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Abstract

This paper studies the optimality of the Follow-the-Perturbed-Leader (FTPL) policy in both adver-
sarial and stochastic K -armed bandits. Despite the widespread use of the Follow-the-Regularized-
Leader (FTRL) framework with various choices of regularization, the FTPL framework, which
relies on random perturbations, has not received much attention, despite its inherent simplicity. In
adversarial bandits, there has been conjecture that FTPL could potentially achieve O(+/ KT') regrets
if perturbations follow a distribution with a Fréchet-type tail. Recent work by Honda et al. (2023)
showed that FTPL with Fréchet distribution with shape o = 2 indeed attains this bound and, notably
logarithmic regret in stochastic bandits, meaning the Best-of-Both-Worlds (BOBW) capability of
FTPL. However, this result only partly resolves the above conjecture because their analysis heavily
relies on the specific form of the Fréchet distribution with this shape. In this paper, we establish
a sufficient condition for perturbations to achieve O(+/ KT') regrets in the adversarial setting, which
covers, e.g., Fréchet, Pareto, and Student-¢ distributions. We also demonstrate the BOBW achievabil-
ity of FTPL with certain Fréchet-type tail distributions. Our results contribute not only to resolving
existing conjectures through the lens of extreme value theory but also potentially offer insights into
the effect of the regularization functions in FTRL through the mapping from FTPL to FTRL.
Keywords: Multi-armed bandits, Best-of-both-worlds, Extreme value theory

1. Introduction

In the multi-armed bandit (MAB) problem, an agent plays an arm I; from a set of K arms at each
round t € [T] := {1,...,T} over a time horizon 7. The agent only observes the loss ¢; ;, generated
from the played arm, where the loss vectors ¢, = (1, ..., 4, K)T € [0,1]% are determined by the
environment. Given the constraints of partial feedback, the agent must handle the tradeoff between
gathering information about the arms and playing arms strategically to minimize total loss. The
performance of the policy is measured by pseudo-regret, defined as E[) , £, 7,| — min; E[> ", ¢ ;].
There are two primary formulations of the environment to determine loss vectors: the stochastic
setting (Lai and Robbins, 1985; Katehakis and Robbins, 1995), and the adversarial setting (Auer
et al., 2002b; Audibert and Bubeck, 2009). In the stochastic setting, the loss vector ¢; is independent
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and identically distributed (i.i.d.) from an unknown but fixed distribution D over [0, 1]%. Therefore,
one can define the expected losses of arms p; := Eyp[¢;] and the optimal arm i* € arg min;e g fi-
The suboptimality gap of each arm is denoted by A; = p; — p and the optimal problem-dependent

regret bound is known to be ;A O (kfiT) (Lai and Robbins, 1985), which can be achieved
by several policies such as UCB (Auer et al., 2002a) and Thompson sampling (Agrawal and Goyal,
2017; Riou and Honda, 2020).

On the other hand, in the adversarial setting, an (adaptive) adversary determines the loss vector
based on the history of the decisions, and thus specific assumptions about the loss distribution
are not made. In this particular environment, the optimal regret bound stands at O(\/ﬁ ) (Auer
et al., 2002b) and some Follow-The-Regularized-Leader (FTRL) policies have demonstrated their
capability to attain this bound (Audibert and Bubeck, 2009; Zimmert and Lattimore, 2019).

In practical scenarios, a priori knowledge regarding the nature of the environment is often un-
available. Therefore, there arises a need for an algorithm that can adeptly address both stochastic and
adversarial settings at the same time. While several policies have been proposed to tackle this prob-
lem (Bubeck and Slivkins, 2012; Seldin and Lugosi, 2017), the Tsallis-INF policy, based on FTRL
framework, has demonstrated its effectiveness in achieving optimality in both setting (Zimmert and
Seldin, 2021), a status referred to as the Best-of-Both-Worlds (BOBW) (Bubeck and Slivkins, 2012).
Moreover, FTRL framework has been successfully adapted to achieve BOBW in various domains
such as combinatorial semi-bandits (Ito, 2021; Tsuchiya et al., 2023a), linear bandits (Lee et al.,
2021; Dann et al., 2023), dueling bandits (Saha and Gaillard, 2022) and partial monitoring (Tsuchiya
et al., 2023b).

However, FTRL policies require the explicit computation of the probability of arm selections
per step, by solving an optimization problem in general. In light of this limitation, the Follow-the-
Perturbed-Leader (FTPL) framework, which simply selects the arm with the minimum cumulative
estimated loss along with a random perturbation, has gained attention for its computational efficiency
in adversarial bandits (Abernethy et al., 2015), combinatorial semi-bandits (Neu, 2015), and linear
bandits (McMahan and Blum, 2004). It has been established that FTPL, when coupled with perturba-
tions satisfying several conditions, can achieve nearly optimal O (\/ KTlog K ) regret in adversarial
bandits (Poland, 2005; Abernethy et al., 2015; Kim and Tewari, 2019). Subsequently, Kim and Tewari
(2019) conjectured that if FTPL achieves minimax optimality, then the corresponding perturbations
should be of Fréchet-type tail distribution.

Recently, Honda et al. (2023) showed that FTPL with Fréchet perturbations with shape oz = 2

indeed achieves O (v K'T') regret in adversarial bandits and O (Zl 1(§T> regret in stochastic bandits,

7

highlighting the effectiveness of FTPL. However, their analysis heavily relies on the specific form of
Fréchet distribution, providing only a partial solution to the above conjecture. It is noteworthy that
any FTPL policy can be expressed as FTRL policy (Abernethy et al., 2016). Therefore, investigating
the properties of more general perturbations not only extends our understanding of FTPL but also can
clarify the impact of regularization functions used in FTRL, where several regularization functions in
FTRL beyond Tsallis entropy have been used to achieve BOBW in various settings (Jin et al., 2023).

Contribution This paper proves that FTPL with Fréchet-type tail distributions satisfying some
mild conditions can achieve O(v/KT) regret in adversarial bandits, which resolves an open question
raised by Kim and Tewari (2019) comprehensively. Moreover, we provide a problem-dependent regret
bound in stochastic bandits, demonstrating that some of them can achieve BOBW, which generalizes
the results of Honda et al. (2023). Given that our analysis is grounded in the language of extreme
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value theory, we expect that our analysis can provide insights for constructing an FTPL counterpart
of FTRL in settings beyond the standard MAB. In particular, one main obstacle in constructing FTPL
counterparts to FTRL would be the use of hybrid regularization, such as combining Tsallis entropy,
Shannon entropy and log-barrier (Zimmert et al., 2019; Ito, 2021; Tsuchiya et al., 2023a), which
might correspond to the combination of Fréchet perturbation with other perturbation in FTPL. Our
results would be beneficial for such construction, as our results cover a broad class of perturbation
distributions.

2. Preliminaries

In this section, we formulate the problem and provide a brief overview of extreme value theory and
the framework of regular variation, based on which Fréchet-type tail is formulated. For a thorough
understanding of extreme value theory and related discussions, we refer the reader to Appendix A
and the references therein.

2.1. Problem formulation

Atevery round ¢ € [T, the environment determines the loss vector ¢; = (41, ..., 0 i) € [0,1]%
through either a stochastic or adversarial process. Then the agent plays an arm [; according to
their policy and observes the corresponding loss ¢; ;, of the played arm. Then, the pseudo-regret, a
measure to evaluate the performance of a policy, is defined as

R(T)=E

T
Z(Et,lt —Li+)|, 4 €argminE
t=1 1€[K]

T
5 z] |
t=1

where ¢* denotes the optimal arm. Since only partial feedback is available, FTRL and FTPL policies
use an estimator ¢; of the loss vector #; speciﬁefl in SectionAZ.Z. We denote the cumulative loss at
round ¢t by Ly = Zi;ll ¢y and its estimation by L; = 22;11 L.

2.2. Follow-the-Perturbed-Leader policy

In the MAB problems, FTPL is a policy that plays an arm

I; € argmin {IZ“ _ Tt },
i€[K] Up

where 7; denotes the learning rate specified later and 7, = (r41,...,7 k) denotes the random
perturbation i.i.d. from a common distribution D with a distribution function F'. Then, the probability

of playing an arm i € [K] given Ly is written as wy ; = ¢;(1:L¢; D), where for A € [0, 00)%
¢i(\;D):=  Pr i =argmin{\; —;}
1y, T ~D JEIK]

:/oo HF(Z-F)\j)dF(z—i-)\i)

7min]-€[K] Aj i

:/OOHF(2+)\j)dF(z+)\i), ()
Voo j#i
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Algorithm 1 FTPL with geometric resampling

Initialization : ﬁl = 0 and set distribution D
fort =1t T do
Sample 1y = (141, ..., 7 k) 1.i.d. from D.

Play I; € arg min;¢(g {Lt,i — 7;;: }
Observe ¢; 1, and set m = 0.
repeat
m:=m+ 1. // Geometric resampling
Sample r’ = (r],...,r}) iid. from D.

until It = arg miniE[K] Lt,i — %

-1 T T -1
Set wt,h := m and Lt+1 = Lt + ﬁwtwt’[te]t.

end

where v denotes the left endpoint of the support of F'. Here, underlines denote the gap of a vector
from its minimum, i.e, A =\ —1 minie[ K] \; for all-one vector 1.

For the unbiased loss estimator, FTRL policies often employ an importance-weighted estimator,
by = (be1,/we 1, )er,, where wy 1, is explicitly computed. On the other hand in FTPL, we use an

unbiased estimator wy, il of wy, 11 by geometric resampling (Neu and Bartdk, 2016), whose pseudo-code
is given in Lines 6—10 of Algorithm 1. Simply speaking, the process involves repeated samplings of

—

perturbations 7’ until arg min; {Ilm — rgﬂ- / Ut} coincides with I; and w; il is then set as the number
of resampling. For more details, refer to Neu and Bart6k (2016) and Honda et al. (2023).

2.3. Fréchet maximum domain of attraction

In the adversarial setting, it has been conjectured that FTPL might achieve O(v/KT) regrets if
perturbations follow a distribution with a Fréchet-type tail (Kim and Tewari, 2019). In the following,
we explain the terminology and basic concepts related to this description.

Extreme value theory is a branch of statistics to study the distributions of maxima of random
variables. One of the most important results in this theory is that the distribution of the maxima
of i.i.d. random variables can only converge in distribution to three types of extreme value distri-
butions: Fréchet, Gumbel, and Weibull, after appropriate normalization (Fisher and Tippett, 1928;
Gnedenko, 1943). Among these, a distribution is called Fréchet-type if its limiting distribution is
Fréchet distribution. The family of Fréchet-type distributions is called Fréchet maximum domain
of attraction (FMDA), and its representation is known to be associated with the notion of regular
variation (Embrechts et al., 1997; Haan and Ferreira, 2006; Resnick, 2007) defined as follows.

Definition 1 (Regular variation (Haan and Ferreira, 2006)) An eventually positive function g, which
becomes positive after a certain point, is called regularly varying at infinity with index o, g € RV if

t
lim g(tz) =t% Vt>0.
o0 g(x)

If g(x) is regularly varying with index 0, then g is called slowly varying.
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Table 1: Some well-known Fréchet-type tail distributions with parameters «, 5, m,n > 0. Sp(x)
denotes the corresponding slowly varying function that characterizes the tail distribution.
More examples such as LogGamma can be found in Beirlant et al. (2006, Table 2.1). Here,
B(a,b) and B(z;a,b) denote the Beta function and incomplete Beta function, respectively.

Distribution (D) 1- F(z) j(x) Sp(x) Support  Index
Fréchet (Fy,) 1—e " u( - (1 —e ") x>0 @
Pareto (P,) Tz T 1 r>1 «
: 2\ z (at1) 3\a ap) ™"

Generalized Pareto (GP,,3) (1 + W) ( j) (a3) (1 + Tj) x>0 «
ntl
e () 7, D((n+1)/2) nintl) ) 2 2
Student-t (7.) L “mt i dt fB(n/z 72) ( ) \/%F(H/Z) (1 T A € >) R n
T R m _m+tn
Snedecor’s F (Snn) 1- (’;;f( : W"” oE(1 4 ) <"('/m">ﬂ) (m+ 17" (14 0(1)) z>0 1
2°'2

From the definition, one can see that any regularly varying function with index « can be written with
a product of a slowly varying function and z, i.e., if g € RV, then g = xS (x) for some S € RV
and all z > 0. A necessary and sufficient condition for a distribution to belong to FMDA is known to
be expressed in terms of regular variation as shown below.

Proposition 2 (Gnedenko (1943); Resnick (2008)) A distribution D, belongs to FMDA with index
a > 0 if and only if its right endpoint is infinite and the tail function, 1 — F', is regularly varying at
infinity with index —a, i.e., 1 — F' € RV _,. In this case,

—r ¢ ) > 07
F"(apz) — exp(—27%), =2 n — 0o, 2)
0, z <0,

where an—lnf{x F(x 1—l}

Let D2 denote the class of FMDA with index > 0. From its definition, if D € D!, we can
express the tail distribution with Sr € RV as

1—F(z)=2"“Sp(x), Vz>D0. 3)

In other words, a Fréchet-type tail distribution can be characterized by a slowly varying function S
and an index «, where Table 1 provides examples of well-known distributions and their associated
slowly varying functions.

