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Abstract

We study the problem of hypothesis selection under the constraint of local differential pri-
vacy. Given a class F of k distributions and a set of i.i.d. samples from an unknown distri-
bution h, the goal of hypothesis selection is to pick a distribution f whose total variation dis-
tance to h is comparable with the best distribution in F (with high probability). We devise an

e-locally-differentially-private (-LDP) algorithm that uses © (W samples to guarantee

that dpy (b, f) < a 4+ 9min rer dpy (h, f) with high probability. This sample complexity is opti-

mal for € < 1, matching the lower bound of Gopi et al. (2020). All previously known algorithms
klog k

a? mir?%zﬂ,l}

Moreover, our result demonstrates the power of interaction for e-LDP hypothesis selection.

Namely, it breaks the known lower bound of 2 ( ";jgff ) for the sample complexity of non-interactive

for this problem required 2 ( ) samples to work.

hypothesis selection. Our algorithm achieves this using only O (log log k) rounds of interaction.
To prove our results, we define the notion of critical queries for a Statistical Query Algorithm

(SQA) which may be of independent interest. Informally, an SQA is said to use a small number of

critical queries if its success relies on the accuracy of only a small number of queries it asks. We

then design an LDP algorithm that uses a smaller number of critical queries.

Keywords: hypothesis selection, local differential privacy, statistical query model

1. Introduction

One of the basic problems in statistical learning is hypothesis selection where we are given a set of
i.i.d. samples from an unknown distribution h and a set F of k distributions. The goal is to select a
distribution in F whose total variation distance to / is close to the minimum total variation distance
between h and any distribution in F. This problem has been studied extensively in the literature
(Yatracos, 1985; Mahalanabis and Stefankovic, 2007; Bousquet et al., 2019, 2022; Aliakbarpour
et al., 2024) and it is known that the number of samples required to solve this problem has a tight
logarithmic dependency on k for a general class of distributions.

In many practical statistical estimation scenarios, data points contain sensitive information such
as medical and financial records. This urges the study of hypothesis selection under differential
privacy (DP) (Dwork et al., 2006b) —the de-facto privacy standard in machine learning. Central
and local models are two common settings of DP. In the central model, a learning algorithm is
differentially private if its output, given full access to a database, does not significantly change with
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a small perturbation in the input database (e.g., by changing one entry in the database). In the local
differential privacy (LDP) model (Warner, 1965; Kasiviswanathan et al., 2011; Duchi et al., 2013),
however, the algorithm cannot access the database directly. Instead, it receives a privatized (e.g.,
randomized) version of each data point through privacy-preserving mechanisms. In this paper, we
work with the notion of e-LDP; see Section 5 for a more formal definition. In fact, the local model
of privacy ensures a user-level privacy and it has been the preferred model for implementation in
industry, e.g., by Google, Apple, and Microsoft (Erlingsson et al., 2014; Differential Privacy Team,
December 2017; Ding et al., 2017; Davidson et al., May 9 2017).

It is important to distinguish between non-adaptive and adaptive locally private algorithms. A
non-adaptive algorithm chooses a privacy mechanism for each data point independently. On the
other hand, an adaptive algorithm runs in multiple rounds and chooses each mechanism at each
round based on the outcomes of mechanisms in the previous rounds (Duchi et al., 2018; Duchi
and Rogers, 2019; Joseph et al., 2019b). This (sequential) interactivity allows the algorithm to be
more flexible in hiding private information and has led to a smaller sample complexity in several
problems (Han et al., 2018; Joseph et al., 2022; Acharya et al., 2020, 2022). Nevertheless, the cost
of interactions can become a bottleneck in designing adaptive algorithms (Kairouz et al., 2021) and
therefore designing algorithms that use a small number of adaptive rounds is crucial.

More recently, hypothesis selection has been studied under the constraint of differential privacy.
The sample complexity of hypothesis selection is well understood in the central DP model (Bun
et al., 2019a; Aden-Ali et al., 2021a), and it has a tight logarithmic dependence on k. In the local
model, however, there is still a gap between the best known upper and lower bounds for hypothesis
selection as well as several other statistical learning tasks (Duchi et al., 2018; Duchi and Rogers,
2019; Joseph et al., 2019a; Bun et al., 2019b; Acharya et al., 2020; Chen et al., 2020; Edmonds et al.,
2020; Gopi et al., 2020; Acharya et al., 2022; Asi et al., 2022, 2023). In this work, we fill this gap
for the problem of hypothesis selection and characterize the optimal sample complexity in the local
model. In particular, we propose a new iterative algorithm and a novel analysis technique, which
together establish a linear sample complexity in k for LDP hypothesis selection. Before stating our
results in detail, it is useful to define the problem of hypothesis selection formally.

1.1. Hypothesis selection

A hypothesis selector 4 is a randomized function that receives a set of samples S, the description
of a class of distribution F, accuracy and failure parameters « and /3, and returns a distribution in
F. Next, we give the formal definition of the hypothesis selection problem.

Definition 1 (Hypothesis Selection) We say a hypothesis selector A can do hypothesis selection
with m : N x (0,1)2 — N samples if the following holds: for any unknown distribution h, any
class F of k € N distributions, and o, 3 > 0, if S is a set of at least m(k, «, 3) i.i.d. samples from
h, then with probability at least 1 — [3 (over the randomness of S and A) A(F, S, «, ) returns
f € F such that dpy (h, f) < Cmingerdry(h, f) + o, where C' > 1 is a universal constant
and is called the approximation factor of A. The sample complexity of hypothesis selection is the
minimum m(k, o, 3) among all hypothesis selectors.

Note that C' is a multiplicative approximation factor and is typically a small constant. A smaller

value for C signifies a more accurate estimate f . The sample complexity of hypothesis selection is
log k
o2

proportional to © ( ) as a function of £ and « (see Devroye and Lugosi (2001) for a detailed
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discussion). Other work has studied hypothesis selection with additional considerations, includ-
ing computational efficiency, robustness, and more (Yatracos, 1985; Mahalanabis and Stefankovic,
2007; Acharya et al., 2014, 2018; Bousquet et al., 2019, 2022). Recently, Bun et al. (2019a) showed
that, similar to the non-private setting, one can perform hypothesis selection under the constraint of
central differential privacy with a logarithmic number of samples in k. However, the same statement
does not hold in the local differential privacy setting. In fact, Gopi et al. (2020), building on a result
of Duchi and Rogers (2019) and Braverman et al. (2016) showed that the sample complexity of
locally private hypothesis selection problem scales at least linearly in k.

Theorem 2 (Informal, Theorem 1.2 of Gopi et al. (2020), Corollary 6 of Duchi and Rogers (2019))
There exists a family of k distributions for which any (interactive) e-LDP selection method requires

at least 2 ( samples to learn it.

__k
a? min{e,e2}

A basic idea to perform LDP hypothesis selection is using the classical tournament-based (round-
robin) hypothesis selection method of Devroye and Lugosi (2001). While it is straightforward to
come up with a locally private version of this approach, it would require 2(k?) samples as it com-
pares all pairs of hypotheses. Gopi et al. (2020) improved over this baseline and proposed a multi-
round LDP hypothesis selection algorithm whose sample complexity scales as O(k log k log log k).

Theorem 3 (Informal, Corollary 5.10 of Gopi et al. (2020)) There exists an algorithm with fail-
ure probability of 1/10, that solves the problem of hypothesis selection under the constraint of
e-local differential privacy (for € € (0,1)) with O(loglog k) rounds, with approximation factor of

. k log klog log k
27, and using O (7@ min{eZ 1] samples.

The algorithm of Gopi et al. (2020) is also a tournament-based method. However, unlike the
round-robin approach, it only makes O(k loglog k) comparisons between the hypotheses. This is
achieved by comparing the distributions adaptively in log log k LDP rounds. A union bound argu-
ment is then required to make sure that every comparison is accurate, resulting in the O(k log k log log k)
term in the sample complexity. Given the gap between the upper bound of Theorem 3 and the lower
bound of Theorem 2 in Gopi et al. (2020), the following question remains open:

Is it possible to perform hypothesis selection in the LDP model using O(k) samples?
If so, can it still be done in O(log log k) adaptive LDP rounds?

One barrier in answering the above question is the sample complexity lower bound of Gopi et al.
(2020) for non-interactive hypothesis selection which is based on the work of Ullman (2018).

Theorem 4 (Informal, Theorem 3.3 of Gopi et al. (2020)) There is a family of k distributions for

which any non-interactive e-LDP hypothesis selection method requires at least Q( ’“al;’ff) samples.

In other words, we have to use interactivity to break the O(k log k) barrier on the sample complexity
and achieve an O(k) upper bound. This raises the following question:

Does interactivity offer a provable sample-complexity benefit for locally private hy-
pothesis selection?

In this work, we show that the answers to the above questions are affirmative and, indeed, a
small number of interactions helps us to achieve a linear sample complexity dependence on k.
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1.2. Results and discussion

Our main result shows that locally private hypothesis selection can be solved with a sample com-
plexity that is linear in k. To achieve this, we both design a new algorithm and propose a new
analysis technique.

Theorem 5 (Informal Version of Theorem 23) There exists an e-LDP algorithm that solves the
problem of hypothesis selection in O(loglog k) rounds, with an approximation factor of 9, and uses

0 ( k(log 1/5)?

a? min{e?,1}

) samples.

