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Abstract

Given a sample of i.i.d. high-dimensional centered random vectors, we consider a problem of
estimation of their covariance matrix > with an additional assumption that 3 can be represented
as a sum of a few Kronecker products of smaller matrices. Under mild conditions, we derive the
first non-asymptotic dimension-free high-probability bound on the Frobenius distance between X
and a widely used penalized permuted least squares estimate. Because of the hidden structure, the
established rate of convergence is faster than in the standard covariance estimation problem.

Keywords: Kronecker rank, effective rank, rearrangement operator, penalized permuted least
squares estimate.

1. Introduction

Let X, X;,...,X, € R%bei.id. centered random vectors. We are interested in estimation of the
covariance matrix ¥ = EXXT from observations X, ..., X,,. This classical problem is of a great
significance and it arises in various domains such as wireless communications (Werner and Jansson,
2007), economics and finance (Bai and Shi, 2011), biology and medicine (for example, functional
MRI (Derado et al., 2010), genomics (Xie and Bentler, 2003), MEG/EEG (De Munck et al., 2004)).
A standard approach to this problem is to consider the sample covariance

Unfortunately, if the number of available samples n is much less than the ambient dimension d
(which is often the case in practical scenarios), the estimate S suffers from the curse of dimension-
ality. To overcome this issue, researchers have explored leveraging structural properties of covari-
ance matrices to reduce their total number of degrees of freedom. This includes assumptions on the
covariance matrix like sparsity (Banerjee et al., 2008; Ravikumar et al., 2011), low-rank (Fan et al.,
2008), Toeplitz (Fuhrmann, 1991) and bandable model (Bickel and Levina, 2008a,b). A reader is
referred to the survey (Cai et al., 2016) for further examples. In situations when data can be rep-
resented as tensors, a popular modelling assumption is based on expansion of X into a Kronecker
product of two smaller matrices (Wang et al., 2022):

Y=dRV¥, where® e RP*P, ¥ e R and pq = d. €))

Each of the matrices ®, ¥ corresponds to a certain index (mode) of the multivariate array and can
be interpreted as a mode-wise covariance. For instance, when researchers deal with spatio-temporal
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data, they use Kronecker product to separate spatial and temporal dimensions. Despite its simplicity,
the Kronecker product model (1) appears to be useful in various applications (Werner and Jansson,
2007; Werner et al., 2008; Allen and Tibshirani, 2010; Guggenberger et al., 2023). In the present
paper, we are concerned with a more expressive model that approximates the covariance matrix as
a sum of Kronecker products:

=P,V + -+ Pg ® ¥k, )

where ®1, Uy, ..., &, U are symmetric positive semidefinite matrices, such that ®; € RP*P,
U, e Ri*forall j € {1,..., K} and pq = d. In this case, one says that ¥ has a Kronecker rank
equal to K. By summing multiple Kronecker products, the model can capture complex interactions
and dependencies that may not be adequately represented by a single Kronecker product. We would
like to note that any symmetric matrix of size (pg x pq) admits an expansion of the form (2) with
K = min{pz7 qz}. However, even with a small number of Kronecker product terms, the model
(2) has shown promising results in applications such as clutter covariance estimation for airborne
STAP (Sun et al., 2018), MEG/EEG (De Munck et al., 2002, 2004; Bijma et al., 2005), video
modelling (Greenewald et al., 2013), and SAR data analysis (Rucci et al., 2010). Notably, accurate
approximations with a small number of Kronecker product terms have been demonstrated for the
Matérn family of covariances (Litvinenko et al., 2019).

The rates of convergence in the covariance estimation problem with > of the form (1) or (2)
were studied in numerous papers (see, for example, Werner et al. (2008); Tsiligkaridis and Hero
(2013); Zhou (2014); Leng and Pan (2018); Masak et al. (2022)). However, the existing state-of-
the-art results are either dimension-dependent or based on unsuitable for high-dimensional setting
assumptions. At the same time, the recent advances in covariance estimation (Bunea and Xiao,
2015; Puchkin et al., 2023; Zhivotovskiy, 2024) allow to establish non-asymptotic high-probability
bounds on the Frobenius and operator norm of (X — %) in terms of the effective rank r(X) =
Tr(X)/|32] under mild assumptions, completely eliminating dependence on the ambient dimension
d. For example, (Bunea and Xiao, 2015, Proposition A.3) prove that, for any 6 € (0,1), with
probability at least 1 — &, we have

3)

s 5 ﬂ(z)< log(2/9) log<2/6>).
F n n

Here and further in the paper, the sign < stands for an inequality up to an absolute multiplicative
constant. This brings us to a question, whether it is possible to obtain sharper dimension-free

bounds when ¥ admits a Kronecker product expansion (2). The following motivating example
gives a positive answer in the simple case K = 1.

Example 1.1 Let X have a Kronecker rank one, that is, it admits a representation (1) for some
positive semidefinite matrices ® € RP*P and W € R, Let Xq,...,X,, € RY*P be the matrices
obtained by reshaping' of the vectors X1, ..., X, respectively. Consider the estimates

) 1iXTX d U liXXT
=— ; X, an =— X, .
n&= e l na o

1. More precisely, it holds that vec(X;) = X; foralli € {1,...,n}, where vec is the vectorization operator, stacking
the matrix columns together (see the definition in Appendix A).
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As shown by Leng and Pan (2018), ® and U are unbiased estimates of Tr(¥)® and Tr(®)V,
respectively. If, for any vectors u € RP, v e R? and any i € {1,...,n}, it holds that

1
Tr(W0)

E‘I’) HVTXZ'X;FV“¢1 < VT\I/V,

HuTXiTXiunl < u'du  and T

where | - ||, denotes the Orlicz norm (see the notation section below), then, similarly to the proof
of Proposition A.3 from (Bunea and Xiao, 2015), we can show that

log(2/0) log<2/<s>>

n n

H(f)/Tr(\I/) - (I)HF < Te(®) (

and

H\f//Tr(@) - \I’HF < Tr (V) < logf/é) v 10g(j/5))

simultaneously on an event with probability at least 1 — 6. The trace product Tr(®)Tr(¥) = Tr(X)
can be easily estimated by (|X1|? + - - - + | X,,|?)/n. Then the estimate
PRV

i = 1n77
=2 X2
21

“

suggested by Leng and Pan (2018), satisfies the following high probability bound:

log(2/0) 1og<2/6>)

-3 < (@) + |¢>||Tr<w>>< . -

- 9] (£(®) + £(w) ( o520 | log?/ ‘”) ,

where t(®) = Tr(®)/|®| and £(¥) = Tr(T)/| ¥

, while (3) implies that

n n

DEDIE VTP ( log(2/0) 10g(2/5)>
F

n n

— S e(@)e(D) ( tog(2/9) ., Loa(®/ ‘”) .

Hence, the Kronecker structural assumption helped us to significantly improve the upper bound (3)
by replacing the product of effective ranks with their sum.