Notably, D! encompasses exceptionally diverse distributions since its definition generally allows
for any slowly varying functions, even those that are discontinuous. In this paper, we consider a set
of Fréchet-type distributions denoted by ®,, C ®!, which is defined as follows.

Definition 3 9, is a set of distributions that belong to FMDA with index o > 0 satisfying the
following assumptions.

Assumption 1 F'(x) has a density function f(x) that is decreasing in x > zy for some zy > v.

f(z)

Assumption 2 D, is supported over [v,00) for some v > 0 and the hazard function T (z) is

bounded.
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Assumption 3 There exist positive constants M = M (D,,) and m = m(D,,) satisfying

EXl ..... XkN'Da |:H€1?]4€)](X2/ak:| S M (4)

1
maxie[k] Xi/ak

}Sm )

EXhm,XkNDa |:

for a, = inf{zx: F(x) > 1—1/k} and and it satisfies Aiks < a, < Auka for some positive
constants A, A,.

Assumption 4 lim, .., _x{;()x) =a+1land _f(lg) is bounded almost everywhere on [v, o).
Assumption 5 ) g monotonically decreasing in x > v.

F(z)

These assumptions offer easy-to-check sufficient conditions for perturbations to achieve the optimal
order and verifying necessary conditions would be interesting for future work. In the following, we
explain the implication of the assumptions in Definition 3.

Assumption 1 states that the density eventually monotonically decreases and does not have a
fluctuated tail. This is known as a sufficient condition that D, € D! satisfies von Mises condition
(von Mises, 1936, see also Resnick, 2008, Proposition 1.15), which is given by

zf(x)

AT ) T ©)

The von Mises condition is known to play an important role in the analysis of the FMDA. For
example, it is known that any D, € D! (possibly without a density) is tail-equivalent to some
distribution in ®! satisfying von Mises condition (Embrechts et al., 1997, Corollary 3.3.8). Here, a
distribution F'(x) is called to be tail-equivalent to F™*(x) if they have the same right endpoint z, and
lim, ., (1 — F(x))/(1 — F*(x)) = c for some constant ¢ > 0.

In Assumption 2, the bounded hazard function is also assumed in the existing analysis of near-
optimality in adversarial bandits (Abernethy et al., 2015; Kim and Tewari, 2019). The assumption of
the nonnegative left-endpoint » > 0 is mainly for notational simplicity. This is because Sg(z) in (3)
is not well-defined for z < 0. Although the requirements in Assumption 2 are not satisfied for some
distributions such as ¢-distribution, we can easily construct a tail-equivalent distribution satisfying
the assumption by considering the truncated version F'™* of F' given by

F(z+1)—F(1)
1—-F(1)

F(z)=Pr[X > 1+2z|X > 1] = x>0, @)
which is also considered in Abernethy et al. (2015, Appendix B.2).

Eq. (5) in Assumption 3 is the term that directly appears in the regret bound. As described
in Proposition 2, max;e[;) X;/ay, converges weakly to Fréchet distribution with shape «, which

satisfies Ex 7, [X] =T(1 = 1), Ex 7, [1/X] =T(1+ 1) and ay = Joo . Therefore, (4) and (5)

(03
roughly require that it also converges in the sense of expectation and expectation of the inverse. The

assumption of ay = G)(k:i) does not hold in general, but it holds if we ignore the sub-polynomial
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Table 2: Verification of distributions in (7) whether satisfying the assumptions. v and X denote
whether the distribution satisfies the assumption or not, respectively, regardless of the
parameters. (x) denotes that the truncated distribution in (7) satisfies the assumption.

Distribution (D) | Fo Pa GPap Tn  Smn
Assumption 1 v v v v v
Assumption 2 v o v X (*) X (%)
Assumption3 | vV v X v
Assumption 4 v v v v v
Assumption5 | vV v X v

factor. As a result, if we remove this assumption the bound becomes sub-polynomially worse in
terms of K. An easy-to-verify sufficient condition for Assumption 3 is

limsup Sp(x) = limsupz“(1 — F(x)) < o0

T—r00 T—r00
lirginf Sp(x) = lirr_l)infxa(l — F(x)) >0, €))

while (8) becomes the necessary condition for a, ' = (’)(k:_é) if we replace lim inf with lim sup.
Note that both F' and F'* in (7) for all distributions in Table 1 satisfy (8) with explicit forms of m
and A; as shown in Appendix A.2 and Lemma 10.

Assumptions 4 and 5 may appear somewhat restrictive, but many Fréchet-type distributions,
including several well-known examples such as F,, and P,,, satisfy this condition, as shown in Table 2.

Assumption 4 is a condition slightly stronger than von Mises condition, because _ji ;()x) —oa+1
implies (6) by L"hopital’s rule. We expect that Assumption 5 can be relaxed to the monotonicity
of f(x)/F(z)in z > 2 for some z; > v as in Assumption 1, which is satisfied in all examples in
Table 2. Still, this relaxation makes the case-analysis somewhat too long and is left as a future work.
In the rest of this paper, we always assume that the distribution satisfies v > 1 rather than
v > 0 for notational simplicity except for the specific analysis for Fréchet and Pareto distributions,
where the density functions are written in simple forms. This is without loss of generality because
the shifted distribution G(z) = F(z — 1) has the left-endpoint v + 1 > 1 and clearly satisfies
Assumptions 1-5, while the arm-selection probability is the same between F'(z) and G(x).

3. Main result

In this section, we present our main theoretical results that show the optimality of FTPL with
perturbation distribution D, € D, in adversarial bandits. Furthermore, we provide regret upper
bounds of FTPL with perturbations under a mild additional condition on D,, in stochastic bandits.

Theorem 4 In the adversarial bandits, there exist some constants C1 (D, ¢), Co(Dy) and C3(D, ¢, K)

such that FTPL with D, € ®,, and learning rates n; = %K 373 for c > 0 and o > 1 satisfies

R(T) < C1(Da, )VKT + Co(Dy) log(T + 1) + W.

This result shows the minimax optimality of FTPL with the Fréchet-type distributions including
Fréchet distributions and generalized Pareto distributions, which not only generalizes the results of
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Honda et al. (2023) but also resolves the open question in Kim and Tewari (2019) in the sense that
we provide conditions for a very large class of Fréchet-type perturbations.

Here, our result requires that a > 1 holds. This is because (4) in Assumption 3 does not hold
for a < 1 since the extreme distribution of D,, (that is, F,) has infinite mean. This corresponds
to the assumption of the finite expected block maxima Ex, . x,~p [max; X;] < oo considered
in Abernethy et al. (2015) and Kim and Tewari (2019).

The following result shows that FTPL with ®4 can achieve the logarithmic regret in the stochastic
bandits. Note that all Fréchet-type tail distributions in Table 1 belong to D

Theorem S Assume that i* = arg min,¢ (g pi; is unique and let A; = ji; — pi. Then, FTPL with
learning rate n; = % forc > 0and D € D, satisfies

logT

)

R(T) <O
i

This result shows that FTPL achieves BOBW if the limiting distribution of the perturbation under
mild conditions is Fréchet distribution with shape o = 2. It can be interpreted as a counterpart of
FTRL with Tsallis entropy regularization, where the logarithmic regret is known only for 1/2-Tsallis
entropy without any knowledge of the gaps (see Zimmert and Seldin, 2021, Remarks 5 and 6), while
Tsallis entropy with any parameter achieves the optimal adversarial regret.

Although there is no stochastic perturbation that yields the same arm-selection probability as
Tsallis entropy regularizer for K > 4, in two-armed setting, it has been shown that 8-Tsallis entropy
regularizer can be reduced to a Fréchet-type perturbation with index o = ﬁ satisfying von Mises
condition (Kim and Tewari, 2019, Appendix C.2). Therefore, the success of o = 2 perturbation
seems intuitive since it roughly corresponds to 1/2-Tsallis entropy regularizer. In addition, 5-Tsallis
entropy becomes the log-barrier for 5 — 0 (Zimmert and Seldin, 2021), which corresponds to o« — 1.
The BOBW achievability of log-barrier regularization without adaptive learning rate has not been
known, which seems to correspond to our requirement of o > 1.

Beyond the case o = 2, we obtain the following results.

Theorem 6 Assume that i* = argmin;e g p1; is unique and let A; = p; — p1;. Then, FTPL with
1_

learning rate n; = %KZ %for c > 0and D, € D, for a > 2 satisfies

a—2
1 T2(a-1) — ]

RI <0 Za—Q o1 il
i#i* Az K 2(-1)
Ifa € (1,2), then

1 Tz -1
2 —« Af‘*lKl*%

RIT) <0

i

Although our regret upper bound for FTPL with index o # 2 does not match the regret lower bound

for the stochastic case, this result shows that the regret of FTPL has better dependence on 7" in the

stochastic case than O(+/T') in the adversarial case because 2(05_21) <jfora>2and1—% <3
fora € (1,2).
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We expect that FTPL with a # 2 can attain (poly-)logarithmic regret in the stochastic setting
by using arm-dependent learning rate as Jin et al. (2023) showed the BOBW results for FTRL
with -Tsallis entropy regularization for 8 € (0,1). However, the results of Jin et al. (2023) in
the adversarial setting are O(y/K T log T) when 3 # 1/2, which does not achieve the adversarial
optimality in the strict sense. It is highly nontrivial whether FTPL with o £ 2 can achieve both
logarithmic regret in the stochastic case and O(\/ﬁ ) regret in the adversarial case.

4. Proof Outline

In this section, we first provide a proof outline of Theorem 4 and then sketch the proof of Theorems 5
and 6, whose detailed proofs are given in Appendices C, D and E.

While our analysis draws inspiration from the structure in Honda et al. (2023), a naive application
of their analysis does not yield a bound for the general case. This is mainly because, while the
use of Fréchet distribution in Kim and Tewari (2019) and Honda et al. (2023) is inspired by the
extreme value theory, their actual analysis is not based on this theory. Instead, it is highly specific
to the Fréchet distribution with shape @ = 2. Consequently, the representations of Fréchet-type
distributions in extreme value theory are not directly associated with their analysis. To address this
challenge, we demonstrate that the general representation in (3) under von Mises condition can be
specifically tailored for the regret analysis.

4.1. Regret decomposition

To evaluate the regret of FTPL, we first decompose regret into three terms, which generalizes
Lemma 3 of Honda et al. (2023). The proofs of lemmas in this section are given in Appendix B.

Lemma 7 Forany a > 1and D, € D,

T T
R(T) < ZEK@,U& — wt+1>] + Z <1 - 1>E[Tt+1,lt+1 — T ] + M )
t=1 t

- \t+1 e c
The proof of this lemma is essentially the same as that of Honda et al. (2023), except that we need to
evaluate the block maxima E x,p,, [max;c|x] X;] for general D, € D,,. Following the convention
in the analysis of BOBW policies (Zimmert and Seldin, 2021; Ito et al., 2022; Honda et al., 2023),

we refer to the first and second terms of (9) as stability term and penalty term, respectively.
Here, we can further decompose the stability term into two terms as follows.

Lemma 8 Forany o > 1 and D, € D,

SB[ (G — wier)] < 202D 1og (1) + S B[(b o) - s0n(L + )]
t=1

Nr+1 1
(10)
where ¢ = (p1, ..., ¢K) for ¢; defined in (1),
2
1
Ca(Fa) =5, and Cs(Da) < ”1<62+), Dy € Do
Here, p1 = p1(D,) is a positive distribution-dependent constant satisfying
zf(x)
— L < p. 11

9
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The proof of this lemma is based on the representation of the distribution function using the slowly
varying function in (3). Note that Assumption 2 under von Mises condition implies the existence of
p1 in (11). From this result, it remains to derive upper bounds of the second term of (10) and the
penalty term to conclude the proof of Theorem 4.

4.2. Stability term

The analysis of the arm-selection probability ¢ has been recognized as the central and most chal-
lenging aspect of the regret analysis for FTPL (Abernethy et al., 2015; Honda et al., 2023). The
key to the analysis of the stability for general Fréchet-type distribution is another representation
called Karamata’s representation, which is an essential tool to express the slowly varying func-
tions (Bingham et al., 1989). In the analysis, we interchangeably use this representation along with
the representation in (3) and von Mises condition in (6), which utilizes a coherent connection between
general representations and those under von Mises conditions. See Appendices A.1 and C for details
of Karamata’s representation and the proofs, respectively.

For the arm selection probability function ¢;(\) in (1), define for any o > 0, ¢}(\; Do) =
% (\;Dy) and

o0 1 1
I’i,n()\; Oé) = /0 mexp — z[l:(] m dZ, (12)
f z24+ i)
/ e H F(z+ ) (13)

We will employ I; ,, and J; to analyze the stability term for 7, and ©, \ { F, }, respectively. Although
the analysis for J; can cover F, we consider the specific form of F, in I; without any truncation or
shift to derive a tighter upper bound.

