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Abstract

Many recent works have studied the eigenvalue spectrum of the Conjugate Kernel (CK) de-
fined by the nonlinear feature map of a feedforward neural network. However, existing results only
establish weak convergence of the empirical eigenvalue distribution, and fall short of providing
precise quantitative characterizations of the “spike” eigenvalues and eigenvectors that often capture
the low-dimensional signal structure of the learning problem. In this work, we characterize these
signal eigenvalues and eigenvectors for a nonlinear version of the spiked covariance model, includ-
ing the CK as a special case. Using this general result, we give a quantitative description of how
spiked eigenstructure in the input data propagates through the hidden layers of a neural network
with random weights. As a second application, we study a simple regime of representation learn-
ing where the weight matrix develops a rank-one signal component over training and characterize
the alignment of the target function with the spike eigenvector of the CK on test data.

1. Introduction

Kernel matrices associated with the nonlinear feature map of deep neural networks (NNs) pro-
vide insight into the optimization dynamics (Jacot et al., 2018; Montanari and Zhong, 2020; Fort
et al., 2020) and predictive performance (Lee et al., 2017; Arora et al., 2019; Ortiz-Jiménez et al.,
2021); consequently, properties of these kernel matrices can guide the design of network architec-
ture (Xiao et al., 2018; Martens et al., 2021; Li et al., 2022) and learning algorithms (Karakida and
Osawa, 2020; Zhou et al., 2022). Particular emphasis has been placed on the spectral properties
of kernel matrices, due to their connection with the training and test performance of the underlying
NN (Bordelon et al., 2020; Loureiro et al., 2021; Wei et al., 2022).

In this paper, we focus on the conjugate kernel (CK) (Neal, 1995; Cho and Saul, 2009) defined
as the Gram matrix of the features at the penultimate (or more generally, any intermediate) NN
layer. In the high-dimensional asymptotic setting where the width of the NN and the number of
training samples diverge at the same rate, prior works employed random matrix theory to analyze
the limit eigenvalue distribution of the CK matrix at random initialization (Pennington and Worabh,
2017; Louart et al., 2018; Péché, 2019; Fan and Wang, 2020). These and related characterizations
of the CK resolvent enable precise computations of various errors for NNs with random first-layer
weights, known as random features models (Mei and Montanari, 2022; Tripuraneni et al., 2021;
Hassani and Javanmard, 2022).
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It is worth noting that while existing results establish the weak convergence of the empirical
spectral measure, the precise behavior of “spike” eigenvalues that are separated from the spectral
bulk remains largely unexplored. In learning applications, these spike eigenvalues and correspond-
ing eigenvectors are often the primary spectral features (signal) of interest, because they pertain
to low-rank structure of the underlying learning problem (e.g., class labels or the direction of the
target function). For the linearly defined spiked covariance model X = Z »1/2 e R™*4 whose
dependence across features is induced by a linear map »l/ 2(.) applied to Z having i.i.d. coor-
dinates, classical work in random matrix theory provides a quantitative description of the spike
eigenvalue/eigenvector behavior (Johnstone, 2001; Baik and Silverstein, 2006; Benaych-Georges
and Nadakuditi, 2012; Bloemendal et al., 2016). In this paper, we establish an analogous character-
ization of spiked spectral structure for the CK, motivated in part by the following applications:

e Structured input data. Real data often contain low-dimensional structure despite the high am-
bient dimensionality (Lee and Verleysen, 2007; Hastie et al., 2009; Pope et al., 2021), and the
leading eigenvectors of the input covariance matrix may be good predictors of the training labels.
Common examples where the input features exhibit a low-dimensional spiked structure include
Gaussian mixture models (Loureiro et al., 2021; Refinetti et al., 2021; Ben Arous et al., 2023b)
and the block-covariance setting of (Ghorbani et al., 2020; Ba et al., 2023; Mousavi-Hosseini
et al., 2023). Assuming that the input data X has informative spikes eigenvectors, we ask the
natural question:

How does the low-dimensional signal propagate through nonlinear layers of the NN?
When do we observe a similar spiked structure in the CK matrix?

* Spiked weight matrices in early training. It is known that NNs can learn useful representa-
tions that adapt to the learning problem, and outperform the random features model defined by
randomly initialized weights (Ghorbani et al., 2019; Wei et al., 2019; Abbe et al., 2022). Recent
works have shown that when the target function is low-dimensional, the gradient update for two-
layer NNs around initialization is low-rank (Ba et al., 2022; Damian et al., 2022; Wang et al.,
2023), and hence the updated weight matrix W is well-approximated by a spiked model. We
consider the following question on this pre-trained kernel model in NNs:

When gradient descent produces a spiked structure in the weight matrix, how does the feature
representation of the NN change, in terms of spectral properties of the CK?

1.1. Our Contributions

We analyze the spike eigenstructure in a general nonlinear spiked covariance model, which includes
the CK as a special case. Specifically, we characterize the BBP phase transition (Baik et al., 2005)
and first-order limits of the eigenvalues and eigenvector alignments in the proportional asymptotics
regime, for spike eigenvalues of bounded size. Our work makes the following contributions:

* Signal propagation in deep random NNs. Following the setup of Fan and Wang (2020), we con-
sider the CK matrix defined by a multi-layer fully-connected NN at random initialization, where
the width of each layer grows linearly with the sample size. Given spiked input data, we compute
the magnitude of the leading CK eigenvalues and the alignments between the corresponding CK
eigenvectors with those of the input data, across network depth.
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* Feature learning in two-layer NNs. We consider the early-phase feature learning setting in Ba
et al. (2022), where the first-layer weights in a two-layer NN are optimized by gradient descent,
and the learned weight matrix exhibits a rank-one spiked structure. We characterize the spiked
eigenstructure of the corresponding CK matrix for independent test data, and the alignment of
spike eigenvectors with the test labels. This provides a quantitative description of how gradient
descent improves the NN representation.

* Spectral analysis for nonlinear spiked covariance models. We give a general analysis of the
signal eigenvalues/eigenvectors of spiked covariance matrices with arbitrary and possibly nonlin-
ear dependence across features, showing a “Gaussian equivalence” with the quantitative spectral
properties of linear spiked covariance models established by Bai and Yao (2012). We prove a de-
terministic equivalent for the Stieltjes transform and resolvent for any spectral argument separated
from the support of the limit spectral measure, extending recent results for spectral arguments
bounded away from the positive real line (Chouard, 2022, 2023; Schroder et al., 2023).

1.2. Related Works

Eigenvalues of nonlinear random matrices. Global convergence of the empirical eigenvalue dis-
tribution of nonlinear kernel matrices has been studied in both proportional and polynomial scaling
regimes (El Karoui, 2010; Cheng and Singer, 2013; Fan and Montanari, 2019; Lu and Yau, 2022;
Dubova et al., 2023). Building upon related techniques, recent works characterized the spectrum
of the CK matrix (Pennington and Worah, 2017; Louart et al., 2018; Péché, 2019) and the neural
tangent kernel (NTK) matrix (Montanari and Zhong, 2020; Adlam and Pennington, 2020), with
generalizations to deeper networks studied in Fan and Wang (2020) and Chouard (2023).

Benigni and Péché (2022) gave a precise characterization of the largest eigenvalue in a one-
hidden-layer CK matrix when the input data X and weight matrix W both have i.i.d. entries,
identifying possible uninformative spike eigenvalues when the nonlinear activation is not an odd
function. Guionnet et al. (2023) and Feldman (2023) recently characterized spiked eigenstructure
in models where an activation is applied to a spiked Wigner matrix or rectangular information-
plus-noise matrix entrywise, for possibly growing spike sizes and activations having degenerate
information/Hermite coefficients.

Precise error analysis of NNs. An important application of spectral analyses of the CK matrix
is the precise computation of generalization error of random features regression, first performed for
two-layer models in proportional scaling regimes (Louart et al., 2018; Mei and Montanari, 2022)
and later extended to deep random features models (Schroder et al., 2023; Bosch et al., 2023) and
polynomial scaling regimes (Ghorbani et al., 2021; Xiao et al., 2022). These risk analyses reveal
a Gaussian equivalence principle, where generalization error coincides with that of a Gaussian
covariates model, and this equivalence has been extended to other settings of nonlinear (regularized)
empirical risk minimization (Hu and Lu, 2020; Goldt et al., 2021; Montanari and Saeed, 2022).
Going beyond random features, Ba et al. (2022) derived the precise asymptotics of representa-
tion learning in a two-layer NN when the first-layer weights are trained by one (or finitely many)
gradient descent steps; see also Damian et al. (2022); Ba et al. (2023); Dandi et al. (2023). The
computation follows from an information-plus-noise characterization of the weight matrix due to
a low-rank gradient update. Moniri et al. (2023) derived a corresponding information-plus-noise
decomposition of the CK matrix defined by the resulting trained weights, in an asymptotic regime
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different from ours where the learning rate and spike eigenvalues diverge. Ben Arous et al. (2023a)
examined the emerging spike eigenstructure in the NN Hessian that arises during SGD training.

Eigenvalues of sample covariance matrices. Asymptotic spectral analyses of sample covariance
matrices have a long history in random matrix theory (Marcenko and Pastur, 1967; Silverstein,
1995; Silverstein and Bai, 1995; Bai and Silverstein, 1998), with the strongest known results in the
linearly defined model X = Z st/ 2 see e.g. Bloemendal et al. (2014); Knowles and Yin (2017).
Outside of this linear setting, Srivastava and Vershynin (2013) and Chafai and Tikhomirov (2018)
develop sharp bounds for the extremal eigenvalues with isotropic population covariance, and Bao
and Xu (2022) develop eigenvalue rigidity and Tracy-Widom fluctuation results for isotropic and
log-concave distributions.

The spiked covariance model was introduced in Johnstone (2001). Baik et al. (2005); Baik
and Silverstein (2006); Paul (2007) initiated the study of spiked eigenstructure and phase transition
phenomena for spiked covariance matrices with isotropic bulk covariance. Péché (2006); Benaych-
Georges and Nadakuditi (2011, 2012); Capitaine (2013, 2018) studied spiked eigenstructure in re-
lated Wigner and information-plus-noise models. Closely related to our work are the results of Bai
and Yao (2012) that characterize spike eigenvalues in linearly defined models X = Z »1/2 with
general population covariance 3, and we extend this characterization to nonlinear settings.

2. Results for neural network models

2.1. Propagation of signal through multi-layer neural networks

Consider input features X = [z1,...,x,] € R¥™, where z; € R? are independent samples.
Define a L-hidden-layer feedforward neural network by

1
X;=——0(W;X,_|) e Rlxn fort=1...,L 2.1
Vdp
with weight matrices W, € R%*%-1 X, = X and dy = d, and a nonlinear activation function
o : R — R applied entrywise. The Conjugate Kernel (CK) at each layer ¢ = 1,..., L is given by
the Gram matrix

K,=X] X, eRY", (2.2)
In the limit n,dy,...,d;, — oo with n/dy — ~; € (0,00) for each ¢ = 0,..., L, under
deterministic conditions for the input data X and for random weight matrices W,..., W, as
specified below, it is shown in Fan and Wang (2020) that the empirical eigenvalue distribution jz; of
Kforeach ¢ =1,..., L satisfies the weak convergence
1 n
L = - 2 O0;(Ky) — Kt A.S. (2.3)
1=
for limit measures 1, . . ., uy, defined as follows: Let pg be the limit eigenvalue distribution of the
input gram matrix Ko = X TX (cf. Assumption 2). Then, for £ =1,..., L, let
Vi1 = b2 ® pp—1 ® (1 — b2) 2.4)

denote the law of b3x 4 (1 — b2) when x ~ g1 and by := B¢, p(0,1)[0”(€)], and define

P

pe = py, Bve . 2.5)
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Here, p)'" ) v denotes the deformed Marchenko-Pastur law describing the limit eigenvalue distri-
bution of a sample covariance matrix with limit dimension ratio v € (0, o) and population spectral
measure v, and we review its definition in Appendix A.

In this section, we provide a precise characterization of the spike eigenvalues and eigenvectors
of K, foreach ¢ =1,..., L when the input data X has a fixed number of spike singular values of
bounded magnitude. We assume the following conditions on the weights, input data, and activation.

Assumption 1 The number of layers L > 1 is fixed, and n, dy, . . . ,dy, — oo such that

n/dy — v € (0,00) foreach ¢ = 0,. .., L.

The weights W1, ..., W 1, have entries [W (};; i N(0,1), independent of each other and of X.

Definition 1 A feature matrix X € R¥" is 7,,-orthonormal if
lzalz =1 <7 |lleslle =1 <70 |mozs] < ™0
for all pairs a # [ € [n], where {xy}'_, are the columns of X.

Assumption 2 For some 7, > 0 such that lim,,_, o, 7, - nt/3=0X=X 0 IS Tp-orthonormal
almost surely for all large n. Furthermore, Ko = X ' X has eigenvalues \1(K), ..., A\ (Ko)
(not necessarily ordered by magnitude) such that for some fixed r > 0, as n,d — oo,

(a) There exists a compactly supported probability measure py on [0, 00) such that

1

Z Ox,(Ko) — Ho weakly a.s.
n—r

i=r+1

and for any fixed € > 0, almost surely for all large n,

Ai(Ko) € supp(po) + (—¢,¢) foralli > r + 1.

(b) There exist distinct values Ay, ..., A\, > 0 with \1,..., A\, & supp(uo) such that

ANi(Ko) = N\ as. foreach i=1,...,r.

"(@)] < A

Assumption 3 The activation o : R — R is twice differentiable with sup,cg |0’ ()|, |o
| = 1. Furthermore,

for some \, € (0,00). Under & ~ N(0, 1), we have E[o(£)] = 0 and E[o?(€)
be :=E[o'(£)] # 0, E[o"(£)] = 0. (2.6)

Assumption 1 defines the linear-width asymptotic regime. Assumption 2 requires an orthogo-
nality condition for the input features that is similar to (Fan and Wang, 2020, Definition 3.1), and
also codifies our spiked eigenstructure assumption for the input data. We briefly comment on (2.6)
in Assumption 3: The condition b, # 0 ensures that the linear component of o (-) is non-degenerate;
if b, = 0, then spiked eigenstructure does not propagate across the NN layers in our studied regime
of bounded spike magnitudes. The condition E[o”(£)] = 0 ensures that K; does not have uninfor-
mative spike eigenvalues; otherwise, as shown in Benigni and Péché (2022), K, may have spike
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eigenvalues even when the input K has no spiked structure. We assume E[¢”(£)] = 0 for clar-
ity, to avoid characterizing also such uninformative spikes across layers. This condition holds, in
particular, for odd activation functions o (-) such as tanh.

The following theorem first extends (Fan and Wang, 2020, Theorem 3.4) by affirming that the
weak convergence statement (2.3) holds under the above assumptions, and furthermore, each Ky has
no outlier eigenvalues outside its limit spectral support when the input K has no spike eigenvalues.

Theorem 2 Suppose Assumptions 1, 2, and 3 hold. Then for each ¢ = 1, ..., L, (2.3) holds weakly
a.s. as n — oo. Furthermore, if the number of spikes is r = 0 in Assumption 2, then for any fixed
€ > 0, almost surely for all large n,

K has no eigenvalues outside supp(jg) + (—¢,¢€).

Remark 3 From Theorem 2 and Fan and Wang (2020) we know that for large n and v, < 1, the
minimum eigenvalue of the CK matrix Ain (K ¢) is bounded away from 0 almost surely. This implies
that the minimum {o-norm interpolator is well-defined, and provides an affirmative answer to the
conjecture in (Mei and Montanari, 2022, Remark 1) regarding the exchangeability of ridgeless limit.

The main result of this section characterizes the eigenvalues of K, outside supp(u¢) when
r > 1. To describe this characterization, define for each / = 1, ..., L the domain

To = {~1/A: X € supp(ve—1)}
where v;_1 is defined by (2.4), and define z¢, ¢ : (0,00) \ Te — R by

1 A
zo(s) = s +W/ T )\sz—l(d/\), pu(s) =

B szy(s)

. 2.7
(s) 2.7

It is known from the results of Bai and Yao (2012) and (Yao et al., 2015, Chapter 11) that these
are precisely the functions that characterize the spike eigenvalues and eigenvectors in linear spiked
covariance models. Set

1

To={1,... B ——
0 { ) 7T}, S,O bg,)w—}—(l—bg,)

for ¢ € 1o,

where \; and b, are defined in Assumptions 2 and 3 respectively. Here, Zy records the indices of
the spike eigenvalues of the input Gram matrix K. Then define recursively for ¢ = 1,..., L

T, = {z €Ty1: A(si01) > o}, Si0 = fori € Zp.  (2.8)

_b?,zz(sw_l) + (1 —102)

The condition 2} (s; ¢—1) > 0 describes the “phase transition” phenomenon for spike eigenvalues in
this model, where spikes ¢ € Z,_; with ZZ(SM—I) > 0 induce spike eigenvalues in the CK matrix
K of the next layer, while spikes with z)(s; ¢—1) < 0 are absorbed into the bulk spectrum of K.

Theorem 4 Suppose Assumptions 1, 2, and 3 hold. Then for each ¢ = 1,...,L:

(a) sig—1 € (0,00)\ Tpforeachi € Iy_1, so z¢(8; 0—1) and Iy are well-defined. Furthermore, if
1 €1y (e ifZé(Si’g_l) > 0) then Zg(Si’g_l) > 0 and gOg(Si,g_l) > 0.



NONLINEAR SPIKED COVARIANCE MATRICES IN DEEP LEARNING

0.05 0.05
0.04 0.04
20.03 20.03
(] (]
> >
£0.02 £0.02
0.01 0.01
0.00 ) 3 7 3 0.00 ] 2 Y 3 0.00 0 2 4
eigenvalues eigenvalues eigenvalues
(a) Spectrum of K (b) Spectrum of K (c) Spectrum of Ko

Figure 1: Spectra of three-layer CK matrices defined by (2.2) with n = 5000, dy = d; = d» = 15000, and
o  arctan. Input data is a GMM satisfying (2.9) with r = 3, 6; = 2.0, 0, = 1.18, and 65 = 1.0.
(a)-(c) are theoretically predicted (red) and empirical (blue) bulk distributions and spikes of K
for £ = 0, 1, 2. Observe that the number of informative spikes is non-increasing w.r.t. depth.

(b) For any fixed and sufficiently small € > 0, almost surely for all large n, there is a I-to-1
correspondence between the eigenvalues of K ; outside supp(ue) + (—¢,¢) and {i : i € I,}.
Denoting these eigenvalues of K¢ by { N : i € Iy}, for each i € Iy as n — oo,

o~

Xig = 2e(Sie—1) a.s.

(c) Let v; be a unit-norm eigenvector of K, corresponding to its eigenvalue \; 4, and let v be
a unit-norm eigenvector of K corresponding to its spike eigenvalue \;(K). Then for each
1 €Iyand j € Iy, asn — oo,

¢
\62{1@\2 — H or(sik—1) - {i=j}as.
k=1

Moreover, for each i € Iy, and any unit vector v € R" independent of W1, ..., Wy,

¢
\6¢T,ev|2 - H Or(Sik—1) - lv]v|> = 0as.
k=1

We present the following corollary as a concrete example in which the assumptions of the the-
orem are satisfied. The corollary encompasses, for instance, Gaussian mixture models with a fixed
number r of balanced classes, each class having ©(n) samples.

