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Abstract

We study the iteration complexity of decentralized learning of approximate correlated equilibria in
incomplete information games.

On the negative side, we prove that in extensive-form games, assuming PPAD ¢ TIME (nPoY'og(n)),
any polynomial-time learning algorithms must take at least 9logs ™" (I71) jterations to converge to
the set of e-approximate correlated equilibrium, where |Z| is the number of nodes in the game and
€ > 0 is an absolute constant. This nearly matches, up to the o(1) term, the algorithms of (Peng
and Rubinstein, 2024; Dagan et al., 2024) for learning e-approximate correlated equilibrium, and
resolves an open question of Anagnostides, Kalavasis, Sandholm, and Zampetakis (Anagnostides
et al., 2024). Our lower bound holds even for the easier solution concept of e-approximate coarse
correlated equilibrium

On the positive side, we give uncoupled dynamics that reach e-approximate correlated equi-
libria of a Bayesian game in polylogarithmic iterations, without any dependence of the number of
types. This demonstrates a separation between Bayesian games and extensive-form games.
Keywords: Online learning, regret minimization, game theory, computational complexity

1. Introduction

Our work considers fundamental questions on modeling and designing agents who learn to interact
in settings with incomplete information. From an online learning perspective, we want agents that
achieve low external regret', ideally also satisfying the stronger notion of low swap regret. From a
game theory perspective, we consider agents that learn to play in games of incomplete information;
we ask whether they can efficiently converge to the set of approximate coarse coarse correlated
(CCE) equilibria, ideally also satisfying the stronger notion of approximate correlated equilibria
(CE). The connection between online learning and equilibrium computation is well-known (e.g.
see Blum and Mansour (2007)): If each agent runs an online learning algorithm with low external
regret, then the empirical distribution converges to the set of approximate CCE; if it further satisfies
low swap regret, then the distribution converges to the set of approximate CE .

Correlated equilibria (specifically, normal-form correlated equilibria, NFCE?) have long been
conjectured intractable Von Stengel and Forges (2008), until recently Dagan et al. (2024); Peng

1. Definitions of external and swap regret, Bayesian and extensive-form games, and various notions of equilibria are
deferred to Section 2.

2. Different variants of CCE and CE have been considered for games of incomplete information. In what is arguably
the most natural and desired variant, normal-form CE (NFCE), the correlation can be implemented by a correlating
device sending each player a signal ex-ante, i.e. one signal that is independent of their type (in Bayesian game) or
node in the game tree (in an extensive-form game). Motivated primarily by the conjecture that NFCE are intractable,
several other variants have been considered Von Stengel and Forges (2008); Fujii (2023).

© 2024 B. Peng & A. Rubinstein.
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and Rubinstein (2024) gave algorithms that, for both Bayesian games and more general extensive-
form games, compute e-NFCE in (|Z|log(n))?(1/€) iterations of uncoupled dynamics, where |Z|
is the size of the game (number of types or game nodes) and n is the number of actions. Put in
the language of online learning, agents can achieve e-swap regret after (|Z|log(n))°(1/¢) iterations.
While this is polynomial in the full description of the game, the dependence on |Z| (which is often
combinatorial in natural game parameters) is undesirable.

A natural question is whether the algorithms of Dagan et al. (2024); Peng and Rubinstein (2024)
can be improved. Our results show that the answer depends on whether we have a Bayesian game
or an extensive-form game:

A lower bound on (poly-time) external regret in extensive-form games Recent work of Anag-
nostides et al. (2024) showed that even with only three players, and even if one settles for the weaker
desiderata of low external regret or approximate coarse correlated equilibrium, they cannot be
achieved in extensive-form games by polynomial-time agents running for fewer than glog, =M (Iz])
iterations, assuming the “ETH for PPAD” Babichenko et al. (2016). In this work we give an im-

proved reduction that:

. . . 1—o(1) . ..
o Raises the lower bound on the number of iterations to 21082 (Iz D; notice that this is almost

tight as 210%5“(1)(‘1') is already sufficient by Dagan et al. (2024); Peng and Rubinstein (2024).

« Weakens the complexity assumption from PPAD ¢ TIME(2(™) to PPAD ¢ TIME(nPolviog(n)):
this lower bound is almost tight since if PPAD = FP players can simply compute and play a
Nash equilibrium.

Theorem 1 Let ¢ > 0 be an absolute constant. Assuming PPAD ¢ TIME(nPY98(")) there is no
polynomial time learning dynamics that guarantee to converge to the set of e-CCE of a three player

Mz

1—
extensive-form game in 2'°%2 iterations.

This resolves an open question of Anagnostides et al. (2024) on the iteration complexity of CCE
in extensive-form games, up to the o(1) term in the exponential.

An algorithm for swap regret minimization in Bayesian games Our second result shows that
for Bayesian games, there is a much better learning dynamics: it runs in time polynomial in the
game description, and achieves e-swap regret (equivalently, e-CE), using only (log(n)/e?)?(1/€)
iterations; in particular there is no dependence whatsoever on the number of types!

Theorem 2 Let € > 0 and n be the number of actions. There is an uncoupled dynamic that
converges to the set of e-CE of a Bayesian game in (log(n)/€2)°1/9) iterations.

This separates the complexity of computing e-CE in Bayesian and extensive-form games.

1.1. A brief overview of our approach
1.1.1. LOWER BOUND FOR EXTENSIVE-FORM GAME

We first review the previous lower bound of Anagnostides et al. (2024), which is based on a frame-
work of Foster et al. (2023). Then we give a high level overview of our new ideas.



Previous approach Recent work of Foster et al. (2023) gives a new framework for lower bounding
the number of iterations for obtaining approximate CCE; Foster et al. (2023) originally used this idea
to Markov games, and Anagnostides et al. (2024) very recently applied it to extensive form games.
These reductions -as well as ours- are based on three key ideas:

Low rank CCE We say that a correlated distribution is low rank (called “sparse” in previous
work?) if it can be written as a mixture of a small number of product distributions. Uncoupled
learning dynamics where agents independently update their strategies based on the history of
play induce correlated distributions whose rank is at most the number of iterations. The re-
ductions prove hardness results for the problem of computing low-rank approximate CCE;
as a corollary, computationally efficient uncoupled dynamics cannot approach approximate
CCE / low external regret.

Repeated game At a high level, the reductions in Foster et al. (2023); Anagnostides et al. (2024)
begin with a normal-form game where (approximate) Nash equilibrium is hard to find. The
reductions construct an extensive form (or Markov) game which sequentially repeats the hard
normal-form game H times. Even though it is easy to find an (approximate) CCE in the
normal-form game, recall that it is crucial that each player only observes their signal. How-
ever if the CCE is low rank, the players can learn each other’s signals from their strategies in
previous repetitions, breaking the correlation.

