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Abstract

We study the computational and sample com}\)}exity of learning a target function f, : R? — R with
additive structure, that is, f.(z) = ﬁ >y fm({@,vm)), where f1, fo, ..., far : R = R are
nonlinear link functions of single-index models (ridge functions) with diverse and near-orthogonal
index features {v,, }*_,, and the number of additive tasks M grows with the dimensionality
M = d” for v > 0. This problem setting is motivated by the classical additive model literature,
the recent representation learning theory of two-layer neural network, and large-scale pretraining
where the model simultaneously acquires a large number of “skills” that are often localized in
distinct parts of the trained network. We prove that a large subset of polynomial f, can be efficiently
learned by gradient descent training of a two-layer neural network, with a polynomial statistical and
computational complexity that depends on the number of tasks M and the information exponent of
fm, despite the unknown link function and M growing with the dimensionality. We complement
this learnability guarantee with computational hardness result by establishing statistical query (SQ)
lower bounds for both the correlational SQ and full SQ algorithms.

1. Introduction

We study the problem of learning a polynomial function f, : R? — R on isotropic Gaussian
data. Specifically, given pairs of training example {(z;,y;)}?";, where ; € R? is drawn from
some distribution P, and y; = f.(z;) + &;, we aim to construct an estimator f that achieves small
population error: E,p. |f.(z) — f(z)| < . Since the space of degree-q polynomials in R? is of
dimension ©(d?), without additional structural assumptions on f, the sample complexity required
to achieve small error should scale as n 2 d?, which is computationally prohibitive for learning
high-degree polynomials in high dimensions. Many prior works have therefore imposed the constraint
that f, exhibits certain low-dimensional latent structure [APVZ14; CM20; DLS22], as in the multi-
index model: f,(z) = g(Vx) where V € R¥* for k = O4(1). However, such a low-dimensional
restriction may rule out many interesting classes of target functions; for instance, when specialized
to the learning of two-layer neural network, these prior results only apply to the setting where the
network width & is much smaller than the ambient dimensionality d.

In this work, we investigate the efficient learning of f, under a different kind of structural
assumption: we allow the target function to depend on a large number of directions which grows
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with d, but we impose an additive structure; specifically, we consider f, to be the sum of M =< d”
single-index models (also known as ridge functions) as follows:

1 M
fula) = \/Mn;fm(<x’”m>)’ (1.1)

where vy, va, ..., v € R? are the index features, and f1, fo, ..., far : R — R are the unknown link
functions; the /1/M prefactor ensures that || f« | ;2 = ©4(1) when the set of directions {v,, }}_; is
diverse, i.e., (v;,v;) = 04(1) for i # j. Our setting is motivated by the following lines of literature:

» Estimation of additive model. In statistical learning theory, additive model is a classical method
employed in high-dimensional nonparametric regression [Sto85; HT87; RLLW09]; especially,
when the individual functions take the form of single-index model (ridge function), the estimation of
ridge combinations has been extensively studied [FS81; PT97; KB16]. While efficient algorithms
have been proposed when the basis is given a priori [Bac08; RIWY12; SS12], when the index
features {vm}%zl are unknown, most existing approaches involve non-convex optimization, which
has been treated as a black box without convergence guarantees [KSP15; AMF'21], or solved
with computationally inefficient algorithm [Bac17].

* Learning two-layer neural network. An important example in the model class (1.1) is a two-layer
neural network with M neurons, and it is natural to ask whether such a network can be efficiently
learned via standard gradient-based training. Prior works have shown that in the “narrow width”
setting M = ©4(1), gradient descent can learn f, with polynomial sample complexity depending
on the information exponent of the target function [AAM22; BEST22; DLS22; BBSS22]. On
the other hand, the regime where M, d jointly diverge is not well-understood, and most existing
analyses on the complexity of gradient-based training require significant simplification such as
quadratic activation [GKZ19; MVEZ20; MBB23].

» SKkill localization & fine-tuning. Pretrained large neural networks (e.g., language models) can
efficiently adapt to diverse downstream tasks by fine-tuning a small set of trainable parameters
[DCLT18; LL21; HSWT'21]. Recent works have shown that “skills” for each individual task are
often localized in a subset of neurons [DDH1T21; WWZ122; PSZA23; TLST23; AG23]. Moreover,
high-level features of the input can be expressed by a linear function of the neural network’s internal
representation [MYZ13; AB16; EHO™22]. The additive model (1.1) gives an idealized setting
where learning exhibits such skill localization (we interpret each f,;, as corresponding to one task)
and linear representation property. As we will see, gradient descent training of the first-layer
localizes neurons to the target index features, and as a result, the network can linearly represent the
downstream tasks on top of the intermediate (‘“hidden”) representation.

Our goal is to characterize the statistical and computational complexity of learning the additive
model (1.1), when (7) the number of single-index tasks is large, that is, M grows with the ambient
dimensionality d, and (i7), the tasks are diverse, i.e., the index features of f,,, do not significantly
overlap with one another (see Section 2 for precise definition). We ask the following questions:

1. Can we efficiently learn (1.1) via gradient descent (GD) training of a neural network?

2. What is the hardness of learning (1.1) as measured by statistical query (SQ) lower bounds?
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SQ lower bound CSQ lower bound Online SGD Kernel methods
[Theorem 11] [Theorem 9] [Theorem 4] [GMMM21]
Information | | | 1 1 >
5 N | 1 1 1 1
theoretic limit (Md)pp’q” Mdp/2 O(Mdpfl) a4

Table 1: Complexity upper bound for gradient-based learning and (C)SQ lower bounds for the additive model (1.1),
where the single-index tasks have degree ¢ and information exponent p. Our upper bound applies to a subclass
of (1.1) specified in Section 2. For the full SQ lower bound we take d < M7, and for any fixed v > 0 we may
set p, ¢ > 0 such that the exponent is arbitrarily large, that is, pp q,4 P2 5. We translate the tolerance in
the (C)SQ lower bounds to sample complexity using the concentration heuristic 7 ~ n~1/2,

1.1. Our Contributions

We address the two questions by providing complexity upper and lower bounds for learning the
additive model class (1.1), both of which depend on the number of tasks M, and the information
exponent p € N of the link functions f,, defined as the lowest degree in the Hermite expansion
[BAGJ21]. Our findings are summarized as follows (see Table 1 for details).

* In Section 3 we show that a representative subclass of (1.1) can be efficiently learned by gradient-
based training (using correlational information) of two-layer neural network, although the number
of single-index tasks M is large and the link functions f,,, are unknown. Specifically, for M =
Q(\/ﬁ) tasks with information exponent p, we prove that a layer-wise SGD algorithm (similar to
[BBSS22; AAM23]) achieves small population loss in n = ©(MdP~1) samples. To establish this
learning guarantee, we show that neurons localize into the task directions during SGD training.

* In Section 4 we establish computational lower bounds for learning (1.1). For correlational SQ
algorithms, we prove that a tolerance of 72 > MdP/? is required when link functions f,, have
degree ¢ and information exponent p < ¢. We also provide a full SQ lower bound in the form
of 772 > (Md)Pr4, where Pp,q can be made arbitrarily large by varying p and ¢; under the
standard 7 ~ n~1/2 heuristic for concentration error, this suggests that prior SQ algorithms that
achieve linear sample complexity in the finite- M regime [CM20] cannot attain the same statistical
efficiency in our additive model setting with large M.

1.2. Related Works

Gradient-based learning. Recent works have shown that neural network trained by gradient
descent can learn useful representation and adapt to low-dimensional target functions such as
single-index [BEST22; BBSS22; MHPG23; BMZ23] and multi-index models [DLS22; AAM?22;
BBPV23]. In this finite-M setting, the complexity of gradient-based learning is governed by the
information exponent [BAGJ21] or leap complexity [AAM23] of the target function. However, these
learning guarantees for low-dimensional f, yield superpolynomial dimension dependence when M
grows with d. Another line of works goes beyond the low-dimensional assumption by considering
the well-specified setting where f. and the student network have the same architecture and special
activation function [GKZ19; ZGJ21; AS21; VSL*22; MBB23]. The setting we consider (1.1) lies
between the two regimes: we allow the width to diverge with dimensionality M = w4(1) but do
not assume the nonlinear activation is known, and we show that gradient descent can learn f, with
polynomial sample complexity depending on the information exponent when the target weights are
“diverse”. We also note that beyond gradient descent training, various SQ algorithms have been
introduced to solve related polynomial regression tasks [DH18; CM20; GKS20; DKK™'23].
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Statistical query lower bound. A statistical query learner [Kea98; Rey20] can access the target
function via noisy queries ¢ with error tolerance 7: | — E, , [¢(z, y)]| < 7. Lower bound on the
performance of SQ algorithm is a classical measure of computational hardness. An often-studied
subclass of SQ is the correlational statistical query (CSQ) [BF02] where the query is restricted
to (noisy version of) E, ,[¢(x)y]. Many existing results on the CSQ complexity assume f, is
low-dimensional (M = Oy4(1)), in which case the tolerance scales with 7 < d—P) | where pis
the information exponent or leap complexity of f, [DLS22; ABA22; AAM23]. On the other hand,
[VW19; DKKZ20; GGJ*20] established CSQ lower bounds for learning two-layer ReLU network
without structural assumption on the weights, where the error tolerance 7 =< d~*(M) implies a
superpolynomial complexity when M = wg(1). Similar superpolynomial lower bound was shown
for three-layer networks in the full SQ model [CGKM?22]. Our result connects these two lines of
analyses: we show that when the weights {v,, }»_, are diverse, the (C)SQ complexity is polynomial
in M, d, where the dimension dependence is specified by the information exponent of f,,.

2. Problem Setting

Notations. Throughout the analysis, || - || denotes the /5 norm for vectors and the £5 — ¢5 operator
norm for matrices. Oy(+) and o4(-) stand for the big-O and little-o notations, where the subscript
highlights the asymptotic variable d and suppresses dependence on p, ¢; we write O() when (poly-
)ogarithmic factors are ignored. Q(-), O(+) are defined analogously. We say an event A happens with
high probability when the failure probability is bounded by exp(—C'log d) where C' is a sufficiently
large constant; the high probability events are closed under union over sets of size poly(d).

Assumptions on target function. We focus on learning a sum of single-index polynomials over
Gaussian input, the complexity of which depends on the information exponent [DH18; BAGJ21]
defined as the smallest degree of non-zero coefficients for the Hermite expansion of the link function.

Definition 1 (Information exponent) Let {He;}%° be the normalized Hermite polynomials. Given
square-integrable g : R — R in its Hermite expansion g(z) = Z;io a;He;(2), the information
exponent IE(g) := p € Ny is defined as p := min{j > 0 : o # 0}.

For example, prior works have shown that online SGD can learn a single-index polynomial with
information exponent p over d-dimensional Gaussian input with O(dP~!) samples for p > 2
[BAGJ21]. With this definition, we state the class of additive models (1.1) analyzed in this work.

Assumption 1 (Additive model) We consider the following problem class .7-"5 ’]‘fﬂ o

r~N(0,1Iy), y=filx)+v, where fi(z)= ﬁ M fmlolx), v~ N(0,62),

where each fy, is a univariate polynomial with information exponent p > 2 and degree q, and
we assume proper normalization By o 1)[fm(t)?] = 1, and ||vn|| = 1. We write the Hermite

2
maxm |Qm,p| | P—2
min,,,/ (o, |

expansion of fm, as fm = Zg:p o ;He;, and define constant C), = (

Remark 2

» We restrict ourselves to { fm}f\,{:1 with the same information exponent p; this simplifies the
optimization dynamics in that all directions are learned at roughly the same rate. To handle
heterogeneous tasks with different information exponents, one may consider a student model with
mixture of different nonlinearities.
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* We focus on the high information exponent setting p > 2, which corresponds to target functions
that are more “difficult” to learn via gradient descent. To handle lower information exponent f,,,
we may employ a pre-processing procedure analogous to that in [DLS22]: we first fit f. with a
quadratic function, and subtract it from the labels before running Algorithm 1.

We place the following diversity assumption on the index features {vy, }_,.

Assumption 2 (Task diversity) We assume the following diversity condition on {v,, }M_,:
M <e¢, max{( n;éax |U;vm,‘)_17 \/&}, where ¢,, < 1/polylog(d).
m#£m/

Remark 3

 This condition ensures that the single-index tasks are diverse, in that the index feature directions
do not significantly overlap (similar assumption also appeared in [WNL23]). When each v,, is an
independent sample from the (d — 1)-dimensional unit sphere S*=', via a standard concentration
argument, Assumption 2 is satisfied with high probability for M =< d,~ € [0,1/2).

» The assumption justifies the prefactor of ﬁ instead of ﬁ since vy, are almost orthogonal and
the first Hermite coefficient of fn,(t) is zero, fm (v, x) are weakly dependent mean-zero variables.
Thus the scaling prefactor should be ﬁ for the output scaling to be ©(1) due to CLT.

3. Complexity of Gradient-based Training

Neural Network Architecture. In this section we show that a representative subset of our additive
model class can be learned via gradient-based training of a neural network. Specifically, we consider

the following two-layer network with trainable parameters © = (a;, wj, b;) ‘j]:1 e R(Hd+1)xJ.
1 J
fo = jZajaj(w;r:L‘erj). 3.1)
j=1

For each neuron, we define the Hermite expansion of a;o;(- 4 b;) as a;jo;(-+b;) = >.72, B;,iHe;(+).
Note that the Hermite coefficient 3;; may differ across neurons. To ensure a descent path from weak
recovery to strong recovery, we further require for each task f;, there exist some neurons j such that

mifBji > 0fori=p, and oy, ;8;; > 0forp <i <gq. (3.2)

Note that (3.2) is automatically satisfied in the well-specified setting, i.e., the student and teacher
models share the same nonlinearity as in [BAGJ21]. In the misspecified setting, such condition has
been directly assumed in [MHWSE24]. We defer further discussions to Appendix B.2. Below, we
give two concrete settings where (3.2) hold despite the link mismatch.

Assumption 3 (Activation function) We consider the nonlinearity of the student model (3.1) and
the link functions { f;}}, that satisfy one of the following:
1. o0j is a random polynomial activation defined in Appendix B.2.2, and f; satisfies Assumption 1.

2. oj is the ReLU activation function, and we additionally require that for each f;, all the non-zero
Hermite coefficients oy, ; have the same sign.

In both settings, we utilize the “diversity” of student nonlinearities to deduce that when the network
width J is sufficiently large (quantified in Theorem 4), a subset of neurons can achieve alignment
with each target task even though the link functions are unknown.
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Optimization procedure. The training procedure is presented in Algorithm 1. First, the first-layer
parameters are trained to minimize the correlation loss £ = —y fo(x). We use the correlation loss to
ignore the interaction between neurons; analogous strategies appeared in prior analyses of feature
learning, for example, by the “one-step” analysis [BES™22; DLS22] or by considering the squared
loss with sufficiently small second-layer initialization [AAM23]. Similar to [BAGJ21; DNGL23],
we use the spherical gradient V., f (w) := (I —ww" )V, f(w), where V,, is the Euclidean gradient.
After T steps, we can show that for each sub-problem there exist some students neurons
aligning with the class direction v,,,. Then, we train the second-layer parameters (which is a convex
problem) with either of L? or L' regularization. While ridge regression is easier to implement,
L'-regularization gives the better generalization error due to the induced sparsity; more specifically,
because not all neurons are aligned with f; after first-layer training, we need L' regularization to
efficiently single out neurons that succeeded in aligning with one of the single-index tasks.

Algorithm 1: Gradient-based training of two-layer neural network

Input :Learning rates 7', regularization )\, sample size T}, T, initialization scale Cj.
Initialize w9 ~ Unif(S*!(1)), a; ~ Unif{£1}.
Phase I: normalized SGD on first-layer parameters
fort =0toT7 —1do
Draw new sample (2, ").
W 0 Y, (5,
w?'l — w§+l/||w§+l\|, G=1,...,J).
end
Initialize b; ~ Unif ((—Cy, Cy]) and let ;< d;w]* (5; ~ Unif({£1}))
Phase II: Convex optimization for second-layer parameters

Ty +T>—1
t=T1 *

X . Ty+T5—1 2 | 5
G < argming gy 75 > L5 (flayy)7_, (2") = y) 4+ Malll, (r=1or2).

Draw new samples (x!, y)

Output : Prediction function z — fg () with 6 = (a;,w;, bj)}']:r

Now we present our main theorem for gradient-based training of neural networks.

Theorem 4 Under Assumptions 1 2, and 3, take the number of neurons J = C:)(M CP+%5_1), the
number of steps for first-layer training T = (:)(]\4(1?’_1 V Mde=2 v Mg€_3), and the number of
steps for second-layer training (i) when r = 2 (ridge) Ty = ©(MCrc=2), and (ii) when r = 1
(LASSO) Ty = (:)(M1+U6_2(1+U))f0r an arbitrary fixed v > 0. Then, under appropriate choices of
n' and X, with probability 1 — oq(1), Algorithm I outputs fg(x) such that

Ea:NN(OJd) Hf*(w) - f(;)(x)u <e.

Due to the online SGD update, the runtime complexity 771 + T» directly translates to a sample
complexity of n = O(MdP~!) (focusing on the term whose exponent depends on the information
exponent p). We make the following remarks on the obtained sample complexity.

¢ Comparison with prior results. For single-index model with known link function, [BAGJ21]
proved that the online SGD learns the degree-p Hermite polynomial with O(dP~!) samples;
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whereas for the misspecified setting (unknown fy,), a sample complexity of n = O(dp) has been
established in [BBSS22]. Our bound with M = 1 matches the O(dp 1) sample complexity in
[BAGIJ21] despite the link misspecification (under the additional restriction that f,, is polynomial).

* Superiority over kernel methods. By a dimension argument [KMS20; HSSVG21; AAM22], we
know that kernel methods (including neural networks in the lazy regime [JGH18]) require n = d4
samples to learn degree-¢ polynomials in R%. Since M < d and p < ¢, the sample complexity of
Algorithm 1 is always better than that achieved by kernels, due to the presence of feature learning.

* The role of additive structure. Without structural assumptions, learning an M -index model
of degree ¢ requires (2(M?) samples. In contrast, in our bound the exponent in the dimension
does not depend on ¢, and the exponent of M is independent of p and ¢; hence we achieve better
complexity when ¢ is large and M diverging with dimensionality. This illustrates the benefit of the
additive structure in Assumption 1.

3.1. Outline of Theoretical Analysis
3.1.1. TRAINING OF THE FIRST LAYER

We provide a proof sketch of the first-layer training, where the goal is to show that starting from
random initialization, a subset of neurons will achieve alignment with one of the target directions v;,.
The following lemma establishes that while the initial correlation with any target direction is small,
student neurons may have a constant-factor difference in the magnitude of alignment.

Lemma 5 Consider the neural network with hyperparameters specified in Theorem 4. Then with
~ 1
high probability, for each m, there exist Jui, = 2(M2e71) neurons at initialization satisfying

Bm Pm,p

I
P

p— 2’11) ’Um“i‘Q( 1/2).

