Un-regularizing: approximate proximal point algorithms for empirical risk minimization

A. Derivation of regularized ERM duality

For completeness, in this section we derive the dual (5) to the problem of computing proximal operator for the ERM
objective (3).

We can rewrite the primal problem as
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The final negated problem is precisely the dual formulation.

The first problem is a Lagrangian saddle-point problem, where the Lagrangian is defined as
é — sI2 T(Ar —
(5., 2 Z@ 5) + 5o = sl3 +yT(Az - 2),

The dual-to-primal mapping (6) and primal-to-dual mapping (7) are implied by the KKT conditions under £, and can be
derived by solving for z, y, and z in the system VL(z,y, z) = 0.

The duality gap in this context is defined as
gapg (2, y) = fsa(x) + gs 2 (y). 9)
Strong duality dictates that gap ,(7,y) > 0 forall x € R4, y € R™, with equality attained when z is primal-optimal and

vy is dual-optimal.

B. Additional lemmas

This section establishes technical lemmas, useful in statements and proofs throughout the paper.

Lemma B.1 (Standard bounds for smooth, strongly convex functions). Let f : R — R be differentiable and let x € RF.
Furthermore, let x°P' be a minimizer of f.

If f is L-smooth then

1 L
S IVF@IE < f(2) = f@™) < llw = a3
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If f is p-strongly convex we have

Blle =7 < f(a) = £a) < 5V @)1

Proof. Apply the definition of smoothness and strong convexity at the points x and z°" and minimize the resulting
quadratic form. O

Lemma B.2 (Errors for primal-dual pairs). Consider F, fs x gs . Zs,x and 9, as defined in (1), (3), (5), (6), and (7),
respectively. Then for all y € R",

R o R2L(nR%L + X\ o
Fur(Eanw) — 1% < TEOIEEEN (o) — ),

Furthermore let

xzpf\ = argmin f, \(x) and yfp; = argmin g, »(z).

Then for all y € R",

. nR?
1250 () = = AN3 < =5~y = w23

Proof. Because F is nR?L smooth, fs  is nR?L + )\ smooth. Consequently, for all z € R? we have

nR2L + \ .
B e — o3

opt / _opt
foa(@) = foN(a)) <
Since we know that 2%\ = s — + ATy" and AAT < nR?I,

nR2L + A 1+ j
MR s - ATy — (s~ 1 ATy B
nR2L + \

= M e

< nR?2(nR?L + \)
- 2)\2

fs,)\(ja:7/\<y)) - fs)\(le,);\)

IN

ly — yenll3- (10)

Finally, since each ¢} is 1/L strongly convex, G is n/L strongly convex and hence so is g, x. Therefore,

opt

n
o v = ¥ < 900 () = g:a (W) (11)

Substituting (11) in (10) yields the result. ]

By adding the dual error to both sides of the inequality in Lemma B.2, we obtain the following corollary.

Corollary B.3 (Dual error bounds gap). Consider gs », gaps », sz, and g, as defined in (5), (9), (6), and (7), respectively.
Forall s € R and y € R",

R 2R2L(nR2L + A )
gap, »(Zs,2 (), ) < ( 2 )(gs,x(y) — 9

Another corollary arises by combining Lemmas B.1 and B.3.

Corollary B.4 (Dual error bounds primal gradient). Consider f; x, gsx, and &, as defined in (3), (5), and (6), respec-
tively. For all s € R% and y € R™,

IVEr(@s @)l < 2(0R°L + X (fox(@sa(y) — £5)

QR?L(nR2L + \)? )
< ( v ) (952 (y) — g)-
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Lemma B.5 (Gap for primal-dual pairs). Consider F, fs x gs, 8aDs , Zs. and §, as defined in (1), (3), (5), (9), (6),
and (7), respectively. For any x,s € R?

" 1 A
gaps (7, 9()) = o IVF ()5 + Sllz = s3. (12)

Separately, for any y € R™ and s € R,
gap, x (57 (), y) = F(@s2(y)) + 952 () + 55 [ ATy (13)

Proof. To prove the first identity (12), let g = g () for brevity. Recall that
¢i(a]

z) € argmax{z' a;y; — ¢} (i)} (14)
Yi

by definition, and hence " a;3; — ¢¥(9;) = ¢i(a]x). Observe that

gap, (2, 9) Z (¢i(a] x) + 65 (5:) — aTATG+ AT + 3l — s

:Z ¢i(a]x) + 97 (5:) — =" aigi | + 55 [ATGI? + 3|z — s]?

- =0 (by (14))

TA
AT + 3l — s
n
= 5> aidi(al2)|” + 3|z — s|?
=1

s VE@)|? + 3llz — sl

For the second identity (13),

let 2 = 251 (y) for brevity. Fix s € R and A > 0. Define r(z) = 3|/ — s/, and note that
its Fenchel conjugate is r*(y) =

% ||yH2 + sTy. With this notation we can write:
foa(x) = F(z) +r(z)
9sa(y) = Gly) + 7" (=ATy).
Observe that
T=s5— %ATy
= argmin {3z —s||>+ :cTATy}
= argmm {r )+ mTATy}
= argmax {—z" ATy —r(z)}
= Vr*(—=ATy).
Note also that g,  may be rewritten as
952 (y) = Gy) + 55 [ATy[* = sTATy
=Gy) + (—5xy" A+ 5yt A—sT)ATy
=G(y) — o5l ATy|* —2TATy.
Combining the above two observations, and noting that the first implies equality in the Fenchel-Young inequality,
gaps A (2, y) = fsr (@) + gsa(y)
F(2) + G(y) +r(2) +1r"(-ATy)
=F(@)+G(y)—2"ATy
)+ 95 (y) + 251 ATy,
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proving the claim. O