Note that ¢}(A) < 0 holds since it denotes the probability of \; — r; < min;.; {\; — r;} when
each r; is generated from D,,. By the same reason, ¢;(\) is non-decreasing with respect to \; for
i # j. To derive an upper bound of the stability term, we provide lemmas that are related to the
relation between the arm-selection probability and its derivatives, which plays a central role in the
regret analysis of FTPL.

Lemma9 Forany a > 0and D, € D, I’ aﬁ%i 3; and % 8\ g"‘; are monotonically increasing

with respect to \j for any j # 1.

Assumption 5 plays a key role in simplifying the proof of this lemma. Still, we conjecture that it
can be weakened to the monotonicity of % in x > zo for some zo > 0 rather than the current
assumption requiring zs = v. This is because the role of Lemma 9 is to control the behavior of the
algorithm when the perturbation becomes large.

Based on this result, the following lemma holds. To prove this lemma, we first examine the
Pareto distribution as the proof for the Pareto case offers insights into the proofs for general Fréchet-
type distributions. Specifically, we utilized the relationship between corresponding slowly varying
functions for tail functions and those for tail quantile functions.

10
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Lemma 10 [f \; is the o;-th smallest among A1, . .., Ak (ties are broken arbitrarily), then

. . T(1+ 1 (N _1
Iz,a+2(A7a)< a A (1+ 1) J Ji(A,Da)<m 1 a eA,

N =/ o

. A i
Tonina) = (a+ DN o " snDa) = AT Nar 14N

where m, Ay, and A, are given in Assumption 3. Moreover, if D,, satisfies

()

T
m <, (14)

then, m < 2F(1 + é), Ay =1,and A, = lim,_,o S;/a(z:) holds

Note that all distributions in Table 1 satisfy (14) as shown in Appendix A.2. Similarly to (11), from
Assumption 4, there exists some constants po > 0 satisfying

—zf'(z)
W < p2. (15)

Then, by following the same steps in Lemma 7 of Honda et al. (2023) based on our result in
Lemma 10, we obtain the following lemma.

Lemma 11 For any i € [K], if Ly; is the oy ;-th smallest among {Ly ;};, then for o > 1 and
Dy € Dq

E [ét,i <q§z (ntit; Da) — i (77t <it + £t> ; Da))

where pa = o+ 1 holds for Fo, and Py, m(Fy) = F(l + é), and

- pamA
Lt:| < ws(Lt,iQ,Da) A 2y A, %/;ja

(16)

o ga lfDa = ]:ay
T/JS(Lt,i;,Da) =4 2 e .
%ﬁl lf‘Daega\{fa}‘

The second term of RHS of (16) finally leads to the bound on the stability term, which is used for
both the adversarial and stochastic bandits. For the stochastic bandits, we use the tighter bound with
15 to apply the self-bounding technique.

Lemma 12 For any lit and o> 1land D, € D,

e[{fofnen) - o(ui +1):2.))

4.3. Penalty term

~ apy mA, 1
L] <2 K " an.
t:| - a-—1 Al "t

Next, we establish an upper bound for the penalty term.

Lemma 13 Forany o > 1 and D, € Dy,

E [Tt,lt — T i

it} < Pp(Ly ;s Da) A Cr1(Da) VK, (17)

11
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where C1 1(D,,) is a distribution-dependent constant, which satisfies C1 1(Fa) = C1.1(Pa)/e for

203 + (e — 2)a?

CLPe) = T @az 1)’

and

SR — =
w (it D ) - szz* (ntLt,i)a_l lfDa 047
pP\Ht o) — & .
eglfl Z’L;él* 4(7]15Lt1_)(171 Lf’Da e @a \ {Fa}

The expression of C 1(D,) for general D, is given in the proof of this lemma in Appendix D.3,
which is expressed in terms of A,,. For the adversarial bandits, we only utilize the bound with K1/
in (17), which induces O(v/KT) regret by using learning rate np = O(K é_%T_%). Similarly to
the stability term, we use v, to apply the self-bounding technique for the stochastic bandits.

Remark 14 Specifically, there are many characterizations and theories associated with general
Frechet-type distributions, such as (i) von Mises conditions, (ii) slowly varying functions and (iii)
Karamata’s representation, from which we carefully chose an adequate one depending on the desired
result. We also need to appropriately choose the representations based on (a) density function f, (b)
tail distribution 1 — F, and (c) tail quantile function. For example, we choose (ii) with (b) and (c) for
Lemma 10 and choose (i) and (iii) with (c) for Lemma 13.

4.4. Proof of Theorem 4

-

l
a

By combining Lemmas 7, 8, 12 and 13 with n; = 2, we have

%

Ai(a— 1)

R(T) < t

> (ViF1- Vi)

<K
2ap2mAuC\FZ 1 Cii(Da)VK
=1 ¢ =1
MANK
c

+205(Da) log (m) +

dapomAyc  C11(Da) MANK
§<A1(2_1)+ )F+cz( o) log(T +1) + ————,

) _ 4apamAyc + C1,1§Da)

where letting C1(D,, ¢ A(a—T1)

concludes the proof.

4.5. Proof sketch of Theorems 5 and 6

Since the overall proof for « > 2 and « € (1, 2) are very similar, we provide a sketch for the case
a > 2. Let us begin by restating the regret in stochastic bandits, which is

RIT)=E|> > Auwl.
t=1 ii*

To apply the proof techniques in Honda et al. (2023), we define an event D; based on the tail quantile
function where Lt ; 1s sufficiently large compared to that of the optimal arm so that Lt = =0.

12
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In Appendix E.2, we show that the stability term corresponding to the optimal arm is bounded by
o (22751 1/Lt7i) on D;, which provides for oz > 2

T
1
R(T)<E|> O 1[D]) = 1[D§\/K/t
t=1 i b

To apply the self-bounding technique, we obtain

T a
t2 Az
R(T)>E|Y Q| 1D ——5 + 1[DJA | |,
t=1 i#i* 2Ly

where A = min; ;< A;, Q2 denotes the big-Omega notation and the proof is given in Appendix E.1I.
By combining these results, we have

T

> o(UDi(VEE - A/2))

t=1

T a
R(T) Z Z 1 t2 Az
2 =1 i \Ley 2K 5Ly

1
Since Az — Bx® < A% (%) o=T holds for A, B > 0 and v > 1, we obtain

L KD
R(T) <) Oy ——— | +O(K),
t=1 AN EICE)
which concludes the proof. Note that the dependency on K in the leading term stems from the choice
of learning rate.

5. Conclusion

In this paper, we considered FTPL policy with perturbations belonging to FMDA in the adversarial
and stochastic settings. We provided a sufficient condition for perturbation distributions to achieve
optimality, which solves the open problem by Kim and Tewari (2019) in a comprehensive direction.
Furthermore, we provide the stochastic regret bound for FTPL, where Fréchet-type distributions
with mild assumptions can achieve BOBW. While our analysis for FTPL with index o # 2 does not
attain logarithmic stochastic regrets, these findings align with observations in FTRL policies, offering
insights that might help understand the effect of regularization of FTRL through the lens of FTPL.
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Appendix A. Details on extreme value theory

When contemplating the asymptotic properties of sample statistics, the sample means and central
limit theorem often comes to mind, elucidating the behavior of partial sums of samples. Conversely,
interest might shift towards extremes, focusing on maxima or minima of samples, particularly when
singular rare events pose challenges, such as substantial insurance claims arising from catastrophic
events like earthquakes and tsunamis. Extreme value theory is the field of studying the behavior of
maxima of random variables, especially the behavior of the distribution function in the tail. One of
the fundamental results in extreme value theory is the Fisher—Tippett—Gnedenko theorem, which
provides a general result regarding the asymptotic distribution of normalized extreme order statistics
of i.i.d. sequence of random variables.

Proposition 15 (Fisher-Tippett—-Gnedenko theorem (Fisher and Tippett, 1928; Gnedenko, 1943))
Let M,, = VI X; where {X;};"_| be an i.i.d. sequence of random variables with common distribu-
tion function F(x). Suppose there exist a,, > 0, b, € R, n > 1 such that

Pr[(M,, —by)/an < x| = F"(anx + by) — G(x),

weakly as n — oo where G is assumed nondegenerate. Then, G is of the type of one of the following
three classes:

0 <0
i) (Fréchet-type) @, (z) =< " for some o > 0.
(i) ( type) @ (x) {exp(—m_o‘), ©>0, S
—(—x)* ) < 07
(ii) (Weibull-type) W o () = {iXp( (=2)%), @ ., forsomea>0
) X - )

(iii) (Gumbel-type) A(z) = exp(—e™7) for x € R.

Among these three types of extreme value distributions, we are interested in Fréchet-type distributions,
where the equivalence was established in Proposition 2, which states

F"(anx) — o)

with a, = inf {z : F(z) > 1 -1},

However, verifying whether a distribution belongs to a domain of attraction can often be chal-
lenging. Therefore, a convenient sufficient condition, known as the von Mises condition, is often
considered (von Mises, 1936; Beirlant et al., 2006), which is
zf(x)

lim ——— =
z—o0 1 — F(x)

It is worth noting that D! consists of distributions satisfying von Mises condition and their tail-

equivalent distributions (Embrechts et al., 1997).

Existence of the density Here, it is known that if g € RV, for a # 0, then there exists g* that is
absolutely continuous, strictly monotone, and g(x) ~ g*(z) as z — o0, i.e., tail-equivalent (Resnick,
2008, Propostition 0.8.). Therefore, Assumption 1 implies that we fix our interest solely on distribu-
tion with a continuous density among their tail-equivalent distributions.
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Tail quantile function When 1 — F' € RV_,,, its tail quantile function U is regularly varying
with index 1, ie., U € RV/q, where U(t) = inf {x : F(z) > 1—1/t} on [1,00) (Beirlant et al.,
2006). Therefore, one can directly obtain that a,, = na Su(n), where Sy denotes the corresponding
slowly varying function. Here, it is known that Sy; is the de Bruijn conjugate (or de Bruyn in some
literature) of S;l/o‘, which satisfies SU(x)SEI/a(mSU(m)) ~ S;l/a(x)SU(ngl/a(:r)) — 1. This
implies that if Sr is upper-bounded by some constants, then Sy is also upper-bounded regardless
of K. For more details, we refer readers to Charras-Garrido and Lezaud (2013), which provides a
concise introduction to the extreme value theory.

Karamata’s theorem Since all tail distributions in FMDA are regularly varying, the following
results are useful to represent the regularly varying functions.

Proposition 16 (Karamata’s theorem (Haan and Ferreira, 2006, Theorem B.1.5)) Suppose f €
RV . There exists to > 0 such that g(t) is positive and locally bounded fort > to. If « > —1, then

tg(t)

lim =a+ 1.
Ifa < —land [}° g(s)ds < oo, then
lim ﬂ =—a—1. (18)
t—>ooft )ds

Conversely, if (18) holds with o € (—o0, —1), then g € RV,

Therefore, one can see that von Mises condition and the existence of density imply f € RV_,_;.
Furthermore, from (18), Assumption 4 is equivalent to —f’ € RV_,_o and boundedness of

—f'(x)/ f ().

A.1. Karamata’s representation

From (3), one can specify a distribution in FMDA with index « and the slowly varying function
Sr(x). Here, several representations of slowly varying functions can be considered (Galambos and
Seneta, 1973), and we follow Karamata’s representation described in Resnick (2008), which is

() = () exp(/lx 6F(t>dt>, s> 1 (19)

t

where ¢(z) and £(z) are bounded functions such that lim,_, ¢(x) = ¢ > 0 and lim,_,oo ep(z) = 0.
Here, the representation is not unique and it depends on the choice of ¢(x), e (z), and the interval of
the integral. For example, ¢(x) and € p(z) can be written as (Resnick, 2008, Corollary of Theorem
0.6.)

B :ESF(x
c(z) = F(t)dt/ Sp(t
rSp(x)
erle) = fO Sp(t)dt

18
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One can check that lim,_, e7(x) — 0 from Proposition 16 with o = 0.
On the other hand, when F' is absolutely continuous, we can rewrite the tail distribution as for
z>1

1 — F(z) = exp(log(l — F(x))) = exp </11‘ ;flgt()t)dt) (20)
Since 1 — F(x) = x~*Sp(x) holds for x > 1, it holds that
Sp(x) =2%(1 — F(x)) :xaexp(/lx 1_f}(:()t)dt> by (20)

:exp</1x?dt—/1m1;f(;,)(t)dt>.

tf(t)
I-F(b)

By letting o(t) = , we obtain

— exp (/x O‘_Q(t)dt> . @1
1 t

Here, from the definition of o, von Mises condition can be written as o(t) — «, as ¢ — oo, which
satisfies limy_,o, @ — p(t) = 0 and thus indicates the existence of the upper bound of Sr. In this
paper, we use the representation of Sg in (21), where c¢() is given as the ultimate constant. Therefore,
when F satisfies (14), one can see that S is monotonically increasing for > 1. Note that e () in
(19) are not necessarily the same as o(t) — cv unless ¢(x) = 1 — F(1).