Kibitzer player The downside of sequentially repeating the normal-form games is that it brings
spurious equilibria which don’t exist in the single-shot game; in particular, equilibria where
players may be incentivized to play low-payoff actions with threats of retaliations in future
repetitions of the game. To circumvent these artifacts of extensive-form games, we would
like to re-normalize the payoff of each player in each repetition with respect to other players’
strategies, then players are incentivized to play myopically because any (dis)advantage they
could obtain in future repetitions will be normalized away anyway. To correctly compute this
normalization, Borgs et al. (2008) introduce an additional player, the Kibitzer: starting from
the original game between Alice and Bob, in each iteration the Kibitzer competes with one
player, say Alice; both Kibitzer and Alice are scored relative to each other’s strategy when
measured against the same Bob strategies.

Our approach In this work, we improve over the reduction from Anagnostides et al. (2024) in
both complexity assumption and lower bound on the number of iterations (in our reduction, both
are nearly tight). The key to obtaining a better reduction is that we start from e-Bayesian Nash
equilibrium (e-BNE*) for a one-shot Bayesian game instead of e-NE of a normal-form complete
information game. The advantage of starting the reduction from e-BNE is that it is a much harder
problem than e-NE: While e-NE can be found in quasipolynomial time Lipton et al. (2003), e-BNE
is PPAD-complete Rubinstein (2018).

The reduction from e-BNE becomes more delicate because it is possible that even off-equilibrium
players only have an e-improving deviation for one type, while for a random/average type their

3. We believe that “low rank” is a better term to distinguish from distributions with sparse supports.
4. Specifically, we reduce from what we call (every-type-€)-BNE, where each player can, at any type, gain at most €, by
deviating from its current strategy. A formal definition is shown in Definition 4, followed by a detailed discussion.
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strategy is approximately optimal’. Here we give another application of the Kibitzer player: we let
Kibitzer find a type that admits an e-improving deviation. Specifically, for each repetition of the
Bayesian game, the Kibitzer first chooses a player, say Alice. Then Kibitzer chooses a type 6 for
Alice. Kibitzer’s goal is to outperform Alice, on the type it chooses and the action it plays. Nature
(the “chance” player) then samples the type 6’ of Bob, conditioning on type 6 for Alice. Crucially,
this way Kibitzer does not know ¢’'. Finally, Kibitzer and Alice choose actions for type 6, and Bob
chooses an action for type 6'.

1.1.2. ALGORITHM FOR BAYESIAN GAMES

Our algorithm is based on the swap-to-external regret reduction of Peng and Rubinstein (2024);
Dagan et al. (2024). The idea is to run multiple instance of low-external-regret algorithms, each
instance restarts and updates in different frequency. Peng and Rubinstein (2024); Dagan et al.
(2024) prove that as long as the low-external-regret algorithm guarantees at most e-external regret
in H iterations, the overall algorithm has e-swap regret in H?(1/¢) jterations. In a Bayesian game,
if each player has K types and n actions, the entire strategy space has size n/C. By running MWU
over the strategy space, it takes H = O(log(n®)/€?) = O(K log(n)/€?) iterations to guarantee
e-external regret, and therefore, a total number of (K log(n)/e?)?(1/¢) iterations.

Recall the number of iterations in Theorem 2 is independent of the number of types K. Our
key idea is, instead of running MWU over the entire strategy space, we run MWU over each type
and the final strategy is taken as the product at each type®. The key observation is, the appearance
probability of each type is fixed during no-regret learning, so after taking the product over other
types, the external regret guarantee continues to hold (for every type). One can then apply the
swap-to-external regret analysis of Peng and Rubinstein (2024); Dagan et al. (2024).

1.2. Related work

Decentralized learning in games There is a long line of work regard learning in games Freund
and Schapire (1997, 1999); Foster and Vohra (1997, 1998, 1999); Hart and Mas-Colell (2000, 2001);
Cesa-Bianchi and Lugosi (2003); Stoltz and Lugosi (2005); Blum and Mansour (2007); Stoltz and
Lugosi (2007); Papadimitriou and Roughgarden (2008); Hart and Mansour (2010); Hart and Mas-
Colell (2013); Syrgkanis et al. (2015); Foster et al. (2016); Chen and Peng (2020); Daskalakis et al.
(2021a); Anagnostides et al. (2022a,b); Peng and Rubinstein (2023, 2024); Dagan et al. (2024).
Our work focuses on incomplete information games — Bayesian games and extensive-form
games — a central topic in the literature Forges (1993); Hartline et al. (2015); Fujii (2023); Von Sten-
gel and Forges (2008); Farina et al. (2022a); Zinkevich et al. (2007); Lanctot et al. (2009); Farina
et al. (2019b,a, 2022b); Bai et al. (2022); Anagnostides et al. (2023); Peng and Rubinstein (2024);
Dagan et al. (2024) with important real-world applications Bowling et al. (2015); Brown and Sand-
holm (2018, 2019); Brown et al. (2019). For CCE, there are decentralized learning algorithms (e.g
Farina et al. (2022b)) that converge to the set of ¢-CCE of extensive-form games (resp. Bayesian
game) in O(|Z|log(n)) iterations (for constant € > 0). Our lower bound (Theorem 1) gives a near
matching lower bound. For the stronger notion of NFCE, it was often conjectured intractable (e.g.
see Von Stengel and Forges (2008)). The recent work Peng and Rubinstein (2024); Dagan et al.

5. This would not be an issue if we start the reduction from what we call (ex-ante-¢)-BNE, however this more relaxed
solution concept is not known to be PPAD-hard
6. This is equivalent to running MWU over the entire strategy space, but assigning different learning rates to each type



(2024) refute this conjecture for constant € > 0 and give an algorithm that converges to an e-NFCE
in (|Z|log(n)/e?)°(1/€) iterations. Our work builds upon the framework of Peng and Rubinstein
(2024); Dagan et al. (2024) but improves the number of iterations to (log(n)/e2)°(1/€) for Bayesian
games, which are completely independent of the number of types.

Lower bounds for games The complexity class of PPAD (Polynomial Parity Arguments on Di-
rected graphs) was first introduced by Papadimitriou Papadimitriou (1994) to capture a particular
genre of total search functions. Since then, a variety of important problems were shown to be PPAD-
hard Chen et al. (2009a); Vazirani and Yannakakis (2011); Chen et al. (2013); Othman et al. (2016);
Rubinstein (2018, 2019); Filos-Ratsikas et al. (2021); Daskalakis et al. (2021b); Papadimitriou and
Peng (2021); Deligkas et al. (2022); Chen et al. (2022); Chen and Peng (2023); Daskalakis et al.
(2023); Jin et al. (2023), a well-known example is the complexity of Nash equilibrium in normal-
form games Chen et al. (2009b); Daskalakis et al. (2009).