Corollary 5 Suppose the input data X is itself a low-rank signal-plus-noise matrix

s
X = biab] + Z e R" (2.9)
i=1
where 01, . ..,0, > 0 are fixed distinct signal strengths, a., . ..,a, € R*and by, ..., b, € R" are
orthonormal sets of unit vectors, and Z has i.i.d. N'(0,1/d) entries. Assume that b, . .., b, satisfy

the lso-delocalization condition: for any sufficiently small € > 0 and all large n,

max [bif|oe < 1”12
1=
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(a) Effect of width on alignment. (b) Effect of GD training.

Figure 2: We consider deep NNs in (2.1) with ¢ o tanh on Gaussian mixture data (2.9) with » = 1, and
compute the alignment between the largest eigenvector of the CK matrix K, with genuine signal
b; (class labels) for different layer ¢. (a) NNs at random initialization with varying hidden widths
N = 2048, 4096, 8192, 10240. (b) NNs trained by gradient descent with learning rate n = 0.1 for
varying steps 7' = 0, 10, 20, 50; we use the p-parameterization (Yang and Hu, 2020) to encourage
feature learning. 67 is 2.5 and 1.8 for (a) and (b), respectively. Dots are empirical values (over 10
runs) and solid curves represent theoretical predictions at random initialization from Theorem 4.

Define (-) and s; ¢—1 by (2.7) and (2.8), with the initial measures [y = p%P and vy = bg ® o B
(1 — b2) and initial spike values \; = (1 + 02)(~yo + 62)/0? for i € Io.

Then for each ¢ = 1,...,L, K, has a spike eigenvalue corresponding to the input signal
component 0; if and only if 0; > ’yé/ 4
v; ¢ satisfies, as n — oo,

and i € 1y. In this case, its corresponding unit eigenvector

‘ 2
~T 2 70(1 + 01 )
[0;,0bi|” — klzll Or(Sik-1) - (1 - 70?(9? o) a.s. (2.10)

Numerical illustration. A simple illustration of this result for a 3-component Gaussian mixture

model is provided in Figure 1. We note that Z, C --- C Z and @y(s;¢—1) € (0, 1), so the number

of spike eigenvalues of K, induced by K and the alignment of the spike eigenvectors of K, with

the true class label vectors {b;}]_, are both non-increasing in the network depth, see also Figure 2.

In other words, at random initialization, the input signal diminishes as the depth of the NN increases.
In Figure 2 we highlight two remedies to this “curse of depth” at random initialization.

* In Figure 2(a) we observe that when the width of NN becomes larger, alignment between the
leading eigenvector of K, at random initialization and the signal can be preserved across a larger
depth. This illustrates the benefit of overparameterization by increasing the network width.

* In Figure 2(b) we observe that gradient descent training on the weight matrices also restores and
even amplifies the informative signal in the CK matrix of each layer; specifically, after 50 steps
of GD training (yellow curve), the alignment between the class labels and the leading eigenvec-
tor of Ky may increase through depth. This demonstrates the benefit of gradient-based feature
learning. In Section 2.2 we precisely quantify this improved alignment due to gradient descent in
a simplified two-layer setting.
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2.2. CK matrix after O4(1) steps of gradient descent

The preceding section studied the spike eigenstructure of the CK induced by low-rank structure in
the input data. Here, focusing on a two-layer model, we study an alternative setting where spiked
structure arises instead in the weight matrix W from gradient descent training.

We consider an early training regime studied in Ba et al. (2022), with a width-/NV two-layer
feedforward NN,

N
1 1 T
r)=— E aioc({x,w;)) = —=o(x W)a. 2.11
fNN( ) \/N ra 7 (< 1>) \/N ( ) ( )
Here = € RY is the input, and W = [w1, ..., wy] € RN and a € RY are the network weights.

For clarity of the subsequent discussion, we will transpose the notation for X and W from the

preceding section, and incorporate a 1/v/d scaling into W rather than into the input data X.
Given are an input feature matrix X = [x1,...,2,]' € R™?andlabelsy € R" forn samples,

where y; = fi«(@;) 4+ noise. We consider the training of first-layer weights W to minimize the mean

squared error
n

> (@) — i),

i=1

_1
2

L(W)
fixing the second-layer weight vector a. From a random initialization Wy € RN and over T
steps with learning rates 71, . . . , n scaled by /N, the gradient descent (GD) updates take the form

Wi =W+ VN -Gy, Gy = —VL(W,). (2.12)

Of interest is the information about the label function f, that is learned by W inea = W, which
may be characterized by the spectral alignment of the CK matrix with the class label vector on
independent test data (j( ,¥). This use of independent test data may be understood as a pre-training
setup, also considered previously in Ba et al. (2022); Moniri et al. (2023) and studied for real-world
data in Wei et al. (2022).

It was shown in Ba et al. (2022) that in a training regime with initialization || W || < 1 such that
|fan(x;)| < 1 foreachi = 1,..., N, and with learning rates 7, ...,np < 1 for a fixed number
T of GD steps, the weight matrix W undergoes a change during training that is O(1) in operator
norm and approximately rank-1,

T
b
Witained = Wo + 77—UX TyaT where n= Z M.
" t=1
(Ba et al., 2022, Conjecture 4) conjectured that for the CK matrix
1 - .
K = NU(XWtrained)U(XWtrained)T e R™" (2~13)

defined by the pre-trained weights and test data X, the resulting spike eigenvalue and the alignment
of its spike eigenvector with the test labels y € R" are accurately predicted by a Gaussian equivalent
model. Our main result of this section is an affirmative verification of this conjecture and precise
characterization of the spike eigenstructure of K, in the following representative setting.
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Figure 3: (a) We set n = 2000,d = 1600, N = 2400, -t = 2, and 0 = o, = erf. (b) We setd =
2048, N = 1024,n = 0.2, 0 = tanh, 0, = SoftPlus, and vary the sample size n and number of
GD steps t; dots represent empirical simulations (over 10 runs) and solid curves are theoretical
predictions from Theorem 6.

Assumption 4 For a two-layer NN in (2.11) with GD training defined by (2.12), we assume that
(a) n,d, N — oo such that N/d — ~ € (0,00) and N/n — v € (0, 00).
(b) Training features X = [z1,...,x,]" € R™*? have entries [X];; e N(0,1), training labels
y € R™ have entries y; = m(ﬂjmi) + ¢; where 3, € R% is a deterministic unit vector and
€5 i N(0,02), and test data (X, 9) is an independent copy of (X, y).

(¢) The NN activation o : R — R and label function o, : R — R both satisfy Assumption 3, with
bo :=E[0'(§)] # 0and b,, := E[o).(§)] # 0.

iid

(d) The weight initializations satisfy [W)i; ~ ud

N(0,1/d) and a; ~ N(0,1/N).
(e) The number of iterations T and learning rates 11, . . ., nr are fixed independently of n,d, N.

Under these assumptions, the following theorem characterizes the spike eigenvalue of the CK
matrix and the alignment between the corresponding eigenvector and the test labels, as a function
of the learning rate 7; and the number of gradient descent steps 7.

Theorem 6 Suppose that Assumption 4 holds, and set n = Z?:l 1¢. Define

01 = b/ (1/90)(L+02) + 02, 62 = bobon, (2.14)
Let z(+) and o(-) be defined by (2.7) for £ = 1 with 1 and vy = b2 ® p%P @ (1 —b2), and set

(1+6%)(v0 +67)
o1

A =02 +1— b2

Then K defined by (2.13) has a spike eigenvalue if and only if 01 > 73/4 and 2'(—1/\1) > 0. In
this case, Amax(K) — v '2(=1/\1) a.s., and the leading unit eigenvector i € R" of K satisfies
’ ~T

a8l o by, Y LARL/N) 02/ (0F —0) (0 + 67)
n oVYo« )\1 0;13

> 0 a.s. (2.15)

4
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Numerical illustration. Figure 3 empirically validates the predictions of Theorem 6, for a two-
layer NN trained with a small number of GD steps. Figure 3(a) shows that one spike eigenvalue
emerges over training in the test-data CK, the location of which is accurately predicted by Theo-
rem 6; moreover, the leading eigenvector u aligns with the labels 4. This is quantified in Figure 3(b),
where above a phase transition threshold, the alignment (2, §)? (predicted by (2.15)) increases with
the learning rate or number of GD steps; in addition, alignment also increases with the training set
size n. Compared with random initialization (1 = 0), this illustrates that training improves the NN
representation, and the test-data CK contains information on the label function f,.

3. Analysis of a nonlinear spiked covariance model

The results of Sections 2.1 and 2.2 rest on an analysis of spiked eigenstructure in a general non-
linear spiked covariance model. We describe the assumptions and statement of this general result
informally here, deferring formal and more quantitative statements to Appendix B.

LetG = ﬁ[gl, ...,gn]" € RV*" have independent rows g1, . . ., g € R” with mean 0 and

common covariance X € R™*". We assume that the law of g; satisfies concentration of quadratic
forms giT Ag,, but has otherwise arbitrary dependence across coordinates. As n, N — oo with
n/N — v € (0, 00), the eigenvalues of X satisfy

1 n
Ai(2 ; =1,... ,
()= N fori=1,... 7 n—r,z dx,(z) — v weakly,
i=r+1
for fixed spike values Ay, ..., A\, > 0 and a deterministic limit spectral law v. Then the empirical

spectral law of the sample covariance matrix K = G| G satisfies
1¢ MP
— g On (k) = k= py Xvweakly as.
n
i=1

Under these assumptions, let us define

1 A , o) = 2'(s)
) ==+ [ Tt el = s

Theorem 7 (informal)

(a) If r = 0, then all eigenvalues of K converge to supp(u) U{0}. More generally for r > 0, the
eigenvalues of K asymptotically separated from supp(p) U{0} are in 1-to-1 correspondence
withZ = {i : 2/(=1/X\;) > 0}, and N\i(K) — 2(=1/\;).

(b) Foreachi € T and any deterministic unit vector v € R", (v 9;)? — <p(/\—1/)\i)('v—r'vi)2 — 0,
where v;, v; are the unit eigenvectors of 3, K for eigenvalues \;(3), \i(K).

(c) Letu = ﬁ(ul, ..,un) ! € RN be such that [u, G] € RN hasiid. rows {[uj,gj]};v:l,

and denote Elug] = E[u;g;] for all j € [N]. Then for eachi € I,
—1/A)p(=1/X
(g - AN

(Elug]"v:)* = 0
where ; is the unit eigenvector of GG for its eigenvalue Xi(GGT) = XZ(K)

11
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Statements (a—b) are known in a linear setting g, = Y/ 22, when z; has i.i.d. entries, see e.g.
(Bai and Yao, 2012) and (Yao et al., 2015, Theorems 11.3 and 11.5). The above theorem thus
verifies an exact asymptotic equivalence between spiked spectral phenomena in a nonlinear spiked
covariance model with those of a linearly defined (possibly Gaussian) model.

In Section 2.1, each CK matrix K, has (approximately) the structure of the above matrix K
over the randomness of W, conditional on the features X ,_; of the preceding layer, and Theorem
4 follows from Theorem 7(a,b). In Section 2.2, the CK matrix K defined by trained weights has
(approximately) this structure over the randomness of X , conditional on Wi .ined, and Theorem 6
follows from Theorem 7(a,c).

Proof ideas. Analyses in the linearly defined model g; = »1/2z; commonly stem from block
matrix inversion identities with respect to the block decompositions

>, 0
z:(o 20), G- (G G

where X,. contains the spike eigenvalues of 3, and G, is independent of G. This independence
does not hold in our setting, and we develop a different “master equation” approach.
Let A'/2 be a spike singular value of G with corresponding unit singular vectors (%, ). We

consider the linearized equation
A GT\[ v
0= ( G —I) <X1/2ﬁ>' 3.1

Writing V. € R™*" for the r spike eigenvectors of 3, we define a generalized resolvent

—I—aV, V] G\’
R(Z7 Oé) = ( G I> 9

add to (3.1) the quantity —« <‘(/)T) . V: v on both sides for some large o > 0, and rewrite this as

v ~ Vv, .
(Xl %) = —aR(\, a)( 0 ) V] (3.2)

We will show that R(z, «) exists and is bounded in operator norm for any z separated from the
limit bulk spectral support of K and any large enough o > 0. Then, multiplying (3.2) by (VTT 0)
and applying a block matrix inversion identity,

V'~ (V ~ -
rvm () mo() e i ins) v
As aresult, spike eigenvalues \ are roots z = A of the master equation
T(AT T\ !
det <I,, +av] (G G-z —aV,V] ) VT> =0,

for any fixed and large o > 0. Singular vector alignments may be characterized likewise from (3.2).

12
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The core of the proof is an asymptotic analysis of this master equation via a deterministic equiv-
alent approximation

v{ R(T)vy == v (GG —T)lvg ~ —v] (T + zim(2)2) vy (3.3)

for any deterministic unit vectors v1,v2 € R™ and low-rank perturbations I' of zI, where m(z)
is the Stieltjes transform of the “companion” limit measure ji for the eigenvalue distribution of
GG € RN*N_ We extend results of Chouard (2022); Schroder et al. (2023) by establishing this
approximation not only for I' = zI but also perturbations thereof, and for spectral arguments z €
C\ supp(p) that may belong to the positive real line. The latter extension requires showing, a priori,
that all eigenvalues of K = G ' G fall close to supp(u) in the absence of spiked structure. We show
this by adapting an argument of Bai and Silverstein (1998) and using a fluctuation averaging lemma
described below.

Let us conclude with a brief discussion of our proof of (3.3): From manipulations of the identity

N
1
TrB =Tr(G'G-T)R(I')B = — Tr R(T)BT + v > g/ R(I")Bg,
=1

for appropriately chosen matrices B € C"*", the Sherman-Morrison (leave-one-out) formula for
matrix inversion applied to R(I"), and the concentration of bilinear forms in g;, one may show

N

1 1
T 5 1o s —pd — ;
v (T +2m(2)X) ve = —v] R(T"vs + TN TSRT) N ;:1(1 —Eg)T; (34

where T; = g/ R (T)vy - v] (T + zm(I?(I‘)E)_lgi. Here, R®)(T") and m(;() (T') are generalized
leave-one-out resolvents and empirical Stieltjes transforms defined by { g; }ji» and g, is the partial
expectation over only g;. Under our assumptions for g;, each error term (1 — Eg4. )T; has mean 0
and O(1) fluctuations. We develop a fluctuation averaging lemma using recursive applications of
the Sherman-Morrison identity to further resolve the dependence of R()(T") and m(f? (T') on fixed
subsets of rows {g;} i, to show that the errors (1 — Eg,)7; are weakly correlated across 7 € [V].
Hence their average has a mean 0 and fluctuates on the asymptotically negligible scale of O(N -1/ 2,
and applying this to (3.4) shows (3.3).
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Organization of the Appendices

* Appendix A introduces relevant notation and background.

* Appendix B states our main results for the general nonlinear spiked covariance model
K=G'G,

formalizing the discussion in Section 3. These results are divided into two subsections: Appendix
B.1 gives a “no outliers” statement for /' and a deterministic equivalent approximation for its
resolvent, under minimal asymptotic assumptions. Appendix B.2 then states the main characteri-
zations of spike eigenvalues/eigenvectors in an asymptotic setting with a spiked eigenstructure.

* Appendix C develops a general fluctuation averaging lemma for the sample covariance model,
and proves the results of Appendix B.1.

* Appendix D proves the results of Appendix B.2.

* Finally, Appendix E proves the results of Section 2.1 on propagation of spiked eigenstructure
through the layers of a neural network, and Appendix F proves the results of Section 2.2 on the
eigenstructure of the CK after gradient descent training.

Appendix A. Notations and background
A.1. Stochastic domination

We use the following standard notation for stochastic domination of random variables, see e.g.
(Erdés et al., 2013, Definition 2.4): For random variables X = X (u) and Y = Y (u) > 0 depending
implicitly on NV and a parameter u € Uy, as N — 0o, we write

X <Y or X = O<(Y) uniformly over u € Uy

if, for any fixed €, D > 0 and all large N,

sup P||X (u)] > N°Y (u)| < N7P.
ueUyn

Throughout, “for all large N’ means for all N > Ny where Ny may depend on ¢, D, any quantities
that are constant in the context of the statement, and convergence rates of the spike eigenvalues and
empirical spectral measures in the given assumptions.

If X = 1{&} is the indicator of an event £ = Ey, then 1{£} < 0 means P[] < N~ for any
fixed D > 0 and all large N. If X and Y are both deterministic, then X < Y means | X| < N°Y
(deterministically) for any € > 0 and all large V. For an event £ = £y, we will write

X =0%(Y)

as shorthand for X - 1{€} < Y.
We will use the following basic properties often implicitly.
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Proposition 8 Suppose X <Y uniformly over u € Un.

(a) If |Uy| < N for a constant C' > 0, then for any fixed e, D > 0 and all large N,

]P[there exists u € Uy with | X (u)| > NEY(U)} <N D

(b) If[Un| < N for a constant C' > 0, then Duety X (W) <> vy Y ().
(c) If|Un| < C for a constant C > O, then [[ ey, X (1) < [yer, Y (1)

(d) If Y is deterministic, and E[X2] < NC and Y > N-¢ for a constant C' > 0, then also
E[|X|] < Y uniformly over u € U.

Proof. The first three statements follow from a union bound over Uy . For the last statement, for
any fixed € > 0, observe that

E|X| < N°/2Y + E[|X]1{\X\ > NE/QY}] < N°/2y 4+ E[X2)V2P]| X| > N°/2Y V2,

Applying E[X?] < NC, Y > N=¢, and P[|X| > N*/?2Y] < NP for sufficiently large D > 0
shows that the second term is less than N*/2Y" for all large N, hence E|X| < N¢Y. n

A.2. Deformed Marcenko-Pastur law

For a probability measure v supported on [0, co) and an aspect ratio parameter > 0, consider the
deformed Marcenko—Pastur measure
MP
p=py, Hv

and its “companion” probability measure

fo=p+ (1 =7)do.
Here, 1 and /i represent the limit eigenvalue distributions of G' G € R"*" and GG € RV*N
respectively, when G = ﬁ[gl, ..., gn] € RV*" has i.i.d. rows with mean 0 and covariance X,

andn, N — oo with n/N — yand 1 37 | 6, (s) — v weakly.
These measures i, i may be defined by their Stieltjes transform

o) = [ du@), ) = [ i) (A1)

r—z r—z

where m(z) = ym(z) + (1 —v)(—1/z). By the results of (Marcenko and Pastur, 1967; Silverstein
and Bai, 1995), for any z € C*, m(z) and m(z) are the unique roots in {m € C : ym + (1 —
v)(=1/z) € C*} and C*, respectively, to the Marcenko-Pastur equations

1 1 A
)= [T Y g o T e

We define m(z), m(z) via (A.1) also on the full domains C \ supp(x) and C\ supp(jz) respectively,
where the support sets supp() and supp(fi) may differ only at the single point {0}.
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In the setting X = I (and v = §1), the law p = pVMP is the standard Marcenko-Pastur law, with
explicit density function with respect to Lebesgue measure

1/ =D=M
27 YA

dpX(N) = “Laepo g 4N At = (1+.7)°
for v < 1, and an additional point mass (1 — 1/) at 0 when vy > 1.

In general, ;1 and fi do not have analytically explicit densities. However, supp(j1) is explicitly
characterized in Silverstein and Choi (1995), and we review this characterization here: Define

T ={0}U{-=1/X\: X € supp(v)}. (A.3)
Form € C\ T, define
- 1 A
z(m) = = —i—’y/ T )\Thdu()\). (A4)

In light of the second equation of (A.2), this may be understood as a formal inverse of m(z).
From (Silverstein and Choi, 1995, Theorems 4.1 and 4.2), we have the following properties.