Unfortunately, the estimate % from Example 1.1 significantly exploits the product structure (1)
of 3, which allows to estimate ® and W separately. This approach has no direct extension on the
case of larger Kronecker rank. For this reason, the case, when X has a form (2) with K > 1, requires
much more efforts.
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Contribution. Our main contribution is a sharper upper bound on the performance of a regu-
larized permuted least squares estimate ) (defined in (6)), which is widely used for covariance
estimation in the presence of a Kronecker product structure. Under reasonable assumptions on the
distribution of X, X1, ..., X,,, we show that, if ¥ has a form (2), then

& 2 X ’ 1 1 log(1/6)
-3 < N EAIRZI D I )24 2 N2 4 080 /9)
HE EHF <K <j_1 2] H\If]> (n 12‘?[(1.(@]) + — max r(¥;)° + )

ni1<j<K n

with probability at least (1 — §). To our knowledge, this is the first dimension-free upper bound,
capturing the Kronecker structure of the population covariance.

Notation. Throughout the paper, S stands for the sample covariance. The identity matrix of size
(d x d) and the zero matrix are denoted by I; and O, respectively. For any matrix A, |A|, || A] .
and | A|r stand for the operator, nuclear, and Frobenius norms of A, respectively. Given arbitrary
matrices A € RP*? and B € R"*®, A ® B denotes their Kronecker product:

CLHB e aqu
A®B = o i | e R,
amB ... apB
For any matrix U € R**¢ with columns uy, ..., uy, vec(U) = (uj, ..., uZT)T is a vector obtained

by stacking the columns of U together. We also use the standard notation r(M) = Tr(M)/||M||
for the effective rank of a symmetric positive semidefinite matrix M. Instead of min{a, b} and
max{a, b}, sometimes we will use a A b and a v b, respectively. The notation f < g is equivalent
to f = O(g). Finally, of any random variable £ and any s > 1, the Orlicz norm |£||,, is defined as

€y, = inf {t > 0: B < 2}

The boldface font is reserved for vectors, while matrices and scalars are displayed in a regular font.

Paper structure. The rest of the paper is organized as follows. In Section 2, we present our
main result, Theorem 2.5, discuss its novelty and compare with related work. Sections 3 and 4 are
devoted to the proof of Theorem 2.5 and its main ingredient, Lemma 3.2. We also provide some
useful information about Kronecker product and the vectorization operator vec in Appendix A. The
proofs of some technical results are also deferred to Appendix.

2. Main results

This section contains the main result of this paper, but first, we have to introduce auxiliary defini-
tions. One of the central objects when dealing with a covariance X of the form (2) is the rearrange-
ment operator R, defined below.

Definition 2.1 (rearrangement operator) Let M be a matrix of size pq x pq with a block structure
M(1,1) ... M(1,p)
M = : : ,  where M(i,j) e R foralli,je{1,...,p}.
M(p,1) ... M(p,p)
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The rearrangement operator R : RP4*P4 — RP*x4” g defined by the following identity: the ((j —
D)p + i)-th row of R(M) is vec(M (i, §))".

The importance of the rearrangement operator becomes clear from the properties formulated in the
next proposition.

Proposition 2.2 The following holds.
* ‘R is a linear operator.

* R defines an isometry between the Euclidean spaces (RP7*P4 | - |r) and (RP*X0 || ). As
a consequence, there exists an inverse map R~1.

o If M = A® B, where A € RP*P and B € R7%9, then R(M) = vec(A)vec(B)'.

The first and the second properties follow immediately from the definition of R. The third one is
well-known in the literature (see, for instance, the proof of Theorem 1 in (Van Loan and Pitsianis,
1993)). The rearrangement operator reduces our problem to low-rank matrix estimation. Indeed, if
the covariance matrix X can be represented a sum of Kronecker products (2), then, due to Proposi-
tion 2.2,

K
R(Z) = ). R(®,; ®T;) Zvec Jvec(¥;) .
j=1

In other words, if ¥ has a Kronecker rank K, then R(X) has the same algebraic rank. This obser-
vation allows us to construct estimates based on the singular value decomposition of R(f]) as in
(Tsiligkaridis and Hero, 2013; Masak et al., 2022). For instance, Masak et al. (2022) considered an
estimate based on K principal components of R(f))

Y =R"YR), where R= Z 50,9, (5)
where the values 51 > ... > 0k and the vectors Uy, V1, ..., Uk, Vi are defined from the singular
value decomposition

p’Ag?
R(E) = 5;0;v] .
j=1

Let us note that the estimate (5) solves the optimization problem

R € argmin

A~ |12
nin (E)HF + Arank(R), where 5% ,, < A < 6%
ReRpP~ x4

In the present paper, we study the permuted least squares estimate suggested in (Tsiligkaridis and
Hero, 2013), where the authors replaced rank(R) by nuclear norm penalization:

~ ~ 2
£~ RTE), where Re argmin {’R R( )H + A|Ry*}. ©)
ReRp?xq? F
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Similarly to R, the estimate 1 admits an explicit representation given by soft thresholding:

Our goal is to establish a dimension-free upper bound on the Frobenuis norm of (f) — ). Usually,
results of such kind require some additional properties of the distribution of X, Xy,...,X,,. We
impose the following assumption.

Assumption 2.3 There exists w > 0, such that the standardized random vector ¥~V/?X satisfies
the inequality
log Eexp { (271/2X) TV(57/2X) - Tr(V) } < w? |V %)

forall Ve R™? such that |V||p < 1/w.

An equivalent condition appeared in the paper (Puchkin et al., 2023), where the authors assumed
that
H(z—1/2X)TV(z—1/2X) - Tr(V)Hw <|V|p forall Ve RI*d, ®)
1

The fact that (8) yields (7) follows from, for instance, (Zhivotovskiy, 2024, Lemma 2). In (Puchkin
et al., 2023), the authors argued that Assumption 2.3 holds for a large class of distributions. In
particular, they discussed that it is fulfilled for all random vectors, satisfying the Hanson-Wright
inequality. The examples include the Gaussian distribution A/(0, X) and, more generally, all dis-
tributions, such that ¥~/2X has independent components with finite 1)o-norms. Besides, random
vectors satisfying log-Sobolev inequality or having the convex concentration property (Adamczak,
2015) also meet Assumption 2.3. Since a covariance matrix with a Kronecker product structure (2)
often appears in the context of matrix models, we would like to give relevant examples from this
field. For instance, if we have a matrix model

X = BYAT,

where B € R7%9, 4 € RP*P, and Y € R?*P is a random matrix with i.i.d. standard Gaussian
entries, then vec(X) ~ N (0, (AA") ® (BBT)) and, consequently, it fulfils Assumption 2.3. In
the proposition below, we provide another, more general example when the assumption is satisfied.