A recent line of work Foster et al. (2023); Anagnostides et al. (2024) studied the complexity of
decentralized learning for coarse correlated equilibrium, by examining the computational complex-
ity of finding a low rank coarse correlated equilibrium. Foster et al. (2023) initiated this line of work
and showed it is PPAD-hard to find an e-CCE in Markov game with polynomial rank, for inverse
polynomially small ¢’. Anagnostides et al. (2024) studied the extensive-form game and proved that
there is no polynomial time algorithm for finding rank—21°g§/2_0(1) 2| ¢-CCE in extensive-form game
for some constant € > 0, under the exponential time hypothesis (ETH) for PPAD. Here ETH for
PPAD is a refinement of the P # PPAD conjecture, which asserts that the PPAD-complete problem
END-OF-LINE requires exponential time. This conjecture was motivated by the exponential lower
bound in the black box model and it was used in the work of Rubinstein (2016) to rule out poly-
nomial time algorithms for finding approximate Nash equilibrium in normal-form games. In our
work, we use a substantial weaker conjecture, i.e., we only need to assume the complete problem in
PPAD does not have quasipolynomial time algorithms.

2. Preliminary

Notation Throughout the paper, we write [n] = {1,2,...,n} and [n; : no] = {ni,n1 +
1,...,n2}. For any finite set S, we use A(S) to denote probability distributions over S. For
any distribution p, g, we use TV(p; ¢) to denote the total variation distance between p and g.

2.1. Bayesian game

In an m-player Bayesian game, let ©; (|©;| = K) be the set of types and let A; (|]A;| = n) be the
set of actions for player i. Let © = ©1 X --- x O, be the set of type profiles of all players. The
type profile § € © is generated from a prior distribution p € A(0). Let A = A; X --- X A, be the
action profiles of all players. The utility function u; : © x A — [0, 1] of player i maps a type profile
and an action profile to a payoff value. A strategy s; : ©; — A; determines the action s;(0;) € A;
to be selected when player ¢ has private type 6; € ©;. Let S; = A?i be the set of pure strategies
of player i and S = S7 x --- x S, be the entire strategy space. We use A(.S;) to denote the set of
mixed strategies, and X; := [, co, A(A;) to denote the set of behaviour strategies.

7. Foster et al. (2023) also showed a lower bound for constant e under ETH for PPAD
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A normal-form correlated equilibrium (also known as strategic-form correlated equilibrium) is
a joint distribution p € A(S) over the strategy space, such that no player can gain from deviating
from the recommend strategy. Formally

Definition 3 (Normal-form correlated equilibrium) A distribution € A(S) is a normal-form
correlated equilibrium if for every player i € [m] and all swap function ¢ : S; — S;,

EGNpESN,u [uz(ea 8(0))] > EGNpESN,u [’LLZ(H, gb(sl)(el)’ 8*1(0*1))}

A Bayesian Nash equilibrium (BNE) is the special case of NFCE where p is a product distri-
bution, i.e. each player samples their action independently. More generally, we consider low-rank
distributions that interpolate between a product distribution (rank 1) and general correlated distribu-
tion (unbounded rank).

Two natural ways of extending NFCE and BNE to approximate equilibrium have been consid-
ered in the literature; the differences are subtle but important for our purpose. The first notion of
approximate equilibrium, which we call ex-ante-approximate, considers the potential benefit for a
player from deviating from the recommended strategy in expectation over the Bayesian prior over
types. The second, stricter notion, which we call every-type-approximate considers the potential
benefit for a player from deviating — maximized over her types and in expectation over all other
players’ types. This distinction is similar (but orthogonal) to approximate Nash equilibrium and
well-supported Nash equilibrium in normal-form games (e.g. Daskalakis et al. (2009)).

Definition 4 (Notions of approximate equilibria)

* We say that a distribution 1 is an (ex-ante-€)-NFCE (or (ex-ante-¢)-BNE when p is a product
distribution) if for every player i € [m] and every swap function ¢ : S; — S,

E9~pE3~,u[ui(9; 5(0))] > EONpESN,u [ul(‘ga ¢(Sz)(01), S*Z’(Q*i))] — €

» We say that a distribution p is an (every-type-€)-NFCE (or (every-type-€)-BNE when p is a
product distribution) if for every player i € [m|, every swap function ¢ : S; — S;, and for
every type k € ©;,

B, (pl0,=k) Esmpa[ti (05 5(0))] > By, (o, =) Bsmp[ti (0; #(5:)(0:), s-i(0-))] — €.

Our algorithm for Bayesian games gives an every-type-approximate NFCE, which is another
improvement over (Daskalakis et al., 2023; Peng and Rubinstein, 2024) what compute ex-ante-
approximate NFCE. Meanwhile, our hardness for extensive-form games holds also with respect to
the more lenient notion of ex-ante approximation. A detailed discussions on different notions of
correlated equilibrium in Bayesian games can be found at (Fujii, 2023).

2.2. Extensive-form game

The extensive-form game extends Bayesian game by incorporating both incomplete information
and sequentiality. An m-player extensive-form game can be formulated as a directed game tree
I'. Let N be all nodes of T, the nodes of the game tree are partitioned into decision nodes and
chance nodes N' = N7 U - - - N, UN.. Here NV; (i € [m]) is the set of nodes where player i takes



actions and V.. are chance nodes. The function of a chance node is to assign an outcome of a chance
event, and each outgoing edge represents one possible outcome of that chance event as well as the
probability of the event. At a decision node, the edges represent actions and the successor states the
result from the player taking those actions. Player 7’s decision nodes N; are further partitioned into
a family Z; of information sets; for each information set I € Z;, Player i chooses an action from A;.
We consider perfect recall extensive-form games so that each player remembers the history action
sequence leads to each information set. We use |Z| = >_,.;,, |Zi| to denote the total number of
information sets. Let SEF¢ = [] rer, Ai = (A;)% be the set of pure strategies of player 4, and the
entire strategy space is SEF¢ = Hie[m] SiEFG.

Let A(SEFC) be the set of mixed strategies. Note that this notion of mixed strategies is very
general in that it allows a player to correlate their actions across information sets that cannot simul-
taneously occur in the same play of the game. We also consider a slightly more restricted notion
of behaviour strategies that do not account for such correlations; formally the set of Player i’s be-
haviour strategies is given by XFF¢ =[] rez, A(A;). Given a strategy distribution pp € A(S EFG),
we use u; (1) € [0, 1] to denote the expected utility of player ¢ under p.

In a coarse correlated equilibrium, no player can gain by switching to another fixed strategy®.

Definition 5 (Coarse correlated equilibrium) Let ¢ > 0, a distribution € A(SEFC) is an e-
approximate coarse correlated equilibrium (e-CCE) of an extensive-form game, if for all player
i € [m] and strategy s; € SEFC,

ui(p) = ui(si, p—i) — €.