U)jTUm > maxm/?gm
Next we show that this small difference in the initial alignment is amplified during SGD update, so
that the student neurons will eventually specialize to the target direction v,,, with largest overlap at
random initialization. Consider the dynamics of one neuron wj;, the update of which is written as

41 _ W +”ij aJJ’(w Tt +b)(I— wtwt—r)xt
3T Tl tytage ot T o) I—ufut D]

o ~ w + 771 \ﬁ Zm 1 O‘Lpﬁm,p(vmwj) “lom + 2,

where Z! is a mean-zero random variable corresponding to the SGD noise, and the approximation
step is due to Hermite expansion in which we ignored the effect of normalization for simplicity. For
projection onto a specific target direction v,,,, we have the following estimate,

v;w?l + 77t 7%\’}%” 2 (v;wg-)p*l + n;-v;Zt.
Following [BAGJ21], by using the optimal step size 77§ = (:)(M ~3d% ), the SGD dynamics
approximately follows the ODE:

T,,0
d Tt oo 0 @pBmp Tt \p—1 Tt ~ U W5
Q7 Um Wy R = (v, w5) = vy Ao Dy g P\
1= VM ¢
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This means that v;lw;- ~ d~Y/2 for a long period, but the SGD dynamics rapidly escapes the
high-entropy equator and achieves nontrivial overlap (i.e., weak recovery) at the critical time ¢; :=
VMn(p - 2)*1043-_’; (U w9) P72 = O(MdP~1), as specified by the following lemma.

Lemma 6 Consider the SGD dynamics with n; = (:)(M_% d=%). There exists tg = O(MdP~1) and

small constant ¢ = O(1), such that <w§°, Um) > ¢, and \v;',;w;ﬂ < chéfor allm=2,..., M.

After a nontrivial overlap with v, is obtained, we continue to run online SGD to amplify the
alignment. A technical challenge here is that as the student neuron develop alignment with one
direction v, the influence from the other m — 1 directions is no longer negligible, while the signal
from v,,, gets smaller due to the projection (1 — wtth); this complication is addressed in Lemma 30.

Finally, in Lemma 33 we prove a local convergence result (analogous to [ZGJ21; AS21]) which
entails that for each task direction v,,, there exist some student neurons that that localize to the
task, i.e., (v, w;) > 1 — e. Here we exploit the local convexity (more specifically, Lojasiewicz
condition) of the loss landscape due to the small overlap between the single-index tasks as specified
in Assumption 2. The following proposition describes the configuration of parameters after first-layer
training. Here, € indicates the desired level of alignment, which is later set to € = (:)(M _%5), where
¢ is the desired final generalization error E,[| fz(x) — f«(2)|] S e.

Lemma 7 (Informal) Tuke T); = O(MdP~"), Ty 5 = O(Md%), Ty 3 = ©(E"2MdV ME3), and
the number of neurons as J 2, Juin M7 log d. Suppose that v}, v,,| = O(M™1) for all m' # m,
and M = O(dl/ 2). Then under appropriate learning rate n', with high probability, for each class m
there exist at least Jin neurons that achieves v;wfl >1-—=c

3.1.2. TRAINING OF THE SECOND LAYER

Once localization to each task is achieved, we optimize the second-layer with L?- or L!-regularization.
Because the objective is convex, gradient-based optimization can efficiently minimize the empirical
loss. The learnability guarantee follows from standard analysis analogous to that in [AAM?22; DLS22;
BEST22], where we construct a “certificate” a* € R” that achieves small loss

2
Eeonon) (@) = 3 ) ajo(w]a+b,)) <e

for r = 1, 2. Then, the population loss of the regularized empirical risk minimizer can be bounded
via standard Rademacher complexity argument, using the norm ||a*||].. Observe that in Theorem 4, by
using L!-regularization, we can avoid the dependency on C), determined by the Hermite coefficients
of f;. This is because if some f; is too large, more students neurons are required to satisfy the
initial alignment condition (Lemma 5). Since not all neurons are guaranteed to align with the target
directions, the sparsity-inducing L'-regularization allows us to ignore the redundant neurons and
obtain better generalization error rate.

Fine-tuning & linear representation property. L!-regularization is also useful for efficient fine-
tuning on a different downstream task, in which a subset of learned features of size M is used to
define the target function: f,(z) = M~Y2 "M g (v] ), where g1, g2, ..., g are link functions
that may differ from the training observations. In this setting, retraining the second-layer with
L'-regularization requires O(M £~2) sample to achieve an L'-error of ¢, which is especially useful
when the number of the downstream features is small M/ < M. This indeed has connections to
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Figure 1: Alignment between neurons and true signals v; and vy, before (blue) and after (purple) SGD
training. Left: neural network optimized by online SGD (Algorithm 1), Right: NTK regime.

practical fine-tuning where sparsity is induced to extract relevant features, as seen in localization of
skills [DDH21; WWZ122; PSZA23] and LoRA [HSW21].

The existence of second-layer parameters for efficient adaptation also implies a linear represen-
tation property [MYZ13; AB16; EHO'22; BTB"23], which roughly states that the trained neural
network representation can linearly represent a large set of functions. While most theoretical results
established this property for representing low-dimensional functions (see [BA24, Appendix A] for
discussions), we consider a function class that is not low-dimensional but exhibits additive structure.

Remark 8 Prior theoretical results on fine-tuning & transfer learning for downstream tasks typ-
ically showed that gradient-based pretraining “localizes” the neural network parameters to a
low-dimensional subspace spanned by the target functions (tasks), which enables efficient adap-
tation [DHK20; DLS22; CHS"23]; for instance, fine-tuning for a degree-q polynomial task in
M -dimensional subspace requires n. 2, M samples [DLS22]. However, when the collection of tasks
becomes sufficiently diverse (i.e. M diverges with dimensionality), which is the relevant regime for
large-scale pretraining, the benefit of low-dimensional representation diminishes. In contrast, in
our setting we prove a different kind of localization, where each neuron aligns with a different v,
depending on the initialization; this leads to efficient fine-tuning despite M being large.

3.2. Numerical Illustration

We conduct numerical experiments to illustrate the feature learning process for additive models via
gradient descent on a two-layer network. The target function is an additive model (1.1), where we
set M = 16 and d = 64, f,,(z) = Hes(z), and {v,,}_, are the canonical basis vectors. The
student network is a two-layer ReLU network (3.1), where J = 8192 and weights are initialized as
wd ~ §471, Y ~ Unif{+1}, and b9 ~ Unif([-1, 1]), respectively. First, we train the first-layer
parameters via online SGD for 7' = 106 steps. The initial step size is chosen as n° = 0.3, and from
T'" = T/2, we anneal the step size as n’ = #0/2

In Figure 1 we plot the alignment between the student neurons and the true signal: the horizontal
axis represents the alignment between w; and vy, that is, (w;,v1)/||w;||, and the vertical axis
(wj,v2)/||w;l]. For comparison, we also train a network in the NTK regime ([JGH18]), where the
magnitude of second layer is ©(1/ Vi ) and feature learning is suppressed [YH20]. We observe that,
via Algorithm 1, a subset of student neurons almost perfectly aligned with one of the true signal
directions (Left figure), in contrast to the NTK model (Right figure) where no alignment is observed.
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4. Statistical Query Lower Bounds

In Section 3 we showed that two-layer ReLU network optimized via online SGD can learn a
representative subset of the additive model class (1.1) with polynomial sample complexity. This
being said, due to the introduced diversity condition (Assumption 2), it is not clear if the resulting
function class is still intrinsically hard to learn. To understand the fundamental complexity of the
learning problem we are addressing, in this section we present several computational lower bounds.
Specifically, we consider the statistical query learner [Kea98; BF02], which submits a function of =
and y, and receives its expectation within a tolerance 7. The question we ask is how many accurate
queries are needed to learn the target function up to certain population L2-loss.

4.1. Correlational Statistical Query

First, we derive lower bounds for the correlational statistical query (CSQ) learner, which is an
important subclass of SQ learners often discussed in the context of feature learning with neural
networks [DLS22; AAM23]. For a function g: X — R with ||g||;2 = 1 and parameter 7, a
correlational SQ oracle CSQ(g, 7) returns E, ,[yg(x)] + €, where € is an arbitrary (potentially
adversarial) noise that takes value in ¢ € [—7, T].

The CSQ learner can model gradient-based training as follows: for a neural network fg, the
SGD update of the parameters with the minibatch size b using the squared loss is written as

Ol @f — 21570 Vg for(at) + 230 for(28) Ve for ().

Here, the network gains information of the true function from the correlation %’7 Z?:l yiVe for ().
Roughly speaking, since each coordinate of the gradient concentrates around the expectation with

O(%) fluctuation, the noisy correlational query can be connected to gradient-based training by

matching the tolerance 7 with the concentration error % We note that there is a gap between CSQ
and SGD update due to the different noise structure, see [AAM23, Remark 6]; nevertheless, a lower
bound on CSQ learner serves as a baseline comparison for the sample complexity of SGD learning
in many recent works [DLS22; ABA22; DNGL23].

We obtain the following CSQ lower bounds with different dependencies on the target L? error
and the number of queries. Note that both bounds imply the sample complexity of Q(M d %) under
the standard 7 ~ n~/2 concentration heuristic.

Theorem 9 (CSQ lower bound) Foranyp > 1, ¢ > 0 and C' > 0, there exists a problem class
F C .7-"5 ,]z\)4 . satisfying Assumptions 1 and 2 such that a CSQ learner using () queries (outputting f)
requires the following to learn a random choice f, ~ F:

(a) tolerance of

)
- st
M2di
otherwise, we have || f, — fH%2 > 1/M with probability at least 1 — O(d~°).

(b) tolerance of )
1 P
< Q(ozdQ)"!
~ Mzdit
> 1 with probability at least 1 — O(d~%).

~

9

otherwise, we have || fi — f||i2

10
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Recall that the CSQ lower bound for single-index model translates to a statistical complexity of
n 2 ds; intuitively, our theorem hence implies that for a CSQ algorithm, the difficulty of learning
one additive model with M tasks is the same as learning M single-index models separately. To
establish this lower bound, we construct a function class F by choosing f,,, = He, and randomly
sampling the directions v,,, from some set S € S?~!. Here we briefly explain the difference between
the two statements, both implying the same dependence on the number of tasks M and ambient
dimensionality d, but the target L? error and dependence on the number of queries () differ.

Remark 10 The target error of the first lower bound is Q(ﬁ), and the query dependence is loga-
rithmic; this is obtained by a straightforward extension of the single-index analysis in [DLS22].

On the other hand, establishing the latter bound with Q(1) error, which implies the failure to
identify a constant fraction of {v1,--- ,var}, is nontrivial. This is because in the additive setting
ﬁ Z%Zl ﬁHep(v;x), the query is not known beforehand, and hence the (adversarial) oracle
need to simultaneously prevent the learning of as many directions from vi1,v3, ..., ps as possible;

whereas in the single-index setting ﬁHep(va), the oracle only need to “hide” one direction.

Consequently, we cannot directly connect the identification of Q(1)-fraction of target directions in
the additive setting to the CSQ lower bound for single-index model. To overcome this issue, we
introduce a sub-class of CSQ termed noisy correlational statistical query, which adds a random
(instead of adversarial) noise to the expected query. For this query model, proving the lower bound
for learning single-index models can indeed be translated to our additive setting. However, because
the noise is random, the dependency on the number of queries no longer logarithmic but Q%.

4.2. Full Statistical Query

In this subsection we present a lower bound for full SQ algorithms. For a function g: X'x) — [—1,1]
and parameter 7, a full statistical query oracle SQ(g, 7) returns E, [g(z,y)] + ¢, where ¢ is an
arbitrary noise that is bounded by the tolerance 7. Note that unlike the CSQ learner, here the query
can apply transformations to the target label y and hence reduce the computational complexity.

The full SQ setting is partially motivated by the fact that for sparse polynomials with a constant
number of relevant dimensions, a more efficient SQ algorithm that departs from gradient-based
training is available: [CM20] showed that general multi-index polynomials of degree ¢ can be
learned with O(d) samples. Core to their analysis is a transformation of the label 3 that reduces
the leap complexity [AAM?23] to at most 2 (similar transformations also appeared in phase retrieval
[MM18; BKM™19]); this enables a warm-start from the direction that overlaps with the relevant
dimensions of f,, from which point projected gradient descent can efficiently learn the target.

One might therefore wonder if the polynomial dimension dependence in Theorem 9 is merely
a result of restriction to correlational queries. However, we show that for general SQ algorithms,
(1.1) is also challenging to learn despite the additive structure and near-orthogonality constraint. We
consider the scaling where M increases with d, i.e., M = d7 with some v > 0, and prove that the
dimension dependence in the SQ lower bound can be arbitrarily large with p, g = O4(1).

Theorem 11 (SQ lower bound) Fix 0 < v < p and ¢ > 0 arbitrarily, and consider the number of
tasks M = ©(dY). For any p > 0, there exist constants p,q = O4(1) depending only on ~y and p,
and a problem class F C Fi'3, . satisfying Assumptions 1 and 2 for which an SQ learner outputting

f from Q) queries requires the following tolerance to learn a random choice of f. ~ F,

T<dP?,

11
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otherwise, we have || f« — fH%Q > 1 with probability at least 1 — Qe (V).

This lower bound illustrates the intrinsic difficulty of our large-M setting compared to the
well-studied low-dimensional polynomial regression. For the latter, gradient-based training of
polynomial-width network can achieve low loss using n = Q(dP~!) samples [AAM23], and the CSQ
lower bound gives a Q(dp/ 2) complexity [DLS22]; however, by applying nonlinear transformation
to the labels, an efficient SQ algorithm can achieve O(d) complexity [CM20]. In contrast, while our
additive model has O (M d) total parameters to be estimated, the dimension dependence in the SQ
lower bound can be arbitrarily larger than M times the single-index complexity. Therefore, unlike
the CSQ lower bound (Theorem 9), Theorem 11 suggests that for an SQ algorithm, learning one
additive model with M tasks is more difficult than learning M single-index models separately. See
Section 4.2.2 for more discussions.

Remark 12 A concurrent work [DPVLB24] established an SQ lower bound for single-index model
that implies a sample complexity of n 2 d¥" /2, where k* is a prescribed generative exponent that
can be made arbitrarily large. While this also entails the existence of link functions not learnable by
SQ algorithms with O(d) samples, the source of computational hardness is fundamentally different
than our setting: [DPVLB24] constructed “hard” non-polynomial link functions that preserve high
information exponent after arbitrary transformations; in contrast, we consider polynomial link
functions which have generative exponent k* < 2, so the lower bound relies on the additive structure
with a large number of tasks M = Q(1).

4.2.1. OUTLINE OF THEORETICAL ANALYSIS

In the proof of the CSQ lower bounds, Hermite polynomials were used to construct the “worst-
case” target functions [DLS22]. This is because higher-order Hermite polynomials have small
L?-correlation under Gaussian input, and hence correlational queries are ineffective. For the SQ
learner, which goes beyond correlational queries, a hard function class should also “hide” information
from nonlinear transformations to the target labels. As we will see, for our additive model, the class
of target functions should maintain orthogonality after polynomial transformations. We refer to this
property as superorthogonality, and the following proposition shows the existence of such functions.

Proposition 13 (Superorthogonal polynomials) For any K and L, there exists a polynomial f :
R — R that is not identically zero and satisfies the following:

/ (f(2))*Hey(x)e ™ 2z = 0,

foreveryl < k< Kand1 <[ < L.

Because the proof is not constructive, it is difficult to determine the specific form of f for general K
and K. Below, we present specific examples for small K, L:

Example 1 Examples of link function f in Proposition 13 are given as follows.
(i) For K =1and L € N, f(z) = Hep41(z).

(ll) ForK =L =2, f(m) = He4(x)— %HGG(CC)-F%HEB({E)— %Helo(m)—l—%Helz(x)—37873%He14(m)+

14297 35369 35369 1 /11163552839
15567552000 Helﬁ (33) 1042053012000 Helg (I) + ( 41682120480000 83364240960000 38 )He20 (I)

12



GRADIENT-BASED TRAINING AND COMPUTATIONAL HARDNESS FOR ADDITIVE MODELS

Remark 14 While the K = 1 case follows from the orthogonality of Hermite polynomials, the
K = L = 2 case is already nontrivial — it implies the existence of link functions with information
exponent p > 2, and furthermore, squaring the function cannot reduce the information exponent to 1
or 2; note that for f(x) = Hey(z), the information exponent of f? is at most 2.

In the lower bound construction we use the polynomial f from the above lemma with suitably
large K and L. Specifically, we let f,, = f for all m and sample v,, from a set S C S%!
with almost orthogonal elements. We prove that the two target functions ﬁ Z%Zl f(v,) x) and
f M fl, Tx), where {v/, }M_ is an independent copy of {v,,, })2_,, cannot be distinguished

by SQ unless the tolerance is below d~”. To show this, we Taylor expand the target function and
perform an entry-wise swapping of f (v, x) with f (vinTx), in which smoothness of the function is
entailed by additive Gaussian noise. Specifically, for < 1, we have

Eeonoe2)[9(z, 2+ 5 +¢€)] = S o ax(w, 2)0% + 05K+,

where ay(z,2) = & [ g(z,w ((fzkk e~ (w=2)/ 2<Q)dw = O(1) (see Lemma 46 for derivation). Below
we heuristically demonstrate how swapping is conducted for m = 1:

E[g(, 2 S, fof) + <)
B[y (7, Sy Sy S0ka) +)] + S Bl (o Ay T, ) 2
D E[o(r, iy S Sea) + )]+ S oy A sl )

(T)E[ ( O Dy (U;I)+ﬁf(vllTx)+€>]’

where (i) follows from Taylor expansion, (i) is due to f* being orthogonal to Hey, ..., Hey, and
hence its correlation to a; (which does not contain information of v1) is approximated by its Heg
component, and (ii7) is obtained by swapping E[f* (v, " z)] and E[fk(viTx)].

4.2.2. STATISTICAL-TO-COMPUTATIONAL GAP

The additive model (1.1) contains M directions vy, v, ...var € R® and M univariate link functions
f1, fa, - far : R — R to be estimated; therefore, we intuitively expect a sample size of n 2> M d to be
information-theoretically sufficient to learn this function class. Indeed, following [Suz18], it is easy
to check that the covering number of the width-J neural network is log V'(6, {3 Z]M:1 a;o; (w]T .
+0i) 1, |- loo) S Jd(log J +1logd). If we take J = Mgandlet o; = He;(+) ((¢—1)M < j < gM),
the network % Z]]Vi 1 ajaj(ij - +b;) can perfectly approximate the additive model (1.1). Therefore,
by applying a standard generalization error bound (e.g., see [SH20, Lemma 4]), we can upper bound
the squared loss by log N'(4, {3 Z]J\i1 ajaj(ij - +b)}, || - |loo)/n, which yields the following
proposition (the detailed derivation of which we omit due to the standard proof).

Proposition 15 For the additive model (1.1) with any p and q, there exists an ( computatlonally
inefficient) algorithm that returns a function f with L?-error of € using n = O(M de~2) samples.

13
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The procedure in Proposition 15 involves finding the empirical risk minimizer of a neural network,
which can be computationally infeasible in polynomial time [BR88; ABMM16]. Nevertheless, the ex-
istence of a statistically efficient algorithm that learns (1.1) in n. 2 M d samples suggests a statistical-
to-computational gap under the SQ class (with polynomial compute; see [DH22; DPVLB24] for
related discussions), since the lower bound in Theorem 11 implies a worse sample complexity of
n 2 (Md)? for SQ learners, where p can be made arbitrarily large by varying p and q.

