.1.1 and 4.2.2) f1 + fa is (v1 + v2)-self-concordant on K1 N Ko.

* (Corollary 4.1.2) g = V*(afy) satisfies || g(x)~/*Dg(x)[h] g(x) " ?|l2 < £ [lhlly(r) for @ €
int(K1 N K2) and h € R<.

* If f1is a v-self-concordant, then cfi is (cv)-self-concordant for ¢ > 1.

We can extend this to self-concordant matrices as well.

LemmaD.2 Let g; : int(K;) — S be a PSD matrix function on a convex set K; C R® for i € [2),

and o > 0 be a scalar.

* g1+ g2 is (11 + vo)-self-concordant on K1 N K.

* If g1 is self-concordant, then gy satisfies D(agr)(x)[h] < % || agr (0gn) for x € int (K1 NK?)
and h € R%.

o If q1 is v-self-concordant, then cgy is (cv)-self-concordant for ¢ > 1.

Proof Let ¢; be a v;-self-concordant function counterpart of g; on K; for ¢ € [2]. Then for
r € int(K; N Ky) and h € RY

D(g1 + g2)(@)[h] 2 2 (|Ikllg 91 + 1hllg92) =2 (2llgi 9291 + IRllgi+9:92) = 2[[Bllgr 42 (91 + 92) -
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Clearly, ¢1 + ¢2 is a function counterpart of g1 + go. Thus, g1 + g2 is a (11 + v2)-self-concordant
matrix function on K1 N Ko.

For ¢ > 1, if g is self-concordant, then D(cg)(x)[h] = % | ]legr (cg1) = 2|hegr (cg1),
and its function counterpart c¢, is (cv)-self-concordant by Lemma D.2. Hence, cg; is (cv)-self-
concordant. |

The following lemma ensures that the Dikin walk stays inside the convex body. This lemma was
proven only for self-concordant function in Nesterov et al. (2018, Theorem 5.1.5), but it can be
straightforwardly extended to self-concordant matrices as well.

Lemma D.3 D; (x) C K for a convex set K and self-concordant matrix function g on K.

Proof Consider a matrix function g. from int(K) to S1, defined by g.(z) := g(x) + el. Itis
self-concordant with a function counterpart ¢(z) + 5 [|z||?, where ¢ : int(K) — R is a function
counterpart of g. For fixed z € int(K) and h € R?, let us define a function defined by v (t) :=

(T ge(z + th) h) /2 for any feasible ¢. Then,

_ Dge(x +th) [h®3]

3 s
2|’hHgE(m+th)

Y(t) =

and the definition of self-concordance leads to |¢)'(¢)| < 1. This function can be defined on the
interval (—(0),4(0)) due to ¢ (t) > 1(0) — |¢| (see Nesterov et al. (2018, Corollary 5.14)). This
implies that K contains the set

{a+th: |t < 9(0) = Bl 1,y } = fo+ th thll, @ < 1.
By sending € — 0, the claim follows. |

The following lemma states that self-concordant metrics are similar for nearby points.

Lemma D.4 (Nesterov (2003), Theorem 4.1.6) Given any self-concordant matrix function g on
K c RYand x,y € K with |z — Yllgz) < L we have

(1= llz = yllgw)?9(x) = g(y) = (1 = Iz = yllgm) 29(x).

Strong self-concordance. Strong self-concordance is additive up to a constant scaling. See §G.3.1
for the proof.

Lemma D.5 [f g; is a SSC matrix function on K; for i € [2], then 2 (g1 + g2) is strongly self-
concordant on K1 N K.

Note that if we add k-many strongly self-concordant metrics, then we need the scaling of
2logzk — 1 We remark that the factor of 2 above might be redundant. Next, we recall an analogue of
Lemma D.4 for strong self-concordance.

Lemma D.6 (Laddha et al. (2020), Lemma 1.2) Given a strongly self-concordant matrix function
gon K, and any x,y € K with ||z — yllgm) < 1,

lg(2)™"2(9(y) = 9(2)) g(2) "2 llr < (L= llz = yllge) 2l = yllgea) -
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Symmetry. Recall that 7-symmetry requires two-sided inclusion: the first part is D;(:U) CKnN

(22 — K), and the second partis K N (2z — K) C Dﬁ(:p). The first part immediately follows when
a metric is induced by a self-concordant function.

Lemma D.7 If ¢ is a self-concordant function on K, then D;(x) Cc KN (2x — K) forg = V?¢
andz € K.

Proof Lemma D.3 ensures that y € K whenever y € D; (z). Then 2z — y € D;(a:) and thus
2x —y € K. Itimplies that y € 2z — K. |

When a metric is induced by a self-concordant barrier with a barrier parameter v, it holds that
v=0(?).
Lemma D.8 For a self-concordant barrier ¢ with a barrier parameter v on K and g = V2@, it

follows that v = O(V?).

Proof By Nesterov (2003, Theorem 4.2.5), for any z,y € K with V¢(x) - (y — x) > 0 it follows
that ||y — zlg) < v +2y/v. Now, letz € K andy € K N (2z — K). The latter implies that
y—x =ux — zforsome z € K.

IfVe(x) (y—x) > 0,then [|[y—z/gz) < v4+2/v. If Vé(2)-(y—2) < 0, then Vo (x)-(2—x) >
0 and thus ||y — 7 4) = Iz — @|lgz) < v + 24/v. From these two cases, it holds in general that
ly—2g2) < v+2y/v and thus KN (22— K) C Dy ">V (). By LemmaD.7, D} (z) € KN (2z—K)
and thus 7 = O(v?). [ |

For affine constraints Az > b, the first inclusion above has a useful equivalent description as
follows:

Lemma D.9 Letx € K = {Az > b}. Itholds thaty € KN(2x—K) ifand only if || Az (y—2) ||oo <
1.

Proof For y € K, we have Ay > b and thus s, = Az — b > A(z — y) (elementwise inequality). As
sz > 0,wehave A,(z —y) < 1. When y € (2x — K), we can write y = 2x — z for some z € K.
Note that

Alz—y)=A(z—x) >b— Az = —55,

and thus A, (z — y) > —1. Therefore, ||A;(y — z)||c0 < 1. |

Lemma D.10 For o > 1, if g is v-symmetric, then ag is a-symmetric.

Symmetry parameters and self-concordance parameters are additive.

Lemma D.11 If a PSD matrix function g; is v;-symmetric on K; for i € [2], then g1 + g2 is
(1 + g)-symmetric on K1 N Ko.

Proof For g := g1 + g2, lety € D;(a:). It implies y € D;l ()N D;2 (x)andsoy € K; N (2x — K;).
Due to N; (K;N(2z—K;)) = KN(2z—K), wehave y € KN(2z—K) andso D} (x) € KN(2z—K).
Now lety € K N (2z — K). Itis obvious that y € K; N (2o — K;) for ¢ = 1,2, and thus

(y—2)Tqi(@)y—=)<vi,  and  (y—2) ga(x)(y — ) <vs.
By adding up these two, it follows that ||y — tz(z) < v+ 1. [ |
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Lower trace self-concordance. It readily follows that (strongly) LTSC holds under scaling by a
scalar greater than or equal to 1.
We provide a useful sufficient condition under which the sum of PSD matrix functions is LTSC.

Lemma D.12 For a PSD matrix function g; on K;, let g := . g; be PD on (; K;. If g; is SLTSC
on K, then g is LTSC on (), K.

We note that D2g;(z)[h,h] = 0 is a stronger condition than Tr(g(z) 'D?g;(z)[h, h])
—||h||§i(x). Thus, a special case of the lemma is that if D2g[h, k] = 0 and D%gy[h, h] =
then g1 + g2 is LTSC. Note that this condition is additive.

We also find that highly self-concordance is a handy sufficient condition by which one can
establish strongly lower trace self-concordance, whose proof is deferred to §G.3.2.

>
0

>

Lemma D.13 For K C R? let g : int(K) — S‘i be a HSC matrix function, and define another
matrix function by g := dg on K. Then g is SLTSC.

Average self-concordance. Just as (S)LTSC, (S)ASC still holds under scaling by a scalar greater
than or equal to 1. Also, the definition of SASC immediately leads to the following additive condition:

Lemma D.14 For a PSD matrix function g; on K; for i € [m], let m = O(1) and g := > | g; be
PD on (", K;. If g; is SASC on K;, then g is ASC on (), K.

Proof Fix ¢ > 0. Each g; invokes 7;(¢) such that if r < r;(¢/m), then

2er 15

2 2

PZ(HZ N ngi(I) === x”gi(x) = m g) z1- m’

If » < #(g) := min; r;(¢/m), then the union bound leads to ASC of " g; on (), K;. m

When does SASC hold? It is implied in Narayanan (2016) that HSC implies SASC. For
completeness, we provide the proof in §G.3.3.

Lemma D.15 (HSC to SASC) If ¢ : int(K) — R is HSC, then d¢ is SASC.

D.2. Collapse and embedding: Lifting up SSC, SLTSC, and SASC

SSC, (S)LTSC, (S)ASC of a local metric do not carry over into an extended space in the reduced
sampling problem. For instance, SSC assumes the invertibility of the local metric, which may become
singular in the extended space. To address this challenge, we introduce the notions of collapse and
embedding, based on which we can pass those properties from the original sampling problem to the
reduced problem.

Definition D.16 Let K and K' be convex sets in R% and in R™ with d < m, respectively. Let
g : int(K) — S¢ be a PSD matrix function.
* We say g is collapsed onto a linear subspace W C R? if (u, V) g(z) = (Pwu, Pwv) g for any
x € int(K) and u,v € R? where Py is the orthogonal projection onto W.
— In other words, for an orthonormal basis {uy,...,ur} of W there exists the PSD matrix
function gy : int(K) — Sk such that (e;, €;) g, (z) = (Wi Ug) g() for i, j € [K] (i.e., gw (x) =
UTg(x)U where the columns of U € R¥>* are {uy, ..., up}).
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* For g collapsed onto W, we say
— g is PD along W if gw is PD. In other words, hHg(@ = 0 implies h 1. W.
— g is SSC along W if g is a self-concordant matrix function and gy > 0 satisfies

lgw (2)~Y2Dgw () [h] gw (x) "2 || < 2||hll, forany z € int(K) and h € R%.

* Embedding g of g into K’
— Let P : R™ — R< be the projection onto the set of coordinates appearing in the variable x
of g. The embedding of g onto K' is a PSD matrix function g(y) : int(K') — ST such that

(u, v)g(y) = (Pu, Prlg(p(y)),

We note that these notions are well-defined independently of the choice of an orthonormal basis
of W. The proof can be found in §G.3.4.

Proposition D.17 Let K C RY be convex and g : int(K) — S‘fr a PSD matrix function collapsed
onto a subspace W C R®. Then PD and SSC along W are well-defined (i.e., the condition for each
property holds for any orthonormal basis of W ).

Affine transformation. Using these notions, we can make it precise that an inverse mapping of
affine transformations preserves SSC. We begin with a barrier version and subsequently extend it to
a matrix-function version. The detailed proofs are deferred to §G.3.5.

Lemma D.18 Let T : RY — R™ be a linear operator defined by T'(x) = Az + b for A € R™*¢

and b € R™. Let ¢(y) : int(K) C R™ — R be a self-concordant barrier for K and define

Y(x) := ¢(T(x)) = ¢(y) on K := T'K C R4

o If ¢ is a (v, v)-self-concordant barrier for K, so is 1) for K.

« If D4 (y)[v,v] = 0 fory € int(K) and v € R™, then D*3(x)[u,u] = 0 for x € int(K) and
u € R4

* If ¢ is HSC, so is 1.

LemmaD.19 Let g : int(K) C R™ — ST be a self-concordant matrix function and T (v) = Ax+b

with A € R™*9 and b € R™ be a linear operator. Let §(x) := AT g(Tx) A be a PSD matrix function

from K :=T 'K c R% 1o Si.

s If g is (v, D)-self-concordant barrier, so is g for K.

o If g is SSC, then g is SSC along W = row(A).

« If D2g(y)[h,h] = 0 fory € int(K) and h € R™, then D2g(z)[h,h] = 0 for x € int(K) and
h € R

o If A is invertible and g is SLTSC, then g is SLTSC.

o If A is invertible and g is SASC, then g is SASC.

Intuitively, embedding should not affect self-concordance and symmetry parameter, which is
indeed the case.

Corollary D.20 Assume K C R? is embeddable into K' C R™. If g : int(K) — S% is a (v, D)-
self-concordant matrix function, then its embedding g : int(K') — ST is a (v, 0)-self-concordant
matrix function.
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Proof Since K can be embedded into K’, there exists a projection matrix P € {0, 1}%*™ such
that g(y) = PTg(Py)P with x+ = Py € int(K) and y € int(K’). As we can view g as a
matrix function induced by the inverse of the linear map x = Py, Lemma D.19 shows that g is a
(v, 1)-self-concordant matrix function for K’ = P71 K. [

Lifting up SSC, SLTSC, and SASC via embedding. In reduction to the exponential sampling
problem, passing essential properties (e.g., SSC, SLTSC, and SASC) of metrics from the original
space to the extended space poses technical issues. We address these issues in the following two
lemmas, whose proofs are deferred to §G.3.6.

As mentioned earlier, SSC in the original space does not automatically imply SSC for its
embedding g, as SSC assumes invertibility. However, there is a useful method for extending SSC
from the original space to the extended space.

Lemma D.21 For convex K C R%, let g : int(K) — Si be SSC along a subspace W C R%, and
assume K is embeddable into convex K' C R™ with m > d. For the embedding g : int(K') — S
of g into K, it holds that g + €I, is SSC on K’ for any ¢ > 0.

When extending SLTSC and SASC to the embedding space, we encounter a different subtlety.
The conditions in SLTSC and SASC of g consider every PSD matrix functions ¢’ such that g + ¢’ is
invertible in the extended space K. However, the embedding g of g is collapsed onto the subspace
corresponding to the original space K. As SLTSC and SASC convolve g and ¢’ by considering
(g + ¢')~! in their formulations, it is not evident whether SLTSC and SASC can be transferred to the
extended space K from the original space K. However, by employing with Schur complements we
can show that these properties can indeed carry over into the extended space.

Lemma D.22 For convex K C RY, [et g :int(K) — Si is SLTSC, and assume K is embeddable
into convex K' C R™ with m > d. Then its embedding g : int(K') — ST is also SLTSC. The same
is true for SASC.

D.3. Proof of Theorem 3.3

With our understanding of how to combine properties of barriers for constraints and epigraphs, we
are prepared to prove Theorem 3.3. Let us revisit the reduced sampling problem in (redLC):

sampleyN7~ro<exp(—((O,...,O,l,...,1),~>>
—— ——
d times I times
I J
sty e ﬂEiﬁﬂKj = K’
i=1 j=1

~——
=K
where E; := {y = (z,t1,...,t5) € R . f;(x) < yg,} for a proper closed convex function f;
andi € [I],and K := {y = (z,t1,...,t;) € R™ : hj(x) < 0} for a closed convex function £
and j € [J], and K has non-empty interior.
We begin with a useful geometric property of K’.

Lemma D.23 [f the original sampling problem (strLC) is well-defined, then the extended convex
region K' in the reduced sampling problem (redLC) has non-empty interior and no straight line.
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Proof Since f; and h; are closed and convex, K’ is convex and closed. Since f; is continuous on
int(K) due to convexity (see Rockafellar (1997, Theorem 10.1)), its epigraph has non-empty interior.
Thus, K’ has non-empty interior.

Since K is closed and convex, it can be written as K’ = (), H; where H; = {x : a] x > b;} is
any halfspace containing K’. Suppose K’ contains a straight line £ := {p + th : t € R} for some
p,h € R%. Then ¢ C H; for any 4, and thus £ must be parallel to any halfspace H; (i.e., h L a;).

Fix y € int(K’). The translated line ¢, of ¢ containing y is still included in H; for all 7. As
y € int(K"), the distance from y to H; is bounded lower by 6 > 0 for all 7. Hence, ¢, + By is fully
contained in H; and thus in K”.

Clearly, integration of the exponential distribution along the fiber ¢, is infinite. Since &' contains
the cylinder ¢, + Bj, integration of the exponential distribution over X’ must be infinite, leading to
contradiction. |

The following is the extension of Nesterov et al. (2018, Theorem 5.1.6) to self-concordant matrix
functions, which implies invertibility of Dikin-amenable metrics in the reduced problem.

Lemma D.24 For convex K C R? containing no straight line, a self-concordant matrix function
g : int(K) — S is non-degenerate on K.

Proof Suppose [|h|g(,) = 0 for some 0 # h € R? and 2 € int(K). Clearly, the line  + th for
t € Ris contained in D;(a:). As D; (x) C K due to Lemma D.3, it implies that /' contains a straight
line « + th, which leads to contradiction. |

Theorem 3.3 In the reduced problem (redLC), assume the following:

* For i € [I], the epigraph E; admits a PSD matrix function g§(x,¢;) (or g (x,t;1,. .. ,t;q)) that is
a (v, ;)-SC barrier, SSC along some subspace, SLTSC, and SASC.

* For j € [J], the constraint K admits a PSD matrix function g§(z) that is a (7;, 7;)-SC barrier,
SSC along some subspace, SLTSC, and SASC.

For appropriate projections 7§ and 7€, a matrix function g on y € int(K"’) defined by

I J
(U, V) gy = (I +J) (Z<7T U, V) Z (mu, ™) (y))> for u,v € R

=1

((I—&—J)(Zl 1I/Z—|-Z] L), (T+ ) (L 1VZ+ZJ , 77;))-Dikin-amenable on K'.

Proof First of all, gf is (v;, 7;)-self-concordant (Corollary D.20), and SLTSC and SASC on K’
(Lemma D.22). For fixed € > 0, g7 + €I is SSC by Lemma D.21. We can make similar arguments
for g§ regarding self-concordance, symmetry, SLTSC, SASC, and SSC. Hence, g + (I + J)el is
SSC by Lemma D.5. Since g is self-concordant on K’ by Lemma D.2 and K’ contains no straight
line, g is PD by Lemma D.24. Sending ¢ to 0, we can obtain SSC of g. LTSC and ASC of g follows
from Lemma D.12 and D.14. The symmetry parameter of g follows from Lemma D.11. |
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D.4. Direct product

For i € [m] and domain E; C R%, let g;(z;) : int(E;) — Sﬁlj . be a self-concordant matrix. For
l:=73",diand E := [, E;, we define a self-concordant matrix g on E C R! with block diagonals
being g;. To be precise, we can write

g(z) =g(x1,...,2p) = Zgi(x),

where g; : Rl — S{F is a matrix function whose entry is all zero but the ¢-th block diagonal being g;.

When handling the direct product of domains, it is common for each domain to have an O(1)-
dimension. In such cases, scaling the barriers by dimension worsens mixing time at most constant
factors while making the barriers SSC and SLTSC. We defer the proofs to §G.3.7.

Lemma D.25 (SSC under direct product) For open E; C R%, let g; : E; — S%, be SC. Then
g :=Y_.d;g; defined on || E; is SSC.

Lemma D.26 (SLTSC under direct product) For open E; C R%, ler gi - E; — S‘ii 1 be HSC.
Then g :=>_ d;g; defined on || E; is SLTSC.

D.5. Inverse images under non-linear mappings

Nesterov and Nemirovskii (1994) introduced the notion of compatibility with a convex domain while
constructing a self-concordant barrier for a wider class of structured constraints. We generalize this
notion to the fourth order, by which we can easily construct a SSC, SLTSC, and SASC barrier. For a
convex cone K, weuse a <g btodenote b — a € K.

Definition D.27 (Compatibility) Letr 5,y > 0. Let K be a convex cone in R™ and T be a closed

convex domain in R A mapping A : int(I') — R™ of class C* is called (K, 3, y)-compatible with

the domain T if

» A is concave with respect to K. That is, tA(z) + (1 — t) A(y) <x A(tz + (1 —t)y) for all
t € [0,1] and z,y € int(T'). Equivalently, —D?A(x)[h,h] € K for any z € int(T') and h € R™.

e Foranyz € int(I'), y e ' N (22 — ), and h = y — x, it holds that

BD2A(z)[h, h] <x D3A(z)[h, h,h] <x —BD>*A(z)[h,h],
yD?A(x)[h, h] <x D*A(z)[h, b, b, h] <x —yD>A(z)[h, h].

Example 1 An affine mapping is ({0}, 0, 0)-compatible with any closed convex domain. We note
that a function that is (R, B, ~y)-compatible with R, is a C*-smooth concave real-valued function
f:(0,00) — R such that for any t > 0,

B

SO =200 and |FO0] <~ 10,

* Let 0 < p < 1. Then the function of f(t) = t? is (R4+,2 —p, (2 —p) (3 — p))-compatible with R ;.
o f(t) =logtis (Ry,2,6)-compatible with R ..

The following lemma is an extension of Nesterov and Nemirovskii (1994, Lemma 5.1.3) to our
fourth-order compatibility.
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Lemma D.28 Ler K, K1, K3 be convex cones in R™ R R™2 respectively.

o If A:int(T") — R™ is (K, 8, )-compatible withT and K C K is a closed convex cone in R™,
then Ais (K', 8,~)-compatible with T

o If A; » int(T;) — R™ is (K, Bi,~vi)-compatible with T'; for i = 1,2, then A : int(I'; X
Iy) — R™ x R™2 mapping (z,y) — (A1(x), A2(y)) is (K1 X K2, max(51, f2), max(vy1,72))-
compatible with 'y x T's.

We now introduce a main result in this section (see §G.3.8). To begin with, we recall that for a
closed convex domain G' C R? the recessive cone R(G) of G'is {h € R? : 2 4 th € G forall x €
G andt > 0}.

Lemma D.29 Let G be a closed convex domain in R™, F' be a highly 6-self-concordant barrier for

G, T be a closed convex domain in R?, and 11 be a highly v-self-concordant barrier for T'. Let A be

a (K, 8,v)-compatible with T, where K is a ray contained in the recessive cone R(G). Assume that

A(int(T)) NG # 0.

* The set G™ = int(I') N A~ (int(G)) is a closed convex domain in R°.

e For § = max (3,7, 2), the function ¥(z) = F(A(z)) + 62 1(x) is a (6 + 62v)-self-concordant
barrier for GT.

* W is highly self-concordant.

Using this result, we can obtain a useful tool in establishing lower trace self-concordance of a
barrier for the direct product of structured sets.

Lemma D.30 Let f be a C* concave function on {t > 0} such that |f"(t)| < % |f"(t)| and
If® ()] < & |f"(t)| for t > 0. Then the function

F(t,z) = — log(f(t) — x) — max(4, 52, 72) logt
is a highly (1 + max(4, 8%, +?))-self-concordant barrier for the two dimensional convex domain
Gr={(t,2) eR2:t>0,z< f(t)}.

Proof From the discussion in Example 1, the map f(¢) : (0,00) — R is (R4, 3, ~y)-compatible
with R;. Clearly, the identity map from R to R is ({0}, 0, 0)-compatible with R. Hence by
Lemma D.28-(2) implies that the map A : Ry x R — R? defined by A(t,z) = (f(t),z) is
({0} x R4, B,7)-compatible with R} x R.

