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Abstract

While it is commonly observed in practice that pruning networks to a certain level of sparsity can
improve the quality of the features, a theoretical explanation of this phenomenon remains elusive.
In this work, we investigate this by demonstrating that a broad class of statistical models can be
optimally learned using pruned neural networks trained with gradient descent, in high-dimensions.

We consider learning both single-index and multi-index models of the form y = ¢*(V Tx) +
e, where o* is a degree-p polynomial, and V' € R*" with r < d, is the matrix containing
relevant model directions. We assume that V' satisfies a certain £,-sparsity condition for matrices
and show that pruning neural networks proportional to the sparsity level of V' improves their sample
complexity compared to unpruned networks. Furthermore, we establish Correlational Statistical
Query (CSQ) lower bounds in this setting, which take the sparsity level of V' into account. We
show that if the sparsity level of V' exceeds a certain threshold, training pruned networks with a
gradient descent algorithm achieves the sample complexity suggested by the CSQ lower bound.
In the same scenario, however, our results imply that basis-independent methods such as models
trained via standard gradient descent initialized with rotationally invariant random weights can
provably achieve only suboptimal sample complexity.

1. Introduction

Neural network pruning, a technique aimed at reducing the number of weights by selectively re-
moving certain connections or neurons, has attracted significant attention in recent years as a means
to improve efficiency and scalability in deep learning (LeCun et al., 1989; Hassibi and Stork, 1992;
Han et al., 2015; Frankle and Carbin, 2019). Beyond the computational advantages offered by
pruning, empirical observations demonstrate that this method can also substantially improve the
generalization performance of neural networks (Bartoldson et al., 2020; Jin et al., 2022).

Deep learning has challenged the classical learning theory and demonstrated that overparameter-
ization will oftentimes improve generalization. In stark contrast, however, pruning overparametrized
networks is also known to improve generalization, as observed in many empirical studies (LeCun
et al., 1989; Hassibi and Stork, 1992; Bartoldson et al., 2020; Jin et al., 2022). In this context, our
understanding of the effect of pruning remains elusive. As such, we focus on the following question:

Does pruning improve the quality of trained features in neural networks?
We answer this question in the affirmative. Indeed, we show that when the statistical model satisfies

a certain sparsity condition, pruned neural networks trained with gradient descent can achieve opti-
mal sample complexity, and learn significantly more efficiently compared to unpruned networks.
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Feature learning in neural networks has been the focus of many recent works. A key char-
acteristic in these models is their ability to learn low-dimensional latent features (Yehudai and
Shamir, 2019; Ghorbani et al., 2020; Mousavi-Hosseini et al., 2023a). An apt scenario for studying
this capability is the task of learning multi-index models (Damian et al., 2022; Mousavi-Hosseini
et al., 2023a), where the response y € R depends on the input £ € R? via the relationship
y = 0*(V'x) + e Here, 0* : R” — R is the non-linear link function, and the matrix V' € Rx"
contains the relevant model directions. Our main focus is the regime where there are few relevant
directions when compared to the ambient input dimension, i.e. 7 < d. In the special case r = 1,
this model also covers the single-index setting, which has been studied extensively; see e.g. Ba
et al. (2022); Mousavi-Hosseini et al. (2023a); Arous et al. (2021); Damian et al. (2023) and the
references therein. In the simplified single-index case, the sample complexity of learning the model
direction is determined by the information exponent k* of the link function *, which is defined as
the smallest order nonzero Hermite coefficient of ¢*. Arous et al. (2021) proved that SGD learns
the direction in n > O(d"V*"~1) samples, which is also tight for this algorithm. This, however,
does not meet the corresponding Correlational Statistical Query (CSQ) lower bound in this setting
which, roughly states that n > Q(d*"/2) samples are necessary. Recently, Damian et al. (2023)
showed that smoothing the loss landscape can close this gap and attain the CSQ lower bound.

It is important to highlight that the aforementioned studies consider single- or multi-index set-
tings in their full generality, without any structural assumptions on the model directions. In practice,
however, high-dimensional data often exhibits low-dimensional structures; thus, sparsity is a natural
property to consider. It is reasonable to expect that with this additional structure, the correspond-
ing CSQ lower bound would become smaller. However, it remains unclear whether the previously
considered training methods can still achieve this lower bound in the sparse setting.

In this paper, we introduce the concept of soft sparsity for the model directions V' and derive a
CSQ lower bound that depends on this sparsity level, which is always smaller than the lower bound
in the general multi-index setting that only considers the worst-case sparsity scenario. Next, we
demonstrate that pruned neural networks trained with a gradient-based method can achieve the opti-
mal sample complexity suggested by this CSQ lower bound. Since the additional sparsity structure
reduces the lower bound, basis-independent training methods such as gradient descent initialized
with a symmetric distribution have provably suboptimal sample complexity; this implies a separa-
tion between pruning-based and existing training methods. We summarize our contributions below.

— We consider learning multi-index models of the form y = ¢*(V 'x) 4 ¢ where the model
directions V' € RY*" satisfy a certain soft sparsity. In Theorem 2, we prove a Correlational
Statistical Query (CSQ) lower bound for this model, which also takes the inherent sparsity into
account. The lower bound depends only on the sparsity level beyond a certain threshold. In this
regime, our result shows that basis-independent training methods are always suboptimal.

— In the single-index case where r = 1, we prove that pruning the neural network with a sparsity
level proportional to that of the model direction leads to a better sample complexity after training.
Specifically, we consider polynomial link functions and show in Theorem 4 that the sample
complexity achieved after pruning is optimal in the sense that, training after pruning can achieve
the complexity suggested by the CSQ lower bound for any information exponent k* > 1.

— Finally, we consider the multi-index case with » > 1. Under an additional assumption implying
that the information exponent is k* = 2, we prove in Theorem 5 that, pruned network trained
with gradient descent can achieve the corresponding CSQ lower bound in this setting as well.
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1.1. Related Work

Pruning and generalization. Pruning techniques have a rich history, spanning from classical
methods that prune weights based on connectivity metrics like the Jacobian/Hessian (LeCun et al.,
1989; Hassibi and Stork, 1992), to more recent approaches relying on weight magnitude (Han et al.,
2015; Wen et al., 2016; Molchanov et al., 2017). Notably, iterative magnitude pruning, proposed
by Han et al. (2015) demonstrated remarkable success in deep neural networks, sparking a surge in
pruning research (Zhu and Gupta, 2018; Frankle et al., 2020; Gale et al., 2019; Liu et al., 2019).
Numerous studies demonstrate the beneficial effects of pruning on generalization (LeCun et al.,
1989; Frankle and Carbin, 2019; Barsbey et al., 2021). Prior research treats pruning as an additional
regularization technique, which requires weights to exhibit small norm (Giles and Omlin, 1994),
achieve flat minima (Bartoldson et al., 2020), or enhance robustness to outliers (Jin et al., 2022).
However, these studies are predominantly empirical and lack a theoretical foundation. Among
the theoretical works, only Yang et al. (2023) examines random pruning within a specific statistical
model. Our work extends their framework to encompass general polynomial link functions and data-
dependent pruning algorithms, complementing generalization bounds with guarantees of optimality.
Lottery tickets and sparsity. Recent work has observed that overparameterized neural networks
contain subsets, referred to as “winning tickets”, which can achieve comparable performance to the
original network when trained independently (Frankle and Carbin, 2019). This phenomenon, known
as the Lottery Ticket Hypothesis (LTH), has been extensively studied in the literature (Frankle et al.,
2020; Gale et al., 2019; Chen et al., 2020; Zhou et al., 2019). Several recent works have focused on
investigating the theoretical conditions for the existence of such subnetworks (Malach et al., 2020;
Orseau et al., 2020) and the fundamental limitations of identifying them (Kumar et al., 2024). Our
study takes a different approach by examining the training dynamics and generalization within the
context of pruning. While previous works primarily focus on identifying subnetworks as predicted
by the LTH, our research delves into the interplay between generalization and pruning methods.
Non-linear feature learning with neural networks. Recent theoretical studies have examined two
scaling regimes in neural networks. In the “lazy” regime (Chizat et al., 2019), parameters remain
largely unchanged from initialization, resembling kernel methods (Jacot et al., 2018; Du et al., 2019;
Allen-Zhu et al.; Oymak and Soltanolkotabi, 2020). However, deep learning’s superiority over
kernel models suggests they can go beyond this regime (Yehudai and Shamir, 2019; Ghorbani et al.,
2020; Geiger et al., 2019). In contrast, the “mean-field” regime, where gradient descent converges
to Wasserstein gradient flow, enables feature learning (Chizat et al., 2019; Mei et al., 2019; Chizat,
2022), but primarily applies to infinitely wide networks. Our paper explores a different setting,
allowing for arbitrary-width neural networks without excessive overparameterization, while still
employing mean-field scaling for weight initialization.
Feature learning with multiple-index teacher models. Learning an unknown low-dimensional
function from data is fundamental in statistics (Li and Duan, 1989). Recent research in learning
theory has considered this problem, aiming to demonstrate that neural networks can learn useful
feature representations and outperform kernel methods (Ghorbani et al., 2020; Damian et al., 2022;
Abbe et al., 2023). In particular, Abbe et al. (2022) investigates the necessary and sufficient condi-
tions for learning with linear sample complexity in the mean-field limit, focusing on inputs confined
to the hypercube. Closer to our setting are the recent works Damian et al. (2022); Mousavi-Hosseini
et al. (2023a) which demonstrate a clear separation between NNs and kernel methods, leveraging
the effect of representation learning. More recently, Dandi et al. (2024) shows that mini-batch SGD
with finite number steps can learn a certain class of link functions with linear sample complexity.
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Our work operates within a similar framework, incorporating an additional sparsity condition on
relevant model directions. However, our analysis differs from previous work in two main aspects.
First, our pruning results are constructive; we develop an explicit algorithm to establish the sample
complexity of the pruned network trained via gradient descent. Second, pruning introduces a new
dependency between weights and data, requiring an intricate analysis of gradient descent dynamics.

2. Preliminaries

Notations. Let [n] := {1,--- ,n}. We use (-, -) and ||-||2 to denote the Euclidean inner product and
the norm, respectively. For matrices, ||-||2 denotes the usual operator norm. For a matrix A € R™*",
A, and A, ; denote the ith row and jth column of A, respectively. S d—1 is the d-dimensional unit
sphere. We use {e1,--- ,e4} to denote the standard basis vectors in R?. We use O(-) and Q(-) to
suppress constants in upper and lower bounds. We use O() to suppress poly-logarithmic terms in
d in upper bounds. We use o4(-) to denote vanishing terms as d — oo. We use f € ©(g) to denote
Q(g9) < f < O(g). Foravector z € RY, we use supp(x) = {i € [d] : x; # 0}. For a subset
J C [d], we use x| 7 € R? to denote the restriction of the vector  on 7, i.e., the coordinate indices
that are not in J are set to be 0. For matrices, A|s denotes the matrix A with everything but the
rows indexed by the elements in J set to 0. Finally, &|opar) denote the vector « with everything
except M largest entries in magnitude set to 0.

Statistical model. For a link function ¢* : R™ — R, we consider the multi-index model
y=0c*(V'z)+e with x=~N(0,I,)

where & € R? is the input, € is a zero-mean noise with O(1) sub-Gaussian norm and V' € Rx"
is an orthonormal matrix, i.e, V'V = I,. We assume that o* is a polynomial of degree p, and
it is normalized to satisfy E,xro,1,)[0"(2)] = 0 and E, (0.1, [0*(2)?] = 1. We consider the
low-dimensional setting r < d which, in the extreme case » = 1, covers single-index models. We
are mainly interested in models where V' exhibits sparsity; we use the following matrix norm:

IVlizg = [[(IVicll2, - [ Vall2)

Hq where ¢ € [0,2),

where V;, denotes the ith row of V'.! This is simply the usual ¢4 norm of the vector with entries
{5 norm of rows of V. Since V'V = I, assuming that ||V'||s,, is small constrains the model
complexity significantly. Indeed, when ¢ = 0, ||-||2,4 counts the number of non-zero rows, serving
as a measure of sparsity in high-dimensional settings. In the case ¢ € (0,2), small ||-||2 , norm
allows all rows to potentially contain non-zero values, provided their {5 norms are all relatively
small. When we have ||VH621,q < R, for some R,;, we adopt a terminology from Raskutti et al.
(2011) and refer to R, as the soft sparsity level. Notably, the particular choice ||-||2 4 is motivated by
its coordinate-independent property, as | VU]||2,4 = ||V'||2, for any orthonormal matrix U € R"*".

Two-layer Neural Networks. Denoting the ReLU activation with ¢(¢) = max{¢,0}, we consider
learning with two-layer neural networks of the form

2m

j(@: (@, W,b) = > a;p((Wj., ) + b)) = (a, ¢ (Wz + b)),
j=1

1. To be precise, ||-||2,q is not a norm when ¢ < 1.
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where W = {W,}3™ is the 2m x d matrix whose rows are denoted with Wi, a = {a;}37, is
the second layer weights, b = {b; }?Zl is the biases. Note that ¢(-) is applied element-wise in the
second equality. We define the population and the empirical risks respectively as

n
R((a, W.b)) = SE [(3: (a,W,b) ~)”] . Ra((a, W,b)= o> (i(a:: (a, W,b)) — 1)’
i=1
where the expectation above is over the data distribution.

Our training procedure consists of three-steps: (i) we first prune the network for dimension
reduction, then (i) we take a gradient descent iteration with a large step-size to train W, and finally
(#i7) we train the second layer weights a. We will provide the details of the algorithm, in particular
the pruning step in Section 4. Similar to the previous works, e.g. Chizat et al. (2019); Damian et al.
(2022); Dandi et al. (2023), we use symmetric initialization so that ¢(x, (a(®), W(©) b)) = 0;
we assume that the network has a width of 2m such that

=) WO —w forje[m]. (2.1

d—1 (0) _ 4(0)
> (2m—j)* e S, bj =b

2m—j>

Particularly, we will use the following initialization for the second-layer weights and the biases,
0 : 0 .
al” ~ Unif{~1,1}, and 0\ ~ N(0,1), j € [m]. 2.2)

Initialization of W (%) will depend on the pruning algorithm and be detailed later. Note that due to
(2.1), the gradient of R,, with respect to W, at initialization can be written as follows:

7014 n
ij*Rn((aﬂ W’ b)) = Tj Z yixiqsl (<W/J*7 ml> + b]) .
i=1

We simplify the notation to V; R, ((a, w, b)) whenever W;,, = w for all .

Characteristics of the link function ¢* plays an important role in the complexity of learning.
Indeed, recent works showed that the term in the Hermite expansion of ¢* with the smallest degree
determines the sample complexity (Arous et al., 2021; Abbe et al., 2023). In line of these works,
we also rely on Hermite expansions, for which we define the Hermite polynomials as follows.

Definition 1 (Hermite Polynomials) The kth Hermite polynomial H,, : R — R is the degree k
polynomial defined by

2 dk 42
H,, (t) = (—1)Fe! ﬂwe #/2,

3. Limitations of Basis Independent Methods: CSQ Lower Bounds

In this section, we explore the fundamental barriers under the soft sparsity structure we assume on
the statistical model. Specifically, we establish a lower bound for Correlational Statistical Query
(CSQ) methods within our framework. We note that the CSQ methods encompasses a wide class of
algorithms under the squared error loss. We consider the function class

1
rk!

Frpi=_x— N He, ((Vig,2) |V eR®, VIV =1, |[V|§, <r?d*0-2) b 3.1)
j=1
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where o € (0,1), H,, denotes the kth Hermite polynomial (see Definition 1), and for ¢ = 0,
we use the convention HVH%O i= ||V||l2,0. We remark that the constraint V'V = I, directly
implies r < ||V||%,q < r9/241=4/2 Therefore, F, . covers all possible sparsity levels by varying
the parameter cv. We have the following result on the query complexity of CSQ methods.

Theorem 2 Consider F, j, with some q € [0,2) and o € (0,1). For a sufficiently large d depending
on (r,k,q, ), any CSQ algorithm for F, j, that guarantees error ¢ = Q(1) requires either queries

~ k
of accuracy T = O (d_ (an3) 5) or super-polynomially many queries in d.

Using the heuristic 7 ~ ﬁ as in Damian et al. (2022), Theorem 2 implies that n > Q(d(‘m%)k)
samples are necessary to learn a function in ;. unless the algorithm makes super-polynomial
queries in d. This recovers the existing lower bound Q(dk/ 2) given in Damian et al. (2022); Abbe
et al. (2023), when the constraint is sufficiently large, i.e., o > % Conversely, when the soft sparsity
level is sufficiently small, i.e., o < 1 we observe that the complexity lower bound reads Q(do‘k).
Remarkably, in Section 5, we prove that a pruned neural network trained with gradient descent can
indeed attain this lower bound; thus, it achieves optimal sample complexity in this sense.

We note that ||V||2 4 can be as small as r; thus, the CSQ lower bound in this regime can be

significantly smaller than the unconstrained version 2(d*/2). On the other hand, methods that are
independent of the underlying basis, such as gradient descent with symmetric initialization, cannot
exploit the additional structure. As a result, these methods are constrained by the sample complexity
lower bound of €2 (dk/ 2) in the worst case. Finally, it is worth emphasizing that CSQ lower bounds
do not directly apply to algorithms like SGD or one-step gradient descent due to non-adversarial
noise. Nevertheless, under the square loss, queries of these algorithms fall under the correlational
regime, thus the fundamental barrier CSQ lower bounds provide is frequently referred to when
assessing the optimality of these methods; see e.g. Damian et al. (2022, 2023); Abbe et al. (2023).

4. Training Procedure: Pruning as Dimension Reduction

In this section, we outline the pruning procedure and how it effectively reduces the dimensionality
of the learning problem, leading to the optimal sample complexity suggested by Theorem 2.

Intuition. To gain intuition, we start with the population dynamics and consider a simplified single-
index setting to demonstrate the resulting dimension reduction. Let

o*((v.@)) = Hey((v,)) with v = (475, ,d75,0,0,--,0),

where the direction v is sparse, i.e. ||[v||o = V/d < d. Moreover, for clarity, let us fix the output layer

weights to a&o) = 1 and biases to b;o) = 0 and consider the population gradient at initialization. To

see why comparing gradients performs dimension reduction, we write

V;R((a!",e;,5©)) = —E [0*((v, )¢/ ({e;, ))z]| = —\/§<u, e v+ 7= (v, e)” e; (4.1)

where e; is the ith standard basis and constants are due to the Hermite coefficients of the ReLU
activation ¢(-). Thus, we have

IV R((@', €5, 6))II3 = 207 + O(d ™).
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Algorithm 1 PruneNetwork

Inputs: (i) Data: D == {(x;,y;)}", (ii) Network width:' m € N (iii) Sparsity level: M € [d]
(iv) Shrinkage constant: ¢ € (0,1)

Let &; be as in (4.2), and initialize a(®) and b(® as in (2.1)-(2.2) B

Let V; Rii(&:) = V15 (@), &, 6%))) [oparn) and |V RZ: (€)][F = 327011V B3 (€6) 3

J = supp(ﬁjR; (&;)) for some j € [m] with b§0) > 0 if one exists, otherwise J = ().