Proposition 9 1m(-) defines a bijection from {z € R \ supp(fx)} to {m € R\ T : 2/(m) > 0},
whose inverse function is z(-). In particular, x € R does not belong to supp(f1) if and only if there
exists m € R\ T such that z'(m) > 0 and z(m) = x.

A.3. Additional notation

For a probability measure u, its support is the closed set
supp(p) = {z € R : u(O) > 0 for any open neighborhood O > z}.

We write dist(z, A) = inf{|z — y| : y € A} and define the e-neighborhood

supp(u) + (—e,e) = {z € R : dist(z, supp(u)) < e}.

We write §, for the probability measure given by a point mass at x € R, aug + (1 — a)p; for the
convex combination of pg, (1, and a ® u @ b for the law of ax 4+ b when x ~ p.

For vectors, ||v|| = ||v||2 is the Euclidean norm. For matrices, || M| is the operator norm
SUDy.|jv||=1 [[M ]|, | M || is the Frobenius norm (Tr M " M)'/?, Tr is the (unnormalized) matrix
trace, and A ® B is the entrywise (Hadamard) product. We write diag(v) for the diagonal matrix
with vector v along the main diagonal, and I, for the n X n identity matrix.

Appendix B. Results for the nonlinear spiked covariance model
B.1. Deterministic equivalent for the resolvent

We consider the sample covariance and Gram matrix

~ 1
K=G'GeR", K=GG" eRV*N where G= \/Tv[gl, ..,gN]T e RVX™,

The following are our basic assumptions, where we recall that 1{£} < 0 means P[€] < NP for
any fixed D > 0 and all large V.

22



NONLINEAR SPIKED COVARIANCE MATRICES IN DEEP LEARNING

Assumption 5 The rows of G are independent and satisfy E[g;] = 0 and Elg;g] | = X for all
i € [N], such that:

(a) There exist constants C,c > 0 such that c < n/N < C and | Z|| < C.
(b) There exists a constant B > 0 such that 1{|K|| > B} < 0.
(c¢) Uniformly over deterministic matrices A € C"*™ and over i # j € [N],

g{ Ag;, —Elg Ag)| < |Allr, g/ Ag; < ||AllF.

(d) For any integer o > 0, there exists a constant C = C(c) > 0 such that E[||g;||*] < N°.

Denote the finite-/NV dimension ratio and empirical eigenvalue distribution of X by

n 1 &
W= W= ;5&@. (B.1)

Let
pn =Py ®un, iy =ynpn + (1 —n)do.
Denote the Stieltjes transforms of pn, fiy by my(z), mn(z). These are characterized exactly as in
(A.2) with (yn, vn) in place of (v, v).
We first establish that with high probability, K and K have no outlier eigenvalues far from the
support set

Sy = supp(un) U {0} = supp(fin) U {0}. (B.2)

Theorem 10 Suppose Assumption 5 holds. Then for any fixed € > 0,
1{K has an eigenvalue outside Sy + (—e¢, E)} =< 0.

In asymptotic settings where vy — v and puy — p weakly and 3 has no spike eigenvalues, this
set Sy will converge to S := supp(u) U {0}. In general, Sy may contain intervals around spike
eigenvalues of K that are separated from supp(p) U {0} if X has a spiked structure, and this will
be clarified in the subsequent section.

Next, we establish a deterministic equivalent approximation for the resolvent of K, for spectral
arguments separated from this support set Syr. Let us denote by

1
R(z) = (K — 2I)7, mi(z) = —Tr R(2)
n
the resolvent and Stieltjes transform of K for z ¢ supp(uy ). For any € > 0, define the domain
Un(e) = {z €C: |z| <&, dist(z,Sn) > 5}. (B.3)

Theorem 11 Suppose Assumption 5 holds. Then for any fixed € > 0, uniformly over z € Uy (¢)
and over deterministic matrices A € C"*", we have

1 5 _ 1
= Tr[R(z)A—(—sz(z)E—zI) 1A] < 5 l4lr.

23

mi(z) —mpy(z) <



WANG WU FAN

For spectral arguments z € C \ R, separated from the positive real line, such a result has been
shown recently in Chouard (2022); Schroder et al. (2023) (using different proof techniques). We
use Theorem 10 as an input to establish this approximation also for spectral arguments in R \ Sy,
as such a result (and its extension to a generalized resolvent) is needed for our analysis of spiked
eigenstructure to follow.

B.2. Spike eigenvalues and eigenvectors

Now we consider an asymptotic setting with a specific spiked structure for the population covariance
matrix 3, having a fixed number of spikes outside the support of the weak limit of its spectral law.
This assumption is summarized as follows.

Assumption 6 X has eigenvalues \1(X), . .., A\, (X) (not necessarily ordered by magnitude) where,
for a fixed integer r > 0, as N — oo:

(a) n/N — ~ € (0,00).
(b) There exists a probability measure v with compact support in (0,00), such that

1 n

Z Oy, (x) — vV weakly.
n—r.

i=r+1

Furthermore, for any fixed € > 0 and all large N,

M\i(X) € supp(v) + (—¢,¢) foralli > r+ 1.

(c) There exist distinct values \1, ..., Ay > 0 with Ay, ..., A\, & supp(v) such that

Ni(Z) = N foralli=1,...,r.

Under this assumption, we analyze the outlier singular values of G and their corresponding
singular vectors. Let
n
n—r 1
YNO = ) VN = Z Ox()

N n—r.
i=r+1

be the finite- N aspect ratio and population spectral measure corresponding to the bulk component
of 3. Define the laws

KN, = PIA\;[;O X vno, AN, = YN,o0kN,0 + (1 —vNn0)do

and let my o(z), MmN, (2) be their Stieltjes transforms. In the setting of Assumption 6, we note that
UNO — b= p¥P M vand fiyog — ft = yp+ (1 —7)dg weakly as N — oo, where the Stieltjes
transforms m(z), m(z) of these limits i, i are characterized by (A.2).

Denote the limit support set

S = supp(p) U {0} = supp(fz) U {0}. (B.4)

Under Assumption 6 when r = 0, i.e. 3 does not have spike eigenvalues, the following is a corol-
lary of Theorem 10. A similar “no outlier” statement has been shown for linearly defined sample
covariance models in (Bai and Silverstein, 1998).
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Corollary 12 Suppose Assumptions 5 and 6 hold, where r = 0. Then for any fixed € > 0,
1{K has an eigenvalue outside S + (—¢, 6)} =< 0.

We now give a more quantitative version of Theorem 7 stated informally in Section 3, which
describes the spike eigenvalues of K = G'' G and corresponding singular vectors of G when there
are possibly spike eigenvalues in 3. Define the domain

Tno={0}U{—=1/X: X € supp(vnp)}-
For m € C\ Ty, define the functions

- 1 A - M2y o(m)

= —— d A = - . B.5
aN0(m) = —— + N0 / o vvo), enol(m) PES B.5)
We note that under Assumption 6, the domain 7 o converges in Hausdorff distance to 7 as defined
in (A.3). We will verify in the proof (c.f. Lemma 24) that 2y o (1) — 2(1n) and z)y o(1) — 2’ (1)
for each fixed 7 € C \ T, where z(-) is as defined in (A.4). Then also pn (1) — ¢(n) for the

limiting function

mz'(m)
z(m)

p(m) = — (B.6)

Theorem 13 Suppose Assumptions 5 and 6 hold. Let
IT={ie{l,...,r}:2(-1/N) > 0}.

(a) For any sufficiently small constant € > 0 and all large N, on an event £ = Ey satisfying
1{&¢} < O, there is a 1-to-1 correspondence between the eigenvalues of K outside S +
(—e,e) and {\; : i € T}. Denoting these eigenvalues of K by {)\ i € T}, we have

Ai = 2vo(—1/N(2)) = 0F <\/1N>

foreachi € I, where zno(—1/Xi(X)) = 2(=1/X;) > 0as N — oc.

(b) On this event &, for each i € T, let v; € R™ be a unit-norm eigenvector of K (i.e. right sin-
gular vector of G) corresponding to its eigenvalue \;, and let v; be a unit-norm eigenvector
of X corresponding to \;(X). Then, uniformly over (deterministic) unit vectors v € R",

75— oM ) -0 Twi = 05 (L) ®7)

where pno(—1/X:(2)) = ©(=1/X;) > 0as N — oc. In particular, for each i € I,
[v] 0% = p(=1/\;) and SUDjc[n]:j i |'v;-ri3i|2 — 0 almost surely as N — <.

(c) Let u = ﬁ(ul, ...,un)" € RN be a random vector such that [u, G] € RVN*+1) pag
independent rows also satisfying Assumption 5. Denote by E[ug| € R™ the common value of
E[u;g,] forall j € [N].

On this event &, for each i € T, let u; € RN be a unit-norm eigenvector of K (i.e. left
singular vector of G) corresponding to its eigenvalue \;, and let v; be the eigenvector of 2
as in part (b). Then

|uT'a | \/ZNO 1//\ ))SON,O(_l/)\i(E))
Ai(X)

: ‘E[ug]Tw

1
=0¢ <W> (B.8)
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Appendix C. Analysis of the resolvent

We prove the results of Appendix B.1. Appendix C.1 first develops a fluctuation averaging lemma
for the sample covariance model. Appendix C.2 applies this lemma within the arguments of Bai and
Silverstein (1998), to prove the “no outliers” result of Theorem 10. Appendix C.3 uses Theorem 10
and a second application of the fluctuation averaging lemma to prove the deterministic equivalent
approximation of Theorem 11.

C.1. Fluctuation averaging lemma

Recall the definitions -

K=G'G, K-=GG'.
For S C [N], let G e RW=I5D*" be the matrix obtained by removing the rows of G corre-
sponding to ¢ € S, and define

K — a5 gl :% S gig] € RV
1€[N]\S

Then, for T' € C™**", define

ROM) = (K -1)7, m@ (1) = LT ROT),
(C.1)

AS(T) = ywm{@(T) + (1 — 1) <—i> — % Tr RO(I) + (1 - %) <—i>

Importantly, these quantities are independent of {g, : i € S}. We say that R*®)(T") exists (and

hence also m‘,*{g),mgf) exist) when K®) — T is invertible. For simplicity, we write R = R,
RY = R({i}), RO = R(Su{i}), and similarly for mg and mg-.

Lemma 14 Suppose Assumption 5 holds. Suppose also that there are constants Cy, cg,6,v > 0,
N-dependent domains U C C\ {0} and Dr,Da C C"*", and N-dependent maps ®n : Dr X
Dy — (N7U,NV)and U : Dp — (N~V, N'=9), such that for any fixed L > 1, the events

E(=T, A, 8) = { RO(T) exists, | RO (T) Al < On(T, A), [RE(T)] 5 < Un(T),

(="' +mf (D))~ < Co, and |1 + N~'g] RO(T)g;| > ¢ forall j € S}
(C2)

satisfy 1{E(z,T, A, S)¢} < 0 uniformly over z € U, T' € Dy, A € Dy, and S C [N] with
S| < L.

Then, denoting by By, the partial expectation over only g; (i.e. conditional on {gj }izi), also
uniformly over z € U, T' € Dr, and A € D,

Un() 1
Y ,m)@N(r,A).

N
% > (1-Eg,)[gi RYT)A(="'T + S (T)2)g,] < max(
=1

(C.3)
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We remark that applying Assumption 5(c) and the conditions of £(z, I, A, i) separately to each
summand of the left side of (C.3) gives the naive bound

N
1 ; _ ~ (i _
5 21— Eg)lg! RIM)AGTT + i (0)%) g
N ; — ~ (1 —
< max [RO(D)A| - [|(7'T + i (D)) 7| < @ (T, A).

The content of the lemma is to improve this by the additional factor of max( \111\],\51“) , \F) < 1.

In this work, we will apply Lemma 14 only to spectral arguments z with O(1)-separation from
supp(un) (and matrices I' = zI or a finite-rank perturbation thereof), in which case we will
take U (T") = C/+/N for a constant C' > 0. For full-rank matrices A having bounded operator
norm, we will also take ®x (T, A) = C/+/N, whereas for finite-rank matrices A we will take
®n (T, A) = C. We state the result here more abstractly, as it may be of independent interest to
prove local laws in this nonlinear sample covariance model for spectral arguments z that approach

supp(un ).
In the remainder of this section, we prove Lemma 14. Fix z € U, T’ € Dr, and A € D4, and

write as shorthand
R®=ROMD), w®=mn@dr), aF=Er+admn),
(I)N:CI)N(F,A), \I/N:\I/N(F), S(S>:€(Z,F,A,S)

All subsequent instances of < will be implicitly uniform over z € U, T" € Dr, and A € D4. Define
the quantities, for: € S, j, k € S\ {i},and d > 0,

Y 9d) = Tr(gig] - Z)RD 4@ [z,
Zyild = N7 Tr(gigi - B)R¥g,;g] R A 2],

For each L > 1, define also the event
=[] £). (C4)
SC[N]:[S|<L
Lemma 15 For any fixed L, D > 1, uniformly over S C [N] with |S| < L, and over i € S and
Jj, ke S\{i}andd < D,

vVl =05 @y, Z3ld) = 05 (N uyay),

(C.5)
BY = 0S¥ (NTuy) forj £k O = 0P (N20%), QY =0fP).
Furthermore, for any o > 0, there exists a constant C = C(«, L, D) > 0 such that
S « «
E[lV; " H{ES))] < N9, E[1Z)[d|"H{ES))] < N, 6

E[|BY[1{e(5)}] < NC, E[C1°1{E(9)}] < NC,  E[|Q\V[1{&(5)}] < NC.
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Proof. On the event £(S), we have by definition Q}S) < 1/cy, so the two statements for Qg-s) hold
immediately. The remaining statements of (C.6) follow easily from Holder’s inequality, the moment
bounds for ||g;|| in Assumption 5(d), the bound ||3|| < C in Assumption 5(a), and the conditions
IRDA|<®y <NV |[R®)|p < ¥y < N,and |QF)] < Cp defining £(S).

For the bounds for Bj(g) and CJ(.}S) in (C.5), note that when j # k, Assumption 5(c) implies
BY < N7YR®||pand € < N72[(RS)?|p < N72|R®)|3. When j = k, Assumption
5(c) implies also

O < N TSROV + N (RE)| p
< N2|ZRW||p|R | p + N2 R |E < N72(|Z] + 1IR3
Then these bounds in (C.5) follow from the condition || R |z < ¥ defining £(S).

Finally, for the bounds for Yi(S) [d] and Z 1(1513 [d] in (C.5), observe that for any matrix A € C"*"
independent of gz, we have Tr(g;9;] — £)A < ||A||r by Assumption 5(c). Then Yi(s) [d] <
|IRS AQE) 2|z < |ROA| - [|QS) 44124, so the bound for Y;¥)[d] in (C.5) fol-
lows from the conditions | R*) A || < ® and ||| < Cy defining £(S). For Zi(ﬁc) [d], similarly
by Assumption 5(c),

S —_
75 < N7 R®)g,g{ R®) AQW 205N | p < NTYRE) g |g] R A|l-| ) |||,

Applying again Assumption 5(c), we have
IR®g;l5 = g/ (R R¥g; < | Tr£(R™)*R™| + [|(R®)*R®|p < | R®|}.

and similarly HgTR(S A3 < ||R(S)A||%. Then the bound for iji) [d] in (C.5) follows from the
conditions |[R® A||p < &, |[R®)||r < Uy, and | Q2P| < Cp defining £(S). |

Lemma 16 Fix any L, D > 1. Then there exist coefficients o(d,d’, D) € R such that the following
holds: Uniformly over S C [N] with |S| < L —1,andoveri € S, j,k € S\ {i}, l € [N]\ S, and
d < D,

d+[D/2] v
S Sl Sl Sl Sl Sl _
v = > a@d, )|l (v ) - 25" 1d)Qf) + 05 (NPuRey)
d'=d
(C.7)
(S) &L (S0 (50144 ( (80 (1) sn ()
Zijk 4] = Z O‘(d’d/’D) [Cll @ } (z]k [d/] Zilk [d/] Q
d'=d
- 20BN QP + 25 d1BE B (QF)?) + 0% (NPuRey), (€©8)
S Sl Sl Sl Sl
BJ('k) :Bj('k) ](1 )Bl(k) - (C.9)
C](,f):C](f”—B]‘f”c},f” (S1) C](f” BSIQE 4 (swC(sn (5D (D2, (C.10)
(S) & SO\, p(Shy2 A (50147 | e
Qj = Z (Qj ) [(le )2 l ] +O-<L(N_D\IIJQ7)‘ (C.11)
d=1
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Proof. By the Sherman-Morrison formula, on the event £;, where R®) and R®Y both exist, we
have
R®) = R®) - N~'R(SDg g RV . Q%Y. (C.12)

Applying this to each copy of R®) defining Bj( ) and C (k) yields immediately (C.9) and (C.10), as
well as the identities

S AEEAC)) > B (J\F1 Tr RS + (1 - ’yN)(—l/z))E

— 'T+ms) - Qs

(S) _ (SD) (51)\2 (Sl)
1+ B;;" =14 Bj; —(le )2 P

Taking inverses and applying the expansion

[D/2]
=Y AT @AY (A A aa P

we obtain
[D/2]
Q) — Z Q[ sl L B (C.13)
Q)Y = Z QB QT Q! e, (C.14)

for remainder terms E € C"*" and e € C satisfying, by the bounds of Lemma 15,
& Sl & — & Sl £ _
1B = 0% (165P/2) = 0Z((N0)P), el = 0% (I(BFV)P/?) = 05 (N1 w)P).

In particular, (C.14) shows (C.11). Applying (C.13) to the definitions of ¥;*”)[d] and Z}}})[d], we
get

D/
Y, d) = Tr(g:g] — ( > e el 4 E)

d'=1
)d
)

[D/2]
| Y e saEhd-l L B

d'=1
1 [D/2] )
Zi(jsk) [d] = ~ Tr(gig;r _ E)R(S)gjg;R(S)A z Q(Sl) SZ)Q(SZ EQ(SZ)]d -1, g
d'=1

[D/2]
| (2 ! Z ol [Cl(lSl)Ql(Sl)zﬂ(Sl)]d/_l +E

d'=1

)d.
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For any matrix B € C"*" independent of g;, observe that Tr(g,g; —3X)R®) AB = Oﬁ(s) (®n|1Bl|)
and Tr(g;g9; — Z)R¥g,g] RYAB = Of(s)(\I!Nq)NHBH) by the same arguments as those
bounding Yi(s) [d] and ZZ.(ﬁc) [d] in the proof of Lemma 15. Then, expanding the above and ab-
sorbing all terms containing E and all terms with combined power of CZ(ZSZ) larger than D/2 into
0f® (N~PUB® ) remainders, we obtain for some coefficients a(d, d’, D) € R that

[D/2]
Yz’(S) [d] — Tr(gl-g? S)A Z d d/ l(lSl)Ql(Sl)]d Q(Sl) [ZQ(SI)]der

+Of(s)(N* vRay),
[D/2]

< Ti(g,9] ~ D)ROg;g] RO A Z (d.d', D)[Cy Q) i [E D)+

Z(S) d] = 5

ijk
+05¥ (N~ \IJN@N).