Proposition 2.4 Let

K
X = B;Y;A], 9)
j=1
where Y1,..., Y € RYP are independent centered random matrices. Assume that there exist
positive numbers w1, . .. ,wg, such that forany j € {1,..., K}
log E exp {vec(Yj)TVvec(Yj) -Tr(V)} < w?HVH% (10)
for all V e RE*T | satisfying the inequality |Vilg < 1/wj. Then vec(X) fulfils Assumption 2.3
with p
24+ 2w
T T
3= ;(A]Aj )® (B;B]) and w < <2wmax v 16, /bg;“) :
where wyax = max wj.
1<G<K
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The proof of Proposition 2.4 is quite technical. For this reason, we postpone it to Appendix B and
move to the main result.

Theorem 2.5 Assume that the centered random vector X meets Assumption (2.3) and that its
covariance X has a form (2). Let us fix any § € (0, 1), satisfying the constraint

log(4/8) _ |
n ~

)

1 2 2
o (12;2}%1'((1)]) + 12‘1}%r(%) ) +

and take any \ € R, such that

K
A 2w (Z <1>j\1fj||> \/13 ( max r(®;)? + max r@j)?) 4 13log(4/0)
j=1

2n \1<j<K 1<K n

Then, with probability at least (1 —9), the permuted nuclear-norm penalized least squares estimate
3., defined in (6), fulfils the inequality
~ 2 2K
DED AR
F 2

Remark 2.6 Theorem 2.5 requires a proper choice of A > 0. To tune the parameter, we can fix a
finite family A = {\g - 27" : 0 < m < M}, where \g > 0 and M € N are some constants, and
perform model selection, using cross-validation or the random split procedure described in (Bickel
and Levina, 2008b, Section 3). If the chosen \ meets the inequality

K
A< Cw (Z |(I)j||\l’j|> \/13 ( max r(q)j)Q + max r(\lij)2> + M
j=1

2n \1<j<K 1<j<K n

with an absolute constant C > 2, then, under the conditions of Theorem 2.5, it holds that

n 1<j<K n 1<j<K n

~ 2 K 2/ 1 log(1/5
s-x < un (Z %\%H) (5 g (@ 4 o (w2 4 £
j=1

with probability at least (1 — 0).

To our knowledge, Theorem 2.5 provides the first dimension-free high-probability upper bound
on the accuracy of covariance estimation with a Kronecker product structure. The most relevant
papers to ours are (Masak et al., 2022) and (Tsiligkaridis and Hero, 2013), where the authors con-
sidered the estimates Y. and 3 (see (9), (6)), based on the hard and soft thresholding, respectively.
In (Masak et al., 2022), the authors assumed only the existence of the fourth moment of |X| and
proper decay of the singular values of R(X). Under these mild conditions, they proved the con-
sistency of X Unfortunately, the established rate of convergence includes the Frobenius norm of
(f] — ), which is of order r(X)/4/n in the worst-case scenario and, in contrast to Theorem 2.5,
shows no improvements compared to the unstructured case. In (Tsiligkaridis and Hero, 2013), the
authors derived a non-asymptotic bound on the performance of the permuted least-squares estimate
5. Assuming the observations X, ..., X, to have a Gaussian distribution A/(0, ), they showed
that

(p? + ¢% + log M) y K(p® + ¢* +log M)?

~ 2 K
DERE ;
F n n
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with probability at least 1 — M ¢, where ¢ > 0 is an absolute constant. In our paper, we derive
a sharper dimension-free bound for a broader class of distributions, which remains valid in the
extremely high-dimensional setup.

Let us elaborate on implications of Theorem 2.5 in the simpler case K = 1, which also got a
considerable attention in the literature. In (Werner et al., 2008), the authors focused on the Gaussian
case and showed the consistency of the maximum likelihood estimate and of non-iterative flip-
flop algorithm. Later, Zhou (2014) suggested the Gemini method and obtained high-probability
dimension-dependent bounds on the accuracy of covariance estimation, improving over the results
of Werner, Jansson, and Stoica (2008). The Gemini estimator also exploits the fact that X, ..., X,
have the Gaussian distribution. In contrast, Leng and Pan (2018) considered a much broader class
of distributions with finite 48-th moment. Under some technical assumptions, they derived a high-
probability upper bound on the accuracy of covariance estimation in terms of both operator and
Frobenius norms. Unfortunately, the analysis of Zhou (2014) and Leng and Pan (2018) imposes
a severe restriction that the lowest eigenvalues of ® and ¥ from the decomposition (1) should be
bounded away from zero. This makes their theoretical guarantees vacuous in the high-dimensional
setting. On the other hand, if the Kronecker rank of X is equal to one, then Theorem 2.5 yields that

Hi - EHQ <2z EO A (W) + log(1/0)
F n

with probability at least (1 — ¢). Note that this bound has a slightly better dependence on log(1/4),
than the rate of convergence from Example 1.1.

3. Proof of Theorem 2.5

The first step in the proof of the rate of convergence of the permuted least squares estimate ¥ is
identical to the one of Tsiligkaridis and Hero (2013). With a proper choice of A, we have the
following oracle inequality.

Theorem 3.1 (Tsiligkaridis and Hero (2013), Theorem 2) If A > 2\|R(§A] — )|, then
~ 2 1+ 4/2)?
HR - R(Z)HF < inf {|R R + Hp)\Qrank(R)} . (11)
Obviously, since X admits a representation (2), the rank of the matrix
K K K
R(Z) =R (Z P;® \Ifj> =Y R(@;®T;) = > vec(d;)vec(¥;)T (12)
j=1 j=1 j=1

is equal to K. In view of (12), the oracle inequality (11) can be rewritten in the form

N 2 1 2)ZA2K S
H H %, provided that A > 2[R(Z — ).

F 4

Our main technical result, leading to superior guarantees on the performance of 3 is the following
dimension-free bound on the operator norm of R(% — ).
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Lemma 3.2 Let Assumption 2.3 hold and let us fix any 0 € (0, 1), satisfying the inequality

1 ( max r(®;)? + max r(\IJj)2> + log(:Ll/cS)

< 1. (13)
2n \I<j<K 1<K

Then, with probability at least (1 — ), it holds that

131log(4/5)
)2 )2 o /)
HR (X-3) H (E 1P|, H) \/2n (lmgjag%r(@]) + max r(¥;) > e

We present the proof of Lemma 3.2 in Section 4 below. With Lemma 3.2, we easily finish the proof
of Theorem 2.5. Let X\ be any number, satisfying the inequality

131log(4/5)
E \2 )2 Yo\ T
2 2w ( 1251195 ”> \/2n <1I<nji}§(r(¢]) + lrénji}i(r(%) ) + n '

Then, according to Lemma 3.2, A > 2|R(S — )| on an event of probability at least (1—&). Hence,
on this event, it holds that

N 2 N 2 1 2)2)\2K 22N K ’K
5 -2} - |[R-rm)f] < CIXE _ CH2IVK BK

4. Proof of Lemma 3.2

The present section is devoted to the proof of our main technical result. For convenience, we split it
into several steps, deferring auxiliary derivations to Appendix.

Step 1: reduction to an empirical process. = We start with representing the operator norm of
R(X — ¥) in an appropriate form.