Sort VR (@) l2 = VRS )l = -+ > [VRH(@E) 2 and T « T U {ji,-+ jark
Sort [[VR,, (€r,)ll2 = VR, (€x,)ll2 > - = VR, (é,)ll2 and T = T U{k1,-- - ku}
Return: J

AN A R > e

Since the entries of V scale with d='/4 in high dimensions, comparing the norm of gradients is

equivalent to comparing the magnitude of each entry v;. Hence, non-zero coordinates of V' can
be picked up by pruning, which is effectively reducing the dimension of the problem from d to the
sparsity level v/d in this example.

Algorithm 1 essentially extends the basic intuition above to general link functions ¢* and em-
pirical gradients. However, such an extension requires us to handle two technical difficulties due to
the bias in the Hermite expansion of the population gradient. In Section 6, we illustrate how each
step in Algorithm 1 is designed to avoid those difficulties using the following arguments:

— (Data augmentation) We augment the feature vectors with an independent non-informative
random variable, i.e., ' + (z, 2)T where z ~ N(0, 1) and independent of z. For notational
convenience, we assume that the augmented features ' (henceforth referred to as x) is d-
dimensional. Since the last entry of the feature vector is non-informative, we can assume
Vg, = 0, without loss of generality.

— (Shifted standard basis) We compare the magnitudes of the gradients initialized at

+V1l—c?eq, jEld—1
& = {Ce] +Vl-cleq, jeld-1] (4.2)
€q ] = d.
Here, standard basis vectors are shifted by a factor of ¢ € (0, 1) to make sure that the extra
terms vanish (see Line 1 in Algorithm 1).

— (Even-odd decomposition) We consider the even and odd components of the activation sep-
arately, i.e., ¢+(t;0) = (o(t + b) £ ¢(—t + b))/2, and evaluate the gradient with these
components (Line 2 in Algorithm 1)

_ 1 _ _
ViR (@, &,50)) = 2 [VjRn((a(O), &,60) £ V,R,((a®,—&;,b0)] .

Pruning Algorithm 1. The pruning algorithm is based on comparing gradient magnitudes at ini-
tialization to perform dimension reduction. The challenge lies in utilizing empirical gradients. To
estimate the gradient magnitudes, we consider pruned empirical gradients , i.e., VjR,jf(éi) =
VjRﬂf ((a(o), €, b(o))) liop(ary (Line 2). Improving on the sample mean estimator, which requires
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Algorithm 2 Gradient-based Training
Inputs: (i) Data: D := {(x;,v;)};, (ii) Learning rate: n, > 0 (iii) Weight Decay: A\; > 0
(iv) Network width:! m € N (v) Pruning Level: M € [d] (vi) Shrinkage constant: ¢ € (0,1)
1: J < PruneNetwork(D,m,M,c)
2: Re-initialize a(®) and b(®) as in as in (2.1)-(2.2), and

W~ 54t and W = W)

JE (2m—j+1)%’ ] € [m]

3: Train the first layer weights: For j € [2m]

VV].(*I) — Wj(f) —m (ij*Rn ((a(O)’ w© b(O))> |+ )\IW]'(E)>.

g0

. Re-initialize biases: For j € [m)], let bg.l) ~ N(0,1) and b;l) = bgzhjﬂ.
5: Train the second layer weights:

N

a1l = ag® —p, (vaRn((aW, w® p1))) 4+ )\ta(t)) > 2.

6: Return: g(z; (oD, WV b)) = (aD) (W Dz + b))

O(d) samples, pruned sample mean requires sample complexity of O(d®) by leveraging the sparsity
of population gradient, hence providing the desired sample complexity for the algorithm.

Having computed the empirical gradients, we proceed by evaluating and sorting the gradients
(Lines 4 and 5). We keep the connections with larger gradient magnitude while pruning the remain-
ing small entries.

Training Algorithm 2. After pruning the neural network, we perform a gradient-based training
procedure. Let Sf}fl ~ Unif {x € S | &; = 0forj € [d] \ J} denote the uniform distribution
on the set of unit vectors supported on 7. The algorithm symmetrically re-initializes the neural
network weights randomly restricted to 7, i.e.,

(0) d—1 ©) _ 1470
W, =~ ~ 57 and W, '~ = W(Zm—j—i—l)*'

We consider a slightly modified version of the one-step gradient descent update used in recent
works Damian et al. (2022); Ba et al. (2022, 2023), namely, we perform a gradient step restricted on
set J (Line 3). Here, since both W) and Vyy R,, ((a(o), w0, b(o))) |7 are supported on 7, W)
is also supported on 7. Finally, after training the first layer weights W () we again symmetrically
re-initialize the biases and train the second-layer weights using gradient descent (Lines 4 and 5).

We note that Algorithm 2 as stated can be used to learn both single-index and multi-index
models, and falls under the correlational query algorithms discussed in Section 3. However, in the
multi-index setting, the algorithm needs a slight modification, which we detail in Section 5.2.

1. Note that the actual width of the network is 2m due to symmetric initialization.
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5. Main Results

In this section, we present learning guarantees on Algorithm 2 when the data is generated from
either a single-index or a multi-index model. We focus on single-index models first.

5.1. Learning Sparse Single-index Models with Pruning

In what follows, we define a complexity measure for the link function to be learned.

Definition 3 (Information exponent) For the link function o*, we let 0* = z:O & H,, be its
Hermite expansion. The information exponent of o*, which we denote by k*, is the index of the first
non-zero Hermite coefficient of o*, i.e., k* := inf{k > 1| v # 0}.

Intuitively, information exponent measures the magnitude of information contained in the gradient
at initialization, and larger k* implies increased gradient descent complexity (Arous et al., 2021).
The main result in the single-index setting relies on the above definition, and is given below.

Theorem 4 Let |]V||g’q = @(d(lfg)o‘),for some q € [0,2) and o € (0,1). For any e > 0,
consider Algorithm 2 with m = © (d°), ¢ = =

— logd’
m=0 (Mk*;l) , A1 = i, N = ;, M =O0(m), t>2, and T = O(1).
m O(m) +)\t

For every { € N, there exists a constant dy ., depending on { and ¢, such that for d > dy ., if
n= O(do‘k*) and M = O(da>,

then, Algorithm 2 guarantees that with probability at least 1 — d—*

E [(g}(m; (@D, w® pM)y) — y)z] ~E[] <0 <1 + ﬁ) + 04(1).

m

We observe that for any constraint level, the sample complexity in Theorem 4 reduces to
O(do‘k*) for o € (0, 1), which improves upon the existing O(dk*) guarantees for gradient-based
algorithms (Bietti et al., 2022; Mousavi-Hosseini et al., 2023b). Moreover, in the case o < 1/2,
the upper bound matches with the CSQ lower bound in Theorem 2. Finally, we observe that for the
generalization error to be small, the width m and particularly the ambient dimension d need to be
both sufficiently large; thus, the right hand side of the bound vanishes only in high-dimensions.

5.2. Learning Sparse Multi-index Models with Pruning

In this section, we consider multi-index models, i.e., the case > 1. We consider Algorithm 2 with
two minor modifications, following a similar construction to Damian et al. (2022) adapted to our
pruning framework. Right after the pruning step, between Lines 1 and 2, we subtract an estimate
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of the first Hermite component from the response variable. We add this term back at the output, in
Line 6. These modifications are given as follows.

1 n
1.5: Yi < yi — <ﬂ|J7xi>v i € [TL] where f1 == Ezyzx’u
i=1
6: Return: §j(x; (@D, W b)) = (] 7, x) + <a(T)’ oW g + b(l))> )

We will refer to the modified algorithm as Algorithm 2.
The following condition on the link function, referred to as non-degeneracy in Damian et al.
(2022), is helpful in the analysis.

Assumption 1 The link function o* : R" — R satisfies that E[o*(z)zz "] € R™ " is full rank.

Under this assumption, o* has information exponent” k* = 2. Therefore, this condition is signif-
icantly more restrictive than the assumptions in the single-index case. This is, however, expected
since recovering the entire principal subspace spanned by the model directions, i.e., the column
space of V/, is significantly more challenging than recovering a single direction. Under this condi-
tion, we state the main result of the multi-index setting.

Theorem 5 Suppose that Assumption 1 holds. Let ||V |3 , = @(d(l_%)a),for some q € [0,2) and

a € (0,1). For any € > 0, consider Algorithm 2% with m = ©(d°), ¢ = loéd,

. 1 1 - -
=0OM), M=—, j==——, M=0(m), t>2, and T = O(1).
m=0M), Av=_ns S (m) (1)

For every { € N, there exists a constant dy ., depending on { and ¢, such that for d > dy ., if
n= O(d2a> and M = O(da>,

then, Algorithm 2% guarantees that with probability at least 1 — d—*

E [(Q(:c; (@D, Wl pMy) - y)2] ~E[] <0 <1 + \/?) + 04(1).

m

The above result states that the improvement in sample-complexity due to pruning extends to
the multi-index setting as well. As in the single-index case, for all sparsity levels, gradient descent
followed by pruning requires O(d2®), for the soft sparsity level ©(d'~%/2) and a € (0, 1), which
improves over the existing O~(d2) bound shown in Damian et al. (2022). It is worth noting that
the bound in Damian et al. (2022) does not meet the CSQ lower bound in their setting. This gap,
however, was later closed in Damian et al. (2023) via smoothing the loss. With the additional
soft sparsity condition in Theorem 5, even smoothing will achieve suboptimal sample complexity

2. In Definition 3 , the information exponent is defined for » = 1. Similar to an argument by Abbe et al. (2023), we can
generalize our definition to encompass multi-index settings by considering the degree of the lowest order Hermite
components in o*. With this, Assumption 1 leads to an information exponent k* = 2 in the worst-case scenario,
encompassing situations where the first Hermite component does not exist.

10
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guarantee since the corresponding CSQ lower bound in this regime becomes smaller. Nevertheless,
observing that the function class in (3.1) satisfies Assumption 1 for » > 1 and £ = 2, our lower
bound in Theorem 2 implies that the above result is tight in this sense, for v < 1/2.

For the generalization error to be small in Theorem 5, we require the width m to be large.
More crucially, this bound is small only in high-dimensions where the ambient dimension is large.
Therefore, pruned neural networks learn useful representations via gradient descent, and achieves
optimal sample complexity in the above sense in high-dimensions, also in the multi-index setting.

6. Technicalities Around Pruning

First Technical Difficulty. A technical difficulty arises due to the bias introduced by the first-order
Hermite components. To illustrate a pathological case for this problem, we consider two models,
one with and one without the first-order Hermite component:

y=J5He,((v1,2) + 5He,((v2,2))  and g =y+ (v, x) (6.1)

first-order

no first-order Hermite component Hermite component

where we choose v1 = ey, v2 = eg, v = %(61 + ez). Here, the second model, ¢, includes an
additional first-order Hermite term to illustrate its effect.
For the first model, we can derive the population gradient in (4.1) as follows:

el 1=1
ViR((a?, e, b)) = —E [y¢/((ei, x))a] = 5= (e i =2 (6.2)
0 i>2,

For the second model, denoted by V ; R, the population gradient is given by:

ViR((a”, e;, b)) = —E [y¢/((é;, z))z]

€9 =1
= —E[(v.2) ¢ ({er2))a] ~E [y6 ((er@))a] = gl {er =2
_due to the additional :(V().Z) e +ey i>2.
first-order Hermite term
(6.3)

We notice that in the first model, comparing the gradient magnitudes would recover the support,
whereas in the second model the gradients evaluated at the support of v; and vy (2 = 1,2) have
smaller norms than other cases (see Appendix A for the details).

The issue described above arises from the presence of the first-order Hermite term in (6.3). To
address this, we consider the even and odd components of the activation separately, as detailed in
Section 4. This decomposition allows us to separate the first-order Hermite term from the higher-
order terms in the Hermite expansion through even-odd decomposition, and eliminate the problem-
atic bias of the first-order term illustrated in (6.2)-(6.3).

Second Technical Difficulty. The second technical difficulty arises due to the presence of magni-
tude mismatch within the entries of V. To illustrate, let us consider the following case: For a small

11
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0 < & < d~/2 and constants o and 4 specified later, let
7" ((0,2)) = B Hey (0, 2))+ 2 e, (0,2))
with v = ( 1— (Vd—1)e2, &, ,£,0,0, - ,0) (6.4)
——
\/&— 1 many

where v is sparse, i.e. |[v]o = V/d < d, and the first entry of v is significantly larger than the rest.
The population gradient in this case is given by

ij((a(O)a eivb(O))) =-E [U*(<vvm>)¢,(<eivx>)m]

- 27474 3) (’?472 9 | Y614 4>
=—v (V2 v; + v; | —e | —=v; +—v; |, (65
( e V6 V2 VAl (6

informative term extra term

where 7; denotes the i Hermite coefficients of the ReLU activation ¢(-). The informative term
contains the information about the direction v while the extra term appears due to the properties
of Hermite polynomials. Here, a very large v; might cause extra terms to be comparable to the
informative terms, leading to cancellation. As detailed in Appendix A, we can find (72,74, €) such
that for 7 = 1 (corresponding to largest entry in V'), the informative and extra terms cancel each
other in (6.6), i.e., informative term ~ —extra term, making the algorithm require exponentially
many samples to find the largest entry.

On the other hand, we observe that if v;’s vanish with d in (6.6), the informative term would
dominate since it scales with O(v;) whereas the extra term scales with O(v?). To make sure that
is the case in the presence of very large entries in V', we use data augmentation and compare the
magnitude of gradients evaluated at a shifted standard basis, as detailed in Section 4. Note that in
this case,

ViR((@,é;,b")) = —E [0*((v, )¢ ((é;, z))x]

9y - -
—cv (\@yﬂgvi +c? %40?) — chZ- (74\/;'21)? + 02%1)?), (6.6)

informative term extra term

where a sufficiently small ¢ > 0 ensures that the informative term dominates the right-hand side.

7. Discussion

We studied how pruning impacts the sample complexity of learning single and multi-index models.
Our results show that pruning the network to a sparsity level proportional to the soft sparsity of
relevant model directions significantly improves sample complexity. Moreover, we supported our
results with a sparsity-aware CSQ lower bound which revealed that if the sparsity level exceeds
a certain threshold, the sample complexity of training a pruned network cannot be improved in
general. Conversely, the gap between our lower bound and the CSQ lower bound for the general
dense case suggests that basis-independent methods, such as gradient descent initialized with a
rotationally independent distribution, cannot achieve the sample complexity of the pruned network.
We outline a few limitations of our current work and discuss directions for future research.

12
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— In our work, we considered training network weights with a single gradient step. However,
recent research suggests that using multiple gradient descent steps in the multi-index setting
yields improved sample complexity compared to single-step algorithms Abbe et al. (2023);
Dandi et al. (2024). Therefore, considering pruning with a multi-step gradient descent algo-
rithm can provide a more complete picture. Particularly, investigating pruning in the context
of incremental (or curriculum) learning presents an interesting direction for future research.

— Inthe gradient-based algorithm, we considered a somewhat unconventional initialization, lever-
aging the symmetry it introduces. It would be interesting to examine cases where we train a
network with multiple neurons starting from a more standard initialization. This analysis is
challenging due to the interactions between the neurons.

— The results presented in this paper are based on the assumption that the input distribution
follows an isotropic Gaussian distribution. Recent works Mousavi-Hosseini et al. (2023b); Ba
et al. (2023) showed that there is an intricate interplay between the model and the important
covariance directions, and the overall performance of neural networks is governed by their
interplay. Studying the effect of pruning in this regime and also extending our results to other
distributions (Roy et al., 2021), for example via zero-biased transformations (Goldstein and
Reinert, 1997; Goldstein and Wei, 2019), is a topic for future research.
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Appendix A. Further Discussion for Section 4

In this section, we detail the examples discussed in Section 4. Recall that ¢ is the ReLLU activation

with the Hermite expansion ¢ = ;- 74 He, . Notably, the coefficients are ¥, = % Fo = \/% ,

A3 =044 = JT% and Y = \/% (see (C.5) with b = 0).
First, we consider the setting in (6.1). In this case, for w € S’ d-1 we have
E [y¢' ((w, z))x]| = V235 (01, w) v1 + V272 (ve, w) vy + %((w,m)Q + (w, va)Hw
= ﬁ (e1,w)e; + ﬁ (e2, w) eg — ﬁ( <’w7€1>2 + (w, eQ>2)w, (A.1)
using an argument by Erdogdu et al. (2019) and
E [3¢'((w,2))x] = J1v + E [y¢/ (w, x))x] = 5= (e1 + e2) + E [y¢/ ((w, z))z] , (A2)

where we used the defined values in (6.1). From (A.1)-(A.2), we deduce

el 1 =1 €9 1=1
E [y¢'((ei,2))x] = 5= ex i=2 and E[§¢'((es, z))z] = 5= { e i=2
0 i>2, el +ey i>2,

confirming (6.2) and (6.3).
For (6.4), let us consider vo = 1, 74 = 2v/3,and e = e 4. Using (6.6), we can show that the
population gradient in this case satisfies:

O(die ), i=1
”E [ygi)'((e“:n))az]ﬂg = O(e_d)v 1=2,-- 7\/8
0, i>d.

We note that in this case, an exponentially large sample size in d is required to differentiate between
1 = 1 then ¢ = d using empirical gradients.
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Appendix B. Preliminaries for Proofs

Additional Notation: Unless otherwise stated, Z follows the standard Gaussian distribution with
a dimension depending on the context. We let C,« = E[||Vo*(Z)||3]'/2. We use S, ! to denote

the M-sparse d-dimensional unit vectors, i.e., S5, ' == {x € S| ||z|p < M}. For a matrix
A c RUX2 51(A) > 09(A) > -+ > 04, ndy (A) denotes the singular values of A. For J; C [d4]
and J» C [do], we let A7, Al,, ., € R%*92 such that

Aij 1€ N

0 otherwise.

Aij ieJiand j € Jo

0 otherwise.