Note that, unlike the existing upper bound given in Theorem 3, this result works for all values of 3;
a detailed discussion on this will follow. The following corollary, which is a direct consequence of
the above theorem and Theorem 2, yields the optimal sample complexity.

Corollary 6 (Sample Complexity of LDP Hypothesis Selection) Let= € (0, 1). For any constant
B € (0, 1), the sample complexity of (interactive) e-LDP hypothesis selection is © (ﬁ)

We now highlight some important aspects of our results and contributions.

Optimal dependence on k. The private hypothesis selector proposed in Gopi et al. (2020) relies
on O(loglog k) adaptive rounds and requires O(k loglog k) pairwise comparisons. Applying the
union bound then yields the sub-optimal sample complexity that scales with k log k loglog k. On
the other hand, we develop a new analysis technique that avoids the simple union bound over all
comparisons. Instead, it exploits the fact that not all the comparisons are critical for establishing the
guarantees of an algorithm (See Section 3). We also propose a new algorithm that runs in the same
number of rounds as the algorithm in Gopi et al. (2020) but uses only O(k) queries, from which
only O(k/log k) are critical queries (See Section 4).

Approximation factor. Theorem 5 solves the hypothesis selection with an approximation factor
of 9, compared to the factor of 27 in Theorem 3. We achieve this by using a variant of Minimum
Distance Estimate (Mahalanabis and Stefankovic, 2007) as the final sub-routine in our algorithm
(see Section 4).

High probability bound. A drawback of the upper bound in Gopi et al. (2020) is its loose
dependence on the failure parameter (3. In fact, Theorem 3 is stated only for 8 = 1/10. In contrast,
our result holds for any value of 3 > 0 with a mild cost of (log 1/3)? in the sample complexity. We
achieve this by boosting the success probability of our algorithm in various steps'.

Computational complexity. Similar to Gopi et al. (2020), our algorithm runs in linear time (as
a function of the number of samples) assuming an oracle access to the Scheffe sets of distributions.

Number of rounds. A main feature of the algorithm of Gopi et al. (2020) is that it runs in only
©(loglog k) adaptive rounds. This sets it apart from similar approaches (Acharya et al., 2014, 2018)
that require ©(log k) adaptive rounds. Our method also runs in ©(loglog k) rounds. Moreover,
our result demonstrates the power of interaction: any non-adaptive LDP method for hypothesis
selection requires at least {2(k log k) samples (Ullman, 2018; Gopi et al., 2020), while our algorithm
works with O(k) samples. It remains open whether a sample-optimal LDP algorithm can run in
o(log log k) rounds.

1. It is possible extend the analysis of Gopi et al. (2020) to make it work for any 8 € (0, 1) but with with a substantial
(1/B)? cost in the sample complexity (as opposed to the poly-logarithmic dependence in our bound).
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Hypothesis selection method App. factor #Queries #Rounds #Samples for LDP
Round-Robin 9 9
(Devroye and Lugosi, 2001) ) O(k%) 1 Ok log k)
Comb (Acharya et al., 2014) 9 O(k) O(log k) O(klogk)
Gopi et al. (2020) 27 O(kloglogk) | O(loglogk) | O(klogkloglogk)
Gopi et al. (2020), Vt € [k] 9t Ok T 7¢) t Ok == tlog k)
MDE-Variant 9 9
(Mahalanabis and Stefankovic, 2007) 3 O(k%) 1 O(k*log k)
BOKSERR [THIS WORK] 9 O(k) O(loglog k) O(k)

Table 1: Hypothesis selection methods, their approximation factors, number of statistical queries
they ask, number of rounds and samples required to implement them in the LDP model.

The statistical query viewpoint. Our analysis is presented in the more general Statistical Query
(SQ) model (Kearns, 1998). SQ algorithms can be readily implemented in the LDP model (Ka-
siviswanathan et al., 2011); see Section 2.2. Moreover, most (if not all) existing hypothesis selection
methods are SQ algorithms (and therefore can be implemented in the LDP model). We provide a
summary of existing hypothesis selection methods and the cost of implementing them in the LDP
model in Table 1.

2. Preliminaries

Notation. We denote by [N] the set of numbers {1,2,..., N}. The total variation distance between
two probability densities f and g over domain X is defined by drv (f,g) = 1 [, [f(2) — g(z)| dz =
3IIf — gll1. We define the total variation distance between a class of distributions F and a distri-
bution h as dry (h, F) = inf fc 7 dpy (h, f). We abuse the notation and use f both as a probability
measure (e.g., in f[B] where B C X is a measurable set) and as its corresponding probability
density function (e.g., in f(z) where z € X).

2.1. The statistical query viewpoint of hypothesis selection

Assume h is an (unknown) probability distribution over domain X. In a typical scenario, the learn-
ing algorithm is assumed to have direct access to random samples from h. Many learning algo-
rithms, however, can be implemented in the more limited Statistical Query (SQ) model (Kearns,
1998). Namely, instead of accessing random samples, the learning algorithm chooses a (measur-
able) function ¢ : X — {0, 1} and receives an estimate of E,;, [¢(z)].

The hypothesis selection algorithms that we study in this paper are based on pair-wise compar-
isons between distributions. In Section 2.3, we show that such a comparison can be executed by a
statistical query. Therefore, it is helpful to view these hypothesis selection algorithms as Statistical
Query Algorithms (SQAs). We define a Statistical Query Oracle (SQO) and a SQA in below.

Definition 7 (Statistical Query Oracle) Let (X, B, h) be a probability space. A Statistical Query
Oracle (SQO) for h is a random function Oy, with the following property: for any o, 8 € (0, 1), and
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a finite workload W = (W;)I'_, where W; € B, the oracle outputs n real values such that

P | sup |On (W, o, 8); — Epun [1{z € Wi}]| > | <5,

1€[n]
where Oy, (W, a, 8), is the i-th output of Oy, and the probability is over the randomness of oracle.

Based on the above definition, we define the statistical query algorithm that runs in ¢ rounds and
calls a SQO in each round adaptively (i.e., based on the outcomes of previous rounds).

Definition 8 (Statistical Query Algorithm) We say A is a Statistical Query Algorithm (SQA) with
t rounds if it returns its output by making t (adaptive) calls to a statistical query oracle Oy, where in
each call 1 < i < t, the workload W9 of queries may depend on the output of Oy, in the previous
round 1 — 1 rounds.

2.2. Locally private hypothesis selection

In the local model of DP, each data point goes through a private mechanism (called a local random-
izer) and only the privatized outcomes are used by the algorithm. A canonical example of a local
randomizer is the composition of the randomized response mechanism with a binary function. The
randomized response is a mechanism that gets as input a bit and outputs it with probability p or
flips it with probability 1 — p. An LDP algorithm operates in multiple rounds. In each round, the
algorithm chooses a series of local randomizers based on the information that it has received in the
previous rounds. Each selected randomizer then generates a noisy version of a new data point for
the use of algorithm. The local privacy model is defined more formally in Section 5.

The hypothesis selection algorithms discussed in this paper all fit into the SQA framework
described in Definition 8. We show in Section 5 that any SQA can be implemented within the local
privacy model using the same number of rounds. We also discuss how many samples are required
to simulate a SQO with a single-round LDP protocol. It turns out that in general @(#%EZJ})
samples are sufficient to simulate a SQO that answers a workload of n queries with accuracy « and
failure § = 2/3 using a single-round LDP method. This allows us to simplify the presentation of
the results by focusing on the query complexity of the hypothesis selection approaches.

We find it useful to give an informal discussion on how a SQO can be implemented with a single
round LDP algorithm. A natural way of answering a SQ is to return the empirical average of the
query values on a set of i.i.d. samples. However, to satisfy the privacy constraint, the algorithm
cannot use the query values on the actual samples. Instead, the algorithm can observe the private
version of these values through a (de-biased) randomized response mechanism. An application
of Hoeffding’s inequality implies that @(#1{@71}) samples are sufficient to make sure that the
empirical average of the randommized response values is a-close to the true value of query with
probability at least 1 — 5. To ensure « accuracy for all queries with probability at least 1 — S,
one needs to resort to a union-bound argument over all n queries. Therefore, each query needs to
be estimated with a higher confidence of 1 — 3/n (i.e., failure of 3/n), which results in the factor
of O(logn) in sample complexity. It is important to note that, due to the privacy constraint, we
need to use fresh samples for answering each query (otherwise, we incur a larger privacy budget).
Hence, the sample complexity of this approach is @(%) In Section 3, we introduce the
notion of critical queries and show how one can avoid the typical union bound analysis and, thus,
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the sub-optimal logarithmic term in the sample complexity. In Section 5, we expand on this and
show how to privately implement any SQA.

2.3. Existing tournament-based approaches for hypothesis selection

In this section, we review some of the classical algorithms for hypothesis selection, and how they
can be implemented as SQAs. As discussed in the previous section, any SQA can be implemented
in the LDP setting too. Some of these algorithms will be used later as building blocks of our method.
We relegate the pseudo-codes for these algorithms to Appendix G.

2.3.1. CLASSES OF TWO DISTRIBUTIONS

We begin with the simplest case where F = { f1, fo} and the classical Shceffé test (Scheffé, 1947;
Devroye and Lugosi, 2001). This algorithm is a building block of other algorithms in the sequel.
Let us first define the Scheffé set between two distributions.