Lemma 4.1 Ler X, X, ..., X, be random matrices of size (q¢ x p), such that vec(X) = X and
vec(X;) = X, forallie {1,...,n}. Then it holds that
RE-%) = sw - Z Tr (X]VIXU) —ETr (XTVIXU) L. (14)
UeRPXP,VeRI%4 =
|Ule=|V]r=1

The proof of Lemma 4.1 is postponed to Appendix C. Now we are in position to use powerful
tools from the empirical process theory to derive a dimension-free bound on the supremum in the
right-hand side of (14). The main ingredient of our proof is the following PAC-Bayesian variational
inequality (see, for instance, (Catoni and Giulini, 2017, Proposition 2.1)).

Lemma 4.2 Ler X, X1,...,X,, be i.i.d. random elements on a measurable space X. Let © be a
parameter space equipped with a measure i (which is also referred to as prior). Let f : X x0© — R.
Then, with probability at least 1 — ¢, it holds that

x.0) KL, 1) +1log(1/6)

1 n
Eg~p— Z f(X;,0) < Eg,logExe’ -

simultaneously for all p < p.
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Recently, Zhivotovskiy (2024) used a similar approach to prove that the operator norm of (fl —Y)is
of order O(4/r(X)/n) with high probability. Unfortunately, the rate of convergence O(4/r(X)/n)
is suboptimal in our case, because of the additional structure of the population covariance. In the
rest of the proof, we deduce a sharper high-probability upper bound

IRE -2l 5 \/i (g, x(2)2 + ma, x(02).

1<K Isi<K

leading to better guarantees on the accuracy of estimation of .

Step 2: a variational inequality. On this step, we specify the prior and posterior distributions in
order to apply Lemma 4.2 to our problem. In our case, both i and p will be absolutely continuous
with respect to the Lebesgue measure, so we identify them with the corresponding densities. Let p
be the density of a Gaussian measure on RP*P x R?*4:

2 2
P 12pa0/2 o 3
WX, Y) = CREE exp {—QHX‘% - 2“”%} ,  where X e RP*P, Y e RT*9,  (15)
and
_ 2 _ 32
o= lg;ag%r(@]) , B 1?;‘1}%r(%) . (16)

For any U € RP*P and V € R?*9, define a set

R {(Xa V) RE e [ (x - 0@ (v - V)] <

K 1/2 K 1/2 (K 2
<Z I‘I’J'H‘Pj) (X-0) <Z |‘1’j|‘1’j> <7 (Z I‘I’ler(‘I’j)) ,
j=1 j=1

j=1
(17)

(o) o) Tt Gomes)

F
WX —UY —-V)/z, if(X,Y)eX(UYV),

0, otherwise,

2

Q\q;

and a corresponding posterior density py v, supported on Y (U, V):

puy(X,Y) = { (18)

where Z is a normalizing constant. It is not hard to show that Z is at least 1/4.
Lemma 4.3 With the notations introduced above, it holds that Z > 1/4.

The proof of Lemma 4.3 is deferred to Appendix D. Let v > 0 be a positive constant to be defined
later. Considering a pair (U, V') € RP*P x R7*9 as an element of the parameter space

0 = {(U,V) e RP*P x R7*9}

10
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we conclude that, according to Lemma 4.2,

n
sup {” M T (X VIXU) — vETr (XTVTXU)}
UeRpxP VeRaxa | TV 5=

IUe=[V]e=1

UeRPXP, VeRIX4
[Ule=IV]r=1

n
= sup % D B (poy~pyy Tr (X{ QTXiP) — vE(p,g)~py ExTr (XTQTXP)}
i

19)

< sup E(p.Q)~py.1 108 [EX exp {VTr (XTQTXP) — vExTr (XTQTXP) }]
leniviemt
F= F=

. KL + log(1/9)

- .

with probability at least (1 — ).

Step 3: a bound on the exponential moment.  Our next goal is to bound the exponential moment
Ex exp {vTr (X'Q"XP) — vExTr (X' QXP)}.

We begin with the following auxiliary result.

Lemma 4.4 Let us fix any U € RP*P and V € R, such that |Ullp = |V|p = 1. Then

K

2
2
H21/2(P®Q)El/2HF <13 (Z ]tij\Ilj|> pu,v-almost surely.
j=1

The proof of Lemma 4.4 is moved to Appendix E. Applying this lemma and using the fact that
X = vec(X) satisfies Assumption 2.3, we obtain that

log Ex exp {vTr (X' Q'XP) — vExTr (X' Q'XP)}
= log Ex exp {vvec(X)" (P ® Q)vec(X) — vExvec(X)' (P ® Q)vec(X)}
=logEx exp {rX"(P® Q)X — vExX (P ® Q)X } (20)
2
< W2 H21/2(P ® Q)El/zHF
K 2
< 13w (Z |‘1>j||\‘1’j|>
j=1
for all v, such that
K 2
13w (Z |q>j|yqu|> <1, 1)
j=1

and for all U € RP*P |V e R?9*? with unit Frobenius norms.

11
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Step 4: a bound on the Kullback-Leibler divergence. @~ We proceed with an upper bound on
KL (pu,v, 1v), where the densities 1 and py7y are defined in (15) and (18), respectively. It holds that

o PU,V(X, Y)
KL(pvy,p) = f 10g7M(ij) puv(X,Y)dXdY.

TUV)

Substituting X and Y by X + U and Y + V, respectively, we immediately obtain that

pva(X +UY + V)
WX +UY+V)

KL(puy,p) = J puv(X +U,Y +V)dXdY

1(0,0)

po,0(X,Y)
- 1 ’ X.Y)dXdY
f Ogu(X+U,Y+V)pO’O( )

Y(0,0)
1
= log - + f (aTr(UTX) + BTe(V'Y)) po.o(X,Y)dXdY
Y(0,0)

1
5 [ (@I + 81VIE) poox Y yaxay

T(0,0)
1 2 2
g 4 AW HAVE

Here we took into account that Y(O, O) and pp o are symmetric around zero and, hence,
f Tr(U" X)po.o(X,Y)dXdY =0, f Tr(V'Y)po.o(X,Y)dXdY = 0.
(0,0) 1(0,0)

Applying Lemma 4.3, we conclude that

a+f 1 N2 2
KL(pu,v, i) <2log2 + = 2log?2 + 3 (121>§(r(éj) + 1211'1)%r(\1l]) ) (22)

forall U € RP*P V' € R?7*9, such that |U|p = |V = 1.
Step 4: final bound. Summing up (14), (19), (20), and (22), we obtain that
K 2
v |R(E - 3)| < 13022 (Z @%H)
j=1

1 2 2 log(4/9)
+5 <1r<r;a§(r(<bj) + 12;1)%r({/]) > +—

with probability at least (1 — §). Let us take

K —1
1 1 log(4/6)
V== (; 1211 al) \/2n (@gf@;) + max x(¥;) > + ==

12
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Note that the requirement (13) ensures that such choice of v fulfils (21). Hence, with probability at
least (1 — ¢), it holds that