Remark 6 (Mixed strategy, behaviour strategy and rank) In the literature of Bayesian and extensive-
form game, a mixed strategy places a distribution over the set of pure strategies, while a behaviour
strategy places a distribution over the action set at each information set. The Kuhn’s Theorem
(Kuhn, 1953), a fundamental result of imperfect information game, states that the behaviour strat-

egy is equivalent to the mixed strategy, in the sense that for any mixed strategy p; € A(SiEFG), one

can find a behaviour strategy x; € HL A(A;), such that the probability of reaching any terminal
node is the same. This means that:

* CCE < behaviour strategies: When considering the rank of a coarse correlated equilib-
rium, it suffices to define the rank with respect to behaviour strategy — one can always replace
a mixed strategy with a behaviour strategy and the utility remains the same’.

* CE < mixed strategies: Meanwhile, when considering decentralized learning of correlated
equilibrium, we should still stick with mixed strategies. The reason is that, after replacing a
mixed strategy with a behaviour strategy, even though the utility received by each agent is the
same, the hypothetical utility after swapping the strategy is not the same! See Appendix A for
an example.

Formally, we define the rank of a joint distribution as follows.

Definition 7 (Rank) Let in € A(SEFC) be a joint distribution. When considering CE, we say i is
(t) (t)
i

of rank T, if it can be written as |1 = % Zthl ®ie[m] p;  where p;” € A(S;) is a mixed strategy;

8. This is also called normal-form coarse correlated equilibrium (NFCCE).
9. This notion of rank/sparsity is used in the previous work of (Foster et al., 2023; Anagnostides et al., 2024).
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When considering CCE, we say i is of rank T if it can be written as | = % Zle ®i€[m] xz(t),

where x( ) XFFG is a behaviour strategy.

Note we define the rank of a distribution as the number of uniform mixture of product distri-
butions. This is wlog — if the distribution can be written as &£ non-uniform mixture of production
distributions, then one can approximate it with O(k) uniform mixture.

2.3. Useful tools

No-regretlearning We make use of the classic algorithm of Multiplicative Weights Update (MW U)
for regret minimization (Littlestone and Warmuth, 1994).

Algorithm 1 MWU
1: Input parameters 7" (number of rounds), n (number of actions), B (bound on payoff)
2. fort=1,2,....,Tdo
3: Compute pt € A, over experts such that p;(i) o< exp(n ZT 1 77(1)) for i € [n]
4. Play p; and observes r; € [0, B]"
5: end for

Lemma 8 (Arora et al. (2012)) Ler n,T > 1 and the reward v, € [0, B]" (t € [T]). If one takes
log(n)/T /B, then the MWU algorithm guarantees an external regret of at most

1
max re(i*) — Z (pty1e) < log(n) +nTB? < 2B+/Tlog(n).
eln] te[T) te[T] n

Online density estimation We make use of the online density estimation algorithm (Vovk, 1990).
In the task of online density estimation, there is a set of outcomes O and a set of possible contexts
C'. The task proceeds in H rounds, and at each round h € [H],

» Nature first reveals a context ¢;, € C
* The learner predicts a distribution p;, € A(O) over outcomes based on the context cp,; and
* Nature chooses an outcome op, € O

The learner has access to a set of experts {p(i)}ie (n]> Where each expert is a fixed function from

context to distribution of outcome. That is, for any context ¢ € C, p((;) € A(O) is a distribution

of outcome, and pg ) (0) is the probability of outcome o € O. Vovk’s algorithm (see Algorithm

2) places a distribution over experts at each round, by running MWU over the logarithmic loss
function.

Lemma 9 (Vovk (1990)) Suppose the distribution of outcomes is realizable under the set of expert

[n], i.e., there exists i* € [n] such that op, ~ p((;i*) for each h € [H|. Then Vovk’s aggregating rule
(Algorithm 2) satisfies

- i*) log(n)
Z [TV (pn; pl))] < -
h:



Algorithm 2 Vovk’s aggregating algorithm
1: forh=1,2,...,Hdo
2: Observe the context ¢y,
3 Compute a distribution g5, € A,, over experts [n]

exp <— ZIZ;% log <p£f>1(ou)>>
qn(i) = - Vi € [n]
Srepeww (- Sictiox (1))

il
&) (00)

4: Aggregate predictions from experts p, = Ejg, [pgl)] € A(O) and observe the outcome
op € O
5: end for

The complexity of Bayesian Nash equilibrium We make use of the following hardness result of
BNE.

Theorem 10 (Rubinstein (2018)) It is PPAD-hard to find an (every-type-€)-BNE of a two-player,
n-type, 2-action Bayesian game for some obsolete constant € > 0.

3. Lower bound for extensive-form game

Theorem 1 is a direct corollary of the following hardness result on computing low rank CCE.

Theorem 11 Let € > 0 be an absolute constant. Assuming PPAD ¢ TIME(nPoY&() there is no

—o(1)
polynomial time algorithm that can find a rank-2°g2 " (7))

game.

e-CCE of a three player extensive-form

We reduce (every-type-¢)-BNE to low rank CCE of extensive-form game. Given a two-player
Bayesian game G, with type space © = ©1 X Os, action space A = A; x As and prior distribution
p, we construct a three-player extensive-form game I'.

Gadget We first construct a three-player extensive-form game gadget that incorporates the Bayesian
game. Among the first two players, we use ¢ € [2] to represent a player and we use 4’ to denote the
other player than i, i.e., 7/ = 3 — i € [2]. We use the special symbol K = 3 to represent the third
player Kibitzer.

The extensive-form game proceeds as follows. Kibitzer first picks a player i € [2], a type
0; € ©; as well as an action a; € A;, that is, the action set Ak is defined as

AK = {(Z,@Z,az),l S [2],@ S 61,61 (S Az}
Nature then samples 6; from p conditioning on 6;. Then player i (resp. ') observes its private type

0; (resp. 6;) and plays action a; (resp. a;). Weuse O = A X Ay X Ak X ©1 X O3 to denote the
outcome space of the gadget.
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When Kibitzer plays ax = (1, 61, a1 ), then the utility of player j € [3] equals

u1(6h,02;a1,a2) —ui(61,02;a1,a2) j=1
uj(ay, az, ak,b1,02) = 0 J=2. (1)
u1(6h,02;a1,a2) —ui(bh,02;a1,a2) j=K

When Kibitzer plays ax = (2, 62, a2), the utility of player j € [3] is defined similarly

0 j=1
uj(ay,ag, ak, b01,02) = S uz(b1,02;a1,a2) —u2(01,02;a1,a2) j=2. 2
ug(bh,02;a1,a2) —ug(bh,02;a1,a2) j=K

Final construction Let 7T be the rank of the CCE. The final extensive-form game I is constructed
by repeating the gadget for H > log( ) times. For each repetition h € [H], let N}, be the collection
of gadgets at the h-th repetition, correspondlng to different paths of play in earlier repetition. For
any gadget nj, € Ny, leto, = (a1 4, a2 h, ak b, 01,1, 02,4) € O be the outcome of the h-th repetition.
The utility of each of the three players is determined by the average over the gadget utilities defined
Eq. (1)(2), averaged across the H repetitions; we denote them as (u;p,, ) jeB]-

The proof of Theorem 11 can be found at Appendix B.