The von Mises condition (6) with Assumption 1 implies f € RV_;_, from Proposition 16 (see
Embrechts et al., 1997, Proposition A3.8), i.e., f = 2~ **1S¢(z). Therefore, from 1 — F(z) =
x~*Sp(x) with (21), we have

flay = S0 Sela) _ Selw) .

which implies
Sy(@) = Sr(x)o(x). 22)

One can check that Sy € RV since lim;_,+ o(x) = a holds by von Mises condition and Sr € RVJ.

A.2. Proofs for Table 2

It is straightforward to check whether the Fréchet, Pareto, and Generalized Pareto satisfy the
assumptions. Therefore, we showed that the Student-¢ distribution satisfies Assumption 3 but not
Assumption 5 and the Snedecor’s F' distribution satisfies all Assumptions. In this section, we prove
Assumption 3 by showing ﬁj;(f;) < «, which implies Sz (x) is increasing so that satisfying the
sufficient condition (8).
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A.2.1. STUDENT-t

Since it is easy to verify Assumptions 1, 2 and 4, we focus on Assumptions 3 and 5

Assumption 3 Here, we show that (14) holds. Since 1‘Tf (9(6)) < 0 is obvious for z < 0, let us

B 503
consider the case = > 0. In this case, 1 — F'(x) = %(;(Tf)z) holds. Therefore,
272

_ntl
2 $<x2+n) 2
n
- @)
2 n 2 x2 2 ntl 1.n+2. n
ﬁ(wQ—‘rn) <x2+n> 2F1( 2 1 2 7x2+n)
. n
- n+1 n+2 n ’
2F1( 2 117 2 ’zQ—i—n)

In (23), we used the results in (Olver et al., 2010, 8.17.8) that provide the relationship between the
incomplete Beta function and the (Gaussian) hypergeometric function 5 F'y, which is

B(x;a,b) = z*(1 - =)’

oFi1(a+b,1;a+1;2). (24)
Here, the hypergeometric function is defined by the Gauss series, which is defined for |z| < 1 and
c > 0by

[e.9]

ab
2F1abcx:ZCg x—l—l——z—i—
s=0 s

where (a),, denotes the rising factorial, i.e., (a), = a(a+1)---(a+n—1) and (a)g = 1. Therefore,
we have for x > 0
of@) _

1—F(x) —

which verifies that 7, satisfies Assumption 3 by (14). Here, one can see that the hazard function

- f%() ) diverges as x — 0, while % < n holds.

Assumption 5 Since the density of 7,, is symmetric, it holds for any ¢ > 0 that

Then, we have
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where the inequality follows from F'(t) > % for t > 0. Therefore, 7, does not satisfy Assumption 5.
However, when one considers only for ¢ > 0, f(¢) is decreasing while F'(¢) is increasing, which

implies that f/F is decreasing for x > 0. This implies that both the half-¢ distribution, |7,| and
truncated one in (7) satisfy Assumption 5.

A.2.2. I DISTRIBUTION

Since it is easy to verify Assumptions 1, 2 and 4, we focus on Assumptions 3 and 5

Assumption 3 Here, we show that (14) holds. Let I(z;a,b) = % denote the regularized

incomplete beta function. From the definition of the incomplete beta function, one can see that
I(z;a,b) =1—I(1 — x;b,a) holds. Then, it holds that

of(@) () %o (men)s

~I@ By

() ¥ () () Fat (me)
B39 (72:%%) B(sii%%)
% m+n

by (24)

2 2 2 . .
ﬁ(mg—i-n) (m?f—n) 2F1<m;n’17%+1’mmn+n)
n 1

2, F (T 1,0 1 1

n
S a
’mx-l—n) 2

which verifies Assumption 3 by (14). Here, one can observe that the hazard function 5 f gf()x) diverges

as & — 0, while 75 < n holds.

Assumption 5 If f/F is monotonically decreasing, it should hold that for any z > y > 0

Fly) . I)

Fx) = f(z)
1y

F(z) . N
(@) By 3) =)
<y>’§(mx+n) N 2F1( 71’1+%?m7ﬁn)

x my +n + ) ’
v P (B2, 151+ B )

Here, it holds that

m
2

3 + :
() B (™ 10+ i)

() o (5 1 55

mx—+n

03

by (24)

w[3

Therefore, we have forany x > y > 0
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since "“ is increasing with respect to x > 0. We have forz > y > 0
m+n m+n
f(y) _(y)'?—1<m:c+n> 2 _(y)é”(mern) e
flx) \z my +n \z my +n Y
m+n
>(g)% mx +n\ 2 >F(y)
— \x my+n ~ F(z)’

which verifies Assumption 5.

Appendix B. Proofs for regret decomposition

Here, we provide the proofs for Lemmas 7 and 8.

B.1. Proof of Lemma 7
Firstly, we present the regret decomposition that can be applied to general distributions.
Lemma 17 (Lemma 3 of Honda et al. (2023))
) < ZEK&,wt wt+1>} +Z <77t+1 — t>Ert+1~D [Tt+1,1t+1 — 7”t+1,i*}+?711]Er1~D[7"1,11]7
where 111, = max;e (k] i

Here, notice that E, p[rq 1] is the expected block maxima when K samples are given. For the
Fréchet distributions and Pareto distributions, we can explicitly compute the upper bound E[M | as
follows.

Lemma 18 Fora > 1,

MAK= if Do € Doy
Epyyoenalrin] SQKST(1=1)  if Dy = Fa,
1
KaT(1-1)-2 sza:Pa.

Proof The proof for the general ©,, can be directly obtained by (4) in Assumption 3. As explained
in Appendix A, the tail quantile function U is regularly varying with index é, which implies

aK — KéSU(K)

for some Sy; € RVy. Thus, Assumption 3 implies the boundedness of Sy;. Here, from the definition
of a, it holds that

1 Sp(ak)
1-F =— =
which implies
1
ag = Ko S2(ak). (25)

1
Therefore, Sy (K) = Sf (ak) holds. The upper-bounded assumption (the existence of A,,) is not

restrictive from Karamata’s representation with von Mises condition in (21), where < ( ) 5 0as
t — oo and ¢(z) is given as ultimate constants.
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Case 1. Fréchet distribution It is well-known that when X; ~ F(«, s, m) where (o, s, m) €
Ry x R4 x R denotes the shape, scale, and location of the Fréchet distribution, then ¥ =
max (X1, ..., X,) follows F(a, n'/%,m). One can easily check by observing its CDF is given
by e K/7% or the max-stability of Fréchet distributions. The fact that the expected value of
F(a,s,m)=m+s'(1 —1)fora > 1and F, = F(a,1,0) completes the proof.

Case 2. Pareto distribution Since 71, = max;c[x) 71, its CDF is (1-— z_a)K with density

2 (1 — z7) K71 By letting w = 27,
o
K
Ernrlrn] = / %(1 — 2z ) e
1 z
b K-1
0
1 r1-4Hrx
=KB|(l1—-— K :Kw, (26)
a NK+1-1)
where B(z1,22) = fol w? (1 — w)*2~'dw denotes the Beta function. Then, by applying

Lemma 27, Gautschi’s inequality, we obtain for o > 1

r(1- K +1) K  I(K)

MNK+1-1) K-ir(k-1)

- e}

< K F(l - 1)Ki
= (0]

<% r (1 - 1) K&,
a—1 o
where the last inequality follows from K > 1. Here, one can directly apply Gautschi’s inequality in
(26), which results in T'(1 — L) (K + 1), m

1
et

B.2. Proof of Lemma 8
From the definition of w; = gb(ntﬁt; D..), we have
wi — wir1 = ¢(meLy) — (mes1Lis1)
= ¢(meLs) — ¢l (Le + 4r))
= ¢(meLe) — p(ne(Le + 00)) + d(ne(Le + £4)) — (g1 (Le + £2)),

which implies

ZEK&& wi — wt+1>} <

t=1 t=1

E

E [<ét7 d(mLe) — (ne(Le) + gt)ﬂ

+ ZT:E Wt’ S (Le + b)) — S (L + &))ﬂ Y

t=1

Therefore, it remains to bound the second term of (27).
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Case 1. Fréchet distribution By explicitly substituting the density function and CDF of F,,
¢i(\; Fo) is expressed by

0o o 1
¢i(\; Fo) = Pr |i=argmin{\; —r;} :/ ————exp| — — | dz
r~Fa K] g1 ~minge g (z 4+ \)ott ZGZ[I:Q (z+ \)“

o0 o 1
— - _ - d
/o (z+2,)° 1 P 2 G+ |7

lE[K]

Then, for generic L € RX, L = L — 1 min; L;, and any i € [K]

0
= 0i(nL; Fo
3n¢ (nL; Fa)
=« — — exp| — ——— |dz
/0 (z +nL;)>H jgf:q (z+nL;)tt (2 +nL;)*"? jgf:q (z +nL;)*
> 1 al;
co[ e[~ e | S e
Na+1 Na+1
o (24nL;) jem B nLy)® | e (2 4+ nly)

0o 1 1 aLl 1
_ IS SN B S )
—“/0 (= + nLy)ott &P %;q (= nLy)* | 1€l (= + nLy) 2t (=4 nLy)”

00 1 1
< [ — _ - | =
B a/o (z + Lot P 2 (2 +nL;)> Z z+ nL

JEIK]

dz

Let L =L, + @t. Since /; = ltwt_leh and l;; € [0,1],

T
SB[l oL+ £); Fo) = dlns (Lo + 00)); Fo)| 28)
=1
T —_—
=> > E[H[It = illyw,} (6i(mL; Fa) — di(ma L }-a))]
t=1i€[K]
T
SOOI Sy (L Py
t=1 41 jelK)
a 1 1
o Y ST S
t=1 N1 1 ie[K] z+ L —H jelK] (Z + TIL]') je[K] (Z + nLj)
1
< E / / we” “dwdn i <land w = v
Z nerr N1 jgf:{] (24 77Lj)

t=1
T

= aZlog <77t> = alog < n >
—1 t+1 nr+1
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Case 2. Distributions in ©®, From the definition of ¢ in (1), for generic L € RX, L = L —
1 min; L;, and any i € [K]

0 <
seosnl) = [ Laf - nL) [T Pz + niy)as

J#

" /1 ST L7+ 0L s+ L) T FG+ L) |dz @29)
i oy

Recall the definition of o(z) = 1?;(:8)’ which implies

fo) = 291 - Py, (30)

Then, the first term of (29) can be bounded by

/ TLif(e 4 L) [ F (e +nL,)dz

! i
20
< / Lifi(z +nLy) [ [ F(z + nL;)dz (by Assumption 1)
! j#i
2=Z20 20

= L;f(z+nL;) HF(Z +nL;) - / L;f(z +nLy) Z f(z+nL;) H F(z +nL;)dz
J#i 2=l J1 J#i 1#i,]

< Lif(z0 +nL;) [ | F(z0 +nL;)
J#i

L;o(z0 +nL;) p1
< VTSI (1 - F(zg+1L)) < 2, by (11) and (30
S Tl ( (20 +1L;)) < 7 (by (11) and (30))

Next, for the second term of (29), by representation in (21), we obtain

. _ _ Sr(z+nLy)
I #tevo =TT (1- 5757

<exp _ZSF(Z+77LZ) ('.'].—Q?<€_z \V/IE>O)

<eexp|— 3 (1= F+nL) |,
SIS
where the last inequality follows from F(x) € [0,1] for all z € [1, 00), i.e., e!~F(®)
x € [1,00).

< e for any
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Then, we have

/ Z (L f(z+nL;) f(z+nL;) HF z+7}Ll))d

J#i I#1,5

<o / T FenL) Y (Lf e+ L) exp ( S (1-Fz+ nLj») dz
l

JjelK] €[K]

JE[K] JE[K]

_e/ f(z+nLy) (Zsz—i—nL))exp( Z(lF(z+nLj)))dz.

Here, by (30) again, for generic L € R¥, we obtain for z € [1, 00)

jelK] je(K] Ly
L;p p1
> CiL, (1 - F(z+nL;)) < ’Z ;(1—F(z+nL )
JE[K] JEIK]
which implies
ﬁ@(nL) < me Oof(z+nL») N (- Fz+aLy) |exp| = Y (1 Flz+1Ly) | dz+ 24
on o 1 - jelK] - jE[K] - "

By noticing that

2 fletnl) = & 30 (1 F(z + L)

JE[K]

one can reproduce the proof in Case 1 from (28), which implies
T

S E [l ém(Le + £); Do) = dlm1(Le + 1): D) )|

t=1

T nt
<p Y E lm/ a / > fz+nLy)
t=1 nevr

i€[k]

. ( Z (1-F(z+ nLj))) exp ( Z (1-F(z+ nLﬂ)) dz} + 717dn
J

jelK] €[K]

K
<ple/ {62/ wewdw—l-l}dn
Tlt+177 0
m
< e+ lo ( ): e2+1)1lo ( >
p1 Z g\, ) =@+ 1)log

nTr+1
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Appendix C. Regret bound for adversarial bandits: Stability

Here, we provide the proofs for Lemmas 9-12.