Finally, applying the Sherman-Morrison formula (C.12) to expand each copy of R and re-
indexing the summations by d + d’ — d’, we get (C.7) and (C.8). |

Lemma 17 Fix any L,D > 1. Uniformly over S C [N] with |S| < L and over i € S, the
following holds: Denote S = S\ {i}. Then there exists a collection of monomials M; s such that

VA [0] can be approximated as

7

v V[0 = > q({Yi(S)[ [Ya<|Dy2) {Zwk[ 1} kes,d<(D/2)> { }jsﬁkeg’

qeEM; s
S S _
(C9), 105 >}j€g) Lot (NPuRay). (C.15)

Each monomial ¢ € M, s is a product of a real-valued scalar coefficient and one or more factors
S S S . G

of the form YZ-( )[d] Zl(jk)[d] J(k) with j # k, jk), Qg- )forj,k € Sandd < |D/2]. We have

q= OEL (®n) uniformly over ¢ € M, s, and the number of monomials | M, | is most a constant

depending on L, D. Furthermore:

(a) There is exactly one factor of the form YZ-(S) [d] or ZZ(] k) [d] appearing in q.

(b) The number of factors Z;; (s )[d], Bj(.f), and Cj(f) appearing in q is no less than the number of

distinct indices of S (not mcluding t) that appear as lower indices across all factors of q.

Proof. We arbitrarily order the indices of S = S\ {i} as l1,ls,...,lj5/—1. Beginning with the

monomial Y;(i) [0], iteratively for j = 1,2,...,|S| — 1, we replace all factors with superscript
(i1 ...1;—1) by a sum of terms with superscript (il; . ..l;), using the recursions (C.7)~(C.11). It is
then direct to check that this gives a representation of the form (C.15), where:

* Each application of (C.7)—(C.8) replaces a factor Yi(“') [d] or Zi(j}é) [d] by terms having exactly
one such factor. Thus, each monomial ¢ € M; g has exactly one factor Yi(S) [d] or Zgﬁg [d].
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* The number of total applications of (C.7)—(C.11) is bounded by a constant depending on L, D,
so | M; s| and the scalar coefficient of each ¢ € M; g are both bounded by constants depend-
ing on L, D. Then, by the bounds of (C.5), each ¢ € M, g satisfies ¢ = O_fL (®x), and the
remainder in (C.15) is at most OfL (N~PUR®y). If ¢ has the term Yi(s) [d] or ZZ(S) [d], then
it also has combined power of {C](,f) } j ke equal to d, and hence may be absorbed into the
remainder of (C.15) if d > D/2.

» Each term on the right side of (C.7)—(C.11) that contains the new lower index [ has at least
one more factor of the form ZZ(]k) [d], BJ(,'k"), or C](,}ij') than the left side. Thus, each monomial
g € M, g is such that the number of distinct lower indices of S across all of its factors is no

greater than the number of its factors of the form Z Z(jk) [d], B](.k"), or C](k,)

Combining these observations yields the lemma. |

Proof of Lemma 14. For each ¢, D > 0, let us fix an even integer L = L(e, D) > D/e. The
assumption of this lemma guarantees 1{£(5)°} < 0 uniformly over S C [N] with |S| < L. Since
the number of such subsets is at most N*, we may take a union bound (c.f. Proposition 8(a)) to
obtain 1{&f} < 0 for the intersection event £, of (C.4). Noting that (1 — Egi)[giTR(i)AQgi] =

y® [0], to prove the lemma, it suffices to show for any €, D > 0 and all sufficiently large N that

7

N
1 (43) Uy 1 e -
IP’[(N >¥, [01)1{&} >maX<N,\/N>(I)N'N] <N (i)

In anticipation of applying Markov’s inequality, we analyze

N L N L
E (Zy;@[()]) e = Y E H}gfm[ou{&}]. (C.17)
i=1 i1,in=1 Li=1

::E[m(;;u-,iL)]

Fix any index tuple (i1, ...,4r). Letting S = {i1,...,i1} be the set of distinct indices in this tuple,
we apply Lemma 17 to each term Yig”) [0], with this set S and with D = L. This gives

L
miin,...ig)= > ... > J[d" ey + o (N TTEN)ERR), (€18

aWeM(ir,s)  qDeM(y,s) =1

where each M (i, S) is the collection of monomials arising in the approximation of Yifil) [0], and we

have applied ¥ = OEL (@) to bound the remainder. Observe that by (C.6) and Holder’s inequal-
ity, we have E[|m(i1,...,ir)*] < N¢ and E]| Hlel q® - 1{EL}?] < N forall ¢V, ... ¢
and a constant C' > 0. By this and the given condition W, &5 > NV, we may take expectations
in (C.18) using Proposition 8(d) to get

L

Efm(iy,....ig)l = > ... Y, E[Hq<l>.1{sL}
i1,5)

q(l)eM(il,S) q(”EM( =1

+ O ((Ntoy)tek).

(C.19)
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Now to bound B[]/, ¢V -1{£L.}], we consider separately two cases, focusing on those indices
i; which appear exactly once in (i1, ...,ir). In the first case, suppose there is some such index i;
that does not appear as a lower index of ¢ for any I’ # [. Fixing this set S = {iy,...,ir} and
index i; € S, let us introduce

g = {R(S) exists, | RV A||p < @y, [|[RD|p < Uy, |z7IT +mS2)7 < Co,
and |1 + NﬁlngR(S)gj] > ¢ forallj € S\ {zl}}

Comparing with the definition of £(S) from (C.2), observe that only the last condition defining &’
is different (where we do not require the bound for j = 7;), so that this event £’ is independent of
gi,- Then &, C £(S) € &', and

L

14 1{5’}1{55}] : (C.20)

=1

=E

F [ﬁ q" - 1{&}
=1

ﬁ g 1{5’}] ~E
=1

For the first term of (C.20), observe that both {¢"") : I’ # 1} and &£’ are independent of gi,» and
only the one factor Yigs) [d] or ZZ.(E.L [d] in ¢ depends on gi,- Then, noting that E,, [Yi(s) [d]] =0
and Eg, [Ziﬁ) [d]] = 0, the first term of (C.20) is 0. For the second term of (C.20), observe that
all statements of (C.6) continue to hold with £(S) replaced by &', except for the bound on QZ(»ZS).
But les) appears neither in {q(l/) : I # 1} nor in ¢V, so we may apply Holder’s inequality to
get B[| [T/, ¢®21{&"}] < NC for a constant C > 0. Then, applying Cauchy-Schwarz and

1{&¢} < 0, the second term of (C.20) is bounded by N—2 " for any fixed constant D’ > 0 and all
large N. Thus,

L
E [H gV - 1{&}] < NP (C.21)
I=1
In the second case, every index i; that appears exactly once in (i,...,iy) appears as a lower

index of q(l/) for some [’ # [. Call the number of such indices K. Then condition (b) of Lemma 17
implies that the total number of factors of the forms Z () [d], Bj(.i) for j # k, and C’j(.,f) across all

ijk
monomials ¢, . .., ¢(") is at least K. Then, by the bounds of Lemma 15 and Proposition 8(d), we
have
L
E|J]4"- 1{&}] < (N"oy) Kok, (C.22)
I=1

Under the given condition @, ¥y > N, we have NP < (N~1W )KL for large enough
D’. Then, combining the two cases (C.21) and (C.22) and applying this back to (C.19), we get

E[m(i1,...,i5)] < (N10y)Eok (C.23)
where K is the number of indices in S = {i1,...,4r} that appear exactly once in (iy,...,3r). Let
J be the number of distinct indices in S = {i1,...,ir} that appear at least twice in (i1,...,3r).
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Then 2J + K < L, and the number of index tuples (i1, . ..,iz) € [N]" with these values of (J, K)
is at most C N’/*X  for a constant C' = C(.J, K) > 0. Then, applying (C.23) back to (C.17) yields

N L
E Y(’) 1 NJ—I—K' N-1g K(I)L
(Z m) fen}] < omax (Nt Fof
1=

= N> okl < U VN ERL
et (VNP < max(Wy, VN)E R

Finally, by Markov’s inequality, the probability in (C.16) is at most
N L
max(¥y, VN) Lo EN L E (Z A [0]> 1{&}| < N,
i=1

and (C.16) follows as desired under our initial choice L = L(e, D) > D/e. [

C.2. No eigenvalues outside the support
We now prove Theorem 10. Let my(z),mn(2z) be the Stieltjes transform of the N-dependent

deterministic measures yy, jiy. For each 2 € CT, iy (2) is the unique root in C* to the equation

dvn(\), (C.24)

1 A
e 7N/ T+ M (2)
and my(z), my(z) are related by my(z) = yvmn(2) + (1 —yn)(—1/%). Define the discrete set

Tn ={0}U{=1/X: X € supp(vn)}. (C.25)

On the domain C \ Ty, we may define the formal inverse of (C.24),

1 A
n)=—— dvn (A C.26
an(m) = —— +7N/1+)\m vn(N), (C.26)
which is a finite-/V analogue of (A.4). Let Sy be the deterministic support defined in (B.2), and let
Un (¢) be the spectral domain (B.3). The following basic properties of Sy and iy (z) are known.

Proposition 18 Suppose Assumption 5(a) holds, and fix any € > 0. Then there exist constants
Co, co > 0, depending only on € and the constants C, c of Assumption 5(a), such that for all x € Sy
we have |x| < C, and for all z = x + in € Uy () we have

c<|my(2)] < C, en < |Immy(z)|] < Cn, min |1+ Ampy(z)] > ¢
Aesupp(vn)
Proof. See (Fan and Johnstone, 2022, Propositions A.3, B.1, B.2). [ |

Letmp(z) = N7' Tr(K — 2I)~! be the Stieltjes transform of the empirical eigenvalue distri-

bution of K = GG . Since K and K = G G have the same eigenvalues up to [N — n| 0’s, we
have

mg(z) = ywmi(z) + (1 —yn)(—1/2), (C.27)
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so in particular m g coincides with mﬁ,@ from (C.1). We begin with a preliminary estimate for

the Stieltjes transform m g (2) when Imz > N~!/1!_ Similar statements have been shown in
(Silverstein, 1995; Bai and Silverstein, 1998), and we provide an argument here following ideas of
(Bai and Silverstein, 1998, Section 3) for later reference.

Lemma 19 Fix any € > 0, and suppose Assumption 5 holds. Then, uniformly over z = x + in €
Un/(g) withTm z > N~1/11

1
mg(z) —my(z) < Vi

Proof. Let R and m&? be as defined in (C.1) with I' = zI. Applying the Sherman-Morrison

formula ) _
o _N'RUg,g] R

R=RY -~ TNig RO, (C.28)
for any matrix B € C™*" we have
1L
TrB =Ti(K — :I)RB = —zTr RB + ;gi RBg,
— —2TrRB + ;IZN: giTI_:{(l)TBg"_ . (C29)
1+ N-1g/ ROg,

i=1

Choosing B = I in (C.29), applying Tr R = nmg = Nmg + (n — N)(—1/z), and rear-
ranging, we obtain the identity

My = —~— (C.30)

Now fix any deterministic matrix A € C™*", define
1 - _ 1 _
di =~ gl RVA(I + mp%) g, — ~ T RA(I +mg) s,
and choose B = A(I 4+ m )~ ! in (C.29). Then, applying also the identity (C.30), we get

Tr A(I + mkE)’l

N
d.
= Z2TrRAI+mzY) ' —2me TTRAI +m a2 X)) 'Y + : :
( &) K ( i) ;1+N19IR(1)9,-
N d:
=—2TrRA + - . (C.31)
ZZ; L+ NﬁlgiTR(Z)gi

We proceed to bound d;, where (for later purposes) we derive estimates in terms of the Frobenius
norms of R, RA, R(z), R A rather than their operator norms. Note that Assumption 5(c) implies,
for any matrix B € C"*" independent of g,,

|Bg,||> = g; B*Bg; < TtSB*B + | B*B||p < | B|3. (C.32)
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We have also, by Assumption 5(c) and the Sherman-Morrison formula (C.28),
N YTrRB-—TrRYB|=N"21+N"'g]RYg,| g RVBR"g,|
< N721+N1g/RWg,|} (| Tt SRYBRY| + IIR(i)BR(i)||F>
< N1+ N g/ RVg,| " |[RYB| || RV | p. (C.33)
Define d; = d; 1 + d; 2 + d; 3 + d; 4 where
dis = N'g] RDA(I +m %) 'g,— N'g] RDA(I + m\)=) g,
dio=N"g/ROAT +mY)x) g, — N ' Tt SROA(T + m{®)~ 1,
dis = N 'TrSROAI +m{)s) ! - NI Tr SRA(I + m{)=:) !,
dig=N"'TrSRAI +m{x)™ - N~ 1TrzRA(I+mk2) L

(C.34)

Applying the identity A~! — B~! = A=Y(B — A)B™!, the definition of mgg in (C.1), and the
bounds (C.32) and (C.33) (the latter with B = I),

[dia] < N7 lgi RO AN +mg D)~ |07 —mg)SIIT +mi =)l
< N1+ N7l RO g, | RO A||p | ROIF (L + mg2)H|II(L +mid %)~

(C.35)
Applying Assumption 5(c),
\d, ROAI + ) r < NYRDA|p||(T +l2E) 7. (C.36)
disl < N72[1+ N~'g] ROg, | |ZRWg,| g7 AR +m{):)~|
< N21+ N'g] ROg,| Y| RO A| ¢ | RV | p||(I + @) 1. (C.37)

Finally, applying A~ — B~! = A=Y(B — A)B~!, (C.33) (with B = I), and |Tr AB| <
|A|lr|Bllr < VN|A|r|BI

dis| = N Tr SRAT + ) (ml) — m g ) ST+ mgx) ™
< N1+ N7'g] ROg, | |[RA||p | RIFI(I + WD) (T +mg =)~ (€38)
For the current proof, we apply (C.31) and the definitions (C.34) with A = I. Recalling
Tr R =nmg = Nmg +(n—N)(—1/z) and rearranging (C.31) with A = I, we get the identity

N
1 1 d;
an(mg) — 2= C— g . (C.39)

mk N i1 1 + N_lg;rR(l)gl

where zy(m) = —(1/m) + N~ Tr (I + mX)~! is the function defined in (C.26). For any
z = x +in with n > 0, we have

|2(1 4+ NﬁlgiTR(i)gi)] > Im[z(1+ NﬁlgIR(i)gi)] >Imz =7, (C.40)
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max(|R|[r, [RV|F) < N'? max(| R||, |[RV]) < N'/p~". (C.41)

Here, the second inequalities of both (C.40) and (C.41) follow from the spectral representations of
R,RY, ) ie. writing (\;, vj) , for the eigenvalues and unit eigenvectors of K (@), we have

n n
1 z
Im|zg, R() =Im|zg; Z v Zvj'va g;| = Zlm . (giT'vj)2
1 7\ j=1

Aj—z

; 1
IRV = vjvf || =max | — 2|7 < g7

and similarly for || R||. In particular, (C.40) and (C.41) imply
1+ N 'g/RWg)~t < n1, R||p, |RD||p < N2y~ (C.42)
7 (2

Next, observe that if m(z f e ) is the Stieltjes transform of any probability measure 1
supported on [—B, B, then forz =z + in With n > 0and |z| < e, we have

A — 2|
A=z

Imm(z) = / ﬁdu(/\) >, |Rem(z)] < du(A) < (C/n) Imm(z)

for some constants C, ¢ > 0 depending on ¢, B. Consequently, for any A > 0, either A\-| Rem(z)| <
1/2 0or A-Imm(z) > 2n/C, so |1 + Am(z)| > max( 2 ,2n/C). By Assumption 5(b) and Weyl’s
inequality, we have 1{||K| > B} < 0 and 1{|[K®| > B} < 0, and on the event where

|K|, |K®| < B, we have that m z i mEK) are Stieltjes transforms of probability measures sup-
ported on [— B, B]. Thus, this implies

mg| ™ < Immg|™ <07t max(|(I+mgS) ), (I +R@S) ) <0t (C43)

Applying these bounds (C.42) and (C.43) to (C.35)—(C.38), we get d; < N~ 1= 0 4+ N—1/2p=2 <
2N ~1/2y=2 for n > N~/ Then, applying these bounds (C.42) and (C.43) also to (C.39), we get

1

The proof is completed by the following stability argument: When n > N —1/11 " we have
1/(v/Nn*) < n = Im 2, so (C.44) implies in particular that
1{zn(mg) ¢ C'} <0. (C.45)

On the event zy(mg) € CT, recalling the implicit definition of 7y : Ct — C* by (C.24), the
value 1 (2N (m g )) must be the unique root u € C* to the equation

1 A
w(m) =+ [ (Y,
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i.e. to the equation zy(mg) = zny(u). This equation is satisfied by v = mg € C*, so we
deduce that 7y (2n(mg)) = mg. Then, applying that z € Uy(¢) and that iy : CT — CT is
(4/£?)-Lipschitz over the domain Uy (/2), we obtain from (C.44) that

1
VNt

Together with (C.45), this yields the lemma. |

ZHzNOnk)eC+}Onk—ﬁnd@)::l&NOnk)eC*}OﬁN@NOnR»—wﬁNQQ><

Corollary 20 Fix any € > 0, and suppose Assumption 5 holds. Then there is a constant C' > 0
such that uniformly over z € U () withTm z > N~/

1{|R(2)|r > CVN} < 0.

Proof. Since m g (z) = ywmg (2)+(1—yn)(—1/z) and my(2) = ynmy(2) +(1—yn)(—1/2),
Lemma 19 implies also
1

VN
Observe that Immy(z) = [n/|X — z|*dun(N) < ne2 for z € Up(e), so 1{Immg(z) >
(14 & 2)n} < 0. Then by the identity | R(2)||% = >, 1/]z — M(K)|? = (n/n) Immk(z), we
get 1{|R(2)||r > CV/N} < 0 for a constant C' = C(¢) > 0, as desired. [ |

mg(z) —my(z) < <.

We may now apply Corollary 20 and the fluctuation averaging result of Lemma 14 to improve
the estimate of Lemma 19 to the following result.

Lemma 21 Fix any € > 0, and suppose Assumption 5 holds. Then, uniformly over z = x + i1 €
Un(e) withIm z > N~/
. 1

mg(z) —my(z) < N

Proof. We derive an improved estimate for (C.39). First, combining Lemma 19 with the bounds
for m(z) in Proposition 18, there are constants Cy, ¢ > 0 for which

1{|mg|>Co} <0, Umg|<co} =<0, VT +mgE)>Co}t <0 (C46)

uniformly over z € Uy(e) withImz > N —1/11 " Next, applying Assumption 5(c), we have also
uniformly over i € [N],

N-lgTRWg, = NI Tr RO 1 O (N—1||R“>\|F)
—N'Tt' SR+ O, (N—2\1 + N_lgl-TR(")gi]_lﬂR(i)H%) + 0. (N—luR@HF)

where the second line follows from (C.33) applied with B = X. Applying |RD |z < N2 by
Corollary 20 and the estimate |1 + N~'g R®Wg,|~' < 5~ from (C.42), this gives

1+ Nlg/Rg. =1+ N'Tr SR + O (N‘1/2) . (C.47)
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Then, applying this and |1 + N~'g] R g,|"! < n~! to (C.30),

1 1

o N-1/2 —2).
ME =77 1+N*1Tr2R+O<( "

Together with the first bound of (C.46) and the bound |z| < 7! for z € Ux/(¢), this implies for a
constant ¢o > 0 that 1{|1 + N~' Tr ZR| < ¢y} < 0, and thus 1{|1 + N~'g] RWg,| < ¢o} < 0.

Applying Corollary 20 and the above arguments now for K (%) and R in place of K and
R, we obtain for any fixed L > 1 and some constants Cy, ¢y > 0, uniformly over S C [N] with
|S| < L,overi € S, and over z € Uy /() with Im z > N~/

1| > Co} <0, 1{ims| < co} <0, T +mEE)!| > Co} <0,
1{|R®||p > CVN} <0, 1{{1+ N 'TrZR®™| < ¢} <0, (C.48)
1{|1+ N'g] R®g,| < ¢} < 0.