4. Efficient algorithm for Bayesian game

Our goal is to prove

Theorem 12 (Formal statement of Theorem 2) Let € > 0, for any m-player, n-action, K-type
Bayesian game there exists uncoupled dynamics that converge to the set of (every-type-€)-NFCE in
(log(n)/€2)°0/9) iterations. The computation cost at each iteration is O(mnK log(mnkK /€)/€®).

We have each player run the no-regret learning algorithm (shown in Algorithm 3) for a sequence
of T days. Algorithm 3 is an adaptation of the multi-scale MWU (Peng and Rubinstein, 2024) for
Bayesian game. Given the regret parameter ¢ > 0, it sets H = log(n)/e?, L = 1/e and runs for
T = H" days. It maintains L threads and plays uniformly over them. The L threads restart and
update in different frequency. The key innovation of Algorithm 3 is that it runs MWU for each type
k € [K] independently (see Procedure MW Uy ;) and the strategy of the ¢-th thread is the product
strategy of each type (see Line 7). Concretely, for each type k € [K], MWUy ;, runs MWU and the
reward vector is constructed as the expected reward conditioning on type k (see Line 17).

We bound the external regret for each thread ¢ € [L] and each type k € [K] in Lemma 13, and
bound the swap regret in Lemma 14. The proof can be found in Appendix C.

Lemma 13 (External regret) For each thread { € [L), restart § € [T/H"], type k € [K] and
action j € [n], we have

BH" BH"
Z Tt,k(j) - Z Z Qtﬁ 31 Ttk S’L(k)) < 25H€-
t=(B—1)H!+1 =(B—1)Ht+1 s;€S5;

Lemma 14 (External to swap regret reduction) For any type k € [K| and any swap function
¢ S; — S;, we have

Z Z Pe(si)rek(P(si) (k) — pe(si)rep(si(k)) < 3el.

te[T] si€S;
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Algorithm 3 Multi-scale MWU for Bayesian game

> No-regret learning algorithm for player ¢ € [m], the opponents play u(_i) € A(S_;) at day

t e [T

1: Parameters H = log(n)/e?, L = 1/¢, T = H"

2: Let g0 € (A(A;))®i be the strategy of THREAD, (¢ € [L]) atday t € [T]

3: Play the uniform mixture p; = % ZEG[L} qre € A(S))

4:

5: procedure THREADy > Thread ¢ € [L]

6: Let wy g1, € A(A;) be the strategy of MWU, . (k € [K]) atday ¢ € [T

7: Play the product distribution g¢ p = w1 X -+ X wy g g € (A(4;))""

8: end procedure

9:
10: procedure MWU/ ;, > Thread ¢ € [L], type k € [K]
11: for 5 =1,2,...,T/H" do > [-th restart, restart every H' days
12: Initiate MWU with parameters H,n, H¢ !

13: forh=1,2,...,H do > Round A
14: Let 25 501 € A(A;) be the strategy of MWU at the h-th round

15: Play wy o = 2z pye;atdayt € [(B—1)H +(h—1)H* 1 +1: (B—1)H +hH" Y]
16: Update MWU with the aggregated rewards of the past H~! days

(B—1)H*+hH*1
> () o €10, HTT
t=(B—1)H!+(h—1)H!"1+1 jen)
17: where
ren(i) =B, 0B inoloi=k)[ui(0: 5, 5-i(0-:))] Vi € [n]

18: end for

19: end for
20: end procedure

11
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Proof [Proof of Theorem 12] We make each player i € [m] run Algorithm 3 for T = (log(n)/e?)/¢
rounds. Let pgi) € A(S;) be the strategy distribution of player ¢ at round ¢t € [T, then the joint
distribution is 11t = @;cim) p,g ). We take ,u,( ) = Qi pg ") for any i € [m]. We prove the
empirical distribution p = % Zte[T} ¢ 1s a (every-type-3¢)-NFCE.

For each player i € [m], type k € [K], swap function ¢ : S; — S;, we have

Eo(pl0, =) Bsropu[ti(0; d(5:) (0:), s-i(0-i)) — ui(6; 5(6))]

;Eem (pl0;=F) Z Z ) (s0)E e [ui(6; @(si) (), s—i(0-i)) — wi(0; si(k), s—i(0-))]
te[T] si€S;
= % 3 2; p,@(sz-)Es_Ng_nEeN(p@:k) (i (0; §(5:) (), 5-(0-2)) — wi(6; 5:(k), 5—i(0-))]
te[T] si€

P (@(s:) (k) —=r) (s:(k))
=30 () (Nl (8) — r Y sa(h)) < e

tE[T] $;€8;

The first step follows from the construction of y = Dote[r) Mt = * > terr] Qi) pgz), the third
step follows from the definition of reward r% for player ¢ (Line 17 of Algorithm 3), the last step
follows from Lemma 14. Hence, we have proved p is a (every-type-3¢)-NFCE.

For computation efficiency, a player needs to compute O(nk) reward entries per iteration
(Line 17 of Algorithm 3). Each of those entries can be approximated (with high probability,
up to e error) by random sampling O(log(mTnKL)/e?) = O(log(mnK/e)/e3) entries from
the joint strategy distribution y; and the prior distribution over © — we assume one can sample
from the conditional distribution (p|f; = k) in O(m) time. The total runtime per player equals
O(mnK log(mnK/e)/e?).

|
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Appendix A. On the rank of CE

We give a simple example of Bayesian game (thus also an example of extensive-form game), where
behaviourizing a rank-2 CE is no longer a CE. There are two players, Alice and Bob, in the game.
Bob has 2 actions, one type and his utility is always 0. Alice has n types and 4 actions. For each
type, Alice has utility

uA(0,0) = 0,u4(1,0) = 0,ux(2,0) =1,up(3,0) = —
and

UA(Ov 1) = OauA(lv 1) =0, uA(Qv 1) = _27UA(37 1) =1

Consider the following rank-2 CE p = %pfj) ®pg) + 2pf4) ®p( ) , Where pfj) = %(O, 0,...,0)+

21,1, 10,09 = 2(0,0,...,00+ (1, 1,...,1);p}y) = 0,p59> — 1. Thatis, in the first product
distribution, Alice plays all 0 w.p. 1/3 and plays all 1 w.p. 2/3, Bob always plays 0; in the second
product distribution, Bob plays all 0 w.p. 2/3 and plays all 1 w.p. 2/3, Bob always plays 1. It is not
hard to verify that y is indeed a CE and Alice receives 0 utility.