[RE-2)| <w (i \cbmw) \/ 2 ( max r(®))? + max r(q/jy) , 18log(4/9),
j=1

2n \1<j<K 1<j<K n

5. Conclusion and open problems

We showed that, if the covariance matrix 3 can be represented in the form (2), then it is possible to
obtain a non-asymptotic dimension-free upper bound on the Frobenius distance between 3 and the
penalized permuted least squares estimate 3. under reasonable conditions. The rate of convergence
is sharper compared to the standard unstructured case. There is an open question whether simi-
lar improvements are possible if we measure the estimation performance in terms of the operator
norm. In particular, we are not aware of any (even dimension-dependent) bounds on |3 — . We
also leave open the question if the rate of convergence in Theorem 2.5 is optimal in the minimax
sense. Another interesting question is how the result of Theorem 2.5 will change if we consider a
misspecified model
Y=P1 QU1 +...+ P Q¥ + F,

where E € R4 5 a (possibly unstructured) remainder. In (Greenewald and Hero, 2015), the
authors studied the case when F is a sparse matrix and suggested a robust Kronecker PCA procedure
for estimation of X in this situation. Finally, one can consider more complex models with higher-
order Kronecker products (Pouryazdian et al., 2016; Hafner et al., 2020; McCormack and Hoff,
2023).
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Appendix A. Auxiliary results: Kronecker product and its properties

The goal of this section is to introduce key properties of Kronecker products that we utilize in this
paper. For more details see, for instance, (Golub and Van Loan, 2013). We start with a basic fact
also referred to as the mixed-product property:

(A® B)(C® D) = (AC) ® (BD), (23)

The equality (23) has plenty of implications. In particular, if A = U'AU and B = VI MV are
eigendecompositions of symmetric matrices A € RP*P and B € R?*Y, then

A®B=UTAU)@ (VIMV)=U®V) (AQM)[U V)
is the eigendecomposition of their Kronecker product. For this reason, we have
Tr(A® B) = Tr(A)Tx(B), |A®B| = [Al[B], and [A® Blr = [Alr|B[r.  (24)

Further properties of the Kronecker product, presented in this section, are related to the vector-
ization operator vec (see our notation in Section 1). Let us recall that, for any matrix U, vec(U) is
a vector obtained by stacking the columns of U together. In our proofs, we will extensively use the
following identities, which hold whenever the matrix products in the left- and the right-hand side
are well defined:

(A® B)vec(U) = vec(BUAT), (25)
Tr(VTBUA") = vec(V) vec(BUA") = vec(V)" (A® B)vec(U). (26)

Appendix B. Proof of Proposition 2.4

Letus fixany V € R¥*d* and consider the exponential moment
Eexp {vec(X)TVvec(X) —Tr(VE)}.

16
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According to (9), it holds that

E exp { vec( (X)"Vvec(X) — Tr(VE)}

K
— Eexp vec(Y;) (4] ® B] )V (A, ® By)vec(Y;) — Tr(VE)
7,k=1
K
— Eexp { dlve T(A] ® B] )V(A; ® Bj)vec(Y;) — Tr(VY) 27

+ Z vec(Y;) (4] @ B] V(A ® Bk)vec(Yk)}.

Applying the Cauchy-Schwarz inequality, we bound the expression in the right-hand side of (27) by
a product of two terms:

E exp {vec(X) Vvec(X) — Tr(VE)}
K 1/2
[E exp {2 Z vec(Y) (AT ® BT) (A; ® Bj)vec(Y;) — 2Tr(VE)} (28)

7=1

1/2
Eexp < 2 2 vec(Y;) (AT ® BT) (Ar ® By)vec(Yy)
j#k
In the rest of the proof, we provide upper bounds on the exponential moments in the right-hand side

of (28). For convenience, we split the proof into several steps.

Step 1: an upper bound on the first term in (28).  An upper bound on the first term in the
right-hand side of (28) simply follows from the conditions of the proposition. Since Yi,...,Yg
are independent, we have

E exp {2 i vec(Y) (AT ®BT) (A; ® Bj)vec(Y;) — 2Tr(VZ)}
7=1

E exp {2vec(Y) (A—r ®BT) (A; ® Bj)vec(Y;) — QTY((AT @BT) (A4;®Bj))}-

::]w

1

J

Then (10) yields that

K
Eexp{QZvec i) (A] @ BV (4; ®B)vec(Y)—2Tr(VE)}
7j=1

K 2
< [[Bew {at4,4] @ 5,8]2v (4,4] @ 5,517} =
j=1

K
exp{ W2 Z H (4,A] ® B;B] )2V (A;A] @BjBJT)l/zHi}

17
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for any V, such that

1
,  Where wpax = max wj.
2Wmax 1<j<r

H(AjAJT ® B;B] )2V (4;A] ® BijT)l/ZHF <

Step 2: decoupling. = We move to the analysis of the second term in the right-hand side of (28).
The proof of an upper bound on

Eexp < 2 2 vec(Y;) (AT ® BT)V(Ak ® By )vec(Yg)
j#k

extends the idea of decoupling (see (Vershynin, 2018, Theorem 6.1.1)) to the multivariate case. We
proceed with the next auxiliary result.

LemmaB.1 Let {,,...,(f be iid. centered random vectors in R? and let {Mj, : 1 <j<
K,1 < k < K} be a collection of deterministic matrices of size (d x d). Then, for any convex
function G : R — R with the finite expectation

EG [ Y ¢ Mjr¢y, |,

J#k
we have
EG [ Y ¢ Mgy | <EG 4 )] ¢ Mudi, |,
j#k J#k
where (', ..., are independent copies of {1, . .., C k-

The proof of Lemma B.1 is postponed to Appendix F. Applying this lemma to

Eexp {2 ). vec(Y;) (A ® B )V(Ax ® By)vec(Yy) ¢,
J#k

we obtain that

Eexp < 2 Z vec(Y) (AT ® BT) (Ar ® By)vec(Yy)

i#k
<Eexp<{8 Z vec(Y) (AT ® BT) (Ax ® Bg)vec(Y}) ¢, (30)
Jj#k

where Y, ..., Y’ are independent copies of Y1, ..., Yk.
Step 3: reduction to the Gaussian case. Let~yy,...,vx ~ N(0, ;) be i.i.d Gaussian random
vectors, which are independent of Y,...,Yx. We are going to show that the right-hand side of
(30) does not exceed

K 128(1 + Winax) :

H 128(1 + ina) (A @ B/ )V (A ® Bi)vy,

log 2 iz

18
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In other words, it is enough to consider the Gaussian case. To do so, we first make a small detour

and consider the t2-norm of random variables of a form uTvec(Yj), where u € R? and j €
{1,...,K}.

Lemma B.2 Assume that Y ; satisfies (10), j € {1, ..., K}. Then, for any u € R® | it holds that

(1 +w;)uf?