(Al )ij = { and (A, .,)ij = {

In the following, C, K > 0 are constants that might take different values in different statements.
For reader’s convenience, we track on which variable they depend. For a set F,

1 z€F
1p(x) =
B(@) {0 otherwise

We use D = {(=;,y;)}]—; to denote the dataset.
Additional Definitions: For notational simplicity, we assume that

1
lo*(z)| < Ci1(1+ ||z|]%)02 for some Cq >0, Cy > 3

We note that since ¢* is a polynomial this assumption will always hold. Furthermore, in the proof,
we particularly consider the model

y=0c"(V'x)+VAe, (B.1)

where A > 0 and € has sub-Gaussian tails, i.e., P[|e| > ¢] < 2¢~".
We recall that ¢(t) = max{0,¢} denotes the ReLU activation. To be precise, we define the
initialization considered in Algorithm 2 mathematically as follows:

-1
w = (Z Wf) (Witlieg, - Wiglaey) (INIT)
eJ

where 7 is the output of PruneNetwork (see Algorithm 1), W € R™xd Wij ~iid N(0,1), and
W is independent of D. As for definition (B.1), in the multi-index setting, we use

Elo*(z)zz"] = D € R™" and E[¢*(V z)zx')| =V DV' = H, (DEF-H)
which follows from the second order Stein’s lemma (Erdogdu, 2015). Without loss of generality,
we assume D is diagonal.

Appendix C. Hermite Expansion in the Multi-Index Setting

C.1. Background on Tensors

In the following, we will use the tensor representation of multivariate Hermite polynomials. There-
fore, we introduce some new notation to work with tensors: We denote tensors with boldface
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uppercase letters, (e.g. T'). Unless specified, we assume that tensors take a value from an ab-
stract inner product space, denoted with #, with an inner product, of (:,-),,. For a k-tensor
Ty : (RY)®F — H and an index tuple (i1, - - - ,ix) € [d]¥, we use Tk|i,..i, = Tk|€ir,€ir, €]
where {e; };c|q is the standard basis for R?. We define the inner product and Frobenius norm for
k-tensors Ty, T, : (R)®F — 7 as

(T T) = > (Teliin Tilir, >H and | Tl r = V{Te, Ti).  (C.1)
(i1, k) €[d]*
We use sym(+) to denote symmetrization operator, i.e.,
1
Sym(Tk)[eil y€igy eik] = E Z Ty, [eT(’il)? €r(ig)s " 7eT(ik)] (C.2)
TESE

where S}, is the set of permutations for [k]. We say a tensor is symmetric if T, = sym(T}). For
a vector u € R, u® : (RY)®F — R is a symmetric k-tensor defined as u®*[vy,--- ,v;] =

k
Hz’:l <u7 'Ui>'
C.1.1. AUXILIARY TENSOR RESULTS

In this part, we present some useful tensor related result that we will use in the following.

Proposition 6 Let Ty, : (R))®* — U be a symmetric k-tensor. For any k-tensor T}, we have
<Tk>Tk> = <3ym(Tk)aTk>-
Proof We have

(a)

<Tk,Tk> = Z % Z <Tk|i1~-ik,Tk[€T(z’1)a‘" 767(z‘k)]>

(i1, ip)€Eld]F  TES)

(i) Z % Z <Tk‘7(i1)'”7(ik)’Tk[eiu'" 7€ik]> = <Sym('—fk)7Tk>7

(i1, ig)€Eld)F  TESK

where (a) follows since T}, is symmetric, and (b) follows by changing the indexing. |

Lemma7 Let Tjiy : (RY)®UTK) 5 R be a symmetric tensor. We define V3T y, : (RY)EF —
(RH®I gs
VJT]—l—k: [81'17 e 7eik} |ik+1---ik+j = T_’]—|—k: [ei1a R =2 A eik+17 e 7eik+j]' (C3)

We have V3T, is symmetric and ||VITjygl|r = || Tjrrll r-

Proof Both statements follow from definitions in (C.1) and (C.2). |
Lemma8 For A € R and Ty, : (R")®% — R, let T}, : (RY)®F — R such that Ty [uy, - - - ,up] =

Ti[ATwy, -, ATuy). Then, |Ti||r > oF(A)|| T |7
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Proof Let singular value decomposition of A be A := UXL', where U € R¥" and L € R"™*"
are orthonormal vectors and X;; = o;(A) for i € [r]. First, we observe that for any v € R? such
thatv L col(U), ATv = 0. Since Frobenius norm of a tensor is independent of the choice of basis,
we can write that

Hence, by definition

a
ITellF = Y Telow(A)Luiy, -+ 00, (A)Lu,)* > 027(A) Y Ti[Luiy,-- , Lui,)?
i1, ik €[r]E i1, iR E[r]R

= 07" (A)|| T %,

where we use the multi-linear property of tensors in (a). |

Lemmas for Hermite Tensors

Definition 9 (Hermite Tensors) We define the Hermite tensor with a degree of k as He,, : R? —
(Rd)®k as

2
ll=ll3

ok —ll=l3
Hek(x)’ilf",ik =e 2 (—1)k7 (6 2 )

8:132‘1 e -(‘kcik

We use the following facts about Hermite tensors in our proofs.

Lemma 10 For any orthonormal basis {b,--- , by} and = € R?, we have
(Hep, (2),bi ® -+ @ bid) = H€j1 (b1, x)) - -- Hejd(<bd’ z)),
where j; is the number of occurrences of | € [d] in (i1, -+ ,ig), i.e, j; = Lij=; + -+ + Lj =

Proof If {b;,---,b} is the standard basis, the statement follows from Definition 9. To extend
it for any orthonormal basis, let B denote the matrix with columns {b;,--- by}, let h(x) =
exp (—|[3/2) and let V*h(z) : (R?)®* — R represent the k™ derivative of . We want to prove

that for any (i1,--- ,i) € [d]¥, VFh(z)[Be;,, - ,Be;] © VEW(B'z)[ei,, - ,e;,], which

will prove the statement. We will use proof by induction. We observe that (*) holds for £ = 1. For
k > 1, by assuming (*) holds for k£ — 1, we have

(VF=!h(x + tBe;,) — V*"'h(z)) [Be;,, -, Be;, ]

V*h(z)[Bei,,--- , Be;] = lim

t—0 t
T (Vk_lh(BTiB + teik) - vk_lh(BTa:)) [eilv T 7eik—1]
=% t

= th(BTsc)[eil, e, ]
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Corollary 11 Let V' € R¥*" be an orthonormal matrix and Ty, : (R")®* — R be a symmetric k-
tensor, and H, é:) and H, éf) denote k-degree Hermite tensor defined on R” and R? respectively. For
= = d

Tileir, - ei] = TulV eq, - Ve, ], we have (Ty, HE (V@) = (i, HE) (@)).

Proof It immediately follows from Lemma 10. |

Lemma 12 We have H,, (0) = (—i)kEwNN(o,Id) ['w®k], where i = /—1. Consequently, we
have Eoypr(0.1,) (W] = (2k — 1)lsym(IF).

Proof See (Tao, 2012, Egs. 2.159 and 2.160) and (Damian et al., 2022, Lemma 22). |

C.2. Hermite Expansion of the Population Gradient
For a symmetric (k + 1)-tensor Tk1 : (R")®**! — R, we define a k-tensor VT 47 : (R")®* —
R" as in (C.3) with j = 1. For the following, we use the following notation: For b € R,

o He, and o™ = Z il (Ty, He,,) ,

k>0 k>0

O +1) 1=

where 7 (b) € R and T} is a symmetric k-tensor for & € N. The main statement of this part is
given below.

Proposition 13 For an orthonormal matrix V. € RY>T and w € S, we have

Eulo*(V 2)d ((w, ) +b)z] = V'Y %+T1!(IJ)VTk+1{(VTw)®k}

k>0
+w) %@Tk[(vTu})@ﬂ (C4)
k>0
and
1 — &(—b), k=1
) =13 (C.5)
S Hy ,(~b), k22

where ®(b) is the CDF of the standard Gaussian distribution.

To prove Proposition 13, we will need two lemmas.

Lemma 14 Forw € RYand k € N, let Ty, := k sym(e; @ w¥*~1). Foriy,--- ,ix € [d], we have

N )
J=l o« wgld, where j; = 1; = + - -+ 1;, =

Tk|lllk :jlw{l X+ X 'wl
Proof We have T, ® W 1 tweeuw® 2+ w2 e w34+ w1l e.
Without loss of generality, we can assume j; > 0 and i1, - - - , 4 = [ (since for j; = 0, the statement
is true). The statement follows from (x) since in the right-hand side only j; terms will be nonzero
and the other terms will be equal to w® 1|, ;= wl' x -+ x wl ! x - x wl, [ |
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Lemma 15 Forw € S% 1,1 € [d]and k € N, we have E [¢/ ((w, z) + b)ziHe,, (x)] = Fp12(b)ww®F+
Ak (D) k sym(e; @ wk—1),

Proof We recall that He, ()|i;...i, = H,

ej, (®1) -+ He, (®q), where j; = 1;,—;+- -+ 1;,—. The
for any fixed (i1, - - - ,i) € [d]",

E [¢'((w, x) + D)@ Hey ()]iyi,) = E [qﬁ ((w, ) +b)He,, (xl)'"Hejm(xl)“'Hejd(wd)}

+ JE [¢/(<’w, x) + b)Hej1 (1) - - 'Hejlfl(ml) e Hejd (in)]
:’?k+2(b)w{1 .. .wgl“ e wéd—i—:yk(b)jlw{l e wgl—l wéd

= ’~yk+2(b)wlw®k\i1...ik + A (b)k sym(e; @ w®*1)

’ir"ikv

where we use Lemma 14 in the last line. [ |

Proof [Proof of Proposition 13] We fix I € [d]. Since E[¢(Z)?] < oo, we have

Bl (VT @)o/ (w,2) +D)ai] = 30 5 [(Th Hey (V@) ¢/ (. ) +
k=0
=Y LB E[H @6 (w.a) +ha)). €6
k=0

where T}, is defined in Corollary 11. For a fixed k£ € N, we have

(T Bl Hey )0 (10.) + )] ) (b (T 0™ ) + 50 (T 0 w01

:’~}’k+2(b)’UJlTk |:(VTw)®k:|+’7k(b)]€ WIVTk |:(VTw)®k71] 7
(C.7)

where (a) follows by Proposition 6 since f’k symmetric. (C.4) follows from (C.6) and (C.7). For
(C.5), see (Baetal., 2023, Lemma 15). |

Corollary 16 Let ¢ (t,;b) == M. We have

E[o*(V )¢+(<w ) VZ’Yk+1(b Vi1 [(V w)@k} +w Z 'Yk+2(b [(VT,w)@k}
k>1 k>0
k odd k even
El*(V )¢ ((w,z)b)z]=V Y Zalyr [(VTw)@ﬂ +w) T2ty [(va)Q?’f]
k>0 k>1
k even k odd

Proof We observe that ¢ (- + b) = Z k>0 k, H, and ¢_(-+b) = > k>0 :Y’“T(!b)Hek. By the
k odd
argument in (C.6) and (C.7), the statement follows. ’ |
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C.3. Bounding the Higher Order Terms in the Hermite Expansion
Proposition 17 For N ¢ NU {—1,0}, w € ST ' and b € R, let

(n = E[a*(va)¢'(<w, ) + b)x}

_ VZ Tt1 () b) VT [(V W) —w Z 7k+2(b VT w)®H
We have
‘Iva‘|N+1 T
1<l < 1+ VN +2)C, e IV wlla>00r N 20
1 otherwise.

Proof [Proof of Proposition 17] By Proposition 13, we know that

o] b 0! b
(N=V 7’”;,( )V T (VW) 4w 7"*]:'()% (VTw)®].
k>N+1 ' E>N+1 ’
Therefore,
‘|<N’|2 _ ’Yk+1(b) Vi1 [(VT ®k ”Yk+2 VT'w)@k] (C.8)
kE>N+1 9 E>N+1
(b) 32 (B)||VTw 2k 2 1 VTw \ETI1P\°
S Z k+1 |L' | 2 Z H VTk+]_ (W)
k>N+1 ’ k>N+1 2 2

- ok 2 2e12\ 2
T2 (0) ||V Twlf, 1 VTw
’ (:»Z W > % | (vur)
>N+1 E>N+1

(¢) 52 Tw 2 ¢ 1 ~Iz 2 Tw ! ;
2 ZHeO ) syt 3 EONT ) g

k!
k>N+1 E>N+1

(C.9)

where we use that V' is orthonormal and w is a unit vector in (a), the multi-linear property of

tensors and Cauchy-Schwartz inequality for (b), and Parseval’s identity for (c). We observe that for
|[VTwl|2 >00r N >0

~9 VT w 2k VT 2(N+1)
mel( )(]L' [ ( sup Vk+1 ) S [IVTw| < _¢ (C.10)

E>N+1 : k>N+1 E>N41 [VTwl3
and
- 2%k -
Vera OV T wl],” 1) o (N4 2)[[V T w2
Z " < | sup D Z(k+1)|{V 'wH2 < I TABMIEID
k>N-+1 : k2N+1( + ) E>N+ ( _H ’IUH)
(C.11)
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where we used ;- szl,(b E[¢/(Z 4 b)] < 1 and the sum formula for Y7, ;. k2. Since
E[o*(2)3] < IE[HVJ*(z)||2]1/2 = Cy+ and ||V Twl|y < 1, we have

T N+1
€9) < (1+ VN F2)C,e 1Y 2

1TV Tl (C.12)

For ||V Tw||2 > 0 or N > 0 do not hold, we observe that the right-hand-side of both (C.10)- (C.11)
is 1. Therefore, by the argument in (C.12), the statement follows in this case too. |

Corollary 18 Let ¢ be the functions introduced in Corollary 16. For For N € NU {—1,0},
w € S andb € R, let

Gh=E [a*(vTaz)¢;(<w, z): b)x}

v i %+k71!(l))VTk+l [(VT ] Z "/k+2 [ )®k} :

k=0
k odd k even

(v =E 0" (VT 2)o((w,); b)a]

Vv Z %+1(b Thoi1 {( } w Z “fk+2 { vw )& }

k: even k odd
We have

N+1
[V Twlly™

T
HCJj\E/HQ <1+ VN +2)C,- {1—||er||2 |V 'w|z2>00rN>0
1

otherwise

Proof The statement follows from E[¢/, (Z + b)?] < 1 and Proposition 17 (see (C.10) and (C.11)).
|

C.4. Bounding /, Norm of the Higher-Order Terms

Proposition 19 By using the notation of Proposition 17 and Corollary 18, for w € S, N €
NU{-1,0} and q € [0,2), we have

N
[V w3

q
g 22 ) ||V Twl|ls>00r N>0
loxll v Gl < 26720, [V, + (N + 2wl {1(1—"’ ) IVl

otherwise.
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Proof By Propositions 13 and 72, if ||V Tw||2 > 0 or N > 0 hold, we have

q q
+lwllg )
2
q q
[V w3 ) T (x/N—i—QHVTw]éV“)
q-o*

1=V 7wl 1—[|VTw]3

> IV T [(V )
E>N+1

Z %4]—:!(5) T [(VTw)®k]

(a)
¢ llg<2@=bvo[vg,
k>N+1

®)
< 27 VI8, C3. (

[V w3

— 9le=1)Vo g,
T A\I- Vw3

q
) [IVIg, + (¥ +2)F w]2]

where (a) follows [[Vullg < [[V]|5[lu|3 and (b) follows the steps in (C.8)- (C.11). For IcENg,

the same argument applies. if neither ||V Tawl|l2 > 0 nor N > 0 hold, since we can replace

VNF2|V Tw| ) !

=V wl in (b) with 1, the statement follows in this case as well. |
2

Appendix D. Concentration Bound for Empirical Gradients

In this part, we derive a concentration bound for the empirical gradient

9w, b) = S (i~ (il @id (w0, 3) +5) 0.1)
=1

where 1 = 0 in the single index setting and 1 = % 2721 y;; in the multi index setting. In the

following, to avoid repetitions, we will consider (D.1) with ¢(t) € {t,ReLU(¢)} and particularly

with 1 = % 2?21 y;;. Our proof will give us a bound for the f1 = 0 case as well.

To handle dependencies between {(x;, y;)}7_; and J, we will consider the following process:
For § := (w,b) € Sj‘\ljl x R,

Ty = 9(0) — Ea,y) [yzd' ((w, x) + b)]
1~ _
= Y Gt (w, ;) + ) — By [z ((w,2) + )],
=1
where (z, y) is a generic data point that is independent of {(x;, y;)}7, and

Ui =yi — (f|l7,x;) and ¥=y — (E[yz]|7,x). (D.2)

We particularly derive a concentration bound for

sup  sup || Tp|s2, (D.3)
Tl wesi-1
|T|=M"  peR
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where M, M’ € [d], and the restriction sets in (D.2) and (D.3), i.e., 7, are the same. We observe
that for a fixed (w,b) € S9! x R,

- (; S i (w, ) + ) — E [y (w, @) + b)])

- (1 i (Elyz]| 7, i) ¢ (0, 2:) +b) = By [(Blyz]| 7, ) 26" ((w, @) + b)])

n i=1

- (1 > (b —Elya])|s. @) z:¢' (w, ) +b) — E[((h — Elyz])| 5, @) 2 ((w, @) + b)])

i=1

—E[¢'((w, @) + b)ax | (4 — E[ya])|s

Let

= %Zyiwmﬁ’((w, x;) +b) — By [yzd' ((w,x) +b)],
i=1

= %Z ¢ (w, x;) + bz, —Ey [d)’(('w,:@ + b)mmT} )

Then, we can write

Tyls=Yl7 — ZolooBlyzlly — (Zolows +E|¢ ((w, @) + bz | |5.s ) (i Elyal)ls
(D.4)

In the following, we derive concentration bounds for Yy and 34, which will lead us a bound for
(D.4). Our proof technique relies on the use of Radamacher averages with an extension of the
symmetrization lemma for the moment-generating function, which is presented as follows:

Lemma 20 Let X1,--- , X, € R? be independent random vectors and let {€i}icn) be iid Radamacher

random variables, independent of { X} e[ For € : R% x STTUX R, X > 0and h(t) € {t,exp(t)},
we have

E|h| sup ZE i (w, b)) —El(X, (w,b))] <E suph( Zeﬁ i wb))

wESX{ 1N i1 wESJ‘f/Fl
beR beR

Proof Let Z := sup,, LS X, (w, b)) —E[¢(X, (w,b))]. By using Jensen’s inequality, one
can show that for any convex and nondecreasing function h,

suph< Zsl Z,wb))].

Since t — h(At), where h(t) € {t,exp(t)} and X > 0, is convex and nondecreasing, the statement
follows. |

E[h(Z)] <E
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D.1. VC Dimension of {- — ¢'((w, ) + b); (w,b) € S]o\l/l—l x R}

Let Fas == {- — ¢/({w,-) +b) | (w,b) € S4 " x R}. We want to bound the VC dimension of
Fu.