Importantly, the same statistical-computational gap is not present in the finite-M setting due to
the restriction of f, being polynomial; specifically, when M = Og4(1), there exists an SQ algorithm
that learns multi-index polynomials using n = Od(d) samples [CM20], and in the single-index
setting, polynomial link functions have generative exponent at most 2 [DPVLB24], and hence the
SQ lower bound only implies that a sample size of n 2 d is necessary. In contrast, in our large- M
setting, the sample complexity of SQ algorithms may have large polynomial dimension dependence,
despite the link functions being polynomial. The key observation is that when the number of tasks
M is diverging, the nonlinear label transformation cannot obtain higher-order exponentiation of the
individual single-index tasks, which is employed by SQ learners such as [MM18; CM20]; hence the
information exponent of the link function may still be large after the nonlinear transformation.

5. Conclusion and Future Directions

We studied the learning of additive models, where the number of (diverse) single-index tasks M
grows with the dimensionality d. We showed that a layer-wise SGD algorithm achieves O(M dr=1)
sample complexity, and a subset of first-layer neurons localize into each additive task by achieving
significant alignment. We also investigated the computational barrier in learning the additive model
class by establishing lower bounds for both Correlational SQ and Full SQ learners. Our lower bound
suggests a computational-to-statistical gap under the SQ class, which highlights the fundamental
difference between our large M setting and the previously studied finite- M multi-index regression.

We highlight a few future directions. First observe that there is a gap between our complexity
upper bound for gradient-based training and the computational lower bounds, and one would hope to
design more efficient algorithms that close such gap. It is also worth noting that in certain regimes,
SGD on the squared loss may outperform the CSQ complexity due to the presence of higher-order
(non-correlational) information, as demonstrated in recent works [DTA124; LOSW24; ADK24];
an interesting direction is to examine if similar mechanisms can improve the statistical efficiency
of SGD in our setting. It is also important to relax the near-orthogonality condition for the true
signals, and explore how our derived upper and lower bounds are affected. Last but not least, we may
theoretically analyze task localization in more complicated architectures beyond two-layer neural
network, such as multi-head attention [CSWY24].
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Appendix A. Preliminaries
A.1. Hermite Polynomials

For k € Z, the k-th Hermite polynomial Hej: R — R is a univariate function defined as Hey(t) =

2 2
eT %6_%. The Hermite polynomials form an orthogonal basis for the Hilbert space of square-
integrable functions. We provide several basic properties of the Hermite polynomials.

Lemma 16 The Hermite polynomials satisfy the following properties:
* Derivatives:

%Hek(t) = kHeg_1(1).

* Integration by parts (I):

1
v 2T

/ Hey(t) £ (1) ——c~ T dt = / Hey_1 (1) (1)

« Integration by parts (II): For v € S*1(1) and v € R,

/Hek(UTx)f(UTfE)(;Wle_lwydxz (UTU)/Hek—l(UTt)f,(UTx) e 2 dz.

—~
N
3

~—

ISH

* Orthogonality (I):

1 2
6_%(3115 = ]6!(5]67[.

/ Hey () Hey(1)

§

* Orthogonality (IT): For u,v € S971(1),

1 _ll=)? T \k
e 2 do=Ekl(u v)",.
(2m)

/ Hey,(u' z)He (v z)

QL

* Hermite expansion: if f € R — R is square-integrable with respect to the standard Gaussian,

1 _ﬁdt
e 2 dt.
V2T

A.2. High Probability Bound on y

Recall that in the definition of f,, we used a scaling factor of ﬁ instead of ﬁ in order to ensure
that the output is of order ©(1) with high probability. This subsection proves the ©(1) output
scale rigorously. Since v,, are almost orthogonal and f,,(t) are mean-zero, f,,, (v, ) are almost
independent mean-zero variables. Thus we expect ﬁ M fm(vhx) = N(0,1) by central limit
theorem.
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Lemma 17 Let |[vy,|| = 1forallm =1,2,--- M. If M < maX, £y |v,, 0| P and S is even,
we have
. M . M s11/8
E|||l—= Z fm(v,) ) <E ' — Z fm(v,) ) < gt (A.1)
M m=1 S M m=1 S
Thus, by applying Lemma 18, we have
1 < )
|m Y fnlvha)| < (log1/0)™+ = O(1), (A2)
m=1

with probability at least 1 — 9.

Proof. Recall the Hermite expansion of fy,: fn(t) = Z;I:p am iHe;(t). We decompose the LHS of

(A.1) as
E b i fn(v,) 2) )
VM ="
< ! S Z Z (g - ~ams,is)E[Hei1 (v;M:U) e Heis(vgsaj) .
VM (ma,+ ms)E[M]S (i1, is)€Elg—p+1]9

(A.3)

We evaluate each term of (A.3). If i1 + - - - + 75 is odd, the term is 0. Otherwise, we bound the value
of E[He;, (U,Lx) -+~ Heyg (U;SSE)] recursively.
ForT € N, % = (i1, ,ir),and m = (my,--- ,mr), let us define

A(T,i,m) := E[He;, (vg,;l:z) -+ Hei (v, 2)],

mr
and
T-1
B(T —1,i) = {j = (1, odro1) € ZEN DN g =ir, e <d (b =1, T - 1>}.
t=1

For j € B(T — 1,4), the multinomial coefficient for permuting a multiset of ZtT;ll Jji+ elements
(where j7; is the multiplicity of each of the ¢-th element) is denoted by

0 >/ =2 )]
TGO ()t

By the basic property of Hermite polynomials, we have

. o
14(1_'7 1, m) =FE W(Heil (’U,;Lla?) s HeiTil(U,;’I:LT_lx>)
mr
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71
= Z Cj H [(UTTLTU;t)jtitPjt]A(T =171 — §,myur_1).

jeB(T-14) t=1

We can bound the coefficients as ¢; < i7! < ¢! and HtT;11 i+ Pj, < q1. We also bound the size of
B(T — 1,%) by S9. We define I(mz,--- ,mg) as the number of m distinct in (m1, - -+ ,mg). Then,

by recursively bounding A, we have

pI(mq,-,mg)
2
AS, i+ i), (my o) < (41157 oo (A4)
m##m/
Moreover,
pI(my, -, mg)
Z (max ]v;vmﬂ)
m#m/
(ma,-,mg)€[M]3
S pi
. T 2
= Z Z 1[I(my,--- ,mg) =1 <max/ |vmvm/|>
i=0 (my - ms)€[M]S e
S S—i S S—i\T &
< Z 1 [z > 1, ! € Z+] MPy—i - iPs—i ( l> (max |v;vm/|>
“—o 2 m /
vi
< max MZSS(maX |vmvm/\> (A.5)
0<i<S m

1 X °
El|l—= > fm(v,z)
M m=1
1 s
S ——3 Z Z |y iy Qg ig 1(17S7) (7{1&8‘%{, ‘U;vm/|
M (m1,- ;mg)€[M] (i1, is)€[g—p+1]°
pI(my, - ,mg)
_ 1)q!q?54 1S S
< ((q p+ )q q Smax ‘amsﬂs‘) Z <maxl |’U;LUm/|>
vM (o, gyl N7
pi
_ ((a=p+1)qlg"5? max o, i, ) 2

i oS T

i g M5 (s o
S

< ((g — p+ 1)glg?S"™ max v, i, |)”,

which yields (A.1).
By applying Lemma 18 with ¢; = g + 1, we have

< (log1/6)4*H,

S
\/Mmzl e
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with probability 1 — §, which yields (A.3). |

The above proof makes use of the following classical inequality.
Lemma 18 Let § > 0 and X be a mean-zero random variable satisfying

log1/6

B[ X[ < G187 for § = ==
1

for C1,c1 > 0. Then, with probability at least 1 — §, we have
| X| < Cq(eS).
Proof. The proof follows from [DNGL23].

E[X[%] _ CP$* e _s
CP(eS)as = Cf(eS)as — ’

P[|X| > C1(eS)™] = PIX| > CY(e8)™] <

which concludes the proof. u

A.3. Bihari-LaSalle Inequality and Gronwall Inequality

For later use, we provide the proofs of the Bihari—LaSalle inequality and the Gronwall’s inequality
for completeness. The proof of the Bihari—LaSalle inequality is borrowed from [BAGJ21].

Lemma 19 (Bihari-LaSalle inequality and Gronwall inequality) For p > 3 and ¢ > 0, con-
sider a positive sequence (a')y>q such that

at—l—l _ at + C(at)p—l.

Then, we have

0
t a

a > _
(1= e(p — 2)(a®)P-2)t) =2

Moreover, when at < 1 holds for allt <T — 1, we have

0
t a

a < i
(1= (1 + c)p=1(p — 2)(a0)P=2)1) 72

forallt <T.

Proof. From definition, we have

attl a*t o 1 1 1

t
—a
— < < — .
(at)p—l — /tat xp—l — p_2 (at)p—Q (at+1)p—2

Taking the summation and re-arranging the terms yield

C =

()02 < (@)D — o(p - 2,
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.t a’
.a > 1

(1—c(p—2)(a®)P=2t)r=2

which gives the lower bound.
On the other hand, when a < 1, we have a’*! < (1 + ¢)al, and therefore

t+1
at-i—l t a

t=at

1 1 1

— —(p—1) _
=1+¢c) " p—2|(a)p2  (attlp2]

Pl
By taking the summation and re-arranging the terms yield

(a)~P=D < (a) =P~ —¢(1 + )P HE - 1),

t a’
La <

— )

(1 - c(1 + cp=1(p — 2)(a®)P-Dt) 72

which gives the upper bound. |

A.4. Orthonormal Basis from Nearly Orthogonal Vectors

In case where the feature vectors v,,, are not orthogonal, the following lemma shows an orthonormal
basis can be constructed as a linear combination of v,,,.

Lemma 20 Let {v,, }M_, C S%=! be a set of unit vectors in R%, and suppose that MAX L/ o) vt | <
%M =1 holds. Then, we can construct an orthonormal basis {0, }M_, C S 5o that ¥, is a linear
combination of vy, - - - , Um. Specifically, we can take v1 = v1 and

m
U, = Z Conm! U s (A6)
m/=1

so that ‘cm’m/‘ < 4dmaXy, mr |v;,vmu‘f0r m =1,---,m—1, 1—cmm| < 20M MAX /Ly |’U;L,Um//

and ¥, vy = 0 form/ =1,--- ,m — 1 hold.

>

Proof. First, we show that dim(span{vy,- - ,v,,}) = m for all m. Assume the opposite and then
we have

m—1
Um = E Qpym! Um!
m/=1

for some m and {@, ;' }1<m’<m—1. Then, we have

—

L= ol 2 Y @2+ S G

m/= m/ #£m/!
m—1
> a2 |(Im7m/ | |am7m// |
= m,m’ E
m/=1 m/#£m!! 2M
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m/=1 m/=1
m—1 1 m—1 1 m—1
2 E 2 _ § 2
> CLm7m/ — 5 a’m,m’ = 5 a’m,m” (A7)
m/=1 m/=1 m/=1

where we used the Cauchy—Schwarz inequality for the last step. Thus, we have |a,, /| < v/2 and
therefore

m—
1=|jvm?= Z At Ve O < (M — 1) MAX |y s | - max v} 0] < (M —1)-v/2-

1
— <1,
m/#m ’ m/#m 2M

which yields the contradiction.

Therefore, we have an orthogonal basis {7, }*_; such that (A.6) and ), v,y = 0 (1 < m <
M,1 < m' < m — 1) hold, with some {¢y, m' }1<m<rr1<m/<m. Similarly to (A.7), we have
\cm,m/| < +V2foralll <m < M and 1 < m’ < m. What remains is to bound the coefficients.
Since we have

m

U = E Cm,m/ Um/

m/=1

for all m, taking an inner product with » ", 51gn(cm m!)Um/> WE get

m—1 T m—1
0=7,, = i
sign(Cpmm/ )/ = cm m! U sign(Cpmm/ )V

m/=1 m/=1

m—1
= Z |Crmme | + Z Z Com,my 81Ny m”) ! Ut + Z Crn,mS1EN(Cry )UTvm/
m/=1 m/= 1m”;£m’m m/=1
m—1
> Z’Cm,m’ Zm\[——\[m—
m/=1
>

(1 35) 3 lenl - 05

Thus, 371 |¢yn.me| is bounded by v/2+1 < 3and -7 _, |¢;p | is bounded by v/2+1++/2 < 4.
Also considering an inner product with sign(cy, /)y (1 < m/ < m — 1), we get

m T
0= TJ;sign(cmym/)vmr = ( E cmmuvm//) sign(Cm,m/ ) U

m/'=1

= |Cm,m" + Z Cm,m”Sign(Cm,m’)U;l;’vm”
//#m/

> |emmt| — Z [ max [0 V|-
m/=1
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Thus, | ¢ /| (1 < m’ < m—1)isbounded by Y ¢y s | MAK 7y |U;,vm~] < A max,, zm |v;,vmu )
Finally, we get

m m
1= ||1~)m||2 = Z szm/ + Z Z Cme/CmeNUTTn/UmN
m/=1

m/=1m/"#m/

m—1 m
|1_C$n,m| < Z |Crmm?| + Z |Crm | Z ‘Cm,m//||1},;;/vm//|
m/=1 m/=1

m/l?éml

< 4M max |v,] vpe| +16 max |v,] v | < 20M max v, v,
m/¢m// m/¢m// m/¢m//

which implies that |1 — ¢, m| < 20M max,y .y [0, V|- [ |

Appendix B. Proof of Gradient-based Training

Overview of analysis. We define polylogarithmic constants with the following order of strength:
Gga'sag'sCsaSat=00).

Here ¢; and C] are different from those in Lemma 18. ¢4 is the same as ¢, used in Assumption 2. C'y
will be used to represent any polylogarithmic factor that comes from high probability bounds. Also,
Section B.1 will introduce another constant C,.

In Algorithm 1 we first train the first-layer parameters, where we aim to show that a for each class
m, there exist sufficiently many neurons that almost align with v,,, to approximate each f,, (v, z).
We define the alignment for the m-th task at time ¢ as x!, = vme. The goal of first-layer training

is to prove the following. We introduce the error € = C:)(M 7%8), where ¢ is the desired final
generalization error E,[| f3(z) — fu(2)|] Se.

Lemma 7 (formal) Let Ty = O(MdP~"), T1 o = O(Md%), Ti3 = O(E2MdVE3M), and
Ty = Tiq + T2 + Ti3. Take the step size as n' = (:)(M_%d_g)for 0<t<Ti1+Tip—-1
and n' = OEM~2d" NEM~3) for Tiy + Thp <t < Tig + Tip + Ths and the number
of neurons as J > JninMS?logd. Suppose that |v;l,vm\ = O(M™Y) for all m' # m, and
M = O(d%) Then, with high probability, for each class m there exist at least Jy,i, neurons that

achieves v;wjrl >1- 3¢

We let 7] = Ty + T in Theorem 4. The proof for Lemma B will be divided into the following
parts. First we consider the initialization and activation functions.

* In Section B.1 we analyze the random initialization. We show that, at the time of initialization,
for each class m, there exist Jyi, neurons classified into some class J,, (i.e., with slightly higher
overlap with v,,).

* Section B.2 discusses the assumptions on the target/activation functions. We show that Assump-
tion 4 is satisfied with a constant probability (i.e., (1) fraction of neurons). Since neurons do
not interact in the correlation loss update, in the subsequent sections of the first-layer training,
we focus on the dynamics of one neuron in J; that satisfies Assumption 4 and omit the subscript

w' = w without loss of generality.

J
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Next we consider the training of the first-layer weights via a power-method like dynamics.

* In Section B.3, we decompose the gradient update into the population dynamics and noise fluctua-
tion. The training dynamics consist of following three different phases.

* The first phase corresponds to Section B.4. Here, we show that neurons in .J,,, will obtain a small
(1) alignment to the class vy, after ¢;(< T 1) iterations.

* The second phase corresponds to Section B.5, where we show that neurons continue to grow in the

direction of vy, and achieves 1 — O(1) alignment within ¢5(< 77 2) iterations, while remaining
almost orthogonal to other directions.

* Finally, in Section B.6, we show that, after (771 — t1) + (11,2 — t2) + 11 3 iterations, neurons in
Jm will eventually achieve ijvm > 1 — € with high probability.

After first-layer training is completed, in Section B.7 we prove the existence of suitable second-
layer parameters with small norm that can approximate f, (Lemma 38). Section B.8 concludes the
generalization error analysis, which is stated as follows:

Lemma 21 Suppose that J = (:)(JmmM C), and o be either of the ReLU activation or any
univariate polynomial with degree q. There exists A > 0 such that for ridge regression (p = 2), we
have
dMCr

T

o[ fa(2) — f+(@)]] S M2 (|Jmin] " +8) +

O(Mze~Y), and J = O(MCr+2e1), we have By | fa(z) — fu(2)|] S e.
On the other hand, for LASSO (p = 1), we have

EM&W—ﬂ@HSMﬂmm*+a+V€f

with probability 1 — 04(1). Therefore, by taking Ty = O(dMe=?), & = é(Mﬁée), Jmin =
O(Mze71Y), and J = O(MCr+2e71), we have By | fa(z) — fo(2)|] < e.

Combining Lemma 21 and Lemma B completes the proof of Theorem 4.

B.1. Initialization

To begin with, we need diversity of the neurons at initialization. Note that we do not require neurons
to achieve O(1) alignment with v, as this requires exponential width. Instead, we prove that, for

each class v™, there exist some neurons w? that are more aligned to this direction v than others —
in other words, U;w? 2, MaXy/~m |v;,w?|. The statement is formalized as follows. In the proof,
the subscript ¢ is omitted because we only consider the initialization ¢ = 0.

Lemma 5 (formal) Suppose that the first layer weight of each neuron is initialized as an inde-
—2
pendent sample from the uniform distribution over S*™™1(1). Letp > 2, 6 = (log d)pr, and
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2
Cp = <%ﬁmp||) "% We define a set of indexes of neurons J, that have the highest alignment

min, s |,6’m/7p
with fo (v, x) as

Vd’ m/#m

1 P2
w]-Tvm > — (w;rvm)p 2> maxC’ T \w U [P 2+5(> }

I, = {j € [J]

For Jyin > 0, if

3
2

J> AJumin M (log d)2, with A = exp (O( H;éax/ v, Uyt | log d + 1)) ,

then |Jy,| > Jmin for all m with high probability.

Since ijvm = O(\/log d) with high probability, we have the following corollary, where we use a
small constant ¢; < (log d)P~2).