C.1. Proof of Lemma 9: monotonicity

Let us consider the Fréchet distributions first.

C.1.1. FRECHET DISTRIBUTION
From the definitions of ¢ and I,
Gi(A; Fo) = aliap1(X; ), (A Fa) = —ala+ 1) av2(X; @) + 021 9011y (X @) (31)

Here, ¢;(X; Dy) < 0holds for any o > 0 as it denotes the probability of {\;—7; < min;z; {\; —r;}}
when each r; follows D,,.
Define

© 1 1
Al — — | dz.
Tijn(Aie) = /0 (2 4+ X)™ (24 Aj)ott o EJ: (2 4+ Aj)~ :

For simplicity, we write I; j n(\; &) = I; j»(A\) and I; ,(\; o) = I; n(A\) when n is written with «.
Then,

d liaya(N) afi,j,a+2()\)fz‘,a+1(>\) —Ii jar1(A) i ap2(N)

- = (32)
dAj Lot (V) (M)
By letting k(z) = W exp(— > m) , each term of the numerator of (32) is written as
k(z)k(w)
LiqgioN g1 (N) = dzd
gat2(M) i a+1(A) //Z7w20 (2 + M) (2 + Aot ~dw
1 1 1
== k(2)k dzd
R (e e R e e ) L
(2)k(w)
Iz' e za dzd
gt M iara(d //zw>0 Z+/\ )(w + Aj)ett o
1
—_ - d d .
2//Z7w>0 (z+\) w—i—)\ jart F (w+/\i)(z+/\j)a+1> =
Then, the integrand for I; j o4+2(A) i a+1(A) — i ja+1(A)Liat2() is expressed as
1 1 1 1

MG+ T A a) @A) A AT (@A) + A
(WA A (w AT (24 A) (2 + X)) — (w4 X)) (2 + X)) — (24 A (w + Ayt
N (Z + )\l)(z + )\j>a+1(w + Al)(w + )\j)a+1
(w + /\j)a—i—l — (Z + )\j)a—i—l
G+ )G+ ) w4 A (w+ X))
Here, one can see that when w > z, the integrand is non-negative since A; > 0 and o > 0. On the
other hand, if w < z, then both (w — z) and (w + A;)®T! — (2 + \;)**! becomes negative, i.e.,
integrand is again positive. Therefore, I; j a+2(A)Li.a41(A) — I j.a+1(A)1i at2(X) is an integral of
a positive function, which concludes the proof.

= (w — 2)
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C.1.2. FRECHET-TYPE DISTRIBUTIONS

As discussed in Appendix A.1, when F' is absolute continuous and satisfies von Mises condition,
Sf (Z-‘r)\z‘)

f € RV_4_1, which implies f(z) = 7% 1S;(x) for some Sy € RVy. Let g;(2) = GEsmrEc
Then, for D, € ., we can rewrite J; as

Sf Z—l-/\
i(ANDy) = F )\
J( ) /1 Z—|—)\ a+2H +

For simplicity, let f;(z) = f(z + X\;) and Fj(z) = (z + \;) for any i € [K], which denotes the
density function and CDF of D, respectively. From the definition of ¢ in (1) and J; in (13), we have

d Sf (z+N\)
—Ji(A\;Dy) = F )\
d)\jJ( ) /1 (Z+)\ a+2 d)\ H z+

_ Stz + Ai) ‘
_AT(Z+AWHf(+Aﬁ;LF@+Amk

and

d / flz4+N\) )\HF2+)\

T i

/ FE+ M)+ X)) [] Fiz+ M)da.
l#1,5

Then, we have for k(z) = ][, ; ; Fi(2)

d J;(A; D, 1
Dy D)~ T </ (S ( 1l Fl(z)) fite) (H Fl(“’)) duwd

l7é7’7.7 l?é’b

_ // o gi(2) (H FZ(Z)) fi(w) fj(w) (H Fl(w)) dwdz>

I I#1,]

=¢2(;D)< J[L # B il ot

// >1 ()fz( )f]( ) ( )dwdz>.
Here, one can see that

// z>1 Vk(2) fi(w)k(w) Fj(w)dwdz
:/LZ>1W<gi<z>fj< )£ () 5 (w) + g1(w) £ 0) (=) F (2))dundz,

// z>1 ()fl( )fj(w)k'(w)dwdz
- //w 2>1 W(gi(z)ﬂ(z)fi(w)fj(w) + gi(w) Fj(w) fi(2) f;(2))dwdz.
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Then, by elementary calculation, we obtain

9i(2) f(2) fi(w) F, ( )+gz( )fi(w) fi(2) Fj(2) = (9:(2) Fj(2) fi(w) £ (w) + gi(w) Fj(w) fi(2) f5(2))
= Fj(2)fj(w)(gi(w) fi(2) = gi(2) fi(w)) + Fj(w) f5(2)(9i(2) fi(w) = gi(w) fi(2))
= (gi(w)f ( ) 9i(2) fi(w)) - (Fj(2) fj(w) = Fj(w) f(2))- (33)

Obviously, (33) becomes 0 when z = w.
Firstly, let us consider the case z > w, where Assumption 5 implies

fe+Ly) _ fw+ L)
FerL) S Fwrly — BWHE <HELW.

On the other hand, we have

which implies

) i)~ () ity = 2G50 Sr) 556

CSS(L Y50

wa—l—l Za—l—l w z

Therefore, when z > w, the integrand becomes positive. For the case z < w, one can easily
Ji()\§Da)

reverse the inequalities above, which results in the positive integrand again. Therefore, B (NDa) is

monotonically increasing.

C.2. Proof of Lemma 10

Here, we assume \; < ... < g without loss of generality, where o; = ¢ holds.

C.2.1. FRECHET DISTRIBUTION

By the monotonicity of I; o42())/I; a+1(X\) in Lemma 9, we have

Ai)

J <1,

Ii aq2() < Ii a2 (NY) where \* —
Liar1(A) = Tiay1 (X))’ J

o0, J >t

From the definition of I; ,,(\; ) in (12), we have

oo 1 1
La(Via)= [ ——exp(——)d
a(X52) / <z+Ai>neXp< <z+w> :

_n—1 i
1« A n—1_ 4 _
= Cue e Udu

G 0

it (n—1
- «a 7 «a 73;)4 )

where y(n,z) = fow t"~le~tdt denotes the lower incomplete gamma function.

29



LEE HONDA ITO OH

By substituting this result, we obtain

L
L a2(X; ) < L7<1+5’§)

Lior1(Xsa) = Vi 7(1’ é) '
Note that y(1,2) = 1 — e~ holds for any x > 0, and for any o > 0

7(1—|—i,x>< VT ey VT

=1+1/a “1+1/a’

by Lemma 26, which proves the first inequality of Lemma 10.
Then, let us assume there exists a constant C' < oo satisfying for any z > 0

y1+1/a,z) — (1 —e *)C <0. (34)
The derivative of the LHS of (34) is given as
Yxe ™™ —Ce™®,

which achieves the minimum at x = C“, i.e., its maximum is achieved at x = 0 or x = co. Applying
this finding in (34) gives C' > F(l + é), which concludes the proof.

C.2.2. FRECHET-TYPE DISTRIBUTIONS

ibgg‘:% in Lemma 9, we have

By the monotonicity of

A
where \j= (7" T
00, j>i.

Ji(X; D) < Ji(X;Da)
$i(XADa) ~ ¢i(A5Da)’

From the definition of J;(\; D) in (13), we have

* Syl +A) poy
Ji(A*; D) = UF A)d
(i) = [T LR e A

J=1

and ~
i(\*: D) = / f(z+ X)F 7z + \p)dz.
1

Here, we begin by examining the Pareto distribution, as the proof for this case offers insights into the
generalization of our results.

Pareto distribution Let us consider the D, = P,, where

. o0 o 1 -l
*“’R”‘[ @+&P”<L_®+MP> @

1
(14+X2;)« .
= / wé(l —w)" " tdw
0

1 1
— B 14—
((HA@-)Q’ +a’z)’
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where B(z;a,b) = [ t*7*(1 — ¢)*~!dt denotes the incomplete Beta function. Similarly,

) - . . i—1
¢i(A"; Pa) = /1 (z + At <1 e ‘|‘>‘i)a> "

1
e -
:/ w1 —w) i dw
0

Therefore, by Lemma 28

np) _ Bla i+ 5i) cBO+3.9)

(5P 1) ~ B,
SOVP) " (i 1) (1.4)

Since B(z,y) = FF(QE%) ¢ > 1, and a > 1, applying Gautschi’s inequality provides

B(l+L14) TO+HrE+1) II+21)ri+1)

= = 35
B(L,i) T(1+L+4) il T(it) (33)
r(+41i) . _1

= (i+1a)(z+1)1 :

«
2 1 1
< a F<1+)
a+1 @/ (i41)

1\ 1
<2I'(1+4 — .
o2}
On the other hand, for = € [0, 1] it holds that B(z;1,7) = (1 — (1 — z)?) and

1 x A x A
B<x; 1+ z) = / ta(l—t)ldt < / tae =D qt
« 0 0

z )
< e/ tae tdt
0

Q=

Then, by Lemma 26, we have

Blail+gi) e (ai)e  1-e™ ¢ (a)z G6)
2

— <
B(z;1,i) ~ j+s14+1/a(l-(1-2)) ~ il+1/a’
where the last inequality follows from lim,_,¢ % = land lim,_; % < 1. Therefore,
by substituting x = m we have

1. 1
B((1+>\i)‘“1+a’z>< ex 1 < _ca 1
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Generalization to ©, Let us define a function for x > 1

[ ERF T (2)dz

k(x) = k(z;Dy) =

f f Fz 1 z)
Then, it holds that
dk(x ) 1 i OOSf(Z) -
dx (f F(2)Fi-1(2)d )2(f($)F (x)/x za+2F (z)dz

1 1
xo‘+2 FZ / fre )
Fz I(IE

T feF 1)<z> )<f($)/;sa(+2>F” [ rerte >
e (G [ 0038 [ )
)
(
)
“I(2)d

_ F’Z 1(3}‘ Sf( ) o] .T)Sf(2> i1 Mo 00 Sf(Z) . e
([ f(2)F(2)dz)” 2T (/x oz £ (2)d /x LA () >
Fz l(x

R [ ) (i )a) <o

which implies k(z) is decreasing with respect to « > 1. Therefore,

Ji()‘*ﬂ)a) 1Oo iigZQ)FZ : (2) / f(z Fz 1 )
e fl z)Fi=1(z)d

m
e o

where (37) follows from Assumption 3.

Next, let us consider the case (14) holds, where Sg(x) is increasing. Let 1 — F'(z) = t, which
implies z = U(1/t) for t € [1, 00). Then, we have

00 . 1 1 .
/ 1) pica 44z = / (1—1)Dat
IR 0 (1/ t)

(1—t)=Vat 38
- [ /t D, (9)

<B (1 + — z>

o
1

where (38) follows from Sy € RV, ,. Here, Sy(1/t) = Sz (U(1/t)) holds from (25), which
implies that W is increasing when S is increasing function since U (1/t) is decreasing. From

the definition of U(1) =1 = 1§SU(1), we obtain Sy (1) = 1, i.e., A; = 1. Therefore, the analysis
of the Pareto distributions from (35) implies that m < 2T’ ( 1+ é)
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Next, we obtain

h f()FY(2)dz = 1,(1 — F'(14);)) =B(1 - F(1+\);1,9).
14, t

By Assumption 3 and (38), we have

© S5(2) 1 1
F* dz< —B(1—-F(1+)X\);14+ — .
zwzwz ()2 < (L4 AL+ i

Therefore, following the same steps from (36), we have

0o Sf(2) mi— .
T, F P (2)de _ 1B FO+X):1+4,0)
Joia FEFiT(2)dz = A B(1—F(1+X);1,1)

1
le a (Sp(l+))\°
< 2
Alm+1((1+Ai)a> %)

< ae A,
AP NCESIEESY
ae Ay,

< —— .

where (39) follows from Assumption 3. Here, when S is an increasing function, then 4, =
1

lim, 00 S§ (z) from (25).

Remark 19 When one considers the shifted distribution, (14) does not necessarily hold even when
its original distribution satisfies it. In such cases, it suffices to consider the shifted distribution
function after the conditioning trick, where we have

. F(z) - F(1)
Glz)=F'(z—-1) = = F() x>1,
which implies
1— F(x) _
1— = @ > 1.
Therefore, S(x) = %Sp(x) holds for x > 1 and thus they are tail-equivalent. Furthermore, if

F satisfies (14), then
zg(z) _ xf(z)

—Ga) 1-F@) = =1

holds. Therefore, S (x) is monotonically increasing for x > 1 with S¢(1) = 1, which implies that
A= landeQF(l—l—é).