Now observe that G can be written as A~! ({(¢,z) : < t}) and that K = {0} x Ry is aray
contained in the recessive cone R(G) for G := {(¢t,z) : « < t}. By applying Lemma D.29 to the
highly 1-self-concordant barriers F'(t,z) = —log(t — z) for G and ®(¢,z) = —logt for Ry x R,
it follows that F is is a highly (1 + max(4, 32, 7?))-self-concordant barrier for G . |

We can prove a similar result for a convex f as follows:

Lemma D.31 Let f be a C* convex function on {x > 0} such that |f"(z)| < gf”(:v) and
If® ()| < 5 f"(x) for x > 0. Then the function

F(t,x) = —log(t — f(z)) — max(4, 8%,+*) logz
is a highly (1 + max(4, 32, 7?))-self-concordant barrier for the two dimensional convex domain
Gr={(t,z) eR2:2>0,t> f(x)}.
Its proof follows from applying Lemma D.30 to the image of G under the map (¢, z) — (—=x,1).
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Appendix E. Structured densities and constraint families

In order to obtain a mixing-time bound of the Dikin walk for the reduced problem, a concrete
understanding of properties and parameters of barriers for K; and K is essential. To this end,
we revisit self-concordant barriers for structured convex constraints and level sets, examining the
required scaling factors which ensure those properties.

E.1. Linear constraints

Consider a set of linear constraints: K = {x € R?: Ax > b} for A € R™*% and b € R™, where A
has no all-zero rows. We use s, := Az — b to denote the slack at x, and A, := S L A to denote the
constraints normalized by the slack, where S, := Diag(s,) is the diagonalization of the slack.

We now introduce three barriers (and metrics) for handling the linear constraints.

Logarithmic barrier. The logarithmic barrier ¢joq(z) := — > i, log(a] z — b;) is the simplest
self-concordant barrier for linear constraints. We refer readers to §1.1 for gentle introduction to the
log-barriers. As seen below, we demonstrate that the metric induced by the logarithmic barrier has
v, v = m and requires no scaling to achieve SSC, SLTSC, and SASC.

Lemma E.1 (Logarithmic barrier) For a closed convex K = {x € R? : Az > b} with A €
R™ 4 and b € R™, let drog(z) = — > 1", log(a] z — b;) and define g(x) :== V2piog(z) = Al A,.
e v = m (Nesterov and Nemirovskii, 1994).

* SSC along row(A) and v = m (Lemma E.5).

D2g(x)[h, h] = 0 for any h € R (so SLTSC) (Claim L.1).

SASC (Lemma E.10).

Vaidya metric. In sampling over a polytope K, the number m of constraints is assumed to be
greater than the ambient dimension d. Given that the mixing time of the Dikin walk for uniform
sampling is O(d) = O(dm), a larger m leads to a worse mixing time. Is there a self-concordant
barrier that has a better dependence on m for its self-concordance and symmetry parameters, without
compromising SSC, SLTSC, and SASC?

Let us recall the leverage score first and move onto such improved self-concordant barriers.
For a full-rank matrix A € R™*? with m > d, we recall that P(A) = A(ATA)"'AT is the
orthogonal projection matrix onto the column space of A, and the leverage scores of A is o(A) =
diag(P(A)) € R™. We let X(A) := Diag(c(A)) = Diag(P(A)) and P?)(A) = P(A) o P(A),
where P(A) o P(A) is the Hadamard product of size d x d defined by (P(A) o P(A));; = [P(A)]?j.

Vaidya (1996) introduced the volumetric barrier for K defined by

1 1
PDyol = 3 log det(V2¢1oq) = 5 logdet(ATA,).
Then the Hessian of ¢y, can be written as

V2o = A} (38, — 2P) A, ,

T

where ¥, = Diag(c(A;)) is the diagonalized leverage scores, and this Hessian satisfies

ATS, A, = Viyo(z) < 3AT S, A, .
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We refer readers to §1.2 for details. In other words, the approximate volumetric metric ATY, A,
serves as an O(1)-approximation of the local metric V2 (i.e., ATS, A, < V2hyoi(2)). We find
in Lemma E.5 that the local metric 40/mAIY, A, is SSC with v, 7 = O(y/md), but in some
regime of d this parameter leads to worse mixing of the Dikin walk. In the same paper, Vaidya (1996)
introduced a regularized volumetric metric by adding O (V?¢1,g ), which we call the Vaidya metric:

d
g(x) = \/TA;S(E;E + EIm)Am .

Note that g(z) < V2 (/2 (¢vol + L 1) ). We show that the Vaidya metric is also SSC, SLTSC,
and SASC without additional scaling, while it has a better v and ¥ than the logarithmic barrier.

Lemma E.2 (Vaidya metric) For a closed convex K = {x € R%: Ax > b} with A € R™*? and
beR™, let g(x) = \/?A:Er (T + %Im)Ax.

v = O(v/md) (Anstreicher, 1997, Theorem 5.2).

* 8SC and v = O(v/md) (Lemma E.5).

e SLTSC (Lemma E.6) and SASC (Lemma E.11).

Lewis weights metric. Self-concordance and symmetry parameters of O(m) is certainly better
than O(m), but can we even achieve an O(dlog®") m) bound on those parameters?

Let us recall the £,,-Lewis weights. The ¢,-Lewis weight of A is denoted by w(A), the solution w
to the equation w(A) = diag (W2~ /? A(ATWI=%» A)"LATW/2="/%) € R™ for W := Diag(w).
For W, = Diag(w(A;)) and p > 2, the Lewis weight barrier function is defined by

dLw(z) = log det(AIle_%Ax) .

Note that the leverage score and volumetric barrier can be recovered as a special case of the Lewis
weight and barrier by setting p = 2. As done for the Vaidya metric, it is natural to consider the Lewis
weight metric with p = ©(log®V) m), defined as

g(z) := O(log® Y m) ATW, A, .

In fact, this metric serves as an O(logo(l) m)-approximation of V2¢y,, as demonstrated in the
following relation proven in Lee and Sidford (2019, Lemma 31):

AT, A, = V20w < (1+p) ATS, A, .

Ignoring the logarithmic factors we have V2¢,, =< g. Notably, the Lewis-weight metric needs
an additional v/d-scaling for SLTSC and SASC, unlike the logarithmic barrier and Vaidya metric.
Hence, when combining this with other metrics, one should use v/dg, which leads to v, 7 =
O(d3/? 10g°M) m).

Lemma E.3 (Lewis weight metric) For a closed convex K = {x € R?: Az > b} with A € R™*4
and b € R™, let g(z) = O(log® V) m) ATW, A,.

v = O(dlog® m) (Lee and Sidford, 2019, Theorem 30).

e SSCand v = O(d1og®™) m) (Lemma E.5).

J \/gg is SLTSC (Lemma E.7) and SASC (Lemma E.12).
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E.1.1. ANALYSIS OF SELF-CONCORDANT METRICS FOR LINEAR CONSTRAINTS

Strong self-concordance and symmetry. We defer the proofs of two lemmas below to §G.4.1. We
study SSC and symmetry of the metrics of the form A} D, A, in Lemma E.4, where D, € R™*™
is a diagonal matrix used to address the constraints of the form Az > b for A € R™*? and
b € R™. Specifically, we relate the notions of SSC and symmetry to well-studied terms in the field

of optimization, namely max; [0(v/D;A,)]i/[Ds)i and | DD, [h ]HD_1
Lemma E4 For a diagonal D,, € ST, let g(z) = Al D, A, € R™4 on int(K).

e For any PSD matrix function g’ such that g’ + g is invertible on the domain,

I(g'(x) + g(x))~"/*Dyg()[] (¢'(x) + g(x ))’WH%

g mAx DD
< 4max T/ De Aol <[D . b imge, +Z
2 A)]iN1/2
* maxyp) <1 Aol = (Maxiepy e WU:L)TJ” )2,
e KN (22— K) c DY ")),

Then for each metric we refer to existing bounds on these terms, estimating the smallest possible
scaling required for SSC and symmetry.

Lemma E.5 (Strong self-concordance and symmetry) Let A € R™*% ¥, = Diag(c(4,)) €

R™ ™ and W, = Diag(w;) € R™*™ for the {,-Lewis weight w, with p = O(log m).

s Logarithmic metric: g(x) = Al A, with D, = I, is SSC along row(A) with v = m.

* Approximate volumetric metric: g(x) = 40/mAlY, A, with D, = 40/m¥, is SSC with
v = O(y/mad).

* Vaidya metric: g(x) = 22@141 (Egc + %Im)AgU with D, = 22\/%(233 + %Im) is SSC with
7 = O(v'md).

o Lewis-weight metric: 3 positive constants ¢, and c3 such that g(x) = c1(logm)2 AT W, A, is
SSC and v-symmetric with v = O*(d).

Strongly lower trace self-concordance We show SLTSC of the Vaidya and Lewis-weight metric.
Let go be either Vaidya or Lewis-weight metric, and g; be an arbitrary PSD matrix function on K
such that g = g1 + go is PD on int(K). Ensuring (S)LTSC of the Vaidya or Lewis-weight metrics is
challenging, as D?gs[h, h] = 0 is difficult to verify due to complicated expressions for DY, [h, h]
and D2W,[h, h]. As for the Vaidya metric, we compute higher-order derivatives of leverage scores
and other pertinent matrices in Lemma [.4, finding succinct formulas by using algebraic properties of
the Hadamard product. We then show SLTSC of g5 using these results (see §G.4.2 for the proof):

Lemma E.6 (SLTSC of Vaidya) Tr(g 'D?gy(z)[h, h]) > —Hh||§2 (I)/Qfor the Vaidya metric go.

For the Lewis-weights metric, analysis is more involved due to numerous terms appearing
in D2W,[h, h]. In order to avoid dealing with each of the terms, we employ existing bounds on
derivatives of W, and other relevant matrices in §1.3. This approach significantly simplifies the
computation but comes at the cost of an additional scaling of v/d, which as far as we can tell might
be unavoidable. We refer readers to §G.4.3 for the proof.

Lemma E.7 (SLTSC of Lewis-weight) Tr(g(z) 'D?ga(z)[h, h]) > —HhH2 » where ga(z) =
cAIWxAx with ¢ = c1(log m) Vd for some constants ¢y, ca > 0.
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Strongly average self-concordance. Typically, (S)ASC is the most challenging property to verify,
often requiring involved analysis in order to establish it without additional scalings. Since the three
metrics are HSC (e.g., see Lemma [.10 for Lewis-weight metrics), scaling by d leads to SASC by
Lemma D.15. However, for linear constraints one can still achieve SASC without scaling (or with a
smaller scaling) through more sophisticated concentration techniques.

To sketch this idea, we recall that SASC requires showing that for small enough r

2 2 r
Taylor’s expansion of ||z — xH;(Z) at z = x up to second-order necessitates bounds on

rd

7,.3
Dg(@)[(z — 2)*°] = —Dg(@)[h?]  and  Dg(a")[(z - 2)*"] = 5

= ﬁ D29(93,)[h®4] )

for some 2" € [z, z] and h ~ N(0, I;). Observe that the first-order term P(h) := dg; Dg(z)[h®3] is
a Gaussian polynomial in /, and this is where we can invoke the following concentration phenomenon:

Lemma E.8 (Concentration of Gaussian polynomials) Ford > 1, let P : R — R be a polynomial
of degree n. For any t > (26)"/2,

B0 [|PO0] > VEIPR]] < exp(—- /7).

This concentration inequality necessitates bounding E[P(h)?], and this is where Stein’s lemma
comes into play:

LemmaE.9 Forh = (h,..., hq) ~ N(0,1), it holds that E[h; f (h)] = E[0; f(h)].

Unlike the first-order term, the second-order term is not a Gaussian polynomial due to z’
depending on z. To address this issue, we derive an upper bound (in absolute value) of the quadratic
form. Using coordinate-wise closeness of slacks, leverage scores, and Lewis weights at two nearby
points, we replace every value estimated at z by those at x, removing dependence on z in the quadratic
bound. The resulting quadratic bound is now a Gaussian polynomial, so we follow the same proof
approach as with the first-order term.

This approach was used by Sachdeva and Vishnoi (2016) for ASC of log-barriers and by Chen
et al. (2018) for that of Vaidya and Lewis-weight metrics. We further extend this approach to achieve
SASC of those metrics, going beyond ASC.

Lemma E.10 (SASC of logarithmic barrier) g(z) = V2¢oq(z) = Al A, is SASC.
See §G.4.4 for the proof.

Lemma E.11 (SASC of Vaidya metric) g(z) = O(/%) Al(S, + £1,,,) A, is SASC.
See §G.4.4 for the proof.

Lemma E.12 (SASC of Lewis-weight metric) There exists constants c1 and co such that g(x) =
c1Vdlog®? m ATW, A, = O*(V/d) ATW, A, is SASC.

See §G.4.4 for the proof.
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E.2. Quadratic potentials and constraints

Suppose that in (redLC) we have either f;(z), h;(z) = ||z —p|/} or 22T Qz+p Tz +1 for u,p € RY,
Yest,, and0#Q €S

Quadratic constraint. Consider a second-order region given by K = {x € R% : %xTQaz +plz+
[ < 0}. Nesterov and Nemirovskii (1994) shows that ¢ := — log f is an 1-self-concordant barrier for
K, when f(z) = —3|lz — p||% or —(327Qx + pTa + 1). Since ¥ = O(v?) for a self-concordant
barrier due to Lemma D.8, ¢ is O(1)-symmetric. In case we consider ||z — |3, the trivial scaling
by dimension d implies that d¢ is SSC and O(d)-symmetric.

Moreover, d¢ is SASC by Lemma D.15 by HSC of ¢. For HSC of ¢, we develop a handy tool
for checking HSC. See §G.4.5 for the proof.

Lemma E.13 For a real-valued function f on K C R%, let ) = —log f be a v-self-concordant
barrier for K. Then,

DS () [h*1]

D (@) S v IRy + |y

Using this tool, we can study properties of the barrier for the quadratic constraints. We provide
the proof in §G.4.5.

Lemma E.14 (Quadratic constraint) For a closed convex K = {x € R% : %xTQaH-pTJH—l <0}
withp € R and 0 # Q € Si, let p(x) = —log(—1 — p'a — %xTQ:U) and g = dV?¢.

e v, v =0(d).

e SSC when Q = 0, and SASC.

» D2g(x)[h, h] = 0 for any x € int(K) and h € R? (so SLTSC).

Gaussian distribution (f(z) = %||z — p//%). Suppose the quadratic term f(z) = 3|z — pl/}

appears in a potential of a target distribution. Then its epigraph is
1
{(o,t) €RHL: Sjla— s —t < 0},

and clearly g(z,t) = ||z — p||% — t is a quadratic function in (x, t). Hence, this level set admits an
1-self-concordant barrier

b, 1) = —log(t — 3o — ul}3).

Our earlier discussion immediately leads to the following result:

Lemma E.15 (Quadratic potential) Consider a closed convex K = {(z,t) : ||z — pl|% < t}
with 1 € R and ¥ € S4 ., and let ¢(z) = —log(t — ||z — p[|}) and g = d V3.

> vy, Vg = O(d).

* SSC and SASC.

» D2g(z,t)[h, h] = 0 for any (z,t) € int(K) and h € RITL,
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Second-order cone (f(z) = ||z — pl|s). Itis common that a potential includes a non-smooth
term like || Az — bl|, in many applications, and we can handle such potentials via our framework.

Nesterov and Nemirovskii (1994, Lemma 4.3.3) shows that

$(x,t) = —log(t* — [|z[|*)

is a 2-self-concordant for a level set K = {(z,t) € RY x R : ||z||2 < t} (here we may assume that
p=0and X = I due to Lemma D.18). This level set is called a second-order cone or Lorentz cone.

Applying Lemma E.13 to f(x,¢) = t2 — ||z||* with v = 2, we immediately show HSC of ¢.
Thus, d¢ satisfies SLTSC and SASC by Lemma D.13 and Lemma D. 15, respectively.

Lemma E.16 (Second-order cone) Consider a closed convex K = {(x,t) : ||x — pl|s < t} with
peERYand ¥ € S, and let ¢p(x,t) = —log(t* — ||z — pl|}) and g = d V?¢.

> vy, Ug = O(d).

* SSC, SASC, and SLTSC.

E.3. PSD cone

The function ¢(X) = — log det X serves as an d-self-concordant barrier for the PSD cone Sjl_. While
achieving self-concordance does not require additional scaling, it turns out that SSC requires a scaling
of ©(d). Notably, this scaling is less than the trivial dimension-based scaling of ds := d(d + 1) /2.
Also, direct computation leads to D*¢(X)[H, H] = 0 (so SLTSC).

As ¢ is HSC, scaling by d ensures SASC. However, we can achieve ASC with a smaller scaling
by O(d) via the random matrix theory.

Lemma E.17 (PSD cone) On a closed convex K = Si, let p(X) = —logdet X and define
g=dV?3¢.

» v = d? (Nesterov and Nemirovskii, 1994) and v = d? (Lemma E.21).

* SSC (Corollary E.24).

« D2g(X)[H, H] = 0 for any X € int(K) and H € S* (Lemma E.25).

» ASC (Lemma E.27), and d, V?¢ is SASC.

E.3.1. FORMALISM VIA MATRIX-VECTOR TRANSFORMATIONS

In analyzing ¢, we work in R% = R4@+1)/2 and S¢ simultaneously in the sequel, moving back and
forth between them implicitly. We justify this identification as follows.

Measure on S?. We can define and work with the Lebesgue measure on S by identifying it with
the Lebesgue measure on R%, where each component in the Lebesgue measure on S? corresponds
to each entry in the upper triangular part. Hence, with the Lebesgue measure dX on S? it is
straightforward to define a probability distribution on S whose probability density function with
respect to dX is proportional to exp(—f) for a function f : S* — R. For instance, the uniform
distribution over a region corresponds to f being constant in the region and infinity outside of the
region, and an exponential distribution to f(X) = (C, X) = Tr(CTX) for C € S°.
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Directional derivatives. A function ¢ : S — R induces its counterpart 1) : R% — R defined by
Y(z) = ¢(X) for x := svec(X). For symmetric matrices { H; } ;<. the k-th directional derivative of
¢ in directions Hy, ..., H is

k

k
d
DFO(X)[Hy, - Hy & ———— (X t;H;
¢(X)[Hy,- -, Hy] dtk.--dtlgb( +; )

t1,...,tx=0

For h; := svec(H;), it follows that ¢(X + 2% t;H;) = ¢(x + Y., t;h;) and thus
Dkd)(X)[Hl’ T ka] = Dk¢($)[h1’ T 7hl€] :

With this identification in hand, since the notion of (symmetric or strong) self-concordance is

formulated in terms of directional derivatives, we can deal with both representations without having
to specify one of them.

Important operators. We introduce three linear operators that enable us to make smooth transitions
between S and R%

Definition E.18 (Magnus and Neudecker (1980)) Let Eij = ee] € R be the matrix with a

single 1 in the (i, j) position and zeros elsewhere.

e M : R% — R® is the linear operator that maps svec(-) to vec(-) (i.e., M o svec = vec). It can
be written as M =, ; vec(T; )ug where T;; € R¥? has all zero entries except for 1 at (i, j)
and (j,1) positions (i.e., T;j = E;j + Ej; if t # j and E;j if i = j), and u;; = svec(Ej).

« N : R®” — R? is the linear operator that maps vec(A) to vec(3(A + AV)) for a matrix
A e RIx4,

o L:R% — R® s the linear operator that maps vec(A) to svec(A) for a matrix A € R¥9 It can
be written as L = 3, ; uij vec(E;i)T.

Lemma E.19 (Magnus and Neudecker (1980)) Let M, N, L be matrices in Definition E. 8.
» (Lemma2.1) N = NT = N?and N(A® A) = (A® A)N for any d x d matrix A.
e (Lemma 3.5) MLN = N.

E.3.2. ANALYSIS OF A SELF-CONCORDANT METRIC FOR THE PSD CONE

We first examine properties of the metric defined by the Hessian of self-concordant barrier ¢(X) =
—log det X (see Nesterov (2003, Theorem 4.3.3) for self-concordance). In this case, its Hessian and
inverse have clean formulas.

Proposition E20 Let V% ¢(X) = —V2logdet(svec ! (z)) € R%*% for X € S1. Then,
V(X)) =M"(X'oX YM=M"(X®X) M,
(V2o(X)) ' = Mi(X o x)(MN" = IN(X ® X)NLT,
where MT = (MTM)™'MT ¢ R%%4* i the Moore-Penrose inverse of M € R%%ds,

We defer the proof to Appendix H.2. We remark that as an immediate corollary to this, the local
norm of h € R% with metric V2¢(X) is

A3 =svec(H)TMT(X '@ X N Msvec(H) = Tr(HX *HX ') = ||H|%,

®

where (i) follows from vec = M o svec (Definition E.18) and Tr(DBTATC) = vec(A)T(B ®
C) vec(D) (Lemma H.1).
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Symmetry.
Lemma E.21 (7-symmetry) For X ¢ K = S%, the barrier ¢(X) = —log det X is d-symmetric.

Proof For X € K, pickany Y € K N (2X — K), and define a symmetric matrix H := Y — X.
SinceY € Kand2X —Y € K,wehave X + H € K and X — H € K. Thus,

=X YVHx Y2 <,
and the magnitude of each eigenvalue {/\i}le of X~ Y2H X~1/2 is bounded by 1. Hence,

d
IH|% = Te(X ' HX'H) = [ X PHEX V23 <Y a2 <d.
=1

Convexity of log-determinant of Hessian and SSC. Next, the convexity of the log-determinant of
V2 ¢ can be checked via properties of Kronecker products. See §G.4.6 for the proof.

Proposition E.22 (Convexity of log-determinant of Hessian) log det(V2¢(-)) is convex.
We move onto SSC of do(X).

LemmaE23 For ¥x = supgega [(V26(X))/?D*(X)[H] (V26(X)) "2 p /|| H] x., we

have
V2(d+1) <y <2Vd.

We present the proof in §G.4.6. This result informs us of the best possible scaling of ¢ that
ensures SSC. Recall that if g satisfies ||g~'/2Dg[h]g~/2||r < 2a|h], for a > 0, then a?g is SSC.
We remark that the scaling of d is obviously better than the trivial scaling of ds = ©(d?).

Corollary E.24 (Strong self-concordance) A function d¢ is a strongly self-concordant barrier for
Si. Moreover, the scaling factor of d cannot be further improved.

Strongly lower trace self-concordance. SLTSC of ¢ can be easily checked by noting g(X)[H, H] =
Tr(X'HX ' H) and using the chain rule. See the details in §G.4.7.

Lemma E.25 (SLTSC) D2g(X)[H, H] = 0 for any X € int(K) and H € S

Average self-concordance. In establishing ASC, we find an interesting connection to a Gaussian
orthogonal ensemble (GOE), one of the main objects studied in the random matrix theory. We prove
the following lemmas and explain challenges when extending our arguments to SASC in §G.4.8.
Lemma E.26 Fords = @ and svec(H) ~ N (0, %g(X)_l), —Vist_l/zHX_l/z is a GOE.
Lemma E.27 (ASC) —d logdet X is ASC.
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E.4. Logarithm, exponential, entropy, and /,-norm (power function)

Logarithm in potentials. Consider Q1 = {(z,t) € R? : —logz < t,z > 0}. As f(-) = —log(")
is convex on R and satisfies the condition in Lemma D.31 with 8 = 2 and 7 = 6,

F(x,t) = —log(t + log x) — 36 log x
is a highly 37-self concordant barrier for ()1. Therefore, 2F is SSC and SLTSC with 7 = O(1).

Lemma E.28 (Logarithm) Consider the direct product of level sets

d
K = H{(:C“tz) S RZ : —logazi <t x; > 0},
i=1

and let p(x,t) = — Zgzl (log(t; + log x;) + 36log z;) and g = 2V*¢.
e v, v=0(d).