(We remark that a direct application of the above arguments for K (%) yields the first three estimates

of (C.48) for the quantity 1251 i) = E TR + 2
(9)

estimates for .’ then follow for slightly modified constants Cy, ¢y > 0 because |S| < L.)
Finally, applying (C.47) and (C.48) back to (C.39) and (C.35)-(C.38) with A = I, we get
|diils 1disl, |dial < N7V |di| < N7V, and

(—1/z) in place of 'fn(lg), and the

N
lan(mg) — 2 < | = |+ O(N )
N ; 1+ N-1g/Rlg,
1 1 .
"N 1+N'TrZR 2| T O<(N7Y).
=1

The statements of (C.48) verify the needed assumptions of Lemma 14 with A = I, T = 21, and
®y = Uy = CvV/N. Then Lemma 14 gives Zf;l d;2 < 1, and hence

len(mg) — 2| < N1

The proof is then completed by the same stability argument as in the conclusion of the proof of
Lemma 19. u

Proof of Theorem 10. We apply the idea of (Bai and Silverstein, 1998, Section 6). Let z = x+ 17,
where dist(z, Sy) > ¢ and = N~/!1. Taking imaginary part in the estimate m g (z) — mn(2) <
N~ of Lemma 21 and multiplying by 7 gives

UK U
*Z e T <

Fix any integer P > 1, and apply this instead at the point 2 = x + i\/pn foreachp = 1,..., P.
Then

1y Ui U U
- T _ginO) < Lforallp=1,...,P.
N; — 2)2 + p2 /()\—w)2+pn2 N
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Taking successive finite differences using

1 1 1 _ n?
P gt Iy =2 +pr® TLE (=224 ) TRL (A - 2)% + pr?

we then obtain

1 N 772P

/ n2P
N ST NE) =02 +pn?] T [0 - 2)? + prr?]

diin(A) < (C.49)

2=

Since dist(z,Sy) > e, the second integral term of (C.49) is bounded by Cn?" for a constant
C :=C(e,P) > 0. Thus, we get

N

n*" N, op
Z P - 2 2 = N +1
j=1 szl[()‘j(K) —x)? + pr?

=1ie

N
1 —
D UN(E) € (@ - o)} <
j=1
where the first inequality holds for a constant C' := C'(P) > 0. Finally, recalling n = N —1/1 and
taking any P > 6, we get /N + n?!’ < 1/N, hence
1{there exists an eigenvalue of Kin(z—n,z+ n)} < 0.

Recalling Assumption 5(b) and taking a union bound over x belonging to a n-net of [—B, B] \
(Sy + (—¢,¢€)) (with cardinality at most CN''/11), we obtain

1{there exists an eigenvalue of KinSy + (-, )} <0.

The theorem follows from the observation that K has the same non-zero eigenvalues as fI?, and all
0 eigenvalues belong by definition to Sy. |

C.3. Deterministic equivalent for the resolvent

In this section, we prove Theorem 11.

Lemma 22 Suppose Assumption 5 holds. Let

S n S ~(S S) (S S
W= oy =28y, A =Wl + =40
N —|S]| N

be the analogues of YN, LN, fin defined with the dimension N — |S| in place of N. Then for any
fixede > 0and L > 1, all large N, and all S C [N] with |S| < L,

supp(jils)) C supp(jin) + (—¢,€)

Proof. Let 7y and zy : C\ Ty — C be as defined by (C.25) and (C.26). Define similarly

1 A
Wi =5+ [ man®, ATy o
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We recall from Proposition 9 that € R \ supp(fiy) if and only if there exists 7 € R \ Ty where

zn(m) =  and 27, (m) > 0; the analogous characterization holds for R \ supp( ﬂg\}q)) and z](\}q) (m).

Now fix any €, L > 0. By Proposition 18, there is a constant Cy > 0 such that supp(ﬂg\}g)) -
[—Ch, Cp] for all |S| < L and all large N. Consider any x € [—Cj, Co] \ (supp(in) + (—¢,¢)).
Then [x—¢/2, z+¢/2] C R\supp(fin), so my is well-defined and increasing on [z —e/2, x+¢£/2].
Define [m_,my| = [my(z—e/2), my(x+e/2)]. Then Proposition 9 implies that z is increasing
on [m_,m4],and 2y ([m—, m4]) = [xr —e/2,x+¢/2]. Again by Proposition 18, there is a constant
¢ > 0 such that, for any such z € [—Cy, Cy| \ (supp(fin) + (—¢,¢€)), we have

min min |14+ Am > c.
yelo- o /2] et | N ()|

This then implies that there is a constant C' > 0 for which

dVN()\)‘ < g < 6/2

=

A
14+ Am
for all m € [m_,m4], |S| < L, and large N. Then z](f)(m,) < zy(m-) +¢/2 = x and

z](\f) (m4) > zn(my) —e/2 = x. (Silverstein and Choi, 1995, Theorem 4.3) shows that if
mi,mge € [m_,my]| satisfy z](\}g)/(ml) > 0 and z](\}g),(mg) > 0, then zj(\f),(m) > 0 strictly for

all m € [mq, mo]. By this and the continuity and differentiability of zj(f) on [m_, m4], there must

/
be a point . € (m_,m4) where z](\‘?)(ﬁ”L) = x and z](\f) (m) > 0 strictly. Then Proposition 9

implies that = ¢ supp(ﬁg{?)). This holds for all z € [—Cy, Cp| \ (supp(fin) + (—¢,¢€)), implying

supp(ﬂg\‘,q)) C supp(fin) + (—¢, €) as desired. [ |

128 () — an ()] = ) — ] - \ /

The following now applies Lemma 22 and Theorem 10 to extend the estimates (C.48) previously
obtained over {z € Un(¢) : Im z > N~1/11} to all of Uy (e).

Lemma 23 Fix any ¢ > 0 and L > 1. Then for some constants Cy,cy > 0, uniformly over
z€Un(e), S C[N]with|S| < L,andi € S, we have
- (S - (S - (S _
1{ling (2) > Co} <0, {mE (=) <o} <0, 1{|(T +mE (2)%)7!| > Co} <0,
H{|R9(2)] > Co} <0, {1+ N 'TrZR®(2)] < co} <0,
{1+ N'g/ R¥)(2)g;| < co} < 0.
Proof. By conjugation symmetry, it suffices to show the statements for z € Uy (¢) with Im z > 0.

Denote for simplicity R®) = R (%) and fn(Ig) = m(ig)(z) Let S](\,S) = supp(uﬁ\}q)) u {0} =

supp(ﬂg\f)) U {0} where ug\f), ﬂg\}g) are as defined in Lemma 22. Then Theorem 10 applied to K (%)

guarantees that
1{ K has an eigenvalue outside S](\}g) + (—¢/4,e/4)} <0,

uniformly over all S C [N] with |S| < L. Note that 8](5) + (—¢/4,e/4) C Sy + (—¢/2,¢/2) by
Lemma 22. Then, applying the bound || R || < 1/dist(z, S](\}g)) and the condition z € Un/(e), we

get
1{|RS)| > 2/} < 0. (C.50)

40



NONLINEAR SPIKED COVARIANCE MATRICES IN DEEP LEARNING

The remaining statements have already been shown for z € Uy(e) with Imz > N~V
in (C.48). For z = x + in where € [0, N~Y/11], define 2/ = z 4+ iN~Y/''. On the event
that K () has no eigenvalues outside Sy + (—¢/2,¢/2), both N~1 Tr ZR®)(2) and mf,ﬁ)(z) =
N=1Tr R®)(z) + vn(—1/z) are C-Lipschitz over z € Uy (e) for a constant C' = C'(e) > 0, and
N-'gl R (2)g, is CN~!| g;]|>-Lipschitz where N~!||g,]|*> < 1 by Assumption 5. Then

NT'TrSRE)(2) - N e SRE () < NV @l (z) —mld (2) < N~V

N~'g/R®)(2)g, - N"'g] R (')g; < N~V

so the remaining statements of the lemma hold also for z € Uy () with Imz € [0, N"V/11].  H

Proof of Theorem 11. Again by conjugation symmetry, it suffices to show the result for z € U (¢)
with Im z > 0. Denote for simplicity R*Y) = R®)(z) and mg;? = m(s)( ). The first estimate of
Lemma 23 implies

IR |r > CVNY <0,  {|ROA|r > CllA]#} <0 (C.51)

uniformly over z € Uy (g) and A € C™*™. Then also, by Assumption 5(c) and (C.33) applied with
B =3,

14+ N"'g/ RVg; = 14+ N e BR + O« (N1 + N'g] RO, RO |} + | RV )

— 1+ N 'TrSR+ 0. (N*W). (C.52)

Let d; = d;1 + d; 2 + d; 3 + d; 4 be as defined in (C.34) with A = I. Then, applying (C.51),
(C.52), and the bounds of Lemma 23, we obtain exactly as in the proof of Lemma 21 (using

again the fluctuation averaging result of Lemma 14) that, uniformly over z € Up(g), we have
il |dials [dial < N7V |di2] < N71/2, and

1 1
N 1+N'TrR

1,2

lan(mg) = 2] < +O<(NTH) =0<(NTY).

Fix any ¢ > 0. If Imz > N~'*, then this implies 1{zn(mg) ¢ C"} < 0. By the same
stability argument as in Lemma 19, we get m g (z) — my(z) < N~! uniformly over z € Un ()
with Imz > N1 For Imz € [0, N~1*], on the event that all eigenvalues of K belong to
SN+ (—€/2,¢/2), we may apply that both m g (2) and 7y (2) are C(¢)-Lipschitz over z € Un(¢)
to compare values at z = x + in and 2’ = x + iN 1. Applying m g (2') — mn(2') < N71, we
then get for any D > 0, all z € Un(e), some constant C' > 0, and all large N,

P(lmg(2) —mn(2)] > CN1T] < N7P.

Since ¢ > 0 is arbitrary, this shows mg(z) — rn(z) < N~! uniformly over z € Uy(e). The
bound mg (z) — my(z) < N~ then follows from m g (2) = ywmk(z) + (1 — yn)(—1/z) and

my(z) = vmy(2) + (1 =n)(=1/2).
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For the estimate of Tr RA, we apply the definition of d; = d; 1 + d; 2 + d; 3 + d; 4 from (C.34)
and the identity (C.31) now with this matrix A. Then (C.31) gives

N

Tr {RA — (=2l — szE)_lA} = EZ di

z 1+ N-1g/RUg,

Applying (C.51), (C.52), and the bounds of Lemma 23 to (C.35)—(C.38), uniformly over z € U (¢)
and A € C™", we have |d; 1|, |di 3|, |dia| < N73/2||Al|F, |di2] < N~1|A|F, and hence

N
D diz
i=1

Finally, applying Lemma 14 with T' = zI, U (T) = CVN, and ®x(T', A) = C| Al (where
we may assume without loss of generality || A||r € (N, NV) by scale invariance of the desired
estimate with respect to A), we get | . d; o] < N~'/?|| A||p. Thus,

N 1

1IN TTER

+0. (N—l/QHAHF).

d;
; 1+ N-1g/Rlg,

1
Tr [RA (2D — zmkz)*lA] < 5 Il

Appendix D. Analysis of spiked eigenstructure

We now consider the asymptotic setup of Appendix B.2 and prove Corollary 12 and Theorem 13.
As all the desired statements are invariant under conjugation of 33 by an orthogonal matrix, we may
assume without loss of generality that X is diagonal and of the form

%= <2(3, 200>> 3, = diag(M(E), ..., (X)), To =diag(Ar+1(X), ..., (X))

Denote the block decomposition of G corresponding to 33, 339 as
G = [G,, Gy, G, € RV*T, Gy € RVx(n=7),
We remind the reader that G- and G need not be independent.

D.1. No outliers outside the limit support

We consider first the setting of = 0, and prove Corollary 12 together with some uniform conver-
gence properties of 7y and 2z that will be used in the later analysis.

Recall the domain 7y and function zy : C\ Ty — C from (C.25) and (C.26), and their
asymptotic analogues 7 and z : C\ 7 — C from (A.3) and (A.4).

Lemma 24 Suppose Assumption 5 holds, and Assumption 6 holds with r = 0. Then, as N — oo,

(a) zn(m) and its derivative 2 () converge uniformly over compact subsets of C\ T to z(1mn)
and z'(m).
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(b) Foranye > 0 and all large N,
supp(fin) € supp(ft) + (=€, €).

(c) mn(z) and its derivative m'y (=) converge uniformly over compact subsets of C \ supp(f1) to
m(z) and m’(z).

Proof. For part (a), let K C C\ 7 be any fixed compact set. Then K does not intersect some
sufficiently small open neighborhood of the compact domain 7. If Assumption 6 holds with r = 0,
then 7y is contained in this open neighborhood of 7 for all large N, so K C C\ Ty, and both zx
and z are well-defined on K. The pointwise convergences zn(m) — z(m) and 2y (m) — 2/(m)
on K then follow from vy — -, the weak convergence vy — v, and the uniform boundedness of
the functions A +— A\/(1 + Arn) and A +— A2/(1 + Am)? on an open neighborhood of supp(v), for
m € K. This convergence is furthermore uniform because {zx } and {2/} are both equicontinuous
over K.

For part (b), consider any x ¢ supp(fi) + (—¢,¢). Then [x —e/2, x4+ ¢/2] C R\ supp(f), so m
is well-defined and increasing on [x — /2, x + ¢/2]. Let [m_, my] = [m(z — /2), m(x + ¢/2)].
Then by Proposition 9, 2/(m) > 0 for all m € [m_,my], and z([m—,m4]) = [x — /2,2 + &/2].
The uniform convergence in part (a) implies for all large N that zy(m—) < x, zn(m4) > z, and
27 (m) > 0 for all m € [m_,my]. Then there exists m € [m_,m] where zy(m) = x and
2 (m) > 0, implying by Proposition 9 that « ¢ supp(fin). So supp(fiy) € supp(f2) + (—¢,¢€) as
desired.

For part (c), let K C C \ supp(jz) be any fixed compact set. Then K does not intersect some
sufficiently small open neighborhood of the compact set supp(jt), so the inclusion of part (b) im-
plies K C C \ supp(fin) for all large N, and both 7y and 7 are well-defined on K. The uniform
convergence my (z) — m(z) and m/y(z) — m'(z) on K then follow from the weak convergence
fix — fi, the uniform boundedness of the functions A\ ++ 1/(\ — z) and A ~ 1/(A — 2)? on an
open neighborhood of supp(jz) for z € K, and the equicontinuity of {my} and {/my} on K. W

Proof of Corollary 12. By Lemma 24(b), for any fixed ¢ > 0, we have Sy + (—¢/2,¢/2) C
S + (—¢,¢) for all large N. Then by Theorem 10,

1{K has an eigenvalue in R \ (S + (—¢,¢))
< 1{K has an eigenvalue in R \ (Sy + (—¢/2,¢/2))} < 0.

D.2. Deterministic equivalents for generalized resolvents

We next introduce two generalized resolvents for the matrix K, and extend Theorem 11 to establish
deterministic equivalents for these generalized resolvents.
Define the spectral domain

Ule) = {z €C:|z| <7l dist(z,S) > e}
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where S is the limit support set defined in (B.4). Given z € U(e) and o € C, define a diagonal
matrix

N _ T _ (Z a)IT 0 nxn IT nxr
F.—I‘(z,a)—zIn—l—aVTV,,—( 0 I, eC"" V.= 0 e R,
(D.1)

Define the first generalized resolvent

R(z,a):<(§ _G;N> € CIrHN)x(n+N), (D.2)

This matrix inverse exists if and only if the Schur complement G' G — T' = K — T for its lower
right block is invertible, in which case the upper-left block of R(z, a) is R(T') = (K —T')~!. The
following provides a deterministic equivalent for this block of R(z, ).

Lemma 25 Under the assumptions of Theorem 13, for any fixed ¢ > 0, there exist Cy,ay > 0
(depending on €) such that fixing any o € C with |a| > «, the following hold:

(a) The event
&= {’R(z, ) exists and ||R(z, )| < Cy forall z € U(E)}

satisfies 1{E} < 0.

(b) Uniformly over z € U () and deterministic unit vectors v1,v2 € R",

T V2 T 5 -1 1
(v O0)R(z, ) ( O) +v (T +z-mno(2)2) vaf < N (D.3)
In the setting of Theorem 13(c), let u = ﬁ(ul, ... uN) € RY be the additional given vector
for which {(u;, g]T)}jvz1 are independent vectors in R"*1. For z € U(¢) and a € C, define
S E[u2] E[“Q]T (n+1)x (n+1)
> = (E[ug] - )€eR , (D.4)
I =T(z,a)= <Z —g “ 1(:) e ClrtD)x(nt1)
where E[u?] and E[ug] denote the common values of ]E[ujz] and Efu;g,] for j = 1,..., N. Define
the second generalized resolvent
~1
N ~ T -1 —(z4+a) 0 ul
R(z,«) = < _I(‘; [, Cj] ) = 0 T a7 ¢ CnH1+N)x(n+14N)
[u7 ] - u G _IN
(D.5)

We have the following deterministic equivalent for the upper-left block of ’k(z, «), which is analo-
gous to Lemma 25.

Lemma 26 Under the assumptions of Theorem 13(c), for any fixed € > 0, there exist Cy, a9 > 0
(depending on €) such that fixing any o € C with |a| > «y, the following hold:
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(a) The event

&= {ﬁ(z, o) exists and |R(z, )| < Co forall z € U(e)}
satisfies 1{€°} < 0.
(b) Uniformly over z € U (g) and deterministic unit vectors v1, vy € R"1,

1
—. D.6
< Ix (D.6)

(v 0)R(z,q) <%2> + v (f‘ +z- mN,o(z)fl) _11)2

In the remainder of this section, we prove Lemmas 25 and 26. Recall
KN, = /71;41570 X v o, AN = YNo0kN, + (1 —vn,0)d0.
Define the bulk components of the sample covariance and Gram matrices
Ko =G Gy e Rx0=n) K- GGf e RNV, (D.7)
Define also the N-dependent bulk spectral support and spectral domain

SN, = supp(un,0) U{0} = supp(fin,o) U {0},
Uno(e) = {z € C:|z| <e ' dist(z,Sn0) > ¢} (D.8)

Lemma 24(b) shows Sn0 € S + (—¢/2,¢/2) for any fixed € > 0 and all large IV, so also U(e) C
Uno(e/2) for all large N. Thus, the results of Appendix C applied to K, which hold uniformly
over z € Unp(e/2) for any fixed ¢ > 0, also hold uniformly over z € U(e). In particular, the
following is an immediate consequence of Corollary 12 and Theorem 11, which we record here for
future reference.

Lemma 27 Suppose Assumptions 5 and 6 hold. Then for any fixed € > 0,
1{ K has an eigenvalue outside S + (—¢,e)} < 0.
Furthermore, uniformly over z € U (¢),
mr, —mno(z) <1/N, mg —myo(z) <1/N.

We now check that for sufficiently large ||, the generalized resolvent R(z, cv) exists and has
bounded operator norm with high probability.