C.3. Proof of Lemma 11

Although the overall proof is almost the same and follows the proofs of Honda et al. (2023), we
provide the proofs for completeness.
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C.3.1. FRECHET DISTRIBUTION
From the definition of ét = <€t7 I, wt_ 11 ) er,, when I; = 7, we have

bi (Wth ) o (77t <Lt + (Qt Wy >€z);Fo¢>

—

Wtet,zwm , N
= / —¢i(neLy + xei; Fo)do
0

—

ﬂtft lwtﬂ/ N
<ala+1) / Ii ar2(ne Ly + zej; o)dx (by (31))
0

—

Utfz,zwm "
< ala+ 1)/ Ii ar2(neLy; a)dx (40)
0

= ala + Dmelyw; ! T aso (L o),

where (40) follows from the monotonicity of I; .. Since w, i ! follows the geometric distribution with

mean w, ; glven Lt and I;, it holds that

32| 2 1 2
E |:U};Ilt Lt, It:| = 3 - S P
wt,[z wtvlt wt,lt

Since I; # i implies ét,i = (), we obtain

sl (o u) - (1)) o

—E _]l[It = il ; (¢z’ (mﬂ) — @i ("t (ﬁt + ét)))

:

=E|1[]; = i]ﬁt,iz;;j\} (Qbi (ntﬁt) — i (”t (ﬁt * gt)))

| 4

it]

— —

< E|wyilyiwy) - oo+ Vel iw; T oo (neLy)

' :

0L oy2 (neLy)

2
t,i

S 204(04 + 1)77tE ’Ll)tﬂ‘

L .
<2(a+1)nE : a+2(mft> Ly (by we i = alj ap1(ely), i < 1)
i a—l—l(ntLt)
20 r(1+4+
< AN2(a+1)n M,
nLt K a\/ Oi

where the last inequality follows from Lemma 10 for F,.

C.3.2. FRECHET-TYPE DISTRIBUTIONS

From the definition of ¢ in (1) and (15) from Assumption 4, we have

_¢§()\;Da):/1 A [ FG + Az
JFi
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> f(2’+)\1) i—1
< LA T i \)dz = paJi( X Da).
| P ISR e+ Az = (D)

Therefore, we can replace a(a + 1)1; 42 With pa.J;, which gives

£l () g

[A,t:| < E|:’U)t ily Zwtz ntgt zwtl PZJ (ntLt’D )

2ip2Ji(niLy; D)

Wt 4 P)
Lt] ’

t

<2nE

Wy 4

Ji(niLy; Do)

< 2ponE z
¢i (ntLt ) Da)

where Lemma 10 concludes the proof.

C.4. Proof of Lemma 12
By Lemmas 10 and 11, for F,, we have

E {t@ <¢z’ (ntfit) — ¢i (”t (’it + gt))) L

1 K
(a+ 1)r]t1"<1 + ) (1 + / x—l/ada}>
@ 1
1\ aK!-Ye —q
(a+1)ntI‘< +a) P
-1 o

Similarly, for D, € 9, we have

E[ét (sz <nti/t> — @i (77t (I:t —G—&))) ﬁt] < ja_pin vy M g1-1/a

Appendix D. Regret bound for adversarial bandits: Penalty

This section provides the proofs on Lemma 13.

D.1. Penalty term analysis for the Fréchet distributions

By letting ko (2) =D, m € (o, Z%], we have

E[rt,,t— ] ZE{ It_Ir“L]
£t
— e ka(2)q
= z
/0 ; Z +77tLt 2)
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<o % d= 2y

£i* Z + 77tLt z) iti* (ntLt,i)a_l
On the other hand,
/ Z _ko‘(z)dz < a/ ko (2)e Fa()dz
0 1#£* Z + 77t tl 0
YK 0o
= a/ ko(z)e k"‘(z)dz—l—a/ ko(2) #dz (41
0 VK
VK oo K
1
ga/ e dz—i—a/ —e 2% dz
0 VK #

1
= ae ' VK + W/ w_ie_wdw
0

= (ae‘l +7<1 — ;,1)) W,

where the first term of (41) follows from the fact that ze~* < e~! and the second term follows from
the fact that ze~? is increasing for z < 1 and k4 (z) < 1 holds for z > /K. From the definition of
the lower incomplete gamma function, one can obtain

1 1 1
Y(s+1,2) = sy(s,z) — 2’ = 7(2— ,1) = (1— )7(1 — ,1) —e
a a a

which implies
1 1 -1
y(1-=1) =L q(2- 1)+
« a—1 « a—1

o o oe
<
T a—12a-1 a—1

by Lemma 26 again. Therefore, by doing elementary calculations, we obtain that

3 2
/ Z _ka(z)dz S (0740{ + 02706 ) 3/?.
0 iz z—i—mL” (a=1)(2a—1)

-1

1—e ')+

E|:Tt7[t —

D.2. Penalty term analysis for the Pareto distributions
} > E[ [ = Ires
7,752 ]7&7,

By letting ko(2) = >, ——— € (0, £ ], we have
£t :|
< ea/ Z _k“(‘z)dz.

g (Z+77tLt,i)a
1
/ S l———TI(1-———) |
1 (z+ 77tLt i : (2 + ntLt,j)a
1 ii* Z + ntLt i

Therefore, the proof in Section D.1 immediately concludes the Pareto case.
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D.3. Penalty term for the Fréchet-type distributions

Here, let us consider the inverse of the tail function, which is the tail quantile function defined as

U(t) = inf {x  F(z) > 1} 42)

Note that when F and U are continuous, 1 — F(U(t)) = 1 holds. Then, as in the other cases, we

have
L

/Z (z 4 mLy ) f(z 4+ mLyy) [ F(z+mLy ;) | dz

E [rt,lt — Ty

] ZE[ [I; = res

1F£0*

1 £t JFi
Stz + L
s (B )
1F£i* Z + ntLtl jF#i
Se(z+ L
/ 3 f neLi) 17+ nl, ;) |dz. (43)
z;ﬁz Z + ntLt z) G
The first term of (43) can be bounded as
Stz + L
/ Z f el) [P+ mnels ) |dz
175 * Z + ntLt Z) ];ﬁ’b
- /U(K) o(z+ TItLt,i)SF(Z - mLt:i) H F(z+mlL, ;) |dz by (22)
= A ¢ Ly
1 i (Z + ntLt,i)a j#i !
Sr(z+mL
/ Z P mL L) HF z+17tLt]) dz
i#i* Z + ntLt z) ji

e /U(K) Z Sp(z+ ﬁth) exp Z Sp(z+ nth) &
>~ 1 —_— — R
! i€[K] (2 +mLy;)® i€[K] (2 +meLy)®

U(K) )
< ple/ etz < mU(K) < ;A K«
1

where the second last inequality follows from ze ™% < e,

37



LEE HONDA ITO OH

For the second term of (43), from S (z) = o(x)Sr(x) in (22), we have

/ Z(Sf Z+77t ti HFZ+77tLtJ))d

z;éz Z + ntLt N JFi

/ Z+77th)SF(Z+77tL“ HF(z—Fni ) 1
Ly
U(K) ii* (Z + ntLt,i) j#i ’

Sp(z+mLy
<p1/ > (”HF z—i—ntLt]))d

z?é’t Z + ntLt 7') J#i

i€lK] i#i

=p1 /OO (Z (1-F(z+ WtLt,i)) HF(Z + Wtit,j)) dz
< p1 /‘X’ (Z (1-F(z+ UtLt,i)) exp ( Z(l - F(z+ Uti?t,j))) ) dz

J#i

<ep / b (Z(lF(z))) exp ( > <1F<z)>) dz (44)

JE[K]

U(K)
= epl/ K Fiz) exp( KSFiZ)>d ,
U(K)

where (44) holds since ze ™ is increasing with respect to € [0, 1] and > ;¢ 4 (1 —F(z—i—ntLt’i))) <
Zie[K](l — F(z)) < 1forz > U(K). Here, Sp(z) is increasing function with respect to z > v,
which implies

ep1 / KLFEJZ) exp <—K5Fiz) > dz
U(K) z z

cep [ K <_ KSF(U(KD>dZ
U(K) Lo s

Cem [C Se(2): KaSe(U(K) [ SpU(K)Y
=0 Jouo SpU(K)) zot p< S )d

Cem [* Se(): (A KSpUK)Y (o Se(U(K)
= U(K)SF<U<K>>< e o ) p< R )d‘

By Potter’s bound (Lemma 29) with arbitrary chosen § > 0, there exists some constants bs such that
forany z > U(K)

Sr(z) z \°
SrUE) bé(U(K)) |
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Therefore, for § > 0

U(K) z
cep [, 2 ( 4 KSp(U(K)))eXp(_KSF(U(K))> w

o Jum) JU‘;(K) Cdx 2%

145 145

(- RSV o SHUED
dx z P P ‘
[ s (kU)K
eI,

where the last equality follows from the definition of the tail quantile function,

8
1 Sr(U(K)) SpU(K)) _ s
1- FUK)) = — = =K =
UKD = % = Tatry U(K)
By letting w = Kw, we have forany § € (0, — 1) and K > 2

o 1 1
ep1 / KSF(Z) exp<—KSF(Z))dZ < S b(;KéSI% (U(K))wf%ée*wdw
U(K) ¢ ¢ a Jo

e 1 1 1+96
_ fbaSE(U(K))Kw<1 S 1)

146
mbgAﬂ(l _ 1o 1) Ke.
(0% (6%

IN

Letting C1,1(Dq) = minge(g,a—1) %b(;Aufy( — 1) + p1 A, concludes the proof.

o
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D.4. Penalty term analysis dependent on the loss estimation
Similarly to Section D.3, we have
:| Z E|: It =1 T‘t 4

N t:|
1F£i*

Sp(z +mly;)
D> fz M Pz + ke ) | a2
1

i#i* Z + ntLt z) j#i

E|:Tt,lt -

<

/ Sy(z + meLy )
Loty (z+ ntLt,i)a

/ Z dz (45)
1 Z;ﬁl* Z + 77t t’L

< p1AS ] 1
a—1 i (ntLt,i)a_l

3

where (45) follows from (22), Sy(x) = Sp(x)o(z), and the boundedness of Sr(x) and o(x).

Remark 20 When v < 0, the perturbation ry; can be negative. In such cases, we have

ZE[ t—[?"tz— :| ZE[ It—ZT'tZ IA/t:|—E|:T't7i* it:|
1#£* 1#£T*
—Z]E[ It—Zth f/t:| —E[T’t7i*]
iF£1*

Stz + L
/ > f 27 17z +nl, ;) |dz = Efre].
i£i* Z =+ 77tLt z) ji

Therefore, when v < 0, adding a constant is enough (at most) to provide the upper bound.

Appendix E. Regret bound for stochastic bandits

In this section, we provide the proof of Theorem 5 based on the self-bounding technique, which
requires a regret lower bound of the policy (Zimmert and Seldin, 2021). We first generalize the
results of Honda et al. (2023) to Fréchet distributions with index o > 1 and then generalize it to D .
Here, we consider two events F; and D;, which are defined by

FtZ: Z;Sl N

i (ntLt,i)a

Dp:={> 1-FU@Q) +mL,;) <1-FU2)+1),
1£L*
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where U(2) denotes the median of D,,. Note that F/(U(2) + 1) < 1 holds since F'(z) < 1 holds for
any finite x if D, € D!, The key property on these events are

Lip»=0, and nely;>1,Vj#i" (46)

Note that the choice of RHS, 1 and 1 — F'(U(2) + 1) is not mandatory, and thus one can choose any
real values for F} and 1 — F(U(b) 4+ 1) with b > 1 for D;.

E.1. Regret lower bounds

Here, we provide the regret lower bounds for F, and ®, respectively.

Lemma 21 Let A := min;;+ A;. Then, for any o > 1, there exists some constants cs1(Fa) €
(0,1) that only depend on o such that

(i) On Fy, 37 0 Ajweg > 51(Fa) 3oize (m?i o and wyg- > 1/e.
Loy 4

.. A
(ll) On Ftc, Zz;ﬁz* Aiwm Z atiyq

Proof Let Ll = IMin; 4 L“ Then, for any b > 0 we have

o0 A; 1
Ajw; = a/ — | exp| - — |dz
Z ' Z (2 +neLy )t Z (2 4+ neLy ;)™

ii* 0 i i€[K]
o A; 1
A B e L] B D L
ol \ izt (24 ey i)t ie) (2 MLy g)®
(i) Consider the case ) —L <1, wehave

P (neLy )

0 A; 1
Ajwy; > a/ , — " |exp| - — |dz
; b L ; (z+ ntLtﬂ')oﬁl ig(] (z+ ntLt,Z-)O‘
Zoc/oo” Z#l exp —%—Z% dz
bl \ i (2 + UtLt,i)a+ (bmeL )™ i#i* (= + ntLt,i)a
o A, 1 1
Za/ — = |exp —<1+> ——— |dz
bne L ; (2 +neLy )t be ; (2 +nely ;)™
o0 A; 1
Za/ —_— exp(—(l—{—))dz
bl ; (2 +mLy ;) be

1 A;
(- ) Sz
b izie (L +neLy ;)™
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> Sz ) o0+ 7)
ep(c(+d) [« A

(1 + b)a i (ntLt,i)a

(14
Since b > 0 is arbitrary chose, we can set ¢; 1 (Fq) = maxpo W € (0,1).