T 2
|lu Vec(Yj)H¢2 < Tog 2

The proof of Lemma B.2 is deferred to Appendix G. If a centered random variable has a finite
1h9-norm, we can bound its exponential moments, using the following lemma.

Lemma B.3 Let 1) be a centered random variable with a finite Orlicz norm ||y, < o < +00.
Then, for any A € R, it holds that
EeM < N7,

It is well-known that random variables with a finite 1)5-norm exhibit a sub-Gaussian behaviour (see,
for instance, (Vershynin, 2018, Section 2.6)). However, the existing bounds in the literature include
implicit absolute constants, while we are interested in tracking explicit ones. For this purpose, we
carry out the proof of Lemma B.3 in Appendix H. Using this lemma and considering the expectation

E|[exp{8 Z Vec(Yj)T(AjT ® B]T)V(Ak ® By)vec(Y},) ¢ | Y1,..., Yk
j#k

conditionally on Y1, ..., Yk, we obtain that

Eexp< 8 Z vec(Yj)T(AjT ® BjT)V(Ak ® By)vec(Y},)
j#k
2
DAL @ BIVT(A; ® Bj)vec(Y))| . (31)
i#k

K
64(1 + wmax)
< HEexp —_—
Pl log 2

Now 74, ...,vx come into the play. Using the fact that, for any k£ € {1,..., K} and any u € R®,
it holds that Ee%' 7 = elul?/ 2 we represent the right-hand side of (31) in the following form:

2

K
Ey [ [ exp { L med) [0 4T @ BIYVT (4, @ Byvec(Y;)
11 log 2 Z k k j & D j

K
2 4+ 2Wmax
= Ey H B, exp SN/W vk )L (AL ® B{)VT(A; © Bj)vec(Y;)
k=1

j#k
2 + 2Wmax
= Eexp 8\/?23 : Z Y1 (AL ® BI;F)VT(Aj ® Bj)vec(Y;)
j#k
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Applying Lemma B.2 and Lemma B.3 again, we obtain that

Eexp{ 8 Y vec(Y;)" (A] ® B] )V (A, ® Bi)vec(Y})
Jj#k

K
2+ meax
By H Ey; exp § 84/ Tlog2 ‘ Z v (A} ® BI;F)VT(AJ' ® Bj)vec(Y;) (32)
j=1 k#j

2

128(1 + wmax)
II pd 2L o) |57 4T @ BTV (A @ B,
=1 08 k)
i i i T TN\T d’K
Step 4: exponential moments of a Gaussian quadratic form. Lety = (v{,...,vg)' €R
denote a standard Gaussian random vector, obtained by stacking =1, .. .,y together and let S =
ST e R¥”K*d*K pe quch that
K 2
128(1 + wmax) T T T
ez Z Z Al @B )W (A ® Bo)vi| =~"S7. (33)

Obviously, S > O, because the corresponding quadratic form is always non-negative. Lemma B.2
from (Spokoiny, 2023) yields

S?) |S]
logEe“’TS'V < Tr(S) + ( (1 + ) Tr(S) < 2Tr(S),
S g S\ ey ) =2
provided that | S| < Tr(S) < 1/4. Note that
Tr(S) = Ey' S~y
. 2
128(1 + wmax) T T
:T Z EA ®B Ak®Bk)
J=1|\k#j
K« 2
128(1 4 wmax
- (10g2 o] 2| 2. (A) ® BV (4x® By) (34)
=1 |k v

W ()Zlhvzl/?‘i _Ji (4547 ® B;B])*V (4;4] ® BJ'BJ'T)I/ZHQ ‘

Thus, it holds that
2

128(1 + Wmax
EHexp 10g2) ;(A}@B;)V(Ak@)Bk)’Yk 35)
#J

< W (‘21/21/21/2‘; - i (4;4] ® B, B2V (4;4] ® BﬂDmHi)
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for all V e R¥*4* such that

128(1 4 wmax)
log 2

‘21/2‘/21/2”2 < }

F 4

Hence, due to the inequalities (30), (32), and (35), we have

E exp {2 > vee(Y;) (4] @ B/ V(4 ® Bk)vec(Yk)} (36)
j#k

< exp {256(1 + Winax) <)21/2V21/2‘i - i (4547 ® B;B))*V (4;4] @ BJBJ'T)I/QHQ } ’
j=1

provided that
128(1 4 wmax)

‘21/2‘/21/2”2 < 1
log 2 F o4

Step S: final bound. Taking into account (29) and (36), we obtain that

E exp {vec(X) Vvec(X) — Tr(VE)}

1/2
< [E exp {2 Z vec(Yj)T(AjT ® BJT)V(AJ- ® Bj)vec(Y;) — 2Tr(VE)}]
j=1
1/2
Eexp < 2 Z vec(Yj)T(AjT ® B]T)V(Ak ® By)vec(Yy)
j#k

K 2
< exp {m?nax 3 H(AjA]T ® B;B])?V(4;A] ® BjB]T)l/Q‘F}
j=1

oxp {128(1—1-wmax) (‘21/2‘/21/2"; B i H(AjAgT @BijT)l/ﬂ/(AjAJT ® BijT)l/QHi) }
j=1

log 2
128(1 max 2
< exp { <8(+w) v 2wr2nax> H21/2V21/2H } )
log 2 F
provided that
1
T T\1/2 T T1/2
(4;4] ® B;B] )12V (4;4] @ B;B] )Y HF <o (37)
and
128(1 + wimax) ‘21/2{/21/2”2 < 1
log 2 F 4
Note that, according to (34),
Tr(S) log2

>0,

2 K 2
1/2 1/2‘ _ H AT @ B:BNY2V (A, AT ® B; T1/2‘ — W) oss
[z2vey| ; (4;4] @ B;B] )V (4;A] © B;B])"?| o) >
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where S is a positive semidefinite matrix, defined in (33). Thus, the condition

1

2wmax

v,

automatically yields (37). Hence, we proved that

128(1 + winax)

v 22
log 2

E exp {vec TVvec(X) Tr(VE)} exp {( max) H21/2VE1/2’i}

for all V e R¥ Xd2, such that

512(1 2
(4 2 L2t ) +°Jma")> H21/2V21/2HF <1.

log 2
|
Appendix C. Proof of Lemma 4.1
We start with representing the operator norm of R(f] — ¥) in the following form:
HR@ - Z)H = sup  vec(U)TR(E - )vec(V).
UeRP*P,VeRI*4
IUle=[V]r=1
Due to the linearity of the rearrangement operator R, we have
HR@ - Z)H —  sup vec(U)'R Z X, X] —EXX" | vec(V) (38)
UeRP*P,VeR1%4 "
1Ue=VIr=1
= sup — Z vec(U)" [R (X;X]) —ER (XXT)] vec(V) ¢ .
UeRP*P,VeR1*4
1Ur=[V]r=1