* SSC and SLTSC.

» dV?%¢is SASC.

Proof For ¢ € [d], let Q; = {(xi,ti) € R? : —logz; < t;,y; > 0} and Fi(l‘i,ti) be the
self-concordant barrier above. Note that 2F; is SSC and SLTSC. By Lemma D.25 and D.26, the
Hessian of F'(z,t) := 2 Zle F;(z;,t;) is SSC and SLTSC. The last item on SASC follows from
Lemma D.15. |

Exponent in potentials. Consider Q2 = {(7,t) € R? : ¢* <t} = {(2,t) € R?: t > 0, x <
logt}. As f(t) = logt is concave and satisfies the condition in Lemma D.30 with 8 = 2 and v = 6,
F(z,t) = —log(logt — x) — 36logt

is a highly 37-self concordant barrier for (). Therefore, 2/ is SSC and SLTSC with 7 = O(1).

Lemma E.29 (Exponential) Consider the direct product of level sets
d
K =][{#it:) € R? : exp(z;) < i},
i=1

and let ¢p(x,t) = — Zfil(log(log t; — ;) + 36logt;) and g = 2V>¢.
e v, v=0(d).

e SSC and SLTSC.

s dV2¢ is SASC.

Proof For i € [d], let Q; = {(x;,t;) € R? : e% < t;} and F;(x;,t;) be the self-concordant
barrier above. Note that 2F; is SSC and SLTSC. By Lemma D.25 and D.26, the Hessian of
F(z,t) :=23% | Fy(x;,t;) is SSC and SLTSC. The last item on SASC follows from Lemma D.15.
|
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Entropy in potentials. Consider Q3 = {(z,t) € R? : 2 > 0, ¢t > zlogz}. Note that f(z) =
xlog x is convex on {x > 0} and satisfies the condition in Lemma D.31 with § = 1 and v = 2.
Hence,

F(x,t) = —log(t — xlogx) — 36 log =

is a highly 5-self concordant barrier for Q3. Therefore, 2F is SSC and SLTSC with 7 = O(1).

Lemma E.30 (Entropy) Consider the direct product of level sets

d
K = H{(fﬂz;tz) (S Rz x> O, t; > x; 1ogwi},
=1

and let ¢(x,t) = — S0 (log(t; — x;log ;) + 36log x;) and g = 2V?¢.
e v, v=0(d).

* SSC and SLTSC.

e dV?%¢is SASC.

Proof For i € [d], let Q; = {(x;,t;) € R?> : 2; > 0,t; > x;logx;} and Fj(x;,t;) be the
self-concordant barrier above. Note that 2F; is SSC and SLTSC. By Lemma D.25 and D.26, the
Hessian of F'(x,t) := 2 25:1 Fi(z;,t;) is SSC and SLTSC. The last item on SASC follows from
Lemma D.15. |

¢,-norm (power function). We start with the power functions. For p > 1, consider Q4 = {(z,t) €
R? : ¢t > max(0,z)P} = {(z,t) € R? : t > 0, = < t'/P}. Note that f(t) = t/? is concave on
t > 0 and satisfies the condition in Lemma D.30 with 5 = 2 and v = 6. Hence,

Fy(z,t) = —log(t'/? — ) — 36logt

is a highly 37-self-concordant barrier for Q4. Similarly, F5(t,z) = —log(t'/? 4+ z) — 36logtis a
highly 37-self concordant barrier for the convex set Q5 = {(z,t) € R? : ¢t > max(0, —z)P}. Since
the convex set Qg = {(x,t) € R% : ¢ > |2|P} is equal to Q4 N Qs5, the sum of Fy + F, which is

Fg(x,t) = —log(t¥? — 22) — 721ogt
is a highly 72-self-concordant barrier for Q. Hence, 2F is SSC and SLTSC with 7 = O(1).

Lemma E.31 (¢,-norm) Consider the direct product of level sets K = Hle{(ac,-,ti) € R? :
2P < t;}, and let ¢(x,t) = — S0 (log(tf/p —z?) + 72logt;) and g = 2V*¢.

e v, v =0(d).

* SSC and SLTSC.

» dV?%¢is SASC.

Proof Consider a highly 72-self-concordant barrier F; above for {(x;,t;) : |z;|P < t;} fori €
[d]. Note that 2F; is SSC and SLTSC. By Lemma D.25 and D.26, the Hessian of F'(z,t) :=
2 Z?zl F;(z;,t;) is SSC and SLTSC. The last item on SASC follows from Lemma D.15. |
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Appendix F. Examples

For given constraints and epigraphs, combining metrics for them (according to the self-concordance
theory for sampling developed in §D) and employing GCDW with the combined metric lead to a
poly-time mixing sampling algorithm. Compared to the state-of-the-art poly-time mixing algorithm,
the Ball walk, GCDW offers several advantages. First, it does not require any preprocessing (e.g.,
rounding) due to affine invariance. Also, it achieves faster mixing by leveraging inherent geometric
information in sampling problems.

The per-step complexity of Dikin walks, however, is in general higher than that of the Ball walk.
The primary computational bottleneck lies in computing the inverse of a local metric. Nevertheless,
efficient implementation of inverse maintenance can significantly reduce the per-step complexity,
improving the total complexity (# iterations needed for mixing times the per-step complexity).

In this section, we illustrate how our framework recovers theoretical guarantees of previous work
on Dikin walks for uniform sampling and extends beyond uniform sampling. In particular, we show
that GCDW is a poly-time mixing algorithm capable of sampling uniform, exponential, or Gaussian
distributions on second-order cones or truncated PSD cones. Additionally, we illustrate an efficient
per-step implementation that yields a faster total complexity when compared to general-purpose
samplers such as the Ball walk.

F.1. Polytope sampling

Consider a set of linear constraints given by K = {z € R% : Az > b} with A € R™*% and b € R™.

Uniform sampling. Kannan and Narayanan (2012) first studied the Dikin walk for uniformly
sampling a polytope, where a local metric is set to be the Hessian of the logarithmic barrier, g =
V2prog = AI) ()- They showed that the Dikin walk with the log-barrier mixes in O (mdlog 1)
iterations with a warmness parameter /. An immediate consequence of our work is that GCDW
achieves the mixing time of (5(md) without a warmness assumption, as U, = m and g is SSC,
LTSC, and ASC by Lemma E.1.

Chen et al. (2018) introduced the Vaidya walk and the Approximate John walk, which are
essentially Dikin walks with the Vaidya metric VQ(;SVaidya and a version of the Lewis-weight metric
VdV?¢Ly. Their work showed that both walks achieves mixing times of O (y/md®/?log &) and
@) (d5/ 210g°M m log %), respectively. Building upon our analysis of the Vaidya metric and Lewis-
weight metric in Lemma E.2 and E.3, we find that GCDW with these metrics achieves the same
mixing but without any warmness assumption.

We note that for the same task the Ball walk without a warm start requires O(d*) membership
queries due to Kannan et al. (1997); Jia et al. (2021). Given that a membership query involves O(md)
arithmetic operations, the total complexity of the Ball walk is (5(md4). In contrast, the per-step
of the Dikin walk with the log-barrier can be run in O(md*~!) operations through the fast matrix
multiplication, so the total number of arithmetic operations is @} (m2d¥). Thus, for m close to d
GCDW is provably faster than the Ball walk. When an efficient inverse maintenance proposed in
Laddha et al. (2020) is employed, the per-step complexity can be improved to O(d? + nnz(A)) =
O(md). In such cases GCDW is faster in a broader range of m. In particular, if A is as sparse
as Nnz(A) = O(d?), then GCDW is always faster than the Ball walk. Moreover, GCDW with the
Lewis-weight metric mixes in O(d5) steps with the per-step complexity of O(md“~1), so it is
always faster than the Ball walk for any m.
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Exponential and Gaussian sampling. The current mixing bound of the Ball walk for general
log-concave sampling is (5(d4) due to Lovdsz and Vempala (2007). On the other hand, the Dikin walk
employed with any metric above for exponential sampling converges in the same iterations as the
Dikin walk for uniform sampling. Since only difference between two sapling is the additional term of
exp(—(f(z) — f(z))) in the Metropolis filter, the fast implementation techniques mentioned earlier
can be applied to the context of exponential sampling. As a result, for the exponential sampling each
of the Dikin walks described above surpasses the Ball walk by a larger margin.

For Gaussian sampling over a polytope, we first reduce it to the exponential sampling as in
(redLC): fory = (x,t) € RI*!

sample y ~ 7 o< exp(—t)
1
s.t. Az > b, in —pul% <t.

According to our theory, it is natural to use the metric given by

2
g($, t) =2 |: vx¢log(x) 0 :| + 2(d + 1) V%x7t)¢Gauss(xa t) )

which is (O(m+d), O(m -+ d))-Dikin-amenable due to Lemma E.15. Thus, GCDW needs O(d(m +
d)) iterations of the Dikin walk. We note that the log-barrier can be replaced by the Vaidya or Lewis-
weight metrics, and in such cases one can obtain provable guarantees on the mixing time by computing
v and v, referring to §E or Table 2.

F.2. Second-order cone sampling

We consider a region given by ||z — pl|y, < tand A[ z ¢ ]T < bfor A e R™*(d+1) j ¢ R™,
peERY and Y € 54,

Uniform and exponential sampling. In this case, our self-concordance theory suggests using
V2(2Vd+ 1ory + 2(d+ 1) gsoc) or  VZ(2¢, + 2(d + 1) psoc) for x = log, Vaidya ,

to deal with the truncated SOC constraint. For the log-barrier case, this yields an (O(m + d), O(m +

d))-Dikin-amenable metric due to Lemma E. 16, with which GCDW requires O(d(m + d)) iterations
of the Dikin walk.

Gaussian sampling. Following the reduction as in the polytope sampling, we should use

v(2x7t)¢log($= t)+(d+1) V%@t)(ﬁsoc(x, t)

g(z,t,t') =3 +3(d+2) Vi, 4 11y PGauss (2, 1, ),

0
which is (O(m + d), O(m + d))-Dikin-amenable, and thus GCDW needs O(d(m + d)) iterations
of the Dikin walk.

F.3. PSD cone sampling

For a matrix X € R?*?, recall that vec(X) € R% denotes the vector obtained by stacking columns
of X vertically. Additionally, we define A € RdeQ, Sxy € R"™*™ and Ax € Rmxd* by

A= [ vec(Ay) -+ vec(Am) |', Sy :=Diag((A, X) —b), Ax:=Sy5'A,

where we assume A has no all-zero rows and (Sx);; > 0 for ¢ € [m)].
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Uniform and exponential sampling. The metric below comes from the Hessian of

m
—2d? log det X — 2 Z log((A;, X) —b;) .
i=1
Here the first term, the log-determinant, serves as a barrier for the PSD cone while the second term is
the standard logarithmic barrier for linear constraints. We note that the — log det X is strictly convex

on z € int(K) for K the truncated PSD cone, so all metrics ¢ introduced in our main results are
positive definite. Thus, the Dikin walk with those g is well-defined.

Proposition F.1 Let K be the truncated PSD cone and g be the local metric such that at each
X € int(K), for symmetric matrices Hy, Ho,

gx (Hy, Hy) = 2d® Te(X Y H X ' Hy) + 2 vec(H; )T AL Ax vec(Hy) .

Then GCDW needs O((d® + m)d?) steps of the Dikin walk with the local metric g, where each step
runs in O((md® +m2d?) A (d* + md*“=1))) time*,

Since gx is (O(m + d*),O(m + d®))-Dikin-amenable by Lemma E.17, GCDW requires
(’3(d2 (d® 4+ m)) iterations of the Dikin walk. As mentioned earlier, efficient maintenance of the
inverse of a metric function could lead to a faster per-step complexity. As an example, we provide
such an implementation of Proposition F.1 in §F.3.1. Putting these together, for an interesting regime
of m = O(1), GCDW is faster than the Ball walk by a factor of d in terms of the total complexity.

If we replace the log-barrier by the Vaidya metric, then the dependence on m is improved to y/m
as in the polytope sampling. See §G.5.1 for the proofs of the two claims below.

Proposition .2 Let K be the truncated PSD cone and g be the local metric such that at each
X € int(K), for symmetric matrices Hy, Ho,
d
gx (Hy, Hy) = 2d° Te(X " Hy X 1 Hy) + 44, /% vec(Hy)TA% (Sx + —1,,,) Ax vec(Ha).
m
Then GCDW needs O((d? 4 /m)d?3) steps of the Dikin walk with the local metric g, with each step
running in O(md*“ =) amortized time.

Lastly, the dependence on m can be made poly-logarithmic by working with the Lewis-weight
metric. We remark that for uniform sampling the total complexity of GCDW is less than that of the
Ball walk by the order of d°~%.

Proposition E3 Let K be the truncated PSD cone and g be the local metric such that at each
X € int(K), for symmetric matrices Hy, Ho,

gx(Hy, Hy) = 2d° Te(X Y Hy X Y Hy) + dei (logm)©? vec(Hy )T ALx Wy Ax vec(Hs),

where W is the diagonalized (,-Lewis weight of Ax with p = O(logm), and c1,c2 > 0 are
universal constants. Then GCDW requires O(d) steps of the Dikin walk, with each step running in
O(md* =) amortized time.

4. Here w < 2.373 is the current matrix multiplication complexity exponent (Le Gall, 2014)).
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Algorithm 4: Computation of g(X)~'v

Input: X € SZ, vector v € R%, local metric g.
Output: g(X) 1o
Prepare the column vectors u; of U = M TATS;(I.
For go := g1(X), compute g, "v and g; 'u; for i € [m].
fori=1,--- ,mdo
Compute g, 1y and 9; 1uj for j € [m], according to
§i111 Ui - U;rgi:llw

1 __1
g; W=g;, jW—

1+ ] g

end
Output g, v.

Gaussian sampling. Just as in polytope or second-order cone sampling, we introduce a new
variable ¢ by replacing a quadratic term in the potential. This reduces the Gaussian sampling problem
to an exponential sampling problem. We then work with a local metric

g(X1) =3 (d[ V3 dLw(X) . } e { V4 dpsp(X) . +d2v%X’t)¢Gauss(X7 t)) ’

which is (O*(d®), O*(d®))-Dikin-amenable. Thus, GCDW needs O(d?) iterations of the Dikin walk
with the local metric g, and the per-step complexity remains O(mdQ(w_l)) in amortized time.

F.3.1. PER-STEP IMPLEMENTATION

Now we design an oracle that implements each iteration of the Dikin walk (Algorithm 1). This can
be implemented as follows: when the current point is z,

* Sample z ~ N (0, %g(:ﬂ)_l).

« Compute y = = + g(x)~ /22 and propose it.

det g(y) epr(ﬂf))
det g(z) exp f(y) /"

We provide two algorithms with the complexity of O(md* + m2d?) and O(d** + md*“=1). We
can implement each iteration in O ((md® + m2d?) A (d** + md?“~1))) time by using the former
for small m and the latter for large m. This completes the second half of Theorem F.1.

* Accept y with probability 1 A (

Algorithm for small m. For simplicity here, we ignore the constant factors of g = g; + g2, where
g(X)=M"(X®X)"'M =BB" and go(X)=MTATSPAM = UUT.

where B := MT(X ® X)Y/2 € R9%*%® and U := MTATS' € R%*™, Letting u; be the i-th
column of U for i € [m], we note that go = >_1" | w;u]

i

We start with a subroutine for computing g(X)~!v for given v € R% in O(md¥ + m?2d?) time.
Proposition F.4 Algorithm 4 computes g(X) ™ v in O(md® + m2d?) time for a query v € R%.
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Algorithm 5: Implementation of the Dikin walk

Input: current point X € Si, local metric g
// step 1: Sampling from N(0, %g(X)_l)
Draw w ~ N(0, Iz2,,,) and v < g(X)™' [ B U ] w by Algorithm 4.

r

Propose y < svec(X) + V-

// Step 2: Computation of acceptance probability

Use Algorithm 4 to prepare {gi_lul, e vgz‘_lum}?lo at X and Y := svec!(y).
det go(-) < 2%@=D/2(det(-)) @+ (- - Lemma H.1-7)

fori=1,--- ,mdo

| det(git1)  det gi - (14 w) 155 'uiga).
end

Accept Y with probability 1 A (4/ gstt g;:(()}g :ﬁg ];(é,(; ).

See §G.5.2 for the proof. With this subroutine in hand, we proceed to an efficient implementation
of two tasks — computation of (1) g(a:)féz for a given vector z € R% and (2) 4/ g: Z Eg; exp f(z)

exp f(y) "

Lemma F.5 Algorithm 5 implements the Dikin walk with per-step complexity of O(md“ + m?d?).

Algorithm for large m. The algorithm right above has quadratic dependence on the number m
of constraints, which could become expensive for large m. In this regime, we just fully compute
the whole matrix function of size R%* %, which takes O(d*’ + md*“~1) time, and computing its
inverse, square-root, and determinant takes O(d?*) time.

F.3.2. HANDLING APPROXIMATE LEWIS WEIGHTS

When implementing the Dikin walk with the Lewis-weights metric, we use an approximation
algorithm presented in Lee and Sidford (2019) for computing and updating the Lewis weight,
which ensures . .

(1-0)Wx = Wx X (14+)Wx

for the approximate Lewis weights WX and a target accuracy parameter J (note that the initialization
and update times of the Lewis weight above hide poly-logarithmic dependence on log(1/4)). Strictly
speaking, we should check that these approximate Lewis weights do not affect the theoretical
guarantees above.

To see this, let us define g = 2(dg1 + g2), where for some constants c1, ¢y > 0

aX)=MT(X®X)"'M  and Gy =dc (logm) MTAYWx Ax M .

First of all, the Dikin walk with g still converges to a target distribution, since the approximation
algorithm in Lee and Sidford (2019) is deterministic and thus the condition of detailed balance still

holds under the acceptance probability of 1 A (w / g{i g 83 (Zf; J;(&(; ) For ]SX the one-step distribution

of the Dikin walk started at X with g, we can show one-step coupling similar to Lemma B.3,
following the overall proof therein and taking 6 = 1/poly(d) small enough. See §G.5.3 for the proof.
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Lemma F.6 (One-step coupling) For convex K C RY, let g : int(K) — Si 4 be SSC, ASC,
LTSC, and ¢ : int(K) — R be its function counterpart. Suppose that the potential f of the

target distribution 7 is [B-relatively smooth in ¢. Then there exist constants si, s3> 0 such that if
12 = yllgz) < sir/Vdwithr = sy (1A 1/y/B) for 7,y € int(K), then dry(Py, Py) < 3 +0.01.

Appendix G. Proofs

We collect deferred proofs in this section.

G.1. Mixing of the Dikin walk (§B)
G.1.1. ONE-STEP COUPLING

We start with the one-step coupling of the Dikin walk under the setting aV2¢ < V2f < fV?¢ on
int(K). Roughly speaking, if ||z — yl|, < r/v/d withr < 1 A 1/yB, then drv(Py, P,) < 0.99.

Proof of Lemma B.3. For 7 « exp(—f) - 1x and z ~ N (z, %g(:c)_l), let us denote

T2 xXr) T2
pe=N (2. To@ ), Rz =Ty )~ min(1, R 9 1x(2)

The transition kernel P(z, -) of the Dikin walk started at = can be written as

P(z,dz) = (1 - E,,[A(z,")]) 62(d2) + A(z, 2) pa(dz2).

=ry

Thus, for z,y € int(K),

1 1
drv (P, Py) = i(rw +ry)+ 3 / |A(z, 2) pe(2) — A(y, 2) py(2)|dz . (TV-decomposition)

—_——
I

Vv
Il

Let h ~ N(0, I;) and denote a bad event By = {z € R% : ||z — x|, > cr} with ¢ determined
later. Due to ||z — z|, = % |||l (in law) and concentration of the standard Gaussian in a thin shell

of radius v/d with annulus O(1)3, we have P.(By) = P,(||h| > ¢Vd) < exp(—(c — 1)Vd/2).

Hence, P(By) < eforc>1+ w/% log %

Rejection probability r, and r, (Term ). Note that

=1- r,z)]=1— [ min prz(x) z
re= 1= B A )] = 1= [ min(1, 1) SRTA P a:).
——

=A =B

5. A standard Gaussian h ~ N (0, I,7) is concentrated around a thin sell of radius v/d with annulus O(1): For ¢ > 0,

Pr(||h]l, > Vd +t) < exp(—t*/2).
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As for A, we let V2¢ < csg for some ¢y > 0 and use Taylor’s expansion at v € K N B to show
that for some z* € [z, 2],

f@) = f(2) + V(@) (2 —a) = |z = @[|Z2 oy = —coB 2 — 51
= —coBllz —llz - (1 + 2]z — 2[2)* = —cyBcr?(1+ 2er)? -
1 1
where we used Lemma D.4 in (i) and took r < rq(¢) in (ii), which is defined so that Scsc?r?(1 +
cr)? < e forany r < 71(e). It follows from D; (z) C K and symmetry of /7 () that there exists a
half-ellipsoid G' C Dy () in which (V f(x), z — ) < 0. Thus, f(x) — f(z) > —e holds on z € G.
For a bad event By := G, it holds that
1 1 Vdy 1
P.(B1) < 5 +Po(Dy(a)) = 5+ Pa(llz —alla 2 1) = 5 + Ph(llhll > —) < +e,

where the last inequality follows from concentration of h for any r < ro(g) := (1 + f log = ) !

As for B, for ¢(z) := 3 log det g(x) we have

togB = 5 (1= — #l12 = [l = 2l2) + (o) — o(z) .

Invoking ASC of ¢, we can take r3(e) so that P, (||z — z||? — ||z — 2||2 < 2er?/d) > 1 — & for any
r < r3(e) and control the first term. Let the complement of this event be our second bad event Bs.
For ¢(z) — ¢(x), Taylor’s expansion of ¢ at x leads to

o(z) — () =(Vp(x),z —x) + %(VQQO(x*)(Z — 1),z —z)) forsome z* € [z, 2] .
—_——

=A

=:B’
As for A', we have (Vo (z),2 — z) = 7( g(x)"Y2Vp(z), h), and a standard tail bound for / leads
to
T _1/2 1
)< - . ) <
B ((Vi(e),2 —2) < == llg(e) V(@) 2l0g ) <o

We call this event B3 and bound | g(z)~/2Vy(z)||2 via SSC of g as follows: omitting z for
simplicity,

N|=

lg 2Vl = sup (Ve,g 70) (TsupTr(g’ng[g’%v]) = SupTr(g’%Dg[g’%v} g7 2)

viflvll=1

< sup Vg Dgly el g2 p < sup2Vallg™ 2v = 2V,
11 v

where (i) follows from (H.1), (ii) is due to Tr(A) < v/d||A||r for A € R¥?, and (iii) is due to SSC.
1, we have

Conditioned on BS, taking r < r4(¢) := (4 log %)* ,
1
A= (Vo(z),z —x) > —4r log — > —¢.
£
As for B', denoting u = z — x for z € B§

D2p(a")fu,ul = Tr(gla”) ' D2g(a")u,ul) = g(@*) 2 Dya")lul g(a") 4 [}
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%\ — 2 * %\ — 2
z —llullZ- = llg(2*)"2Dg(a")[u] g(a™) "2 (17 > —lullZe — 4]lulZ-
1
2 =51 =l — al2) 2 [lull? (G.1)
1
> —5(1 + 2cr)?cr?,

where (i) follows from LTSC and (ii) follows from Lemma D.4. Hence, B’ > —&/2 by taking
r < rs(g) so that 5(1 + 2crs)2c*r2 = e.