Definition 9 (Scheffé Set) The Scheffé set between an ordered pair of distributions (f, g) is defined
as Sch(f,g) ={z € X : f(z) > g(x)}.

Let h be the (unknown) probability measure that generates the samples. The Shceffé test,
delineated in Algorithm 4, chooses between fi and f> by estimating h[Sch(fi, f2)]. Note that
h[Sch(f1, f2)] can be estimated using a single statistical query. The following folklore theorem
states the formal guarantee of the Shceffé test.

Theorem 10 (Analysis of Shceffé Test) Ler F = {f1, f2}, a, Be (0,1) and Oy, be a SQO for the
(unknown) distribution h. Let y = Op(Sch(fi, f2), . B). If [ = SCHEFFE(f1, f2,y), then we
have dpvy (h, f) < 3dpy (h, F) + « with probability at least 1 — f3.

2.3.2. CLASSES OF k DISTRIBUTIONS

In the more general setting where | F| = k, one possible approach is to simply run a Scheffé test for
all ©(k?) pairs of distributions and output the distribution that is returned the most. The round-robin
tournament (Devroye and Lugosi, 2001) implements this idea (see see Algorithm 5), and achieves an
approximation factor of 9. The following establishes the guarantee of this method; see Theorem 6.2
in Devroye and Lugosi (2001) for a proof.

Theorem 11 (Analysis of Round-Robin) Let F = {f1,..., fi} be a set of k distributions, o, €
(0,1), and Oy, be a SQO for the (unknown) distribution h. Algorithm ROUND-ROBIN(F, Oy, «, [3)

is a SQA with a single round that makes at most k(kT_l) queries with accuracy o to Oy, and returns

a distribution f such that dpy (h, f) < 9dpy (h, F) + « with probability at least 1 — f3.

Improving the approximation factor. It is possible to improve over the approximation factor of
round-robin by using the MDE-variant algorithm (Mahalanabis and Stefankovic, 2007) described
in Algorithm 6. This algorithm is an “advanced” version of the well-known Minimum Distance
Estimate (MDE) algorithm (Yatracos, 1985) that solves the hypothesis selection problem with the
approximation factor of 3 and ©(k?) queries. This is significantly better than the classic MDE that
requires ©(k3) queries. Similar to round-robin, MDE-variant also relies on pair-wise comparisons.
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2 The precise guarantee of MDE-variant is given in the following theorem. The proof can be found
in Mahalanabis and Stefankovic (2007).

Theorem 12 (Analysis of MDE-Variant) Let F = {fi,..., fi} be a set of k distributions and let
a, B € (0,1). Let Op, be SQO for the (unknown) distribution h. Algorithm MDE-VARIANT(F, Oy, «, B)

is a SQA that runs in a single round and returns a distribution f € F such that dpy (h, f ) <

3dry (h, F) + « with probability at least 1 — [3. Moreover, it makes (k L)

to the oracle.

queries of accuracy «

Both the round-robin and MDE-variant are non-adaptive (i.e., run in a single round) and make
O(k?) queries. Essentially, these algorithms query about every possible Scheffé set between pairs
of distributions. This may not be a significant issue in settings where answering many queries does
not incur huge cost, e.g., in the non-private setting where we can reuse the samples. However, as
mentioned in Section 2.2, the number of samples under LDP constraint scales (roughly) linearly
with the number of queries. Hence, simply simulating round-robin or MDE-variant in the local
model results in a sub-optimal (with respect to k) sample complexity bound of O(k?). In the next
section, we review adaptive methods and how they help to reduce the number of required queries
for LDP hypothesis selection.

2.3.3. HYPOTHESIS SELECTION WITH ADAPTIVE STATISTICAL QUERIES

Gopi et al. (2020) developed an adaptive algorithm that only makes O(k loglog k) queries to solve
hypothesis selection. The algorithm partitions the candidate distributions in several groups with
small size and runs a round-robin in each group. It then moves the winners to the next round and
eliminates the rest of the candidates. The algorithm runs in O(loglog k) rounds and the size of
groups increases in each round. Running the round-robin tournaments on groups with small size
makes it possible to reduce the number of queries from O(k?) to O(kloglogk). However, the
sequential nature of this method causes the resulting approximation factor to grow exponentially
with the number of rounds. To address this issue, they proposed a modification of this algorithm
using a general tool that we will discuss in detail in Section 4. They then showed that the resulting
approximation factor becomes 27 for the modified algorithm (see Theorem 3).

We should mention that the hypothesis selection method of Acharya et al. (2014) can also be
implemented using O (k) queries. However, compared to Gopi et al. (2020), it uses a significantly
larger number of interactions (i.e., it runs in O (log k) round rather than ©(log log k)).

As mentioned in Section 2.2, it is possible to privately implement a SQA that makes O(k)
queries using O(klong/ B ) samples. Such implementation was a main technical tool in the sample
complexity analysis of Theorem 3. Note that the O(log k) term in the sample complexity comes
from taking a union-bound argument over the accuracy of all the O(k) queries. In the next section,
we present the framework of critical queries which can help to get a better sample complexity.

3. SQ model with critical queries

In this section, we present a new framework for the sample complexity analysis of answering mul-
tiple statistical queries. As stated earlier, it is possible to implement an oracle that a-accurately

2. MDE and MDE-variant can also be used in the setting where || is unbounded. In this case, the sample complexity
will depend on the VC dimension of the Yatracose class. See Devroye and Lugosi (2001) for details.
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answers n queries with probability at least 1 — 3 using O("l;)%;/ B ) samples. The fact that the
oracle is required to be accurate in all the queries results in the O(logn) factor in the sample com-
plexity (see Section 2.2). But what if the algorithm can establish its guarantees without the need to
be confident about the accuracy of all queries? In other words, can we improve the sample com-
plexity if we know that the success of the algorithm hinges on the correctness of only a small subset

of the queries (i.e., critical queries)? To formulate this intuition, we define the following.

Definition 13 (Statistical Query Oracle with Critical Queries) Ler (X, 3, h) be a probability space.
A Statistical Query Oracle with Critical queries (SQOC) for h is a random function that receives
a, B € (0,1), a finite workload W = (W;)?'_, where W; € B, and m € [n|, and outputs n real
values. Formally, we say Oy, is an SQOC for h if for all o, € (0,1),n € N;i € [n|,IW =
(Wh,...,Wy) € B™ we have

VU C [n]> |U| =m, P SUP|0h (VVaaaﬁym)i —Eznn [1 {:‘C € WZ}” >al <P,
el

where Oy, (W, «, B, m), is the i-th output of Oy, and the probability is over the randomness of oracle
(for the fixed choice of input and U ). We refer to m as the number of critical queries and to o, 3 as
the approximation accuracy and the failure probability, respectively.

Compared to an SQO, SQOC receives an additional input of m that indicates the number of
critical queries. An SQOC offers a weaker guarantee than a standard SQO (Definition 7) in that
it ensures «-accuracy only for subsets of size < m of (out of n) queries. That is, Definition 13
reduces to Definition 7 only for m = n. Note that, crucially, an algorithm that uses an SQOC does
not need to know which specific queries are critical for its success (otherwise, it would have asked
just those queries). Instead, the algorithm only needs to know (a bound on) the number of such
critical queries. The potential benefit of using an SQOC over an SQO is that it can be implemented
in the LDP setting using O( nlogm ) samples (See Observation 22 in Section 5).

a? min{e?,1}

3.1. Critical queries for maximal selection with adversarial comparators

In this section, we motivate the concept of critical queries further by providing a simple example in
which critical queries can help improving the analysis. We first describe (and slightly modify) the
setting of maximal selection with adversarial comparators (Acharya et al., 2014). Assume we have a
set of k items X = {x1,...,x} and a value function V' : X — R that maps each item x; to a value
V' (x;). Our goal is to find the item with the largest value by making pairwise comparisons. As an
intermediate step, we want to pair the items randomly, compare them, and eliminate half of them.
We, however, do not know the value function and only have access to an adversarial comparator
Cv : X? — X. The comparator gets as input two items z; and z;, consumes m(c, () fresh samples
and (i) if |V (x;) — V(x;)| > « then with probability at least 1 — 3 outputs arg max;c; 1 {V (1)}
and (ii) if |V (z;) — V(z;)| < « then returns either item randomly. Here, m : (0,1)? — N is
decreasing in « and f3, i.e., higher accuracy and smaller failure probability requires more samples.
We now define the problem formally.

Example 1 Let X be a set of k items, V : X — R be a value function, and Cy : X? — X
be an adversarial comparator for the value function, and o, 8 € (0,1). Assume X* = {x € X :
|V (z) —maxg+cx V(z*)| < a} is the set of items with values comparable to the maximum value up
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to error a. Assume there is an algorithm that pairs the items randomly and invokes Cy to compare
them. The algorithm returns the set Y of the k/2 winners. How many samples do we need to make
sure that with probability at least 1 — 3 we have a “good” item inY, i.e, X*NY # ()?