Proof of Lemma 25(a). Let
&= { all eigenvalues of K belongto S + (—¢/2,¢/2), and ||G|| < \/E}
By Assumption 5(b) and Lemma 27, 1{&'“} < 0, so it suffices to show £ C £. On this event &',

for any z € U(e), we have that each eigenvalue of K is separated by at least £/2 from z. Then

- Infr GT - n—r n—r
Ro(2) ::( ZGO _ION> € Cln=r+N)x(n=r+N) (D.9)
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exists for all z € U(e) because the Schur complement Ko — zI,,_, of its lower-right block is
invertible. Furthermore, denoting Ry = (Ko — 2I,,_,)"!, we have ||Rq|| < 2/¢ and ||Go|| <
|G| < VB, so

Ry RyG,
= < .
Ro)l = | (rmy Gorest- 1) <€ .10

for some constant C'; depending only on €, B.
Now write R(z, «) as defined in (D.2) in its block decomposition with blocks of sizes  and
n — r + N. Then the Schur complement of the upper left block of size  x r is given by

S=—(0 G)Ro(2) <(‘;’> —(a+ ), D.11)

Notice that
SS* = |a+ 2L+ (0 GJ)Ro(2) ((g) (0 GRo(2) (g) (D.12)
+(@+2)(0 G})Ro(2) <£> + (a+2)(0 G;r)’li()(,z)((g) (D.13)

where the first two terms are positive semi-definite. Therefore, applying (D.10) and |G| < |G| <
/B on the event £’, there exist ag, co > 0 depending only on &, B, such that

Auin(§8%) 2 Ja+ 2|* = 2(la] + |2))1G, | *| Ro(2)]] > co (D.14)

for any z € U(e) and || > «p. Consequently, under the event £, the Schur complement S in
(D.11) is invertible with ||S™1| < 051/2. Then R(z, o) exists, and

S! -S710 G )Ro(2)
R(z, = 0 _ 0 _ < C
IRzl ~Ro(2) (G >s 1 Ro(2) + Ro(2) (G )s o GT)Ro(2) 0
(D.15)
for a constant Cy > 0 depending only on ¢, B. This shows £’ C &£ as desired. |

For the matrix T' = I'(z, a) in (D.1), recall the definitions of R**)(I") and Th(Ig) (T') from (C.1).
The following provides an analogue of Lemma 23 for these quantities.

Lemma 28 Fix any € > 0 and L > 1. Then there exist Cy, cg, g > 0 such that for any fixed
a € Cwith |a| > ag, uniformly over S C [N] with |S| < L, over j € S, and over z € U (¢),

1{[mi (D) > Co} <0, (D) < co} <0, 1{|(z"'T +mf (D)%)~ > Co} <0,
1{|RE(D)| > Co} <0, 1{1+N'TrSRE()| < ¢} <0,
1{|1+ N~'g] R¥)\(I)g,| < co} < 0.
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Proof. Suppose || is large enough so that Lemma 25(a) holds. Since R(T") is the upper-left block
of R(z, ), Lemma 25(a) applied with G**) in place of G shows that 1{||R**)(T)|| > Cp} < 0
for a constant Cp > 0, uniformly over S C [N] with |S| < L and over z € U(¢). For the remaining
statements, let Gés) e RIV=ISDx(n=7) pe the submatrix of G with the rows of S removed, and
define ) _a® ' 'qd Y _a®aqs!’

Ky =Gy’ Gy, Ky =Gy Gy,
1

n—r

- 1
Tr RE)S), mgg = 'yN,om(Igg + (1 —np) (—;)

S S — S
Ry = (K —2I,,)7!, ml) =

Then by Lemma 27 applied to K (()S), also 1{ HRE)S) || > Co} < 0 for a constant Cp > 0.
Using these bounds, we first show the comparisons

g (T) — mig) | < 1/N,  |[N'TrSRE(T) - N7 Trz:ORgS)‘ < 1/N. (D.16)

For the first comparison, notice that in the decompositions into blocks of sizes r and n — r,

n—r (s 1 0 O
n mKo_nTr<0 R

and

m(T) = %Tr RO(I)

1 Tr<G£S>TG£S) —(a+2)I, GGV )1
n Gy e K — 21y g

i olSE Joprenmy )
n _R[SS)GE)S)TG£S)(S£S))_1 RE)S) +RéS)G(()S)TG&S’)(S£S))_1G£S)TG65)R[%S) )

where
) .= GEOTGE — (a+ 2)I, - GOTGP RGP TG (D.17)
is the Schur complement of the lower-right block. We have H(Sﬁxs))_lH < |RUND)|| < 1,

||R(()S)|| =< 1, and by Assumption 5, HG(()S)H < 1 and \|G$S)|| < 1. Combining these bounds
and using | Tr A| < r||A|| when A has rank 7 (as follows from the von Neumann trace inequality),

n—r (S)
mK
n 0

Te (57("5))—1 —(Sgs))_lG,(ﬂS)TGE)S)R((]S)
n _R(()S) G(()S)TG&S) (57(:5')),1 R[()S) G(()S)TG£S) (57(«5))71 Gf«S)TG(()S) RéS)

‘m&?’m -

IN

r

1
TSI TR G s GG R

IA
|23+

_ r S S _
IS+ GGy PR PI(SE) | < 1/N.

Then also ]m(lg)(I‘) — mgg\ < 1/N since |m(I§()J\ < ||RéS)H <land (n—71)/n=1+O<(1/N).
Hence |7h(lg)(I‘) — mgg\ < 1/N from the definitions mg)(r) = nym(Ii)(l") + (1 —yn)(—1/2)
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and fn(s()) = ’)/Nom(K) +(1—7no)(—1/2),as |1/z| < eforz € U(e) and vy = v +O<(1/N).
The proof of the second comparison of (D.16) is analogous, considering in addition

1 0 O > r 1

- — N == N < = (5) —

nn(z- (0 ) )ROD = I OV ROm < LIRS w) <
(D.18)

Now, Lemma 23 applied with K shows, uniformly over S C [N] with |S| < L and over

z € Ul(e),
|| > Co} <0, 1{|ms)| <co} <0, L{1+N'TrERS"| < eo} <0,
which together with (D.16) implies
P @) > o} <0, 1{md (M) < e} <0, {1+ N TTrZRE(T)| < ¢} <0
for adjusted constants Cp, cop > 0. Also by Assumption 5, uniformly over j € S,

g} RO(T)g; ~ N7 T ERO(D) < N7RE (1) p < NUHRO T < N2

(D.19)
so 1{|1 + NflngR(S) (T)g;| < ¢} < 0 for a constant ¢ > 0. Lastly, from the definition of
I' =T'(z,«) in (D.1), we have

= (5) a
P A (S)(F)E _ [ "MKk )X, + (z + DI, _(8) 0 . (D.20)
0 mK (F)ZO + In—?“

J

By (D.16) and Lemma 23, we have
- (s -1
IS + I,H) ~cb <o (D.21)

for some constant C' > 0. We have already proved 1{\7?1(15)@‘)\ > Cp} < 0, and applying ||3,| <
C under Assumption 5, we can deduce for the smallest singular value that

amm(m(K)(r)z + (a2 + DI )u_l_r(s( WIZ| > e (D.22)

on the event {|Th(lg)(1")| < Cp}, forany z € U(e), |a| > ap, and some ag,c > 0 depending on

€, Cy. Thus also

1{(z7'T +ml2 (@) > ¢} <0 (D.23)

for a constant C' > 0, showing all statements of the lemma. |

Proof of Lemma 25(b). Recalling the form of R(z, «) in (D.2), the quantity we wish to approxi-
mate is

(v{ 0)R(z,) <v2> =v] R(T)vy = v, (K —T) v,
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Analogous to (C.29) in the proof of Lemma 19, for any matrix B € C"*", we have
N

TR0 |
Tr B = Tr(K — T)R(T)B — — Tr R(T)BT + — Yy RU(T)Bg:
1+ N-1g] RV(T)g;

N
Applying the definition m g (T') = N~! Tr R(T') + (1 — vn)(—1/2) and the identity (D.24) with
B = I, we obtain analogously to (C.30) that

(D.24)

=1

mg(T) = (1 —yn)(—1/2) + Niz Tr R(T)T — %Tr(z_lI‘ — IR(T)

1 Y 1 1
= —— . — —Tr(z7'T = I)R(T).
Nz — 1+ N*lg;rR(’)(I‘)g- N

7

Then, noting that z~'T" — I has rank r and hence [N ! Tr(z~'T — I)R(T")| < LMHR(F)H =<
N~1, this gives

1 & 1 .
mg(T) = +O0<(N7H). (D.25)

Nz — 1+ N*lgg—R(i)(F)gi

Fixing the unit vectors vq,v2 € R", let us now choose A = 'UQUIT and B = A(z‘lI‘ +
mg(T) - )~ in (D.24), and define

1 - 0) 1
.= —g) R(I'\Bg, — — Tr R(T)BX

=5 g/ RYM)A(z'T + mp(I)X)

1 _ ~1
g; — NTrR(I‘)A(z T +mg(D)T) =
Then, combining (D.24) and (D.25), we get

v{ (7' T +mg(D)E) vy =Tr B
N

=-TrR(I)BT + Tt R(T)BE - (—z2mg(T) + O<(N 7)) + Z L+ N1 4
=1

g{ RV(I)g,

1

d; .
giT RY (I)g;
where the last equality applies the definition of B to combine the first two terms, and applies also
|Tr R(T)BX| < [|(z7'T + mg(I)X)'SR(T)|| < 1 by Lemma 28 to obtain the O (N 1)
remainder.

Considering a similar decomposition as in Lemma 19, we define d; = d; 1 + d; 2 + d; 3 + di 4
where

1 . 1 . i _
di1 = g ROT)AGT'T + mg (D)) g, — —g] ROTAGT + m (1)) g,

O«(N 1), (D.26)

N
T
= —z-v; R(TH)vy +
1 R ;1+N1

N N
1 i - i - 1 i - i -
diz2 = 9] ROMAGET'T +ml (1)) g, - & TrBROM)AGT'T +mP(D)=)
]_ i _ i _ ]. _ 7 _
dis = 7 TrSRY(T)A(z'T + m()z)~" - ~ I SR(D)AG'T + m(r)),
1 B i 1 _ _
diy = 5 Tr ZR(T) A( T+ m;{)(r)z) - ~ T BR(D)A(2 T +mg@E)~
(D.27)
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For A = v,v], by the bound 1{||R*)(T')|| > Cj} < 0 from Lemma 28, we have for a constant
C > 0 that
1{HR<S>(1‘)HF > C\/N} <0, I{HR(S)(F)AHF > C} <0 (D.28)

uniformly over z € U(g). Then, employing Lemma 28 and the same bounds as (C.35)—(C.38) from
the proof of Lemma 23 (where here, the bounds for ||[R®") A||z, | RA|  are improved by a factor
of N™1/2 because A is low-rank), we conclude that |d; 1|, |d; 3, |d;4| < N™3/2 and |d; 2| < N71.
Hence, applying also 1 + N‘lgIR(i) (Mg, =1+N"'TrZR(T) + O (N_1/2) as follows from
(D.19) and the bound (C.33),

N
d;
;1+N192—R(i)(r)i 1+ N- lTrzR Zdlﬁm( 1/2)'

By Lemma 14 applied with ¥ (T') = Cv/N and ® (T, A) = C for a constant C' > 0, we have
| 32, di2| < N~1/2. Thus the above quantity is of size O (N_1/2), so applying this back to (D.26),

v] (T + z2mg(T) - ) vy + v{ R(T)vy < N7V2,

Finally, from (D.16) and Lemma 27 we have m g (I') = mno(z) + O« (N_l), and applying this
above completes the proof. |

Proof of Lemma 26. The proof is similar to Lemma 25, replacing » and n throughout by r + 1
andn + 1, G by [u®, GY], £ by S, and R)(T) and ) (T') by

RO(F) = ([u®, ) T, ) -1) 7, wf@ () = L m RO+ (1-"1) (_1)

The only difference here is that S is no longer diagonal, leading to the following minor modifica-
tions of the preceding proof: The bound

. /o0 o N
CTr(S-0 0 0 RYI(T) <
nt 00 %

1
N

analogous to (D.18) follows upon noting that (with E[ug]" = (E[ug,]” E[ugy]"))

_ (00 0 E[u’] E[ug,]T Elugo]"
> (o0o 0]|=(Eug,] = 0
0 0 % E[ug] 0 0

still is of low rank, with rank at most r 4+ 2. Writing as shorthand mgﬁ) = m}ﬁ) (I), the bound

|z T +mdS) Y > Co} <0

analogous to (D.23) follows from

—1
e ASIEW] + 241 @Y Eug,]T M\ Elug,) T
' T+mds) = A\ Bug,] WS, + (2 +1)I, 0 :
'\ Elug,] 0 IS0+ 1

50



NONLINEAR SPIKED COVARIANCE MATRICES IN DEEP LEARNING

the bound 1{ ng)zo +I||71 > C} =< 0 for the lower-right block as follows from (D.21), and the
bound for the inverse of its Schur-complement

B+ +1 miElug,]T
DR fug. ] IS, + (2 + DI,
-1
~ (9) T
- (mK Eo[ugo] >(m§§)20 + D7 (Y Elug,) 0)] > C} <0

which holds uniformly over z € U (¢) for any |«| > ay sufficiently large, by an argument analogous
to (D.22). The remainder of the proof is identical to that of Lemma 25, and we omit the details. W

D.3. Analysis of outliers

Let V., T'(z,a),R(z,a), R(z, ) be as defined in the preceding section. Consider the decompo-
sition of R(z, «) as in (D.5) into its blocks of dimensions 1, n, and N, and define

-

N N 1 .

R 5 = 0 R s 0 =

u(za) 0 () 0 —z—a+uTu—-uTGG G -T(2,0)"1G u

(D.29)

- 1 - 0 - -1

Riv(z,a):=[0] R(z,a)| V), | =—-Ri(z,«) -uTG(GTG — I‘(z,a)) V,, (D.30)

0 0

where the second equalities follow from block matrix inversion of the lower 2 x 2 blocks of 7~€(z, a),
followed by block matrix inversion of the full matrix R(z, «). Set

Mk(z,a)=I,+a(V] 0)R(z,a) <‘6) (D.31)

Proposition 29 Fix any ¢ > 0 and any o € R sufficiently large that satisfies Lemmas 25 and 26.
Then on the event £ N E of Lemmas 25 and 26, for all sufficiently large N,

(a) INE U(e) NR is an eigenvalue of G G if and only if det MK()\ a) = 0, and its multiplicity
as an eigenvalue of G' G equals the dimension of ker M K()\ ).

(b) Letv € R" be a unit eigenvector of GG (i.e. right singular vector of G) ) corresponding to
an eigenvalue \ € U(e) NR. Then V[ is a non-zero vector in ker Mg\, «), and

-
1 AT V’r‘ > In 0 N Vr T~
Loy (%) Rl Oraa(Y)vie o
For any vector v € R", we have

v o +a(v’ )R, «) (‘f)) V)% =0. (D.33)
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(c) Letw be as in Theorem 13(c), and let & € RN lAae a unit eigenvector of GG' (i.e. left singular
vector of G) corresponding to the eigenvalue \ € U(c) NR. Then

T~ (6 =~ > T~
U U==———=Riv(\a)V, v. (D.34)
)\1/2 RH(A, OL) 1V( )

Proof. For part (a), note that if Nis an eigenvalue of G G, i.e. /2 g a singular value of G with
left and right unit singular vectors u and v, then

o— (Mn GTN(_ @
G —Iy)\ )%
which implies, for any o € R,

WV viso (Ma—aVV] G (B
0 e G —In)\M\24)

Fixing a € R large enough, on the event £ of Lemma 25, the generalized resolvent

~ -1
~ M, —aV, V] GT
R\ )= < G _IN>

exists, and multiplying both sides by ’R(X, a) gives
v ~ vV, -
(Xl /Qa> = —aR(\ ) ( 0 ) V] (D.35)

Then, multiplying by (V| 0) on both sides and re-arranging, we get M K(X, a)- Vo =0o.
We remark that if X is an eigenvalue of multiplicity &k, and G has corresponding linearly in-

dependent left singular vectors uy, ..., u and right singular vectors vy, ..., vy, then the vec-
tors {(v;, \'/?a;) 5:1 on the left side of (D.35) are linearly independent, implying that the vec-

tors {V,] 9, }2?:1 on the right side must also be (non-zero and) linearly independent vectors in
ker M g (), o). Conversely, if {y; };?:1 are linearly independent vectors in ker M g (X, ), then

defining
v; ~ V.
(Xl/Qaj) = —aR(A, 04)( 0 > Y

and multiplying by (V] 0), we must have V[ v; = (—MK(X, a) + I)y; = y;. Thus the
pairs (v, A\ 24;) are linearly independent vectors satisfying (D.35), and multiplying by ’R,(X, o)™t
and rearranging shows that A1/2 must be a singular value of G' with multiplicity at least &, with
corresponding singular vectors {(v;, ﬁj)}g?:l. This establishes part (a).

For part (b), the above argument has shown V,T v € ker M K(X, «). Multiplying (D.35) on the

left by
I, O
0 o0
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and taking the squared norm (noting that X, o and ’R(X, «) here are real) shows (D.32). Multiplying
(D.35) on the left by (v ' 0) shows (D.33). For part (c), multiplying (D.35) by (0 u "), we have

T _
20T = o) RA)(V) Vs = —auG(GTG-T(Ra)) V.-V
u 0 r

where the second equality follows from the block matrix inversion of ’R,(X, «). Then, recalling the
forms of R1; and Ry from (D.29) and (D.30), this gives

aﬁlv(:\\, a)
3\\1/2 75/11(/):7 Oé)

T

u' U= Vo

which is (D.34). [ |

For notational convenience, let us now introduce the shorthand

Yno(2) = zmnp(2), Y(z) = 2m(2).

By Lemma 25(b) applied with (v1, v2) being the columns of V., we see that M g (z, «) is well-
approximated by the (deterministic, N-dependent) matrix

My(z,a) = I, a((a + )T, + b o(2) diag(A (Z), ... ,)\T(E))>_1. (D.36)

To show Theorem 13(a), we translate this approximation into a comparison of the roots of 0 =
det M i (z, ) and 0 = det M (2, ), where the latter are explicitly given by zx o(—1/X;(2))
for the function zy o(-) defined in (B.5).

Proof of Theorem 13(a). Let us fix any ¢ > 0 and o € R satisfying Lemmas 25 and 26, and

denote
«

Ca+z+ ¢N,o(z))\i(2)
for each ¢ € [r]. Then det M v (z, ) = [[;_; fn,i(z, ). Define also the limiting functions

Ini(z,a) =1

(07

fi(Z, CY) =1- m7

-1
M(z,0) = I = a((a+2)I, + ¥(z) diag(Ar, -, Ay) )
sodet M (z, o) = [[;_; fi(#, ). We first analyze the roots of 0 = det M (z, «): By the definition
¥(z) = zm(z), observe that z € R \ supp(f1) satisfies 0 = det M (z, «v) if and only if either z = 0
or
m(z) = —1/\; for some i € [r].

(This condition is the same for any non-zero o € R.) Let 7 = {0} U{—1/\ : A € supp(v)}
be as in (A.3) where v is the limit spectral law of Xy. Then —1/\; € R\ 7T for all ¢ € [r] under
Assumption 6, so Proposition 9 implies that 7m(z) = —1/A; holds for some z € R \ supp(f) if
and only if 2/(—1/\;) > 0,1ie.¢ € Z. If i € Z, then m(z) = —1/); holds for z = z(—1/\;),
and we must have z(—1/)\;) > 0 strictly because for any z < 0, we have m(z) > 0 (and hence
m(z) # —1/A;) by the definition 7(2) = [ -2-dji(z). Thus the roots of 0 = det M(z,«) in

r—z
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R\ S =R\ (supp(fz) U {0}) — and hence in U(e) N R for any sufficiently small ¢ > 0 — are
given precisely by
Z; = Z(—l/)\i) fori € T.
1

Since m/(z) = [ mdﬂ(x) > 0 forall z € R\ S,and {\; : i € Z} are distinct by assumption,
these values {z; : ¢ € Z} are simple roots of 0 = det M (z;, ). Then (det M)’(z;, a) # 0 where
(det M)’ denotes the derivative in z.