In summary, conditioned on G := ﬂz:() B¢ with P.(G) > % — 4e due to the union bound, we
have

exp f(z)

A:———~ >exp(—¢), (G.2)
exp f(2) =)

g. P exp(—3¢), (G.3)
pa(2)
p(z) —p(x) = —2¢. (G.4)

Combining these together,

€xp f(.%) pz(x)
exp f(z) pz(z)

Bounding 7, in the same way, we conclude that | < % + 5¢ in (TV-decomposition).

re=1— /min(l,lK(z) )px(dz) <1- /G(1 Aefe 3) P (G) < % +5e.

Overlapping part (Term Il). WLOG, assume f(y) > f(z). We denote good events by G, =
Ni=0,2,3By5; and Gy = Ni=0 2,38y ; such that P, (G7) < 3e and P, (G) < 3e, where

2
Byo={llz— x|z > er}withec>1+ —

- Vd

Bus = {Tpe)"(—2) < - 082 ) bopte)li)

Let G := G, U Gy, and define a partition of G by

1 2er2
log o and By o = {Hz — a:HZ — ||z — xHi > 7 }

Gpy = Go\Gy, Gy i=GoNGy, Gy i=G\Gy.

Now we decompose the term Il as follows: for Q := |A(z, 2)p.(2) — A(y, 2)py(2)],

1
== QRdz+ - / Qdz+ - / Qdz+ - / Qdz
2 K\G Gavy Gy\a
—A =B
1 1

< 5(IPJM(K\G) + Py, (K\G)) + A+B+C<
<3+ A+B+C.

§(IP’px(G;) + P, (Gy)) + A+ B+C

The term A can be further decomposed by

2,4</ Az, 2) |pa(2 )—py(z)|dz+/ |A(z, 2) — A(y, 2)| py(dz)

Ga\y Ga\y
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< / 1Pa(2) — py(2)] dz + By, (Gur,) < / 1Pe(2) — py(2)] dz + By, (GS).
Ga\y Gavy T

and in a similar way B < 1 [, . |pz(2) — py(2)| dz + 3¢ /2. Combining these together,
Y\x

1
A+B§3€+2/ Ipz(2) — py(2)|dz < 3e + drv(pa,py) < 4de,
G

UG

z\y - y\x

where we used drv(p,,py) < €; to see this, recall Pinsker’s inequality and a formula for the KL
divergences between two Gaussians:

1

2ldrv(pr, py)l* < KU(py [[p2) = 5 (ﬂ(g(y)‘lg(l‘)) —d+logdet(g(y)g(z)™") +% IIy—wlli) :

Let {\;};c[q) be the eigenvalues of g(z)~ %g(y)g(x) 2 and lz =yl < % with s > 0 to be

determined. Then, 3 < \; < 1+ 8|z — ||, by Lemma D.4. Using this and logz < 2 — 1 for
x>0,

d d
2KL = N — 141 RN 2 < Qi1 2 <2128 + 1
(pprx)—Z i~ 1+log +T2Hy || _Z SV < s°(128r° +1),

i=1 i=1

Taking s < s1(¢) := £ and 7 < rg(e) so that /12872 + 1 < 2, we obtain

1 s
drv(pe.py) <\ 5 KLy | p2) < 5V128r2 41 <e, (G5)

We now bound C. Recall B, ; = {(Vf(z),z —z) > 0} and Py, (B;1) < 3 + O(e). Then,

2C = de+/ deg/ Q dz + Qdz
(GaNGy)\BE GaNGyNBE Ba ~— G.NGyNBS

1
*" The traingle inequality

< [ A - Aw AR + [ A e - py] s+ [ Qdz
Bz,l Bz,l GwﬁGyﬂBg’l
<Py (Bur) 1201y (b)) + | (A2, 2) pa(2) — Aly, 2) py (=) d2

~—— ~——— Ja.ng,nBe,

<3+e <e (G.5)

e | A(w,2) pa(2) — Aly, 2) py ()] dz
G.NGyNBE¢

N —

One can check that

(1 exp f(z) po(x)\ . py(2) exp f(y) p=(y)
Az, 2) pz(2)—A(y, z z)|dz = |min( 1 min ,
A 2)e(2) A () 2 = [ min(L SO0 L0 ) (G0 e ) ()
\_______N,______/ ——
=U =V =W
Here we note that U > e~%¢ due to %’}8 >efand 2 Z((x; —3¢ from (G.2) and (G.3).
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We now show that under additional conditioning,
Gy N Bg ;. For o(-) = +logdet g(-) and L := — d (

o2

logV| S eandlogW 2 —conz € Gz N
z=ylli = llz —2l3),

d
logV = —o 5 (2 = ylly = Il = 2lI2) + ¢ () — (=)

= L+ (Vola)y— 2 + 5(V2e(a")y — o),y — o) forsomea” €lr,y] (GO

Use (G.1)
>L—|lg(z)" " *Ve@)ll2lly — zlle — 5 (1 + 2llz — yll.)* Iy — =[I2
<2
S Lo ovVd s 1082 S L e (G.7)
el \/3 d = ) .

where the inequality follows from s < {5 and r < r7(e) := 1.
As for W, due to f(y) > f(z) and exp(f(x) — f(z)) > exp(—¢),

exp f(z) p-(y) d 2 2
o > oo LA > _e— —(|lz = Mz —zl?) + 0(z) — oz
d 2 r? 2
>—c— —(|lz = +2%— — ||z = —2=L- )
= €53 (Hz ylly + 2¢ IE: x||m> 2¢e =L —4e, (G.8)

where (i) follows from ||z — y||2 — ||z — y||2 < 2er?/don z € By 5, and p(z) — ¢(x) > —2c on
z € By 5 from (G.4).

Lastly, we show that |L| is bounded by O(e) with high probability (w.r.t. p,). Due to affine
invariance of the algorithm, we may assume that x = 0 and g(z) = I (so p, = N(0,1y)).
Therefore,

lz = ylly = llz = 2l1Z = = = yll§ = 2% = ll2l50)—r, — 26z 9}y + Iyl -

The last term is bounded by 2||y||* due to SC of g. Using a tail bound for Gaussians, we have
Pp. (|(z, y)y| > % llg(y)yll2 - 21log %) < ¢ and call this event C;. In addition, SC of ¢ leads to

9(y) = 214, s0 [lg(y)yll < 2|lyl|-

To bound ”ZH;(y)—Id’ we note that [|y|| = ||y — z||, < 1/v/2 and so
T
lg(y) = Lalr < (L +2ly|)?llyll < 25—~  (LemmaD.6)
Vd
) 2 742\[ 2
Elll2[l50)-r,) = q Tr(g(y) — 1a) < " dllg(y) — LallF < 5 s

By the Hanson-Wright inequality®, for universal constants K1, Ko > 0 and ¢ > 0 it holds that

t2 t
P,. 2|12 —E[l|z]|? >t) <2exp|—K A .
s (15 1, Bl )1 26 < 2o 1(K§;‘é||g<y>—fdu% K%ﬁ\|g(y>|12))

6.
Lemma (Hanson-Wright; Adapted to Gaussian). Let h ~ N(0, 021,1) and M € R**¢. Then there exists

universal constants ¢, K > 0 such that for ¢ > 0

B([I1I% — ElAIA) > 1) < 2exp(—cmin( v -
A A = 2o Kot |M|% K202[M]|,/ )
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By taking r < rg(¢e) := ‘2/[1?2 and s < s3(g) := (1 + /log g)*l, it follows that Hsz(y)_Id < 23"2
2

with probability at least 1 — €. Denote the complement of this event by Cs.
Conditioned on z € Cf N C3, we conclude that

2r2c  Sr|ly|| 2

L, 21z y)yl +2llyl* < —— +
[z, 9yl + 2]yl 7 a
where the last inequality follows from ||y|| < % when s < s3(¢) := ¢ (4log 2) 1. Hence, [L| < 3¢
on C{ N C5. Putting this into (G.7) and (G.8),

1
1z =yl = llz = zlZ] < =1 log — +2[ly|*
9

g(y)—

logV > exp(—4e) and log W > exp(—Te) .
We can also show log V < 5¢e. Conditioned on z € C{ N CY,

—logV = —L+ ¢(z) — o(y) > —3c + p(z) — ¢(y) > —5e,

since p(z) — ¢(y) can be lowered bounded by —2¢ as in (G.6). Hence, log V < 5e.
For ' := G, NGy N B;; and C := (C1 U C3)¢, since e <V < €%, e < W, and
U 2 6_46,

/F\A(x,z)px(z) — Ay, z) py(2)| dz < /C() dz—l—/FmC(') dz

<Pp, (C°) +2drv(ps, py) + (-)dz <45+/ [TAU—=VAW|p,(dz) < 48—1—(658—6_48)
\?g_z \—z,—z FNnC FnC
<2 <e

<18e¢.

Using this, we can bound C by
1
C< +5+ /\szpx A(y,z)py(z)]dzngrlOs.

Therefore, Il <3c+ A+ B+C <3c+4e+ % +10e < i + 17¢. Along with | < % + 5e, we can
conclude that if 7 < min; r;(¢) and s < min; s;(¢), then dyv(Py, Py) < 3 + 23e. [ |

G.1.2. ISOPERIMETRIC INEQUALITY

We now prove an isoperimetric inequality arising from the a SC barrier. Recall the cross-ratio
distance dg defined on a convex body K: for z, y € int(K), suppose that the chord passing through
x, y has endpoints p and ¢ in the boundary O K (so the order of points is p, x, ¥, ¢), then the cross-ratio
distance between x and y is defined by

o [l —yll2llp — qll2
lp = z|l2lly — qll2

The first type of isoperimetric inequalities says 1, > 1/+/7.

Proof of Lemma B.6. For a ball B,.(0) of radius r > 0 centered at the origin, we define a convex
body K, := KN B,(0) and use 7, to denote the truncated distribution of 7 over K. Let {S, S2, S3}
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be a partition of K and define S] := S; N K, for i € [3]. By Lovdsz and Vempala (2007, Theorem
2.5), we have
WT(S::) > dKr( 1> Sg) 777"(571“) Wr(sg) )

where d, (ST, 53) = infsesr yess di, (2, y). Dueto dg, (x,y) > ||l — yl|,/v/7 forany z,y € K,
(see Laddha et al. (2020, Lemma 2.3)),

, 2 = ylle -
S5) > f =7 (ST) 7 (S5) > — f — +(ST) 7 (S3) .
m() 2 ot I (S w5 > 2 nt fle =yl (5] mi(55)
As 7 — oo, the bounded convergence theorem implies 7, (S} ) — m(S;) for i € [3], completing the
proof. |

We provide the deferred proof for another isoperimetric inequality, ¥, = \/c, originating from
a-relatively strong-convexity of the potential with respect to V2.

Proof of Lemma B.7. The proof essentially follows Gopi et al. (2023). Their first proof ingredient is a
modified localization lemma (Gopi et al., 2023, Lemma 8); let f1, fa, f3, f4 be non-negative functions
on R such that f; and f, are upper semicontinuous, and f3 and f4 are lower semicontinuous, and
¢ : R — R be convex. Then the following are equivalent:

« For any density 7 : R — R which is 1-relatively strongly logconcave in ¢,

[nar- [ par< [ nan- [ gian

« Let [ h:= fol h((1 —t)a+tb)e 7 dt. Then [, fre=?- [, fae™® < [ fse™% - [, fae™? for
any a,b € R?and vy € R.

First of all, this can be generalized to an extended convex function f and ¢, whose values outside of
int(K) are set to co. Since the density 7 and a needle exp (vt — ¢((1 — t)a + tb)) for v € R and
a,b € R? (induced by the extended f and ¢) vanish outside of int(K), integrands above become
zero on int(K')¢, and thus the integrals above remain the same.

As in Gopi et al. (2023, Lemma 9), the proof boils down to the case of o = 1, and it suffices to
show that there exists a constant C' > 0 such that

C~d¢(Sl,S’2)/ e_f-/ e_fg/e_f/ e /.
St Sa S

We can replace S; < its closure S; for i € [2], which only increases the LHS. Also, we can replace
S3 < an open set int (K )\S1\S2, which does not change the RHS since the boundary of a convex
set is a null set (Lang, 1986, Theorem 1). By taking f; = 1g, fori € [3] and fy = (C'dy(S1,S2)) L,
we only need to show that for some 0 < c < d <1,

d d
C - dy(S1,S2) / eVt e(=tattb)y ¢ (1 —t)a+ tb)dt - / et e0=tattb)y o (1 —t)a + tb)dt

d d
< / eVt=o((1=t) a+tb) gy . / et atth)y o (1 —t)a +th)dt,

where ¢((1 —t)a +b) < oo fort € (¢,d). The rest of the proof is similar to Gopi et al. (2023,
Lemma 9). u
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G.2. Sampling IPM (§C)
G.2.1. WELL-DEFINEDNESS OF SAMPLING IPM
Proposition G.1 Let p : R? — R be a log-concave density with finite second moment. Then p is

bounded on R,

Proof Let X ~ p and denote the mean and covariance of the distribution p by p := E[X] and
¥ := E[(X — )(X — ) 7). Then the pushforward Typ of p viathe map T : x + y := X723 (z — p)

is an isotropic log-concave, and satisfy (T%p)(y) = ﬁéfgp'. Since Typ is bounded on R? (Lovdsz
and Vempala, 2007, Theorem 5.14 (e)), p is bounded as well. |

Next, we show that every measure appearing within the sampling IPM is integrable.

Proof of Proposition C.1. Recall that we may assume ¢ > 0. Hence, all y;’s in Phase 3 and 4 are
well-defined

0;

/Kexp(—(f(x)—l—qb(?))dm§/}(exp(—f(:c))dm<oo.

In particular, exp(—( f+ Vi;d)) is integrable with finite second moment. By Proposition G.1,

f(x) + % achieves a global minimum n in K. As 07 < 07 = v/d in Phase 2, we have

/ exp(_fﬂg@) - eXp<_o?0f +o- :;inw?of ‘o) mm@g )

E/Kexp<_wn—m):exp(m(?}—1)>/KGXP(—JF:§¢)a

where the inequality holds due to min(af0 f+o) = a?om and f = O'Z-ZO f. Therefore, p;’s in Phase 2
are also well-defined. n

G.2.2. CLOSENESS OF DISTRIBUTIONS IN SAMPLING IPM

: : * o *)—1 f+o -
We begin with closeness between A/ (a; , W g(z*) ) . 1D300¢3 and exp (— U—S) in Phase 1.

(z*)

Proof of Lemma C.5. Lety = 9, 7 = (y02d)"/? < 0.01,¢ := f + ¢,and S = {z € K : ¢(2) <
Y(z*) + 12 /4}. For fig = exp(—1 /o) - 1x o< pp and = € S, we have pig(z) > e % up(x*). Due
to £10(S¢) < exp(—vd/3) (Lemma C.3), 1 = po(S) + po(S°) < po(S) + exp(—~d/3) and

1< (14 2exp(—yd/3)) po(S) = (1 + 2exp(—7d/3)) fio(S)/Fo(R?) . (G.9)

We show S C D = Dg"’m/g(x*). For x € S, use Taylor’s expansion of ¢ at *: for some
z € [z, 7]

() — (") = w(x — 27) V(@) (& — a7) >

5 (x — 2*)TV?6(Z)(z — 2¥) . (G.10)

N =
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AsY(z) —p(x*) <r?/donz € S, we have || — 2*[|2 < ||x — 2*||2 < 2(w(z) — ¥(x*)) < r?/2.
Thus, by self-concordance of ¢

2

exp(—3r) ||z — )% < ||z — 2%||2 < exp(3r) ||z — z¥|| , (G.11)

and it follows that ||z — x*||2. < r?, showing S C D.
Combining (G.10), (G.11), and (1 + vad~!) V2¢ < V%) < (1 + vBd~1) V2¢, we have

exp(—?ﬂ’) roa * (12 * eXp(?)T) V/B * (12
S (14 ) e — a2 < U@ - i) < (145 =2, (G12)

#)
and thus for a constant ¢ := 1 + v3d~! and function h(z) := —(203) ||z — z*|2.,
ap . Joep(—Slle -2 + ) - (R
|1/ poll = ]Eu[dTm] = NE
pexp( =35 llz —a2.)]
1 ¢ *(12 ¢ ~

(G§9) 7/ exp(—?Hx — || + o > (1 + Qexp(—yn/?))) fo(S)

o] b 3 e

Use (#) in (G.12)
Jpexp(—gk (2c = ¥ (1+ v8d ™) o = 27[12.) [y exp(—gze ¥ (1 4+ vad ™) o - 2|2.)
[ exple-n)]’
y exp((Qc—ceg”) h(@) Spesp(ceh(@) [ exp(e¥(1 + vad-1) hx))

[fD exp(c - h)}2 [pexp(cedrh(z))
=B

=:A
As for A, Lemma C.2 leads to

As <(2c - cc;r) ce?ﬂ“>d - ((2—6137')6?”")(1 = (1+0(*) =0().

As for B, let ¢c; = 3" (1 + vad™!) and co = €3 (1 + v3d~'). With the change of variable
y = oy t\/eig(x*)V?(x — a*) for i € [2], it follows that for r; := roy '\ /ci(> 3V/d)

~

1
B (02>d/2~fBr1 exp(—§”y||2) dy < <C2)d/2 < (Vﬁ + d)d 8rd < <y5 + d)d
= — 4 e e vpTa .
‘1 fB,A2 exp(—%HyH?) dy c1 va+d va+d
[ |
Now we show closeness of two consecutive distributions in Phase 2, i.e., af = 02.2 (1 + L)

Vd
Proof of Lemma C.6. Observe that for ) = f + ¢ = 2f +¢on K and F(o?) = Jx exp(—1/a?),

u S22 ) eew(a) PG -2 ) Pt
i/ piall = By, [d —] = _ _ =
Mit1 (fK exp(—a%)) ;
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By Lemma C.2, the function a®F (%2) is log-concave in a. Using the definition with endpoints

0%_2 — %21+1 and ﬁ, and the middle point 0%2 we obtain
2 1 \—1 2 1\2 d 2\ d
F((52 - 0.2“) ) F(o?y) (=) (1+ %) 1\d
: };( 2)2 < 2 1 1 = e S(l—F&) <e.
% (‘7722 B Uz'2+1 ‘712+1 T Vd

We now establish closeness in Phase 3, during which we use the update of 012 1= U? (1 + Z )

7o

Proof of Lemma C.7. The update is 02, , = 02 (1 + r) forr = 2. For s := ~—, 0 := 0;, and
p i+1 7 N 1+r

F(0?) = [exp(—f — ¢/0?), we have

F((—57) DF@l) P2 F(2)

s _ it1 _ 1+s 1-s
||iul/lul+1H F(af)2 F(O_Q)Q
Let g(t) := log F'(2>) for t > 0. Then,
s s 1+t
log [[ui/pig1]l = g(1 + s) + g(1 — 5) = 29(1) = /0 ((A+t)—g'(1—t)dt= ; /1 9"(q) dgdt
—t
(G.13)

and for a probability measure v, o exp(— f- @),

9"(q) = (;i;[log/l(exp<—f — %)] = _i i [f[(gb-exp(—f - gQ)]

By the Brascamp-Lieb inequality with V' (-) := f(-) + 9¢()

T 2 —1 02 2 U2V
Vary, ¢ < By, [(V9)T(VPV) V6] < By IVollig2g - < ==

9

and thus ¢ (q) < 707 - Putting this back to (G.13), we acquire

v s 1+t 1 v s
log s /i | < 25 [ [ - dade= 2 [ (log(1+6) ~ dog(1 - 1)) a
0= Jo Ji—t 4 = Jo
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%((1 + s) log(1 +s) + (1 — 5) log(1 —s)) < —22 . (G.14)

It follows from s = {1 and r = % that p; is an O(1)-warm start for 1, 1.
For Phase 4, observe that for ;1 oc exp(—f — ¢/0?) with 0% = v,

Jicexp(—f - %ﬁ) [ exp(=f) ~ Jim F(%) F(%)
|:fK exp<—f - %)r wret F(o%)
< lim exp(O(l)% (1+r)log(l+7)+ (1 —7r) log(l — r)))

(11) r—1

- exp((’)(l)%) = exp(O(1)).

/7]l =

where (i) holds due to the monotone convergence theorem, and (ii) follows from (G.14). Therefore,
u serves as an O(1)-warm start for 7. [ |

G.3. Self-concordance theory (§D)

G.3.1. BASIC PROPERTIES: STRONG SELF-CONCORDANCE

We show that 2(g; + g2) is SSCif g; and g9 are SSC.

Proof of Lemma D.5. For fixed 2 € K| N Ky and h € R?, let Dg; := Dg;(z)[h] for i = 1,2. Note
that

_1 _1
(91 + 92) " 2D(g1 + 92) (91 + 92) 2|

2 2
1 1
<Y (g1 +92)"2Dgi (91 + g2) 2llr =) \/TY((gl +92)7'Dg; (91 + g2) "' Dg;)

=1 =1
1 1 = 1 B 1, 1\11/2
= [TI“((I+91 292912) D91912(I+91 > gog, ? ) D91912>}
:?rl =T
J1 14 1 _1 _1\\11/2
+ {Tr<(f 9529195 %) 95 °Dga gy ? (I+92 9195 %) gy Dgz 9, 2))]
=:Fs =:Ts

2 2
:Z\/Tr(Ei_lTiEi_lT Z\/ (T,ET;),
=1 =1

where we used the Cauchy-Schwarz inequality Tr(A?) < Tr(AT A) in the last line. It follows from
I < E;that ] < E? and I = E;* > 0. Therefore,

2 2 2
Y VTTETT) <Y NTille <2 11715,y < 2201 g, 4g0)¢
=1 =1 i=1

Putting these together completes the proof. |
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G.3.2. BASIC PROPERTIES: LOWER TRACE SELF-CONCORDANCE
We now show that if g is HSC, then dg is SLTSC.

Proof of Lemma D.13. We first consider when g is positive definite on K. By HSC of g, it holds
that —||h||2 g < D?g[h, h], and thus

1 _1 1 1 1
—gllhllf,(g’wtg) 2g(g'+9)"2 S (¢ +9) 2D%g[h,h] (¢ +9) 2.
Hence,

_ 1 1 _1 1 1 11
Te((g' +9) " Dglh. h]) 2 = 812 Te((9' + 9) 2 (g +9)72) = — 1012 Tx(93 (9" + 9)'g?)

1 14 1
>~ [|hll2 Tr(g3g™"g%) = ~I|nl2.

When g is singular, we consider g. = g+ 51 € Si+ for e > 0. Then g, is HSC, so for g. = dg.

Tr((g' + go)'D3g[h, h]) Z —||B]12, -

From (¢ +g.)"' = m adj(¢’ + gc), the LHS is continuous in ¢, and the RHS is too clearly.

Sending € — 0 completes the proof. |

G.3.3. BASIC PROPERTIES: STRONGLY AVERAGE SELF-CONCORDANCE

To prove Lemma D.15, we first recall a concentration bound.

Lemma G.2 (Narayanan (2016), Lemma 4) Let h be drawn from Sd—1 uniformly at random. For
any odd k, C*-smooth F : RY -5 R, and e > 0,

Ph(]DkF(x)[h@)k]\ > ke - sup DkF(a:)[v®k]) < exp(—dj) .

vll<1

We show that if g is HSC, then dg is SASC, using this lemma and following Narayanan (2016).
Proof of Lemma D.15. Let g = d V¢ and consider ¢’ : int(K) — S% such that g = g + ¢’ is PD.