Approach 1. Recall that if we have m(«, ) samples, then any pair of items (x,z’) can be com-
pared with accuracy « and with probability at least 1 — 3. Applying union bound, we deduce that
the algorithm can correctly compare all k/2 pairs with accuracy « if it has access to gm(a, % B)
samples. Since the comparator is a-accurate, it follows that either a member 2* € X™ is included
in Y or it has lost the comparison to another item Z with |V (Z) — V (2*)| < «, which implies that
x’ € X*. Either way, X* N'Y # () with probability at least 1 — f3.
Approach 2 (Critical query). Let z* € X* and 2’ be the item paired with z*. Clearly, if z* is
compared accurately, then X*NY = (). Thus, unlike the previous approach, we only need to inspect
a single comparison. In other words, whether two other items z; and x; are compared accurately
can be ignored in analyzing X* N'Y # (). This shows that we need only %m(a, () samples, which
is smaller than what we established with the previous approach. Notice that although the algorithm
is unaware of the comparison involving x*, there is only one critical query for the desired task.
The above example demonstrates that the concept of critical queries enables us to derive the
same guarantees but with a smaller sample complexity, compared to what would be obtained simply
by union bound.

4. A Sample-optimal algorithm for hypothesis selection

The algorithm of Gopi et al. (2020), basically, has as many critical queries as the total number of
queries. Thus, using the concept of critical queries does not lead to a better sample complexity for
their approach. In this section, we propose a new locally private hypothesis selector (which we term
BOKSERR) that uses a smaller number of critical queries and achieves the optimal (i.e., linear)
sample complexity dependence on k. BOKSERR consists of three sub-routines, namely boosted
knockout, boosted sequential round-robin, and MDE-variant. All the algorithms can be found in
Appendices C, D, and G, respectively. Before discussing each sub-routine, it is useful to introduce
the following design technique that is borrowed from Acharya et al. (2014).

A design technique and some notations. Let f* € F be such that dry (h, f*) = drv (h, F)
and f € F be another distribution in F. Theorem 10 suggests that if dry (h, f) > 3drv (h, F) +a,
then with high probability, SCHEFFE(f, f*) returns f*. Assume S = {f € F : dpy(h, f) <
3dry (h, F)+a} and ¢ = |S|/|F|. Intuitively, if ¢ is small, then f* is likely to win when compared
to a randomly chosen distribution from F. Otherwise, if ( is large, then any appropriately-sized
random sub-sample of F will contain a distribution from .S with high probability. This intuition has
been incorporated in our algorithm design: The first two sub-routines (namely, boosted knockout
and boosted sequential round-robin) return two lists of distributions £; and L2 such that with high
probability either f* € L3 or S N Ly # (). Put differently, there exists a “good” distribution in
L1 U Ly with high probability. The proof appears in Appendix C.

4.1. Boosted knockout

Given F, oracle Oy, and t > 1, boosted knockout runs in ¢ rounds and returns two lists of distribu-
tions. The first one is constructed as follows. In each round, it randomly pairs distributions in F for
r = O(log 1/3) times and makes pairwise comparisons, where each comparison is carried out by a

10
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Scheffé test. It then selects the distributions that win at least % of the comparisons in which they are
involved and moves them to the next round. This ensures that the number of candidate distributions
is reduced by at least a factor of % in each round (see Appendix C for a proof). The distributions that
have progressed to the last round constitute the first list. The second list is a random sub-sample of
size O(2!log(1/f3)) from the initial set of distributions 7. As mentioned before, the union of the
above two lists includes at least one distribution from .S, as formalized in the following theorem.

Theorem 14 (Analysis of Algorithm 1) Ler F = {fi1,..., fx} be a set of k distributions, and
let a,f € (0,1) and t > 1. Let Op be a SQOC for the (unknown) distribution h. Algorithm
BOOSTED-KNOCKOUT(F, O, «, 5,t) is a SQA that runs in t rounds. The number of statistical
queries (i.e., size of the workload) to Oy, in round i € [t] is at most 16k(%)i log % with 32(%)i log %

k

many critical queries. Moreover, it returns two lists of distributions IC1 and Ko with |[KC1| < T
ot log 5

and |KC2| < 8log %2t' 83 such that with probability at least 1 — [3 either dv (h, K1) = drv (h, F)
or dpy (h,K2) < 3dpy(h, F) + a.

We highlight two key properties of boosted knockout. First, it makes a small number of critical
queries in each round, which are only those that correspond to comparing f* with other distributions.
To see this, note that we bound the probability that f* is not in the first list by the probability that
it will be paired with a distributions in S for at least 1/4 of its comparisons. The analysis does not
depend on the result of other comparisons. This implies that in each round only the » comparisons
that concern f* are critical. Second, it eliminates a subset of candidate distributions and prepares a
smaller list of distributions for the next sub-routine sequential-round-robin. A more careful analysis
of boosted knockout is given in the next theorem.

4.2. Boosted sequential round-robin

We now discuss the second sub-routine, namely, boosted sequential-round-robin (BSRR for short)
described in Algorithm 2. Similar to boosted knockout, this algorithm relies on sequentially re-
ducing the list of potential candidates starting from the F, and eventually returning two lists of
distributions. The first list is determined by sequential (i.e., adaptive) comparisons between distri-
butions, while the second list is an appropriately-sized sub-sample from /. However, instead of
pairing the distributions, BSRR partitions the candidate distributions into a number of groups in
each round, runs a round-robin tournament in each group, and keeps only the winners for the next
round. The size of the groups are squarred in each round of BSRR and, therefore, the size of the
candidate distributions decreases very quickly. If { = |.S|/|F| is small then with high probability f*
is not grouped with any distribution from .S and will not be eliminated until the very last round. If {
is large, then a distribution in .S will be included in a random sub-sample of F with high probability.
Hence, the union of the two lists will include a distribution from .S with high probability.

BSRR is adapted from Gopi et al. (2020) with one main difference. Similar to boosted knock-
out, instead of only partitioning the distributions once in every round, we repeat this process for
O(log 1/p) times and keep the winners of all of the round-robin tournaments. This results in boost-
ing the probability that, in each round, there exists at least one group that includes f* but not any
other distributions from S. Thus, the probability that f* is included in the first list also increases.
The guarantee of BSRR is characterized in the following. In Appendix D, We show why these rep-
etitions are necessary to achieve the logarithmic dependency on 1/ in the sample complexity and
provide a proof for the theorem.

11
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Theorem 15 (Analysis of Algorithm 2) Let F = {fi1,..., fi} be a set of k distributions, and let
a,B € (0,1),n>0,andt > 1. Let Oy, be a SQOC for the (unknown) distribution h. Algorithm
BOOSTED-SEQUENTIAL-ROUND-ROBIN(F, Op, o, 3,1, t) is a SQA that runs in t rounds. The
i
number of statistical queries (i.e., size of the workload) to Oy, in round i € [t] is at most kn (log %) ,
all of which are critical. The algorithm returns two lists of distributions Ry and Ry with |R1| <
k(log %)t
(ztgfl) and |Ry| < 21 log% such that with probability at least 1 — 3 either dry (h,R1) =
dry (h, F) or dry (h, R2) < 3dry (h, F) +

4.3. Boosted-sequential-round-robin-MDE-variant (BOKSERR)

We are now ready to delineate the overall algorithm, that we call boosted-sequential-round-robin-
MDE-variant (BOKSERR for short). It starts by calling the boosted knockout with ©(loglog k)
rounds to construct two lists of distributions /C; and /Cy. The set Ky is then fed to BSRR with
the same ©(loglog k) number of rounds to further generate two lists of distributions R; and Ra.
Recall that all of the queries made by BSRR are critical. However, knockout ensures that the size
of the input list to BSRR, namely Xy, is O(W). This makes sure that that the number
of queries that BSRR makes is small and Observation 22 suggests that the queries can be answered
with a sample complexity that is sub-linear in k.

Finally, BOKSERR uses MDE-variant (that was discussed in Section 2.3) to select its output

o . L : Vk(log &
distribution from R U Ro U Ko. The union of the three lists is of size O (%) and
(logk) ™ ¢ B

therefore MDE-variant sub-routine (similar to round-robin) needs O(k log> %) samples to choose
the output distribution from this lists. The guarantee of BOKSERR is given as follows.

Theorem 16 (Analysis of Algorithm 3) Let F = {f1,..., fi.} be a set of k distributions and let
a, B € (0,1). Let Oy, be SQOC for the (unknown) distribution h. Algorithm BOKSERR (F, Oy, a, 3)

is a SQA that runs in <6 + 4loglog %) log log k rounds and returns a distribution f € F such that
with probability at least 1 — 3 we have drvy (h, f) < 9dry (h, F)+ . The total number of statistical

klog? L
queries is ©(k log2 %) and the number of critical queries is O (Olggfgl>
(logk) =" B

5. Locally private selection

We start this section by defining the local privacy model. We then demonstrate that every SQO(C)
and SQA can be implemented under the local privacy constraint, enabling us to construct a locally
private version of Algorithm 3.

Definition 17 (¢-Local Randomizer, (Kasiviswanathan et al., 2011)) We say a randomized func-
tion M : X — Y is an e-Local Randomizer (s-LR) if for all x,x' € X and any measurable subset
Y C Y it satisfies

PM(z) € Y] <eP[M(a)) €Y].

The following definition enables us to abstract the “single round access” to a database through
an LR oracle.