Since Lt,i* = 0 holds on F}, we have

oo
Wi+ = / —e dz
0 2ot i) (z + 77,5Lt l)

* 1 1
Z / T‘i’l exp| — Z T T Ta dz
U iz (L) 2

5 -1 EaeY 1 d 1
~Z € . Za+1exp _2;704 Z—g,

which concludes the proof of the case (i).
(ii) When Zi# Tw > 1, we have for any z > bntL

D ey s

1€[K]

1
< + —
(Z +77tLt z) ; Z+77tLt z) Z
1 1
S + -
i (2 ”tLt N

2a
: Z Ltz) i Z (z+ bntLt,z)a.

Z;ﬁl* Z + /rlt 7,757,*

<

Therefore, by letting b = 1, we obtain that

ZAiwtinaA - Z;A exp 722&7—’:1 dz

i UtLl i£i* (Z + ntLt,i)a+l i (Z + ntLt,i)a
A 2 +1
:2a 1 1 —exp —Z — +A dz
+ i£i* (L +meLy ;)™
A 2441
> 2 (1oep(-Y 2 |
2 + 1 iti* QQ(UtLt,’L')a
> A (1 e 2‘;$1)
2041
«
> A 29+1 A

20y 120+l 4y 1 ol 41’
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where the last inequality follows from #— <1 —e " forz > —1. [ |

Lemma 22 Let A := min;z« A;. Then, for any o« > 1 and D, € D, there exists some
distribution-dependent constants cs1(Dy,), ¢s 2(Dy) € (0, 1) such that

(i) On Dy, Z#i* Ajwi; > cs1(Da) Z#i* (nt?;)a and wy = > 0.14.

(ii) On D§, Y Diwyi > €52(Da)A.

Proof Here, for any f/t, we have

> A= [ X At mlid TLFG +mley) |a:
i 1 iAi* i
> / Z Aif(z+mily ;) H F(z+mL, ;)dz
b \agir jelK]
o - 1— F(z+mLy ;)
> / Aif(z+mly;) | exp| — — 47)
1 ,;k jgl:(] F(Z + ntLt,i)
% i 1= F(z +meLy,) 1-F(z)
N (TR LT VRIS

where (47) holds since e Tz < 1— x holds for = < 1.
(i) When Dy holds, we obtain

/ Z Aif(z+mLy;) | exp| - Z

Lo\ i

1—F(z+ Tlth’)
F(z+mLy;)

1—-F(2)
F(z)

o Jas

>e ! / Z Aif(z+ UtLt,i) exp | —2 Z(l —F(e+ ntLt,i)) dz
U@) \ iz JF#T*

1 & ) ;o
>e /U(Q) ; Aif(z+mnily;) | dz
=Y A(1-F(U@) +al,))
i

Sr (U(2) + UtLt,i)

(V@) +mnl)"
A7

:6712AZ‘

i

> 671 Z Az N a
i#i* (U(2) + UtLt,z‘)
A¢ A; A
= -1 L o Z = = Cs,l(Da) y s
(U(2) +1) (meLy ;) (meLy ;)™

it

)
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where the last inequality holds for ntL > 1 holds for j # " on Dy. When Sy is increasing, one

can replace A with Sp(U(2)), where 0571(7704) ~ T holds. Note that one can replace U (2) with
U(b) for any b > 1 and choose

¢s1(Do) = minel*bM €(0,1),

b>1 (UD)+ 1)«

which will provide a tighter lower bound.
Since Lm* = 0 holds on D;, we have

Wy e > € / f(z)exp Zl— z—i—mLtz) dz
1F£1*

1/ fRep| =3 1= Flztmly) — (1~ F(2)) | dz
1#£*

el/ f(z)exp(F(z) — 1) exp(F(U(2) + 1) — 1)dz
>t [T Hen(Fe) - Des(FU) - 1ds
—e2(l—e 1) >0.14

which concludes the proof of the case (i).
(ii) Recall the definition of the tail quantile function U (x) defined in (42). Then, we have

- [ 1— F(z+nL i 1-F
/ Z Aif(z+ ntLt,i) exp| — Z = ?tit’ ) exp <—(Z)> dz
1 \iz o F(z+mnLy ;) F(z)

00 . 1—F(Z+7IL,1) 1 - F(z)
N PRV Y et R e

i#i* GAi* F(Z + ﬁth) Z
o0 A~ ~
> Ae! / Yzt mily) | exp| 2> (1= F(z+nl,,)) |dz 48)
U@ \izir J#
6_1
= AT 1—exp| -2 ; (1-— )+ TItLtJ))
77

> AT (1 —exp(=2(1 = F(U(2) + 1)) = ¢,(Da)A

where (48) holds since e~ =" is increasing with respect to « € [0,1], and z > U(b) and F(z) > ¢
for z > B. Note that ¢5(D,,) € (0, 1) is a distribution-dependent constant and can be approximated
as & (1 —e ). [ |
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E.2. Regret for the optimal arm

To apply the self-bounding technique to FTPL, it is necessary to represent the regret associated with
the optimal arm in terms of statistics of the other arms. We begin by extending the findings of Honda
et al. (2023) to Fréchet distributions with an index a > 1 and subsequently generalize it to ©,.
Before diving into the proofs, we first introduce the lemma by Honda et al. (2023).

Lemma 23 (Partial result of Lemma 11 in Honda et al. (2023)) For any ﬁt and ¢ € (0,1), it
holds that .
o o A <
E |::H. |:€t,i* > C:| gt,i* Lt:| < 1 (1 — 671)"t <C + 6)
ul l—e Ul

— C
and when n, = 7

> 1 1< 2
5208 (§ o) zofont)

Lemma 24 On F,, forany ¢ € (0,1) and o > 1, we have

:

I
S o a+1z 1—e (1—€1>’”<m+€>-

3752* =t

E[@m (gf)Z (T]tLt, o) — Pix (Ut(Lt‘FEt) Fa ))

Proof Recall (46), which shows that any j # ¢* satisfies Lt iz m and arg mmle[K] Lt = L“

holds on F}. Following Honda et al. (2023), we consider the cases (a) wm-
separately.
(a) Let us consider the first case, where arg minie[ K] Ly + xe;= = 4" holds since L, > % and

P” < and (b) w“* > C

Ui =l pw L <> < =< L
) £+ Wy 77t<77t 1;17211 Ly ;.
Therefore, we have for x < %
oL+ we) = [ 2 5 ! a
i+ (Mel Lt + T+ )) = o &Xp| — ~ Z,
’ B e Ly —2)°
which implies
d 2 1 1
—— b (ne(Ly + weir)) =/ exp| — . - — |dz
dx 0 ZaJrl ; Z + 77t(Ltj ))a+1 g;* (Z + nt(Lt,j _ x))a o
[y S (0 R S ) P
= za+1 = Z T 77t L $))a+1 e (Z + nt(Lt,j _ x))a P
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Then, we obtain

ét,i* (dh’* (ntﬁt) — ¢ (Ut(i/t + ét)))

Uy
—étz / _i¢2 (nt( +.’IJ€Z ))dx

A 1 1
- / / exp| — _ — — | dzdx
satl J#Zz* (z +m(L x))oz-i—l ; (z +ne(Ly; — )™ =°
) Zt/ by 1
S exp(—>dzdl’
Sa+1 = (z 4+ (L, ; — z))ot1 z“
2 Q) 1 [
S za+1 Z _ a+1 tLt »)04+1 exp _2701 dzdz (by r < C/nt’ and Ltvi 2 1/"7t)
”
/ Z 1 _ a+1 Lan;a+l dz
JF#* (
1 Qamny
=G>
1= ()otl +1
JF* ( O (77 L )a
N 1 «
D D rror==
> by _ +1 ’
g (1= Li;

where the last inequality comes from Lm- > % Therefore, we have
E[ﬂ[ém* < ¢/midle (@*(mﬁt) — di=(me(Le + gt))) ﬁt]

<E| Ul < C/mll e >

x>
(1- OO‘HLJ

L JF#
202 . .
<E b Z a 3 t
Wt i ji* (1 - C)OH_ Lt,j
1
<2y — 1 (49)

oy (1 _ C)O‘"HL

(b) When Wy e > %, by Lemma 23, we have

by > C/ne)ly v <¢i* (L) — di= (me(Ly + g?t)))

ﬁt} [ [Crie > C/mellrie

Combining (49) and (50) concludes the proof. |
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Lemma 25 On Dy, forany ¢ € (0,1), D, € D, and o > 1, we have

E[gt,z’ (@51* (Lt Da) = @i (e (Ly + £1); D )) ﬁt]

14.4A%p1e(1 — e 1) 1 1 1 C(C >
< 1—e | = +e].
(1 _ C)a—i—l ;* Lt 1— 6—1( ) m

—

Proof As the proof of Lemma 24, we consider two cases (a) w; 11* < = o < and (b) wt z* > C , separately.

For case (b), one can see that Lemma 23 can be directly applied as Lemma 24.

(a) When Wy oL < WQ we have

¢ (nt(Lt—i—ez*x / f HF Z+T]t t] ))d Z,
J#*

which implies for z < %,
i¢~( (Li + e )'D>
a2 N\t T €T ) Loy

_/100f(z)z 77tf<z+77t(Lt’j—x)) H F(z—l-??t(Lt,j—x)) dz

it i

g/loof(z)z mf(z—i—m(Lt,i—x)) exp| — Z (1—F(z+77t(Lt7j—x)>) dz

ii* i

S62/loof(2)z77tf<z+77t(it,i_x)>exp —Z(1—F(Z+77t(Lt,j—$)))_(1—F(Z)) dz

i J#F
< [T 1) > nef (2 4+ m(Ly; — @) exp(~(1 - F(2)))dz

exp(—(1 - F(2)))dz

o [ 1Y P+ m(Los — )0l + m(Lys — )

i#4* (Z + nt(Lt A w))a—i—l
1

2 a o o
<udip [ H@en(-0 PN Y e (51)
1

— ()t (n,L, )a+1dz

< Ao / £(2) exp(—(1 - F(Z)))i; ;

Aple ; 1_ O"HntL )a—f—l(l € )
171
1

<Agprd(l—e)) 1 _CpriL,. (by miLy; > 1, Vi # i%),
i Lii
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where (51) follows from the boundedness of Sp < .S and Assumption 2. Therefore, we have

E[gtz (¢z (ntLta o) = i (m(Lt+€t) )) [:t]

Z 14.4A%pre(1 — 1 <
< ple 6 ) + — (1—671>"7t (C_'_e)
iz (1- O‘HL 1—e ur

Here, 14.4 is introduced by ﬁ by following the same steps in (49). |

E.3. Proof of Theorems 5 and 6

Although the overall proofs are identical for F,, and ©,, in essential, we provide the proof of F,, first
and then ®, for completeness.