For fixed w € R, apply Taylor’s expansion to ((z) := ||wH§<Z> at z = z, so there exists p,, € [z, 2]
such that w'g(2)w = wg(z)w + Dg(z)[z, w,w] + 1 D?g(py)[2, 2, w, w]. Putting z = w here,

1
2030y = l=li3| < ID*g(@)[=%%]] + 51D (p)[=4]]

Going forward, we can assume that x = 0 and g(z) = I due to affine invariance, and then z
equals rh/v/d for h ~ N(0, 1) in law. Using a standard tail bound on the standard Gaussian, we
have P, (||h|| > —V/d - 2loge) < e. Call this event Bj. In addition, Lemma G.2 implies that

i

€ 3 3
| 2357 s Dola)b) <e,

PQD%(@[ Vd i<t
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and call this event By. Conditioned on BS,

h®3 6e 6e 6e
3 3 ®3 3
Do) [ g < T2 sup DR@) < 2 sup ollya < g s ol S G-
DRI Vd o<1 @ o< Vo= d
9(z)=1q
Hence, conditioned on z € B{ N Bj
T3

3
”
— D3¢(x)[h®3] <
Dl < 0
By taking 71 () so that —48re (loge)® < &, we can ensure [D3g(x)[2®3]| < er?/d for any
r < ™ (5)
As for |D%g(p.)[2®4]|, HSC of ¢ and Lemma D.4 lead to

113
ID?g(x)[2%%]] = 2Hh|y3<— 48ra<1og ) .

d

1 3
5 D29 (p:)[2%Y] < 3d |[2[I524,) < g||2||4v2¢ (@) (1 +2 HZHQWW )2 = H g (1 + || 2012 )"

3 4 2 2 2
< = 1+ - h h
< Gl g1 =5 I (14 2 H)

r2 1.4 1.4\2
< T3 (2l0g o) (1+ 207 (2105 0) ")

2
By taking r2(¢) and 73(¢) so that (1 +2r3(2log %)4) < 2and 2% 3r}(2log %)4 < ¢ respectively,
it holds that on Bf N B3

1 2
5 ID2g(p.)[2%4]] < 5% for any < minr;(e).

Putting all these together, it follows that ]||z|]§(z) - Hz||§(1,)| < 2¢r?/d with probability at least
1 — 2¢. By replacing 2¢ < ¢, the claim follows. |

G.3.4. COLLAPSE AND EMBEDDING: WELL-DEFINEDNESS
We start with well-definedness of the notions of collapse and embedding (Definition D.16).

Proof of Proposition D.17. Let k£ := dim (W), and U and V' be matrices in R4k where the columns
of each matrix form an orthonormal basis of 7. Let us denote by ¢; := U'gU and g5 := VgV
matrices represented with respect to U and V, and define the invertible matrix M = VU € R¥*F,
Since U and V are full-column rank, if g; is PD, so is go.

Suppose g is SSC along W. Then,

4||n||2 > Tr(gy 'Dgr[h] g; 'Dg1) = Te((UTgU) " - UTDg[h] U - (UTgU) ™" - UTDg[h] V)
- Tr((MTngVMr1 MV Dg[R| VM - (M"VTgV M)~ M7V Dg[h] VM)

_1 _1 2
=Te((VTgV) " 'VTDg[n] v (VTgV) ' VTDglh] V) = llg, *Dyalh] g, * -

and thus go also satisfies the definition. |
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G.3.5. COLLAPSE AND EMBEDDING: AFFINE TRANSFORMATION
We begin with a barrier version.

Proof of Lemma D.18. For the first part, v is a v-self-concordant barrier for K by Nesterov
(2003, Theorem 4.2.3), so Di(z) C K N (2z — K) for g(-) := V?4(-) by Lemma D.7. Now let
z€ KN(2zx — K). Then Tz € K and T'(2z — z) € K, and the latter implies 2y — Tz € K. Thus
Tz e KN (2y — K)and Tz € DY?(y). Due to

DX()[(2 — 2)®%] = D?(y)[(A(z — 2)) ] = D26 (y)[(T= — 9)**] < 7,

it follows that 1) is also 7-symmetric.
For the second part, observe that D*(z)[v, v, h, h] = D*¢(y)[Av, Av, Ah, Ah] > 0 for any
v, h € R%. The third part can be proven similarly. |

Next is a matrix version.

Proof of Lemma D.19. Let ¢ be a v-self-concordant function counterpart of g. Then ¢(x) := ¢(Tz)
defined on int(K) is v-self-concordant by Lemma D.18. For any i € R? and y := Tz, we have

Dg(x)[h] = ATDg(y)[Ah] A < 2| AR]l () ATg(y) A = 2[|h]| 5, G() -

Consider a sequence {x,} C K converging to a boundary point x € OK. If Tx ¢ 0K,
then Tz € int(K), and the continuity of T implies z is also in int(K). Thus, Tx € 0K and
Y(xn) = ¢(T,) — ¢(Tx) = co. Lastly, V2¢ =< gleads to V1) = ATV2p A < ATgA = g, and
g is v-self-concordant for K.

As for symmetry, since g is self-concordant, D%(x) Cc KN 2z — K) for z € int(K) by
Lemma D.3. For z € K N (2z — K),as Tz € K N (2Tx — K) holds, it follows that

_ 2 2 2
v>|Tz— T»”UHg(y) = ||z - yHATg(y)A = [z — ?JHg(a:) )
and thus g is P-symmetric.
As for the second item, we first show that g is collapsed onto W = row(A) (i.e., g = PwgPw

for the orthogonal projection Py onto ). To see this, observe that
PywgPyw = PwATgAPy = AT(AAT)TA. ATgA - AT(AATYTA,

and due to AAT(AAT)TA = AAT(AT)TATA = AATA = A, we have PyygPy = ATgA = 3.

We now show that g is SSC along W. For k := dim(W), take U € R%** whose columns
form an orthonormal basis of W. It suffices to show that gy := UTgU = UTATgAU = M TgM
for M := AU € R™** is SSC. First of all, we can check PDness of gy as follows: Suppose
gwv = 0 for some v € R¥. Then 0 = ||v[|, = [lg"/*Muv]|, and AUv = Mv = 0. Since

Uv € row(A) Nker(A) and U is full-rank, we have v = 0. Next, for h € R¥ and x € int(K)

T (gw ()~ Daw (2)[h] gw ()~ Dgw (@) 1]) = Tr( (9> M(MTgM) ™ MTg? - g~ 3Dg(Tw) [ AR] g73)?)

1 1 1 1,2
<12((g2Do(T)lAn g 4)°) < g~ Do) 4h) g™ < 414K 1y = 4RI
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where in (i) we used P(g2 M) = g2 M(MTgM)~ M7 g2 < I. Thus, g is SSC along W = row(A).
The third item immediately follows from D2?g(z)[h, h] = ATD2g(y)[Ah, Ah] A = 0 for any
h € R4
As for the fourth item, for any PSD matrix function ¢’ on K we have

Tr((¢' + 9)~'Dglh, h]) = Tr((g’ + ATgA) " ATD2g[Ah, AR] A)
=Tr((A7Tg' A7 + ) D?g[Ah, AR)) > — || AR|2 = —||h]2.

The last item is straightforward to check by the change of variable. |

G.3.6. COLLAPSE AND EMBEDDING: LIFTING UP SSC, SLTSC, AND SASC

In passing SSC to an augmented space, the Woodbury matrix identity is a main technical tool used:
for matrices with compatible sizes

I+UV)t=1-UUI+VU) V.
Using this, we show that if g € Sle is SSC, then g + 1, is SSC.

Proof of Lemma D.21. Fix ¢ > 0,y € int(K’), and h € R™. Take a projection matrix P €
{0,1}%*™ such that PPT = I and g(y) = PTg(Py)P for x = Py € int(K). Also for k :=
dim(W), take a matrix U € R4**¥ whose columns form an orthonormal basis of V. Then g(y) =
PTg(Py)P and g(z) = Ugw (z)U, so for M := UT P € Rkxm

g(y) = PTUgw (Py)UTP = M " gw (Py)M .
Note that MM T = I;.. Thus,

I(@(v) + D)~ 3D(g + D) (3y) + D)2 = T((9() + 1) D) [)?)

=T (M (M gw (2) M + 1) M - Dgyw (2)[PH])") = Tr( (9w («) + 1)~ Dgww () [PH])”)

_1 _1,.2
<llgw (x)"2Dgw (2)[Ph] gw (x) "2 || < 4Pl = 4llhl,,

where in (i) we used the identity M (M T gy (z) M + 1) "' MT = (g (z) + eI}) L. To see this,
we use the Woodbury matrix identity to get

1

1 1 1 1 1
(el + M gw M)~ = L — Mg, (I + —gw) ™ g3 M,

and thus conjugating both sides by M results in
1

_ 1 11 PR | N
M(MTgwM +eI,,) "MT = gIk — ggﬁv(gw +ely)gd = gIk - g(gw +ely) tow .

Then, the identity follows from

1 1 _ 1 1
(gw +ely) - (gsz - (gw +elp) 'gw) = g(gw +ely) — —ow =1

In extending SLTSC and SASC, we need two technical lemmas: the inverse of a block matrix
and connection between P(S)Dness and Schur complements.
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Lemma G.3 If D and its Schur complement A — BD~'C are invertible, then

[é g}lz [ (A—BD-1C)"! « ] |

* *

Lemma G.4 (Schur complement) Let A € R4 B € R>*™ C € R™*™ and define a matrix
M € R(m+d)x (m+d) by

A B

vl b

Then M > 0 ifand only if A = 0 and C — BA™'B" = 0ifand only C = 0 and A— BTC~1'B > 0.

Using these, we show that if g is SLTSC and SASC, then g is SLTSC and SASC.

Proof of Lemma D.22. Take a full row-rank projection matrix P € {0, 1}¢*™ such that g(y) =
PTg(Py)P, where the rows of P forms a subset of the canonical basis {eg,...,e,}. We can
augment the rows of P with the rest of the canonical basis so that the augmented matrix P € R™*™
is an orthonormal matrix. Then we can represent g by

i(y) = PT [ g(lgy) 8 } I3

Consider a PSD matrix function ¢’ : int(K”) — S’ such that ¢’ + g is PD on K. Representing
them in the block form with g4 € R¥*? g5 € R¥*(m=d) ‘and g € Rm=d)x(m=d)

_ 5 0 JgA 9B 5_ 5T | 9+t94 9B | 5
e () e g e
gr4y 0 0 9% gc 95 gc

=:g*
Since ¢g* is PD, g¢ and its Schur complement (g + g4) — ngalgE are PD. Thus by Lemma G.3,

-1 — _
[g+gA 93} _ { (9+94—9B9c"95) *} .
* k

9 9c
Hence,
1 9
TI‘((gng,)_lDZg(y)[h,hD = Tr PT |: g+TgA 9B :| PPT |: D g(Py)[Ph7 Ph] 0 :| p
9B gc 0 0
-1
+ D2g(Py)[Ph,Ph] 0 _ _
=Tr |:g TgA gB :| |: g( y)[ ] :| ZTF((gﬂLgA*ngclg)g—) IDZQ(Py)[Ph,Ph])
g  9c 0 0 Nl i)
>0
> — |PhIZ 5,y = — 01,

where in the last inequality we used STLSC of g, since ¢’ = 0 ensures that its Schur complement
satisfies g4 — ngalgE > 0 by Lemma G 4.
For SASC, consider any PSD matrix function ¢’ : int(K’) — S’. For « = Py and z, = Pz, €
. 2 _
R? with 2z, ~ N (y, = (g + g)(y) "), we have

2 2 2 2
llzy — y”g(zy) = [lzy — y”g(y) = ||z — ng(zz) = [lz — 33||g(x) :
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Also, z, —x = P (z, — y) is a Gaussian with zero mean and covariance

72 r? 0 g

—_ P(d / 71PT _ PPT g gA 9B PPT

r? g 0 94 9B >l Iy r 1T
= I 0 m— + = — + — ~ -1 .

Since g4 — ngalg;}'; > 0 due to g’ = 0, it holds that gg := ™% dg 4 m or(ga — ngalgE) on int(K)
is PSD. Now, it suffices to check that the covariance matrix above is equal to % (g +g0) %

d d m—d m m
39+ 9)= 772(9+ 9+ 5 (9a—9B9c 93)) (9+ 94— 9895 95) -
|
G.3.7. DIRECT PRODUCT: SSC AND SLTSC
We show that if g; € S%, is SC, then g = 3 d;g; is SSC.
Proof of Lemma D.25. Note that d;g; is SSC fori = 1,...,m. For z € [[E; and h =
(hi,...,hm) € Rt with h; € R%, we have
_1 _1.2
lg(x)~2Dg(x)[h] g(z) "2l
2
91(21) 2 Dyi (21)[hn] g1 (1) 2
1 1
gm(xm)iing(xm)[hm] gm(wm)i5 F
_1 1,2
= llgi(:) "2 Dgi(@i)[hi] gi(z) 2 g < 4D 1hill3,gu) = 4Rl -
i i
|
Next, we show that if g; € S‘L is HSC, then g = > d;g; is SLTSC.
Proof of Lemma D.26. For h = (hq, ..., h;,) and any PSD matrix function ¢’, we have
Tr((¢' + 9)~'D?g[h*?]) Z Tr((¢' + (9 — digi) + digi) ' D*(digi) [W¥?])
= lIkllZg =~k
i
where we used Lemma D.13 in the inequality. |
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G.3.8. INVERSE IMAGES UNDER NON-LINEAR MAPPINGS

Proof of Lemma D.29. Since A is (R(G), 3),y)-compatible with I', the first two claims immediately
follow from Nesterov and Nemirovskii (1994, Proposition 5.1.7). Letx € G™ and h € R?. Define
the following notations:

u=DA(z)[h], v=D*A=)[h%?, w=D3A)h®], z=D*A)r®Y,
s=+/DF(y)], p= VD), r=/D2F(y)u?.
From direct computations, we have
D*¥(2)[h®?] = DF(y)[v] + D*F(y)[u®?] + 6°D?I(z)[h®?] = s* + 1% + 6%p,
DU (2)[h®°] = DF (y)[w] + 3D*F (y)[u, v] + D’ F (y)[u®’] + §*D*L(x) [n*7],
D*U(2)[h®4] = D*F(y)[w, u] + DF(y)[2] + 3D*F(y)[u, u, v] + 3D*F(y)[v*?]
+ 3D2F(y)[u, w] + DYF(y)[u®Y] + 3D3F (y) [u, u, v] + 62D (z)[h®4]
= DF(y)[z] + 3D*F(y)[v®*] + 4D*F (y)[u, w]
+ 6D3F(y)[u, u, v] + D*F(y)[u®Y] + *D*I(z)[n®Y].
HSC of F' and II implies that
IDI(z)[R*Y]| < 6p",  and  [D'F(y)[u®] < 6.
Since A is (K, 3,7)-compatible and X C R(G), Lemma D.28-1 implies concavity of A with

respect to R(G), which means —v > r(c) 0. Then, Nesterov and Nemirovskii (1994, Corollary
2.3.1) ensures

D2F (y)[v%%] < DF(y)[v] = .
Hence, |3D?F (y)[v,v]| < 3(DF(y)[v])? = 3s*, and self-concordance of F results in
|6D3F(y)[u, u, v]| < 12r?\/D2F (y)[v,v] < 12r?s>.
Since {h : hTII(z)h < 1} is contained in I’ N (22 — I'), compatibility of A leads to
h ®2 h ®3 h ®2
BD2A(z) | ( <k D3A(z)|( < —BD*A@)|( 5 ,
() 1= ol ] O (ir) |

and thus Bpv <xg w <g —Bpv. As K is a ray, D’F (y)[w,w] < B2p’D?F(y)[v,v] < p%p?s*.
Thus,

[4D? F(y)[u, w]| < 4/D2F(y)[u, u]/D2F (y)[w, w] < 4rfps”.
Lastly, since yvp? <y z <x —yvp? and K is a ray, we have
IDF(y)[2]| < 3vp°|DF (y)[v]| = 3vp°s” .
Putting these together,
D () [R®Y)| < 3vp?s? + 4rBps? + 12r2s? + 35 + 602 p* + 617
< 6(6%p + 1t 4 st 4 r2s% 4 6p?s® + drps?)
<6((6p)* + 7t + s* + 1252 + (3p)?s* + 1752 + (dp)?s?)
<6((3p)% + 12+ 52)% = 6(D>W(z)[h, h])°.
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G.4. Main constraints and epigraphs (SE)

G.4.1. LINEAR CONSTRAINTS: STRONG SELF-CONCORDANCE AND SYMMETRY

[0(v/ Dy Az)li

We relate SSC and symmetry to well-studied terms in the field of optimization, such as max; Dul:

Proof of Lemma E.4. Let us write g(z) = Al D, A, = ATV, A for V, := S;'D,S;'. B
Claim I.1,

Dg(z)[h] = AT(-28,1S, ,S; 1D, + S;'DD,[h] S; 1A = ATVY2D, VY24, (G.15)
where D, := =25, , + D;'DD,[h]. Using this,
2 _
I(g' + 9)2Dglh] (¢’ + ¢) 2| = Tr((¢ + 9) " ATV,/2D, VM2 A(g + 9) " ATVY2 D,V 2 4)

=:P!

T

= Tr(P.D,P.D,).
By Lemma J.1, we have P, < P, = P( 11/214) = P(Di/zAx), and thus
Tr(P,D,P.D,) < Tr(P,D,P.D,) ; diag(ﬁm)TPf) diag(D,) < diag(EI)TEI diag(Dy)
(i)

H 13 0(DY2A4,)]s (A + (D;'DD,[4])?)

=1
/ m
< 4max W[)D]A” S (D (Ach)? + (D DDL[H)?)
] i=1
o D;/QAx i o
o dmax T E (hl2 )+ 3D DD )

i=1
where (i) holds due to 27 (A4 o B)y = Tr(Diag(z)A Diag(y)B") (Lemma H.2), (ii) follows from
P <%, (Claim 13, (iii) uses (a + b)2 < 2 (a2 + b2) for a,b € R and ¥, = Diag(P,) =

(DY A,). and (iv) holds due to 37 [D,]ss (Azh)? = hT AT D, Ayh = hTg(z)h.
As for the second claim,

T -1/2
| Azhl|,, = max max i) max max w
h: th\q(x)—l h ie[m]| 8; i€m] w:llull,=1 Si
1/2
1 DY AN,
= max 9(33)_1/2 Ll = max 2 ) la; = maX €TAzg “1ATe; = |/ max M .
i€[m)] i€[m] \| 83 i€[m] i€[m] [Dy]ii

As for the last claim, for b € R? such that |Azhll < 1 (e, h € KN (22 — K) for
K = {Az > b} due to Lemma D.9) we have
W g(x)h = hTAT D, Ah = Z 2)ii(Ash); < [|Azh|% > (Da)ii < Tr(Ds).
i=1 i=1

7. Even though this lemma is proven for leverage scores, the proof there can be extended to any orthogonal projection
matrices.
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Now we establish SSC and compute the symmetry parameters of metrics of the form A D, A,

Proof of Lemma E.5. Logarithmic barrier: To show that g is SSC along row(A), consider a
self-concordant matrix g(y) = Sy_2 = —V%(Zg’il log y;) defined on {y € R™ : y > 0}. By putting
D, = I, and A, = S, ! into Lemma E.4-1, since o(A,) < 1

lote) 4 Daa){b]g() < 2(muxo(42):) " bl < 200l

Through the linear map Tz = Az — b = y, we recover g(z) = VZ¢joq(z) = ATSy_zA = AT A,,
which is SSC along row(A) by Lemma D.19. For the 7-symmetry, the first part (i.e., Dy(z) C
K N (22 — K)) follows from Lemma D.7. The second part is immediate from v = Tr(I,,) = m
and Lemma E.4-3.
Approximate volumetric barrier: For D, = >, = ¥(A,), by Lemma .5-1 and 3 with p = 2,
[o(Dx* Au);

max S <9y, and Z 21 (DD [R])? = |15 diag(D ()3, < 41AI,

Using Lemma E.4-1,

1/2 .
W (18112 + S [D7 15 (DD [A])?) < 40v/ml|hl -

=1

lg(a)~2Dg(r) ] glar) [ < 4 max

1/2 4

For the 7-symmetry, || A, (y — z)||%, < MaX;e|pm] loDa” Ax)li < o 1/2 fory € D} () by Lemma E 4-

[Dz]u

2. Also, Lemma E.4-3 implies that y with || A;(y — x)||,, < 1is contained in Dy (DI)({L‘), where
Tr(D,) = Tr(P.) < d. Therefore, §(z) := 40y/mg(x) = 40/mALl¥, A, is SSC with the
symmetry parameter 7 = O(y/md).

Vaidya metric: Consider the metric without scaling: g(z) := AIDQCAQC with D, = X, + %Im.
Then, using Anstreicher (1997, (4.5)) in (i) below

[o(D2 Al | Ash]l )2 fm
VATe o)l el )" < |2 G.16
mzaX [Dx}” Lemma E.4-2 (heRd ||h” (z) > @) d’ ( )
T,T 2
> (D i (DD -y Z (DX, [h])? L= AhTATS, Ah < 4|02,
=1 :

Putting these back to Lemma E.4-1,

1 1 g ;/2 x )3 Ui _ m
lg(z)~3Dg(2)[h] g(x) 3 || < 4m;u><M (113 + D _[D; (DD [R])?) < 20\fdlthZ<x>

[Dalii pt
Thus, g(z) := 22,/ g(x) = 22, /%AI (Zx + %Im)AI is SSC. For the v-symmetry, Lemma E.4-2
implies that fory € Dl(x)
1/2
D" Al m
Al — )2 < e TP A [
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Also, Lemma E.4-3 implies that y with || A, (y — z)||, < 1is contained in Dy’ Tr(Dw)(x), where

Tr(Dy) = Tr(2, +if ) =Tr(2;) +d < 2d.

\/ /
Therefore, §(x) satisfies Dé (z) C KN (22— K) C Dy 44(md)! 2(:1:), so g is O(v'md)-symmetric.
Lewis-weight metric: Consider the unscaled version first: g(x) = ATW, A,. By Lemma E.4-1

1 1 o 1/2
R e (7 >+Z U DWL)?)

< 8mr ([l + 7 ) < (B (145) IRl

where in (i) we used Lemma 1.5-1 and 3.
For the first part of the -symmetry, Lemma E.4-2 implies that

1/2 4 \1)
max |[Azh] = \/maxM < 2mtE ,
BBl gy =1 i [Woalii

and Lemma E.4-3 leads to K N (2z — K) C Dﬁ(:p) due to

1

1_1 1—-2 1_1 1—2 1—-2
Te(W,) = Tr(We PAL(AJW, PAL)TATWS 7)) = Tr(AJW, PA(AIW, PA,)7Y) =d.
Therefore, 16p2mP%AIWIAI is SSC with O(deTZQ)—symmetry by Lemma D.9. By setting
p = O(logm), the claim follows. [

G.4.2. LINEAR CONSTRAINTS: STRONGLY LOWER TRACE SELF-CONCORDANCE OF VAIDYA

Let 01 (z) := Al S, Ay, 05(z) := AT Ay, and T, := Diag(A,g(z) 1 A]). Recall g = g1 + go fora
PSD matrix function g; and the Vaidya metric go.