Proposition 21 Let VC(Fys) = d*. We have M < d* < 6M log (%C[l)

Proof Let F(9 = {. — ¢/((w,-) +b) | (w,b) € S* ! x R} and s(F¥,n) be the shattering
coefficient of F(@, Since VC’(]:(d)) =d+1,wehave M +1<d*<d+1.

To improve the upper bound, we observe that Sj'\ljl has ( Acf[) different possible support, hence,
we have s(Fpr,n) < (A(Z)S(}"(M), n). Then, by definition of VC dimension,

© [ ed\2M+1
< | — .
< (3)

where we use d* < d + 1 in (a), Sauer’s lemma in (b), and (1\114) < (%)M and (d+1)/(M +1) <
d/M in (c). By observing that e?/2 < 24" and 4M +2 < 6M , we obtain the upper bound as well.
|

Corollary 22 Let n > d*. For any x1,--- , @, € R% there exists Q% C Sj‘\l/l_l X R and 7 :
SITL X R — QF with ]QI\ < (Z—?)d such that for any (w,b) € S4 x R, ¢/ ((w, 2;) +b) =
¢'((m((w,b)), (wi, 1)) fori=1,-- ,n.

Proof By Sauer’s lemma, the image of ®((w,b)) = (¢'((w,z1) +b), - ,¢'((w,z,) + b)),
(w,b) € ST x R, has at most (en/d*)* elements. We can define Q, by mapping each (w, b) €
8971 x R to a fixed (w', b') such that ®((w, b)) = ®((w', V). [

D.2. Concentration for Yj

In this section, we derive a concentration bound for

sup  sup ||¥plzll,,
TCld] wesd!
\T=M" pelt

We will prove our bound in two steps. First, we will prove a bound for the truncated version Yp. In
its following, we will extend that result by bounding the bias introduced by truncation.

Concentration of the truncated process: For some R > 0 and v € S ! and § = (w,b) €
Sj'f[l x R, we let

Yy, = % Z%%i\gR (v,2;) ¢'((w, ;) +b) — E [yl <p (v, ) ¢ ((w, ) +b)] .
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Lemma 23 For ¢(t) € {t,ReLU(t)}, n > d* and t > 0, we have

Y 2 en\ 2
P sup  Yp, > 8Rmax{t,t°}| < (—*) exp (—nt ) .
9eST xR d

Proof In the following, we will use that |¢'| < 1 and VC(Fy) < d*, where d* is defined in
Proposition 21. We note that both hold for ¢(¢) € {¢t, ReLU(¢)}. Let

g((m76)7(w7b)) = yﬂ-|y\§R <’U,£L'> qS’((w,:c) +b) and Z = sup f/@,v-
9S4 xR

By Lemma 20, for A > 0, we have that

Let’s focus on the empirical complexity. We have

]E{ sup exp (275\ ZEM (x4, €), (w, b))) ]

wGSi{l
beR

(a) 2] —

=E.| supexp| — gl (x4, €), (w, b))
(w,)EQ, ( n ;

< Z E. |exp (2)\27381‘5((931' €), (w b)))]

-~ n . (R ] )

(w,b)EQy i=1

2y e {exp <2:\5,»€((:Di,ei),(w,b))>] (D.5)

(w,b)€Q, =1

where (a) follows from Corollary 22 and (b) follows from the independence of ;. By using the
moment generating function for Radamacher random variables, Lemma 73 and Corollary 22, we
have for A € [0, /%],

- 2 n 2p2
o< ¥ [ew(Gt@a @) s ¥ [ew(

(w,b)€Qq i=1 (w,b)€Qy i=1
en\d* <8)\2R2>
< (—) exp .
d* n

By Chernoff bound, the statement follows. |
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Concentration of Yy

Lemma 24 Let ¢(t) € {t,ReLU(t)}, d > 4M and M’ < 2M, and
24d
n > 24M log? <J\4n> and M >log(2/9).
We have for § € (0, 1],

MIO 2 (24dn
Pl osup  sup [Volol, > Klog® (6nye) | 1108 Car)
Jg[d} wES}ivfl
|T1=M"  peR

<9,

where K is a constant depending on (Cy, Ca,r, A).

Proof Let Yj = LS, Yiljy <rid ((w, ;) +b) — E [yl <pzi¢’ ((w, ) + b)], where R =
Cy(r +2)%2(elog(6n/08))°2 + \/g(e log(6n/6))%. We observe that

1 n
sup  sup [Vilgl, < sup sup [Valo |+ sup |23 gl nd (w0, @)+ b)
TCld] wesd TCld] wesd 2 wesi | iS 9
|T|=M"  peR |TI=M"  peR beR
=51 =52
+ sup |[E [yl rzd((w, x) +b)] |,
wesit
beR

:=S3

1
For K = (Cil(402)402 (r+2)4% 4 2A2> , we have

(a)
]P’l sup  sup ||Yp|sll, > 16 Rmax{t,t*} +4K\/6‘5n] < P[S; > 16Rmax{t,t*}]
JCld] wES?VFI
|TI=M" peR

re[sz (1013
()
<P [51 > 16Rmax{t, t2H + g

where (a) follows from Proposition 68 (since 4 > 6%), and (b) from Proposition 67.

Next, we need to establish a high probability bound via covering argument. Let N, 1/ ? be the

minimal 1/2-cover of Sj‘\lj,l. We have

S1= sup sup <v,l79>§2 sup  sup <v,l~’9>, (D.6)

west tvesd ! weSy ! veN/?

/
beR beR M

32



LEARNING SPARSE FEATURES WITH PRUNING

where }79,1] is introduced in Lemma 23. Therefore, by (D.6), we have

P [S; > 16Rmax{t,t*}]<
'ue./\/ltl/,2 wié{% '

(a) , 2
Z ]P’[ sup Yy, > 8Rmax{t, t2}1 (;})51‘4 (Z—T) e "

where (a) follows from Corollary 71. Therefore, we have

o 0 d rren\ 4 2
2 - M —nt
P| sup sup [|Yp|sll, > 16Rmax{t,t*} + 4K/ 6n1 < 2—|—< ,>5 <7d*> e " .(D.7)

TCd) wesi !
|T|=M"  beR

We note that
R < (Cy(r+2)%2e%? + VAe)log® (6n/6).

Moreover, for d > 4M and M’ < 2M, we have

<J\j/>5M’ (%L)d* < (2314)521\4 (M)GMlog(kd)

IN&

<5ed> 2M ()6M10g(lvd)
2M M

(562nd)6M10g(e‘})

IN

2M

where (a) follows from ( ACZ) < (%)M. Therefore,

d\_pp ren\d ed 5e2nd o [ 24nd
_ < — < — . .
log [(M,>5 (d*) ] < 6Mlog <M>log< o ) < 6Mlog ( - ) (D.8)

24nd
By using (D.8) and (D.7) with ¢ = /212" (550) | /1082/9) ¢ (0 1] and u = elog(6n/5)

we obtain the statement.

D.3. Concentration for 3y
In this part, we are interested in deriving a concentration bound for

sup sup ||29|J><.7||2'

TCld] wesd
\TI=M' " peR

For a fixed (w, b) € Sj'\l/fl x R, by using the Rayleigh quotient formula, we can write that

sup [|Zg|lsxsll2= sup sup |(v,¥p|sxsv)| = sup |[(v,Egv)l|.
JCld] JCld] vesi-1 vest!
|T|=M’ |T|=M’ M

Let \V, jﬁ be the minimal 1/4-cover of Sj'\lj,l. It is easy to check that for v € NV, M/,4 , we have

sup (v, Tgv)| <2 sup |(v, Zyv)].

d—1 1/4
’UESM, 1;6_/\/'1\/[,
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Therefore, we have

suI[)} sup 1HZ]9|JXJ||2 sup/ 2 sup 1|<'v,2]9'v>|. (D.9)
JCd] wesd- eNyt wesis
\TI=M" " pei o=t beR

Since we already have a bound for the size of NA 7 » we first derive a concentration bound for
SUP,, | (v, Zgv)| for a fixed v € Sj'\lj/l.

Concentration for sup,, ,|(v, Zyv)|

Lemma 25 For ¢(t) € {t,ReLU(t)}, M, < [d], and for a fixed v € S*' and n > d*, we have
that for t > 0,

d*
P| sup |{v,Zgv)| = Sﬁmax{tvtz}] = 2( ”) exp (—nt?) .
d—1 d*

weS),

beR

Proof We observe that

n

(v, Sgv) = % 3¢ ((w, @) +b) (v,2:)° —E [¢’(<w, ) +b) (v, mﬂ .

i=1

For

Z:= sup Z<z> w, ) + ) (v,27)” — E ¢ ((w, 2) +b) (v,2)?]

Sd 1n
beR

by using Lemma 20, we can write that for A > 0,

sup exp (2: Zsiqb'((w, x;) + b) (v, ml>2> ] :

wes i=1
beR

Eexp(AZ)] < E

Let’s look at the empirical complexity. We have

2\ —
E.| sup exp < Zeiqb'((w,wﬁ +b) <’U,:13,;>2>]

wESJ‘iF1 n i=1

beR
(@ ,
=FE.| sup exp Zel (w,z;) +b) (v, x;)
< EE - % ' s Lg b s g ?
_(wbz);Q exp(nga¢<<wm>+><m>)]

(

> HE [exp <e¢(<w x;) +b) (v, x;) ﬂ ,(D.10)

(w,b)eQ, i=1
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where (a) follows from Corollary 22 and (b) follows by independence. Let cosh(t) := etgift We
observe that for a fixed i € [n],

E [exp ( gid ((w, x;) +b) (v, acz>2>] =cosh (%]qﬁ’((w, xi) +b)| (v, wz>2>
<cosh< (v, wl>2) (D.11)

where we use |¢'| < 1 and that cosh is increasing on ¢ > 0. Therefore by (D.10) and (D.11), for

A€ [0,n/4V2]
Eeo(2]< Y [[E [COSh( (v, @) ﬂ < (Z—f)d* exp (1?2) ,

(wbEQ =1

where we used Lemma 73 and Corollary 22. By Chernoff’s bound, the statement follows. |

Concentration for Xy
The next statement provides a concentration bound for (D.9).

Lemma 26 For ¢(t) € {t,ReLU(t)}, M, M’ € [d], and for d > 4M and M' < 2M,
d
n > 24M log? <35Z\In> and M >log(2/9),

we have for § € (0, 1],

P| sup sup [|Sglyesle > K| —— 2| <6,
TCld) wesdt "
|TI=M" beR

where K is a universal positive constant.

Proof By using (D.9) and Lemma 25, we can write that for n > d*

P| sup sup [|Zg|seslle > 16v2max{t,t*}|< Z P| sup |(v,3v)| > 8v2max{t,t*}
JCld] wESd ! AL/4 wEvafl
|71=M" bR VEN A/ beR

@ (d\ . ren\® )
<2<M,>9 (5) exp (—nt?).  (D.12)

where (a) follows from Corollary 71. We note that n. > 24 M log? ( ) > 6M log (ed) > d* by
Proposition 21. Moreover, for d > 4M and M’ < 2M, we have

d ooren\d d cd 9ed cd 9¢2nd\ M tos(57)
oM (M) < 92M 6Mlog(57) < < ) 6M10g(M)<< )
(M’) (d*> = <2M> (en) onr) () =\ oM
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where the second inequality follows from () < (%)M. Therefore,

d 60\ ¢ ed 9e*nd 35nd
1 M= <6Mlog  — |1 <6Mlog? ([ =— ). (D.1
By using (D.13) and (D.12) with t = 1/ oM log 44/ e 2/ 9) € [0, 1], we obtain the statement.

D.4. Concentration for Ty

By (D.4) and |E[¢/ ((w, x) + b)xx "]|2 < 1, we have

1Tol7lly < (¥l 7ll2 + 1 Zolrsll2Elyzllly + (1Xol 5 lly + 1) (2 = Elyz])] 7 l,-
We have the following statement.
Lemma 27 For ¢(t) € {t,ReLU(t)}, M, M’ € [d], ford > 4M, M' < 2M

d
n > 24M log? <35jwn> and M >log(6/9),

we have that for § € (0, 1]

M1 35dn
P| sup sup ||Tphlsl2 > K log® (18n/6) M <4,
JCld] wesi? n
|TI=M" " peR

where K is a positive constant depending on (Cy,Co, 1, A).

Proof We note that Lemma 24 applies to ¢(¢) € {¢,ReLU(¢)}. Therefore, by Lemma 24 for
o(t) = (t) = ReLU(t), and Lemma 26, we have the statement. [ |

D.5. Concentration Bound for the Empirical Gradient in the Single-Index Setting

and

In this part, since » = 1, for clarity, we use the following notation: ¢* Zk>k* 2 Hey,

y=0"((v,z)) +VAe.

Proposition 28 We consider (D.1) with i = 0 and ¢(t) € {t,ReLU(t)}. Let j € [2m] be a fixed
index and J be any function of {(x;, y;)}1, such that |J| < M almost surely. For d > 4M,

24d
n > 24M log? <M"> and M > 24(1 + log(4/9)),
the intersection of the following events holds with at least probability 1 — 6,

o 0e2C2( 120 s
T gy
2
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E*—1 og? 24dn 0e2C 12n
< K | by (Lskgtasn) 2+\/M1g (%5 ) e (15)

(k*—1)1 M

H (W/J(S)’b)’J

2

where K > 0 is a constant depending on (C1,Ca, k*, A, Cyr).

Proof We first observe that by Proposition 13,

E(z.y) [ymgﬁ << J(*)’ > + b)} ‘J
Z 7k+1’¥k+1 < W(O > W Z%%H (0) < j(£)>k.

E>k*—1 E>k*

Therefore, we have

o (Wi )|, G5 (i) ol

2

< [lo (Wi20)], ~ Beew [vmst (W2} )] | + 16emma
)|
< sup sup [|Yolllo + (14 VA + 1)Cp DL
ety 1= (ew)

where («_1 is the higher order terms in the Hermite expansion defined in Proposition 17 and we

use Proposition 17 in the third line line.

(0)

To bound the second term, we recall that W,,” = Wislg

Wl Where Wi ~ N(0,15) and it is
independent of {(x;,y;)}!" ;. Since J is independent of Wj,, without loss of generality, we can

fix a J with | 7| = M. By using Corollaries 57 and 58, the intersection of (i) > ;. 7 Wj > o,

(ii) (v, W] 702 < 3(1 4 log(4/6)) holds with probability at least 1 — §/2. Within that event, for
M > 24(1 +log(4/9)), we have

(v W.(O>>‘k* : 1+log(4/8))\ =
A+ Vi +1)C,. DL <6570, (1 + VE + 1) (Wg(/))> (D.14)
1-— <v,Wj(f)> M

Then, by Lemma 24, the first item in the statement follows. For the second item, by using the event
used for (D.14), we have

H <WJ(’?)’b)‘J

Jx 1!

ol o)

2 2

*

k
*Yx (b 6(1+log(4/6 2
+ |7€k]k1§ )] ( ( ]5[( / ))) ]

By using the first item in the statement, the second item also follows. |
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D.6. Concentration Bound for the Empirical Gradient in the Multi-Index Setting

We first derive the Hermite expansion of E, ) [yz¢’((w, ) + b)] (see (D.2) for its definition).

x,y)

Lemma 29 We recall that ¢(- + b) == > :Y’“k(!b) He, and o™ =} ;- & (Ty, He,,). For any
J C [d] and any w € S?! supported on J, we have

IE(w,y) [ym¢ (<w iB + b Hj 72 )H’ijw + V’ Z ’Yk+1(b) VT k+1 [(VT'w)®k}
k>2

+w Y 20T, [(vTw)

k>2
where H is defined in (DEF-H).
Proof We first observe that E[yx] = E[o*(V Tx)x] = VE[o*(2)z] and E[yzx]| s = V| 7E[0*(2)z].
By Proposition 13, we have
By Jod’" ((w, ) + b)] = NV IsElo*(2)2] + Js(D)ww' V]z-E[o"(2)z] + 52 (b) Hw
+V Z ’Yk+1(b) VT [(VT )®k] +w Yi+2(b) T, [(VTw)@)k]

|
k>2 ! k>2 k!

(D.15)

where (a) holds since VT = E[0*(2)2], VV T [(VTw)®!] = Hw, Tp = 0, Ty [(V Tw)®!] =
(w, VE[0*(2)z]). Since w V| 7<E[0*(z)z] = 0, we have
(D.15) = % (b)Hw + 4, (b) V| 7-E[0"(z) 2]
+ VY 28O [(Viw)™ ] +w ) 2207 [(VTw)®].

k>2 k>2

Since w is supported on 7, the statement follows. |

Proposition 30 We consider (D.1) with 1 = > | yix; and ¢(t) € {t,ReLU(t)}. Let j € [m]
be a fixed index and J be any function of {(x;,y;) i, such that |J| < M almost surely. For
d>4M,
35d
n > 24 M log? <an> and M > 24(r + log(12/9)),

the intersection the following events hold with at least probability 1 — 6,

o2 (3241 1 ,2Co (180
o (Wi0)|, ~0ml . W <K \/Ml L) 0 () | etogtsn)

35dn 2C 8n
0 r+lo 9) Mlog 2( )
(2| < o= 6
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where K > 0 is a constant depending on (Cy,Ca, 1, A, Cy+).
Proof We have that

g (W20)| | —5®H],. W

J%

<o 0w328) - 2o (2.0) )

2

e o (w0.2) +0)] | 0w |

(a)
< sup sup ||Tplsll2 + |Gl
JCld] wes{ !

|TI=M  peR
® Vw2
< sup sup [Tyl ll+2v3C, Y Wor 2
JCld] wes{ ! 1- ||VTWj* ||§
|TI=M  peR

where we used Lemma 29 in (a) and Proposition 17 in (b).
We will first bound the second term. We recall that Wj(f) = % where W, ~ N(0, I;)
]*

and it is independent of {(;, y;) };_,. Since J is independent of W, without loss of generality, we
can fixa J with [ J| = M. By using Corollaries 57 and 58, the intersection of (i) »_,c ; VVE > U
(i) |V T W] 7]13 < 3(r +log(4/8)) holds with probability at least 1 — &/2. Within that event, for
M > 24(r 4 log(12/4)), we have

VTW-(O) 2
N30, | Jx (!f < 16v3¢,. "+ 1os(#/9)) (D.16)
1—[VTW, 3 M

Therefore, by Lemma 27, the first item follows. For the second item, we observe that
i)

‘We have that

< 52(0) [ Hg oW

jx

L+ Hg (wW)0)], =0 H WD |

2

Tyx/(0)
HV w

IHL, Wl < 500 : < %(b)\/ﬁvmgwm

[wiall, - .

where we used o1 (H) < 1 in the first step, and the event used for (D.16). Hence by the first part of
the statement, the second item also follows. |

Appendix E. Guarantee for PruneNetwork
We recall the following notation: For @, b € R?>™ and W € R?™*4,
1 n
= -3 (5= 0 (@i (a.é,b)

=1

2m
g?:I: (m; (a’ él, b)) — Z aj (¢(<el7$>+bj)i2¢(—(elam>+bj))
j=1

R (a,é;,b):

o+ ((&1,);b5)
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and the gradients of the empirical/population risks are

—aj ~ ~
iji(a é,b) = —2 Z mla a el7b)))¢/:|:(<elami>;bj)mi

V;R*(a,é,b) = —ajE(ac,y) [(y = 9" (w; (@, €, b)) )¢ ((€1,x) 1 b;) @] .
Finally, we recall that
m m
IVR(a,&.b)|[7 = D _|IViRa(a. &, b)|3 and |VR; (a,&,b)|F =) |V,;R;(a,é&,b)|3.
j=1 j=1
E.1. Auxiliary Results
We have the following statement:

Proposition 31 Ler 72 = L Zj 17 k( ) For any J C [d], we have

1. For the single-index setting and k* > 1,

_2
E*—1

Vi 2 < ZHVRi(a(O),éi,b(o)> 3

( Tie ) q (cx/icg*>“1 o mFT
T — 1) - 2 =
(k* —1)! 1—¢? @

jc

where the statement with V R holds for even k*, and V R~ holds for odd k*.