E.3.1. FRECHET DISTRIBUTION WITH o > 2

For simplicity, let K, = K 272 so that N = C\I/%" . Combining the results obtained thus far, the regret

is bounded by

R(T) < ZEK&’W - wt“ﬂ + i (1 - 1>E[”+1Jz+1 — Ter1iv]

o) = \Tt+1 T
1
KaI'(1-=
+ E} ) 4 %bg(T +1) (by Lemmas 7 and 8)
1
T X 11 -
< ZE E <€t,wt - ’LUt+1> + ’I’]T_H - E (Tt+1,lt+1 - Tt+1,i*) Lt

i
I\

VKT (1-1 «
—l-(co‘)—i-zlog(T—i—l)

/ 1
5 Ti+1,I 0 — Ti41,0% | 2 KF(l - *)
EE<€,w —w >+ L”—i—o‘
[ [ LR 2cK /1 ! c

B

a
t3 log(T + 1),

i
N

(52)
where the last inequality follows from

1 1

i Ve 1
Me+1 ﬁt_CKa( b _\/i)_CKa( L+1/t=1) < 2K/t

Note that w; = ¢(nti}t) and w1 = ¢(m(ﬁt + ¢;)) by definition of ¢.
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On F;, where UtLt,j > 1 for j # i*, we have for a > 2

ﬁt]

rt+1,1t+]_ - Tt+1,i*

E Két, wy — wt+1> +

2eK VT
2 1 a 1 2ae 1 (1—e 1),“ < ¢
S = + — + J— + A= = ) | > +6
iz Lt 2cK \/ta—1 (eLy ;)1 (1—¢)att Ly, tzz; 1 —e-1 s
(by Lemmas 13, 11, and 24)
20 1 a1 20e 1 i(1_e—1)é<g
=~ = + — —|— - + R el (R +6
i#i* Lt,i 2CK04\/EO[ -1 (Tlth-) (1 - C)OH_l Lt,i P 1—e! Nt
(53)
o\ 20 1 a1 20e 1 ZT:(1_6—1)ni(g )
- — t o v 7 T e+ 1 | Tte
il 2cKo)a—1L,; (=Q L, = l-et \m
20+ (25 + s
S (1 C) _ 2(CKQ)2(Q 1) + O(CQKg) (by Lemma 23)
e Ly;
1% )
20(1+ %) + ey
= HRSZD L oK) (54)
i L

where (53) follows from nth > 1foralli # ¢* on F}; and o > 2 and we chose { = 1 = (0,1)
for simplicity.
On Ff, we have

Tt41, Iy — Tt4+1,4%
2cK V't

2a(a + 1)
a—1

E [<gt, Wy — wt+1> +

ﬁt}

1
1 Ko 2(2 -2
F<1+a>K1‘im+ ot

2KVt (a—1)(2a — 1)e
(by Lemmas 13 and 12)

(i)t )

Combining (54) and (55) with (52) provides

T 200(1 4 €2) + 5=
R < S ENF) Y o
t=1 (0 Bt
o [ 2cala+1) 1 a?(2a+e —2) \/?
+ 1[F] <a_1F<1 + a) T aeela—DRa-)V T
KT(1-1
+ w + %log(T +1) + O(c*Kz). (56)
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On the other hand, by Lemma 21, we have

T
A tz A
) > 1[Fy]cs, — T 1Ff | — |- 57
By applying self-bounding technique, (56) - (57)/2, we have
R(T 20(1 + €) + sy Ait3
(2)§ZE 1[Ft]z< AR e (Fa)
t=1 i Li, 2(cKaly ;)
T
2cala+ 1) 1 220 +e—2) \/? A
E|1[Ff —I( 1+ - - __ =
+; [t]<< a—1 < +a>+2ce(a—1)(2a—l) t 20t 41
KT(1-1
vE (c 2) + %mg(T +1) + O(*K32). (58)

For the first term of (58), we have

204(1 + 62) + 42(0[(},)0(2(04—1) c (f ) Azt%
= —CsW\V )~
Les Y (Ko Ly )0

)

1
_ da(l+e?) 4+ ——2——\ o1 o
< (2a(1+¢*)+ o a—1 (eKa)2(a=1) cK,\ o
2(cKy)?(a—1)) « acs 1(Fo)l; Vi

1
da(l +€?) + g ) ° ¢ ey
= (4(a—1)+ ! (cKa)?(a=1) (cKq)oT
2(cKa)2 ac&l(}"a)Ai
1
=0\ —— % . ’ (59)
N )

since Ax — Bx® < Ao‘;l (E) = holds for A, B > 0 and o > 1.

For the second term of (58), we have
L (2cala+1) 1 a?(2a + e — 2) K A
d [ ————T(1+-) + — e
a—1 a 2ce(a —1)(2a — 1) t 20l 4]

t=1
2ca(a+1) 1 a2(2a+e—2) \/} A
< - _———
Zmax{< a—1 F<1+a>+266(a—1)(2a—1) . 20¢+1_|_1’O

2

Ml“ 1_|_, +M
o (et e) P e ) o) (©0)
a1l
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Therefore, by combining (59) and (60) with (58), we obtain

T

R 1 VKT(1-1
(Q)SO ZZ _1_ a—2 « +O(K)+(Oé)+§10g(T+1)+O(C2K2)
iz =1 A K Ha-D 43D c
KI'(1-4+
< O(K) + w + %log(T—i—l)
O(Zz;ﬁz* lOAgiT>7 ifa=2
+ O(C2K§) + _a-2_
1 T2(a71) .
O Z’L;ﬁz* (Oé—2) AiallKQ(LLin) y lfOé > 2’

which concludes the proof for F,, with o > 2.

E.3.2. FRECHET DISTRIBUTION WITH « € (1,2)

The proof for o € (1,2) begin by modifying (53), where we obtain

~ Tt+1, Iy — Tt+14% | 2
E <£ wp — w >+ L]
[ t, Wt t+1 2cKa\/i t

T <
2a 1 a 1 2c (I—eH)m (¢
< + > + — + ( + 6)
g L“ 2cK V/ta—1 (meLy ;)1 (1— )+t L tz:; 1 _ e L e
200+ % 1 1
= 7 o - = 1 + O(C2K§) (by Lemma 23)
iz L 2cKavta =1 (L, ;)"
20 + 2ae 1 1
(1-9~ « 919
- x + T + O(c’Ky).
P Ly; 2(cKy)*a—1 tlff@m)a—l o

By following the same steps from (55), one can obtain

R(T) 20 (1 + €2) 1 a 1 A3
< E | 1[F = + — —cs, Fo)——t"
P e < P N VL (T T BT N AT
T
(e 1), s s
+;E R[Ft]<<05—1F<1+a>+206(a—1)(2a—1) T e
N VET(1-1)

+ %log(T +1) + O(*K2).

C

Here, the first term can be written as

20(1 + €2 1 a 1 Ajt2
(A ) + - — —Cs,l(]:a)ziA
Ly 2(cKy)*a—1¢1—73 (Ly )t 2(cKaLy ;)™
20(1 +€2)  cs1(F Ait2 1 o 1 A2
_ (A ) o s,l( oz) zA + - a7 — 6571(}-&) < '
Ly, 2 (cKaLy;)™ 2(cKo)* \a—1¢17% (Ly;)ot (Lt ;)™
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The first term of (61) can be bounded in the same way of (59) and the second term is bounded as

N 1 N 11 ( 1 )“1
@~ — C .F ~ S [

a =175 (L, )t sil7e) (Ly)> — o= Le!72 \Aitesa (Fa)

1 1 1

by Az®~1 — Bz® < 2(0‘—71%)&_1 for A, B > 0 and « > 1. Therefore, (61) is bounded by

a

2014 €?)  co1(Fa) Ait2 1 1 Ait?
a(A+6)_C,1( ) A2 n . a - e (Fa) S 2
Li; 2 (cKaLy ;)™ 2(cKo)* \ v — 14172 (Lg )t (Ly ;)
1 «

2a(1 + €?) >a1(cKa)a—1 1 1 1 1

< (4(a—-1 = + —.

< (4 ) <056571(.Fa)Ai $3-1) 2(cKo) a — 1 (Ajesa(Fa))* L2

(62)

Since ﬁ > 1, the summation over the first term in (62) is constant. Therefore, by following the
same steps from (60), we can obtain for « € (1, 2) that

1 1 T5 VKT(1-1) o
_ OK) + Y22 T a) 4 Do 1),
—acaK1-% A;?‘_l +O(K) + c + 2 og(T +1)

RIT) <0 5
iti*

which concludes the proof.

E.3.3. FRECHET-TYPE DISTRIBUTIONS WITH BOUNDED SLOWLY VARYING FUNCTION

Let us begin by replacing terms in (52) with the corresponding terms for ©,, which gives
5 Tt+1,Lp1 — T+l | 7

R(T) < EE<€,w—w >+ det ] LH
(1) < SO8[B|(fwn — e Lo T |

MANK 241
N c\/>+01(€ +1)

log(T +1). (63)
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On Dy, where ntL > 1 for j # i*, we have for a > 2

it]

s Tt41,Iep1 — Tt+1,5*
E |:<€t7 Wy — wt+1> +

2cK \/t
2ea A,
TlatD 1 eplA2 1 14.44%; e(1 — e~ 1) 1
= Z + Via—1 P a1 T 1 — ()otl 7
it L i 2cKo vt o (MeLy ;) (1-9¢) L,
I (I—eH)m (¢
4-}2 — (+e> (by Lemmas 11, 13 and 25)
—1 l—e e
2ea A,
-y jﬁg+ﬁ L1 epAy 1 MAAGpe(l — e HL
i Ly 2KVt =1 Ly ; (1= Q) Ly,
T <
(I—e)m (¢
S 64
L=l (m+6> (64)
t=1
2eaAyp2
A, (a+1) 1 eprAY 1 144A9pe(l1—e!) 1 2 72
< x + — + -— +(’)(c K )
; Lt,i 2(CK04)2 a—1 Lt,i (1 - g)a—&-l Lt,i “
(by Lemma 23)
2eapa Ay -1 ep1 Ay
=2 ST + 144G = e + st +O(PK2) (65)
— 2),

17&7/* Lt,i

where (64) follows from mLt’i > 1forall i # i* on Dy and o > 2 and we chose ( = 1 — ea%l €
(0,1) in (65) for simplicity.
On Dy, we have
ﬁt]

P rt+1,1t+1 - rt+1,i*
E [<£t, wy — wt+1> +

2e K\t
1
2ap1mA, 41 KaC11(Dy)
— K Tonpy 4 ———= by Lemmas 12 and 13
~ Afa—1) " 2KVt (by )
2apimAyc  C11(Dy) K
= ’ —. 66
( Af(a—1) + 2¢ t (66)
Combining (65) and (66) with (63) provides
T 2eapr Ay o= ey -1 ep1 AG
(T) <> E|1[F)] Al(““’s 144G — ) F e
t=1 Lt,i
2apymAyc  C11(Dy) K
1[F¥ : —
+1 ]<Al(a—1)+ 20 i
MAVK 1
+ C¢+m®;'H%@+m+O@%@. (67)
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On the other hand, by Lemma 22, we have

By applying self-bounding technique, (67) - (68)/2, we have

<§T: th

1F£i*

Ajt?
Ft CS 1 ) + H[Ftc]CS,Q(DQ)A .

68
(cKL )Y (08)

2eapy Ay -t Ee
Kapehe G + 14445 p1e3(1 — e 7)) + 5B
Lii

Ajt2
—51(Dy) —————
2(CKaLt,i)a

. 2apimAyuc  C11(Dy) K
LF] ]<< Af(a—1) T )\/T_CS’Q(DO‘)A>
N MAZ\/E N p1(622+ 1)

+) E

t=1

log(T +1) + O(*K2).

Therefore, following the same steps as the Fréchet distribution from (58) concludes the proof. For
€ (1,2), one can follow the same steps in the Fréchet case.

Appendix F. Numerical validation

This section presents simulation results to verify our theoretical findings. Following Zimmert and
Seldin (2021) and Honda et al. (2023), we consider the stochastically constrained adversarial setting.
The results in this section are the averages of 100 independent trials. Following Honda et al. (2023),
we consider FTPL with a stable variant of geometric resampling (GR 10). In the stable variant,

resampling (Lines 7-9 in Algorithm 1) is iterated ten times, and the mean is calculated, leading

to a reduction in the variance of w, il. We consider this stable variant to examine the effect of

perturbations in FTPL more accurately.

Since K perturbations are independently generated from a common distribution, the behavior of
FTPL is influenced by the distribution of maximum perturbations. Therefore, in this experiment, we
consider perturbations whose limiting distribution converges to the same Fréchet distribution with
shape «. Since one can rewrite (2) as

Pr[Mk /ax > ] Koo 1z > 0] exp(—z~ %),
for ag = inf {x : F(z) > 1 —1/K}, we use denormalized perturbations X = ray instead of r
generated from a common distribution D,,. This ensures that normalized block maxima of different
perturbations converge to the same extreme distribution as K increases.

Figures 1, 2, and 3 are the results examining the behavior of FTPL in the adversarial setting
using distributions from FMDA with index o = 2. In these figures, the legends represent the original
perturbations denoted by r, while FTPL employs denormalized perturbations X . Despite the absence
of variance in r for a = 2, the behavior of FTPL is almost the same as K becomes sufficiently large.
This experimental observation supports our theoretical findings, demonstrating that the dominating
factor in the behavior of FTPL is determined by the limiting distributions.
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Figure 1: Adversarial setting with K = 8. Figure 2: Adversarial setting with K = 16.
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Figure 3: Adversarial setting with K = 32.
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Appendix G. Technical lemmas

Lemma 26 (Equation 8.10.2 of Olver et al. (2010)) Forx > Oanda > 1,

xa—l

Y(a,z) < - (I—e7%).

Lemma 27 (Gautschi’s inequality) Forz > 0and s € (0,1),

xlfs < F($ + 1)

Tz 1) <(z+1)

B(x;1
Lemma 28 For any o > 1, % is monotonically increasing with respect to x € (0, 1].

Proof From the definition of the incomplete Beta function, B(z;a,b) = [t (1 — t)o=1dt, we
obtain

dB(l+54) 1 e [ [T
dr B(z;1,i)  B%(x; ’Z)< a (1 ) /0(1 t)'dt /Ot (1—¢)"tde(1 ) >
1

1
= %(/ za(1—t)dt — /Omtiu - t)“dt) >0,

which concludes the proof. |

Lemma 29 (Potter bounds (Beirlant et al., 2006)) Ler S(x) be a slowly varying function. Given
A > landé > 0, there exists a constant xg such that

0
e (.G} wzn
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