Corollary 22 When J 2 JyinM Cp log d, for each class m, we have at least Jyin neurons w; such
that

w] vy > and\ﬁm7p|(w V)P > max|ﬁm p| max |w V[P 72 —|—cl(wTvm) 2. (B.1)

1
J - \/g ’ m’'#m
To prove the lemma, we make use of the following upper and lower bounds.

Lemma 23 (Theorems 1 and 2 of [CCM11]) Forany 8 > 1 and x € R, we have

2e(f — 1) [3’2”2</00 ! *édt<1 o
—F—¢€ e —e
2/8\/7? Jz V27 — 2

Proof of Lemma 5. Note that w; ~ Unif(S?~*(1)) can be obtained by sampling wj ~ N(0,21,)

and setting w; =
show that

With high probability, we have ||@;|| =~ 1 < 272, Thus we will instead

o ngH

=T 2 2 o g 20
Jvm > —=, and (@, v )P~ >maXC )2 W) vy [P+

Vd' m'#m el
Fix m € [M]. For each m/ ;é m, consider the value of ﬁ}jT(I — Uy 0, YU and w;vmv;vm/.
The distribution of u?jT (I — v, Yvpr follows N(0, || (I — vpmv,), ) Umy]|), therefore by Lemma 23,
P|for all m’ # m, MJJT( — U, )| < t]

di? )
2max,, 4 || (I — Vo) ) v || )

<1—(M- 1)exp<— (B.2)

By taking

I

t=1t1:= (le max (I = Vv, )V Hlog2M> )
m m
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(B.2) is bounded by 2.

Note that w; vmv;vm/ = O(dfé\/@ MAaX,, £y [V, U |) With high probability. When
\QIJ]T(I — VU YO | <t for all m’ # m and QI)TvmvTvm/ =0(d _l\/mmaxmim/ ]vTvm/|)
wehave\ﬁ;-Tvm/| < t140(d™ \/@maxm;ém o) Oyt ). Tosatlsfy (w Um)p ’>0, - |w Uy P24
dQ;S > f,ltsufﬁcesforw VUrn tobew Uy, >t 1= CQt1+C’2O(d*’\/lo@maxm7gm ARSI RS

1

p—2

f
We lower bound the probability that w;r U 2> to holds. For any 8 > 1, Lemma 23 implies that

P[w}um > tQ}

> 726(6 _ 1) eXp<—dﬁt%>

T 2Bym 2
= 2265(5\/7;1)6Xp < - Cpﬂ[g}iﬁl (I — V0, )V || log 2M

+ O(y/logd rr;éax |0, V| + (57’%2)\/10gM + O(logd H;éax v, v |2 + (5?22)}>
m#=m/ m#m/

1 2
> —C,|log2M + O T ome|logd + 672+/logd +1) | |,
ey i R C R S )

where we took 8 =1 + logﬁ and used log M < logd, d < 1, and max,, |v,} Uy | < 1 for the
last inequality. To simplify the notation, by letting

A =exp <O( n;ax/ v V| log d + 57z logd + 1)) = exp <O( n;ax/ v V| log d + 1)),
we have

20 ~Cr
]P’[u?ijm > tQ} >

— Aylog2M’

Note that this argument is independent from the one for (B.2), because (I — vy,v,), ),y and vy, are
orthogonal.
To sum up, (B.2) ensures that ”lI)JT( - vmv 1Yo | <ty for all m’ # m with probability at

least 1\2/[]\421’ under which ﬁJTvmvT Uy = O(d™ \/logdmaxm;ém/ ]fu vm/|) for all m’ # m with
high probability and w U, > to holds with probablhty at least \/7 wTUm > to implies

that (w U )P72 > C’|w U [P72 + —225 and w U > } Therefore, over the randomness of
a"z

initialization of wj, w;—vm 2 \/8 and (w U )P 2 > C’|w U P72 + 5(f)p 2 for all m’ # m

with probability at least \/7 Taking the uniform bound over all v,,, we know that the number

of required neurons to satisfy |J,,| > Jin for all m is at most .J > AJim M (log d) (up to a
constant factor, which can be absorbed in the definition of A). [ |
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B.2. Descent Path for Population Gradient

This section discusses the assumption on the target/activation functions. To translate weak recovery
to strong recovery and establish alignment, we require that at any (positive) level of alignment
U = vlT w® > 0, the population correlation loss between the neuron and the target sub-problem
f1(v{ x) has the descent path on the sphere. In other words, the population correlation loss as
a function of u should be monotonically decreasing with respect to u € (0,1]. Observe that
without such monotonicity, if the alignment o becomes large, higher-order terms in the Hermite
expansion may generate a repulsive force that prevents the neuron from further aligning with the target
direction v,,,. For the well-specified setting (matching activation), this condition is automatically
satisfied as shown in [BAGJ21]; whereas for the misspecified scenario, such a condition appeared
in [MHWSE24] as an assumption, which we restate below, and then verify for specific choices of
student activation functions.
Recall the Hermite expansion of one neuron a’c(z + bY):

(z + b0 Z Hel

and the Hermite expansion of each sub-problem of the target function

LA
Z):;ﬁH

Assumption 4 (Descent path) The neuron satisfies c;31,; > 0 forallp <i < q.

This assumption ensures that

q
Epno,rp[a’o(z T w' +80) fi(v] 2)] = > (@iBmi)'

i=p

is monotonically increasing with respect to u = a5, ; € (0, 1]. We show that for certain choices
of (randomized) activation function, a Q(l) fraction of student neurons satisfy Assumption 4. This
indicates that Assumption 4 only affects the required width up to constant factor. In the subsequent
sections, we focus on the training dynamics of individual neurons that satisfy Assumption 4 (without
explicitly mentioning so).

B.2.1. RELU ACTIVATION

For the ReLU activation, we verify this condition for target function in which at each task f,,, the
non-zero Hermite coefficients have the same sign, i.e., for By, ;, Bm ; # 0, we have sign(8y, ;) =
sign(fBy, ;). For example, this condition is met when the link functions are pure Hermite polynomial.
Then, the following lemma adapted from [BES™23] ensures that «;; > 0 for all ¢ with probability at
least i. Because the distribution of a? is symmetric, Assumption 4 holds with probability at least %.

Lemma 24 Given degree ¢ > 0 and b ~ [—C}, Cy|, the i-th Hermite coefficient of ReLU(z + b) is
positive with probability % forall p < i < gq, if Cy is larger than some constant that only depends on
q.
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Proof. First note that for ¢ = 1, we have

EZNN(OJ)[RGLU(Z + b)Hel(z)] =

Moreover, for 7 > 2, we have
(-1 2
e~ 2 He;_o(b),
NeTS -2(0)
Because limy_, _ Hel(b) = oo for even i and —oo for odd i, there exists some by such that if

b < Cj then (— )pe 7 He;(b) > 0. By taking C, > 2C}, b < Cj (and thus the assertion) holds with
probability 7. [ |

]EZNN(O,I) [RQLU(Z + b)Hez(Z)] =

B.2.2. GENERAL POLYNOMIAL LINK FUNCTIONS

To deal with general polynomial link functions, we randomize the student activations as follows,

-3 e

where ¢; are independent Rademacher variables (taking 1, —1, and 0 with equiprobability).

Lemma 25 Given degree ¢ > 0 and b ~ [—CY, Cy], for each pmm < p' < pmax the i-th Hermite
coefficient of a’o(z + b°) is non-zero with probability Q(Cy; D), for all p' < i < q. Here Q hides
constant only depending on q.

Proof. Because of the randomized Hermite coefficient of the activation function, a’c(z) has positive
coefficients with probability 2~ (9=PT1) " As long as the bias b° is small, a’c(z + b°) also have
positive coefficients. |

B.3. Decomposition of Gradient Update

From now, we discuss the training dynamics of the first layer. We focus on one neuron in J; that
satisfies Assumption 4. To track the alignment during the dynamics, we define k!, = v;w;?. We first
consider the decomposition of the update into population and stochastic terms:

Lemma 26 Suppose that ' =1 < cyd~' and k} > %d_%. With high probability, the update of k!,
can be bounded as

M q
. i— T
K> kL4 1 Z Z [zaiﬁm,i(mﬁn)l Yol v — 6U6L) | — KE?C3d + o) (I — whw® ) ZE.

(B.3)

t+1

Moreover, k" is evaluated as

M g . L4 nChds
iyt = 3 3 [0 (i) (0 — )] — Ll AL g
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+ o (I - wtth)Zt
< 1
= My
M q t 1
N : i Ky| +nC1d2
bt 3 S et T — )]+ 1O
VM e £ 2
m/=1 i1=p
+ o, (I — wtth)Zt
Here Z' is a mean-zero random variable satisfying HZtH =0(1 ) with high probability. For any

v € RY with [v] = O(1)
|kt — k| = O(n) with high probability.

| = O(1) with high probability. Also,

To prove Lemma 26, we first establish the following characterization of the stochastic gradient.

Lemma 27 The stochastic gradient —watata(tha:t + b') is decomposed as
— watata(thxt + b

M q
Z Z [Zazﬁm i z 1Um + (l + 2)(2 + 1)ai+26m,i(’ffn)zwt + Zta

’L:p

M

3
l

where Z' is a mean-zero random variable such that HZtH = O(d l) nd \vTZt\ = O(1) for any

fixed v € ST with high probability. Also, (w zt+ )| = (d2 ) with high probability,

-
and for any fixed v with ||v|| = O(1), (watata(w zt+ bt)) v = O(1) with high probability.

m

Proof. For i-th Hermite polynomial He; and u € S%~!, we have that

Emw\/(o,fd)[Hei($1)f(uT$)fU1] = iulflEmN(o,Id)[f(i_l)(UTfL")] + UZiHE:cNN(o,Id)[f(zH) (U )],
Eon(o,1,) [Hei(21) f(u' 2)22) = wlusB,no.1,) D ().

Therefore,
iut!
0 . . .
Ewa(O,Id)[Hei(xl)f(u—rx)x] = . EzNN(o,Id)[f(z_l)(UTx)] + U11UEx~N(0,Id)[f(lH)(UTx)]-
0

Using this fact, the population gradient is computed as

V,E —ytata(wt—rx + bt)}
_ . M
:E_ M;fm(u;x) o' (wh x + bY)
| 1 M2 Brmi ixe"
—E| = (mzlzg \mHei(z) (; ﬁHell(z)>m
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M q
= \/1M Z Z [i2aiﬂm7i(v;wt)i*1vm +V(E+2)(E+ 1)ai+2ﬁm,i(1};wt)iwt}
M q
VlMZZ[ZO%BMZ i Um+\/maz+26mz }

We define Z! as the difference between the population gradient and the empirical gradient:
7t = —watata(wﬁxt + b)) + VyE [ytata(thaz + bt)} .
We have
- watatcr(thxt + bt

M q
= 30 3 [0t o /20 Dassalns () '] + 2

l:p

3
.[

It is easy to see that B, ¢ [Z] = 0, and || Z*|| = (d2 ) with high probability by (A.2) of Lemma 17.
(A.2) also ylelds that \UTZ ‘' =0() w1th hlgh probability for any fixed v € SY~!. Finally, the norm
of Vyytato(w! ot + bt) = ytato' (w' zt + bt)zt is of order O(d2) with high probability, and for

T ~
any fixed v with [|v]| = O(1), (watato(tha:t + bt)) v = O(1) with high probability. n

Proof of Lemma 26. First, we consider x!. We have

T T _
lw = (I —whe' )V (—y'a'o(w o' + b))

N

_ (1 + 2| — wio' ) Veytato(wt ot + bt)HQ)_
>1-— 77;”([ — wtth)watatU(thmt +H)))?
>1 - 7722||watato(tha:t + b0

By using this, with high probability,

T T
Tt — o7 w' —n(I —whw' )Vy(—yta'o(w’ z' +b"))

v w
! Y lwt — (I — wiwt )V (—ytato(wt ot + b))

> kb + o] (I - wtth)watatJ(thzct + b — /{177 IVeyta U(w zt + b2
n T t, tT t ot tT, ¢ | gt t t tT t 1 pty)2
— 5\1}1 (I —ww" )Vy(—y'a'o(w' z"+0b"))||Vey'a'o(w x*+b")|
t, 2
> kL +nu] VE [ytata(thxt + 0| + o Z8 - %vaytata(wﬁl‘t + )|
3
— L Vuy'a'o(w! ot + )
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Q] 1 M
> wh ol (I - whw' " \/—M Z Z §06 Bmi (K5, o |+ mof (1 — wtth)Zt

m=1 i=p

B kin?C3d B 773Cf’d§

M
14 1 . i
> R 30 3 [fouBa(h) 0] v = wik)] - inCHa

+ nUI(I —w th)Zt,

where we used Lemma 27 in (i), and (i) is due to the fact that we take n < c4d~! and x} > 4z,

3 2024 PC3d3
and hence n3C3d2 < kin2C2%d and — 'i1772 = —
In the same way, for the lower bound on !, we have

> —nln2012d. Thus we obtained (B.3).

¢
kY > R ol (T - wtth)watata(thxt+bt) [ n” |7l vayaa(w zt 4 o' |2
_fT_ttT ot tT ¢ ¢ t ot tT, ¢ £\]12
U, (I —w'w® YV (—y'a'o(w' ="+ b))||[|Vey'a'o(w' = 40|

t Chd>
2yt TS 3 ) 0T )] - IO g
m/=1 i=p
o (I —whw' 1) 2.

As for the upper bound,
t 2
kL <kl 4o (T - wtth)watata(thxt + b + F%2m|vatat0(wt—r$t + 0412
3
T T T
+ %w;u—wtwt )V (—ylalo(w! 2t +6))|[|Vuy'a'o(w! ot + b))

K|+ nCyde
< KL —&—— Z Z{zazﬁm (k)T o) v — KL RE )|+ |m|2771 n*Cid
m/=1 i=p

+ oy (I — whw! )Zt.

Finally, we check that |r!, — ktF1| = O(n). From the above argument, we have

t+1 Tor ot T t t tT ¢ ¢ H$n|772 t t tT ¢ £\(12
|Km = K| < n|vp, (I —w'w' )Vyy'a'o(w' ' 40| + —g IVpy'a'o(w' z* + b
3
+ Lo (= w'e! )V (—ya'o(w! 2 + 8 Vuy'a'o(w! ot + )%

The first term is bounded by O(n) because |v,] (I — wtw! ") Vyytato(w! 'zt + bt)| = O(1). The

second term is bounded by O(n) when < ¢4d~!, because vaytata(wﬁxt + bt)H2 = O(d) The
third term is bounded by O(n) when n < c4d~", because |v], (I — w'w! )V (—ylato(w! zt +
b'))| = O(1) and [ Vuytato(wt "zt + b)||> = O(d). Therefore, we obtained that |t — rtH| =
o). [ ]
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B.4. Phase I: Weak Recovery for One Direction

Based on Lemma 26, we analyze the stochastic gradient update of the first-layer parameters. The
goal of this subsection is to prove the formal version of Lemma 6.

Lemma 6 (formal) Suppose that ’U:;L,Um| < eyM~ forallm # m' and M < C4d%, and nt =

n < C4M7%d7% Then, with high probability, there exists some time t; <111 = @(n‘lM%d%)
such that the following holds:

(i) K)il > cg, and
(ii) |Kki| < 5esM ™Y, forallm = 2,--- | M.

We start with the following lemma, which introduces (deterministic) auxiliary sequences that upper
and lower bound the stochastic updates of «!,,.

Lemma 28 Suppose that |v, ,vy,| < csM ™t for all m # m' and M < cads. Forall s =
0,1,---,t, we assume that

(a) k3 < c2 (only required for (i): Lower bound),
(b) |K3,| < K3 forallm =2,--- , M, and
(c) |kS,| < CocsM~! forallm =2,--- , M.
Then, taking n' = n < caM 7%d7%, we have the following bounds.

(i): Lower bound of x5: For kY, we have

S
PapPip  s\p-1
T > (1= )Rl + (1 — ¢c2) Z ——==(r] P77, (B.4)
s'=0 M

for s = 0,1,---  t. Consequently, by introducing an auxiliary sequence (PS)?;%) with PO =
(1 — co)rY, and

pstl = ps 4 UC2%(P5)Z"1 (s=0,1,---,1) (B-5)
\/M ) ) ) 9

K§ is lower-bounded by P? forall s = 0,1,--- ,t 4 1, with high probability.

(ii): Upper bound of max,, 41 |k5,|: For an auxiliary sequence (Q*)'15 with Q° = (1+c2) max{max,, 41 |r
1 4—41
5d 2 }, and

il
ml?

QM =@ + (1+ 02)\/%10 max ’O‘pﬁm,iKQs)p_l +c3 ]\Zé papﬁl,p(”i)p_la
2

maX,£1 |Ky,| is upper-bounded by Q° for all s = 0,1, - - ,t + 1, with high probability.

Proof.
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(i) Lower bound of 1{ by P*. I i} > 1d~2, we have k) > nCd? by the choice of 7. If
K] ! 5d 2 by Lemma 26, we have

M
HTH > K]+ \/L Z Z[Z‘)‘zﬁmz m) 1(U;rvm - "{i’%fn)} — &P CRd + oy [ (I —w'w T>Z
m=1 i=p
M q
S ,'7 S Z s .S
> i+ papfp(l = (D)D" 2 D0 3 i () (0] v — i)

m=2 i=p
— k{N2CEd + o] (I — ww® ") Z°
n — —

> i+ ppanBrp(L— (5))(s])" — gy M mac |, [P maxc o) v max fai

- QZT]VMngi)f |ko [P max i Bmi| — KNP CRd + o (I — w¥w® ") Z* (B.6)
= \/Lﬂp%ﬁl,p(l = (KD EDP = PV MR} eaM

— PV M (k5P CoesM ™ — prfe M~ 2d~ "7 Cl + ] (I —w'w® ) Z°.

Note that (x5)? < c3 <1 £C2.q NV M (k$)P~ 104M 1< 502rpapﬂ1p(/<;f)p*1,an\/M(mf)p*10263M*1 <

%czﬁpapﬁm(/{l) ~%, and nkjcaM ™ 3d- C’1 < %czﬁpapﬁl,p(/@f)p_l, (where we used
1
K] > %dfi for the last statement). Thus, we obtained that

4
R > RS 4 (1 - gCQ)LMpOépBLpOii) + o] (I —w'w® ") Z°. (B.7)
We prove the assertion by induction. Suppose that (B 4) holds for s =0, --- , 7 for some 7 < ¢.

Note that this implies x§ > (1 — c2)x) and x5 > 1d . By applying (B.7), we have
K2 ]+ (1= o) —epayrp (k)P + o] (1 — w'e™ )27
5 VM ’

4
> K9+ Z — 0 \/Mpapﬂl,p(ﬁl P+ val [-ww')Z°.  (BY)
s=0

If 7 < CoM (K9)%~2P, then

T

val (I — ww® ") 2% < nCivT < e4C1KY < earl), (B.9)
s=0

with high probability. If 7 > Co M ()%,
. T s, 8T\ r7s _% -1 1 n 0\p—1
277“1 (I —w'w® ") Z* <nCiy/T < nrCiCy M3 (k)P < 5C \/MTpapﬂl,p((l — c2)k1)”
<< Zcz =papBp(ri)’ - (B.10)
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with high probability. Applying the above evaluations to (B.8), we have
: 77
(B.8) > (1 — )il + Y (1 — ca)——panpBrp(k)P .
s=0 M

Thus the (B.4) holds also for s = 7 4 1. The induction proves that (B.4) holds until s = t.
By repeatedly using (B.5), the update of (P!)]_, is equivalent to

Pt+l PO +Z papﬁlp(Ps)

By comparing this and (B.4), we conclude that { is lower bounded by P® fors = 1,2,--- ¢t + 1.