2. For the multi-index setting, we have

[730'2( >—16(CCC)

Proof We first observe that by (2.1), we have §* (cc; (a(o), €;, b(o))) = 0. Therefore,

IVgelld < T Z IVR(al, &;,b")]%.
ISV AS

ViR (@, &.60) = ~a B, [0"(V 2)dl (e, 2) b )] (E.D)

Moreover, we observe that by (2.1), 7 = - et k(b(o)).
1. We will prove this item only for even k* > 1. The proof for the odd case is identical when (+)

signs are replaced with (—). We have

- (0
(Wk:*(bj )Yk (v k*_1)2

(k* —1)! ‘
(@ L
<2

0) } %(bﬁo))w (v, &))"
x| — v

By |0 ((0,2))6/, (&1, @) ;0§ G

2
n 2ijR+(a<0>, & b(0>)H2

p <201+ VE F1)°C (Qk_m% +2HVR ()éi,b(o))Hz
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where (a) follows from (E.1), (b) follows from Corollary 18. By summing each side over j €
[2m] and dividing by 1/2m, we get

_ 2
(Mck*_lvf*_l> <21 +VE*+1)2C2

C2k*‘1H’2k* 9

i + g T @20

By taking ﬁth power of each sides, we get

9 2
T lvie | \ -1 (a) i\ FT
(Zebel )™ g S o Vi e (0 28) T o
(o=t

+m1||[VRH(a©, &;,b0)
F

S 2K -18 (Cg* 1_c2> CQ’Ui2

_2
E*F =1

VR (a, &, b))
F

-1
_|- mk*—1

where (a) follows from Proposition 72 and (b) holds since |v;| < 1 and (1 + Vk* + l)ﬁ is
decreasing for k* > 2. Then, we get

1

2 2 —
Vg [Yer | ) T - c =11 5 _ mF-1
[((k;*—]_)') — 2K*=18§ <Co—*1_62> ] v; S 62

By summing each sides over ¢ € [J¢, we have the statement.

_2
EF=1

VR (a¥, ;b))

F

2. By observing that cH;, = He;, we have
~ (0
2 (0”) e Hi |3

(a) 2
< 2By [0 (VT2) (85 m) 00| - 520 HEE:

! z+2HVJ-R+((1(O),éi,b(O))H

2

2 2
) @Vl + 2w @660

1—¢2

(®)
< 16C2. < ,

where (a) follows from (E.1), and (b) holds since Corollary 18 and ||V;«||2 < 1. By summing
each side over j € [2m/] and dividing by 1/2m, we get

2

2
V3¢ || Hixl3 < 16C3. ( > AViel3 + 202m) Y[V R (@), &, 60|

1—¢2 F
Therefore, we have

2

2 -1
[7302(11) ~ 1602, < c > ] Vi 2 < Lva(a(m é b(O))H
r o 1k = C2 » =1

1—¢2 F

By summing each sides over ¢ € J¢, we have the statement.
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Proposition 32  For this statement, by abusing the notation, we use 0° = 1. Let

2m
R = % Y IViRE (@), &, 60) - V;R*(a©), &, )3,
j=1

where 6ij(a(0), éi, b(o)) = VJRTZE (a(o), éi, b(o))’mp(M),

~ d 2-q
M = M log? (35Mn) and Cy = 8q(2 —q) 7

Ford > 4M, n > 24M and M > log(2/6), each of the following items holds with probability at
least 1 — 6:

1. For the single-index setting with k* > 1, we have

KM logzc2 (%;"d)

qg=0,M > ||v]jo+2

~ n
m%XRf < - e 0o\ a1 9 1xn2
ield K0T1og?® (1200) Gy (S5 ) |oi 2070 [flol]? v k23]
+ ) q € (0,2).
n M a

2. For the multi-index setting, we have

K N log?®* (1224)

q=0,M > ||V]20+2

~ n
max R < 2 ,
st KiTlog® (224)  Cy ({22) (ellVaall) ™" [IVI3, v 2i]
— + - : € (0,2).
2_q q ’
n M a

Here, K is a positive constant depending on (Cy,Ca,r, A).
Proof By Lemma 69, we have
Heerjb:(a’(O% €, b(O))_iji(a(O)v €, b(o)) ”%

<5 sup ‘(ijf(a@),éi,b(O))—iji(a(‘)),éi,b(O)))\JHQ
JCld] 2

|J|=2M
+4|V;R*(a,&;,6%) — V;R*(a?, &, 60) pan 5. (E2)

For any J C [d] with || = 2M, by using Jensen’s inequality, we can show that

2
"(Vij(a(O),éi,b(o))—VjRi(a(O),éi,b(O)))‘J‘LS sup  sup [|[Yals|2.  (E3)

JCld] wesd?
[J|=2M  pecR
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By (E.2) and (E.3), we have for any i € [d],

Rf <5 sup  sup [[Yals]3

|J[=2M  peR
4 ) 2
4 s (TN (]5. (0 _ (VT b (6. .50

+ QmZ K [U (V z)¢' . ((&i, ) ;0b; )a:} E [O’ (V z)¢l (e, x) ;b )m} top(3) [,

If g =0and M > ||V]|2,0 + 2, the statement follows for each item by Proposition 19. For ¢ > 0,
we have the following:

1. We consider k* > 1 and even. We have
_, (a)

RE <5 sup  sup [[Ypls5
JC[d] weSi{l

|J|=2M  peR
2q (1 — 3)% Mt 2m ) ) i )
- 22m ZHE(“'ML}) [G (VT$)¢;(<€“$> 7b§ ));c:| .
j=1

®)
<5 sup sup [|Yy|sf3

JC[d] weSﬁ[l
|J|=2M beR

2
2—¢q k*—1 k*—1
q\ <7 ,, -2 (a=1) 2_ c Cor|v; x| 5
+2¢(1- 5) M T 14T V010 ( . _CQ| ) VI, + Elél7]

9 =247 Ck*ilca.*”vi k*—1 ’ 9 *o2
<5 sup sup [|[Yols[3+C,M7 : [IV113,, v k2]
ICid) wesi-1 1—c

[J|=2M  peR

where we used Lemma 70 for (a), and Proposition 19 with N = k* — 2 and Proposition 72 for
(b). By using Lemma 24 with 2% (for i € [d] and (+£) cases), we have the result.

2. By using k* = 1 for (—) and k* = 2 for (4) in the proof of first item, one can prove this item as
well.

E.1.1. CONCENTRATION FOR 7,

Proposition 33 Let m = ©(d®) where ¢ > 0 is a small constant, Z; ~;;q N'(0,1) fori € [m], and
let Ak (+) be as in (C.5). For any u € N, we have with probability at least 1 — d—

m

k(ZZ)Q Z Ck(k - 1)'

=
™
N

for d larger than a constant depending on (k,u,¢).
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Proof For p > 1, by Jensen’s inequality, we have E[|32(Z) — E[F2(Z)][P]*/? < QE[fyip(Z)]l/p‘
For k > 2,
2 1 @ (2p—1
SN = LB (2] < tem () < )
where we use Lemma 63 for (a). Therefore, if Y, == > 1", 9x(Zi)? — E[32(Z)] and K, =
M(k _

s

K 1/2p |
Bl < O+ i <8 || L cc P 220
m m

2)!, by Lemma 49, we have

By using p = ulog d and hiding all of the constants with & in C, we have for k > 1

(h—1)v1
llym' > Ck\/(UIOgd)
m

<d".

m

Therefore, with probability 1 — d“, we have

ulog d)2(k—1)v1 (@) 1 ~
ulogd) > SEl(2)’]

) > E[5k(2)°] - ck\/

I~

1]
55_1
N

m

where for (a), we assume that d is larger than a constant depending on (k, u, €). Since E[§;(Z)?] >
ck(k — 1)1, where ¢, is some k-dependent constant, the statement follows. |

E.2. Main Results
Lemma 34 (Single-Index Setting) Consider the single index setting. For v € N and a small

constant € > 0, let

m=0(d), d>d(y, k", u,e)V4AM and C<1gd

and p1,p2 > 1, where d(yg+, k*,u,€) is a constant depending on (g, k*,u,€). There exists a
constant K > 0 that depends on (C1, Ca, A, k*, Cy+) such that if

KM* log? (2514) 10g?“2 (18nd"*+1) (p1 log d) w
20k 1)

(lvllo +2) q=0

M > log(4nd") v ) e
(2-q) [(Il2 v #*27)  (rlog” ) |77 g€ (0,2)

with probability at least 1 — 4d~", Algorithm I returns J C [d] such that
~(77/2)

Vir

2
cllg < K A—rw———.
HU‘J HZ — o1 logpzd
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Proof We choose any u € N. We consider the intersection of the following events:
C.1 There exists j € [m] such that bgo) >0

K M 10g%©2 (6nd®
C2 SUp ycpy SUP,, it [Vl p|Jf < KHETZOM)
|J|=2M beR

C.3 Proposition 32 holds with § = d~“.

C.4 Proposition 33 holds with 6 = d—*.

It is easy to verify that the intersection of (C.1)-(C.4) holds with probability at least 1 — 4d~" when
d is larger than a constant depending on (k*, u, €). We consider k* = 1 and k* > 1 cases separately.

For k* = 1, let 7 be the set of indices added in Line 3. For j € [m] with b§0) > 0, we have

a
71| 7¢ S

1
2

510 ol = 2 IV R (@, 0, 60) - 9, (0, 2,60 1

(©) _ )

< |V;R(a),64,60) - VR, (éq)|3 (E.5)
where we use 7 2 J and b\”) > 0 (see (C.5)) in (a), V;R™ (a(@, &4,6)) = —a\”5:(b 0))

5 71V
(since Vg, = 0) in (b), and that Hw]jc , < |z — y]j||2 in (c). By using (C.3) w1th k* =1, we
have

K M log”?* (12nd*+*
g (12nd™) a=0,M > o]+

n
(ES) <
KM 1og®? (12nd** ) [lvlgve:
e (120 )+cch*(1 ) [ ! € (0,2).
n Mat

By (E.4), the statement follows for £* = 1.
For k* > 1 and even , we assume d is high enough that

2 2 1
1 Vit | ) BT V2e \UT e L 2 \"
c < 1 and ((k*—]_)' -8 T) Co.* > §Ck*7k* s (E6)

where cy~ is the constant in Proposition 33. Let
u=1/V2m (|VE* (@', &,6)|p, - [[VE* (@l &0, 6] r)
= 1/V2m (|[VR*(€)|r, [VR*(&)l|r,- - . VR (€a)] )- (E.7)

2
In the following, we will first bound jege U ]?* , and then use Proposition 31 with (E.6) to prove

our statement. Let 7 be the set of indices added on Line 4. By using Lemma 69, we can write
2
Sl =l S lpan] (E8)
VISVAS

* _2
< Alfu = whoprn || T2 +5 sup D Jui — @l (E9)

ICld] o7
Z)=2M €
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Moreover, by Corollary 18 (with N = k* —2) and ¢ < 1/4,

2 *2 e 2 2
" = /v VR (@0, &, 60)|| T < (14 V) F T OE T o
F (1—c?)F -1
2
< 120;:7162|’U7;’2, (E.10)

where we use that (1 + v/ k*)% is non-increasing for k* > 2 in the last step. By Lemma 70, we
have
0 q=0,M>[vf+2

D <1280 o = wlopan 3 £ 126°CTTTT 4 (1 - 4) T 42

2
Mot

| — wftop(ar

q€(0,2)

2
< 12205

E.11
S AR (E.11)

where we used (E.4). Moreover, we have

_ ~ _2
sup > Jui - @FT < sup > (2m) 1| VR (&) - VR (al®, &, 50) | F T, (E.12)

ICld] zcld) “
|I|;[2]]\4 i€T |I\;[21]\/I i€T
where by (C.3), we have

Vi € [d); (2m) Y|VR; (&) — VR (a©, &, b))%

K M log®®* (12nd'+*)

q=0,M > |vljo+2

n
S ~ Cz*cz(k*fl) * x92
KM log? (25nd) log®?* (12nd***) CQW‘W’QUC Y [HUHE vk 2“}
- + e q € (0,2).
(E.13)
Therefore, by (E.4), we have (E.12) < pl%gé?d’ where K depends on (C1,Co, A, k*,Cy+). By
(E.9) and (E.11), the statement follows. |

Lemma 35 (Multi-Index Setting) Consider the multi-index setting. For u € N and a small con-
stant € > 0, let

1
= € > < —
m=0(d°), d>d(o,(H),u,e) VAM and ¢ < logd’

and p1, p2 > 1. There exists a constant K > 0 that depends on (Cy,Ca, A, 1, Cy+) such that if

S K M?log? (35nd) 10g2022(18nd“+1) (p11og” d)

n
C

T (L e -
= logl4an 2 — .
2-a) [(IVI3,v2") §(mlog” )] " qe(0.2)
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with probability at least 1 — 4d~", Algorithm 1 returns J C [d] such that

Ko %2(H)
E BV |V | ge]|% < —E—2.
Bl v [V]ls < S L

Proof We will follow the same arguments in the proof of Lemma 34. We choose any v € N. We
consider the intersection of (C.1)-(C.4) above, which holds with probability at least 1 — 4d~".

For ||E[yx]| 7<||2, let J be the set of indices added in Line 3. For j € [m] with bgo) > 0, we have

2 (a) 2 (b)
>~ :)/1 i YT|| 7c = ki (a 7éd7 — VvV (a 7éd7 T2
< [ @) Elyal L= VR (@', €40,6') — V,R(a', €1,6')| 73
2

H %E[yw] ge

(E.15)

where we use J D J and b;o) > 0 in (a) (see (C.5)), V;R™(a® &4,b) = —ago)%(b?))mfv
(since Vg, = 0) in (b). By (C.3), we have

KM 1og* (12nd'*v)

q=0,M>[[V]20+2

n
(E.15) < § 1 )2 2 92
K M log?¢? (12nd1+“) 9 <l—c2) [HVH?,q v Qq}
q~o* 2_q qc (0, 2)
n Ma
By (E.14), the statement follows for ||E[yx]|7<||3.
For || V| 7¢||%, we assume d is high enough that
1 c \° 1

whege co is the constant in Proposition 33 for k = 2. Let u and u be the vectors defined in (E.7) and
let 7 be the set of indices added on Line 4. By following the arguments in (E.8)-(E.9) with k* = 2,
we can write

Z U? <Afju— “’tOP(M)H% +5 sup Z’Uz — @]
IC[d

jege \I|;2]]\/[ i€T
For v := (||Vi|l2, - - , || Vax||2), by following the arguments in (E.10) and (E.11), we can write that
0 q=0,M = [[V]20 +2
2-g
lu = wlopan|l3 < 126*C2-|lv — vlopan I3 < 12¢°C3. 4 (1 - 9) 7@ 4v|3,
2 q€(0,2)
Ma!
6c2C2.
= prlogd
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Moreover, by following the arguments in (E.12) and (E.13), we can show that

sup Z]ul — a,?

ICld]

Zizonr €7
KM log” (5) log™ (120 ™) q=0,M>|V]s0+2
n T ’
< C?,.c? 2
KM?log® (2224) log>**(12nd'*+) . rCoi=a [HVIIS,q v 2”1} € (0.2)
n M) ’
- 2¢? N 32rC2.¢2 E17)
~ pilog”d = pilog™d .
By the arguments between (E.16)-(E.17), the statement follows. |

Appendix F. Feature Learning
F.1. Additional Notation and Terminology

In the following, we will use SI for the single-index setting and MI for the multi-index setting. In
the following, we assume | 7| < M and ignore the constants. For SI, we consider a polynomial
link function 0* : R — R such that 0*(t) = >, ., cxt®. For MI, we consider a polynomial link
function o* : R" — Rand 6*(2) = 0*(2) — (E[yz], 2) = >4, <Tk, z®k>.

Henceforth, w ~ N (0, I) is a random vector independent of the remaining random variable

unless otherwise stated. Let w; = % Let vec(T') denotes the vectorized version of the tensor
T and

(v, w1 SI
8, = R
DV ' 'w, MI

0 SJZO

ckEw[sH] 718k Sland s, # 0
+

zk(s,) =
<vec(Tk),E [vec(s?k)vec(sf?kf] vec(sf?k)> Ml and s, # 0

where AT denotes the pseudoinverse of A. We will use

Viex Vie* (bl(o)) N
Oy . ) - SI T .
Bl - AT and N lz;]lﬁ(b(o))> :

where 7 will be specified later.

F.2. Auxiliary Results

Lemma 36 ((Damian et al., 2022, Lemma 9) with explicit constants) Lera ~ Unif({—1,1}) and
b~ N(0,1). Then for any k > 0, there exists vi(a,b) such that for |z| < 1,

E [vg(a, b)¢(at 4+ b)] = t* and sup|vy(a,b)| < 6v2(k +1)2

a,b
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Proof By following the constants in (Damian et al., 2022, Lemma 9), we have the statement. W

Lemma 37 ((Damian et al., 2022, Lemma 21) with explicit constants) Let~a* : ]RT~ — R be a
polynomial of degree-p such that E[o*(2)?] < 1. There exists symmetric Ty, - -- ,Tp such that

o*(z) =31, <1~"'k, z®k> where

Il < 25 e 12

Consequently, we have Zp:oHTkHF(k +1)2 < C(e/7)%, where C > 0 is a universal constant.