Meanwhile, the only way to behav10urlze L, 18 to replace p( ) with x(l) (3, 3) K Q& (3, 3)

and xsg) =2, 3H® - ®(3,3). Lety/ = (1) ®p(1) + x(AQ) ®p§3) Consider the swap function

oa=1{0,1,2,3}" — {0,1,2 3}n

(2,...,2) s€{0,1}" |s| € (n/3 — /nlog(n),n/3 + /nlog(n))
da(s) =4 (3,...,3) s€{0,1}",|s| € (2n/3 — /nlog(n),2n/3 + \/nlog(n))

s otherwise

We claim that applying the swap function ¢ 4, the utility of Alice becomes 1—o(1) (under y). First,
we know that with probability 1 — o(1), for any (s4,s5) ~ 1/, (n/3 — y/nlog(n),n/3 +
Vnlog(n)) or [sa| € (2n/3 — /nlog(n),2n/3 + y/nlog(n)). In the former case, Bob plays 1
w.p. 1 — o(1) so switching to action (3, 3,. .., 3) has utility 1; in the latter case, Bob plays 0 w.p.
1 — o(1) so switching to action (2,2, ..., 2) has utility 1. This implies z’ is not a CE.

Appendix B. Missing proof from Section 3
We complete the proof of Theorem 11.

Notation We first introduce additional notations. A gadget n;, € N}, is uniquely determined by
its history o(ny,) = (n1,01,...,nh-1,0n—1), Where n. € N, (7 € [h — 1]) is the gadget at the root
path to ny, and o, is the outcome at n,. We use SJEFG to denote the strategy space of player j € [3]
in the extensive-form game I, and S; to denote the strategy space of player i € [2] in the Bayesian
game G. For player i € [2], we have SEF¢ = et I, e, Siand XEFG — e i, en, Xis
i.e., the pure/behaviour strategy space is the product of pure/behaviour strategy space at each gadget.
Given a behaviour strategy z; € XEFG, for any gadget nj, € Nj, we write x;,, € X; to denote
the behaviour strategy of x; on ny, i.e., T; », is the marginal distribution of x; on 7. For player K,
we have SEFC¢ = hermn i, en, Ak Xgre = [heim I, en, A(Ak), and we define 2, €
A(Ag) similarly.
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Given a rank-7" e-CCE p of the extensive-form game I', we write

,u:Z Zx ®x2)®x(K),

te(T)
where :Jc( ) € X; EFG (j € [3]) is a behaviour strategy of player ;.

B.1. Analysis of players 1,2

We first prove that at any approximate CCE, the utilities of the first two players are not far be-
low zero. To this end, for player i € [2], we consider the deviation strategy xI € SZEFG, whose

construction is shown at Algorithm 4. For any product distribution ¢ € [T, player i € [2], let
(t) () (t)

=z, Xz . Let O_; = Ay x Ak X ©1 x O3 be the outcome space of player K, player i’ and
the chance player. For any gadget n;, € Np, let xg ny, € A(O_;) be the distribution of outcome
(except player ¢) at gadget nj, under strategy xg
Algorithm 4 Deviation strategy of player 1, 2 > Analysis only
I: Input: rank-T -CCE o = £ 3,y 2l @2l @ 2 i € [2]
2: forh=1,2,...,H do > repetition h € [H]|
3: for ny, € Ny, do > gadget ny
4: o(np) = (n1,01,...,Mp—1,0n_1) > history of ny,
5: Compute a distribution ¢; ,,, € A(T') over [T] > Vovk’s rule

exp (— >C1 log <m<t>1()>>
e t € [T]

q_ivnh (t) = h
-1 1
A i Conm)

6: Compute p—; ), = Etyg_, . [@ (fz ny) € A(0-) > predicted outcome
7 Define the deviation strategy :L‘;r nn € S; at gadget ny,

:L,;f nn = arg IgaXIE(a 7,aK,01,02)~p_; nh [ul np (sl(ei)a Qi 5 GK, 917 02)]

Si€

8: end for
9: end for

First, we prove

Lemma 15 For player i € [2], product distribution t € [T'), we have

log(T)
t
Z 0 [TV im0/ 25
€[H]
Here ny,no, ..., nyg is the (random) sequence of gadgets visited under strategy .TI X a:(_tz
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Proof Consider the following online density estimation procedure. The outcome space is O_;, the

set of experts are T strategies {3: i }te , the context comes from the set of gadgets U, () Np.
Ateachround h € [H|,

* Nature provides the context ny
* The algorithm predicts the distribution p_; ,, € A(O_;) over outcome space O_;;

* Nature reveals the outcome o_; ,, = (ay, ak,61,62) ~ z®

—%4,np"
* The next context ny41 = np|(0—; 4, x;r(@))
By Lemma 9, we have
H
1 t log(T)
D ILENRY V@i, < ==
h=1

Now we can bound the utility of the first two players at e-CCE.
Lemma 16 (Equilibrium utility) The utility at e-CCE of player i € [2] satisfies u;(u) > —5e.
Proof For any player ¢ € [2], production distribution ¢ € [T, gadget nj, € Nj, define
(t)

im, = argmaxE

SiGSi

(a;r,aK,01 02)N$(t). Ui,ny, (81(9’5)7 Qgry AK, 917 92)
) k) i,n h

That is s(t) € S; is the best strategy of player ¢, given that the other players use strategies a:z(f)nh X

x&)n We clalm that

Uiy (58,2 ) > 0. 3)

,np’ " —=,ny/ —
This is because player ¢ can always best-respond to :c( )

x&t)n of Kibitzer is independent of xl(,) S0 it cannot ﬁnd a better action.

oy in the Bayesian game, and the strategy

Now we compute its utility under deviation a:j For any t € [T, gadget ny, € N}, we have

Ug sTh, (ﬂfj MR 'I(—i,nh)

T ©) (®) )

— . 1 . A 1 A , .
= Uiy, (xi,nhv x—i,nh) = Uiy, (xi,nh ) p—’t,nh) + Ui nyp, (xi,nh7p_lanh) = Uiy, (si,nh7p—l7nh

® .

s . ERCE0)
+u; »Tlh (Sz np? D—i nh) Ui,np, (Si,nh ’ 'I—i,nh) + Ui,ng, (Si,nh’ x—i,nh)

2
> - 7Tv(p imnpr L ( ) ) +0-— ETV(p—Z,nhvx(t) ) + u’i,nh(S(t) x(t) )

—1,m¢ —1,N¢ ,np? T —1,np
4 N0
2 - ETV(I) ’LTLh7 —7, nt)' (4)

The second step follows from (i) the value of u; 5, is between [—% ﬁ] and (ii) a: . is the best
response under p_; ,,, . The third step follows from Eq. (3).
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Taking an expectation, we have

H
wilal 2 = Y E o (v @, 20,,)]
h=1 -
H
t
> 25 B o [TV ®,,,)]
h:
log(T
> —4 g}(I ) > —4e.