(ii) Upper bound of max,, . |x$,| by Q%:  According to Lemma 26, |5 — k5,| < Cyn with
high probability. Thus, the sign of %2, is the same as that of x%,, or |k511| < Cn. Therefore,

[ |
M q
< mac{ O o+ S 3 [ 0] v = )]
m=1 i=p
s Ch1d2
‘K“m‘ +2n az 772012d+ ’I’]’U;L(I _ wswsT)Zs }
N < -
< max {C’m, Ky, + \/—M Z {iaiﬁl’i(ﬁiy—l(v;vl _ ’{fnﬁi)}
i=p
N
+ N Z Z[iazﬁm/,z(ﬁfnl)l Yo v — /@ﬁnﬁiﬂ)}
m'#1 i=p
s C1d?
MLARL C L +277 L2202 + o) (T — wiw T) 28 }
n
< max {Cm, nfn + \/—M Ziaiﬁlﬂ(,ﬁ)z 1vTU1
i=p
N - o
A D2 S [ o) 7 e = )]
m'#1 i=p
5 C1d
+ L +277 142 202d+nv;(l—wswﬂ)28 }
We have
q
S oy + D 3 e e — )|
i=p m/#1 i=p
q q
< | D ieiBi(s]) T | + Z[iaiﬁm,i(ﬁ%)z_l(l(ﬁif)]'
1=p 1=p
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M q

+ ‘ Z Z §06 B i (K5 ) T (Vg O — Killifn/)H

m/#1 i=p

< g mase g, (687 mave o] v + pmass Bl P + 6% x5, P

+ Mq? max]azﬁm Z\m;aéx]m P~ 1(max\v ’Um]—i—max|/<a )

Sq mzax|0‘i51,i|(”1) C4M "’papﬂmp( 5L 1+q maX|O‘15mZ|( )t 10263]\/-[ !

+ Mq? max | By, il max(/ﬁfn)p_l(a;M_l + CocsM ™~ )
m,i m#1

1 o
< (14 geap il | max s P+ P (g,

1 1 p 1
s d2 s M~2d"2C1d2 1, p=2 _1
Also, |Rm|++cln2012d§ [ e 5 Gd? e M~ 2d "2 C} < Leanpoy,fmp max{|Ks, |, 1d 3Pl
Therefore, 7+ is bounded as

1
|kTH| < max {01?7, Ky + (1+ =c2)

3

n s |p—1 L T\p—1
TMP max |y Brmpl gbli)l( K| +c3 Ve PP p(KT)
1

2 _ 1o,
/i?n—i—(l—i—gw)zrpmax|apﬁm7p|max{mix|m P 1,(§d 2)p— 1y

|

2 1
< max {Cm,max 12|+ (1 + 32 Z \ﬁpmax |t B, p| max{m;aéx I (id_%)p_l}

}. (B.11)
According to the update of Q?, Q! > %dfé > Oy for all t. Moreover, by < c4M ~2d "%

1 1
+ geanpoypmax{|wy,|, A TP 4o (1w’ T) 27

< max {Cm,

—i—c;;Z Spapﬁlmmlpl—i-va (I —ww®")Z®
s=0

o3 Z spapﬁl,p RPT+ max

Z nu (I — ww ") Z°
s=0

max

Zm) (I —w'w®")Z*

< 7701\5

1

epd 3 (r < CoMdP)
<2

TCom 114 1
—d p M dP
3\/Mpapﬁ1,p(2 2) (T > Oy )

Therefore, (B.11) is further upper bounded as

max |t < (14 ¢2) max{max [Kmls 5472}
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T

n
+ (14 ¢2) Z Mpmax]apﬁmp]max{max\/im] , QP 1+C3ZM§pO‘P51’P(H1) -1
s=0

(B.12)

On the other hand, Q71! is written as

3

1
Q™ < (1 + ¢p) max{max |0 |, fdfé} + (1 +¢2) pmax |apBmpl (Q°)P!
m#1 2 m

3

s=0

+03Z 3pap61p (k)P (B.13)

Comparing (B.12) and (B.13) with the update of @, we conclude that max;, £ || < Q" (T =
0,1,---,t+ 1) holds by induction. |

The previous lemma assumed (a)-(c). Next we show that (b) and (c) hold along the trajectory via
induction. (here we use a different notation for the coefficient in (c).)

Lemma 29 Take nt =n < C4M_%d_§. Suppose that, forall s = 0,1,--- 1,
(a) k] < ca,
(b) |kS,| < K§ forallm =2,--- M, and
(c)

Then, if we have M < C4d% and (a) mﬁ“ < cofort+1, (b)and(c) hold for s =t + 1 with high
probability.

“Lforallm=2,--- , M.

Proof. First consider the case when

pmaXy, |O‘pﬂm,p

vM
holds for all s = 0,1, --- ,t. Then, fors =0,1,--- ,{,

(1 + Cz)

Q)P > %papﬁl,p(PS)p—l (B.14)

c3 -1 —1 pmaxy, [Bmpl , sip-1 pmaXp |pBmpl  Atvp—1
——pa PP~ < e e3(l+¢ P <e p
%p Pﬁlap( ) 2 3( 2) \/M (Q ) \/M (Q )
and therefore
s+1 S n . s\p—1
Q < Q + (1 + 202)\/7Mpm7gx |05p6m,z‘(@ )
forall s =0,1,--- . According to Lemma 19, we have
QO
Q°< — (B.15)

(1 —np(p — 2)(1 + 3e2) (maxy, ]apﬁmjp])M*%(QO)(p_z)S P2

forall s = 0,1, - ,¢+ 1 (here (1 + ¢)?~! in the original bound is absorbed in (1 + 3c3)).
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On the other hand, P? is lower bounded by

PO
P> ! (B.16)

(1 —np(p —2)(1 - cg)(apﬁl,p)M—%(pO)(p—2>S) =2

forall s = 0,1,---,¢ + 1. According to (B.1), Q° = (1 + c3) max{max,4 &9, %d_%} <
P% = (1 — ¢2)KY. Moreover, (B.1) implies that max, |cpBm (1 + 3c2) (max,,£1 |k) )P~2 <
(1—c2)apB1,p(KY)P~2, yielding that the denominator of (B.15) is larger than that of (B.16). Therefore,
Q'+ < P+ holds, which implies that max,, 1 |5 < k4T

Next we check Q! < c3M~1 (RHS is smaller than (c)’ by a factor of 4). From P! < k! < ¢3
and (B.16),

nTMA((PO) D) (o)) ML Sea) G (P T0E
p(p - 2)(1 - 02)(ap/61,p) o p(p - 2)(1 + 302)(maxm |O‘pﬁm,p|) . .

On the other hand, according to (B.15), Q' > ¢s M~ holds only if

t <

77 M ((Q0) ") — (s M)~ — M ap(p — 2)(1 + 3c2) (maxe, |apBmp|)
p(p — 2)(1 + 3¢2)(maxy, |apfm pl)

t>

(B.18)

If M < eyd?, (csM~1)~P=2) < (c3c;'d2) "0 < (k0 (1))—(17—2) < y(PY)~(P=2) < ¢y (Q0)—(P—
C9

Moreover, nM_%p(p — 2)(1 + 5e2)(maxy, |apBmp|) < c2(Q®)~P=2). Thus, (B.18) is further

bounded by

n M3 (1 - 209)(Q°)

B.18) > '
( ) 2 p(p — 2)(1 4 3c2) (maxy, |apBm.p|)

(B.19)

According to (B.1), (1 + 8¢2) maxy, |apBm p| (max, 21 [£9,[)P72 < apB1,(k7)P~2. By using this,
we have (RHS of (B.19)) > (RHS of (B.17)). Thus, Q“*! > ¢3M ! does not hold, and we have
obtained Q! < e3 M~ (and (c)").

Now we consider the case when (B.14) holds for s = 0,1,--- ,7; — 1 but
pmaXy, ‘ap/Bmp s\p—1 c3 s\p—1
1+¢ - Pt <L « PP (B.20)
( 2) Nei (@) M%p pB1p(P?)
holds for s = 7 < £. We show that (B.20) holds for all s = 71, --- , ¢+ 1 in this case. Assuming the
inequality holds for all s = 7q,--- , 7 with 7 < t. For s = 7, - -+ , 7, the update of Q)° is evaluated

as

2

Q1 < Q@ + 203 #papm,pwﬂp‘l

Thus, when p > 3,

QM <Q"+ Z 2¢3 Mspapﬁl,p@S)

S§=T1
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203(1 — Cg)_l
M

1
L
< < apﬁl,p (1+C2)1Ml)p P 4

maXm, [ Bm,p|

<Q™+ (Pt —pm) (B.21)

263(1]_\462)_1 (PT+1 . PTl)

1

< ( apBp (1 Jr02)—1]\4—1> p‘1P7+1’

maxyy, [ Fm,p|

which yields (B.20) for s = 7 + 1. (B.20) with s = ¢ + 1 implies that Q' < P'*! and hence
max,,»1 [k51| < kL. Similar to (B.21), we have

-1 -1
Qt—‘rl < QTl + 263(1 02) (Pt+1 . P7'1> < QT1 + 203(1 62) Pt+1 < QTl + 303M_1.
M M
For Q™, as we proved Q™! < c3M ! in the first case, we have Q™ < c3M~!. Thus, Q! is
bounded by 4c3M !, which yields (c)’. |

Proof of Lemma 6. Suppose that (a) holds for all s = 0, 1,--- ,77 1, where
~1p0y-2)) "
Ty = | (mp(p = 2)(1 = 5e2) (B ) M3 (P)2) .

According to Lemma 29, if M < C4d%, n < C4M_%d_§, and (a) holds for all s = 0,1,--- ,7T7 1,
(b) and (c) of Lemma 29 holds with high probability for all s = 0, 1,--- ,77 ; and the bounds of
Lemma 28 holds for all s = 0,1,---, 77 1.
From Lemma 28 and Lemma 19,
PO
KL > Pt > . (B.22)

- - 1

(1= np(p = 21 = c2)(apBr) M3 (PO)#2)s) "

However, att = 11 1,

0
(RHS of (B.22)) > P

((p = 2)(1 = 2) (B ) M3 (PO) =2 ) 72
1

(m0lp — 2)(1 — e )7

)

and thus RHS of (B.22) is clearly larger than 1. This yields the contradiction because /ﬁT“ <1
Therefore, with high probability, there exists some ¢; < T4 1 such that /itll > c3 and /ili <ecs(t=
0,1,---,t1 — 1).

As for (ii), recall that |x{1 71| < desM -3, Moreover, according to Lemma 26,

=Y
_1 . »p _1
§C1T]§C1C4M 2d” 2 §63M 2,

Thus, ki | < |71 4 [&h — kD71 < desM ™2 4 csM ™2 < 5esM ™2, [ ]
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B.S. Phase II: Amplification of Alignment

In the previous section (Lemma 6), we proved that neurons in J; achieve a small constant (c2)
alignment. However, as the alignment x| becomes larger, the effect from other directions becomes
non-negligible, while the signal from v; gets smaller because of the projection (1 — wtth). Hence
the previous weak recovery analysis is not sufficient to show that the neurons will continue to grow
in the direction of vy.

The goal of this subsection is to prove the following lemma.

Lemma 30 Suppose n = nt < C4M7%d7%, v;l;/vm| < C4M_1f0r allm # m/, and M < C4d%,

and consider a neuron that satisfies (i) and (ii) of Lemma 6. Then, with high probability, there exists
~ 1

some time to < Ty o = O(M?2n~1) such that H? >1—co.

Similar to the Phase I analysis, we bound the update by deterministic auxiliary sequences. To simplify
the notation, we let ¢t <— ¢ — t; throughout this subsection.

Lemma 31 Suppose that |v, ,vy,| < caM ™t for all m # m' and M < cads. For all s =
0,1,---,t, we assume that

(a) k] <1 — ca (only required for (i): Lower bound),
(b) |kS,| < K§ forallm =2,--- M, and
(c) |kS| < CocsM =" forallm =2,---, M.
Take n* = n < cyM ~3d-5. Then, we have the following bounds.

(i): Lower bound of x5: For an auxiliary sequence (P*)'t4 with P* = (1 — ¢)xY, and

P = PS4 eyl poy B p (P57,

VM

k§ is lower-bounded by P? forall s = 0,1,--- ,t 4 1, with high probability.

(ii): Upper bound of max,,, 1 |;,|: For an auxiliary sequence (Q° )?;%] with Q¥ = 6¢3M ™1, and
Q™' = Q"+ (14 c) =pmax |yl () + camlpay B (i)
= 2 \/Mp mX QpPm,i 3Mp pP1,p\ K1 5
maX,,£1 | K5, | is upper-bounded by Q° for all s = 0,1, --- ,t + 1, with high probability.

Proof.

(i) Lower bound of x§ by P°: If k] > %d_%, by following the argument for (B.6) in Lemma 28,
we have

n - .
R 2 W+ panBup(L = ()%) ()7 — gy M man |, P max o] o] max o

— qQUVMmi:ic K3, [P max o Bm.i| — win2C2d + nu] (I — wiw® )28
m m,i

> K} papBip(1 = (1= ) ()" = gV M eads ™!
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— VM (k5P Coes M — nli‘icle_%d_%Cf + v (I —w'w®")Z5.

Note that 1—(1—x%)% > 2¢a, ¢*>nvV/M (k5P LeaM 1 < %czﬁpapﬂlyp(/{f)p_l, VM (55)P1Cocs Mt <
%CQ\/LMPOKPBLP(ET)Z)_l and nﬁf&;M*%d*%ClQ < %CQ\/LMpap/BLp(RT)p_l (where we used x5 >
%d_% for the last statement).

If k5 > %dfé forall s =0,1,--- 7, following (B.9) and (B.10), we know that

T

17
T s,,.81\r7s 0 n s\p—1
g v; (I —w'w Z<cm+f§c—aﬂ k)P,
nvy ( ) 2K 5802ﬁMpp1,p(1)

s=0
with high probability.
Given k] > %d_% forall s =0,1,---,7, we obtain
. n —1
/4;71'+1 > (1— )Rl + e Z ——=papf1 (K1), (B.23)
s=0 M
and /@IH > %d_%. Therefore, k] > %d_% holds for all 7 = 0,1, --- , ¢, and (B.23) holds for all

7=0,1,---,¢ By comparing (B.23) with the update of P”, we obtain the desired bound.

(ii) Upper bound of max,,; |~;,| by Q°: We have already established the upper bound with
Q% = (1 + ¢2) max{max,,£1 |2, |, %dfé} in Lemma 28. Because the choice of Q° = 6c3M ! is
larger than that when M < c4d %, the desired bound follows. |

Now we show that assumptions (b) and (c) in the previous lemma can be verified along the
trajectory via induction.

Lemma 32 Take nt =n < C4M_%d_g. Suppose that, forall s = 0,1,--- ,t,
(@) K5 <1—c,
(b) |K3,| < K3 forallm =2,--- , M, and
(c)’

Then, if M < C4d% and (a) f@ﬁ“ < 1—cofort+1, (b)and(c) hold for s = t + 1 with high
probability.

kS| < CocsM ! forallm = 2,--- , M.

Proof. We only need to prove (c)’: max,,-1 |/€f;1| < TesM ™. This is because if (a) and (c)’ for
t 41 hold, then x§ > ¢ and Lemma 31 yields that £ > P+ > PO = (1 — ¢p)x) > 2e3M ' >
max,z1 |k51|, which proves (b) for ¢ + 1. If

pmaxm, |O‘pﬁm,p

_ C3 -1
l1+c syt < a PSP B.24
( 2) \/M (Q ) M%p p/BLP( ) ( )
holds forall s =0, 1,--- , 7, according to Lemma 31, the update of )¢ is evaluated as

Q< + 263#}?%51@(138)}7_1
2

46



GRADIENT-BASED TRAINING AND COMPUTATIONAL HARDNESS FOR ADDITIVE MODELS

foralls =0,1,---, 7. Note that (B.24) holds for s = 0. Thus, if (B.24) holds forall s = 0,1, --- , T,
we have,

.
H<Qn+ Y 2c3#papﬂl7p<PS>H
2

S=T1

2
<Qm + Cjwcf” (P — P (B.25)

1
1 -1
< (O‘I’Bl’p (1+ cz)‘lM—1> "pn 4 22 B (pra1_ pn)
maXy, |y Bm.p| M
1

< ( i (1+ Cg)lMl) ”jPTH,
maX [apBm,p|
which implies (B.24) for s = 7 + 1. Thus, (B.24) holds forall s = 0,1,--- , ¢ + 1.
Moreover, similar to (B.25),

Qt+1 < Qo 65\/103 (Pt+1 PO) < Qo C?MCSPH-I < Qo 4 2Cyes M~ iy

Q" is bounded by 6¢3 M ! Thus, Q'+ is bounded by Coc3 M ~1, which yields (c). [ |

Proof of Lemma 30. Suppose that (a) holds for all s =0,1,---,T} o, where
l _ 71
Ti>= {(W ~ YealapBrp) MH (P2 J

According to Lemma 32, if M < C4d%, n < C4M7%d7%, and (a) for all s = 0,1,--- ,77 22 hold,
(b) and (c) of Lemma 32 holds with high probability for all s = 0,1,---,77 2 and the bounds of
Lemma 31 holds forall s = 0,1,--- , T ».

According to Lemma 31 and Lemma 19,

PO
ki > Pt > : (B.26)

= = 1

(1 —np(p — 2)02(ap617p)M_% (PO)(p—2)3> P2

However, att = T7 o,

po 1
(RHS of (B.26)) > = 1

(np(p B Z)CZ(O‘Pﬁlﬂp)M_% (PO)(p_2)> & (77(1? — 2)02(apﬁ1,p)M_5) "

and thus RHS of (B.26) is clearly larger than 1. This yields the contradiction because /il ? should be
smaller than 1. Therefore, with high probability, there exists some 9 < 77 2 such that Ii >1—co.
|
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B.6. Phase III: Strong Recovery and Localization

In the previous section (Lemma 30), we proved that neurons can achieve alignment of 1 — ¢y, which

sets up the local convergence argument. To simplify the notation, we let t <— ¢ — t; — to throughout

this subsection. We write ¥, = (I — v1v{ )vy, and &, = v;wj

The goal of this subsection is to prove the following lemma.

Lemma 33 Taken' = m < C4M_éd_gfor() <t<(T1—-t1)+(Tia—te)— 1L andn' =n <
min{@éM‘éd_l, C4€~2M_%}f0r (T171 —tl) + (TLQ —tg) <t< T1,3—|— (T1,1 —tl) + (T1’2 —tz) —1.
Suppose |v | < eaM ™ forallm/ £ mand Ty 3 = @(5_1M%n_1), and consider a neuron that

satisfies k) > 1 — ca.

Then, Iing AN R E high probability.

We bound the update by deterministic auxiliary sequences.

Lemma34 Let0<é<co Ifnt=n< min{C4§M7%d_1,C452M7%}, 1—2co <k{, k{<1-¢2
fors=0,1,--- t and ]v;,vm| < ey M~ for all m' # m, we have the following bound:

* Lower bound of x§:
kS > KO — cof 4+ 55—
1= 2€ + S \/Mpapﬂm,pa
forall s =0,1,--- ,t+ 1, with high probability.