12
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Definition 18 (c-LR Oracle) Let D = {x1,...,zp} € X™ be a database of size m. An £-LR
oracle for D, denoted by ¥ p, operates as follows: initially, it sets the total number of “questions”
to 0, i.e., s = 0. Then in each call to the oracle:

» Up receives a series of e-LRs (M;)!'_, (for some n > 0).
e Ifn 4+ s > m, then the oracle outputs NULL.
* Otherwise, it outputs Vp (M;)l-,) = (M;(xits)l ) and updates s = s + n.

We stress that the above oracle W uses each data point only once. As a result, each M;
being an ¢-LR implies that ¥ p is also e-LR. The construction laid out in Definition 18 provides a
machinery for implementing oracles under the local privacy constraint. More specifically, one can
construct a locally private version of an SQOC by composing a given local randomizer with the
set indicator functions. To this goal, we choose the most well-known local randomizer, namely the
randomized response (Warner, 1965), defined below.

Definition 19 (Randomized Response (RR)) The randomized response mechanism R. is a ran-
domized function that receives x € {0,1} and outputs x with probability % and 1 — x with

probability ﬁ
It can be easily verified that 7. is an e-LR. Moreover, according to the post-processing property
of differential privacy (see, e.g., (Dwork and Roth, 2014, Proposition 2.1)), the composition of R,

with any (measurable) function is still an e-LR. The following lemma expounds on how to privately
implement an SQOC by post-processing of randomized response mechanisms.

Lemma 20 (Simulating an SQOC with an Unbiased RR) For every probability space (X, B, h)
and every € > 0, 0,}?3 defined as

k

RR N 1
ofF (W = (S (1S magmewn - ]|
j=p(i—1)+1 i

is a valid SQOC for h, where W; € B, p = O <M> and D = {x1,...,xp} is fresh i.i.d.

o? min{e2,1}
samples generated from h.

Note that by setting the number of critical queries to the total number of queries the above lemma
can be also used to simulate any SQO.

Next, we seek to show how to privately implement our hypothesis selection algorithm. To do so,
we first need to formally define locally private algorithms. Informally speaking, an e-LDP algorithm
is a multi-round algorithm with access to an £-LR oracle. In each round, the algorithm observes the
outputs of the previous round and defines a series of e-LRs. It then calls the oracle and computes a
function of the returned values of the oracle as its output for that round.

Definition 21 (¢-LDP Algorithm) An e-LDP algorithm with t rounds is a randomized function A
that has access to an e-LR oracle VU (for some database D), and outputs vy using the following
recursive procedure: at each round j € [t], the algorithm defines a function fj depending on the
outcomes of the previous round (i.e., y’~"'), picks a series of n;j €-LRs (Mf);z 1» and computes

v = (vo (MD2)).

13
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Intuitively, one can employ a strategy akin to that in Lemma 20 to simulate SQA by an ¢-LDP
algorithm using OER, thus restricting the access to the database only through an e-LR oracle.

Observation 22 Any SQA with t rounds can be simulated with an e-LDP algorithm A. with t
n; log my /ﬁz
a? min{e?,1}
round i € [t|, where n; is the size of the workload of queries, o, 3; are the accuracy and failure
parameters, respectively, and m; € [n;] is the number of critical queries.

rounds. Moreover, the ¢-LR oracle associated with A. requires O ( ) data points in

This observation can be proved by a direct application of Lemma 20 and provides a systemic
framework for constructing an e-LDP version of Algorithm 3. The following theorem, whose proof
is given in Appendix E, presents the guarantees of such a locally private hypothesis selector.

Theorem 23 (s-LDP Implementation of Algorithm 3) Ler 7 = {f1,..., fr} be a set of k dis-
tributions, € > 0 and o, € (0,1). Let (’),IfR, as defined in Lemma 20, be the oracle for the
(unknown) distribution h. Algorithm BOKSERR(F, OER, a, B) is an e-LDP algorithm that re-
k(log %)?
o2 min{e?,1}

quires a database of O( ) i.i.d. samples from h, runs in <6 + 4loglog %) loglog k

rounds, and returns a distribution f € F such that with probability at least 1 — 3 we have
dry(h, f) < 9dry (h, F) + o
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Appendix A. Related work

Hypothesis selection is a classical problem in statistics (Scheffé, 1947; Yatracos, 1985; Devroye and
Lugosi, 1996, 1997, 2001); see Devroye and Lugosi (2001) for an overview. More recent papers
have studied hypothesis selection under various considerations such as computational efficiency,
robustness and more (Mahalanabis and Stefankovic, 2007; Daskalakis et al., 2012; Daskalakis and
Kamath, 2014; Suresh et al., 2014; Acharya et al., 2014, 2018; Diakonikolas et al., 2019; Bous-
quet et al., 2019, 2022). Other related problems are hypothesis testing (Neyman and Pearson, 1933;
Paninski, 2008; Batu et al., 2000; Goldreich and Ron, 201 1; Diakonikolas and Kane, 2016; Canonne,
2020) and distribution learning (Yatracos, 1985; Devroye and Lugosi, 2001; Birge, 1989; Hasmin-
skii and Ibragimov, 1990; Yang and Barron, 1999; Devroye and Lugosi, 2001; Moitra and Valiant,
2010; Chan et al., 2014; Acharya et al., 2015; Diakonikolas, 2016; Acharya et al., 2017; Ashtiani
and Mehrabian, 2018; Ashtiani et al., 2020; Diakonikolas and Kane, 2023).

Differential privacy was introduced in the seminal work of Dwork et al. (2006b). The central
models of DP (including the pure (Dwork et al., 2006b) and approximate (Dwork et al., 2006a)
models) have been studied extensively. In the central model, the first private hypothesis selection
method was proposed by Bun et al. (2019a). This result was later improved by Aden-Ali et al.
(2021a). Other problems that have been investigated in the central model are distribution testing
Canonne et al. (2019, 2020); Narayanan (2022) and distribution learning Karwa and Vadhan (2018);
Kamath et al. (2019b,a); Bun et al. (2019a); Biswas et al. (2020); Kamath et al. (2020); Aden-Ali
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et al. (2021a,b); Kamath et al. (2022); Ashtiani and Liaw (2022); Kothari et al. (2022); Alabi et al.
(2023); Hopkins et al. (2023); Cohen et al. (2021); Tsfadia et al. (2022); Bie et al. (2022); Singhal
(2023); Arbas et al. (2023); Ben-David et al. (2023); Afzali et al. (2023).

The local model of DP Warner (1965); Evfimievski et al. (2003); Kasiviswanathan et al. (2011);
Duchi et al. (2013) is more stringent than the central one, and has been the model of choice for var-
ious real-world applications (Erlingsson et al., 2014; Differential Privacy Team, December 2017;
Ding et al., 2017; Davidson et al., May 9 2017). Several lower and upper bounds have been estab-
lished for various statistical estimation tasks under local DP (Duchi et al., 2018; Joseph et al., 2019a;
Duchi and Rogers, 2019; Bun et al., 2019b; Chen et al., 2020; Asi et al., 2022, 2023; Acharya et al.,
2021, 2020; Asoodeh and Zhang, 2022), including hypothesis testing (Pensia et al., 2022, 2023;
Acharya et al., 2019) and selection (Gopi et al., 2020).

Studying statistical estimation tasks in the statistical query model is another related topic (Kearns,
1998; Szorényi, 2009; Feldman, 2017; Diakonikolas et al., 2017). More related to our work are those
that study the sample complexity of answering multiple statistical queries under differential privacy
(Ullman, 2013; Steinke and Ullman, 2016; Edmonds et al., 2020; Ghazi et al., 2021; Dagan and
Kur, 2022).

The role of interaction in local models has been investigated in several works (Kasiviswanathan
etal., 2011; Duchi et al., 2018; Duchi and Rogers, 2019; Joseph et al., 2019b; Daniely and Feldman,
2019; Joseph et al., 2020) and it has been shown that it is a powerful tool in designing algorithms
that are sample efficient (Han et al., 2018; Acharya et al., 2020; Gopi et al., 2020; Acharya et al.,
2022). We also prove in this work that using adaptive algorithms can solve the task of hypothesis
selection more efficiently.

Appendix B. Miscellaneous facts

Lemma 24 (Hoeffding’s Inequality) Ler X,..., X, be i.i.d. random variables with 1 = E [X;]
and P [a < X; < b] =1 foralli € [n]. Then for every o > 0 we have

1 — 2na?
P —E X; — < _ .
[ni:l n >a] exp( (b—a)2>

Appendix C. Analysis of Theorem 14 (Boosted knockout)

We prove each part of Theorem 14 in one of the following sections.

C.1. Size of the returned lists

We know that at the end of each round the set of distributions F is updated and only the distributions
that are in H in that round will proceed to the next round. In the following lemma, we show that the
number of remaining distributions decays exponentially with the number of rounds.