Here the second step follows from Eq. (4), the third step follows from Lemma 15.
Taking an expectation over ¢ ~ [T'], we have

1
ui(ajj,u_i) =7 Z ui(x;r,:c(tz) > —4e.

te[T]

Note 1 is an e-CCE, we have u;(p) > —5e [ |

A direct corollary of Lemma 16 is that the utility of player K at e-CCE is not much above 0.
Lemma 17 The utility at e-CCE of player K satisfies uk (i) < 10e.

Proof The utility of three players sums to 0. By Lemma 16, we have that

uk () = —u1(p) — uz(p) < 10e.

B.2. Reduction

The reduction is formally presented at Algorithm 5, using some of the following notation. Let
O_k = A; x Az x (01 U ©3) be the outcome space of player 1,2 and the chance player. For any

t € [T], let az(f)K = xgt) X xg) For any gadget n;, € N, and action ax = (4,0;,a;) € Ak, let

:):(t)K .k S A(O_k) be the distribution of outcomes (except player K) at gadgets ny,, given that
( ) (t)

player K plays ak and players 1,2 use (mixed) strategy profile z7 ;, X x5, .
For any node ny, € Ny, ak = (i,0;,a;) € Ak, define p_KmhﬂK E A(@ + x A1 x Asg) such that

Pokmpax Oty aisa) = Pr [0y =0y]- Pr a; =si(0;)]- Pr [ag = sy (0y)]

éi’ ~p|91 sin'L,nh si'Npi/,nh

That is, it first samples 0;; ~ p|6;, then it independently samples strategies s;, si from p; ,, , Pir n,
(respectively), and finally takes a; = s;(60;),a;; = sy (6;7). Fori € [2], §; € ©;, we further define
Ding,.0; € A(A;) such that p; ., 9. (a;) = Esinpin, [s:(6;)].

Our goal is to prove, if Algorithm 5 doesn’t find an approximate BNE, then Kibitzer has a good
deviation strategy a:TK First, we prove Kibitzer approximately learns the outcome distribution.
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Algorithm 5 Reduction
1: Input: rank-7 e-CCE p1 = > telT] xgt) ® :L‘ét) ® xff)
2: forh=1,2,...,Hdo > repetition h
3: for n, € Ny do > gadget ny,
4: o(ngp) = (n1,01, ..., Np—1,0p-1) > history of ny,
5: Compute a distribution ¢_g ,, € A(T") over [T

exp <— Z}VL;% log (I% 1 o )))
—K,ny,ak , \C—Kv
: vt € [T

qd—K,np, (t) -
Zt’e[T] exp <— ZZL;} log (x(t,) 1 - )))

—K,ny SAK v

6: Compute p; , = Etwq—K,nh [m,ft%h} € A(S;) fori =1,2

7: if (1.0, , P2.n, ) is an (every-type-16¢)-BNE then

8: return (pi.n, , P2,n,)

9: else

10: Choose aI( ny, = (4,03, @;) € Ak such that

B, 010, Esimpi g Bsipys [0, 0ir; @i, 530 (0ir)) — ui0s, 0 5i(03), s (03r))] = 16e.

11: end if
12: end for

13: end for
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Lemma 18 Suppose Algorithm 5 does not find an (every-type-16¢)-BNE, i.e. the if-statement in
Line 7 is always false, For every t € [T, we have

1 @ log(T)
E Z Ex&xx(_t& |:TV(pK,nh,a,T< h’x—K,nh,a& h) <2 H
he[H] ' ’
Here ny,...,ng is the (random) sequence of gadgets visited under xTK X :cT_K and aI( h= a;r( ny, U5

the action of player K at gadget ny,.

Proof For any gadget nj, € Ny, define

t/
w—K,nh,a&’h :Et/N‘I—K,nh |:‘T( ) t :| € A(O,K)

7K7nh7aKyh

t .
+ and :U( ) Consider the
K,h _K:nhvaK’h

following online density estimation procedure. The outcome space is O_k, the set of experts are T’

We first bound the (expected) TV distance between w_ .

indices {:U(_IE)K}tG[T] , and the context comes from Uy, ¢ N, X Ak. Atround h € [H],

* Nature provides the context (ny, aI(’ )

e The algorithm predicts w i € A(O_k);

Knp, AR h

* Nature samples the outcome o_k j, ~ a:(t)

—K{I’Lh,d&yh ’
. _ f f _ 4t
The next context ny41 = np|(ay ,, 0—k ) and ay h1 = UKy
By the guarantee of Lemma 9, we have
1 ) log(T)
_ . <y =221
H Z E:vTKXac(_t?( [Tv(w—Kmh,aLh’xK,nh,aTKh) - H ©)
he[H] ’
. o (t) ,
Now consider the three distributions p_Km‘h’a‘&,h’w_K’nh@L,h,x_K,nh,aLh € A(By x Ay x
Aj). Intuitively, 2 + 1s the outcome under the product distribution 33(3, w_y . o 1sthe
—Knp,ay 4, —STRAK

predicted outcome under Vovk’s algorithm; p - is the outcome after taking marginal of
) 'K h

w + . Formally, these three distributions have the same marginal distribution on ©; due to

fK,nh,aKyh
the independence of chance player. Conditioning on the first coordinates being 0;; € O,/

(®) (t) (t)
° Jp—
:B_Kﬂ'lhva:-( h |9Zl x17nh791 X a’:27nh791

€ A(A1) x A(Ag) is a product distribution;

* Dyl 0ir = D1mp.00 X D2ny 00 € A(A1) X A(Az) is a product distribution; while
ThsAK

(t) (t)

&,h\@v = Eing rn, [T1 0,0, X Tom, 0,] € A(A1 X Ag) is a joint distribution over

L]
winnh QY

A1><A2
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]9 »and w |0; have the same marginal distribution over a; € A; (resp.