Proof. If s > 1d_’ by Lemma 28,

M q
R 2+ e 303 fiaBa(n) (0] v — R3] PO ol (1 - w2

M q
S S — ”7 S ’L S .S
2 6+ ppBup(l = (D)) + 7 303 [ieiBmi(ei) ™ o] v — i)
— &{n?C%d + nvlT(I — waST)Z

> ki + \/Lﬂpapﬂl,p(l — (k) (RDP + \/M Z Z[Zazﬁml k) o o (1 — (/@1)2)}

m=2 i=p
M q
7\4 Z Z i B i (K5,) T RS K] — &I2C2d 4+ ol (I — w'w® ") 2%, (B.27)
m=2 i=p

We bound each term of (B.27) from now. If k§ > 1 — 3ca, the second term is bounded by

papBip(l — (89)%)(K))P ™! = payBup(l — (8])%) (k9)P7" 2 gpapﬁl,p(l — K1)-

Next, the third term is bounded by

ZZ[mzﬁm ) ol (1= (k) >H < "M a0 i ma o v (1~ (5)?)

)

m=2 {=p
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< 2¢*M max |a;fm i|eaM ~ (1 = (59)°)

1 S
< 2pay (1= ).

Then we consider the fourth term,
M q '
DD DICAEIENIEHE)

m=2 i=p

M
< ¢’ max [0iBmal Y K5 ]1ES]
i,m

m=2
M M
< 2¢* max | B i Z |72, + 2¢° max |a; B Z 0] v |2|RS, . (B.28)
,m m=2 ,m m=2
To upper bound the above, we consider the value of Z%:z |&5,|?. This can be represented as

2%22 |75, 12 = w* T (I — viv] ) TA(I — vyv] )w?, where A = 2%22 Vv,

m*

Consider @y, defined in Lemma 40 with coefficients {c,, ' }. Let us define B € RM*M a5
cj (J<i<M)
Bi; = .
0  (otherwise).
Then we have
(7;1 UM) — (Ul vM)BT.

Since the non-diagonal terms are bounded by ¢, M~ < %M ~1 and the absolute value of diagonal
terms is no smaller than 1 — 20cy > %, we know that BT is invertible and (the absolute value of) the
maximum eigenvalue of (B")~! is bounded by 3. Each v,, is computed as

U = (01 - UM)(BT)*le;
and
M o
A= (0 - vu)(BT) emen (BN
m=1 UMT
Thus,
M
Amax(A4) < A%Hax((va UM)))\?naX((BT)_l)/\max((z eme, ) < 9.
m=1

Therefore, Z%ZQ |78, |12 = ws T (I —vio] ) TAT —vyv] )w® < 9||(I —viv] )w®||? = 9(1 — (k5)?).
Based on this, if k] > 1 — 3cg, we have

3 1
(B.28) < 54¢” max|aiffnil (1 = (£7))7 + 64" max o il mat og v *(1 = (x7)?)?

)
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1
< zpayBp(l - ).

The fifth term r§7°CYd of (B.27) is bounded by —1=pay,B1 (1 — £7), when n < cagM2dL,

Putting things together, if 1 — 3cp < k] <1 —£foralls =0,1,---,7, we have
T T
RITE >R+ C 5 \ﬁpapﬁl,p( RT) 4ol (I —w™w™ )27
T
T T
> Ky + Z 7 \ﬁpapﬁlp( ki) + n;ful (I —ww® )Z°. (B.29)
Moreover, by n < C4M7%§2,
-
Z nui (I —ww®")Z°
s=0
<nCiVT
Co€ (1 < CoME2)
<

i S =—2
—po 11—« 7> CoMEe
5 ﬁMP pB1p( 1) ( 2 )
Therefore, if 1 —3cp < k] <1 —¢&foralls =0,1,---,7, (B.29) is bounded by

T+l

> k) — o8 + Z rpozpﬁl,p( — K})

_ n _
> kY — c2f + Z ——=payp 1 pE
s=0 M

> K‘,(l) — o€ + T\/Lﬂpapﬁl’pé, (B.30)
and 1 — 3¢z < &7 holds for s = 7 + 1. By induction, 1 — 3¢z < k{ holds forall s =0,1,--- ,t+1,
and the bound (B.30) holds forall 7 = 0,1, --- , . |

Proof of Lemma 33. First, consider 0 < t < (Th1 — t1) + (T12 — t2). By the choice of
m < esM~2d~ 5, < min{csM~2d"%,c,52M %} is satisfied with & = d~2 in Lemma 34. Thus,
according to Lemma 34, until nﬁ > 1 — £ holds (we let 7 be the earliest time this condition holds),
k! is lower bounded by xY — & > 1 — 2¢s.

One can also see that k! > 1 — 2¢y holds forall 7 < ¢ < (T} 1 — 1) + (T1,2 — t2). Suppose that
there exists some 7/ < (111 — t1) + (T1,2 — t2) such that k{ < 1 — &. Among such 7/, we focus on
the earliest time. According to Lemma 26, |/<;{/ - /{/*1| < C1m1, which implies that /q' >1-2¢
Then, According to Lemma 34, ! > /ﬁ{/ — g > 1 — 2co until s} gets larger than 1 — £ again. By
repeating this argument, we obtain that £ — & > 1 — 2¢p forall 0 < ¢ > (T 1 — t1) + (T12 — t2).

Then, we consider (111 —t1)+ (T12 —t2) <t < (Th1—t1)+ (T1,2 —t2) + T1 3. By the choice
of o < min{czléM*%d_l, C4§2M7%}, n < min{C4§M7%d_1, 0452M7%} is satisfied with & = &
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in Lemma 34. Suppose that x§ < 1—~¢holds forall s = (11 —t1) + (T1 2 —t2), -+, (Th1—t1) +
(T12 — t2) + T4 3, where

-1
T3 = \‘362 (\/%épap517p> J + 1.

According to Lemma 34, the bound of Lemma 34 holds for all s = (71 — t1) + (T12 —
ta), -, (Thy —t1) + (Th2 — t2) + Th 3

K] > 1—2c) — o€+ séLpapﬁLp >1—3cy + sé

VM

However, at t = (Tl,l — tl) =+ (TLQ — tg) + T1,3,

\/Lﬂpapﬁl,p. (B.31)

(RHS of (B.31)) > 1,

and thus RHS of (B.31) is clearly larger than 1 — €. This yields the contradiction. Therefore, with
high probability, there exists some t3 < (71,1 — t1) + (11,2 — t2) + 11,3 such that 1513 >1-—¢.
Finally, suppose that there exists some ¢ > ¢3 such that k! < 1—&. Among such ¢ > t3, we focus
on the smallest 7. According to Lemma 26, |x] — /@{_1| < C'1n2, which implies that kT > 1 — 2¢.
Then, According to Lemma 34, x} > 1 — 3¢ until ! gets larger than 1 — £ again. By repeating
this argument, we obtain that } > 1 — 3¢ forall t3 <t < (T11 —t1) + (T12 — t2) + T} 3, which
concludes the proof. |

B.7. Expressivity of the Trained Feature Map

In this section we discuss the expressivity of the feature map after first-layer training. First, we
consider the approximation of single-index polynomials and show the existence of suitable second-
layer parameters with small approximation error and low norm.

ReLU activation. For o = ReLU, we have the following result.

Lemma 35 Suppose that b; ~ Unif ([—Cy, C]) with Cy, = O(1), and consider the approximation

of degree-q polynomial h(s), where ¢ = Oq(1). Let v € S™1(1) and v_ = —v. Then, there exists
ai,...,aoN such that
| XN .2
Tt Tt Tt A -1
sup — ajo(v ' +b;) — — ajo(v_a"+b;) —h(v 2)| = O(N"),
=Ty 1, Ty +Tp | 21V Jz; 7 3) 2N j:%:ﬂ io( j) — I ) ( )

Moreover, we have 23251 ajz = O(N) and 23251 la;| = O(N).

Proof. According to Lemma 9 of [DLS22], if b ~ Unif([—1,1]) and § ~ Unif({—1,1}), for any
k > 0, there exists vi (9, b) with |vg(d,b)| < 1 such that for all s with |s| < 1,

E[v(5,b)o (65 + b)] = s*.
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Thus, for Cp = O(1), if b ~ Unif([~Cy, Cp]) and 6 ~ Unif ({1, 1}), there exists v(d, b; h) with
|o(6,b; )| = O(1) such that for all s with |s| < Cp,

E[v(d,b; h)o(ds + b)] = h(s).

We take Cj, = O(1) sufficiently large so that forall 2t (t = Ty +1,--- , T1 +T5), |[v " 2t| < Cj holds,
with high probability. For A = ©(N), we consider 24 intervals [~Cj,, Cy(—1 + L)), [Cy(—1 +
1), Co(—=1+ %)), ,[Cy(1 — %), C]. By taking the hidden constant sufficiently small, for each
interval there exists at least one b;. Then, for b; corresponding to [Cy(—1 + %), Cp(—1 + L)),
1+1 1+1
y gbb((_‘fjg”m,b; h)dbfor1 < j < N,and a; = & gbb((_‘fjg”@(—m; h)db
otherwise. Here we note that |a;| = O(1) holds for all j. If each interval contains more than one b;,
we ignore all but one component by letting a; = 0. In doing so, since o (s + b) is 1-Lipschitz with
respect to s, we have

we set aj =

N 2N
1 Tt 1 Tt Tt A ar—1
sup — ajo(v ' +b;) — — a;jo(v_a*+b;) —h(v )| =O0(N"),
R 2N; jo( i)~ 5 ; jo( j) = h(v"a")| = O(N )
= j=N+1
with high probability. Thus we obtain the assertion. |

Polynomial Activation If o is a degree-q polynomial, we have the following result.

Lemma 36 Suppose that b; ~ Unif ([—C, C]) with C, = O(1), and consider the approximation
of degree-q polynomial h(s), where ¢ = Og4(1). Then, there exists ay, ..., ay such that

1
sup

N
Tt Tt S -1
— > ajo(v z"+b;)—h(v' 2")=0O(N")
t=T1+1,--  T1+T> NJ; ! ’

with high probability, where v € S~1. Moreover, we have Z;V:1 a? = O(N) and Zjvzl laj| =
O(N).
The lemma depends on the following result.

Lemma 37 Suppose that Cy, > q. For any polynomial h(s) with degree at most q, there exists
0(b; h) with |v(b; h)| < Cy such that for all s,

E[o(b; h)o(ds + b)] = h(s).
Proof. When g,(s) = o(s) is a degree-¢ polynomial,

0
gq(s) = /b: o(s+b)db

is also a degree-q polynomial.
Let us repeatedly define

gq—i(s) = gqf(ifl)(s + 1) - gqf(ifl) (S) (Z = 17 27 o 7Q)7
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and let (c; ;) be coefficients so that (s — 1)! = Zj':o ¢i ;7 holds for all z. Then, by induction, g;(s)
is a degree-: polynomial. Moreover, we have

i 0

9q—i(s) = Z Cij / o(s+b+j)db

j=0  b=7a
d eillj-g<b< j])U(S + b)}

= QCbEbNUnif([—Cme]) |: <
=0

when C}, > ¢q. Therefore, for any polynomial i(s) with its degree at most g, there exists v(b; h) with
|o(b; h)| < Cy such that for all s,
E[o(b; h)o(6s + b)] = h(s).

Proof of Lemma 36. We now discretize Lemma 37. For A = ©(N) (with a sufficiently
small hidden constant), we consider 2A intervals [—Cp, Co(—1 + ), [Co(—1 + ), Cp(—

2)),-++,[Cy(1 — %), Cp]. By taking the hidden constant sufficiently small, for each interval
there exists at least one b;. Then, for b; corresponding to [Cy(—1 + %), Co(—1 + 1Y), we set
Cy(—1+582))

% =3 Joy1ed) o(b; h)db. Here we note that |a;| = O(1) holds for all j. Due to Lipschitzness

of o, we have
1 & :
v > ajo(s+b;) — h(s)| = O(N)
j=1
for all s = O(1). Because |v " z*| = O(1) with high probability, we have

Z bj) = h(v'a")| = O(N™Y)

t=T1+ 1 Tl +T2
with high probability, which yields the assertion. |

Next, by using the expressivity results above, we show that there exists some a* that can
approximate the additive target function f,.

Lemma 38 IfJ > JuinMC logd, and o is either of the ReLU activation or any univariate
polynomial with degree q, there exists some parameters a* (aj ) j=1 € RY such that

1 T +T5 J 1 M 2

= Z so() o' +b) — —— > fm(vpa’) | < CLM (|| 7% 4 8%)
.] m — min bl

= t=T1+1 J: VM [

where ||a*||3 = O(J?|Jmin| 1) and ||a*||; = O(JM%)
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Proof. We only discuss the case of the ReL.U activation; the result for degree-q polynomial link
functions follows from the exact same analys1s Let J,, -+ be a set of neurons satisfying w; > 1 — 3¢
and J,, _ be a set of neurons with w; < —1+ 3. Also, we let Jm = Jm + U Jm _. According to
Lemma B, when J > Jin M7 log d, we have |Jm +ls \J —| > Jmin with high probability.

Ifj ¢ U Jm, we set a; = 0. Also, if Jm .+ or J,, _ contains more than J,,,;,, neurons, we
ignore the rest by simply setting a; = 0. Then,

2
Th+T5 J

1 1 . L -
o Z 5 Zaja(w;-rl‘t +b;) — \/ﬁ Z fm(vp")

t=T1+1 Jj=1

|1 2 i€ dm aja(ijx +05) = fm(vyx)|. For the j-th neuron in Jy 1., by
maj; similarly for the j-th neuron

For each m, we evaluate

using a; in Lemma 35 with N = | Jyy;

in J,, ,—» we define a < W(L N+, We obtain that

SS

a*a(uﬁ;—x +b5) — fn(v,) )

7 J
GE€Im
M * * v M * * *
< — Z aja(éjv;:v—l—bj) — fm(v,lx)| + 5 Z (aja(w r +b7) — a;o(6v,y, a:+b )
jej"L jej’m
S Cl(|Jmin‘_1 + 5)
The norm can be calculated from the construction. [ |

B.8. Fitting the Second Layer

This subsection proves the generalization error in Lemma 21, which concludes the proof of Theorem 4
together with the guarantee for the first-layer training (Lemma B).
Let a be the regularized empirical risk minimizer with L' or L? norm regularization:

A A
a = argmin L(a) + —|a|;,
a€R’ r
where £(a) = A Y02yt — 230 ajo(i] 2t +b))? and r € {1,2}. Let f(x) :=
% 23‘1:1 a ja(ijx + b;). Then, by the equivalence between convex regularizer and norm-constraint,
there exists A > 0 (which can be data dependent) such that

L(a) < L(a¥), |al|» <|la*|, (r=1or2). (B.32)
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Indeed, let g5 : R/ — R U {co} be the indicator function of the LP-norm ball with radius B > 0:

0 <B
gp(z) = (lll- < ) Then, the minimizer of the following norm constraint optimization
oo ([l > B)

problem
i = argmin £(z) + gp(z),
z€RJ

should satisfy VL(2) € —0gp(&) where dgp(&) is the subgradient of gp at #. We notice that
any element v in Ogp(Z) can be expressed by v = ¢v’ for some ¢ > 0 and v' € J||z||,|,=z. This
means that the minimizer Z of the norm-constrained problem is also the minimizer of the regularized
objective £(x) + ¢||z||,. By resetting the value ¢ as ¢ +— ¢/(p||Z||""), it is also the minimizer of the
objective £(z) + c||z]||".

Lemma 21 Suppose that J = O (Jmin M log(d)), and o be either of the ReLU activation or any
univariate polynomial with degree q. There exists A > 0 such that the ridge estimator a satisfies

MCrlog(d)

() = Fu(@)]] S M2 (| min] 7+ 8) + T

E.[

O(Mze~Y), and J = O(MCr+2e71), we have By | fa(z) — fo(2)]] S e.
On the other hand, for LASSO (r = 1) we have

2/5 3 r2C /s+1 2/s
1 — ~ JmlnM i log d
Eallfa(@) — fo(@)]) S M (ol 1“)*\/ o

with probability 1 — o4(1), for arbitrary s < oo (where the hidden constant may depend on
2C 1 ~

s). Therefore, by taking Ty = O(M'+ = _2_7) §=0(M" 25) Jmin = @(M%e_l), and

J= @(MCP 2e71), we have B, [| fa(x) — f«(x)|] < € (here we ignore polylogarithmic factors).

Proof. Let Far :— { fa | llallr < ||la*||+} and Pr, be the empirical distribution of the second stage:
Pr, =7 Zt T1 71 0z,. If we choose A as mentioned above, a satisfies the condition (B.32), which
yields that f; € Fu+. Therefore, we have that

I fa — fellLrcpy)
= ”f& - f*HLl(PI) - ||f& - f*HLl(PTQ) + Hfa — f*HLl(pT2)

< sup I fa = fellzipny — I fa— f*”Ll(PTQ)] + 1fa = fllL2(ppy)- (B.33)
a€R7:|al|<[la||

(1) First, we bound the second term || fa — f || 12( Py,)- Since L(f2) < L(fa*), we have that
T +Ts
Ifa — f*||%2(pT2) < | far — f*||%2(pT T Z (far (2') = fala®))V*

t=T1+1
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By the Hoeffding inequality, we have that

o T \/Hfa fa||L2(PT

= " (farla") — falz

T

t=T1+1

with high probability. The right hand side can be further bounded by

\/Ilfa* Jal2 e, \/Hfa* AT 2(PT)+Hfa—f*||§2(PT2)

—_

1 ~(1
,Hfa f*H%Q(PTQ) + §||fa* — f*||%2(pT2) + O<T2>,

\V)

by the Cauchy-Schwarz inequality. Then, by moving the term 5| f; — f:||? 12(py,) in the right hand
side to the left hand side, we have that

~ (1
1 = FullZaqpyy) < 3llfa = follZagey,) + 0<T>

with high probability. This also yields that

~ 1
1= Follzaeny) < V3l ar — Fllicen, + 0(m>
1

~ 1 1 1
=O( Mz(|Jpin| "2 + &2 +>
( (|min] ) T

where we used || fox — f*||L2(pT2) = O(M%(|Jmm|_% + éé)) by Lemma 38.