Lemma 25 Let kg = k and denote by k; be the number of distributions that are remaining from
the initial set of distributions F = {f1,..., frx} at the end of round i € [t] of Algorithm 1, i.e., the

distributions in H at the end of round i. Then we have |k;| < (é%
2

Proof We know that at round 7 we pair the remaining distributions randomly for r times and each
time we run Scheffé tests between the pairs of distributions. Therefore, the total number of Scheffé
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Algorithm 1 Boosted Knockout

Input: A set F = {fi,..., fi} of k distributions, Oracle Oy, parameters a, 5 > 0,¢ > 1
Output: Two lists of candidate distributions from F
procedure BOOSTED-KNOCKOUT(F, Oy, o, 3, 1):

Sample n = 8log %.Qt' log 3 distributions randomly from F and copy them to Ko
F1 <+ F

for i € [t] do
Ve F,letw[f] < 0 > To record the number of wins of f
H—0,G 0, r <« [32(3)" log 5]
for j € [r] do
‘ Randomly pair the distribution in ;, copy the pairs to G > @" <G| < ‘J;i' r
end

for every pairp = (f, f') € G do
‘ BIU A SCh(faf/)

end

W= (Bp)peg’ (yp)pég = Oh(W7a7 ﬁa 7")
for every pairp = (f, f') € G do

if SCHEFFE(f, f',y,) returns f then
| wlf] < wlf]+1

else
| wlf] < wlf]+1

end

end

or every f € F; do

if w[f] > 2 then
| H+« HUTS

=]

end
Fiy1 < H

end
K1 < Fiq1
return 1, o

end
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tests run in round ¢ is equal to %r. We also know that only the distributions that are returned by at
least %r of the Scheffé tests will be included in H and remain for the next round. Therefore, each
one of the k;; distributions that will remain for the next round (i.e., round ¢ 4+ 1) must have been
involved in at least %r tests. We can then write

3r k
k2+1 4 = 2

Thus, we can conclude that k;;; < The lemma can then be proved by using induction on

E3
i€ t]. [ |

Proof The fact that [KC; | < ——&
2
comes from the properties of the algorithm. |

—; 7 can be verified easily from Lemma 25 and [Kz| < 8log 3 Lot-log
g2

C.2. TV guarantees of the returned lists

Proof Let f* be a distribution in F such that dry (f*,h) = miny rdrv(h, f) = dry(h,F)
and let v = m. We only use ~ for the analysis and we do not need to know its value—
in fact the values of v and dry (h, F) are unknown to us. Denote by S = {f : drv(h, f) <
(3+~)drv(h,F), f € F} the set of distributions in F that their TV distance to h is within a 3 + -y
factor of the minimum TV distance dry (h, F). We define { = ‘| F' as the ratio of these distributions
and base our analysis on two different ranges for the value of (. We show that when ( is smaller
than . (li)t then with high probability f* € Xy and if it is larger than this value then, with high

probabilzity, SNKs ;E 0.
Casel: ( <
<3

i € [t] and makes it to the last round, i.e., f* € K;. In each round of boosted knockout, the
distributions are randomly paired for r times and each time a Scheffé test is done between every
pair, meaning that each distribution is involved in r tests. We then select the distributions that are
returned by Scheffé tests for at least % times and move them to the next round, while eliminating
the rest. Since o = ~y.drv (h, F) we know from the guarantees of Scheffé test that for any [’ € F,
with probability at least 1 — 3, the SCHEFFE(f*, f’, Oy, c, B) test may not return f* only if
drv (h, f') < 3.dpy(h, f*) +a = 3+ )drv(h, f*) = (34 v)drv(h, F), i.e., it may not return
f*onlyif f"isin S. For all j € [r], let Z;; be a Bernoulli random variable that is equal to 1 if f* is
paired with a distribution in .S at the jth time and is equal to 0 otherwise. Consequently, the number
of times that f* is tested against a distribution in .S at round ¢ is equal to Z;Zl Z;j. Moreover, let
F; refer to the set of distributions that are remained at the beginning of round 7 € [t] and denote

by (i = the ratio of the distributions in S relative to the distributions that are remained at the
beglnnlng of round i € t],e.g., F1 = F and (; = (. Since E [Z;;] = (; foralli € [t] and j € [r],

We want to prove that in this case f* will not be eliminated in any round
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we can write that

P[f* is eliminated at round 7]

=P [ £ is not returned by at least 2 of the Scheffé tests in which it is tested at round z}
T T T
r 1 1 1 1
<P j_51Zij>4 =P Tj_glzij>4 =P ’r’j_51Zij_Ci>4_Ci (1)

<oxp (-2 -6 ) = ewp (-2~ ) = exp (640 vow 515~ 6?)

where the last inequality follows from Hoeffding’s inequality (Lemma 24). From Lemma 25 we
know that at the beginning of round ¢ we have F; = k;—1 < (3)% Therefore, we can con-
2

clude that (; < (%)Hg , 1.e., the ratio of the distributions in S relative to the distributions that are
remained grows at most by a factor 3/2 at each round. We also know that { < L Hence

8.(3)"
G < 3(3) < iforalli € [t] and

1 ) 1 1)\?
S oG4 (- —2) >1.
64(; @_64(4 8> >1

From the above equation and Equation 1 we can write that

t o]
P[f* ¢ K1) = > P[f* is eliminated at round i] < 2:% <3 ey
=1 =

which is smaller than 5 for § < 1/2. Therefore, we have proved that if ( < % then with

3\t

2
probability at least 1 — B (for < 0.5) we have f* € Ky and thus dpy (h, K1) = dpy (h, F).
Case 2: ( > ( . In this case we prove that with probability at least 1 — (5 a distribution ins

2
S will be returned in IC2 We can write

PIS K = 0] < (L— () < e ¢ = ¢ 0820 (s} gt

We know that { > and , therefore,

@Y
t.1 1 t.log 3
8¢2 gy > 3 828782 =1,
8. ()"
Combining the above two equations we can conclude that P [S N Ky = 0] < 3. |
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C.3. Number of total and critical queries

Proof We know that a single Scheffé test can be done by one statistical query to the oracle It is
easy to verify that at round ¢ € [t] the total number of statistical queries is equal to
is exactly equal to the number of Scheffé tests run in that round. From Lemma 25 we know that

kiog < (5)% Therefore the number of queries at round % is less than or equal to r.# =
2 2
32(%)i10g%.k L.
@ Therefore, the total number of queries is less than or equal to
2
4 4yi—1 1
32 g (g)z k lOg =

g+ t 64klog Lt = g . 1 1

2kl gl 8 _ & “<192klo=o<k;10 >
; %)Z 1 32 (%)1,1 3 ;(9) g,B gﬁ
Now we derive an upper bound on the number of critical queries. Note that if { < 13 7 the
guarantees of boosted knockout requires that with probability at least 1 — 5 we have f* E IC1 and
the way that we proved this fact relied on finding the probability that f* is returned by at least j
fraction of the rScheffé tests in which it is involved at each round. Also note that the output of
all the other Scheffé tests that do not have f* as their input is not important since we do not base
our analysis on the exact value of (;. We rather simply bound it by its worst-case— when none of
the distributions in .S are eliminated even until the last round ¢ and ; is multiplied by a factor of
3/2 at each round. Therefore, the only queries that are critical and can change the output of the
algorithm are those that are related to the Scheffé tests in which f* is included. On the other hand
if ( < 3)t’ we proved that with probability at least 1 — § a distribution in .S is sampled and

copied to ICg and this does not require any queries at all. Consequently, we can say that the number
of critical queries in round ¢ is less than or equal r = 32(3)’ log % 3 and thus the total number of

critical queries is less than or equal to 96(3 )" ! log % [ |

Appendix D. Analysis of Theorem 15 (Boosted sequential round-robin)

Before proving Theorem 15 we provide an intuition as to why the repetition of the round-robin
tournament in each round of boosted SRR is necessary to obtain the logarithmic dependency of
sample complexity on 1//3 in Theorem 3.

Analysis of 5 in SRR. As already discussed, we wish to make sure that if ¢ is smaller than
some threshold then f* will not be grouped with any distribution in .S with high probability. It is
easy to verify that in the “original” SRR (Gopi et al., 2020), where the distribution are grouped only
once in each round, the failure can happen with probability O(¢+/k). In order to make sure that this
probability is smaller than 3, we have to set the threshold to 5/ Vk. On the other hand, we have
to make sure that when ( is larger than the threshold, then a sub-sample of the input distributions
will include a distribution from .S with probability at least 1 — 5. The probability of failure for this
event will depend on the size of the sub-sample Ro and is bounded by O(exp(—(n)). To make

sure that this is smaller than 3, we would have to set n = O(W). But notice that the
sample complexity of MDE-variant is quadratic in the size of its input and, therefore, we would get
a quadratic dependence on 1/ in the sample complexity. However, repeating the round-robins for
several times in each round of boosted SRR makes sure that the probability that f* is not eliminated
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increases sufficiently such that we can set a smaller threshold for ¢ and, thus, sub-sample smaller
number of distributions.

Similar to Theorem 14, we prove each part of Theorem 15 in one of the following sections.

Algorithm 2 Boosted Sequential-Round-Robin
Input: A set F = {f1,..., fi} of k distributions, Oracle Oy, parameters «, 5,1 > 0,¢ > 1
Output: Two lists of candidate distributions from F
procedure MULTI-ROUND-ROBIN(F, Oy, a, B, 7):
H+—0,G+0

Randomly partition the distributions in F into |F|/n sets of size 7, copy the partitions to G

for every partition G; € G do

gi < ROUND-ROBIN(G;, Oy, av, B)
H<—HUyg;

end
return H

end
procedure BOOSTED-SEQUENTIAL-ROUND-ROBIN(F, Oy, «, 8,1, 1):
Sample 2772t log(%) distributions randomly from F and copy them to R2
F1 <+ F
for i € [t] do
H+— 0
for j [log(%ﬂ do
H; <~ MULTI-ROUND-ROBIN(F;, Oy, o, 8,7)
H<—HUH;
end
Fir1 < H
RS

end
Ri — Fiq1
return R, Ro

end

D.1. Size of the returned lists

We first state the following fact regarding the size of the output class of distributions of a single call
to multi-round-robin.