Lemma G.5 |T,|. . < &

Proof For g, := 01 + 260, = L1/ 2 g, it follows from g% < g;' = &1/ 47, that

o(\/Ss + L1,A,)].
em

Tt 20, @i

Now we show SLTSC of the Vaidya metric:
Proof of Lemma E.6. As D%05(z)[h, k] = 0 by Claim I.1, we have

Tr (g~ D02 (x)[h, h]) = Tr(g~2D%0a(x)[h, hlg~2) > 0.
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As for 01, by Lemma 1.4-6, D?6; [, h] = —16 A} Diag(Sy,nPrSenPr) Az —6A] Diag(PyS2 ), Pr) As,
SO
Tr(g~'D*61(2)[h, h]) > =16 Tr(LySy 4 PeSpnPo) — 6 Tr(Ty PuS2 , Py) -

We first note that Tr(S, , PuSepn) = 55 5 (Pe 0 D)spn = 5, Sasen = ||h||31. Using this,

1 1 1 1
Tr(Ty Sy PrSpnPr) = Tr(TY28, 1Py - Sy n PTY?) < \/ Te(T'3 Sp,p P2Sz T3 ) Te(T3 PyS2 , PT3)

=\ Te(PoS TS nPo)  TH(Si 0 PeT PoSe ) = Tall 12,
Tr(FxPISihPI) = Tr(Sy h Pel'2 PeSzp) < [Tl o Tr(Sz,nPrSz.h) m ||F95||oo||h||g1 .

Putting these together and using Lemma G.5,
1
_ 2 2
Tr(g~ D61 ()[R, h]) = =22||Tall oo [1Pll, = =5 IRlg, -

and it follows from g, = 44,/ (61 + £05) that Tr(g~'D?ga(z)[h, h]) > —5 ||A]2,- n

G.4.3. LINEAR CONSTRAINTS: STRONGLY LOWER TRACE SELF-CONCORDANCE OF
LEWIS-WEIGHT

For 6(z) := AIWxA;E (i.e., the unscaled version of go), we write go = ¢ - 0 for a constant ¢, which
will be set to ¢ (log m)CQ\/ZZ for some constants c1, co > 0 later. Going forward, P, indicates the

projection matrix of W;/Q_l/pAz Ge., P, = P(W;/Q_l/pAm)).
Lemma G.6 ||| < 2c~'mv+2,

Proof Note that 0 < ', = Diag(A4,9 'A]) < ¢! Diag(A,07*AJ). By Lemma 1.5-1,

1/214
| Diag(A,0'AT)|| . = max lo(W="A2)]; < omire |

< iem] (W,

Now we show SLTSC of the Lewis-weight metric:
Proof of Lemma E.7. From (L.5), D?0[h, h] = —4AIW! , S, , Az + ATW! , A,. Thus,
Tr(g™'D?0[h, h]) > Tr(Ca(Wy), — AW, 5 San)) = =4 Te(CaWy pSan) + Tr(Ta W)
As for the first term, Tr(I, W, , S, 1) < p ||Fm||oo||h||§ follows from (1.7) with T;; replacing s2 ;.

As for the second term Tr(PmWJ’CC p) (.e., (I.4) with ' = T,), each term there is of the form
Tr(T'; Diag(v)) for v € R™, which can be bounded as follows:

1 _1 1 1
| Tr(T', Diag(v))| = | Tr(De W2 W, 2 Diag(v))| < \/ Tr(W22 rgwg)\/Tr(Diag(v)ng Diag(v))
Tl VIE W)Vl 1 = VAITall ollollyr -
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Then, we obtain | Tr(I'; W/, )| < VAd||[T. |l ||h]l5 for p = O(logm) by using this inequality
together with the norm bounds in Lemma 1.7.
Putting things together, we conclude that

Te(g~'D*0[h, h]) Z —plTalloglIlly — ValITzll o l1Bll 2 —c VIR,

where the last line follows from Lemma G.6. Therefore, there exists positive constants d; and da
such that Tr(g~'D?@[h, h]) > —c~'d;(logm)® \/ﬁHth, which implies

Tr(g~'D%gy[h, h]) > —c_ldl(logrn)d2\/thH?]2 )

By taking ¢ = dy (log m)®+/d, the metric go = cf = dy (logm)®+/dATW, A, is SLTSC. |

G.4.4. LINEAR CONSTRAINTS: STRONGLY AVERAGE SELF-CONCORDANCE

We proceed with a general form of the metric g(x) = A} D, A, with a diagonal matrix 0 < D, €
R™. Then we provide computational lemmas used when proving SASC of barriers for the linear
constraints.

We pick any ¢’ : int(K) — Si such that g := g + ¢’ = 0. By affine invariance, we may assume
g(x) = I and z = 0. Note that g(z) < I, and z equals rh/+/d for h ~ N (0, I;) in law. Applying
Taylor’s expansion to ||z — :J:|]§(z) at z = x (as in the proof of Lemma D.15), for some p, € [z, z]

2 = 2l2e) = 12 = 2] < %Qfmmn 5+ (D) (421

~~ ~~

@

t suttices to show that [Dg(x = an 9\Pz = with high probability.
It suffi how that |Dg(z)[h®3]| = O(d'/?) and |D? h®4]| = O(d) with high probabili

Term A. By (G.15), we have Dg(z)[h®3] = —28;th5$,th@ + s;hD;’hs%h. Let a; denote the
i-th row of A, for i € [m/], and define two polynomials in & as follows:

Pi(h) = 5], D2Sansen = Tr(DaS2 ) = di(ah)*, and  Py(h):=s], D} psan-
=1
(G.17)
By Lemma J.1, Di/2AxAID}/2 = P(Dglg/2Ax) and thus
x| = | Ding(4, A7), < e 722 G.18)
1€|m ? x|

By Lemma J.3,

E[P1(h)?] :E[{idi(ai-h) } | =9 Z 1 a4 a0 0, 4 ag) + 6 5 (0 ay, dPa)?
i=1 3

t,j=1
=9 1" Diag(A,A]) D}/ D}/?A, ATDY? D}/? Diag(A,AT) 146 did;(a; - a;)°
N e

1/2 4 ,J

<P(DY?A)=1Im
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< || Diag(A;A]) | Tr(Diag(AzAL) Dy) + max lail® > did;(a; - aj)®
i’j
= max llai||* Tr(Al D, A,) + max lail|® - > Tr(dja] A} Dy Ara;)
J
< 2max|a;||* Tr(ATD,A,) < 2d max ||ag]|?, (G.19)
(j) K3 (3

where (i) follows from A] D, A, < Igand Y ; Tr(dja] Ay Dy Agzaj) < 355 Tr(djaj ag) = Tr(Ag Dy Ay).
Another polynomial P (h) requires a different strategy for bounding E[P;(h)?] for each barrier.

This polynomial vanishes for the log-barrier, while the Vaidya and Lewis-weight metrics requires

rather involved tasks for bounding E[P,(h)?].

Term B. Due to (1.6) (with W, replaced by D), |D%g(p.)[h®*]| consists of three polynomials:

Py(h) :==Tr(Dp,S,. 1), Pi(h) =Te(D;_,S> ,), Ps(h)=Te(Dy 5 ).  (G.20)

For each i = 3,4, 5, we define P;(h) by P;(h) with p, replaced by z. For the log-barrier, P3(h) only
matters since Dy.y = I,,. For the Vaidya metric, Py(h) and Ps5(h) can be bounded by multiples of
P3(h). For the Lewis-weight metric, each P; requires a different procedure for bounding E[P;(h)?].
Moreover, we can show P;(h) < P;(h) and

E[Ps(h)?] = Y Eldid; (a; - h)*(aj - h)"] = ZdidjvE[(ai -h)®]\/E[(a; - h)®]

i,j€[m]

i

2 2
< (Y dillasl")” < ma flaall* (3 i) < dmax o] (G.21)
O i

where we used a; - b ~ N(0, [|a;||?) in (i), and 3, di|a;||* = Tr(Al D, A,) < Tr(Iy) in (ii).
We now show SASC of the three barriers for linear constraints, using this proof outline.

SASC of log-barriers (Lemma E.10). Set g(z) = AT A, (with D, = I,,,). By (G.18),

ma o] < max{o (AL < 1.
ielm
As for the term A, it suffices to bound P;(h) = Tr(S;Z”h). Since E[P;(h)?] < d by (G.19),

by Lemma E.8 with t = (2¢)%/2 v (% 1log %)3/2 and 71 (g) := £(2v/60t) "1, we have that for any
r<ri(e),

Event B; : Ph<% |P1(h)| > 5) <e.

As for the term B, recall P (||z|| > —r - 2loge) < ¢ and call this event By. We take r3() so
that 1 — 2rp loge < 1.1, which ensures ||z|| < 2r conditioned on BS for < r5. Next, we establish
coordinate-wise closeness of s, at close-by points. Let x; = = + %h, and s; = Axy — b. For

t €10,1],
‘ g1 %

0 dt

T T T
= — | Azhll. < —= Al < — |2l = |I2]|,
N \/gH xHoo_\/aH Hg(x)_\/g\l =zl
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and conditioned on z € B§ we know ||z|| < 2rlog 1 < 0.1 for 7 < r;. Hence,

1
</
0

and thus 1.2 > s, ;/sp; > 0.9 forall i € [m] (ie., S, ' < 1.25;1).
Using this, we bound P3(h) = Tr(S;L ,) by a multiple of P3(h) = Tr(S%,) as follows:

1 dst

dt < 0.1,
dt =

(e 9]

max
1€[m]

So

‘ Sp,i — Sx,i

S

Tr(Sy ) = Tr(hT ATS, 1S, Sy nAh) < 2Tr(h" ATS), S, > SpnAh) = 2Tx(S2 85 ,) < 4Tr(S; ;) -

Hence, E[P5(h)%] < E[P3(h)?] < d? by (G.21). Using Lemma E.8 with t = (2¢)? v (% log 2 )3/2
and taking r3(g) := (¢/e1t)'/2, we obtain
r? _
Event Bs : P(z—d -16P3(h) > 5) >e,
Combining bounds on A and B conditioned on M; B, we have with probability at least 1 — 3¢
2

2 2 r .
|||z —xllye — Iz = azHg(x)‘ < 253 for any r < mimm(e).

By replacing 3¢ < ¢, the claim follows.

SASC of Vaidya metric (Lemma E.11). Set g(z) = Al D, A, with D, = Vg (Be + %Im). By
(G.18) and (G.16),

max ||a;]|* < maxu <1.

i€fm] j [Dz]ii
Term A. As A consists of Py and P, (see (G.17)), we show E[P;(h)?] < d for i € [2], which by
Lemma E.8 implies |A| < v/d w.h.p. As for Py(h) = Tr(DxSih), we have E[P; (h)]? < d from
(G.19).

As for Py(h) = Tr(DgﬁvhSi,h), our approach is similar to Chen et al. (2018). By Lemma 1.4,

m .
(Pa(h)| = |y /=7 Tr (Ding (S0 = P?) s0) S2,, )|
< 1P ()] 4+ | Te(S2)]| + [ | Tr(Ding(P 52 S7,)]
Since we already established a high-probability bound for both | Py (h)| and | Tr(S i’ »)| (which is

Py (h) for the log-barrier), we focus on the third term in the RHS.
For o, := diag (P;) and 0, := (Py);j, it follows from P? = P, that Opi = o2

7 x,,ge
Hence,
3 T 3

A i,7=1

m

2 2
Tr (Dlag(P( )S;,;h Z szj Soch zh) Z U:vzg(sv’l? h) (Sl’ h)
! symmetry i
7] 9
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Combining these leads to

2 Tr(%,52 ) + 6 Tr(Diag(P{? s,,4)S52 1)

Z 01,5 ((50.0)7 + 3(50,0)7 (52,0)5 + 3(s2,0)i(52,0); + (52,)7)

so we handle }_, ; ai w((sx h) + (s h) ) instead of Tr(Dlag(P;g )sgD h)52 ) as we already

bounded /7% Tr(3,52 ;) n — /L Tr(S3,). Due to (s5.1)i + (Sz,4); = (a; +a;)Th, for

Cij = a; —|—aj

E[{ Z 0335 ((se.0)i + (52,0)5) }] Z 0204k Bl(cij - ) (cr - h)?]

i,j€[m] 1,5,k

9" o2 jompllei P lenll® (cij - ek) +6 > 02 500k (cij - ew)®. (G.22)
,5,k,l ,5,k,l

Lem;a 1.3

As for the first term in (G.22), we denote z; := Y, 02, .||ci;||* and Z := Diag((2i)icpm])-
Then,

>~ o2isot rlleslPllewl (e - cm) = Hzamu%n
1,7,k,l
2 2
+2HZU§,Z-,J-H%H o[ = 4| o2 llesla
] ij

2 2
<2||S" 2 el I
i %

[d
=1"ZA, Al 21 <17 ZD;?P(DY?A,) D;V? 21 <17 ZD;' 71 < — Tr(Z), (G23)

where the last inequality follows from Z = ¥, < 4/ %Dm due to

222 oniiUlaill + llagl?) S owallail® + ) o2 i jllagll? < owillaill® + 0w S 0w
J J
:Kl

Moreover, using the bound in K; and Z” ijlla I? = >

d d
2 2 2\ T T
Tr(Z) S zi:(ax,illaill + zj:%,i,jllajll ) =2Te(Ap o ds) S/ — Tr(Ag Dada) S dyf — .

Putting this into (G.23), we obtain Y, ;02 ;02 e P llesl (cij - en) < d2/m.
As for the second term in (G.22),

Z Ur,z,] wk:l Cl] Ckl Z sz] xkl|CZ] Ckl‘

0,5,k 1,5,k
< Z Ur,z,] z kl (a; - ak +a;-a; + aj-ak+a;- al Z 0:}0 i,j 0, kl (a; - ak)
0,5,k 1,5,k
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= Z ooy (a; - ap)? = Z Tr(opag AT S, Agzay) < 4/ % Z Tr(okay ay)
ik k

2
=1/— d Tr(AlS,A4,) < @
m m

This establish a high-probability bound of O (d?/m) on (G.22), implying an O(+/d)-high-probability
bound on /7| Tr(Diag(P*s,.) S2,)|-

Term B. We show that s, and s, are close, and the same holds for o, and o, . For s, following
the argument for the log-barrier, we let z; := = + thﬁ and s; ;= Az; — b. For0 <t¢ <1,

_1ds
[5G ]l = 75 14wl R

< h
& gaPllago.a, <

Conditioned on the high-probability bound of ||z|| < 2rlog é < 0.1 for any 7 less than some 7 (¢),

1
S/ HS 1dStH dt < 0.1,
0

max ‘M
i€[m]

and thus 1.2 > s,;/sp; > 0.9 for all i € [m] (i.e., Sp_l =< 1.25;1Y). For o, as we have 3, =
Diag(A, (Al A,)7tA), we have the same closeness between o, ; and o, ; for each i € [m).
Using the formulas in Lemma 1.4,

m d
D29 S (/5 (T (S0t - Ln)S5n) + Te(S5 0 PoSp0 Py'Sp)
(*)
TT(S;%,thSg,th) =+ Tr(Sp,thSp,thSp,thSpﬁ))
<TH(S2, PyS2 , Py)

m d
ST (S + S In)Shn) + Te(S2,552) + TH(S2APpS2aTy) )

®

Use Lemma H.1
m d m d
<= Te((Z)+ —1,)58%, ) < /= Tr( (s + —1,,)5%, ) = Py(h),
5\ () 5[5 (e sta) = R

where in (i) we used the Cauchy-Schwarz inequality on (x):

Te(S21,PpSpnPoSpn) < [ Tr(S2, PRS2 )\ Tr(S1 PpS2, PoSpn)

1 1
WS 5 (T (S0 Py o) + Tr(SpnPo Sy PoSpn)) < 5 (Te(Sp53pS5n) + Te(S; 1 PpSy 1 F)) -

(ii) follows from Tr(S2, P52, Pp) = 52, PA2)s2 ), < 82, Sps2y < 52, - (Sp+ L1 )ph, and

in (iii) we used coordinate-wise closeness of s, <+ s, and o, <> 0p. By (G.21), E[Pg(h) ] < d?,
and an O(d)-high-probability bound on | P3(h)| (so on B) follows from Lemma E.8.
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SASC of Lewis-weight (Lemma E.12). Set g(z) = \/QAIWEAI (with D, = vdW,). By
(G.18) and Lemma 1.5-1,

1/2 2
Dy "AL);  2mr+2 1
max ||a;]|* < max lo(Ds"" Az)l: <M<

Term A. As done for the Vaidya metric, a high-probability bound on A requires E[P;(h)?] < d for
i =1,2 (see (G.17)). Note that E[P, (h)?] < v/d by (G.19).

1 1
Asfor Py(h) = Vds] ,W. 50, we show E[Py(h)?] < v/d. Dueto W, = —Dlag( ZN W2 s, 1)

1 1
(Lemma 1.6), Py(h) = —V/ds] , Diag(W2 No W22 50 1) 80 = —\/&Tr(Dlag(W; Nsz Se.h)Sep)-
Thus,

Py(h) = Vd Tr(Diag(N, Wi s,.)WES 2, dZwl/Q (a; - h)2(b; - h)

1
where b; is the i-th row of B := N, W2 A, fori =1,...,m. By LemmaJ.4,

HZW (ai - 126 1)} |
— Z w2 WHGZ” llajl|*(b; - b))

i,j€[m]
1/2 1/2 1/2 1/2
+ 4w Pw P (ai - a) (0 bi)(ag - by) + 4> wiPwi a2 (b - aj)(a; - by)
i,J .3
1/2 1/2 1/2 1/2
+23 " wPw)?(a; - a7)(b; b)) +4Y " w)Pw}? (a; - a;)(a - by)(a; - bi)
i,J 2%
:‘;5"1 =T
= 1" Diag(A,AT) W2 BBTW?2 Diag(A,AT)1+4 - 17 Diag(4,BT) W2 A, ATW? Diag(4,B7)1
=N =:No

+4-[17 Diag(A, AT) W2 B] - [AJW? Diag(A,B") 1] +2T} + 4T

<N1+N2 by Young’s inequality

1
As for Ny, since BTB = ATW2N2W2A2 pQATW A, by Lemma 1.8-1 and thus BT B =<
(d)~'/21,, Lemma J.1 ensures BBT < 1 P(B) =< 7 I,,. Hence,

1 1
Ny < —= Tr(Diag(A;A}) W Diag(A,Al)) < — Tr(A]WA,) || Diag(AA])||l . < —=-
f ( )= Vd

As for N, due to ATW, A, < J=1; we have W2 A, ATW2 < 11, by Lemma J.1. Thus,

N2 S —= Tr({Diag(A,B")}?) = \%Z(az _IZH%H b1

1€[m]

S
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1T (BBT) < WTr(P(B)) < \}&'

As for Ty, by Young’s inequality (i.e., 2(a - b) < ||a||? + ||b]|*)
1/2 1/2
7= 3" (ai-a;)” ((w;?0) - (w;"20;)) S D (i - az)? (s sl + willby )

S8

i,j€[m] Y
=23 e Il Zmuﬁ(QMMD@
—}jubuiﬂ'wﬂwux%__ }jwwumm FRCERES

%

As for Ty, using (a; - a;) < |la;||||la;|| < %

Z w1/2 1/2 iaj)(ai - b)) (aj - by) S \f Z 1/2 1/2 (a; - b;)(a; - b;)

i,j€[m] i,j€[m]

1 1/2,T 12,7 1 1/2,T 4 Trir1/2
= — E w,' b, g a;w;""b;a; = — E Tr(a;w; "b; A,W/“B
\/Zi - ) 7 - ¥V ad] 7 \/Zi - ( )
1

1 1
= —Tr((ATW'2B)?) < — Te(B"WY24, ATW'Y?2B) < = Tr(B"B) < — .
Nz (A, ) )C_S ( - ) < ( ) < 7

Putting all the bounds together, we have E[Py(h)?] < d - ﬁ =d.

Q| =

Term B. We show that for any given o = ©(1), each coordinate of w,/sg and wy_ /sy is close.
For 0 <t <1, we define x4 := = + ﬁth, and s;, wy in the same fashion. Then for p = O(log m),

1
dt< h
< [ 15 081 a5 bl < il

Just as in showing SASC of the Vaidya metric, we can make this bound arbitrarily small (say § = 0)
by conditioning on the high-probability region where ||z|| < 7 log é < 0.01. Hence,

N
max logi( pssi) — log w‘“
ZE[m] sz’i

L CTS S ) L ) (G.24)

Sxi Sp, i Sz

We remark that this ©(1)-multiplicative closeness is still valid without the v/d-scaling of ATW,A,.
Using the formula for D2(A] W, A, )[h®*] in (1.6),

ID2g(p)[h®Y]| S (Ps(h) + | Pa(h)| + |Ps(h)]) = Py(h) + Vd (| Te(W, .52 )| + | Te(W,.52,)])
1 1
h) + Vd | Tr(S5 , Diag(WyZ NyW;? s,)) | +Vd | Tr(S2,Wy)1
~—_————

=T =Ts

where in the last line we used the formula for W;y ;, (Lemma L.6).

Now we show E[P3(h)?] < d? and T; < Vd whp. fori = 4,5. As for P3, we have
P;(h) < P3(h) from the closeness (G.24) of w;/s} for each i € [m], so E[P3(h)?] < d?-d~t =d
from (G.21).
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As for T7, using the Cauchy-Schwarz

1 1
Ty = | Te(S5, Wy Diag(N, Wy sp))| </ Te(S3, W88 )\ /5T W N2 W5 s,

(<)\/p’ Wys3 /51, Wy sp,h< \/5 wWasd h\/s WWa th—\/S aWes ) - d V] g

where in (i) we used N, < pI (Lemma 1.8), and in (ii) the closeness of w;/s% and w; /s established
in (G.24). As for the first term in the RHS,

E[(s3,,Wessn)? ] < > wzw]\/ﬁ\/iw <sz a; 12])2>2

7]6

(szH%H ) = (@riw) =5

As for the second term, the concentration of the standard Gaussian guarantees ||2|[;,) < [|A]] < Vd

w.h.p. Therefore, T < v/d w.h.p.
As for T, (1.4) with I'), = Sz 5, €quals T5. Following (1.8) with I, II, IIL, IV defined in (L.5),

> Te(WpSy ) 0]l § T (WS ) (Te(Sp W) + Tr(S, ,Wy))

v=LILILIV
S/ Te(WeSE ) (Te(S3 ), Wa) + Te(S, ,Wa))
(i)

where (i) follows from Lemma L7 (i.e., [v][y-1 S HhHiTWpA = Te(S> ,W)) for v = L, IL, 1L,
and ||IV||W;1 S Tr(S4 W), and (ii) follows from the conditioned event where the closeness of

w;/s? at x and 2 holds. Since we already established the high-probability bounds of d~/2P3(h) =
Tr(S%, W,) < Land Tr(S2, W,) < V/d, combining these yield 75 < v/d w.h.p.