(2) The first term in (B.33) can be bounded by the standard Rademacher complexity argument (e.g.,
Chapter 4 of [Wail9]). Specifically, its expectation can be bounded as

E HIuT, LSEUHSJ(HJCQ = el = lfa = f*’Ll(PT2)>] (B.34)
Ti+Ty
iyt | 08| 75, 2 tele) = L)
Ti+T> t | TitTs t
<AE ., LT, feuﬂgf ZtZ%:HUtfa@?) +4E(zt7gt)tT=l;lTil Bt:%;rlatf*(x) , (B.35)
—:Rad(F,)

where (at)tTl}le is the i.i.d. Rademacher sequence which is independent of (xt)tT;;fjl and

we used the vector valued contraction inequality of the Rademacher complexity in the last in-
equality [Maul6]. Unfortunately, f.(X) is neither bounded nor sub-exponential, and thus we
cannot naively apply the Bernstein type concentration inequality to evaluate the right hand side.
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Hence, we utilize Markov’s inequality instead to convert (B.34) to a high probability bound on

SUPaer7:|jal|<la*|| | |.fa = FellLrpy) — [Ifa — f*HLl(PTQ)}-
From Lemma 48 of [DLS22] and its proof, for either of ReLU and polynomial activation, we
have

Rad(For) <\ 0 s (T foy (] 0+ £5)7) ),
2 J
for arbitrary s < 1/(1 —1/r). However, since max;{w;, b;} = O(1), we have max;{E,[o; (wJTx +
b;)*]} = O(1) whenever s < oo by noting that w]Tx is a Gaussian distribution with variance

Var(ija:) = O(1), which yields that the right hand side can be bounded as

a*

Rad(Fu+) < 2 H 1/”22 (r=2),
a

Rad(Fu+) < 3 ||1 l‘/ls (r=1),

where arbitrary s < oo (the hidden constant depends on s).
Applying Lemma 17 to the second term of (B.35) yields that

1 T1+T5 1 T1+T5
_ t S 2
E T Y afa)| < |E T S F(at)
t=T1+1 t=T1+1
1 2Q+1
=——+/E 3 X 5 =
= VER] S 2

(3) By combining evaluations of (1) and (2) together and ignoring polylogarithmic factors, we
obtain that

S U A
1o = Fllzaqeey 5 M2 (minl™ 42) + T2 4y 7 7

We set .J = O(JyuinMCP log d). Thus, for 7 = 2, by using Theorem 38, we have

(B.36)

(B.36) < M2 (|Jmin| ™" + &) +4—7+,/ J’Umd"

M log( )
15

D=

S M2 (|Jumin] ™+ ) +

Thus, by setting 75 = (:)(Mcpaﬂ), £ = é(M_%a), and Jpi = é(Még*l), we obtain that
(B.36) < e.
Similarly, for » = 1, by Theorem 38, we have

1
1 /1 JM>2

1 - - -
(|Jm1n| +E)+\/E+ Ty Ji-1/s
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T35 M2Ce/s+1 1og(d)1/s
5M%(|Jmin|_1 —i—é)—l—\/ min 7 Og( ) .
2

2cp+1

Thus, by setting T = O(M 5 727%), 5 = O(M2¢), and Juin = O(M2e1) with a suffi-
ciently large s, we obtain that (B.36) < ¢. |

Appendix C. Proof of CSQ Lower Bounds

We consider the CSQ lower bound for the following class F}’j; :

z~N(0,1y), y= erm (v} ) +

where fy, = q_p am,iHe; with v, € S Jamp| 2 1, Bpono [l fm )] =1 (m = 1,--- , M),

and v ~ N(0, s2). For the lower bound we may assume s = 0 since this is the easiest case for the
learner.

The correlational statistical query (CSQ) returns an expectation of the correlation between y and
a query function ¢: X — R up to an arbitrary (adversarial) error bounded by 7.

Definition 39 (Correlational statistical query) For a function g: X — R and parameters s, the
correlational statistical query oracle CSQ(g, <, T) returns

Ezylyg(z)] + v,

where v is an arbitrary noise that takes any value inv € [—T, T].

Without loss of generality, we assume ||g||;2 = 1. We prove the lower bounds on CSQ learner below.

C.1. Proof of Theorem 9(a)

We consider the following model with ¢ = 0:

r~N(0,1g), y=filz ﬁz Hepv x),
where {v1,- -+, v} is a randomly sampled subset (without duphcatlon) of the set S specified below.

Also, the followmg lemma guarantees that when M = 5(d) we have |E[y2] — 1| = o(1).

Lemma 40 For any A and d, there exists a set S of A unit vectors in R such that, for any u,v € S,
1
u # v, the inner product |u ' v| is bounded by d~2+/21og A.

Proof Let us sample A independent vectors vy, - - - ,v4 from the d-dimensional hypercube [ —

f f] For each pair of v; and v; (i # j), Hoeffding’s inequality yields

Pllv; vj| > ] < 2¢7"
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By setting t = d~'/2\/2Tog A, we have |v v;| < d='/2\/2Tog A with probability no less than

1 — . Taking the union bound, |v vj| < d~ 1/2, /2Tog A holds for all (4, 7) with probability no
less than 1-— A(A U > 0. This proves the existence of the desired S. |

As aresult, we obtam a set of functions {ﬁHep(v x)|ve S} with small pairwise correlation:

1 _ L) p
2

e” 2 dr=(u'v)P < d*g(2logA) .

1 1
——He,(u'z)  —=He,(v'z)
/ Vol " N/ (27)%
Based on this calculation, we know that each correlational query cannot obtain information of

the true function, except for the case when the true function is in a polynomial-sized set, as shown in
[Sz509].

Lemma 41 Suppose that F = { f1,- -, fx } is a finite set of functions such that |E,.zr( 1,y [fi(z) f;()]] <
e for all pairs of f; and f; with f; # f;. Then, for any query h satisfying ||h|| 2 < 1, there are at
most 722—5 functions f; that satisfy ‘Ez~N(0,Id)[f($)h(fE)H >T.

Proof. Let

St = {i € [K] | Epanrio,iplfi(@)h(2)] > 7} and S 2= {i € [K] | Epono,1p[fi(x)h(z)] < =7}

Then, because ||2|| < 1, Cauchy-Schwarz inequality yields

2 2
SePTP<E| (@) Y file)| SEN Y file) | | IS4+ (IS4 — 1S4
€S €S+
Therefore, we have that
1—¢ 1
S| < < .
| +|_7'2—5_7'2—5
The same argument applies to |S_|. [
Proof of Theorem 9(a).
Consider the number of queries (), the sequence of query {gi,- - , gg}. and tolerance 7.

According to Lemmas 40 and 41, if

2d¢
Q : 2 2 S Aa (Cl)
72 —d"2(2log A)2

for some C' > 0, there exists at least A(1 — d~¢) vectors v € S such that

B e[ <7 (=100

Now we consider the minimum value of 7 to satisfy (C.1). If we take

A>QditC and T > d”5(2Clog Qd) 4,
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we have
(LHS of (C.1)) < Q - dT(Clog Qd)~1 < A(Clog Qd)~ 1 < A,

which confirms (C.1).
Now consider the width-M additive model, for each query, we return the value of

| M-1y .
E mﬂ;\/ﬁHep(Umx)gi(fE)]

so that the learner cannot find the true vy; among A(1 — d~¢) possible directions, with probability at
least 1 — d~C. Failing to do so incurs an L>-error of Q( ﬁ) This is because for two sets of vectors
{vm }M_, and {7}, in the set S, we have

M 2
( Z foep v ) — W Z \}He,,(@h)) >2- 2% (B vm)Ps

and ¥ v, = 1 holds for at most M — 1 pairs and |} vy, | < d=%(2log A)? for the others if

{vm}M_| 2 {65 }M_, . Therefore, we conclude that if 7 > M~ ad i 7(ClogQd)7, the CSQ learner
cannot achieve an L2-error smaller than O ;) with probability more than d~C. [ |

C.2. Noisy CSQ and Proof of Theorem 9(b)

Now we prove the latter part of Theorem 9. We first explain why a lower bound with Q(1) error
cannot be achieved by naively extending the argument for Theorem 9(a).
A naive argument would go as follows. Suppose we construct some f () = \ﬁ Zm 1 f -He, (0,5,

where {01, -, 057} C S using queries with tolerance 9. Then || f.(z) — f(z)||;2 < 1 entails that
a constant fraction of {vy,--- ,v M} should be identified. Therefore, we may use such a CSQ learner
to learn a single-index functlon \ﬁ \FHep(vl x) as follows. If we add \ﬁ Zm 9 fHep(vTa:)

and apply the CSQ learner for f M fHep(v x), the learner would identify Q(1)-fraction
of {v1,- - ,vp} with probability €2(1). On the other hand, according to Theorem 9(a), learning
\ﬁ \FHep(vlT x) requires 7 < M~2d ¥ (Clog Qd)g = O(Mfédfg), with high probability. We
may identify v; with high probability by repeating this process for O(1) rounds; the CSQ lower
bound for single-index model therefore implies that 79 < M “34°1%

The mistake in the above derivation is that, for the additive model ﬁ M ﬁHep(v;x),
since the target direction v; to be hidden is not known by the oracle beforehand, the (adversarial)
oracle should prevent the identification of as many directions vy, va, ..., vps as possible; whereas in
the single-index setting \/%Hep(vl x), the oracle only need to “hide” one direction. Consequently,
we cannot directly connect the identification of €2(1)-fraction of target directions in the additive
model setting to the CSQ lower bound for learning single-index model.

To overcome this issue, we introduce the following sub-class of CSQ algorithms with i.i.d. noise.

Because the noise is not adversarial but random, the oracle for the single index model does not
use the information of the target direction, and hence the lower bound for single-index model now
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implies the failure of learning (1) fraction of directions. On the other hand, since the noise is no
longer adversarial, our lower bound in Theorem 9(b) has weaker the query dependence compared to
Theorem 9(a).

Definition 42 (Noisy CSQ) For a function g: X — R and parameters (s, T), noisy correlational
statistical query oracle NoisyCSQ(g, s, T) returns

Eaylyg(2)] + v,
where v follows from the following clipped Gaussian distribution:
v =max{—7,min{7,7}}, 7~ N(0,¢?).

The clipping operation matches the noisy CSQ with (¢, 7) with the standard CSQ with a tolerance
7. The following theorem gives a lower bound for noisy CSQ algorithms to learn a single-index
polynomial.

Theorem 43 Foranyp>0,¢>0,1>7>0,Q>0,C>0and M = 6(d%), consider learning

flx) = ﬁHep(vTx), where v is sampled from some distribution over S*~1. Suppose that

T

¢S ——.
~ Vdeg Qd

Then, for any learner using Q) noisy correlational queries NoisyCSQ(g, <, T), the tolerance T must
satisfy

(C2)

r S Qb aE(ogdQ) k2,

Otherwise, the learner cannot return f(x) = ﬁHep(@Tx) such that | f(x) — f(z)||2 < 1 with
probability more than O(d~°).

Proof. Due to the choice (C.2), we know that the clipping operation on the Gaussian noise does not
make a difference with probability 1 — d~¢. Thus in the following we simply consider that the pure
Gaussian noise is added to the expectation. We assume that the distribution where v is sampled from

is the uniform distribution over the set S consisting of A vectors, which is defined in Lemma 40.
Here A is taken as

A~ Qdst?,

so that it satisfies

2d¢
Q- _D D _P
2d"2(2log A)2 —d™2(2log A)

P =
2

As an intermediate claim, we show that if E[q; (z)y], - - - , E[gi(2)y] are bounded by d~ 2 (2log A) %,
then E[g;;1 (z)y] is also bounded by 2d~% (2log A)2 with probability at least 1 — O(Q~1d~C). As-
sume that E[q; (2)y], - - - , E[gi(2)y] are bounded by % (2log A)%. According to Lemma 41, for

each query ¢(z), there are at most m vectors that has correlation larger than d~ 2 (2log A) 2.
2 og 2
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Thus, there are at least (1 — d‘%% possible vectors that satisfy the assumption. Under
2 og

this, use Lemma 44 with apax = \/Qd 2(2log M)

5and D = Q(%) Then, when
d"2(log A)2

<Z<Q%v%‘gﬁong)%“

we cannot find the desired vector with probability more than O(D~1!) = O(%) This also
og

implies that we cannot find any vector that satisfies |E[g;11(z)y]| > d~%(2log A)% with probability
more than O(Q~1d~%); this is because otherwise we can select one of 2

2% (2log A) 5 a% (2log A)g
vectors that satisfy |E[g;+1(z)y]| > d~%(2log A)? and output as the prediction of the true vector,

which would succeed with probability more than O(ﬁ).
Now, we obtain that, with probability at least 1 — O(d~%), E[q1(x)y], - - - , E[gg(x)y] are all

bounded by d-2 (2log A)%_ Again, there are at least (1 — d_c)% possible vectors that
d"2(2logA)2

satisfy the conditions E[g; (z)y],- - - ,E[go(z)y] < d~%(2log A)%. Under this, we apply Lemma 44
with the same a2 and D~ as previously, and hence we cannot identify the right vector with

. —1y _ Q'd—¢ < —C
probability more than O(D ™) O(idg 2og 1) ) S Od™©).

Therefore, we cannot return the correct vector in A with probability more than O(d~¢). n

Lemmadd Let A; = (a1, ,ai0) € R (i = 1,---,D) be sequences of Q real values
satisfying |a; ;| < amax. Suppose that one of A; is uniformly randomly chosen an observation
(b1, ,bg) € R¥ is generated as

bj ~N(aij,<®) (j=1,-,Q).

Then, if

$ 2 Q2 amax\/log D, (C.3)
any algorithm cannot identify which A; is selected with probability more than 1 — O(D~1).

Proof. The optimal strategy is to calculate the likelihood function and select the one with which the
index i takes the largest value. Let the likelihood function of the i-th sequence be p;(b) for B € R%.
We aim to bound the success probability by O(D~1).

1
/ maxpl B)dB < o (C4)

To simplify the discussion, we assume ¢ = 1 (because scaling does not affect whether the statement
holds). Then, (C.3) implies a2 . < 2Q~!. We have

1 BJ]?
5 /exp(—” 2” +mZaXBTAZ->dB. (C.5)

2m)2

(C4)x D <
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We bound the expectation of exp(max; B A;) conditioned on || B||. By Hoeffding’s inequality,
max; B A; < amax||B||v/log 61 with probability at least 1 — &. Thus,

— 1 ;
EBNSQ_l(HBH) [exp(mzax BTAl)] < Z ? exp <6Lmax||B|| 10g(D21)>
i=1

oo
§/ exp(amaXHBHx/log(DQt) —tlog2)dt
t=1
< amaxHB“\/logD/ exp amaXHBH /tlog2—t10g2>

2
§amaXHB||exp< e[ B + max||B\\/logD>+1

4

Applying this to (C.5) yields

1 1-QY|B|?
(C.5) S, @) /amax”BHeXp<_(QQ)|H +amaX”BH\/ logD)dB—i— 1.

(2m)2

Here we used a2, < 2Q~'. We bound the first term as follows:

1 1—-Q YHY|BJ?
o )Q/amaXHBHeXp<—( 5 1B +amaXHBH\/logD>dB
)2

1 QH /112 / 1
_ 3 (2)22 /amax\B'rexp<—”i” + o ”Qvl_OlgD>dB’ (B =(1-Q)B)
)2 -

o —1 Q+1 _ amuxs\/@
_ 2amax(1— Q)" / PR 00, (o= )
0

291(%)
Qt
_ Omax 7(1 Q 1 famax IOgD <Q > <Q § amaxlogD>
LT =R GORIERE =
Q+1 Q+1 1 a2, log D
(GG )] co

where 1 F (x1; x9; x3) is the confluent hypergeometric function of the first kind defined as

o
r1(x1+1 x1+n—1)z% :):+zac
1F1(1‘1;ZE2;133):Z$1E 1h 1) e = :an H ; .

wa(ra 1) (z2+n—1)n T2 41
We can evaluate 1 [} (% +1; %; 3‘2(“1aj$§1[))) as
rnaxlOgD
Q. . 3 d, logD 3 + 1+ 55t
P2 412, toax S
11<2+ 2,2( Z H 2+Z
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if (+1)gftl < 31 2 Qal

1if 1 > Qa2 log D holds. Also, (1 — Q‘l)fT < 1. Thus, we have
Qi1
x2 2 1
COHSTE o= {amax logDr<Q + 1> +F<Q+ )}
ey 2 2
1
22 1
< am?g; [amax\/logpr< )+F<Q;L )]
2

a?naxﬁ\/logD<§ + 1> + amax\/i<Q> ’

2

max

log D holds. In the same way, we have | F} <Q— 3 g

S

where we used I'(z + ) = [~ Oe_ttx+2dt < ([5 e‘ttxdt) ([iZ et tae) : < (I(z +
1))%(F(:n))% = x%F( ) (by Holder’s inequality; this argument is borrowed from [Qil0]) and
amaXQ% V1og D < 1. Therefore, we have successfully obtained (C.4) and the assertion follows.

|
Proof. [Proof of Theorem 9(b)] Consider learning the following model
x~N(0,1Iy), y=filz ——He, (v, ),
0= 7 3 e
where {v1 - -+, vps} is a randomly sampled subset (without duplication) of the set S used in the proof

of Lemma 43. Recall that Lemma 40 guarantees that when M = (d) we have |E[y2] — 1| = o(1).
According to Theorem 43, for any learner using () noisy correlational queries with parameters
(¢, 7), to learn a univariate polynomial ﬁHep(vTx), the tolerance must satisfy

_ Q:(logdQ) !
T - 1 p
Y Madh
otherwise, the learning will fail with probability more than 1 — O(d~%).

If an algorithm learns F C ]-"5 71({4 . with @ noisy correlation queries and returns a function
with L2-error smaller than 1, we know that the algorithm need to identify at least (1)-fraction of
directions {vy, - -+ ,vpr}. If so, we can use such a learner to solve the single-index polynomials, by
adding M — 1 random functions ﬁHep(v;x) to the given single-index polynomial and then apply
the algorithm. The lower bound therefore follows from the single-index CSQ lower bound stated in
Theorem Theorem 43. |

Appendix D. Proof of SQ Lower Bound

This section considers the SQ lower bound for F 5 ’X4 .- The statistical query oracle is formally defined
as follows, which covers the previous CSQ as a special case.

64

1 max 1Og D

D

><
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Definition 45 For a function g: X x )Y — R and a tolerance T > 0, statistical query oracle
SQ(g, ) returns any value in

[Eeylg(x,y)] — 7, Epylg(x, y)] + 7].

In the following, we assume bounded queries SQ: R? x R — [—1,1].

As mentioned in the main text, one motivation of our consideration of SQ learner is the exis-
tence of efficient SQ algorithms that can solve multi-index regression beyond the CSQ complexity.
Specifically, the algorithm proposed in [CM20] learns single-index polynomials (i.e., the case of
K = 1) with sample complexity O(d) for any constants p, ¢ = Og4(1); this result can also include
the multi-index model up to K = O(1), under a certain non-degeneracy condition. In the first stage
of their algorithm, the labels y are transformed so that the information exponent is reduced to 2,
which enables a warm start; after that, projected gradient descent exponentially converges to the
relevant directions. Although [CM20] only considered the noiseless case (i.e., ¢ = 0), it is easy to
extend their strategy to the noisy setting. Specifically, the warm-start algorithm can handle label
noise with standard concentration arguments, and for the second stage, O(d) sample complexity is
also obtained despite the loss of exponential convergence.

However, Theorem 11 suggests that such linear-in-d complexity is no longer feasible for SQ
learners to learn our additive model class. Specifically, our lower bound implies that for M =< d”
with v > 0, the exponent in the dimension dependence can be made arbitrarily large by varying
p,q = Og4(1). This highlights the fundamental computational hardness of the larger M setting.

D.1. Superorthogonal Polynomials

Theorem 11 relies on the existence of superorthogonal polynomials defined in Lemma 13. Recall
that superorthogonality means that a polynomial and its 2-, - - - | K -th exponentiations are orthogonal,
in a sense of inner product with respect to the standard Gaussian, to any polynomials up to degree
L whose expectation is 0. For K = 1, f(x) = Her1(x) satisfies the condition. However, for
K > 2, it is far from trivial that such a function exists. We defer the proof of Proposition 13 to
Appendices D.2 and D.3, and proceed to explain how Proposition 13 is used in the SQ lower bound.

We utilize the following fact that the expectation E[¢(z, y)] can be Taylor expanded with respect
to a small perturbation of y, due to the Gaussian noise added to y.