Lemma 24(c) implies m 0(z) — m(z) and iy o (2) — /() uniformly over z € U(¢). Since
also \;(X) — \;, we have det M y(z, ) — det M (z, «) and (det M n) (2, ) — (det M) (z, @)
uniformly over z € U(e). This, together with the above condition (det M )(z;, ) # 0, imply
that for all large N, the roots zy; € U(e) NR of 0 = det M (%, ) are in 1-to-1 correspon-
dence with, and converge to, the above roots z; € U(g) NR of 0 = det M (z,«). We note that
0 = det M y(z, «) if and only if either z = 0 or

myo(z) = —1/X;(3) for some i € [r]. (D.37)

For each i € Z, we have \;(X) — \; where 2/(—1/);) > 0. Recall from Lemma 24(a) that
zno(m) — z(m) and 2y (M) — 2'(M) uniformly over compact subsets of R \ 7. Then
Zno(=1/Ai(2)) — 2/(=1/N), so also z)y 4(=1/A(%)) > 0 for all large N. Then Proposi-
tion 9 implies that (D.37) holds for zy ; := zn,0(—1/Xi(X)). We have zn; — 2z; = 2(—1/)\;), so
these must be the roots of det M y(z, @) in U(g) NR. Thus we have shown that for any sufficiently
small ¢ > 0 and all large NV, the roots z € U(e) N R of 0 = det M n(z, c) are precisely the values

ZN,i ‘= ZN,O(_I/)\i(E)) fori € Z,

and zy; — z; > 0 foreach¢ € Z.
Finally, we apply Lemma 25(b) with (v, v2) being the columns of V. On the event £ of
Lemma 25(a), we have

IMg(z,a)| <C, |Mk(z,0) - Mg (2, a)|| < Clz -7/ (D.38)

for some C' > 0 and all 2,2’ € U(e/2). Also |mn,0(2)], |y o(2)| < C for a constant C' > 0, all
z € U(e), and all large N, and thus

IMny(z,a)| <C, |MnN(z,0) — My(2',0)|| < Clz— 7| (D.39)

for some C' > 0 and all z, 2’ € U(e/2). Then, applying Lemma 25(b) and the Lipschitz bounds of
(D.38) and (D.39) to take a union bound over a sufficiently fine covering net of U (¢/2), we get

sup ||My(z,a) — Mg(z a)|| <1/VN. (D.40)
2€U(e/2)

Applying also the first bounds of (D.38) and (D.39), this gives

sup |det M y(z, ) —det Mg (z,a)| < 1/V/N. (DA41)
2€U(e/2)

Since det M y(z, «) and det M i (z, «) are both holomorphic over z € U(g/2) on this event &,
the Cauchy integral formula then implies

sup |(det M) (z,a) — (det M) (z,@)] < 1/V/N.
zeU (e)
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In particular, combining with the uniform convergence statements det M n(z, ) — det M (z, «)
and (det M n)'(z,c0) — (det M) (z, ) over z € U(e) as argued above, this shows that on an
event & satisfying 1{£¢} < 0 and for some 0y — 0, we have

sup |det M(z,a) — det M g (z, )|, |(det M) (z, ) — (det M i) (2, )| < O
zeU(e)NR

Thus, on this event £ and as N — oo, the roots \; € U(e) NR of 0 = det M (2, «) are also in
1-to-1 correspondence with, and converge to, the roots z; € U(e) NR of 0 = det M (z, «). Further-
more, the condition (det M)’(z;, ) # 0 implies that |(det M n)'(z, )| and |(det M k)’ (z, «)]
are bounded away from 0 in a neighborhood of each such root z;, so (D.41) then implies that the
corresponding roots 3\\1 and zn; of 0 = det M g (2, ) and 0 = det M y(z, «v) satisfy

‘/):z — ZNJ" < 1/\/ﬁ

Proposition 29 shows that on this event &, these roots {Xl : i € T} are precisely the eigen-
values of GG in U(e) N R. By the definition of M (z;, ), each root z; of det M (z;, a) is such
that ker M (z;, o) has dimension 1. Since 1{8}@Z — %) — 0, we have 1{5}\\MK(XZ-,@) -
M (z, )| = 0, so ker M g (A, ) also has dimension 1 on this event € for all large N. Then
Proposition 29 implies that the eigenvalues {Xz :1 € T}of GG are simple, and thus in 1-to-1
correspondence with {\; : i € Z}. This proves part (a) of the theorem. |

Lemma 30 Under the assumptions of Theorem 13, for any fixed € > 0, there exists cg > 0 such
that fixing any o € C with |a| > «ag, uniformly over z € U (¢),

(3) e Bmen(s)

— ((a+2)L +¥no(2)Z) (I + Yy o(2) ) || <

=l

Proof. Fix any o € C satisfying Lemma 25, and denote

)= (VT R (Y ) (i) = (e + I+ a2

Applying Lemma 25(b) and the Lipschitz continuity statements of (D.38) and (D.39) to take a union
bound over a sufficiently fine covering net of U(c/2), we have

sup || fn (2, 0) = gn(z, )l < 1/VN.
z€U(e/2)

Then by the Cauchy integral formula, sup.cy (. | fy (2, @) — gy (2, )| < 1/v/N where f} and
¢)y denote the entrywise derivatives in z. The lemma follows, since differentiating R(z, &) in (D.2)
shows

Filea) = (V] ORG.a)(§ o) R (}))
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while gy (2, @) = ((a + 2) I, + YN o(2)Z) (L 4+ Py o(2)Z0). [ |

Proof of Theorem 13(b). Let v; be the given unit-norm eigenvector of K with eigenvalue XZ
Let 2y, = zn0(—1/Xi(X)) and z; = 2(—1/X;). Then, fixing any o € R large enough to satisfy
Lemmas 25 and 26, Proposition 29(b) shows that V;rﬁi € ker M K(Xi, a). By (D.40), (D.39), and
the bound |\; — zn ;| < N —1/2 of part (a) of the theorem already proven, we have

HMK(Xi,a) — MN(ZN,iaa)H < HMK(Xi,a) — MN(/)\\z‘,Oé)H + HMN(XZ-,a) — MN(ZN,uOé)H
< N~1/2, (D.42)

Let vy, ..., v, denote the columns of V', which are the unit eigenvectors of 3. Then, applying
V] 0; € ker Mg ()i, @), (D.42), and the definition of M y(z, @), and noting that 1y o(2n;) =
ZnimNo(zni) = —2ni/Ni(E), we have

9 . .
:j;<1_a+zN7i(1_/\j(2)/)\i(2))> (’Uj v;)° < 1/N.

For each j € [r] \ {i}, we have that zy ;(1 — A\;(3%)/\;(X)) is bounded away from 0 as N — oo
because zy,; — 2z > 0and A\j(2)/X;(32) — Aj/A; # 1. So this implies

HMN(ZN,i>a) . V:@l

v/ 0> < 1/N  forall j e [r]\{i}. (D.43)

At the same time, applying Lemma 30 and ]Xz —znil <= N ~1/2 to bound (D.32) in Proposi-
tion 29(b), we have

.
1 7 vV, . I, O . Viy,Ta ~1/2
042 -— Y VT'( 0 > R(ZN,Z7Q)<O O)R(ZN7Z’a)< O >V7‘ 'Uz+0< (N )

=9, V, ((04 + 2ni) I + wN,o(ZN,¢)2r> -~ (Ir + w§V70(ZN,i)27-> V% + 0. (N_l/Q)

2 1+ w?\w(zN,i)/\i(E)

= [v] v 5

_ L+ 9Py o(2n,i) A (2)
£ T - A )

1+ ! z 1A7, b))
= v ;% wN’O(aQN’) ( )+O<<N_1/2), (D.44)

S+ 02 (N*l/Q)

the last equality applying (D.43). Observe that
L+ ¢ o(zna)Ai(E) = 1+ 2nimiy o (2v,i) A () + M o(zv,i) X (2)
= 2Ny o(2v,i) Ai(B) = 2v,idi(E) /2 0 (—1/X:(2)),

where the last two equalities use zny,; = zn,0(—1/Xi(2)) and mno(+) is the inverse function of
2N 0(+). Then, multiplying by /(1 + Vv o(2n,i)Ai(2)) we obtain

v ZN,i)\i(E)

+ O (N_1/2> = pno(—=1/M(%)) + O« (N_1/2)’
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where we recall ¢ o from (B.5). We have oy o(—1/Xi(X2)) = o(—=1/Xi) = 2/ (—=1/N)/(Nizi) >
0, so taking a square root gives

o] il = fono(—1/X(2)) + O« (N7V2). (D.45)

Fmally, for any unit vector v € R"™, by (D.33) in Proposition 29(b), Lemma 25(b), and the
bound \)\ Zni| < N~ 1/2 ip part (a) of the theorem already shown, we know that

) V% + 0 (N*l/Z)

R V.,
’UT'Ui = —- (’UT O)R(zN,iva)< 0

Y

vl vj -] V; 1y

= — O<(N
aza+ZNz+@ZJN0(ZNz))\ (2)+ <( )

T T T
V v; -V, 4

- _O‘Z a+zy;-(1— )\j](E)//\i(E)) +0< (N_l/2>'

Jj=1

Applying (D.43) and (D.45), only the summand with j = 7 contributes, and we obtain as desired

05| = \/‘PN,O(—l//\i(E)) vl + O <N71/2>'

Proof of Theorem 13(c) Applylng Lemma 26(b) and block matrix inversion of T+ YN o(z )i to
the definitions of R11 and R1v in (D.29) and (D.30), we have

_ B ~1 1
'7211(2, a) + (z +a+YPno(2) - E[u?] — ’QZJN’()(Z)Q -E[ug}T(I‘ + Yno(2)X) 1E[ug}> < ﬁ’
- 2) - Elug] T (T + 2)X)V, 1
Ruvlea) al2) Blug] (€ + va(2)3) N
z+a+Pno(z) - Blu?] —no(2)? - Elug] (T + ¢Yno(2)2) 'Elug]| VN
Hence,
ﬁlV(za Oé) 1 1
—_ ug| V- ((a+ 2)I, + 2), < —.
Fn(e.0) +¥no(2) - Elug] "V - (( M+ PN o(2)2) Vi
Applying this and the bound [\; — zx ;| < N~%/2 to Proposition 29(c),
R () r T TS
T~ « RIV(A% a) T~ « ¢N,0(zN,i) : E[Ug] Uj : v] v; _1/2
u U; = — ——— Vv, =— + O<(N
N2 Ry (i, o) N ; a+ 2N+ Yno(2ni) A () << )

a K Unolang) - Elug]Tv; 0] ~1/2
N _\/m; o+ ol = N (E) /M) | O <N )

Then, applying again (D.43) and (D.45), only the summand with 7 = ¢ contributes, and this gives

E[ug] " v;] - ; —1/NE
T ;| = [Efug]"vi| - |¥n,0(zn,0) v/ eno(—1/Ai( ))+O<(N1/2).
VZN,i
Recalling ¥ 0(2n:) = —2n.i/Ai(X), this yields part (c) of the theorem. [
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Appendix E. Proofs for propagation of spiked eigenstructure in deep NNs

We next prove Theorems 2 and 4. Appendix E.1 first establishes these results for a one-hidden-layer
NN, L = 1. We then apply this result for L = 1 inductively in Appendix E.2 to obtain these results
for general L. Appendix E.3 proves Corollary 5.

E.1. Spike analysis for one-hidden-layer CK

Consider the setup in Section 2.1 with a single hidden layer L = 1. In this setting, let us simplify
notation and denote

X:-XOa W:W07 d:d07 N:dl7

1
Y =X, = ﬁo(WX), K=K =Y'Y.

We denote the rows of W and columns of X respectively by
w; € R fori € [N], x, € R for a € [n)].

We write |, for the expectation over a standard Gaussian vector w ~ N (0, I) in R?.
Note that for a sufficiently large constant B > 0 (depending on supp(v) and Ay, ..., \;), As-
sumption 2 implies that the event

E(X) = {HXH < B, ‘:13;[93/3| < 1pand |||zl — 1] < 7, forall a # 5 € [n]} (E.1)

holds almost surely for all large n. We will use throughout this section the following argument:

Since W = W (™ is independent of X = X and £ (X (”)) holds for all large n with probability

1 over {X (”)}%‘3:1, to prove any almost-sure statement, it suffices to show that the statement holds

with probability 1 over {W (™ }2°__ for any deterministic matrices { X (™ }°° | satisfying £(X (™).

Thus, we assume in the remainder of this section that X is deterministic and satisfies £(X) for all

large n, and write [E, P for the expectation and probability over only the random weight matrix W.
We will apply Theorem 13 to a centered version of Y,

G:=Y -EY = \/lﬁ[glv' : 'agN]Ta g;l— = U(w;rX) 7Ew[0(wTX)]

Note that these rows g;r are i.i.d. with mean O and covariance
Y= Eylo(w' X)) o(w' X)] — Eylo(w' X)] Eyplo(w’ X)] € R, (E.2)
Lemma 31 Suppose Assumptions 1, 2, and 3 hold, with L. = 1 and deterministic X. Then
IEwlo(wX)]ll2 »0,  [EY]| - 0.

Proof. Denote & ~ N(0,1). Applying E[o(§)] = 0, E[0'(£)¢] = E[¢”(£)] = 0, and a Taylor
approximation of o, for any « € [n],

Ewlo(w'2a)] = Elo(|za]€)] - Elo(€)]
= Elo'(©)¢(|@all = D]+ Elo” ()& (|zall - 1)°] = Elo” (n)&*(|@all - 1)°]
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for some 7 between & and ||x;||¢. Then, applying |0”(z)| < A, and the 7,,-orthonormality of X
under £(X),
Ewlo(w'xa)]] < \o72.

This gives || B [o(w” X))l < A2y = 0, 50 also [EY| = || A1y - Eufo(w X)]|| - 0,
|
Next, we recall from Wang and Zhu (2021) an approximation of 3 by the linearized matrix
S = 02X T X + (1 - b2)I, (E.3)
in the operator norm.
Lemma 32 Suppose Assumptions 1, 2, and 3 hold, with L. = 1 and deterministic X.
|12 — Xyl — 0.

Consequently, ordering M\ (X)), ..., \u(2) in the same order as \{(X " X), ..., (X T X),

sup [D2XN(XTX) + (1 —02) — \(Z)| = 0. (E.4)
i€[n]

Proof. Denote £ ~ N (0,1). Let (x(0) = E[o(£)hi(£)] be the k-th Hermite coefficient of o, where
hi(x) is the k-th Hermite polynomial normalized so that E[ht(€)?] = 1. Note that by Gaussian
integration by parts and the assumption E[o” (£)] = 0,

(o) =E[o(&)] =E[' ()] =bs,  V2((0) = E[(€*-1)0(€)] = E[¢o'(&)] = E[0"(§)] = 0.
Then by (Wang and Zhu, 2021, Lemma 5.2) and the first statement of Lemma 31, we have
B0 — 2 < B~ Ewlo(w X) To(w" X)]| +|[Ewfo(wX) o(w' X)] -2 =0
where
B0 =C(0)2 XX +G0)(X X)) + (1 - (o) = G(o)) .

(Here, examination of the proof of (Wang and Zhu, 2021, Lemma 5.2) shows that the condition
S (lzallz — 1)? < B2 for (g, B)-orthonormality is not used when (2(c’) = 0, and the remaining
conditions of (e, B)-orthonormality hold under £(X).) The lemma then follows upon observing
that under £(X),

H(XTX)Q3 ~1.] < ) diag((XTX)®% — 1) + Hoffdiag(XTX)G?’HF
< maX‘HmaHﬁ — 1) +mn - max |mlm5\3 < C(rn + m’,?),
a€fn] aBE[n]
so that || Sy, — Zo| = 3(0)?[(X T X)®3 — I,|| — 0 when limy, 00 7, - n'/2 = 0. |

Theorem 13 will provide a characterization of outlier eigenvalues of K that are separated from
S1 = supp(p1)U{0}, which is different from supp(u1) when y; < 1. For y; < 1, we augment this
statement with a small-ball argument to bound the smallest eigenvalue of K, using the following
result of (Yaskov, 2016, Theorem 2.1).
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Lemma 33 (Yaskov (2016)) Let G = ﬁ[gl, .o, gn] T € RYX™ where the rows g; € R™ are
i.i.d. and equal in law to g € R". Define

> =Egg', cg = Elg vl Lg(0,t) = sup)> ]P’[|Hg|2 < drank(II)
>uin

in
vER™:||v[[2=1 IT:rank(TI

where the latter supremum is taken over all orthogonal projections TI € R™" with rank at least
L.

Suppose Amax(X) < 1, ¢(g) > ¢, and n/N < y for some constants ¢ > 0 and y € (0,1). Then
there exist constants so,t > 0 depending only on (c,y) such that for any § € (0,1) and s > 0,

PAmin(GTG) > (59 — L(5,1;.g) — s)5] > 1 — 2e7¥"5°/2,

Lemma 34 Suppose Assumptions 1, 2, and 3 hold, with L = 1 and deterministic X. Let G =
Y - EY.

(a) Ify1 > 1, then 0 € supp(p1).

(b) If v1 < 1, then there is a constant ¢ > 0 such that )\min(GTG) > c almost surely for all
large n.

Proof. If y; > 1 strictly, then by definition

1 . -1
MZ*MNL71
71 it

do
is a mixture of i1 and a point mass at 0, so 0 € supp(u1). If v = 1, then py = fi1. In this case,
recall from Proposition 9 that supp(/i1) is characterized by the function

- 1 A
z(m) = = —|—’y1/ g )\mdug()\).

When v; = 1, we have for all m € (0, c0) that

§ o 1 A2
() <0, )=y - / T > 0
so z(m) increases from —oo to 0 over the positive line m € (0, c0). Suppose by contradiction that
0 ¢ supp(iz). Then by Proposition 9, there must be a point m € R\ 7 where z(2) = 0 and
2'(m) > 0 strictly, implying that there is an open interval (7, m4) 2 /m on which z(+) increases
from z(m_) < 0to z(m4) > 0. We must have m < 0 by the above behavior of z(-) on (0, 00), and
the range [z(m_), z(m4 )] must overlap with [z(a), z(b)] for some sufficiently large a, b € (0, c0).
But this contradicts the non-intersecting property shown in (Silverstein and Choi, 1995, Theorem
4.4). So also in this case 0 € supp(fi1) = supp(u1), showing part (a).
For part (b), we apply Lemma 33. Under £(X), the condition b, # 0 implies ¢y < Apin(Ziin) <
Amax (Z1in) < Cp for some constants Cy, cg > 0. Hence also

co < >\min<2) < )\max(z) < C(0 (ES)
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for all large n, by Lemma 32. We may assume without loss of generality that Ayax(X) < 1 as
needed in Lemma 33; otherwise, the following argument may be applied to a rescaling of 3 and G.
To lower bound ¢4 in Lemma 33, observe that for any unit vector v € R™ we have

E[(g'v)] =v Zv > ¢.