T

N

G.4.5. QUADRATIC CONSTRAINTS

We show that a v-SC barrier () = — log f(+) satisfies

D*f () [n™]
ID* () (2] S V21IBl32 ) + @) I
Proof of Lemma E.13. Fix h € R? and € int(K), define ¢(t) := ¥ (z + th). Then,
o T
¢ - f ’
N 2 " "
//:<§> _J;:((Zs/)Z_J;’
"o / //_f”/f_f”f/_ /1 f”/ f”f/_ " 2 _ﬂ
¢ =29'¢ o 2¢'¢" — 7R 2¢'¢" + ¢/ (¢" — (¢)°) 7
ol (N3 LW
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(4) ¢ _ g1 g1
(;5(4) _ 3(¢//)2 43¢ ¢ — 3(¢/)2¢// - / fof /

(4)

_3(¢/I>2+3¢/¢///_3(¢/)2¢//+¢I (¢I//_3¢/¢Il+(¢/)3) _ ff
1\2 s N2 1 4 f(4)
=3(¢")" +4¢'¢" — 6(¢)7¢" + (&) B

Since |¢"| < 2(¢")3/? (SC of ¢) and ¢” > L (¢')? (the definition of the barrier parameter), which is
equivalent to |¢/| < /v(¢")'/2, we can directly compute as follows:

601 < 4169+ 3161+ 61 (60 + 1601+ | 7

I s
< 8V I/ 4 310" 4 60 |6+ 16 | T S P19+ |

Using this tool, we study Dikin-amenability of barriers for quadratic constraints.

Proof of Lemma E.14. Let us check the last claim first. By Lemma D.18, we may assume that
1
$(a,y) = —log(l + ¢y — 5!!90\\2) ;

andlet f(z,y) =l+q'y— 3 |||, For 2 = (z,y) € int(K) and u = (ug,u,) € R% we have

R R
1 1
D26(2)[u, u] = 7 (2 up —q-uy)? + 7 ug)? . (G.25)
As for the first term in the RHS of (G.25), it holds that for v = (v,,vy) € R
Uy — - Uy)? 2(z-uy —q- v - Ug I T—
D((x - fzq ) >[ I = o quuy)(v - )+2(9€~uw—q-uy)2‘w - quivy,
(- uz —q-uy)? 2 (Vg - ug)? (T up — q-uy)(vg - ug) (T Ve —q-vy)
D2( = v )[U,v]: R y & Y
(2 g — g uy) (Ve - ) (@ 02 — g vy) + 2 (- up — g y)?[0a
13
6 (2 ug — q-uy)(x- vy — q-vy)?
Iz
2 (vg - uz)? 4 (g u) (v - ug) (g - 0)
- 72 + 73
L Mg ) (v ) (g 0) + 2 w)va® 6 (g ) (g v)?
f? fA ’

where z, := (z, —q) € R%
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As for the second term, direct computations lead to

2
- 1
D(B) ) = 5 sl - -0,

el 2 e L a2l
D2 (0 ) 0] = 5 el (2 v = 0 00)? + 5 ot

2 2
|ue|[*[lve ™ -

1
2+ﬁ|

2
Jue[|* (24 - v)

2

D4¢[u, u, v, v

2 (0w (el 0 +2 o) 0wy )+ L o)

1 2 2
= =5 lual"llve ™ +
g f?

>0

+ i (g 0y o)

> 5 (Glhual e 0 + Gl Py 0 42y )00y o))
USCAMGM
g el P2+ 5 (e )Py - 0)°
Use AM-GM
> & (el el g - g = 24 g ol ol + 235 b b ol ol
=l el ol ol (% 1) 2 0

G.4.6. PSD: CONVEXITY AND STRONGLY SELF-CONCORDANCE
We start with convexity of log det(V2¢) for ¢(X) = —logdet X.

Proof of Proposition E.22. Using Lemma E.20 and det(M T (A ® A)M) = 24(d=1/2 (det A)4+1
(Lemma H.1) in the first and second equality below,

d(d—1)

log det (V¢(X)) = logdet(MT (X~ @ X )M) = ——

log2 — (d+ 1) logdet X .
Since — log det X is convex in X (H.4), the convexity of log det (V2¢>(X )) also follows. |

Observe from the proof that log det (V¢ (X)) = const. + (d + 1) ¢(X). Differentiating both
sides in direction H, by (H.1) Tr([V2¢(X)] 'D?¢(X)[H]) = (d + 1) D¢(X)[H]. Hence,

Tr([V26(X)] 2 D3¢(X)[H] [V?¢(X)] %) = ~(d+ 1) Te(X 'H).  (G26)

87



KOOK VEMPALA

We are ready to show SSC of ¢.

Proof of Lemma E.23. For H € S?and t € R, denote X; := X +tH and g; :== M (X;® X;)~

Note that
I[V26(X)] 2D 6(X)[H] [V26(X)] 72 |3, = Te(g ™ Ougnl=o 6~ rgili=o) ,
and
Ougrli-0 = (M (X, @ X,) M) ’ — MT(X ® X)L 0,(Xe ® X)]imo (X © X)L

t=0 (ii)
=M X'ex HYHeX+XoH)(X 'eX HM

= MY X'HX "o X '+ X e X tHX )M,
111

where (i) follows from Lemma E.20, (ii) is due to (H.2), and (iii) follows from (A ® B)(C' ® D)

(AC) ® (BD) (Lemma H.1-3).

Recall that positive semidefinite matrices have unique positive semidefinite square roots,
(X ®X)2 = Xz ® X2 (due to (X2 @ X1/2) . (XV/2 @ X¥/2) = X ® X). Since g;

M7 (X, ® X;)~"/2(X, ® X;)~'/2 M, the corresponding orthogonal projection is

P :=P((X;® Xt)iéM) = (X ® Xt)iéMgt_lMT(Xt ® Xt)ié :

By substituting 0;g; with (G.27),

li=o
Tr(g~ ' 0rgeli=0 g ' Org1i=0)
=Tr(¢'MT(XTHX "o X '+ X e X 'THX )M
g MT (X' HX e X T+ X te X TTHX M)
=Tr(Mg'MT(X'HX "o X '+ X o X 'HX )M
g IMT(XT'THX "o X '+ X 'e X TTHX )
T ([Mg 'MT(X'THX '@ X '+ X o X THX )] )

Tr

1 1 1 1 2
Tr< (X @ X):P(XoX) (X 'THX e X '+ X '@ X 'HX™ )])

PX®X):(X 'HX 'oX '+ X 'oXx 'HX! X@Xj

=5
— Te(PSPS).

Using Lemma H.1-3,

S=XHX :@[;+;,@ X *HX % .
= A =B

By the Cauchy-Schwarz inequality along with PTP = P2 = P and P < I,

Te(PSPS) < Tr((PS)TPS) < Te(STS) = S|l < (Al + 1Bl )
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Using Lemma H.1-3,
JAIZ = Tr (X 2HX 2@ 1) - (X 2HX 2 @ I,))
= Tr(X :HX 'HX 2 ®I;) =Tr(X :HX 'HX 2) Tr(I;) = d|H|%,
and similarly || B||%. = d || H||%. Therefore, 1x < 2v/d follows from
1[V26(X)] 2 D*(X)[H] [V26(X)] 2|, < /Tx(PSPS) < 2Vd ||| x .
To see the optimality of O(d'/?), we recall (G.26):
Tr([V26(X)] "2 DP(X)[H] [V26(X)]72) = —(d + 1) Tr(X'H).

Taking supremum on both sides,

sup T ([V2p(X)] "2 D(X)[H] [V2(X)]3)

H:|[H|| x=1

= sup —(d+1) Tr(X*%HX*%) = sup  (d+1) Tr(S),
HeS|| X—1/2HX1/2|| p=1 Ses:|| S|l p=1

and this objective achieves the maximum at H = —d~/2X, with the supremum being (d+1) V.
On the other hand, due to Tr(A) < d/2||A| for A € R¥*,

Tr([V26(X)] -2 D%6(X) [H] [V26(X)] )

d(d+1) d(d+1)

_1 _1
< 5 [IVo(X)]"2D%e(X)[H] [VZ6(X)] 2|, < 5 UxlHllx
and thus by taking supremum on both sides over a symmetric matrix H with || H|| , = 1, it follows
that (d + 1)v/d < d+1 ) 4y and thus V2(d+1) < ¢x. [

G.4.7. PSD: STRONGLY LOWER TRACE SELF-CONCORDANCE

Direct computation leads to D2g(X)[H, H] = 0 (so SLTSC).

Proof of Lemma E.25. For g(X) = —V?logdet X, recall that g(X)[H, H] = Tr(X 'HX'H).
Thus for any V € S¢,

Dg(X)[H,H,V]= -To(X'VX ' HX'H)-Try(X'H - X"'VX'. H)
= 2Tr( X 'WX'HX'H),
and differentiating again,
D?*g(X)[H, H,V, V]
=4 Te(X WX WXTTHX'H) + 2 (X 'VXTHX WX H)
—ATH(X HX WX WX 'HX2)+2 Tr(X 2VX 'HX 2 - X 2VX 'HX 3)

_1 1 1 1 _1 1 1 _1 _1 -1 _1
>AT(X HX WX WX 'HX %) -2 Te(X 2HX VX 2. X VX 'HX ?)
®

— 2 Tr(X :HX WX WX 'HX 2)>0, (G.28)
where in (i) we used the Cauchy-Schwarz inequality. Therefore, D?¢(X)[H, H] > 0. |
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G.4.8. PSD: AVERAGE SELF-CONCORDANCE

We establish a connection to the Gaussian orthogonal ensemble (GOE): for d; = d(d + 1)/2 and
svec(H) ~ N (0, % g(X)™!), we have —V‘ff’dX_%HX_% is the GOE.

Proof of Lemma E.26. Let hx := svec(X ~/2HX~'/2) and h := svec(H). It holds that
hx = L(X ® X)"2Mh

due to hx = svec(XféHXfé) =L Vec(XféﬂXfé) = L(X ® X)*%vec(H) = L(X®
X)féMh. Ash ~ N (0, g—j g(X)™1), hx is a Gaussian with zero mean and covariance

2

TL(X ®X)TEMg(X) " MT(X @ X)73LT
2
g;dL(X ©X) TMLN(X @ X)NTLTMT(X @ X) "2 L7
2
(:)C;dL(X ®X) EN(X ® X)NT(X @ X) 3 L7
_ LX®X) 3(X®X)N(X®X) 2L = o NLT
(+) dsd ® dyd

5t | btae
(i) dsd slaa-1y2 |

where (i) follows from Proposition E.20, (x) follows from Lemma E.19, and (ii) follows from
Magnus and Neudecker (1980, Page 427) that LNLT is a ds x d, diagonal matrix with d times
1 and %d(d — 1) times 1/2. Precisely, the entries of hx € R% corresponding to the diagonals
of X~ V2H X~1/2 are 1, and its entries corresponding to off-diagonals is 1/2. This is exactly the

covariance matrix of a ds-dimensional GOE, so X “SHX 3 ~ \/%G for the GOE G. [ |

Now we show ASC of d¢.
Proof of Lemma E.27. Expand || Z — X ||} := ||Z — X|| 4 at X for Z = X + H:

oo
1
1Z-X3-1Z2-XI[5x=>_ EDkQ(X)[H@)HQ]-
k=1 """

It follows from induction that for Hy := X "2 HX 2
Dg(X)[H®3) = —2d Te (X 'HX'HX'H) = —2Tr(H%),
D?g(X)[H®'] = 3!d Tr(HY),
DFg(X)[HEF+D] = (—1)k(k + 1)!d Tr(HE?2)

Putting these back into the series expansion, for H the GOE (see Lemma E.26)

1Z = XII7 = 1Z = XI5 = Y (=D (k + 1)d Tr(Hx"?)
k=1
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0 N r? & ro\F
=S (-)F(k+ 1)d ( dsd> Te(H*?) = deZ(—l)k(/ﬂH)(@) Te(H*+2) .

k=1

As for ASC, it suffices to show that > 3%, (—1)*(k + 1)( )k Tr(H**?) can be made

arbitrarily small. We first control ;-

‘Z G+ 1) ( dsd)kTr(Hk+2)‘§kZ>2(k+1)< ;sd) a- || H|E?.

op < v/d holds with high probability, and thus

Z(k—%l)(\/;id) d- | |5 < Z (k + 1)r 3k/2d 45 < S (k+ D

k>2 k>2

By taking = (1) small enough, we can make this series arbitrarily small.

7z Tr(H 3) (k = 1 case). This is a Gaussian polynomial in svec(H), so it
suffices to show E[(Tr(H?))? ] O(d?); we then use Lemma E.8 to obtain a high-probability bound
on the Gaussian polynomial Tr(H?). For H = (Hy) € S¢,

d3/2

2
(TT(H?))) = ZHipHquqi ’ Z HjrHyrsHsj = Z HipHypqHgiHjr HysHyj
ipq Jrs ipgjrs
where each H,. in the summand is an independent Gaussian with zero mean and variance 1 or 1/2
(as H is the GOE). We can classify the indices {7, p, q, j,, s} into the following types:

6 distinct indices {a, b, ¢, d, e, f},

5 distinct indices {a, b, ¢, d, (e,e)},

4 distinct indices {a, b, ¢, (d,d,d)},{a,b, (c,c), (d,d)},
Others ...,

where for example {a, b, ¢, d, e, f} means all indices are different, and {a, b, ¢, d, (e, ¢)} means that
there appear 5 different indices {a, b, ¢, d, e} but exists one pair (e, e) of the same index. Note that
EH;,Hp,HyiHjr HysHgj = O(1) is at most the sixth moment of a standard Gaussian. It implies that

toward our goal of showing O(d*)-bound on (Tr(H?)) ? it suffices to look into only three types of

indices above. This is because the terms from other types contribute at most O(d?) to (Tr(H?)) %,

For any term with 6 distinct indices, we can always find an ‘uncoupled’ H,. (for example H ;)
in the summand that is independent of all the others, so its expectation of the summand is 0.

For the terms with 5-distinct indices {a, b, ¢, d, (e, )}, due to symmetry (see Figure G.1) we can
further classify the index (i, p, q, j, r, $) into either (a, b, ¢, d, e, €) or (a, b, e, ¢, d, e). In both cases,
H,;, has no coupled Gaussian, so the expectations of the summand are also 0.

For 4-distinct indices, let us first consider {a, b, ¢, (d, d, d) }-type indices. In this case (i, p, ¢, J, 7, S)
is of the form either (a, a, a, b, ¢, d) or (a,a, b, a, ¢, d) due to symmetry. In both cases, H.; has no
coupled Gaussian. Now consider {a, b, (¢, ¢), (d, d) }-type indices. Then (i, p,q,j,,s) is of the
form either (a,b,c,c,d,d) or (a,c,c,b,d,d) or (a,c,d,b,c,d). For each case, Hyp, Heey Hye are
uncoupled ones. Therefore, E[H;,Hp,HyiHj HysH,;) = 0 whenever there are at least 4 distinct
indices. |
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Figure G.1: A structure of indices of H;, HpqHy; - Hjr HysHg;

Remark G.7 It seems challenging to show that d¢ is SASC using the same technique. When g is
g=dV?*(—logdet X) + ¢

1 1
for other PSD matrix function g', we know that svec(H x ) = svec(X ~2 HX ~2) follows a Gaussian
distribution with zero mean and covariance matrix M satisfying

M < [ la ] :

2la(a-1)/2
A main difference in the SASC setting is that the entries of h = svec(H x ) might exhibit dependencies,
making the previous approach infeasible. This arises because many fundamental results in the
random matrix theory often presume independence of the entries of a random matrix. Moreover, our
combinatorial argument for the k = 1 case is not feasible in the presence of such dependencies.

G.5. Examples (§F)

G.5.1. ALGORITHMS FOR PSD SAMPLING

Proof of Proposition F.2. We define gx = g = 2(d%g; + go), where
m d
a(X)=MT(X®X)'M and  go(X) =22, /E MTAL (Zx + Elm)AXM.

Since d?g; and go are SSC, g is also SSC due to Lemma D.5 and O(d® + v/md?)-symmetric® due
to Lemma D.11. As d?¢; and g is SLTSC and SASC, g is LTSC and ASC. Putting these together,
it follows that g is (O(d® + Vmd?), O(d® + v'md?))-Dikin-amenable. Therefore, Theorem 3.2

implies that GCDW incurs O(d2(d3 4+vmd?)) = O(d®(d?+/m)) total iterations of the Dikin walk
with g.

Now we bound the per-step complexity of the Dikin walk (Algorithm 1). Recall that it requires
(1) the update of the leverage scores, (2) computation of the matrix function induced by the local
metric g, (3) the inverse of the matrix function and (4) its determinant. By Lee and Sidford (2019,
Theorem 46) (with p = 2 and d < ds therein), the initialization of the leverage scores at the
beginning takes O(md>*) and their updates takes O(md*“~1)) time. Since (1) takes O(md*“~1),
(2) takes O(d* + md2(“’_1)), and (3) and (4) take O (dQ“’), each iteration runs in O(d** + mdQ(w_l))

8. Since the dimension is d; in the PSD setting, we should replace d by ds = O(d?) when applying Lemma E.5.
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time. Even though the initialization of leverage scores takes 9} (md*) time, the amortized per-
step time complexity becomes O(d? + md?“=1) = O(md?>“~1)) time, as the mixing rate is

O(d3(d? + ym)). n

Proof of Proposition F.3. We define gx = g = 2(d?g1 + g2), where for some constants ¢y, ca > 0,
n(X)=M"(X®X)"'M and  go(X)=de;(logm)*MTAZWx AxM .

Since d?g; and go are SSC, g is also SSC due to Lemma D.5 and O*(d?)-symmetric due to
Lemma D.11. As d%g; and g5 is SLTSC and SASC, g is LTSC and ASC. Putting these together, it
follows that g is (O*(d?), O*(d*))-Dikin-amenable. Therefore, Theorem 3.2 implies that GCDW

requires (5(d5)~iterations of the Dikin walk with g. Since the initialization and update of the Lewis

weight takes O(md?’) and O(md2“~) time (Lee and Sidford, 2019, Theorem 46), the same
implementation with Theorem F.2 also has the time complexity of O(md?“—1). |

G.5.2. EFFICIENT IMPLEMENTATION

Proof of Proposition F.4. Let v € R% be a given vector, and denote go := g1 and g; := g;_1 + ululT
for i € [m]. We first prepare the column vectors u;’s of U = M TATS)_(l in O(md?) time and
then initialize g, Ly and Jo Ly, fori € [m] in O(md“) time. For w;’s, note that Sx can be prepared
in O(md?) time, and thus ATS}! takes O(md?) time due to A € R¥>™ - Since each row of
MT € Ré** hag at most two non-zero entries, we can obtain u;’s in O(md?) time.

For gy Ly and Jdo Lu;, we recall from Lemma E.20 that for a vector z € R%

grlz=M(XeX)(MNT2=LN(X®X)NL"z.

Since each row of LT € R4**ds has at most two non-zero entries, w = L'z € R% can be
computed in O(d?) time. From the definition of IV, it follows that Nw = vec(5(W + WT)) for
W = vec™!(w) € R™, which also can be computed in O(d?) time. For W := Z(W + WT), it
follows that

(X @ X)Nw = (X ® X)vec(W) L :Hllvec(XWX),

which can be computed in O(d¥) time by the fast matrix multiplication, and in a similar way we
can compute LN vec(XW X) in O(d?) time. Putting all these together, g, ‘v can be computed in
O(d*) time, and repeating this for u;’s yields {g; v, Gy 'u1, . . ., gy "um} in O(md®) time.

Starting with these initializations, we recursively use the Sherman—Morrison formula: for
2 € R,

-1

=1, o To—1
Glr =gl 9i—1%it; 9i17
i # =917

—— . (G.29)
1+ uf ;i

Using g, 11uj and g, 111) from a previous iteration, we can compute each of g, 1uj and g, v in the
current iteration in O(d?) time, and thus each round for update takes O(md?) time in total. Since
we iterate for m rounds, Algorithm 4 outputs g,.'v = g(X)~1v in O(md* + m2d?) time. |

Proof gf Lemma F.5. Here we provide details of Algorithm 5 in two stages — (1) sampling from
N (O, 5 g(a;)_l) and (2) computation of acceptance probability.
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(1) Gaussian sampling:  For simplicity, we ignore 72 /d and illustrate how to draw v ~ N (0, g(X)~1)
without full computation of g(X)~! in O(md* + m?2d?) time.

Our approach is to compute v := g(X)™' [ B U | w for w ~ N(0, I2,), which follows
the Gaussian distribution with covariance

o) [ B U () [ B U]) = g(X) (BBT +0CT)g(X) g(x)

since v is a linear transformation of the Gaussian random variable w, and BBT + CCT = g(X).
Denoting w = (wy, wy) for wy ~ N(0, Iz2) and wy, ~ N(0, I,), we canshow that [ B U | w
can be computed in O(d“ + md?) time as follows:
[ B UJw=Buwy+Uw.=M" (X ®X) 2w, +MTATS w.
—_——
Use Lemma G.29
=M (vec(Xfl/2 vec ™t (wy) X71/2) + ATS)_(lwc) ,

where vec (X_l/2 vec L (wp) X_1/2) and AT S5 w, can be computed in O(d*) and O(md?) time,
respectively. Since each row of M T € R% *d* has at most two non-zero entries, [ B U ] w can
be computed in O(d“ + md?) time. Using Algorithm 4, we obtain v = g(X)™' [ B U Jwin
O(md® + m2d?) time.

(2) Computation of acceptance probability. ~We show that this step also takes O(md“ + m?2d?)
time. To compute det g(X), we use Algorithm 4 to prepare {gi_lul, . ,gi_lum}:-io at X and
Y = svec ! (y) in O(md“ + m2d?) time. Recall the matrix determinant lemma:

det(A+uu') = (1+u"A  u) det A.
Using the following recursive formula

det(git1) = det(gi + uip1uiyy) = (1 +ul 19, "uir) det gi ,

we start with det gy = det g; = 244=1/2(det X)~(@+1) (see Lemma H.1-7), which can be computed
in O(d“) time, and compute det g(X) (and det g(Y") in the same way) in O(md* + m?d?) time. B

G.5.3. HANDLING APPROXIMATE LEWIS WEIGHTS

Proof of Lemma F.6. We just reproduce the proof of Lemma B.3. For 7 o exp(—f) - 1x, we denote

72 z) m(z
Pz = N(SE, Eg(a:)_l), R,(z) = p=() 7(2) Ag(z) = min(1, Ry (2) 1k (2)) -

Then the transition kernel of the Dikin walk started at z can be written as

P(z,dz) = (1 — B, [As(-)]) 62(dz) + Au(2) pe(z) dz.

=g
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Thus, for z,y € int(K)

Ty + 7 1
drv(PesPy) = "2 4 5 1442 pale) = Ay )] d
~— _

We note that (1 — 6) g2 =< g2 = (1 + 9) g and thus
(1-9)g=2g=2(10+d)y, (G.30)

and this implies (1 — 6) I < §~/2gg~1/2 < (1 + 6) I. Hence, (1 —0)¥/2 < 32—;’% < (14 6)%/2

a2 [ detg(z) det g(2) 2 [detg(z)
(1-9) \/ det (=) s \/ det g(x) < (149 \/ det g(x) 63D

With this in mind, recall that

and

o= 1= B 0] =1~ [min(L 1) E2EHE P )
=A =B

We can bound A in a similar way by using (G.30). As for B,

d 1 ~ ~
=55z = 22 = 12 = all2) + S (log det (2) — log det 7())
As in Lemma B.3, the second term can be bounded lower by exp (—3¢) using (G.31). The first term
can be lower-bounded by invoking ASC of g. To see this, ignoring the normalization constant of g

7’2 — 1
= / 1l = 2l 1= = ol < 267 ) VE@T e(=5l= -~ all) d=
7‘2 1
= [ 11z =) ~ =~ el < 2) Vie@exp(~gl= - #lir)

g(x)

1

2

exp(

2 2 r? 1 2
< 1(||Z — |5y — Iz — zll5,) < 253) 9()] eXP(—§||Z —z[l5 )

)
1+ 5)d2/2 exp(§||z — 95”3(@) dz.