Let us show that, for any U € RP*P and V' € R9*9,
vec(U) R (XX ) vec(V) = Tr (X'VTXU),
where X is a matrix of size (¢ X p), such that vec(X) = X. It holds that

vec(U) T R(XX T )vec(V)

p p
= D300 vee(U) -1y RIXXT) 1) jath1) V€V ) gom1) +2-

The definition of the vectorization operator vec yields that

vec(U)pi—1)+j = Uji and  vec(V)gr—1)+¢ = Vik-
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At the same time, according to the definition of the rearrangement operator R, we have

RXXDyi—1)+sa0-1)+¢ = vee (XX )1 piiptio1):pi) go-1) 14
(XX (p—1)j:pj,(P— 1)””)%

.
( )(p 1)j+L,(p—1)i+k
= X(p-1)j+eX(p-1)i+k = XejXpi-

Here (XXT)p(j,l):pj,p(i,l);pi denotes a submatrix of XX T on the intersection of the rows p(j —
1) +1,...,pj with the columns p(i — 1) + 1,. .., pi. Hence, we obtain that
P P 4 g
vec(U) "R(XX vec(V) = X2 > > > U;iXy X Vi = Tr(VIXUXT). (39)
i=1j5=1k=1/4=1
Similarly, one can prove that
vec(U)"R (X;X, ) vec(V) = Tr (X] V'X;U), (40)

for any U € RP*P, V € R?%%, and any i € {1,...,n}, where Xy, ..., X, are the matrices of size
(¢ x p), obtained by reshaping X, ..., X, respectively:

vec(X;) =X; forallie{l,...,n}.

Taking into account (38), (39), and (40), we deduce that

RE-3)| = suwp - Z vee(U)T [R (X;X]) — ER (XX )] vec(V)}
UeRP*P VeRI*4
[Ule=iVi=1
n
= sup 1 DT (X[ VIXU) —ETe (XTVIXU) ¢
UerpP Veraxa 1
[Ule=iVir=1

Appendix D. Proof of Lemma 4.3
Let X € RP*P and Y € R%*? be random matrices with the joint distribution p, defined in (15). That

is, the entries of X and Y are independent centered Gaussian random variables, such that

1
Var(X;;) = —, Var(Yg) = foralli,je{l,...,ptand k,l e {1,...,q}.
J o

™|

We are going to show that

1
T (41)

#(jorom, > ) <
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K 1/2 " 1/2 Iy 2 .
P (Z !q’j\‘I’j) X (Z !%@j) > - ( \‘I’j!TY@j)) <y @4
j=1 j=1 P j=1
and
K 1/2 1% 1/2|2 L (K 2 .
P DI | Y D], < < | D012 Te(T;) <-—. (43)
j=1 j=1 - s j=1 4

Then the union bound implies that

Z = P((X,Y) € T(0,0)) = 1 — P((X,Y) ¢ T(0,0)) > 1-%: %

For convenience, the rest of the proof is divided into three parts.

Step 1: proof of (41). Since the covariance matrix > has a Kronecker product structure

K
S=) %7,

j=1

it holds that

HZl/Z(X(@Y)ZI/QHi - T(EEXRY) IX®Y))

—

Tr (@@ ¥;)(XT @Y ") (0@ ¥:)(XQY))

I
VR
M=

<

I
—
e

I
—

Tr (€X' 2, X) @ (¥; Y, Y)).

I
VR
D=

<

I
—
e

I
—

Using the property (24) about the trace of Kronecker product, we obtain that

Tr ((2,X"®,X) ® (U, Y ¥,Y))

M=
M=

e nz e, -

<
Il
—_
x>
Il
—

Tr(®,;X "0, X) Tr(V; Y ¥,Y).

I
195
M=

<
Il
—
E
Il
—

For any j and k from {1,..., K}, we have
1 1
ETr(®,;X"®;,X) = Evec(X) (?; ® ®p)vec(X) = —Tr(®; ® &y) = — Tr(®;) Tr(dy)
o «
and, similarly,

ETr(¥; Y ¥,Y) = Evec(Y) (¥; ® Uy)vec(Y) = ;Tr(\pj ®VUy) = ; Tr(W;) Tr(¥yg).
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This yields that
K K
E HZW(X@Y)EWH; - 0415 ST 3 Tr(@,) Tr(®4) Tr() Te (5.)
j=1k=1
1 (& Lo (n)
- (2 Tr(%)Tr(\Pj)) - T8

and, applying Markov’s inequality, we obtain (41).

Step 2: proof of (42) and (43). Similarly to the first step, the proof of (42) and (43) relies on
Markov’s inequality and computation of the expectations

K 1/2 K 1/2
E (Z !‘I’jl‘Pj) X(Z !%I%)

j=1 J=1
K 1/2 K 1/2
E (Z (I)j‘I’J) Y (Z <1>j‘lfj>
j=1 j=1
K 1/2 K 1/2|12 L (K 2
E (Z |‘I’j¢‘j> X (Z ||‘1’j¢>j> = (Z |95 Tr(@j)) :
j=1 j=1 P Jj=1

K 1/2 K 1722
E (Z ‘I’j!@j) X (Z !‘I’jl@a)
j=1 j=1

F

= ETr Ké Iﬁ’j\‘ﬁj) X' (é I‘Pkl%) X]

K K
= > 19519 ETr (2,X7#;X) .
iSlkm1

and

First, let us show that

Indeed, it holds that

Since for any j and k from {1,..., K} the expectation of Tr ((I>jXT<I>kX) is equal to
1 1
ETr (,X' ©;X) = Evec(X) ' (®; ® ®p)vec(X) = —Tr(®; @ ®;) = —Tr(®;) Tr(Py),
o o
we obtain that

K 1/2 K 1/22
E <Z \I/j”q)j> X (Z ‘I’jll@j>
j=1 j=1

F

Q\»—*

K K
Z DI Tr(@) (D)
j=1k=1

(i |5 Tr(® )2,

Q|+
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and (42) follows from Markov’s inequality. The proof of (43) is absolutely similar.

|
Appendix E. Proof of Lemma 4.4
Note that
2 2
[srre@s| <4fs(P-ve@-v)2|
Y ——-
+4[=2(P-T)® V)El/zHi
452U e V)Zl/QHi .
The definition of the support Y (U, V') (see (17)) implies that
2
ISV2(P-1U)®(Q - V) S22 < 4T;(§;) pu,v-almost surely. (44)
Moreover, on Y (U, V) it holds that
Se(P-v)e V)zl/QHi - T (3((P-)@V) =((P-U)8V))
K K
NN ((@j RU,)((P—U)®V) (B ® W) ((P— ) @V))
j=1 k=1
K K
= > Te(2;(P —U) " @p(P - U))Te(T,;VT,V))
J=1 k=1
B LS T 1/2¢,01/2|?
= 2 D T(e,(P—U) e (P —0)) [PV
j=1k=1
Since |V||p = 1, we have
2 2 2
qu}/QV\I/,fHF < | VIE e < 1wl forant ke {1, K,
and thus,
K K
=E(P-v)ev) 21/2H < S0 Te (25(P — U) T4 (P - 1))
Jj=1k=1
K 1/2 K 1/2|2
= (Z |‘I’j|q’j> (P-U) (Z ‘Pk|‘1’k> (45)
j=1 k=1 -

4
< —
«

2
| W] Tr(P )) pu,v-almost surely,

(

D=
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where the last inequality is due to (17). Similarly, one can show that

2
HE1/2 U®(Q-V)) 21/2H <Z || Tr (P ) pu,v-almost surely. (46)

Finally,
[rwen, <[o wevi o - ot

This inequality and the bounds (44), (45), (46) yield that

K 2
=2 Pe Q)zWHi <[z + % <Z ‘I’J"'T“‘I’j))
j=1

i 2
4 ATr(%)?
+ — E |®;|Tr(L;) | + (=) pu,v-almost surely.