Proof Leto*(z) =3 _7_ —0 71 L (T;, He, ). Then,
p=k (a) P=F 1)4/2(5 — 1) i
~ * — — .. X5
Tkt = Vo™ (0) = 3 VTl ) = Y. SRR (1)
j= o j=0 ’

where (a) follows by Lemma 12 and since V’“Tj_,_k is symmetric by Lemma 7. Therefore,

(@ 278 1y i P

= j— i ®4 G- 4

| Tek!lr < > *‘37““1}+kHFH8yWKI%Q)HFfS > ‘47544”“H13+kHF~
—~ ! —~ !
jJe'Uen jJeven

where (a) follows Cauchy-Schwartz inequality and Lemma 7, and (b) follows (Damian et al., 2023,
Lemma 3). Therefore,

a

) p—k . 2
| Bkl < Z [Ty Z <°’_1”> R (“‘””) r5(j 4 B!

|
o Utk =0 J
j even 7 even 7 even
(o Pk /. E\
<k (JZ >r%. (E.1)
7=0
j even

where (a) follows from Cauchy-Schwartz inequality, (b) follows E[c* (z)z] < 1, and (c) follows
(j — 1)!12 < 4. Therefore,

p—k L%J

(a) (b)) _
(F.1) < kle* Z e*r) % = klek (ev/T)) < 2KleF (ev/r) il
J=0 j=0
J even
where (a) follows (j J,gk) < €% For the second part of the statement, let SUP>0 2ek(27,+1)4 =C<

oo (as k! grows faster than e (k + 1)*). We have

P p 1/2 _— p - ~ ,
S Fallr(h +1)? < Z( (k4 >) (ev/r) 52 < O3 (ey) 3t < Clevi)i
k=0 _

k=0

49



VURAL ERDOGDU

Proposition 38 We consider MI (i.e., s, = DV "w). For k € N and d > 2k, we have

o:*(V]gD)

inf, . (veelTi), Bufvec(s§ vec(s3) oec(Th) ) 2 kgt

Ty (R") ¥ >R
Ty, is symmetric
[ Tw || p=1

Proof Let T}, : (R")®* — R be a symmetric tensor with || Tk||% = 1. We have
-1 2
<vec(Tk),IE[vec(s?k)vec(s®k)T]vec(Tk)> =E [Hw|j\|§k} E {<Tk, (DVTUJ|j)®k> } )
(F2)
where we use that w/||w||2 and ||w]|3 are independent. Let T}, : (R%)®* — R such that

A

Tk[ul,--- ,uk] = Tk[DV\}ul,-'. ,DV|}uk]

—1
Ko (V] D)E [l |24 "

By using Lemma 8 and (Damian et al., 2022, Lemma 23), we have (F.2) > k!||T}|| %2 E (w7 13%] >

Lemma 39 There exists T > 0 (that depends on (k*,~~) for SI and universal for MI) such that

forb ~ N(0,1), we have
N7 1 2N

Proof In the following, we will prove an anti-concentration result for 7% (b), k& € N. Note that by
scaling the k = k* case with |v«|, the statement can be extended to SI. MI immediately follows
from the k = 2 case.

For k = 1, since 5 (b) ~ Unif]0, 1], if we take 7 = 1/3, we have the first statement. For k = 2,

-2
since 4 (b) = 6\/227 , if we choose 7 = ﬁ we have

~

) > ol =B < V3] 21

%‘1—‘
[\V]
OO\[\D

)
— ”2 for (a). For k > 3, we have

N 1/(e2v2m) [ e 7 e/2C
R V2D (L2 Vi = 20r 0= (25 Vo

where we use P[|b| > t] <

where C is the constant appeared in (Carbery and Wright, 2001, Theorem 8). Therefore, if we
choose

(V2 (e PV E-2)!
 (20)k-2 (k—2> (E—1)!"
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by (Carbery and Wright, 2001, Theorem 8), we have

1
< — +e

R 1 c 2k—4
PIGOI < <PIH2 20+ P | B2 L0 < o (5p0g ) (=21 <5

By choosing € = %, we have the first part of the statement for £ > 3 as well. The second part
follows from Hoeffding’s inequality and the result in first part.
|

F.2.1. LEMMAS FOR MOMENTS

Lemma 40 For any event F,

SI: )Ew [zk(fwj)s{; (v, ;) nE” < len| 9P =D (v, ;) |FP[E]Y/2

_ % dvisD)
= (k)1 0k(V]7D)

k ~
MI - ‘Ew [zk(wj)<sj,v%i> nE] T3 )| ||V T s | SRV,

Proof For SI:

g2k 271/2
J PIE 1/2
(&) ] 1=
®)

< lewl|(w, ;)| 9" ~VP[E]Y2,

(a)
B [24(w,)s5 (0,20)" 1) | < lesl| (v, @)

where we used Cauchy-Schwartz inequality for (a) and Lemma 63 for (b).
For MI: By using Cauchy-Schwartz inequality,

1/4
E., {Zk<w3><smv%@->’fu] <E, [z;%(wJ)]”E[<sj,vai>4’“} BIE)YL (E3)

We have

4k /4 -
E [<sJ,VTmi> } = [|(H:)| 73 (4k = DUE [[[wls]15*]
-1
<ol (VIgD)|V Tl $ (4k — DUE,, [wls 3] . E4)

where we used (Hx;)|7 = V|7DV "x; in the last step. Moreover, we have

Eo [le (wj)]

=E, <’U€C(Tk),]E [vec(s?k)vec(sgk)w+vec(si§k)><vec(s§’k),]]§ [vec(s?k)vec(sf?k)w+vec(Tk)>]

= <vec(f’k),E [vec(s@’k)v«ec(sm)T]Jr UGC(Tk)>

T J
E [||lwls][3*]

= klo2+(V|,D) (F5)
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where we used Proposition 38 in the last line. By using (F.4) and (F.5), we have

— 1)\ ok ‘o
h e D) T A D v ap el < (s D) v o,

(F3) < < k] o(V|, D) = (4k)Y/4 ok (V| ;D)

where we use Stirling’s formula in the last step. |

F.3. Approximation of the target
We define

P (0) b( )
©) p(1) Oy ._ Z vg(a )
h(waa 7b 7b[ ) = kﬁk( ( ) (SJ)H-Ea
where

s, < ;= AND ||v|s[3<{ AND [B(5”)] = 7 AND maxn!ﬂ(bz(o))sj (v,z))|<1 Sl
E

s,]la < L AND ||V [|2 <1 AND |3(b{”)|>T AND max 7| 3( 0\ (s, VTa)| <1 MI

nt

Lemma 41 Let us have iid {bl(o)}le[N]. We assume that: For SI, M > 2p(k* — 1), N™ > 0 and
|v|7el|3 < %. For MI, M > 2p, N™ > 0and ||V| g¢||3- < %. Then, there exists a constant Cj > 0
depending on k*, and a universal constant C > 0 such that the following holds:

For SI:
(1) |E(w,a b(1>)[ Zh w,a® p! b( ))gb (a(o)nﬁ(bl(o))sj (v, x;) +b(1)>]—a*(<v,azi>)‘
< Cpret (v, 2:)|F ) Py || |>10Rmays ('v:c)|>1 % (F.6)
«e4 | max|{v, x; sS;| > — X , T .
=R ks B < 1 nk*
' O ) O < Fe? max MY
For MI:
1 N
(i) E(w,a(m,bm)lm Z h(w, a(o), b(l)a bz(o))¢ (a(o)nﬂ(bz(o)) <5m VT$¢> + bm)] _5*<VT"131)
=1
2(01(V|sD 1 177
< ck*<eﬁ>4(gigv’jD§) (V718 ) B [l = - - OR maxl (s, V)] > 1
(E.8)
~ MF*
(i) |h(w,a®, b® b)) < C(ey/r)f max ——————. (F.9)

k<p n2k72hg2k (D)’
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Proof We start with SI. Fix an £ < p and [ € [IV]. We have

N
1
E(w7a(0)7b(1)) []\”_Zh(w a( ) b( ) b(o))¢ (a(O)n,B(bl(D))Sj <'U,wz‘> + b(n)]
=1
(a) . i
= ]l|ﬁ(b1(0))|ZTEw []lEZk(SJ)SJ <’U,$i> ] (FIO)

(b) . . .
- ﬂ|5(b§°))|2T (Ck (v, ;)" — Eq []lEczk(sJ)sj (v, ;) D

where we use Lemma 36 in (a) and the definition of z; and ||v|7||3 > 0 in (b). Therefore, we have

N
1 *
E(w,a(o),b(l)) []VT Z h(w, @(0)7 b(l)7 bl(U))¢ (a(o)nﬂ(bl(o))sj (v, ;) — b(l))] — o ((v, :D,>)‘
=1

P 1
SN LU [y (s .20

01l=1

IN

k=
(a)
< (max| v $1>’k> Ec 1/2 Z‘c ‘9]‘3 k*—1)

k=0

where we use Lemma 40 for (a). By Lemma 37, we have

) (a) P 9kk* _ oL*
Z|c gk (k" —1) gZ‘[ T < e’ ek (F.11)

k=0

]

where (a) follows 9 > y/e. By observing that |B( © )] < k* and E° = maxc|y)|ss (v, )| >
nk* OR |s;| > 1 , we have (F.6). For (F.7), by Lemma 36, we have

o (al, )] 6f(k+1)

< . (F.12)
’fﬁ’“( ) nkTk
Moreover,
@ ey 1 () |ep| ARE =D prk(*=1) (©) (2|¢, .
(s lnp € ol 12 Jad 47 DMEED 2 ol e,
nETR By [82F] T nhTh o (2k(k* — 1)1 nkr

where we use F = [s | < - o for (a), |v|7e||3 < % and M > 2p(k*—1) for (b), and e

(2k(k*—1))1
ok(K*—1)

< €2 for (¢). Therefore,
(k(k*—1))!

|h(w,al®, b

| A

P k=D @ _ AR —1)
; = 0 VR(k+ 1)Pler] < Celfmpax =
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where we used Lemma 37 for (a). For MI, by adjusting the arguments between (F.10)-(F.11) by
using the bounds for MI proven above, we can obtain (F.8). For (F.9), we observe that

(a) - ® 1 E[||w| H%] -
kTt T2
|21 (8,)| 1 < ME [vec(s?k)vec(si? ) ] vec(Ty) 2]1E < pr k'JQk(V|jD)||Tk||F]lE
(© o4 Mk
| T 71

=yt (D)

where we used Cauchy Schwartz inequality for (a), Proposition 38 and E = ||s/|2 < 77% for (b),
and E = ||V |z¢||r < i, M > 2p, and % < e* for (c). By (F.12) and Lemma 37, we have

M*6v/2e* (k +1)2 » MF
|h(w, a®, b, b(o )| < Z n2kr2kg2k(D) ||TkHF < C(e\[)i ,,72k2k—2k(D)
k<p i

F.4. Empirical Approximation

For the following theorem, we introduce:

. X2
10 = it {1 01 By o 0 [ex0 () | <2}

For the following, let us assume that we have i.i.d. {(wj,a 50), s ] )};e and for B, N €
N, let m = B - N. We will double index parameters as wj; = w;_1)n4, J € [ ]and [ € [N].

Recall that

P a(® p1)
h’(w7 a(O)v b(1)7 bl(O)) = Z (7?) (SJ)]]-E

im0 nFBE(b ))
We let
0) (1) ,(0 0 0 ; k*—1 1
v M ai i’ b)) (“ﬁz)nﬁ(bgl)) (v i) <”””i>+b§'z)> SI
=

h(wjl7a§l)7b(,1) b(O))¢ <a§‘(z))n/8(b§'(l))) <DVT wjig VT:IB,'> —i—bﬁ)) MI

gt 2ot lwjil7ll2

Moreover let Y; := SV Y and N7 =YV 1 . We have the following statement:

BO) =T

Lemma 42 We assume that: For SI, M > 2p(k* — 1), and NJT > N/3. For MI: M > 2p, and
N ]T > N/3. Then, there exists a universal constant C > 0 such that

e maxj<, M0 SI
~ k<p 2k -2k
1Y) = Eu,a0 p0) [ Yilllg, < C (e]\vﬂ E

TN WMAXk<p ook o2k (D) MI.
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Proof For both SI and MI, there exists a universal C' > 0 such that we have

N 2

1

P2 =

N
<CY |IYalls,- (B13)
=1

2
H}/J - E(w,a(o),b(l))[y}] H = |
P2

Since ¢(t)? < 2, for SI, we have

k-1
wy
h(wjz,ag-(l)),bﬁ),bg.?)) (aﬁ?)nﬁ(bﬁ)) <v _wiilg > (v,x;) + b?)

[Yitlls <
7z Nwil sz

P2

@ ., kD
S Ce4 max T ohok
k<p n°"T

where (a) follows by the definition of £ and Hbﬁ) l|ls, < 3. For MI, we have

(a)
¥illy, =

©) (1) 1(0) (0) (0) T wily T 1)
‘h(w]l,aﬂ ’bjl ’bjl )¢ <aﬂ nﬁ(bﬂ ) <DV m,v wz> +b]l )‘

P2

—~
=
=

- » MF
< Clevr)1 max T T (D)’

where (a) follows from ¢(t)? < ¢2, (b) follows by the definition of E and ||b™)||,,, < 3. By (F.13)
and NJ > N/3, the statement follows. |

Let poly(-) a polynomial respectively, depending on (p, k*, g+ ) for SI, and (p, r, o1 (D) /o (D))
for MI, which will be defined later (see (F.14)). We define the following event:

1
B " poly[log n,log d*] log2 (22
LXE, Y- o ()| 2 () L1 s
2n

1
poly[log n,log d*]log2 (T
vm

E

)% Zf:l Y — 5*(VT$1)

>

Lemma 43 There exists a constant C' > 0 depending on (k*, vy~ ) for SI and r for MI such that if
we have
For SI: For MI:

1. max;ep (v, @:)| < V3y/1T+1og(dnd®). 1. maxep ||V "ol < v3y/r + log(4nd®).

E*—1

2.n= %T\/Hlolg(m (1+1§§(P)) i 2.n= %Tal(D) Tl—i-log(4nd“) <T+lgg(1’)) 2
where P = n?[C (1 + log (4nd*))]". where P = n* [C (r + log (4nd“)))*".

3. M >2p(k*—1)V16log(P) 3. M >2pV16log(P)

4. |vlgell3 < 1/4 4 |VigelE < 1/4

5. N7 > N/3forall j € [B] 5. N7 > N/3forall j € B
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then, the following holds:
(ey/) 1 M
o8 Mk 1) — MaAXk<p 25,2k 52k (D)
— mangp W

<ot (1 4 log(tnd®) (1 + 1og(PYp—) <OVt (24B3)” (r-log(and®) 1+
log(P))"

I [ ] < 0 ~
(w,a(® p(1)
[ (w,a(o),b(l))[E] < 0

Proof For SI, we have

p * _ *
max £ 070 ok <max C*(1 + log(4nd™))* (1 + log(P))** _1))
k<p T k<p

= C%e4 (1 + log(4nd™))?(1 + log(P))?

For MI, we have

(ev/r)¥ (M nszzka%(D))

= (evr i( 1)> GmmC%r+bgMMﬂfﬂ+bgPDg
(D)

- coeyiyt (2]

o (D ) (r 4 log(4nd"))?(r + log(P))?

~—

Let

CPe’t (1 + log(4nd™))P(1 + log(P))” S1

2 2p
Cr(ey)t (24B}) " (r +log(4nd))P(1 + log(P))?  MI.

By Lemma 42, for both SI and MI, we have

P (w,a© p0)

B
1 s [log(2/6
3 ) Y — By a0 p0) V5] > poly(log n, log d*) ggn/)] < d.

=Aq

By Lemma 41, we have

SI: “E(w,a(l),b(l)) [Y;] — o ((v, Cczm
2 1 112
< Cyre? (max\(v x;) )]P’w[sj\>OR max|sj (v, ;)| > ]
nT nk*
=A
MI : |E(w,a(0) (1) [Y] (VTCCL)}
< C’k*(e\fﬁ( o1V )> (max”VTaz ||2> {Hsjlg > iOR1rnax|<.s],VTar:i>| > =
o (V \ D) nT i) U

=As
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Therefore, for both SI and MI, we have

B
1 ~
Plwa®pm) | |5 E 1:Yj (Vi) > A+ Az| <6
‘]:

For SI, by Lemmas 59 and 60, we have

1] @ 2 171 ®
P [|sj] > } < B and P [m?)](]@,wiwsj\ > ] <
1€|n

2
nT nk* P’

where we choose C' > 1V %\/36%71 for (a) and (b). Therefore, by choosing C' > 3\/§(2C’k*)2/p,
we have
A5 < 20k (VBYT+ log(nd))” < ©.
VP~ n
For MI, the same argument with its corresponding bounds applies. |

F.5. Concentration Bound for a Desirable Event
Corollary 44 We fix u € N. Foranye > 0, if

1

£
= 0O(d d>0O(M) and ¢c = ——
m (d?), d>0O(M) c 1 )

n and M are chosen as in Lemmas 34 and 35 for SI and MI respectively, and

k*—1
1 M T2 u
n = L) AT eenan <1+log(P)> SI where P — n*[C (1 + log (4nd™))[P,  SI
7C 7 1/101((21)d ) ( +1A;;[(P)> MI n* [C (r + log (4nd")))*?, MI
r4 og(4n u T O,

(F.15)

and C'is the constant appeared in Lemma 43, we have with probability at least 1 — (16 + 6m)d ",
the intersection of the

C.1 max;eo [W1Y |2 < O(1)

*

0]
2 sl <1+0 ()
C.3 |6W)3 < 4m and ||[bMV||4 < 6m and |bM || < O(1)

C.4 There exists & € R*™ such that

m

~ 112 <
||CLH2 —= O ((T+10g(4nd“))2p(T+log(P))2p) ML

m

O (1+log(4nd“))2p(1+10g(P))2P(k*—1)) S

and
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€5 LTI, (e i (@ WO,b0)) < AR 1+ 0 (4 + L+ )

N
1+log(4nd®))2P(1+log(P))2P(* —1)
+ O O, T > logond SI
1 d¥ 2p 1 P))2p
O ( rtlos(dn pl)l)oggﬂ; og(P)) ) MI

where O suppresses constants, and 0 suppresses constants and Poly [logn, log d] depending on the

problem parameters >.