Viewing F(w) = g'v = o(w'X)v = 31 _, vao(w'x,) as a function of w ~ N(0,I), we

have VE(w) = Y " 0,0’ (wzo)To = X (v © o/ (w' X)) where o/(-) is applied coordinate-
wise and © is the coordinatewise product. Then, applying |o’(z)| < A, observe that | VF (w)||2 <
I1X|| - |lv® o' (w" X)||2 < Ao|| X ||, so F(w) is C-Lipschitz in w for a constant C' > 0 (not de-
pending on v) on the event £(X). This implies by Gaussian concentration-of-measure that g ' v is
sub-gaussian, i.e. for some constants C,¢ > 0 and any t > 0, P[|gv| > 1] < Ce—et’. Integrating
this tail bound, for some constant ¢ > 0 sufficiently large, we have E[(g " v)?1 {gTv>t}] < co/2,

and hence

C &
co <El(g"0)*] <El(gT0)"Lygmocql + 5 <t ElgTv+ 5

So E|g"v| > ¢o/(2t), and hence ¢4 > c/(2t) > c for a constant ¢ > 0.

Now let sg,¢ > 0 be the constants depending on (¢, 1) in the statement of Lemma 33. By
the nonlinear Hanson-Wright inequality of (Wang and Zhu, 2021, Eq. (3.3)), for any orthogonal
projection IT € R™*" any ¢ > 0, and some constant ¢ > 0, we have

P[lg g — Eg TIg| > ¢] < 2¢cmin(/IT¢/Imm),

Here Eg'TIg = Tr IIX > corank(II), | TI||% = rank(IT), and || II|| = 1, so applying this with
t = (cp/2)rank(II) yields

P[|Hg|? < (co/2)rank(IT)] < 2¢~¢rank(ID),

Then, choosing 0 = ¢o/2, we get Lg(d,¢) — 0 as n — oo. Then Lemma 33 implies )\min(GTG) >
500/2 almost surely for all large n, as desired. |

The following is the main result of this section, showing that Theorems 2 and 4 hold in this
setting of L = 1.

Lemma 35 Theorems 2 and 4 hold for a single layer L = 1. Furthermore, Y is C'1,-orthonormal
for some constant C' > 0, almost surely for all large n.

Proof. We condition on X as discussed at the start of this section, and apply Theorem 13 to the
centered matrix G =Y —EY = \/Lﬁ[gl, ...,gn]T. Let us verify Assumption 5 for G: We have
shown Assumption 5(a) in (E.5). The rows g; are sub-gaussian as shown in the above proof of
Lemma 34(b), so Assumption 5(b) holds by (Vershynin, 2010, Eq. (5.26)), and Assumption 5(d)
holds by (Jin et al., 2019, Lemma 2). The nonlinear Hanson-Wright inequality of (Wang and Zhu,
2021, Eq. (3.3)) implies

g/ Ag;, — Tr AZ| < || A||r

uniformly over ¢ € [N] and deterministic matrices A € C™"*™. Furthermore, it is clear from the
argument preceding (Wang and Zhu, 2021, Eq. (3.3)) that for any ¢ # j € [N], the joint vector
(9i,9;) € R*" also satisfies Lipschitz concentration, hence

T T\gp(9) _ % 0
@7 an)B(%)-mB(y 3)|<IEl
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uniformly over i # j € [N] and deterministic matrices B € C?"*2"_ Applying this with

7= (3 %)

verifies both statements of Assumption 5(c).
Next, we check Assumption 6 for the population covariance matrix 3. Combining Assump-
tion 2 and (E.4) from Lemma 32, we have

1

n-—r

Z O (x) = Vo = bg ® o @ (1 — bf,) weakly, (E.6)
i=r+1

1
)\1(2) — —
53,0

=02\ 4+ (1 —b2) &supp(w) fori=1,...,r.  (E7)

Here, the statement —1/s; ¢ ¢ supp(vp) in (E.7) follows from the assumptions \; ¢ supp(uo) and
bs # 0. This then implies by the definition of 77 that s; o € R\ 77, as claimed in Theorem 4(a).
Furthermore, for any fixed € > 0 and all large n, Assumption 2 and (E.4) imply also that

Ai(X) € supp(vy) + (—¢,¢) foralli > r + 1.

Thus Assumption 6 holds for 3 as n — oc.

Then we can apply Theorems 11 and 13 for K := G ' G. The Stieltjes transform approximation
in Theorem 11 and Lemma 24(c) together imply m g (z) — mi(z) almost surely for each fixed
z € C*, where my(2) is the Stieltjes transform of the measure 1, = pY\" & 1. This implies the
weak convergence

1 n
— 7 .S. E.
n;%mﬁmas (E8)

Theorem 13(a,b) further justifies:

 Let 21(-) and Z; be defined by (2.7) and (2.8) with ¢ = 1. Then for any sufficiently small
constant ¢ > 0, almost surely for all large n, there is a 1-to-1 correspondence between the
eigenvalues of K outside S; + (—¢,¢) and {i : ¢ € Z;}. Furthermore, for each i € 7,

)\Z(K) — 21 (SL()) > 0. (E.9)

almost surely as n — oco.

* Let p1(+) be defined by (2.7) with ¢ = 1. For each i € Ty, let v;(K) € R" be a unit-norm
eigenvector of K corresponding to \;(K), and for each j € [r], let v;(X) be a unit-norm
eigenvector of 3 corresponding to A;(3). Then almost surely as n — oo, for each i € 7,
and j € [r],

\’Uj(E)T”z‘(K)\ — 1 /e1(si0) - 1{i = j} (E.10)

where ¢1(s;0) > 0. Moreover, letting v € R™ be any unit vector independent of W, almost
surely

v i (K)| — \/¢1(si0) - [vTvi(Z)] = 0. (E.11)

62



NONLINEAR SPIKED COVARIANCE MATRICES IN DEEP LEARNING

If 41 > 1, then Lemma 34(a) shows that supp(u1) = supp(u1) U {0} = Si. If 41 < 1, then
Lemma 34(b) shows that for any sufficiently small constant £ > 0, K has no eigenvalues in [0, )
almost surely for all large n. Thus, in both cases, the first statement above in fact establishes a 1-to-1
correspondence between {i : i € Z;} and all eigenvalues of K outside supp (1) + (—¢, €), almost
surely for all large n.

To translate these statements to the non-centered matrix K = YTY, recall from Lemma 31 that
|Y — G|| — 0 almost surely, and from Assumption 5(b) verified above that 1{|G' G| > B’} < 0
for a constant B’ > 0. Then, almost surely as n — oo,

|K — K| —o.

Therefore, by Weyl’s inequality and (E.8), the empirical eigenvalue distribution zi; of K converges
also to p; weakly a.s., as claimed in Theorem 2. Furthermore, by (E.9), almost surely for all large
n, the eigenvalues XZ‘J of K outside supp(u1) + (—¢,¢€) are also in 1-to-1 correspondence with
{i 11 €I}, where Xi,l — 21(s40) for each ¢ € Z;. In particular, if = 0, then also |Z;| = 0, so
K has no eigenvalues outside supp(u1) + (—¢, €). This proves Theorem 2.

For each i € Z;, let v; 1 € R™ be a unit-norm eigenvector of K corresponding to le Then by
the Davis-Kahan Theorem Davis and Kahan (1970), we may choose a sign for v; ; such that

V2|K - K| '
dist(X; 1, spec (K) \ {\i(K)})

@i = vi(E)| <

We note that Xi,l — 21(s4,0) a.s., which is distinct from the limit values {z1(s;0) : 7 € Z1 \ {i}}
of {\;(K) : Zy \ {i}} by bijectivity of the map 21(-) in Proposition 9. Furthermore z1(s; o) falls
outside supp(j1) + (—¢, ¢) for sufficiently small £ > 0, which contains all other eigenvalues of K.
Thus dist(Xm, spec (K) \ {\i(K)}) > c for a constant ¢ > 0 almost surely for all large n, so

Haivl — ’UZ(I_{)H — 0 a.s.

Similarly, by the convergence || 3X—Xj;, || — 0 and the assumption b, # 0, we have ||v;(32) — v,|| —
0 for each j € [r], where v; is the unit-norm eigenvector of Xy;,, corresponding to its eigenvalue
b2Xj (X TX) + (1 —b2), i.e. the eigenvector of X ' X corresponding to \;(X " X). Then (E.10)
and (E.11) imply also

v 05| = @1(sip) - 1{i = j}, [T 2 = p1(si0) - [v vi* — 0.

This shows all claims of Theorem 4 for L = 1.

Finally, on £(X), the matrix Y is C'7,,-orthonormal for a constant C' > 0 by (Fan and Wang,
2020, Lemma D.3(b)). (The proof of (Fan and Wang, 2020, Lemma D.3(b)) again does not use the
condition >__ ([|z4 |3 — 1)* < B2 of (e, B)-orthonormality therein, and the remaining conditions
of (¢, B)-orthonormality hold under £(X').) This shows the last claim of the lemma. [

E.2. Spike analysis for multiple layers

We now prove Theorem 4 by inductively applying the result for L = 1 through multiple layers. We
follow the notations of Section 2.1.
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Proof of Theorem 4. Suppose inductively that Assumption 2 holds with X, in place of Xy,
and all conclusions of Theorem 4 hold for K y. The base case of ¢/ = 1 follows from Lemma 35.

Then the last statement of Lemma 35 implies that Xy is 7,,-orthonormal almost surely for all
large n, for some 7, satisfying 7, - n'/3 — 0. Furthermore, the conclusions of Theorem 4(b,c) for
K, imply that statements (a) and (b) of Assumption 2 also hold for X, in the following sense: Let
re = |Z¢|. Then

n—lm| Z 5)\1'(X2—X2) — g weakly a.s.
14Ty
For any fixed ¢ > 0, almost surely for all large n, B‘\M = N(X [ Xy) € supp(ue) + (—¢, €) for all
i ¢ Zy. Furthermore, for each i € Z, Xi,g — 2¢(si0—1) ¢ supp(pe).

Then we may apply Lemma 35 with input data X = X in place of X . This shows that for
any fixed £ > 0 and all large n, there is a 1-to-1 correspondence between the eigenvalues XMH of
K1 outside supp(pe+1) + (—¢,¢) and {7 : i € Zy;q}, where Xi,€+1 — 2g+1(8i0) > O as., and
si¢ € R\ Ty41. Moreover, for any unit vector v € R"™ independent of Wy, ..., Wy,

|@'T,£+1’U|2 — @ey1(sie) - |@'T,e’v|2 -0,

where also 11 (s;¢) > 0. Then by the induction hypothesis for |ﬁ;r %,

/41
~T 2 T2
Vi 0410|" — H ek (sik—1) - |v; |7,
k=1
and specializing to v = v; for j € [r] gives
41
~T 2 . .
;041057 — H or(sip—1)  Hi=j}.
k=1
This verifies all conclusions of Theorem 4 for K, 1, completing the induction. |

E.3. Corollary for signal-plus-noise input data

Proof of Corollary 5. It is shown in (Benaych-Georges and Nadakuditi, 2012, Section 3.1) that
asymptotically as d,n — oo with n/d — 79, the data matrix X has a spike singular value corre-
sponding to 6; if and only if 6; > ’y(l) /
1+ 67) (70 + 67)
6? ’

, in which case

Yo(1 + 62)
62(6? + o)

where v; is the unit eigenvector of the input Gram matrix Ky = X T X. Thus claims (a) and (b) of
Assumption 2 hold with r = |{i : 6; > 7(1)/ 4}|, Ho = p,yl\/loP being the standard Marcenko-Pastur law,
and \; = (1 + 02)(vo + 07)/6? being the above values.

We note that X is n~'/2+¢-orthonormal for any £ > 0 almost surely for all large n, by the given
condition max’_, ||b;|ls < n~'/?*¢ and the bounds, for any «, 8 € [n],

)\z(KO)_>)\z = ( |b;rvi\2—>1—

I@alls = 1zalls + > O<(laillslbillbial) = 1zally + O< (n7/) = 14 O (n71/2+),
=1
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,

zawy = zhzp+ 3 O<(10:](|a] zallbial +la] 25llbi5l) + 62 ail3lbiabisl) = O« (n=1/2).
i=1

Hence Theorem 4 applies, showing that Ky has an outlier eigenvalue corresponding to each input

signal 0; if and only if 6; > %1/ Yandi € Ty. The statement (2.10) follows from Theorem 4(c)

applied with v = b;. |

Appendix F. Proofs for spiked eigenstructure of the trained CK

In this section, we prove Theorem 6. The proof is an application of Theorem 13 as in the one-layer
setting of the preceding section, but now reversing the roles of X and W. We abbreviate

1 -
W = W ained, Y = —o(XW), K=YY'
trained \/N( )

where K is the CK matrix of interest. In contrast to the preceding section, the theorem requires
characterizing the left spike singular vector of Y, and we will do so using Theorem 13(c).
We first recall the following approximation of W from Ba et al. (2022).

Proposition 36 Under Assumption 4, set n = Z?:l N, and let 01,05 be as defined in (2.14). Then
—~ —~ b
W —W| < N"Y2 where W =Wy+-22X ya’. (F.1)
n

The largest singular value syax(W) falls outside the limit of its empirical singular value distribu-

tion if and only if 61 > ’yé/ % in which case Smax(W) and its unit-norm left singular vector u(W)

satisfy

(1 9%) (’70 0%) w 2 9% 70 9%
max (W ? = ) u B. ? 1 5. (F2

Proof. Notice that each gradient update matrix G of (2.12) takes the form

G, = %XT K\/lﬁ (y — \/:LNJ(XWt)a) aT> ® UI<XWt)] :

From the proof of (Ba et al., 2022, Lemma 16), for each t = 1, ..., T, this matrix G satisfies the
same rank-one approximation

[V G —YrxTyaT| < N2
n
This implies (F.1) in light of (2.12), and the statements of (F.2) then follow from (Ba et al., 2022,
Theorem 3). u
We denote the columns of W = W yainea € R¥N and of the initialization W € R¥>N by
w; € RY w; g € R fori € [N]

respectively. Fixing a large constant B > 0 and small constant € > 0, define the event

E(W) = {||W|| < B, lw] w;| < n™V* and ||lw;]l2 — 1| < n=H*E foralli # j € [N]}.
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Lemma 37 Under Assumption 4, for some sufficiently large constant B > 0 and any fixed € > 0,
E(W) holds almost surely for all large n and any fixed T' € N.

Proof. By the assumption [W);; N (0,1/d), it is immediate to check that £(W ) holds almost
surely for all large n. To show that £(W') holds, we apply the approximation (F.1). Here, under
Assumption 4, we have by standard tail bounds for Gaussian vectors and matrices that

HIX Tyl > Cn} < 11X - (Ao | XBll + llellz) > Cn} <0, 1{[lall2 > C} <0

for a sufficiently large constant C' > 0, and also ||a||oc < N /2. Then this implies
N N i~ —~ _
max [|w; — wipll2 < max||w; —wiplz + [W - W[ <N 1/2 (F3)

and 1{||W — Wy|| > C’} < 0 for a constant C’ > 0. Then £(W) also holds almost surely for all
large n, as claimed. |

Analogous to the argument of Appendix E.1, we may now condition on W, i.e. we assume that
W is deterministic and satisfies £ g W) for all large n, and we write [E for the expectation over only
the randomness of the new data (X, ¢). Defining

N 1 1 .
G=/—(Y —EY) € RN = ——geR" h Y=—oc(XW F4
\/ n( ) € ,u \/ﬁye where \/ﬁo( ), (E4)

observe that [u, G| € R™*(N+1) has centered i.i.d. rows with respect to the randomness of (X ,Y)-
We will write E,, for the expectation with respect to a standard Gaussian vector  ~ N(0, I ;).

Lemma 38 Suppose W satisfies E(W) for all large n. Then

[Ezlo(z W)]ll2 =0,  [EY]| =0, [E— Sy —0 (E.5)
where
3= Eglo(x' W) To(a"W)] — Eglo(a" W) "Eglo(x" W) (F.6)
Sin = 0G(W'W) + (1 - b3)In. (E7)
Proof. The proof is the same as Lemmas 31 and 32. |

Proof of Theorem 6. We condition on W satisfying £(W) for all large n, and we apply The-
orem 13(c) for [u, G| € R +D*N (exchanging n and N). It may be checked that Assumption 5
holds for [u, G] by the same argument as in Lemma 35.

By the convergence |3 — Xj;,|| — 0 in Lemma 38 and Proposition 36, if ¢; > fyé/ !, then
Assumption 6 holds for 32 with r = 1 and

(1+6%)(y0 +67)
o1

v=bypy &1-0), M=b + (1= b3) ¢ supp(v),
where p%P is the standard Marcenko-Pastur limit for the empirical eigenvalue distribution of W ' W,
hence v is the limit empirical eigenvalue distribution of X, and Ay is the limit of Ayax(3). If instead
0, < 73/ % then Assumption 6 holds with r = 0.

Then Theorem 13(a,c) characterizes the outlier eigenvalue and eigenvector of GG, showing:
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« GG has a spike eigenvalue if and only if f; > 73/4 and 2'(—1/A1) > 0, where z(-) is
defined by (A.4) with v = ~; and the measure v given above. In this case, )\maX(GGT) —
z(—1/A1) almost surely.

* When 6; > 73/4 and 2/(—1/X1) > 0, letting u(G),v(X) be the leading unit-norm left
singular vector of GG and leading unit-norm eigenvector of 3, almost surely

V2(=1/x)e(=1/\1) .
A1

[uu(G)| - Ez[0.(B8) ®)o(x " W)]v(Z)| = 0.

where ¢ () is defined by (B.6) also with v = 7 and the above measure v.

By an application of Weyl’s inequality and the Davis-Kahan Theorem as in the proof of Theo-
rem 4, this implies for K = Y'Y ! thatif ; > 73/4 and 2’'(—1/A1) > 0, then its leading eigenvalue
Amax (K) and unit eigenvector u satisfy

Amax(K) — 7;12(_1/)‘1)’

lu'a| - VA 1//\)1\ 1/)\1)- Eelo. (B, x)o(x" W)jv(W)| — 0, 8)
1

where v(W) is the leading unit eigenvector of Xy, i.e. the leading right singular vector of W.

Ifo; < vé/ Yor 2/ (=1/A1) < 0, then all eigenvalues of K converge to the support of its limiting
empirical eigenvalue law.

Finally, in the case of 61 > 'yé/ *and 2/ (—1/A1) > 0, we may conclude the proof by showing
T T T
‘ Ezlon(8] 2)o(xT W] — byby. ] WH2 ~ 0as. (F9)

For each column i € [N], we have from (F.3) that ||w; — w;olla < N~'/2, where w;g ~
N(0,d=1T) and B, is deterministic. Hence (w;, 3,) satisfy the approximate orthonormality con-
ditions |||w; s — 1| < N=Y2,||B,]l2 — 1 = 0, and |w, B,| < N~'/2. Then (Fan and Wang, 2020,
Lemma D.3(a)) implies

Exlo.(B) )o(x w;)] — boby, B wi| < N7

(We note that (Fan and Wang, 2020, Lemma D.3(a)) assumes ¢ = oy, but the proof is identical
for o # o, both satisfying Assumption 3.) Applying this to each coordinate ¢ € [N] yields (F.9).
Observe that B Wo(W) = spax (W) - B u(W) where syax(W) and u(W) are the leading
singular value and left singular vector of W, and recall from the definitions (F.4) that u = ﬁ@.
Then we can apply (F.9) and Proposition 36 to (F.8) to conclude that

L7 V2(=1/M)e(=1/M) 623/ (8F —70) (0 + 67)

— bobs

> 0 a.s.

B
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