Fact26 Let F = {fi,..., [x} be a set of k distributions and let o, > 0. Let Oy, be a SQOC
of accuracy « for the (unknown) distribution h. Algorithm MULTI-ROUND-ROBIN(F, Oy, «v, B8, 1)
returns a set of distributions H with |H| = k/n.

Proof The fact is an immediate consequence of the facts that the number of partitions is |G| = k/n
and that round-robin outputs a single distribution. |
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We know that at each round of the boosted sequential-round-robin the set of distributions F is
updated and only the distributions in H will remain for the next round. We first state the following
fact and in Lemma 28 we state the total number of remaining distributions at each round of the
boosted sequential-round-robin.

Fact27 Letn = n and 772 denote the updated value of n at the beginning of round i € [t| of
Algorithm 2. We have 1; = 1>

Lemma 28 Let kg = k and k; denote the number of distributions that are remaining from the
initial set of distribtuions F = {f1,..., fx} at the end of round i € [t] of Algorithm 2, i.e., the
k(log %)1

772121 :

distributions in ‘H at the end of round i. Then we have k; <

Proof Inround i € [t] of the boosted sequential-round-robin, the remaining set of distributions are
used as an input to multi-round-robin for log % times. From Facts 26 and 27 we know that for each

one of the log % runs of multi-round-robin at round ¢, the size of the output set of distributions is
kio1 _ ki

Therefore, the total number of distributions that are remained at the end of round 7

4 - 1721 1
i—1-log 5 . . . . .
is at most %ﬁﬁ. We can then conclude the lemma using an induction on 7 € [t]. It is easy to
n
. k(log 5)°
verify that at the end of round 1 we have k; = g Then from
kilog 1 k(log 1)i+1 k(log 3 it+1
the above argument we can conclude that k; 1 < o 8 — 1(721.7752.)_1 = (7722 +1) —. |
. . . k(log 3)"
Proof From Lemma 28 we know that size of the returned list R4 is equal to |R4| < 57— The
n
fact that |Ra| = 212" log % simply follows from the definition of algorithm. [ |

D.2. TV guarantees of the returned lists

Proof Let f* be a distribution in F such that dpy (f*,h) = miny. rdrv(h, f) = dry(h, F)
and let v = m. We only use ~ for the analysis and we do not need to know its value—
in fact the values of v and dpy (h, F) are unknown to us. Denote by S = {f : drv(h, f) <
(34+)drv(h,F), f € F} the set of distributions in F that their TV distance to h is within a 3 +
factor of the minimum TV distance dry (h, F). We define ( = ‘l f|| as the ratio of these distributions
and base our analysis on two different ranges for the value of (. We show that when ( is smaller than
P Qt then with high probability f* € R, and if it is larger than this value then, with high probability,

SQRQ#@

. We want to prove that in this case f* will not be eliminated in any round

i € [t] and makes it to the last round, i.e., f* € R;. In each round of the boosted sequential-
round-robin, we run the multi-round-robin sub-routine for a total of log % For each run of multi-
round-robin at round ¢ € [t] the distributions are partitioned into k;_1 /7; groups and a round-robin
is run on the distributions in each group. The outputs of all round-robins will then proceed to the
next round. Since o = ~.dry (h,F) we know from the guarantees of Scheffé test that for any
f' € F, with probability at least 1 — 3, the SCHEFFE(f*, f’, O, o, §) test may not return f*
only if drv (h, f') < 3.drv(h, [*) + a = 3+ y)drv(h, f*) = (3 + 7)drv(h, F), ie., it may
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not return f* only if f’is in S. In the following, we will bound the probability that f* is eliminated
by the probability, for all log % repetitions of multi-round-robin, the partition that contains f* will
also contain at least one distribution from .S . Otherwise, f* will be returned by every Scheffé test
in that partition and thus by the multi-round-robin and proceeds to the next round.

Let F; refer to the set of distributions that are remained at the beginning of round ¢ € [¢] and
denote by ¢; = I%' the ratio of the distributions in S relative to the distributions that are remained at

the beginning of round i € [t], e.g., F1 = F and (; = (. We can write that

P[f* is eliminated at round 7]

1
P | f* is grouped with at least one distribution in .S for all log B repetitions at round ¢ )

< (Qm)log%,
where the last inequality follows from the fact that the ratio of distributions in S and the size of the
groups at round ¢ € [t] are (; and n;, respectively. We also know that ¢; < 7721_1*1§ . To see this,
note that in each of the log % runs of multi-round-robin the same set F; of distributions are used as
input and in the worst-case every distribution in S will be among the F;/n; distributions that are
returned by each multi-round-robin. Similar to Lemma 28, we can prove the above bound on (;
using an induction on <.
Taking Fact 27 and ¢ < 277% into account, we can write that for all i € [¢],

1 1
2i=1_1 log 5 2i_1\ 18 5
log L Ui i—1 n
(Cimi) P < ( 2n2 772 ) - <2n2t >

From the above equation and Equation 2 we can write that

¢
Plf* ¢ Ri] = Z P[f* is eliminated at round 7]
i=1

1
t 2i_1\ 8 5 log & 1 1 et 1
n 1 A 9i_1)198 5 log(2n2) log —7—
< E ( ) = () (77 ) =p E g et
—_ 2t 2t
i=1 2n 21 =1 =1
t

7

o)yt _ oy O
— 3 Z} G 1= W
< gos(>®). ( ﬁlog}]>2t _ ﬂlog2n2t(%>2t s

Therefore, we have proved that if { < 277%, then with probability at least 1 — 5 we have f* € Ry

and thus dTv(h, Rl) = dTv(h, .7:)
Case 2: ( > 27712t . In this case we prove that with probability at least 1 — 3 a distribution in S

will be returned in Ro. We can write

t 2 ot
P[SNRy=0<(1-{)"<e "= o2 log § (e‘ogﬁ)c " 3
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D.3. Number of total and critical queries

Proof We know from Theorem 11 that a round-robin run on a set of & distributions requires answer

M queries, all of which are critical. Thus, the number of total and critical queries are equal in
boosted sequential-round-robin. Particularly, in round i, we run multi-round-robin for log + 3 times.
Each multi-round-robin partitions the set of distributions in round ¢ into & /n; groups of size 7; and

runs a round-robin on each group. Therefore, the total number of queries is less than or equal to

i—1 i—1
¢ t k(logl t k(logi
ki1 o 1 ( g5> L ( g5>
; o log 5= ; T log 5= 2 ﬁ log Z kn 10g
1\ 1
S kﬁ <10g > ’
B
where the last inequality holds if 5 < 1/4. |

Appendix E. Analysis of Theorem 16 (BOKSERR)

We first prove the TV guarantees of the returned distribution and then find the number of total and
critical queries.

E.1. TV guarantees of the returned distribution

Proof Let f* be a distribution in F such that dry (f*,h) = miny rdrv(h, f) = dry(h,F)
and let v = W(hf)’ We only use ~ for the analysis and we do not need to know its value— in
fact the values of v and dry (h, F) are unknown to us. Denote by S = {f : drv(h, f) < (3 +
¥)dry (h, F), f € F} the set of distributions in F that their TV distance to & is within a 3+ factor
of the minimum TV distance dry (h, F). From Theorem 14 we know that with probability at least
1— either f* € Ky oradistribution from .S is in 2. Assume that f* € Ky. Then it is easy to verify
that for S’ = {f :dpy(h, f) < B3+ ~)drv(h,K1), f € K1} we have S” C S. Theorem 15 sug-
gests that after running BOOSTED-SEQUENTIAL-ROUND-ROBIN(K 1, Op, /3, 3/3,n,t'), given
that f* € ICy, with probability at least 1 — g either f* € R4 or a distribution in S’ (and thus in S) is
in Ro. Let .7:" R1UR2 UK. By a union bound argument, we can conclude that with probability
atleast 1 — 22 we have FNS # 0, i.e., dTV(h F) < (3+7)dry (h, F). Theorem 12 together with
a union bound argument suggests that for f <~ MDE-VARIANT(F, O, o/2, 3/3) with probability
at least 1 — 3 we have

Q

dry (h, f) < 3dpy (b, F) + = < 3(3 4 v)dry (h, F) + = = 9drv (h, F) + 3v.dry (b, F) + =

2 =
= 9dpy(h, F) + < + % 9dry (h, F) + a.