Let 7 > 0 be the values defined in Lemma 39, N = |\/m|, and let

X ©% 5% 59

h(VVJ a(o) b(o) b(l))

aj = T
BNj
Moreover let
E*—1
i : Z?Zl ag¢ <a§‘0) <’U, W/j(i))> <’Uv :BZ> - bgl) SI
(i) + 5 ag0 (af o) (HWLD @)~V i
X a, do(WWg; + bt SI
A
T il + (@, (W Wz, 1 5)) ML

We consider the intersection of the following events:
E.1 NJ > N/3forall j € [B]
E.2 For SI Proposition 28, for MI Proposition 30 holds for all j € [2m] with § = d—*

E.3 For SIL: ||v| 7|2 < O ( . For MLt |[E[yz]| 7<|3 V | V| 7¢]13 < O (

1 1
PIIng2d> p110g”2d)'

E.4 We have
mf[i>]<|<v,ccz)] < V3+/1 + log(4nd*) and mf[n](HVTwng <V3+/r + log(4ndv),
€N i€n

for SI and MI respectively.

0) ((1+1og<4nd">>2p<;l+log(P)>2p<k*-1>) SI

Es [af3 <

m )

@) ((r+log(4nd“))2”(T+1°g(P ))Qp) MI

_ 0 (1+log(4ndu))2p(1+10g(P))2p(k*_1) -
E.6 %2?21 (Zjl - Z)z)Q <0 (ﬁ) + ( p1logP2d )

r+log(4nd®))?? (r+log(P))?~1
O ((stint oY gy

.1 A 2 1 1
E7 For ML L Y0 ((Elyal, i) — (il 7, @:))* < O (ryobmra + 1 )
3. Specifically, (k*, y&x, u, p, &, o, C1, C2, Cox, A) for SI, (o1(H), 0 (H), u,p, &, t, C1, C2, Co, 7, A) for ML
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Lemma 45 With the choice of parameters in Corollary 44, the intersection of (E.1)-(E.7) holds
with probability at least 1 — (11 + 4m)d ™.

Proof Since N = [/m], by using Lemma 39 and union bound, we can show that (E.1) holds with
probability at least 1 — ©(d*/?) exp (—©(d*/2)) > 1 — d* for large enough d depending on (u, ).
Since with a sufficiently large constant factor, M satisfies the condition in Propositions 28 and 30,
we have (E.2) holds with probability at least 1 — 2md~*. By Lemmas 34, 35 and the choice of
parameters, we can show that (E.3) holds with probability at least 1 — 4d~". By Corollary 58 we
have that (E.4) holds with probability at least 1 — d~".

For (E.5), by Lemmas 41 and 43, we have

k(k*—1) u (k*—1)
8] < 0 (NT ¢ maxg<p 7]\{7%7% ) ) SI O ((tlogtind ))p(i:rlog(P))p ) , Sl
e O (Zi,vf ¢ Y 211\c4c,k2k(H)> , MI  |O (T+1Og(4ndu)731p(r+log(13))p> MI

Hence, (E.5) follows. For the following, we additionally consider the intersection of the following
events:

E.l Lemma 24 holds for ¢(t) = t with § = d .

E.2 Lemma 26 holds for ¢(t) = t with § = d .

E.3 Lemma 60 holds for all VVJ-(?), J € [2m], with § = d™".

E.4 For SI, Lemma 61 holds for A = {""73 7] < M} with § = d—*.

[vlzell2”

E.5 For MI, Lemma 61 holds for A = {% |JT| < M } and conditioned on W (see
2

(0)
(INIT)), holds for A = {J
]*

2

|T| < M} each with 6 = d—".

Note that the intersection of the given events holds with probability at least 1 — 5d™* — 2md™".

For (E.6), we observe that VV](*I) = nago)g(VVj(f), b; )| 7, where g is defined in (D.1). By Cauchy-
Schwartz and triangle inequalities, we have

1o .
gizzl(y—
2m 1 (0) 7(0) © @\F ’
S A (oW 6 7 = B0 (0. WD) vlg@i))  sE
k*—1 2
LT T (500 (o W) (ol

s 25 (oW 60 - B HL, W ) mI
ey, (500 (He W 2))

< 2n°[all;

(F.16)
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Hence,

24dn 2C u w k*
0 M log? ( )riog 2 (12nd%) 4 (14—10%}4(1 )) SI

(1+log(4nd®))?P (1+log(P))2P(k* —1)
+0 ( og(4n & 10gﬂ20d

(a) -
(F.16) < 4mn?|alls

o (Mg’ (35d")i0g202(18nd“> +<r+1o§4(4du))2> MI

r+log(4nd®))2P (r+log(P))2P
+0(< slind”) (e 4log(P))"

—~

b) )
< O (37)

1+log(4nd*))2P (1+log(P))2P(k*=1)
) O(( g( )gllgg% dg( ) ) ST

r+log(4nd*))?P (r+log(P))?P~1
Y (CE T L BV

where we use (E.2), and (E.2)-(E.5) for (a) and (E.5) and (F.15) for (b). Lastly,

1 n
*Z —(plg, i 2 gzwiw?!m (2 — Elyz])| 7[5 + = Z lyx]| e,
=1 2
(@) M log? (%4n) 10g>® (6nd“)
§<)< G) +Elyal
where we used (E.1)- (E.2) for (a). By (E.3), (E.7) follows. [

Proof [Proof of Corollary 44] We assume the intersection of (E.1)-(E.7) and (E.l)— (E.S) holds. By

recalling that VVj(l) = a(o)ng (VVJ(E), bgo)) , we have

O <<1+10§4(4du)>k*2_1 4 \/M10g2(2%§")710g202(12ndu)> qI
(a)
1) 0
IW,Lllz=ng (W,,60") | = 1
19 <<r+1o§4(4d“))2 + \/Mlog (354 )iogZCZ(ISnd1)> MI

<0(1),

where we use (E.2) in (a). N
For (C.2), for SI 1 = 0, therefore, the statement is trivial in this case. For MI, by (E.1), we can
write

) log?“2 (6ndv)
n

. (a) M log?
187l < (2 = Elyz])|sl2 + [|Elyz]l 7]l <1+ 0 \/ G

where (a) follows since ||E[yx]||2 < 1.
For (C.3), by using Lemma 56, we have with probability 1 — d~*, for d is large enough

16V < 2m + 2¢/2mlog d* + 2log d* < 3m.
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2m 14 py1/p p?E[b5] .
Moreover, by Lemma 63, we observe that E [(— > =1 b] — 3) ] < N Therefore, with

probability 1 — d~*, for d is large enough

2m 2 Ju 8

1 log“ d“IE|b

— E b?—SS—e 08 L = [bM|1 < Tm
vm

Moreover, by using standard Gaussian concentration with union bound, we have with probability
1 —2md =", ||bM o < /log(d¥). (C.4) directly follows from (E.5).
For (C.5) in SI, we have
1< . VA L X
y Z B @ WO, 60))? < =37 (0" (v, 2) = 50 + 2= D (0" (0, 22)) — o)

i=1 i=1

By using § = d~* in Lemma 43 and (E.6), we have with probability at least 1 — d—

X 2~ _ 2~
72 (v,2:)) — §i)* < ﬁz(‘f ((v, i) —yi)2+52(yi—yi)2
i=1 =1
(1 1 1 (1-+log(4nd™))?? (1+log(P))?P(+* ~1)
§O<m+n+M>+O< S Lo ).

Since ¢; has 1-Subgaussian norm, we have with probability at least 1 — 2d %,

n ” n 1/2
VB S o ()~ e < W<i2<a*<<v,wi>>—@i>2)

n “ n :
_ =1

1 Ee<o( L
i:16i Eei§0<\/ﬁ>. (F.17)

Therefore, (C.5) follows for SI. For MI,

1o VA L

2 T L \2 T N

fz il (@ Wb < 53 o (V) =07+ 23 (V) = e
+niz;€i

‘We observe that

(0" (V@) — )% < 2(0*(V @) — 5i)° + 205 — §:)?
<4 |5 (VTa) - Zaﬂ) (a 18 (b 0))<HVVJ(E), > b§1>)
+4 (Elyz], i) — (|7, 2:))” + 205 — 5:)?
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Therefore, by using § = d~* in Lemma 43 and by (E.6) and (E.7), we have with probability 1 —d—*

I~ o . (r + log(4nd™))* (1 + log(P))* /1 1 1
— E N )4 < _ _ — ).
nizl(a (Vi) = i) _O( p1logP? d +0 m+M+n

By the same argument in (F.17), (C.5) holds for MI as well. |

F.6. Main Result

Theorem 46 (Restatement of Theorems 4 and 5) Under the parameter choice given in Corollary
44, for \y = m, N = m and T = O (p1log d), Algorithm 2 guarantees that with

probability at least 1 — (18 + 6m)d ™", we have

2 (11 M log (232)
il (0T WD D) < 2 Mlog (1)
By [(y §(z; (), W b )))]_AE[6]+O —+ 37t -
og(4nd®))? o 2p(k* —1)
r+log(4nd®))2P (r+lo 2
O (Hostind ) los(P) p) MI

where O suppresses constants, and 0 suppresses constants and Poly [log n, log d] depending on the
problem parameters.

Proof In the following, we assume that (C.1)-(C.5) in Corollary 44 hold. We will prove the state-
ment for SI and will sketch the proof for MI, since the arguments are the same except a few minor
steps. Recall that R,,((a, W, b)) = 5= S (y; — (@, o(Wx; + b)))?. We consider

~ on

2
.. (1) (1) lall3 _ m
a* = ag}é?mRn((a,W b)) A 5 Where A_pllogpzd‘ (F.18)

We observe that

* |2 ~ 112

2

la*|3 <

>

Ra((a, WD, 60)) + all} < O ((1 +log(4nd")) (1 + log(P»?p““*”)
) ) — m )

(F.19)

and

lal3

Ro((a", W) < Ry ((a, WO, 00) + A2 =

* 1) p(1 2 (1+log(4nd®)) (1+log(P))2P (K" —1) - /1 1 1
(e, W.,60)) < [+ 0 (1o T E R .

(F.20)
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Moreover, we observe that

V2R ((a, WO, b)) = ALy, + — Z¢ Wa; + bM)Wz, + b7

= | V2Ra((a, Dz <A+ = }jw Wz, + 50
We have
*ZH¢ Va1 60) < ZHW“)M’“HQ
<o Wl Zm s +22b§” < 6(m).
j=1

where we use (C.1) and (C.3) for (a) . ~
Therefore, (F.18) is a A-strongly convex and (O(m) + )\)— smooth problem. By using n; =

m, we can approximate to a* by % inT = O(Pl log”? d) 1og(nm) _ O(Pl log’? d) iteration
of gradient descent, i.e., [a(T) — a*||3 < -L (Bubeck, 2015, Theorem 3.10). We have

E(a.y) {(y —j(z; (@™, W, b)) }

§E<m,y>[<y—ﬁ(w (a*, W b1)y) ) }

212
428 (y-ites (@ W, 60)) | Bl (i @7, W 60)) e (@ W, 60)) |
2
+E, {(z)(w; (", W, 60)) — j(@: (@, W, 60))) ] : (F21)
For the last term,
2
Ea [ (9@ (", W,60)) = j(a; (2, W 50))) |

<|la* — a™|2E, [HQZ)(W(DI: + b(l))Hz]

2m

< lla” - mleH Yl + @)
<O (1/n).

For the first term, for C' > 0 and the event E¢c = ‘a*(VTm) —j(z; (a*, W), b(l)))‘ > C, we
have

B | (v oo (@ W0,60)’]

<& | (s oo (@, W60) A 2| 48 | (3~ dlas(an WL b0))

1|
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2
E(z,y) [(y — j(@: (", W, p0))) nEC]
1\2 1
< (Bl + Bl (@, WO,60)13) [l (V) — jla: (@, WD, 60)) > ]
1
< O()P, [|o* (V@) = jla; (a, WD, 60| > €| (F22)

where we use Lemma 75, and ||a*||3 < O(1/m), |[b™M|3 < 4m, and ”W](:)HQ < O(1) in the last
line. By choosing

Ci= IIG*\Iz\/IIb“)II% HIWOIE + (la*[|2[W )/ 2log(4n) +3C) (2e log 6n)* < O (1),

by Lemma 76, we have (F22) < O (1/4/n). On the other hand, by (F.19) and (F.20), we have with
probability at least 1 — d ™%,

2
E(z,y) [(y — §(; (a”, W“)b(”))) A CQ]

u))2p 2p(k*—1) - M loo (84
§AE[62]+O ((1+log(4nd )P (1+1og(P)) ) 1 N 1 N og(M)

p1log” d
(F.23)

By (F.21)-(F.23), the statement follows for SI.

For MI, we observe that the setting is identical except that here we have f¢| 7. By observing that
It 7]l2 < O(1) (by (C.2) in Corollary 44), we can adjust the steps between (F.21)-(F.23) to prove
the statement for MI. [ |

Appendix G. Lower bounds for CSQ methods

Correlational Statistical Query (CSQ) algorithms are a family learners that can access data using
queries i : RY — R with E¢[h(x)?] < 1 and returns E(, ,\[h(2)y] within an error margin 7. In our
setting, since y = o*(V ") + v/Ae, where e is independent zero-mean noise, the query returns a
value in Eg[h(x)o*(V "2)] + [T, +7]. An instance of a CSQ algorithm is gradient descent on the
population square loss with added noise in the gradients. In this part, we give a lower bound on the
CSQ complexity of learning a function in

1 " dxr T 2 ,q(1—94
Fpp = m%m;Hek“V;ﬁ@HVeR VIV =1, V|4, <rfae(-8) 5
]:

when & ~ N (0, I;). Here, H,, denotes the kth Hermite polynomial (see Definition 1), and we use
the convention HVHg’O = ||V ||2,0.

For notational convenience, in the following, “d is large enough” means that d > d*(r, ¢, o, k),
where d*(r, q, a, k) is a constant depending on the problem parameters (r, g, o, k). Without loss

64



LEARNING SPARSE FEATURES WITH PRUNING

of generality, we can assume all d*’s are the same since if not, we can take their maximum. We
will use 2, <, and €(-), to suppress constants depending on (r, ¢, v, k) in inequalities and lower

bounds. We will use O(+) to suppress the aforementioned constants and the logarithmic terms in d
in upper bounds.* The main theorem of this section is as follows:

Theorem 47 (Restatement of Theorem 2) Consider F, ), with some q € [0,2) and o € (0,1).
If d is large enough, any CSQ algorithm for F,, that guarantees error ¢ = §)(1) requires either

queries of accuracy, i.e., T = 9] (d(o‘/\%) 2 ) or super-polynomially many queries in d.

To prove our lower bound, we will use the argument in (Damian et al., 2022, Lemma 2), for
which we need to create a large family of functions with a small average correlation. With the
following lemma, we construct such a function class.

Lemmad48 Letq € [0,2), a € (0,1), » € N. When d is large enough, for any c,k > 1, we can
find a set of orthonormal matrices V C R*" such that

~ V] 2 exp (Q(d*)) A e,

~ maxyey||V|4, < ria(1-2),

k E(ndk
1 —r 1) (2) log” (cd”)
— MaXy () v ey 7 Zi7j:1‘<v*i Vi S “k(ang)
vy @) d

Proof Letd = LgJ and s = { 2d° J When d is large enough, g > s > 64. Hence, by Corollary

32-ar

55, we can find a set i/ C S‘Z_1 such that

3 6 3754,

— 4| > Lmin{ets, crkd*} > Lmin {exp [d:/lﬁ] ,cdk} , where the second inequality holds
when d is large enough.

q (1_1)
- maxpeye|f <

log(ertd*) 325, log(ed®)
- maxg yeu|(z, y)| < Scemin{\/;?,s} < 16Ce32 qrmin{dl/Q’da},

z#Y
holds when d is large enough.

where the second inequality

Hence, we can partition I/ into r equally sized mutually exclusive sets, and for using a vector
from each set, we can form a set of orthonormal matrices VV C R%*" such that

- V> ﬁmin {exp {da/;e] ,c”drk}.

32—q
- maxyey|[V[4, < riax(-5),

2k
(16rCe)k32-4 logh (cd*)
min{dk/2 ,do‘k}

IN

k
1N~ 1) 2
— MaXy 1) y@ey & Zz‘,j:l ‘ <‘/*z ’ ‘/*j
vD£y(2)
|

4. Here, one might be concerned by the possibility of trivial bounds when ¢ = 0. Although, our notation does not
exclude such problematic cases, we will use our notation for the sake of readability as such problematic cases do not
appear in our proof.
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PROOF OF THEOREM 47

Proof [Proof of Theorem 47] Let () represents the number of queries. We consider polynomial
queries, i.e., Q < d® for some C € N. Let he, = ﬁHek be the normalized kth Hermite
polynomial. By Lemma 48, we can construct the following function class which is a subset of 7, j:

1 T
Foi= ) 2 (Ve ) [V €V [ and N0, 1)

where [|[V[|3, < r2d®=3) for a € (0,1), |V| > Q (exp (Q(d™)) A d®d*), where we used
¢ = d°. We observe that for any different f, f €V, we have

log"(d)
dk(oc/\%)
Therefore, by (Damian et al., 2022, Lemma 2), to get a population loss E[( f(z) — f*(z))?] < 2—2¢

E[f(z)?] =1 and E[f(z)f(z)] <e

2 o d® log"(d) _ log"(d)

G.1
T exp () AT T iend) ¥ giland) (@b

where we use d°"T* < exp(€Q(d®)) for d is large enough in the first line. We observe that for d
large enough, € < 1. By taking the square root of both sides in (G.1), we obtain the statement. MW

G.1. Lemmas for Lower Bounds
G.1.1. PRELIMINARIES

In this section, we will use Rosenthal-Buckholder inequality and Chernoff-Hoeffding bound given
as follows.

Lemma 49 ((Pinelis, 1994, Theorem 5.2) (and see (Damian et al., 2023, Lemma 22)))
Let {Y;}" , be a martingale with martingale difference sequence {X;}7_, where X; =Y; — Y;_1.
Let

(Vo) = E[ X Fira]
=1

denote the predictable quadratic variation. Then, there exists an absolute constant C' such that for
allp > 2

Wally < € [ VBT 21, + pot P s Xl |
Lemma 50 (Chernoff-Hoeffding Bound) Let X1, -, X,, ~;;q Ber(p), where p € (0, %] We

have
P <2 — .
[ < exp(m)

n

% Z(Xi —p)

i=1

>

p
2
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G.1.2. LEMMAS FOR LOWER BOUNDS

For the following, we define a probability distribution Ps, parametrized by s € [d], as follows: For

T = (ml)"' 7md)—ra
1
Vs WP
wNPSIf.'L'ZN”d % Wp% , fori:17...7d_
0 wpl-—3

Lemma 51 Let @,y ~;q Ps. For s € [d] and p > 2, we have

p [|<:c,y> > Ce <\/§+ % <'§> ;_éﬂ < eP. (G.2)

Proof For any i € [d], note that E[x;] = 0 and E [|x;|P] = %s‘p/ 2,. Therefore, by independence,
we have E [|z;y;|P] = s>7P/d?. By following the notation in Lemma 49, we let Y; := 0 and Yy =
Sy @iy, where X; =Y — Yiy = ayy;. We have | X, = E [Jziyl?]'/? = s2/7~1d=%/7, and
by the independence of « and y, (Y;) = 1/d. Hence, by Lemma 49, for p > 2,

fru()]

The statement follows by Markov’s inequality. |

Yall, <€

Corollary 52 By Lemma 51, for s € [d] and p > 2, we have

P||(xz,y)| > 2Ce e P

S
min{v/d, s} =

Proof The statement immediately follows from (G.2). |

Kl

Lemma 53 Let x ~ P,. For d > 2s, we have P [|[|z|lo — s| > 5] < 2e7s.