(t)

t
a2 € AZ)’ because planhyel = Et’\‘qfl(,nh [xg.,Z’Liuel] and p27nh792 = EthfK,nh I:x27nh,92} (See
Line 6 of Algorithm 5)

L]
b_ —Knp, aT K,nh,a}( h

Then we have

t t t
TV gy al ) =By, [TV (Pl,nh,el X Doty 5 Tio, gy X xélhez)]

K, —K,nh,CLKyh

() (t)
< 2E9i/~ﬂ|9i [TV < —K,np,ak ’0 5 Tn,0 < x27nh»92>:|

¢
=2TV (| w - z® ; .
7K:nh7aKyh —Knp,ay

Here the first step follows from Fact 20, the second follows from Fact 21 and the last step follows
from Fact 20.
Taking an expectation and combining with Eq. (5), we have

1 20
H Z E ol x (t> |:Tv(p K nh:aK n Tk ”h’ar‘ h):|
he[H] |

()
S E Z[:} EQSTKXI(j)K |:Tv(w_Kanh7akh7 w—K,nh,aI( h):| S 2 H
helH ’

Now we can prove the correctness of the reduction.
Lemma 19 Algorithm 5 returns an (every-type-16¢)-BNE.

Proof We prove by contradiction and assume Algorithm 5 never returns. We compute the utility

under deviation x;r( For any product distribution ¢ € [T'], we have

H _
t R0
UK xKa%’ K Z wf xat) uK,nh(aK,h"%K’nh’a&h)}
H -
2 O, R0
= Z __ﬁTV(p_Kv"hv“&h -K nhva;(h) Ko (aK’mp—K,muaI(,h
H -
2 (t) 16¢
> hz O T VO ke,
1
> 4 ng(l)—i—1662126.

The second step holds since u ,, is between [— H, H] the third step follows from the choice aTK h

(see Line 10 of Algorithm 5). The fourth step follows from Lemma 18.
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Taking an expectation over ¢t ~ [T'], we have

1
uK(xI(,u,K) =7 E ul(a:TK,a:(_t)K) > 12¢.
te(T]

Note 4 is an e-CCE, we have uk (1) > uK(xL, f—K)— € > 1le. This contradicts Lemma 17, hence,
we have proved Algorithm 5 must return an (every-type-16¢)-BNE at some step. |

Now we can finish the proof of Theorem 11.
Proof [Proof of Theorem 11] Let § > 0 be the obsolete constant in Theorem 10. We prove by contra-
diction and assume that there exists a constant o > 0, such that one can find an rank—Qk’g%_a(II ) 1%—
CCE of a three-player extensive-form game with runtime polynomial in |Z|. Given a two-player, n
types, two-action Bayesian game G, we construct the extensive-form game I' with H = (%)1/ @
repetitions. The number of information sets at each gadget is O(n?), and therefore, the total number

of information sets |Z| = n©). Moreover, the number of repetition H satisfies

10g(210g§_a(|1\))

Grigr — O logy *(1Z1) = O(H'“logy ()3 ™) < M.

Hence, by Lemma 19, one can find an (every-type-6)-BNE in time poly(|Z|) = n@1) = ppolylog(n),
which, by Theorem 10 contradicts the assumption that PPAD ¢ TIME (nPoY'o8(?)), |

We use the following facts in the proof.

Fact 20 Let X,Y be finite domains. Let p,q € A(X X Y') be two probability distributions over
X x Y. Define p(x) := > cy p(x,y) be the marginal probability of x € X and p(y|z) =
p(z,y)/p(x) be the conditional probability of y € Y on x € Y. Suppose p(x) = q(z) holds for
any x € X, then

TV(pig) = > _ p(z) - TV(p(-|2); q(-|z)).

reX
Proof We have

TV(p;q) = % > p(xy) —qlzy) =D %Z p(x,y) — q(z,y)|

(z,y)EX XY zeX yeY
= > px) % > Ip(lr) —qlylo)] | =D pla) - TV(p(|x); g(-|2)).
reX yey zeX

The first step follows from the definition of TV distance, the third step holds since p(z, y) = p(x) -
p(ylx), q(x,y) = q(z)q(y|z) = p(z)q(y|z), the last step follows the definition of TV distance. W

Fact21 Let X,Y be finite domains. Let w € A(X X Y') be a joint distribution over X x Y,
and wx , wy be the marginal distribution of w on X, Y. Let p = wx X wy € A(X) x A(Y) be
a product distribution over X x Y and it has the same marginal distribution as w. Then for any
product distribution ¢ € A(X) x A(Y'), we have

TV(p;q) < 2TV(w;q)
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Proof We have

TV(p; q) < TV(wx;qx) + TV (wy;qy) < 2TV(w;q).

Appendix C. Missing proof from Section 4

First, we prove
Proof [Proof of Lemma 13] We have

BHZ /BHZ
>y qt,e<si)n,k<si<k>>= S>> as)rerld)
t=(B—1)H*+15:€5; =(B—1)H!+1 j€[n] s;€S;,si(k)=j
BH*

= Z Zwtzk Ttk )

t=(8—1)H'+1 j€[n]

BH*
> max Z rex(J) — 2v/ Hlog(n He 1
i€l s hmen
BH*
= max Z rep () — 2eH".
Jjeln]
t=(B—1)H*+1

Here the second step holds since the strategy q; ¢ = w1 X - -+ X wy ¢ g 18 the product distribution
of {wy e} ke[k]- The third step holds due to the regret guarantee of MWU, the last step holds due
to H = log(n)/é>. [

Then we prove
Proof [Proof of Lemma 14] First, we have

Yo D pelsi)riu(@(si) (k) — pelsi)ron(si(k))

te[T] si€S;

:% Z Z Z Qt,E(Si)Tt,k(¢(5i)(k)) — Qté( )Ttk(sz(k)) 6)

Le[L] te[T] si€S;

since p; = % ZZG[L] Gt 0-
For the first term, for each thread ¢ € [L], we have

(B—1)H +hH 1

Z Z are(si)ren(@(si) (k) = Z Z Z Z qre(si)rek(D(si) (k)

te[T] s:€S; Be[T/HY he[H] t=(8—1)H!+(h—1)Ht~14+1 s;€5;
(B-1)H*+hH!!

>, 2 > ok ™

Be[T/H!) he[H] ||t=(8—1)H +(h—1)H! =141

IN

o0
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where the second step holds since q; ¢ = w1 X -+ X wy gk is fixed during the interval ¢ €
(B—=1)H '+ (h—1)H"  +1: (8- 1)H' + hH'].
For the second term in Eq. (6), for each thread ¢ € [L] we have

BH*
Z Z Qt,é(si)rt,k(si(k)) = Z Z Z Qté 52 Ttk 54 k))
te[T] s;i€S; BE[T/H!) t=(B—1)H!+1 si€S;
BH*

v

Z Z Ttk — 26H€

pelr/ue) \||e=(s-1)Ht+1
L

= > S rek|| —2eT (8)

BEIT/HY ||t=(8-1)H*+1

o0

o
where the second step follows from Lemma 13.
Combining Eq. (6)(7)(8), we have
Z > pelsiren(d(si) (k) — pe(si)ren(si(k Z 70klloo + 26T < 3T
T] 5;€S5; €[T)
Here the second step follows from L = 1/e and ||7 i ||oc < 1. [
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