2
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E.2. Number of rounds

Proof It is easy to prove that the total number of rounds of Algorithm 3 is equal to the sum
of the number of rounds required for Algorithms 1 and 2 plus one additional round for MDE-
variant. Therefore, we can conclude that the total number of rounds is equal to ¢t + ¢ + 1 =

(6 + 4loglog %) log log k. |

E.3. Number of total and critical queries

Proof The number of total and critical queries are equal to the sum of the queries in boosted
knockout, boosted sequential-round-robin, and MDE-variant sub-routines. Let 7 = R1 URo U K.
From Theorems 14, 15, and 12, we can conclude that the total number of queries is less than or
equal to

t'+1 7 7
FI(1F -1
L IFI0F1 =D

3 3
192|F|log 5 + [Kiln <10g > 5

B
1
k- k200 . (log 3)+1 k(log 3)t2
< 192k log > + log 5) + (log )

tlog 2 5 2t 1
/8 2 23 2t log %k/2(t/+1)

1)2 132
< 192klog;+0 (k(logﬁ)> =0 <M>a
(

(lOg k)log log % log k_)log log %

f/’
+ 8log ZQt'logg + 2/’4:/2“2'+1> log Z

where the last line follows by plugging the values of &” and ¢’ based on Algorithm 3. The number
of critical queries is less than equal to

4 1 3\ | FI(F] -1 oelog 1 k(log %)
063 log + + Kl (1052 )+ LD < 6 (o pyostont) 4o [ 950 )
3 ﬁ ,B 2 (IOg k)loglog 3

Algorithm 3 BOKSERR
Input: A set F = {fi,..., fx} of k distributions, Oracle Oy, parameters «, 8 > 0
Output: f € F such that dry (h, f) < 9dry (h, F) + « with probability at least 1 —

t+ (5+410glog%> loglogk, t' < loglogk — 1

1
K e g K20

otlog 5
procedure BOKSERR(F, Oy, a, 5):
Ki, Ko, R1,Ro 0
K1, K2 < BOOSTED-KNOCKOUT(F, O, /6, /3,1)
R1, R2 < BOOSTED-SEQUENTIAL-ROUND-ROBIN(K1, Op, /6, 8/3,n, 1)
return MDE-VARIANT(R; U R2 U Ko, On, /2, 5/3)

end
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Appendix F. Missing proofs from Section 5
F.1. Proof of Theorem 23

Proof We find the sample complexity of the algorithm by finding the samples needed to run the three
sub-routines MDE-variant, which we denote by my, mso, and ms, respectively. From Theorem 14,
32(%)% log %

23T
and at most 32(%)i log% of them are critical. Therefore, from Lemma 20, the total number of
samples that the oracle requires for the run of boosted knockout is equal to

we know in round i € [t] of boosted knockout the algorithm asks a workload of queries

. :zt: 1 32(§)iklog%.log 32(4) log
' a?min{e? 1} 23y 3

i 32(2)ilog 2

(410 (2552

64k 3
= 302 min{e2, 1) (bg 6) Z} ()1

_ 64]{:10g% 3 &g . 5. 198 4. ;
~ 3o?min{? 1} (10g<5>.2<9> +2. () e <3<3> 1ogﬁ>

k(log %)2
=0 <a2 min{52,1}> '

Theorem 15 suggests that in round i € [t'] of boosted sequential-round-robin there are at most

IKC1|n (log %) queries and all of them are critical. Therefore, we can find the samples required to
run this sub-routine by writing

1=

/ . k ,+ 3 i
tZ : Fowm (10e2) 1 gosg R <1°g B)
mo = . = og— ] .lo
2 - a?min{e?, 1} otlog3 & B & B

1 2k
~ o?min{e?, 1} (log k)log 5 (5+4loglog 3)(1+1/logk)

i <log 3)i log ( 2k . <log 3)1)
=1 ,B (log k)log %(5+4 log log %)(lJrl/log k) . ,B 6
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We first upper bound the term with the sum.

t/

Z lo § z‘-10 2k - lo § i
— & B & (log k)logg(5+410glog%)(1+1/1ogk) .8 & B
2% d ' 3\
= log <(logk)1og§(5+4loglogg)(1+1/1ogk) . ﬁ) ; <log ) + Zlog ( ) log ((log 5) ) )

t'+1
=1 - <logﬁ> 71+1 log k - log1 Z log > i
© oglo og lo o
< log (log k)log%(5+4loglog%)(1+1/1ogk) .3 (log %> ] g log g g 3 g =

=1 5
ok t'+1 3 3\ t'+1
<1 . - I loglog k.loglog — (1
< log <(logk)log§(5+4loglogg)(1+1/1ogk B) (ogﬁ) + log log k. log ogﬁ <0g5>
2k jloglo log 1
=1 : : (1 8198 % 4 loglog k. loglog = (log k)'*¢™8 & |
08 ((log k)log%(5+4loglog%)(l+l/logk ,3) ng +log ng 08108 5 ﬁ ( 08 k)

where in the last line we used the fact that t/ =

loglog k — 1. We can therefore upper bound ms as
follows.

1 2k
m2 =2 min{e2, 1} (log k)log 5 (5+4loglog %)(1+1/ log k) '

t/

Z <10g 3>i -log ( 2h : <log 3>Z>
1 I} (10g k)log%(5+410glog%)(1+1/log k) 3 B

- 1 2k (log k)\°8 '8 . 2k
) min{€2’ 1} (log k)log %(5+4 loglog %)(l—i—l/log k) & <10g k)log %(5+4 log log %)(1-‘1-1/ log k) B

3
1 2k (log k)'°81°8 5 3
: log log k. log log =
T minges, 1 (log k"% 3 G+loglog 5)(1+1/log k) CBIOB 1108708

_of _HFles )
a?min{e?, 1}
“)

Finally we find the number of samples needed to run MDE-VARIANT. Let F= R1URy UK,
We know that MDE-variant makes m

queries and all of them are critical. Therefore, we can

write 2
1 k(log 5)" 3 2t
M3 = a2 1 Bt, —+ 8log Zotlog 5 4 op/ 5671
o mln{€ ) } 2tlog k: SCesy) I}
k(1 ¢
log % + 8log — 2t log3 4 leg(t%+1) 5)
gtlog 5/ Cem b

k(log B)
=0 <a2 min{e?, 1}) '
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k(log %)2
a? min{e2,1}

Combining Equations 3, 4, and 5 concludes that m; + mg + mg = O < ) as desired. ®

F.2. Proof of Lemma 20

Proof We first prove that for any 7 € [n] with probability at least 3’ = /3/m we have that the output
of oracle for the query W; is close to E,p, [1 {x € W;}|. Forany p(i — 1) +1 < j < p., let
yj = R<(1{x; € W;}) and z; be the random variable defined below

€€+1 1 66_'_]. ].
e (Rg(l{.%'jGWi})_e€+1) T e 1 (yj_e‘g—i-l>.

We now want to apply the Hoeffding’s inequality on random variables z‘7 We know that E [y;] =
85+11 {z; e Wi} + e5+1( —1{z; e W}}) = e5+11 {z; e W;} + €+1 where the expectation is
taken over the randomness of .. We can then compute the expected value of z; as follows.

e +1 1 e +1 1 1
B ol = 5 (Bl ) = 5 (B[ e m e o] - )
e€+1 /e —1 1 1
- E[1{z; € W; - —E[1{z; € W;}.
(R e W+ - ) —El e e W

We can therefore apply the Hoeffding’s inequality (Lemma 24) on z; and write that

ef+1[1 il 1 2pa’
Pll—— - (Zl)HRa(l{xjeWi})—e“rl —El{z; e Wi}]| > a SeXp<—w :
j=pli— T

ef—1

If e < 1then (e +1) =0 ((1)?).1f £ > 1 then for any constant ¢ > 3 we know thatIn £ < 1 <

¢ and, thus, (e H) < ¢2 = O(1). Therefore, we can conclude that (es“) =0 (;)

es—1 es—1 min{e2,1}

Setting p = miiloig{/g,l} = a;;gi;?égl} implies that

e+1 (1 & 1 B

P 1 *' Z R5(1{$j€Wi})—e€+1 —E[l{xjeWi}] > _B—%.
j=p(i=1)+1
A simple union bound argument concludes concludes that
VU C 0] = m B |sup [ OFF (7,01, 6,pb), ~ Exe [1 o € W] 2 o] <

which proves that (’),?R is a valid SQO for h. |

Appendix G. Pseudocode of Classical Algorithms
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Algorithm 4 Scheffé test
Input: A pair of distributions f; and foon X,y € R
Output: f; or fo
procedure SCHEFFE(f1, fa,y):
BS — Sch(fl, fz)
if |f1[Bs] -yl < [f1[Bs] — y| then
| return f;
else
| return fo
end

end

Algorithm 5 Round-Robin

Input: A set F = {fi,..., fi} of k distributions, Oracle Oy, parameters «, 5 > 0
Output: A distribution f € F such that drv(h, f ) < 9dpy (h, F) + « with probability at least
1- 8.
procedure ROUND-ROBIN(F, Oy, o, B):
VfeF, wf]+< 0 > To record the number of wins of f
for all i, j € [k] where j > i do
‘ Bij — Sch(fi,fj>
end
W= (Bij)f:ij‘a (yij)f:07j>i — Op(W,a, B)
for all i, j € [k] where j > i do
if SCHEFFE(f;, [, yij) returns f; then
| w[fi] < w[fi] +1
else
| w[fs] < w[f]+1
end
end

return f with maximum number of wins w/[f]
end
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Algorithm 6 MDE-Variant

Input: A set F = {f1,..., fi} of k distributions, Oracle Oy, parameters «, 5 > 0
Output: A distribution f € F such that dgy (h, f) < 3dry(h, F) + a with probability at least
1-6.
procedure MDE-VARIANT(F, Oy, a, 3):
Vfe F,wlf]+ 0
for every f € F do
for every f' € F\ f do
| B;+ Sch(f,f),i+i+1
end
W = (B; )f*f, (yni;f = Op(W, a, B)
]

end

return f = arg minsc r w|f]
end
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