(=]

Proof Note that 1,29 ~ Ber(5) and ||z|[o = Zle La,20. Since d > 2s, by using Lemma 50,

we have
1 d S
g [ a2 (Lo =)

which is equivalent to the statement. |

S
> 2
)

] < 2eTo,
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Lemma 54 Fix any q € [0,2). For any s < %, let xV, ... 2"~ Ps. For any c, k > 1, we let
log(cd*
€= SCeM.
min{+/d, s}

For s > 5, we have

= q<3( )2 AND 2V 2D Al sy oneit -
max ||————1I <3(2 max —— - <g| >1—-2net6 — ———.
iefn] | l2® ]l 2 ijell| \ [[£@]2” [|2]]2 c2d?
a i#]
Proof We observe that
@, — sl <2 AND (@) 50) ‘<E G3
max [l ¥o — s <5 AND max (), o) < 3 (G3)
i#J
(@) €]
(@) i x x
= max ||| — 35| < = AND max —, - <e¢
iefy Melo = sl <3 ij€[n] <H$(’)||2 ||$(J)||2>'
7]
@ |? . (i) ()
max L §2%*13527 AND max :c' , m, <e¢
ic] ||l 1|2 . mj;[,n] [2@2" l2)]2
i#j

where the second line holds since ||(?)||g > s/2 implies || |3 > 1/2 and the last statement holds
since 35/2 > ||z ||o > s/2 implies |||y > 1/v/2 and ||z || < %s? In the following, we
will lower bound (G.3). Since d > 2s, by Lemma 53, we have

Dl — i @), — g i
P |maxla®lo s|>2]§iez[;]w[|nm ool >3] <zmew (37). @

Moreover, for any i # j € [n],

P [[(a0.00)| 2 5] =P [[(e0.20)| 2 a0 ET ] < e

where the last step follows Corollary 52, since for s > 5, we have d > 10 and log(cd*) > 2 for
¢, k > 1. Therefore,

2

P < (@ <J'>>’>E < G.5
max | 2 e (G.5)
i£]
By lower bounding (G.3) with (G.4) and (G.5), we obtain the result. |

Corollary 55 Forany q € [0,2) and 64 < s < % and k,c > 1, there exists a set U C S such
that
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— |U| > $ min{eis, cd*},

2—gq
— maxgeyllz(l <3(3) 2

— maxy yeu|(x,y)| < €, where € is defined in Lemma 54.
TFY

Proof Consider Lemma 54 with ¢ € [0,2),5 < s < g, k,c>1,andn = [% min{eﬁ,cdkﬂ. We
observe that the probability of the event in Lemma 54 is nonzero. Hence, there exists such U/ as a
subset of the normalized versions of the support of Ps. |

Appendix H. Miscellaneous
H.1. Laurent-Massart Lemma and Its Corollaries
Lemma 56 (Laurent-Massart Lemma) Let X be a chi-square with N degrees of freedom. For
any t > 0,
(i) P [X N >2VNt+ 275} <e~t and (i) P|X — N < —2VNt| < et

Corollary 57 Let w ~ N(0,1;). For d > 16log(1/d), we have with probability at least 1 — 6,
lwll3 > 4.

Proof By Lemma 56, with probability at least 1 — 6, for d > 161log(1/6), ||w|3 = ch'l:1 w?

>
d —2y/dlog(1/5) > 4. u

Corollary 58 Forr < dy ANds, let A € R4*2 pe g rank-r matrix. For w ~ N(O, 1,,), we have
P [l Aw|3 > 3| All5(r +log(1/6))] < 6.

Proof Since A is rank-r, by using SVD, we can write that A = UXL" where U € R4x"
and L € R%*" are orthonormal, ¥ € R™*" is diagonal. For @ = L'w, we have ||Ax|3 =¢
|Zw||% < ||All3]|w||3. By using Lemma 56, we have with probability at least 1 — §, || A||3]w||3

<
|A|3(r + 24/rlog(1/6) + 21og(1/5)). By observing that (r +24/rlog(3/6) +21log(3/6)) <
3(r +log(3/0)), we prove the statement. [ |

Lemma 59 Suppose we have {c1,--- ,¢,} C R and an orthonormal {vy,--- ,v,} C R% For
k € Nand o € (0,1], ifmaxie[n}HVTmng < Cp and M > 161og(2/6) hold, then

T

Yoo as) (o, w,)"

=1

> Cp max]c| <6 r+ bj\f@/é))>2 ‘ {(®i,y:) s

< 4.

P [max

i€[n]
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Proof By assumption, we have

(k—1)
2

(a) r
< Cpmax|q (; v, wy) ) : (H.1)

max 5 o (v, ) (v, w7)"
i€[n]

where (a) follows that ||v||, > |lv||4 for 1 < p < ¢ < co. On the other hand, by Corollaries 57 and
58, we have with probability at least 1 — 4,

r o )? — " (v|7,w)? _ 3(r+1log(2/0))  6(r + log(2/9))
lz;< b _lz; lwl 3 = M/2 N M : (H.2)

Lemma 60 We have for § € (0,1] and M > 161og(2/9),

NI

k—1
k=1 r+log(2/6)\ 2
— e/ < 4.
> 6 ?33@1'( A

Py (Z i (v, wj>2(k1)>

=1

-

Proof We have (E;:l c? <vl,wj>2(k_1)) * < maxi<,|ql (2;21 (v, wj>2(k_1)) . The state-
ment follows the argument in (H.1) and (H.2). |

NI

Lemma 61 Let A C RU*d
X1, Ty ~ig N(0, 1), we have with probability 1 — 6,

\/’ \/2log 2/0) \/2log|A|
n

Proof Let’s fixa A € A. By SVD, we can write A = UXL'T, where U, L € R%*" are orthonor-
mal and ¥ € R™" is diagonal. For ; := L' x;, since || Al|2 = 1, we have

< 1 and rank(A) < r. For

Z Az;z] AT —AAT

sup
AcA

n

SRR

By (Vershynin 2010, Corollary 5.35), for a fixed J € H, we have with probability at least 1 — 4,

|5 2 @i < VI+ \/W By union bound and that va + b < \/a + Vb for

a,b> 0 the statement follows. ]

1 > Az AT - AAT
n
=1

2
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H.2. Lemmas for Bounding Polynomials of Gaussian Random Vectors

Lemma 62 (Moments of Gaussian Vector) For x ~ N(0, 1), we have E[||z|3¥] = d(d +
2) -+ (d + 2k — 2). For d > 2k, we have E[||z||3*]~1 > 27Fd~F.

Lemma 63 (Hypercontractivity) Let P, : R? — R be a polynomial of degree-k. For q > 2, we
1/2
have By n(0,1,) [Py ()] < (g — 1)k/2Ew~N(o,1d) [Pr(x)?] 2.

In the following, we will state some consequences of Lemmas 62 and 63.

Corollary 64 For z ~ N(0,1,) and p > 2, E[(1 + HzH%)p]% <(@-1)(r+2).

Proof By Lemma 62 and 63, E[(1 + ||z||%)p]% <(p—-1E[1+ ||z||2)2}% <(p-1)(r+2. N
Proposition 65 For z ~ N'(0,1,,) and C > 0, P [(1 + || z]|3)¢ > u®(r + 2)¢] < exp (=2), for
u > 2e.

Proof By Corollary 64, we have for p > 2 that P [(1+ [|2[|3)C > u®(r +2)¢] < pPuP. By
using p* = ¢ and u > 2e, we have the statement. |
Corollary 66 By Proposition 65, P, x(o.1,) [|0%(2)| = C1u®(r + 2)2] < exp (54), for u >
2e.

Proposition 67 We have for u > 2e, P [|y[ > Oy (r +2)%2u’ + \/A/eu%} < 3exp (4).

Proof By |y| < |o*(V Tx)| + VAle|, Corollary 66, P [|¢] > t] < 2¢~*, the statement follows. M

Proposition 68 For R = C1(r + 2)2u? + \/A/eu% and u > 2e, we have
1
1
3 —Uu
sup (B [yLyn (v, @) ¢/ (w,2) + )] | < 63 exp (52) <ci*<4cz>4°‘2 (r+2)1% + 2A2>
k) S N
YR
Proof Choose arbitrary w, v € S ! and b € R. By using Cauchy-Schwartz inequality, we have
1 1 1
E [yLyyjsr (u, ) ¢/ ((w,2) +b)]| < P[ly| > R)2 E[y"|<E[[(u, ) ¢ ((w, ) + )|"]%
< 31 exp <_“> Ely']1, (H.3)
2e
where we use |¢/| < 1 and Proposition 67 in (H.3). We observe that
Ely'] < 22(E (0" (V T2)'] + A%E [¢"])

(a) (b)
< B(E [(a*(VT:c)ﬂ +2A2%) < 28 (cf(402)402 (r +2)4C2 4 2A2). (H.4)

where (a) follows from the tail inequality for €, and (b) follows from Corollary 64 since Cy > 1/2.
By using (H.4) in (H.3) , we have the statement. |
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H.3. Magnitude Pruning

Lemma 69 For u € R? let T, denotes the index set that includes the largest M entries of u and
let w|ip 1) denote the vector w with everything except M largest coefficients set 0. For any v € R?
and q € (0, 2], we have

(AIVOL 1) > s — il > ([ lipan) — [ = 49DV lw — 0l igpan |4

€T, UT,
Proof Without loss of generality, we can assume |v1| > |va| > |v3] - -+ > |vg|. We have
[ufopany = vl = D Jui—vilf+ D Jui—vilT+ D |uil+ D |wilf (HS)
1€L,N[M] 1€Ty—[M] 1€[M]—Zy i€ld]—(Z,U[M])

If Z,, = [M], the statement follows by Proposition 72. Therefore, suppose Z,, # [M]. Let [M] —
T, ={j1," ,jutand I, — [M] :={ly,--- ,lx}. Forsome . = 1,-- - , k, we get

(a)
0,7 = [vj, £y, |? < 20DV — ;|74 2007 DVOyy, |9

(b)
< 2007 DVO0y; g |94 4@ IV0 gy gy |94 4007 DV0 (9] (HLG)

where in (a), we use Proposition 72 and |u;, | < |ug,
(H.6) for. =1,--- , K, we get

, J. € L, and Proposition 72 for (b). By using

(a)
(HS) < > Ju— o7+ (A0 4 1) Y juy — v,

€T N[M] €T, —[M]
+ 2(a=1)vo Z lu; — v;]? + 4(a—1)VO0 Z |v; |7
i€[M]-Z, i€[d)—[M]
<AL Y fuy — ]t 40N o) (H.7)
1€Z,U[M] i€[d]—[M]
where (a) follows (Z,, — [M]) U ([d] — (Z, U [M])) = [d] — [M]. By (H.7), the statement follows.

2—¢q
q

1/2 1,1
Lemma 70 Letq € (0,2) andv € R®. We have ||v — 'v]mp(M)H2 < ((1 -9 ) l|lv]lg M i ta

forM =1,2,--- d.

q
2

Proof Without loss of generality, we assume |vq| > |va| > - -+ > |vg|. Then, we have

d d
2 _
o = vlopan s = D v <loaral? D |l (H.8)
i=M+1 i=M+1
Let Zf:M+1|vi|q = r and Z?:1|vi|q = R. Then, we have
M 2 2-q _2-¢
R—r=> |v"> My |? = |oya* 7<(R-r)7 M
=1
Z 2-¢q _2-g
= H) < (R—r)arM a.
2— 2—gq 2
The statement follows from max, (o g (R — T)Tqr < (1 - %) T 1Ra. |
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H.4. Elementary Results

Corollary 71 For any M € [d] and e > 0, let N, C Si" be the minimal e-cover. We have
d M
Nl < () (13"

€

Proof By (Vershynin, 2018, Corollary 4.2.13), we know that the minimal e-cover of the unit sphere,
ie., N¢ C S91 satisfies |N¢| < (14 2/¢)?. Then, by choosing M subsets of S9! and taking the
union of e-covers restricted on the chosen indices, we can construct an e-cover for Sj‘\{/fl. Therefore,
the statement follows. |

Proposition 72 For any q € (0, 0c], we have |a + b|9 < 2(4=DV0(|q| 4 |b|9).
Proof Without loss of generality, let’s assume |b| > |a|. For ¢ € (0,1], we have |a + b|? <
(la| + b)) < |al? + qlal|?=|b] < |a|? + |b|?, where we use that z — 29 is concave in the second

inequality. For ¢ > 1, we have |a + b|? < (|a| + [b])? < 277 !(|a|? + |b|?) where we use Jensen’s
inequality in the last step. |

Lemma 73 Let cosh(t) = et‘;ift For Z ~ N (0, 1), we have

(i) E[cosh(AZ?)] < exp (4A?), || < ﬁ and (i) Elexp(A*Z%)] < exp (20?), |A| < L.
Proof Since || < ﬁ, we have E [exp(AZ?)] = \/iﬁ and E [exp(—AZ?)]| = \/ﬁ There-
fore,

1 \/1—2)\+\/1+2)\> 1 @

E[cosh(AZ?%)] = = < < exp(4X?
o027 = 3 () < g < )
where (a) follows = < exp(2t) for [t| < 1/2. The second statement also follows the same
argument. |

H.5. Lemmas for Feature Learning
Proposition 74 Form € N, M € [d] and (a, W ,b,u) € R™ x R¥>*™ x R™ x RY, [et

.
0 ={(@W.b.u)[llall2 < &, bl <7, llulls < . [Wiell2 < rw
lullo < M, [Willo < M, j € [m]}.

and for some T > 0, let G == {(az,y)—> (y — (u,z) — (a,p(W Tz + b)) )2/\ 2| (a,W,b,u) € @}
and let R(G) denote the Rademacher complexity of G. Then, with x ~ N (0, 1), we have

M log (6—]\?) n TaTh

n vn

R(G) <ATC | (rorw + T0)

where n is number of samples and C > 0 is a universal constant.
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Proof Let F = {(z,y) = (u,z) + (a,¢(W 'z +b)) | (a, W,b,u) € ©}. By Talagrand’s
contraction principle, we have R(G) < 27R(F). Hence, in the following, we will bound R(F).
Indeed, let (¢;);|n] be a sequence of i.i.d Radamacher random variables. Then, we have

R(F)=E| sup 1 En:si ((u, x;) + <a, d(W Ta; + b)>>

| (@, W bu)
1 n
E sup 21 & (u, wi)]
1=

<E| sup 1 iei <a, gb(WTzci + b)>
i=1

| (a,W,b) T T

1
<E sup — Z E; <CL, qzb(WTa:Z + b)> + C?"u
[ (a,W.b) i

M log (%)
n

(H.9)

where we use (Vershynin, 2018, Exercise 10.3.8) in the last line. To bound the first term, we have

1 r 1
E| sup —) e(a,¢(W'a;+b))| < —<E| sup |- (W' x;+b)
(a,W,b) Tt ; < > vm (a,W,b)|| Tt ; 9

<r.E sup 5z¢ 5177; +b
(a,W,b) Z ) oo]

< 2r,E [ sup Zel w, T; +b)] (H.10)
[w]2<ry | T
lwllo<M

6] <ry

where we use Cauchy Schwartz inequality in the first line, and the contraction lemma in the last line
(note that ¢(0) = 0 and it is 1-Lipschitz). Then, since the set we take supremum over is symmetric,
we have

n

(H.10):2raﬂ-3[ sup lZgi(<w,m,~>+b)}

n

lwl2<rw ' ;255
llwllo<M
6] <7
1< 1<
< QTQrWE[ sup <w, — Z aiwi> } + 2r rpE ” Z € ]
w]l2<1 ni i
lwllo<
M log (%2 1
< 2Crary| 1B GD | gy L (H.11)
NLD
where we use (Vershynin, 2018, Exercise 10.3.8) in the last line. By (H.9) and (H.11), the statement
follows. u

Lemma 75 For fixed (a, W,b) € R™ x R¥>*™ x R™ et j(x; (a, W,b)) = a' ¢(W 'z +b).
For x ~ N (0, 1;), we have the following:

1. Eg[j(@; (a, W,b))?] < |la]3 ([l + WII%)
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2. Eafi(e: (a,W,0))"] < lal3m S5, (31W;. 14 + 6 W30 + b7
Proof For the first item, by using Cauchy Schwartz inequality and that ¢(t) < |¢|, we have

E[j(z; (a, W, b)) = E [<a, oW +b>>2] < JlalE [IW = + B3]
= llall3 (1613 + [WI3)

For the second item, by using the same arguments,

Blg(a: (. W, 5)?] = [alE [IW e + bl1] < HallszE (W) +b;)']

m
= llall3m > (3[Will3 + 6] W;. 367 + b))
j=1

where we use ||v||4 < m!/4||v]|y for v € R™ for (a). [ |

Lemma 76 For fixed (a, W,b) € R™ x R¥>*™ x R™, and u € RY, let j(x; (a, W, b)) =
a'¢(W Tz +b) +u'x. Forz ~ N(0, 1), we have with probability at least 1 — 6,

[9(@; (a, W, b)) — o* (V)| < llall2y/IIbl3 + W5 + (lall2lW | F + ull2) v/21og(4/5)
+ C1(r 4 2)(2e)“2 10g®2 (6/9).

Proof We first observe that
9(@; (@, W, b)) = 0" (V' )| = [j(; (a, W, b)) — E[j(w; (a, W, )]
+ [E[j(2; (a, W, b)]| + [0 (V )]
< [§(@; (a, W, b)) = E[j(; (a, W, b))]| + |0 (V ")
+ llalla (1el3 + 1W13) 2.
Moreover, since ¢ is 1-Lipschitz that x — §(x; (a, W, b)) is ||all2|| W ||r + ||u||2 - Lipschitz.

Then, by using Gaussian Lipschitz concentration inequality (see (Vershynin, 2018, Theorem 5.2.2))
and Corollary 66, we obtain the statement. |
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