It only remains to recall the definition of « and 3 (see (16)) to conclude the proof:

H21/2(P®Q)21/2H2

2 K 2
[V, Tr(®
R— T max r <I> (g | H )

1<j<K
2 A K 2
[P Tr( Tr(P,;)Tr(V;
T hax o(V,)? r( (Z |05 Tx( ) T ax r(®;)%r(v,)? (Z ()T J)>
1<j<K =1 1<j<K Jj=1
K K 2
2
< ) 1809 +12 (Z H%HH%)
— o
K 2
=13 <Z |<1>j||qu|> pu.v-almost surely.
j=1
|
Appendix F. Proof of Lemma B.1
Leteq,...,ex ~ Be(1/2) be i.i.d. Bernoulli random variables. Then
Z C;'I—Mjka =4E, Z gi(1— 5k)C]TMjka almost surely,
j#k j#k
where E. stands for the expectation with respect to 1, . . ., e conditionally on ¢, ...,{x. Letus
define arandomset Z < {1,..., K} as follows:

—{jef{l,....K}:e; = 1}.
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Then we can rewrite the sum

D&l —er)¢] MGy,

i#k
in the form
el —en)¢] MG, = D > ¢ My,
Jj#k JET keZe
where Z¢ = {1, ..., K}\Z denotes the complement of Z. With the notation introduced above, we
obtain that

EG | Y] ¢/ Mn¢y | = BeG <4E€Z > g}Mjk<k> :

j#k JE€T keZ¢

Here [E; stands for the expectation with respect to ¢y, ...,{x. Applying Jensen’s inequality and
taking into account that, for any realization of €1, . .., €k, the collection {¢; : j € Z} is independent
of {¢}, : k € T}, we deduce that

EG | ) ¢ My, | <EEcG (42 > c;jTMjkck) < EE, oG (42 > chMij) .

j#k jeL keZe jeT keZe
Note that, for any realization of €1, . . . , &, the sum
T P T

2 Z C; MjkCL is independent of Z Z ¢; MjkC;c

JjeZ¢ kel J€T keZ¢c
and

T /
E > D¢ Mg, = 0.
jeIe kel

Then Lemma 6.1.2 from the book (Vershynin, 2018) implies that

ec6 (133 itnct) <Beee (13 3 Tatuci +4 3 S

JET keZc JET keZe JeZC ke

=E. G |4 Z ¢ M
j#k

Hence, we obtain that

j#k j€L keZc

SEE: oG | 4)] ¢ Md),
i#k

=E. G |4 Z ¢ Mjh
J#k
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Appendix G. Proof of Lemma B.2
Let us denote

1+ w;
¢ =l > ul &7

EQXP{WW}@

and show that

t2

Since vec(Y)) satisfies (10), we have

T NE T 2 lyigy T2
log E exp { (uvec(Y;)) } < Tr(uu ) i “j uu HF

12 12 4
4 2 2
Juf?  wflal®  ful wj|[ul|
. 2
< (1—|_L:;)ll < log 2.

Here we took into account that w;|ul|? < ¢2. The inequality (47) yields that

(1+ wp)luf?

T 2
||u Vec(Yj)Hw2 < Tog 2

Appendix H. Proof of Lemma B.3

Step 1: a bound on E7?*.  The goal of this step is to prove that
En* <2 k- o2k,
Note that Markov’s inequality and the definition of the Orlicz norm yield that
P(lp| > t) < e /17Ee”/7” < 2¢7/7° forallt > 0.
Then it holds that

+00 +0 "
0

0
Substituting ¢ with o2¥u*, we obtain that

+00
En?k < 2k o2* J uF e du = 2k o?* T(k) = 2 - k! - o2, (48)
0
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Step 2: a bound on En?2.  For the second moment, it is possible to prove a bit better bound, than
(48). Tt holds that

+00 a2 log?2 o2 log?2 +o0
En® = fl@(n2>t) dt < f dt + f P(n* > t)dt < 0*log2 + 2 f et dt.
0 0 0 o2 log 2

Let us replace ¢ with o (u + log 2), where u € (0, +00). Then
+o0
En? < 0?log?2 + o2 f e “du = o%(1 +log 2). (49)
0

Step 3: a bound on exponential moments.  Let us fix any A > 0 and consider Ee*”. Using
Taylor’s expansion and taking into account that [En; = 0, we obtain that

0 Nk k O N2k, 2k
AVEn APEn

EeM =1+ Y2 =1+ > =4 Y
P Ak T AT 2k + 1)

0 )\2k+ 1E772k+1

According to the Cauchy-Schwarz inequality, we have

)\QkEUQk N )\2k+2En2k+2

A2k+1En2k+l < 5 5 ,

~

and thus,

o0
)\2k+1En2k+ 1

)\Qk
Eer = 1
¢ * Z (2k). +k=1 2k + 1)!

)\QEn & 1 1
<1+ Ak Tk,
+Z< 202k —1)! +2(2k:+1)!> g

k=2
Due to (48), it holds that
)\QEn = 1
EeM < 1+ +2< )A%-(zk!-a?’f)
= 2k — 1) 2(2k + 1)!
TAER? & 2(K!)? 1 NZE 2k
<1 1+ k ,
M *;2 (2h)! < e (2k+1)) il
Note that, for any integer k > 2, we have
e R I
1+k+ = (2+2k+ 11
(2k)! (2k + 1) 2k +1 ol (2j —1)-2j
= (2 fok gt ) [1+2
Y _
2 2k+1 31 (25 —1)
k
<2k—i—31—[ J 2k+3 1 1
2k j1 (27 —1) 2k 3
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Hence, it holds that

TERR? & 1 1 1
An Z 2k (o 1. 2k
EeM <1+ + <( + !+2 )!>/\ (2 k' o )

12 A\ (@2k)! 22k 1) 202k +1
7)\2E772 © )\2k0_2k
<1
T T ;2 il

The sharper bound (49) on En? implies that

21,2 2,2
TA\En < TA%0%(1 + log 2) < \202,
12 12

Thus, we finally obtain that
0 )\2k0,2k

= k!

2.2
< e forany A = 0.

EeM <14 \202 +
k

The proof for negative A is absolutely similar.
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