Due to ||z — z||? ,y < r? wh.p., taking § = £/d"” leads to

72 1
(22 [ 1(1z - 2l - e - 2l < 27) Vig@llexp(— 5z - ol)

Also, due to

Iz =2y = 1z = 2l3m) = (=) Iz =] — L+ ) |lz =],
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= (1=08) (I = @[y — Iz = 2l3)) = 26 |12 — 2[5,

we have

2 2 RN —Llz—a?
() <2 [ 1(llz =2l = Iz =2l < @0 =8 +2) =) Vgla)le o dz < 6

by invoking ASC of g in the last inequality. Putting these together, | < % + O(e). For Il, we can
follow the proof of Lemma B.3 to show Il < % + O(e), and every technical issue can be resolved by
repeating the same techniques above. |

Appendix H. Backgrounds on matrix algebra
H.1. Matrix identities
We collect algebraic identities related to trace, vectorization, Kronecker and Hadamard product.
Lemma H.1 (Kronecker product) For A, B,C, D € R* and M in Definition E.18,
1. (A® B) vec(C) = Tr(BCAT). 5. (A B)T = AT® BT.
2. vec(A)T(BRC)vec(D) = Tr(DBTATC). 6. Tr(A® B) = Tr(A) Tr(B).
3. (A® B)(C® D)= AC ® BD. 7. det (MT(A®A)M) = 27" /2(det A)4H,
4. (A B)'=A"1® B~

Lemma H.2 (Hadamard product) Ler A, B,C,D € R™4 z y € R? and Dy, Dy € R¥ pe
diagonal matrices.

1. (Ao B)y = diag(A Diag(y)BT). 4. (Ao B)Dy = (ADy) o B= Ao (BDy).
2. 27 (AoB)y = Tr(Diag(z)A Diag(y)BT). 5. (A®B)o(C®D)=(AoC)®(BoD,).
3. D1(AoB)=(D1A)o B = Ao (D;B).

H.2. Matrix calculus

Let g(x) : R? — R%*? be a matrix function. Its gradient at z, denoted by Dg(), is the third-order
tensor defined by (Dg(z));jx = d‘(gfc Ef). Unless specified otherwise, the multiplication between
higher-order tensors and a matrix of size d x d is running over (i, j)-entries. For instance, for a

matrix M € R%*4 the product Dg(z) - M indicates the third-order tensor defined by

(Dg(x) M).., = (Dg(z))..xM foreach k € [d].

In the same way, the trace is applied to a matrix spanned by (i, j)-entries, i.e.,
(Tr(Dg(:U)))k = Tr<(Dg(x))_7_7k> .
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For ¢ : R? — R with o(+) := log det g(-), its gradient and the directional derivative in h € R?
are

Vo(z) = Tr(g(a:)leg(x)) , and Vo(z)-h= Tr(g(x)leg(a:) [h]) . (H.1)

For the Hessian of ¢, using the product rule and

D(g7")(x) = —g(x)"'Dyg(z) g(z)~", (H.2)
we obtain
V2¢(z) = DTr(g(x)"'Dy(x)) = — Tr(g(x) "' Dy(z) g(x)~'Dg(x)) + Tr(g(z)~'D?g(x))
_ _1 _1
= Tr(g(x)"'D?(x)) — |lg(x) "2 Dy(z) g(x) = I%, (H.3)
where D?g(z) is the fourth-order tensor defined by (D?g(z));j1 = 83(1 ima)if .
We now present formulas for the Hessian and its inverse of ¢(-) = —logdet(-) on S , .

Proof of Proof of Proposition E.20. By setting g(X) = X and ¢(X) = —¢(X) above, (H.3)
implies that for a symmetric matrix H € S¢
V2G(X)[H,H) = | X 2HX 3|% = Tr(X '"HX'H) (H.4)
=vec(H)" (X '@ X 1) vec(H) = vec(H) (X ® X)L vec(H),
where the last equality follows from Lemma H.1. When representing X and H in R% space with
notations z := svec(X) and h := svec(H ), the definition of M (see Definition E.18) turns (H.4)

into
V2p(z)[h,h) =hTMT(X ® X)"1Mh,

50 gy = V2¢(x) = V%4(X) equals M (X ® X)~'M. The formula for the inverse, g =
MT(X ® X)(M™)T, is immediate from Magnus and Neudecker (1980), and another part follows
from MT=LNand NT = N (Magnus and Neudecker, 1980, Lemma 3.6 and Lemma 2.1). |

Appendix I. Self-concordant barriers for linear constraints

We collect details on self-concordant barriers for linear constraints, P = {z € R? : Az > b} with
A € R™*% and b € R™: the logarithmic, volumetric, and Lewis-weight barrier/metric. Recall
the notations used in the paper: s, = diag(Az — b) € R™, S, = Diag(s,) € R™* ™, and
Ay = S;1A € R™*4, Also, s, = Azh € R™and S, ;, = Diag(s;,) € R™ ™. Let h € R%.

I.1. Logarithmic barriers

For x € P, the logarithmic barrier (or log-barrier) and the Hessian metric are given by
m

Plog(w) = =Y log(alw —b),  and  g(x) = V?(z) = AT A, .
i=1

Claim I.1 DS, [h] = Diag(Ah) and DS, '[h] = —S; 1S, 1. Also, Dg(z)[h] = —2AL S, n A, and
D%g(x)[h, h] = 6AIS§7hAz = 0.
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Proof The first is obvious from differentiation of S, = Diag(Ax — b) w.r.t. z. As for the second,

DS, '[h] = —S;'DS,[h] S; 1 = —S, ! Diag(Ah)S,; ' = —S, ! Diag(Azh) = —S; ' Sun -

As for the third and fourth, as g(x) = ATS,2A,

Dg(x)[h] = ATDS;%[h] A = —2A7S,;°DS,[h]A = —2A] S ! Diag(Ah)A, = —2A] S, p A .
D?g(z)[h, h] = —2ATDS;?[h] Diag(Ah)A = 6ATS, *DS,[h] Diag(Ah)A = 6A] S, A, .

1.2. Volumetric barriers

Vaidya (1996) introduced the volumetric barrier for P, defined by
1 9 1 T
bvol(z) = 3 log det(V qﬁlog(x)) =3 logdet(A, Az) .

Claim L2 Vo (z) = —ATo, and V3¢ (z) = AL (35, — 2PP) A,.
Proof For P, := P(A,), using (H.1) with Claim I.1 and apply Lemma H.2 in (i),
Voyor(z)[h] = — Tr((Ag Az) Tt AL Se nAz) = — Tr(PuSep) = 1Y (P, o Iy)sen = —hT Al oy,
For the Hessian of ¢y, let g(x) = Al A, and then by (H.3),
1 _ _ _
Vi (2)[h, h] = 5 (Tx(g~ D*g[h, h]) = Tr(g~'Dg[h] g~ 'Dgl[h])) .
As for the first term, Claim 1.1 leads to
Tr(g~'Dg[h,h]) = 6 Tr(g ' AL S2 ) As) = 6 Tr(PySy n 1Sy ) = 6hT AL (Py o I)Ayh = 6hT A S, Agh.
As for the second term,
Tr(g~'Dg[h] g 'Dg[h]) = 4 Tr(PpSy n PeSen) = 4(Ayh)T(Py o P,)(Ayh) = 4hT AT PP A, h .

Hence, D%¢o1(2)[h, h] = hTAT(3%, — 2P£2))Axh, which completes the proof. [

Claim L3 P <%, 50 ATS, Ay < V2¢yo(z) < 3ATE, A,

Proof Due to ., = P, o I, it suffices to show h" P, o (I — P,) h > 0 for any h € R Since P, and
I — P, are orthogonal projections, for H = Diag(h) and C := P,H(I — P,),

hTP,o(I — Py)h =Te(HP,H(I — P,)) = Tr((I — P,)HP,P,H(I — P,)) = Tr(CTC) > 0.
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1.2.1. DERIVATIVES OF LEVERAGE SCORES AND PROJECTION MATRICES

We derive formulas for derivatives of leverage scores, orthogonal projections, and so on.

Lemmal4 Forz,h € RY let P, = A,(ATA,) " AT, ¥, = Diag(P,), and A, = ¥, — P2,
Denote 0(z) := Al ¥, Ay.

* (Lee and Sidford, 2019, Lemma 24) %2/ , = —2 Diag(Ays,4) = 2(Diag(PySynPr) — SoSu ).
¢ (Lee and Sidford, 2019, Lemma 49) ng,h = —PpSyn — SenPr + 2P,Sy n Py

Al = —2Diag(Aysz ) + 2Py 0 PoSy p+ 280 1 Pr o Py —2(PySy  Py) 0 Py — 2P, 0 (PoSyp 5 P).
S = 68215250 n +8 Diag(PuSy n PrSepn Pr) — 6 Diag(PpS2 ), Py) — 8 Diag(Sy n PeSe n Pe)-
DO(x)[h] = —2A7 ;S0 Az + ALY, Ay

D26(z)[h, h] = GAISx,hExSLhAx —4ATYY nSzhAs + AIEgﬁAm. Equivalently,

T,

D20(2)[h, h] = 20A] Sy 4528z 1 Ar — 16A] Diag(Sy  PrSynPr) As
— 6A] Diag(P,S3 ), Pr) Ay + 8A] Diag(Py Sy n PoSenPr)As.

Proof As for the third item,

;:,h: /z,h_P:z/c,hOPI_PIOP:JIc,h

= -2 Diag(AxSm,h) - (_Psz,h - Sz,hpa: + 2PZ‘S£E,hPZ‘) o P:v - Px S (_szz,h - Sa:,hp:c + QPmSz,hP$>
E —2 Diag(ALBsx,h) +2FP; 0 Pa:Sm,h + 2Sx,hpz oP, — Q(stx,hpw) oP, -2FP,0 (Psz,th) s

i

where in (i) we used D(AoB) = (DA)oB = Ao(DB) and (Ao B)D = (AD)oB = Ao (BD)9
for a diagonal matrix D &€ R4 (Lemma H.2).
As for the fourth item,

3 n = —2D(Diag(Aysap)) [h] = —2 Diag(Al, ,50.1) 4+ 2 Diag(AySe.nsen)
= —2Diag([—2Diag(AzSz,n) + 2Py 0 PoSyp + 285 1Py 0 Py — 2(PpSy . Pr) © Py — 2Py 0 (PySy 1, Py)] S20)
+ 2 Diag(Az Sz hSz,h)
= 4Diag(A,54,1)S2,n — 4 Diag(Py 0 PpSy p5,n) — 4 Diag(Sy nPr 0 Prse )
+ 4 Diag((PySynPr) © Pysy ) + 4Diag(Py o (PeSypPr)sen) + 2Diag(Ay Sy psen)
= 4Diag(Sm7h(ZT/ —P,o Pm)sx’h) — 4 Diag(Py o PpSy nSa,n) — 4 Diag(Sy nPr © Pysyp)
+ 4 Diag((PySynPy) © Posg ) + 4Diag(Py o (PoSypPr)ssn) + 2Diag((S, — Py o Py)SunsSaen)
= 4 Diag(5, 1,25, ) — 6Diag(Py 0 PySy nsyn) — 8 Diag(Sy n Py 0 Pysyp)
+ 4Diag((PrSI,hPm) ) sza:,h) + 4Diag(Px ° (Psz,hPm)sx,h) + 2 Diag(X:S:.nSz.n)
= 6 Diag(5, .5, ) —6Diag(Py 0 PpSy psyn) — 8 Diag(Sy Py o Pysy )
+ 4Diag((PxSx7hPx) o szx,h) + 4Diag(Px o (Px5x7hPx)sx,h)

= 651, Ding(ss.4) — 6 Ding (diag(PxSIVh(PxS%h)T)) — 8Diag (diag(Sgc,hRCSMPIT ))

+ 4 Diag(Py Sy 4 PuSyp Pr) + 4 Diag(PySyp(PuSenPr)")
= 65,1505, — 6 Diag(P 52, Py) — 8 Diag(SynPoSenPa) + 8 Diag(PuSyn PaSenPr) |

9. This property allows us to write D A o B without parenthesis.
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where in (i) we applied Lemma H.2-1 to the terms with blue.
Applying the product rule to 8(z) = ATS, A, = ATS 2% A,
DO[h] = —2AT S, %, Diag(Ah)A + ATS,*S), A = —2A15,8, Ay + AL S A
D?0[h, h] = 6A] Sy 450 SenAe — 2405, 1 SenAs — 245 S n Sl p Ae + ALSY , Ag
=64, Sy 0SenAz — 4AL Y 1 SapnAe + AL S As

T,

By substituting ¥ , and X/, with our formulas above,

D?0[h, h] = 64 Sy 1 S0SupAe — 4AL S 1 SenAs + AL 1 As
= 6A] SpnSaSen Az + 8AL (S0Sph — Diag(PreSynPr)) SepnAs

+ AT (68T S, — 6 Diag(Py 52, Pr) — 8 Diag(SnPeSePy) + 8 Diag(PuSe PoSen ) ) As
= 20A] Sy 4 Y0 Spn Az — 16A] Diag(Sy,nPrSupnPe) A — 6A] Diag(PpS2 ), Pr) Ay

+ 8A] Diag(Py Sy PeSenPr)As .

I.3. Lewis-weight metric

We recall preliminaries on the Lewis weights. Particularly, the leverage scores are simply the
£o-Lewis weights.

Lemma 1.5 (Lee and Sidford (2019)) Let W, = Diag(w,(A;)) € S‘j . be the )-Lewis weights
and g(x) = ATW, A, the Lewis-weights metric, and h € R%.

o Wa?A0))i 9 535

_1
. (Lemma 33) HAEUhHWz = ”h”g(m) and ”A»"UhHoo < \/imp+2 HhHg(z)
o (Lemma 34) HW;lwg,hHWz <pllh|

* (Lemma 26) max;e ]

g(z)’

Next is a directional derivative of the £,-Lewis weight of A,..

Lemma 1.6 (Lee and Sidford (2019), Lemma 24) The directional derivative of the £,-Lewis weight
W, in direction h € R® is

1 1
W, ), := DW,[h] = —2 Diag(AsG, ' Wasyn) = — Diag(W NaWi s n)

def def

R | _1 _ _
where Ny X Wy~ P, Ky = Wy AgWa 2, Gy ™ Wo— (1-2) Ay, and N, 2 28, (I-c,A,)
It is known that these matrices satisfy

P® =W, <1, (L.D)
Ap 2 We, 1.2)

2 1 1
“W, < Gy < W, , which implies W' < G5! < gW;l and I < W2 G W2 < gl. (L3)
p

We can also compute the second-order directional derivative of 1V, in direction h € R?.
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Lemma 1.7 (Second-order derivative of W,) Let w, € R™ be the {,-Lewis weight, I" € Rgoxm
a diagonal matrix, and h € R, Then,

1 _1 1 1 1 1 1 _1
== Diag(in W, NaWe sy + WENL W sqp + iwg NoWa 2W, psan + 280G, ' Was? )

1 _1 1 1 1
Te(TW),) = -5 Tr (T Diag(Wx 2W, ,NoWi s5.1,)) — Tr(I Diag(W2 N, ,W2s..1))

I II
1 1 _1
-3 Tr (I Diag(W# NoWo 2 W, ;50.5)) — 2 Tr (T Diag(AeGy ' WaSznsan))
IIT 1\Y%
(1.4)
D*(A;WoAg)[h, h] = 6A] Sy ) We Sy Az — AAL W, 1,Sp nAs + AL WI 1 Ay (L.5)

3.~ 2 3507112 3~
where ||I[|y,—1 < p>me2 ||Rl|g, [l —1 < p>° Al [[1][y—1 S pPme+2 A

5 and |[IV|| ;1 <
1
pmr+2 HhHg Here, < hides universal constants and poly-logarithmic factors in m.

Proof The formula for W’ ! h follows from differentiating the formula for W’ ;, (Lemma 1.6). The
dual local norms of I'TV can be bounded as follows:

B 1 B i L 2
Wy = W, Wy Na W s nll, < W ' Woally [Nl W senlly S pPmes2|lhlg,
—_————— ——
Lemmal.8-2 Lemmal8-1
1 1 _1 i 2
0y = [Ny g W sanll, < I+ Nelly 1(1+ No) ™2 Np (1 + Nao) 72|, [W sanlly S ™2 II011G
Lemma L8-1 Lemma 1.8-3
_1 _ L 2
M|y -1 = [[NoWe 2 Wy psanll, < N2y W "W ull, IWasenlly S p°me#2 [|h]lg,
N—— D e
Lemmal.8-1 emmal.8-2
V(2,1 = 5L Se n WaGy ! AWyt Ay G WSy S < 54 SenWa G WoGyt WoSy S
z —— —

=Wz (12)

2
<EWe !t (13)

1 2
<p’sy, T W2 1WW sen < Pllsenll2 IRl < p*m#+2 ||k,
where we used Lemma 1.5-2 in the last inequality. |

Next, we recall bounds on the derivatives of matrices relevant to Lewis weights.

Lemma 1.8 (Lee and Sidford (2019)) Let Ax > band h € R%. For cp=1—-2/pwithp > 2, let
Ry o= Wo A, W5 2 = T — Wy 2 POWS 2, N, & 28,(1 — cpRe) ) and 0, = ATW, A,
* (Lemma 31) N, is symmetric and 0 < N, =< pl.
* (Lemma 34) Wy wa . < p(vEm#+2 +p/2) |All,.
* (Lemma 37) ||(1 + N,) " 2DNy[h] (I + Ny) 3|, < 4p°/2|[hl,,.

Lastly, we remind a result about closeness of the Lewis weights at close-by points.
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Lemma 1.9 (Lee and Sidford (2019)) In the same setting above, let 1 = x + th, sy = sg,,
Wi = Wy, and z; o € R™ be a vector defined by [z o)i := § log< [, J ) Then,

_1
2l < (V201 + |alp)mm+2 + pla| max(1,p/2)) 2] oy, 4, -
Now we present an auxiliary result showing HSC of the Lewis-weight metric.

Lemma L10 The metric g(x) = cAI W, A, is HSC for ¢ = ¢1(log m)®2d"/? with some constants
Cc1,C > 0,

Proof Let §(x) = AT W, A, and h € R?. From (L.5),

D29[h7 h7 ha h] = 6317h5x,thS:c,h5z,h - 4SIhW hS:c hSz,h + 595 hW hSa: h
= Tr (65, ,Wa — 455 , Wi, + Sa s Wi) - (1.6)

As for the first term,

(sS4 W)l < llsa, hH ||h||3. As for the second term,

Te(S2aWE | < o nll2 Tr(y/Sen W2, S00) = sl Tr(y /WL, Wa W, /500725, 1)

2 — 2 _
< sy TV TV ) TR (S TWaSen) = sl 2 0ty NP
1

(%p!\sx,hHiloH? 1L7)
11

where we used the Cauchy-Schwarz in (i) and Lemma 1.5-3 in (ii).
As for the last term, we first use the formula for Tr(S? , W”,) with I’ = S?, in Lemma L.7.
Each term there is of the form Tr(S?2 , Diag(v)) for v =1~ 1V, which can be bounded as follows:

| Tr(S2 > n Diag(v))| = |Tr(52hW2W Dlag )| < \/Tr(WQS4 T/V2 \/Tr (Diag(v)W; ! Diag(v))
(L8)

< lsa.nllo 1ollg N0l -

Using the norm bounds in Lemma 1.7, it follows that | Tr(S? TSI ||h||§ for p = O(logm).
Putting everything together with ||s; 4| < \fmp+2 Ry < [Py (Lemma 1.5-2),

ID?6[h, b, h, h]| S Nlsan 2 115 wollBlly < Ikl

Appendix J. Technical lemmas

Lemma J.1 For a matrix M € R™*% and E € R such that E + MM = 0, it holds that

M(E+M"™M)*M" < P(M)=M(M"™M)MT.
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Proof Let us denote the LHS by P’ and the RHS by P. We show I — P’ = I — P instead. First,
(P2 < P'and (I — P")? < I — P’ follow from

PP =ME+MM™ MM (E+M M) 'M"<ME+M" M)'M"=P,
<E+MTM
(I-PY=I+PP —2P <I1-P.

It follows from (I — P')?> < I — P’ that for any v € R™
V(I =P = ||(I = Pyol® 2 (I = P)olly = o (I = P)u,

where the inequality holds due to P'v, Pv € range(M) and Pv = arg min,c range(ar) |V — ng |

Proposition J.2 Let v, w,p,q,r,s € RY and h ~ N (0, 1).
* Bl(v-h)(w-h)*] = 3w|?(v- w).

 E(v-h)2(w - h)] = |[v]*w]|® + 2(v - w)2

« El(p-h)*(r-h)(s-h)] = pll*(r-s) +2(p-s)(p- 7).

Proof Using Stein’s lemma (Lemma E.9),

E[(v- h)(w - h)? Stemzwl (v- h)( Zwl vE[(w - h)*] + 2w;E[(v - h)(w - h)])

= (v- w)HuJIIQ +2/|wl*(v - w) = 3le| (v-w),

E[(v - h)? sz h)(w-h)?] = Zv (viE[(w - h)?] + 2w;E[(v - h)(w - h)])

Stein
=HvH lwll* +2(v - w)?,
El(p- h)*(r - h)(s - h)] = ZpiE[hi(p Ch)(r-h)(s - )]
soa 2 Pi (PiE (s - h)] +rE[(p- h)(s - h)] + siE[(p- h)(r - h)])

= plIP(r-s)+ (- r)(p-8) + (@ s)p-r) = [pl*(r-5) +2(p- ) (p-7).
|

These estimations result in a useful lemma for establishing SASC of barriers for linear constraints.
Lemma J.3 Forv,w € R and h ~ N(0,1;), E[(v-h)3(w-h)3] = 9|v|?||w||*(v-w) + 6(v-w)?.
Proof Using Stein’s lemma,
E[(v - h)3 sz (w - h)?] = Z v; (20;E[(v - h)(w - h)*] + 3w;E[(v - h)*(w - h)?])

32”“” 3lwlP(v - w) + 3(v - w) (ol ] + 2(v - w)?) = 9wl lw]* + 6(0 - w)?,

where in (i) we used Proposition J.2-1 and 2. |
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Lemma J4 Forp,q,r,s € R and h ~ N(0, 1),
E[(p-h)*(g-h)(r-h)*(s-h)] = (q- s)|pI*Ir|* +4(p-7)(p - q)(r - s)
+2plPr- @) s)+ 2P @) (p-s) +2(p 1) (q-s) +4(p-s)(p-T)(r-q).

Proof Using Stein’s lemma,
El(p-h)*(q-h)(r-h)*(s-h)] = Z GElhi(p - h)*(r - h)*(s - h)]

=D ai(2pElp- h)(r - h)*(s - h)] + 2rE[(p - h)*(r - h)(s - h)] + 28E[(p - h)* (r - h)?)])

m 2(p- Q) (IIrI*(p - 5) +2(p - r)(r - 5)) +2(r - @) (Ipl*(r - 8) +2(p- 5)(p - 7))

+ (g ) (IpIPIr)? +2(p - 7)?)
= (q-s)Ipl?IrI> + 4 7)(p- Q) (r-s) +2pl*(r-a)(r-s) +2|r*(p- @) (p - )
+2(p-r)%(q-s)+4(p-s)(p-r)(r-q).

In (i), we used Proposition J.2-3 to the first two terms and Proposition J.2-2 to the third term. |
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