Lemma 46 Suppose that |g(z,y)| < 1 for any (z,y) € R? x R. Then, for § < 1, we have

K
Eenoe)lg(@, 2+ 0 +8)] =Y ax(x, 2)6% + O(55H),
k=0
where aj,(z,z) = fg(a:,w)(%e_(w_z)Q/QgQ)dw =0(1).

Proof. The proof follows from the change-of-variables in integration. Specifically, by letting
w=z+0+e¢,

E£~N(0,§2) [g(fl), z+6+ E)]
= /g(:r, z+0+ 6)6_a2/2§2d6
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K
1 d* ,
I / g(@, w)e” =2 qyy 51

=:ay(z,z)

1 dK+1
(K + 1)l dzK+1

K
=Y [ wanie, 5 + 0@,
k=0

/g(x, w)e™ (=225 qu - 65F1L (for some 2)

z=z'

Note that each a;(x, z) is O(1) because |g(x,w)| < 1. [ |
Proof of Theorem 11.  Suppose for sake of contradiction 7 = d”. Let us take A = eV in
Lemma 40. Then, we have a set of unit vectors S C S? ! such that two distinct vectors have an
inner product at most O(d™ i 7). To construct the target function, we randomly draw {v,, }M_, from
Sandlet f,, = fform=1,.---, M, where f is a superorthogonal polynomial from Propos1t10n 13
with K > pr +2and L > 4(7 + p) — 1. In addition, we construct a different target function

f SSML (!, Tx) with {v), }M_ in the same fashion.

For each m, we prove that the following holds for at least 1 — O(e*‘/g(M 24d2r)) fraction of
random choices of vy, v]:

m—1 M
E g<$7\/1M Z_: f(Ur—rrL’x Jle;mf m/ .’,12' )
M
=E ( er Tx) leznzﬂf T ) ) +o(M~'d™"). (D.1)

This is to say, when M is large, swapping one single-index task results in small change in the query
value. To see this, from Lemma 46, we have

m—1 M
1 T 1
Ec q(m, — Z f, =)+ — Z f(vm/x)—i-s)
Mm’:l Mm’:m
1 m—1 - 1 M
=E T, —— v )+ —— V) + €
oo ST g 3 st
K m—1 M
1 T 1 T (v} ) K
+ > apl|lz,— v T) + — V) | —S—4+o(M~2). (D2

Note that | [ f(v;x)f(v;x)e_“x||2/2dx| < d-EADA < M3, if v; # vj. Now from Lemma 41,
for each k, the number of v,,, that satisfy

m—1
ag (3:, 1]\4 f(U;n'Tw Z () ) F o )]

i
m/=1 m’*m—l—l Mz

E > oM 4P,
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is at most O(M?2d??). Thus, except for O(K M?d?*) choices of v,,, taking expectation of (D.2)
yields

(D.2) = E.

1 m—1 T 1 M -
g<x7\/ﬂ 2 f(vm’ x)—i_ﬁ Z f(vm’x)+6>

m/=m+1

Thus in similar fashion,

(D3)=E +o(M~td™"),

1 & 1 U LT
g(m, — Z flogz) + — Z f(u,, x)+e
VM = vM
which yields (D.1). By recursively applying (D.1), we have

R 1 &
E [q (x, Wi mzz:l f(v,lz) + 5) q (a:, NI mz::l f(va:c) + 8)

for (e\/g — O(M?d*))M > e‘/aM(l - e‘Q(‘/a)) choices of vy, - -+ ,vp.
Therefore, we may return the value of E [g(:r, ﬁ M fol )+ 8)} for a specific choice of

—E +o(d )

{om }M_, fixed a priori, so that each query only removes at most e~ V) fraction of the possible

choices of vy, - -+, vpy, but gives no information about the remaining directions. Thus, with probabil-
ity at least 1 — Qe*Q(‘/g), e‘/gM(l — Qe*Q(‘@) possible choices of vy, - - - , vps are equally likely.
On the other hand, for each choice of ﬁ Z%Zl f(v,] x), there are at most eVaM/2 possible choices
of f(v} 1), - ,f(vng) if the L2-error between ﬁ Z%zl f(v,) x) and \/% Z%zl fol, ") s

less than 1; so in order to output a function with small O(1) error, we need to isolate one of the
O(e‘/aM ) possible hypotheses. This completes the proof of Theorem 11. |

D.2. Reparameterization of Polynomials

The proof of Proposition 13 requires several new techniques. We begin by introducing an auxil-
iary class of polynomials {h,(z)} parameterized by a = (ax;) € [—1,1]L*K that satisfies the
three properties below. This is to avoid adjusting coefficients of f(x) directly, because solving
f(f(ar))kHel(x)e*‘”Q/zdx =0(1 <k < K,1<1< L) as simultaneous high-order equations of
the coefficients would be difficult.

(P1) ha(x) # 0.

(P2) Forevery 1 <k < K,1<I<L, f(ha(x))kHel(x)e_xQ/zdx is continuous with respect to a.

(P3) [ (ha(x))*He(z)e**/2dz > 0 holds if ag; = 1, and [(ha(x))*He(z)e**/2dz < 0 holds
if Al = —1.
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Figure 2: Tllustration of the proof for I = 3. For each i = 1,2, 3, a 2-dimensional curved surface 7; on
which A;(a) = 0 divides the hypercube. First, we take A; = 7;. Then, we take the intersection
between \; and 7o, which is a curved line and connects one of its boundary on S;r and the other
in S5 . Finally, we consider the intersection of A2 and 73. Because A connects the points in S;r
and S5 while 73 divides the hypercube into the part containing S; and the one containing S5,
A3 = Ag N7y is not an empty set and A; (a) = Aaz(a) = Az(a) = 0 holds on 3.

The following lemma shows that these three properties entails the existence of a desired superorthog-
onal polynomial.

Lemma 47 If{h,(z)} satisfies (P1)-(P3), there exists some coefficient a such that f(ha(:c))kHel(az)e_x2/2dx =
0 holds for every 1 < k < K and1 <1 < L but f(ha(x))Qe*xz/de > 0.

Proof. As handling two subscripts k, [ can be notation-heavy, we prove the following restated claim.
For I € N, we consider a vector a € [—1,1]! and functions 4;: R — R, satisfying

(P2)’ For every i, A;(a) is continuous with respect to a, and
(P3)” A;(a) > 0holds if a; = 1, and A;(a) < 0 holds if a; = —1,

and prove that there exists some a € [—1, 1]/ such that A;(a) = 0 for all i. Regarding as (k, 1) and
Aas [ (ha(ac))kHel(x)e*xQ/ 2dz, this is equivalent to the assertion in the above lemma.

We name each surface of the hypercube [—1, 1] as follows: the surface with a; = 1 is denoted
as Sj and the surface with a; = —1 as S; . Because of (P2)’ and (P3)’, the hypercube [—1, 1]I
is divided into two parts by the curved surface 7; C [—1, 1]/, on which A;(a) = 0 holds, and the
surface is homeomorphic to [—1, 1]/~1. Clearly, one part contains Sf and the other contains S; .

Now, we inductively see that there exists A; C [—1, 1]/ homeomorphic to [—1, 1]/~ on which
Aj(a) = 0 holds. This is true for ¢ = 1, by taking A\; = ;. When this is true for ¢, and the
boundary of \; is on all surfaces of the hypercube except for S;, - - - ,S;r and S ,---,5;, we
can take \jy1 € A\; N 741, on which Aj(a) = 0 holds for j = 1,--- ,4 + 1, which is homeomor-
phic to [-1,1)1 —(+1) | and the boundary of which is on all surfaces of the hypercube except for
Sf e ,Si':l and Sy ,--- 7Si_+l' Therefore by induction, we obtain A\; C A;_1 Ny, which contains
at least one point and on which A;(a) = 0 holds for j = 1,--- , I. See Figure 2 for illustration of
the case where I = 3. |
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Our next goal is to construct {h,(x)} that satisfy the above properties. (P1) and (P2) are easily
checked in the following construction. To meet (P3), we introduce an auxiliary class of functions
{R}(x)} and will later approximate it using polynomials in Section D.3.

We first provide a high-level sketch on the construction of the auxiliary class {h}(x)} using
Figure 3. In particular, we need to adjust the following value to satisfy (P3)

/ (f(z))FHey(z)e™*"2dx. (D.4)

First, we fix the exponent k£ and consider to make the value (D.4) all 0 for [ = 1,2,--- , L.
Directly adjusting coefficients of f(x) by regarding (D.4) as simultaneous high-order polynomials of
the coefficients of f(z) would be difficult. Instead, we re-parameterize the problem as an almost
linear simultaneous equation with respect to the new parameters.

Specifically, we consider a piecewise linear function defined as follows. First, we focus on (D.4)
for a specific k by considering a {0, 1}-valued function (See Figure 3(a)). We divide (an interval
of) the real line into equal intervals, which are indexed by ¢; and ¢3, with width ¢, and for each
interval, we assign a value of 1 to the left half and assign the remaining portion a value of 0. Then, we
consider the value of (D.4), which is the expectation of a multiplication of this function and a Hermite
polynomial He;(x). If the interval gets small, this is approximately equal to taking expectations of a
multiplication between a constant function and the Hermite polynomial. In other words, the value of
(D.4) gets closer to 0 as the interval gets small smaller.

To modify the integral value for a specific I, we move the right end of each interval beginning
from z;, proportionally to the value of He;(z;). If we move each right ends O(a;eHe;(z;)) (a; is a
scalar), then (D.4) for the specific [ changes almost linearly with respect to a;, while (D.4) for the
other [ remains (approximately) the same. In this way, we fine-tune the value of (D.4) for each [
separately by changing the parameter a;.

Next, we consider how to simultaneously address different exponentiations £ = 1,..., K. We
divide each interval of width ¢ into K different sub-intervals indexed by 1, ..., K (see Figure 3(b)).
For the j-th sub-interval, we let the height of the indicator function to be % If we change the length
of the j-th sub-interval proportionally to ecv;, 4, j (j = 1,2, -, K), this is approximately equivalent
to setting the value of each (f(z))* around z;, ;, proportionally to

iy in,1
ai17i272

N , (D.5)

Qiy ig, K k

where V € REXK jg a variant of the Vandermonde matrix defined as follows:

1 2 1
COLNNC SRR

Vie=| % K
BF @

The following lemma implies that we can change each coordinate of V- (v, 4, 1, 0, 5.2, : Qi i, K)—r
in (D.5) arbitrarily by adjusting the values of o, ;, 1, - , @, 4, k- In this way, we can control the
contribution of ( f(x))* to the integral values separately for different k at each interval.
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(a) Approximating an integral value with

indicator functions (b) Addressing different exponentiations

Figure 3: Approximation via piecewise constant function. Figure 3(a): shifting the right end of each
indicator function proportionally to f(x;) is approximately equivalent to subtracting O(f(z)) from
(h*(z))* in the sense of integral value. Figure 3(b): By considering the staircase function, we can
simultaneously modify the contribution of the different exponents of i (x) to the integral.

Putting it all together, we can adjust the integral values of (D.4) separately for each k and [
to satisfy (P3). After obtaining a function class {h ()} sketched above, approximating indicator
functions by polynomials yields the desired class {h,(x)} that satisfies (P1)-(P3) in Section D.3.

Lemma 48 The matrix V is invertible.

Proof. Let
[ 1 1 .- 1]
1 To o TR41
V, o= | (@) (22)® - (zr1)?|. (D.6)
_(l'l)K (902)K T ($K+1)K_

Because of the formula for the determinant of the block matrix, we have

Tl €2 e TK TK+1
det(V,) = (=1)"-det | | (@1)?  (22)® - (@x)*| —1.| : |(@,---.1)
S : .
[(z)® (z2)® o (zr)"™ )

It is a well-known fact on the Vandermonde matrix that det (V) # 0 when z; # xj; foralli # j. Let
T = %,mg = %, -+ o = 1,2x 41 = 0. Then, the LHS of (D.6) is det(V}) # 0 and the RHS of
(D.6) is equal to (—1)"det(V"). Therefore, we have obtained that det(V") # 0. [

Now we formalize the above proof sketch. We let

M, = max HV_laH
ac[-1,1]K o0

and define the function class {h%(x)}.
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Definition 49 (An auxiliary class {h}(x)}) Let 1,:(x) (s < t) be an indicator function satisfying
Ls¢(x) = 1for s <z < tand = 0 otherwise. Fix K, L, Ay, and Ay, and let € := A%' We define a

class of functions {h}(x)}, parameterized by o = (Qiy in.j) € [—1,1]2ArxA2xXE

A1—1 As—1 K

J
E E E = .1 . i o i . D.7
K itiset 30=0 ey e 2D g ””2%(33) (D7)

i1=—A1 i2=0 j=1 4K

Then, we construct a map from a € REXE 1o « as follows. For each i1, 2, we define (c(a)i, iy.5)%

j=1
as
(@)iy i1 Zi:l a1, Hey (i1 + ize)
O‘(a)ihim? L 1 ! Zl:l a?,lHel(il + i25)
- M M; : '
a(a)iy iy, K S age Hey(iy + ige)

where My 1= max;<j<; max_4,<z<A, |Hei(x)|. Based on this, we define h;(x) by

hiy(x) = hl ()

From the definitions of My, Ma, we have ||a(a)||co < 1. Thus in (D.7), each interval of the indicator

function does not overlap with the others and the right end is contained in [i1 + i2e + ( )6 11 +
4(j—1)+2 ]
=%l

19€ +

Lemma 50 There exist constants Ay and Ay such that h*(a) defined in Theorem 49 satisfy the
property (P3). Specifically, when a; j = 1, we have

/ (h(z)) He;(z)e > /2dz > 0,

and when a; ; = —1, we have

/ (1 (@) He; (2)e " 2da < 0,
foralll <i < Landl1 <j<K.

Proof. First, we decompose the integral as follows:

(AG =D +2+ey iy 5)E

A1—1 As—1 K . i1+ige+ =
* z2/2 _ 4 —z2/2
/(ha(x)) Heie ™™ /2dx = E E E < > /Z o He;(x)e dz

i1=—A1 12=0 j=1 1+i2e+

(4(G=1)+2)
+(8G=1)42)e

A1—1 A—1 K . i1+ise B )
Z Z Z( > / Hey(z)e™® 2dz (D.8)
i 4(] 1)5

i1=—A1 12=0 j=1 1Higet =
(4G -D+2+4a4 iy 5)

A§1 :1 Af:l K ] 11+i2e+ 1K 2/2
—T
’ Z< > /z aG=1yv2e Hey(x)e™ /“da
4K

i1=—A1 i2=0 j=1 i1 t+i2e+

(D.9)
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For the first term, we have

K 9 j k A1 1 A2 T iy +(ia+1)e )
(D.8)=Z<) >/ Hey(w)e =" 2dz + O(4; 1)

i1=—A1 12=0 1+ize

SENFANS 2/ 1
_24(1() / He(z)e™® /2dx + O(A71)

—A

|
.

(A3 % A)O(e™ /%) 1 0(A7 1Y), (D.10)

where O(A5 1. A1) is the big-O notation that treats A; as a constant. Moreover, by the definition of
a(a),

A1—1 As—1 .
1 2 i1+ (i2+1)e i kO[“,zg ] —22/2 1
(D9 = E —c He(@)e™ Pde + O(4; 7 A)

1= 7,41 io= 0 11+1i2e
Al A1 11+(12+1) L ,

- He; (i1 +i —2?/2 -1,

- Z Z M1M2 /“ri . Za’k’JHe](Zl + ige)Hey(z)e ™/ ?dx + O(A5 "5 Ay)
11=—A1 12=0 1122 j=1

> ay jHe;j (z)He(z)e ™" 2dz + O(A;'; Ay)

A1—1 Ax—1 1 /1'1-1-(1'2-1—1)6 L
(2 j:].

i1+i2€e

A
Qe / He? (z)e *"/2dz + O(A7 " Ay)

MiMs J_ 4,
a1 — 2 _ _ A2
= MIMZ/HeZQ(x)e 24z + O(A7Y Ar) + O(e=41/2) (D.11)

Now, (D.10) and (D.11) yield

/ (1% (2)) P Here—2*/2dg =~k / He(z)e ™2z + O(A;; Ay) + O(e~41/2),
My Mo

Since ﬁ / He? (x)e“”Q/ 2dx > 0, by taking A; sufficiently large and then taking A, sufficiently

large, we obtain the assertion. |

D.3. Polynomial Approximation of 1,

Finally, we consider the polynomial approximation of A, which can be reduced to polynomial
approximation of each of the indicator functions. Approximation of the step/sign/indicator functions
has been studied since the nineteenth century [Zol77; Akh90; EY07]. Among them, [EYO07] consid-
ered the polynomial approximation of sgn(x) and proved the following result: the approximation
error L, (9) with degree-m polynomials, in the interval of [—1, —d] U [4, 1], satisfies

. 1+96 1-9
i V(TE5) 0 = 5

This entails that, until 7 becomes larger than 6!, the error drops proportionally to O(m~/25=1/2),
After that, the error exponentially decreases, proportionally to e~9™. However,this result is not
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directly applicable to our Gaussian setting, since the error bound is for a fixed interval. Also, the
coefficients of the polynomial are not characterized (hence higher-order polynomials could become
larger outside of the interval). Consequently, increasing the order of polynomials may not give
smaller approximation error in expectation.

Therefore, we instead make use of the following fact of Hermite expansion.

Proposition 51 (Theorems 3 and 6 of [Muc70]) LetU(z) = e~ /2(1+|z|)P and V (z) = e~ /2(1+
|z|)B, where b < 0, B > —2/3, and b < B — 1/3. s,(x; f) denotes the n-th partial sum of a
Hermite series for the target function f. If

/_Oo |[f(@)[V(2)(1 +log™ |z] +log™ | f(x)]) < o0,

then we have that

o0

lim |sn(z; f) = f(2)|PU(x)Pdx = 0.

n—oo [
We can therefore approximate 1o o, with an arbitrary accuracy with respect to the integral values.

Lemma 52 There exists a sequence of polynomials {p, } such that

[e.e]

lim P () — Lo.00(2)|*Hey (z)e ™" /2dz = 0

n—o00 J_

holds forall1 <k < Kand1 <[ < L.

Proof. Let us take b = —1 and B = 0 in Proposition 51. Because 1 o () is bounded, it is easy to
see that [ 1o oo(x)V (2)(1 + log™ |&] + log™ [10,00(2)]) < oo holds. We have that

o0

0= ILm |8n.(25 10,00) — Lo.00(2) KU (2) K da
> lim |5n(2/(K + 1); Lo.00) — Lo.oo ()| Hey(z)e™**/2da.

n—o0 J_

Therefore, we arrive at a sequence of polynomials g, (x) := sp(z/(K +1); Loco(- X (K + 1)) such
that

o0

lim l5n(2/ (K + 1); Lo.00) — Looo(x)|*Hey(z)e **/2dz = 0
n—oo [ o
holdsforalll1 < k< Kand1 <[ < L. [ |

Now we have obtained some p,, with which we can approximate each of the indicator functions that
consists of i} up to arbitrary accuracy. Each function A, is not identically zero, and the integral
value of h,, is continuous with respect to . Therefore, there exists a class of polynomials {h,(z)}
that satisfies (P1)-(P3).
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