C. Convergence analysis of Dual APPA

The goal of this section is to establish the convergence rate of Algorithm 3, Dual APPA. It is structured as follows:

e Mirroring Lemma 3.2, we establish Lemma C.1, concerning contraction of the norm of the gradient, |V F||, rather
than of the error in function value F' — F°P', Similar to Lemma 3.2, this lemma is self-contained and assume only that
F'is u-strongly convex, but not that it is the ERM objective.

e We then establish directly a geometric rate upper bound on the value of ||V F|| over the course of the algorithm,
relying, in the process on Lemma C.1.

e Finally, we query the strong convexity of F' to establish that it too is subject to the same rate (up to an extra multi-
plicative factor).

Lemma C.1 (Gradient-norm reduction implies contraction). Suppose F : RY — R is p-strongly convex and that \ > 0.
Define f, : R — Rby f,(x) = f(z) + 2|z — s|3. For any wo, 1 € R,

A A
VPl < (14 55 ) IV (ol + T3 IV F @)l 15)

Corollary C.2. Define def A/ (X + p) and let T be any scalar in the interval [y, 1). For any g, 1, € RY,

IVF @) < IV P(0) a6
whenever
19 el < (T2 ) IV PGl a7

Proof of Lemma C.1. Taking gradients of f,, and f,, we have that

VF(z1) = VF(z1) + Mz — x) — Mz1 — o)
=V fao (1) = Ma1 — 20).

By the triangle inequality,
IVE@)]| < IV fao (@2) ]| + A2y — o
Because fy, is (A + u)-strongly convex,

A+ wllzr —zo|l <[V fao (w1) = V fap (20) ||
<V fao (@) + IV fao (o) |
= |V fao ()| + [V E (z0) |-

Combining the previous two observations proves the claim. O

Throughout the remainder of this section, we consider the functions defined in the main setup (Section 1.1) — namely, F/,
fs.x Gs.x» Ts,2, and g, as defined in (1), (3), (5), (6), and (7), respectively, where F' is a p-strongly convex sum whose
constituent summands are each L-smooth scalar functions operating on the inner product of the variable z € R? with a
vector a; of Euclidean norm at most R. For notational brevity, we omit the \ subscript, and we denote iterates of the
algorithm with numerical subscripts (e.g. 1, x2, ..., and y1, y2, . . . ) rather than parenthesized superscripts.

We begin by bounding the error of the dual regularized ERM problem when the center of regularization changes. This
characterizes the initial error at the beginning of each Dual APPA iteration.
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Lemma C.3 (Dual error is bounded across re-centering.). Fixy € R™ and x € RY. Let 2’ = %, (y). Then

9o () — 92" < c1(ga(y) — 92") + 2l VE ()3,

where

. 2R2L(nR2L + \) ( AnR2L + ) A
1 =

\2 20\ + p)? ) and 2 = o e

In other words, the dual error g;(y) — g% is bounded across a re-centering step by multiples of previous sub-optimality

measurements (namely, dual error and gradient norm).

Proof. We first show how re-centering, from z to z’, increases the duality gap between y and =’ (the new center). The dual
function value changes from

1
92 (y) = G(y) + ﬁllz‘lTyll2 —zTATy
to
1
9 (y) = G(y) + ﬁllATyll2 —2'TATy

.
1 1
=Gl + gy = (2= 34T) ATy
1
=g (y) + XHATyH2
1
= g.(y) +AHXATZ/H2
1
= guo(y) + M|z — XATy —z|?
= g2(y) + A" — z||?

i.e. it increases by A||z’ — z||2. Meanwhile, the primal function value changes from
! ! A ! 2
fola') = () + 5[l — |

to fu(2') = F(a'), i.e. it decreases by % ||z’ — z||*. Hence, in total, the new duality gap is

A
gap, (7',y) = gap, (@', y) + 2" — =]

A
< gap,(¢',y) + W”sz(x/) — Vfu(@)|?

< gap,(¢',y) + T IV o (@) + IV fz(2)]1)

< g, (') + 5 (V2O + IVF@)R)

where the first inequality follows by (2 + A)-strong convexity of f.
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Combining the last two chains of inequalities, and abbreviating L = nR2L + \, we bound the re-centered dual error of y:

9o (y) — 9" < gap,. (2',y)

! A \ 112 2
< 8p,(0'9) + 3 (194 +IVF@)P)
o
< 2 0:0) — 47 + 5 (VLGP + IVP@)P)
2R?LL . A 2R2LI? opt )
gv@x(y)—gzpwmﬂ)z( - (gx<y>—gx>+||VF<x>||>

2R2LL V7 o ,
-T2 <1+2(ﬂ+)\)2> (92(y) — g5 )"’WHVF(x)|| .

where the third and fourth inequalities follow from Corollary B.3 — the fourth first relying on the L-smoothness of fz, that
is:

. . 2R?LL? .
1952 < 2L(fala’) = £27) < S5 (0u(y) — 637 ()
Recalling the choices of numerical constants ¢; and cs, the claim is proven. ]

Finally, we prove that — for an appropriate choice of oracle parameter ¢ independent of the target error € — the iterates
produced by Dual APPA are bounded above by a geometric sequence. In doing so, it will be convenient to abbreviate

B 2R2L(nR2L + \)?

= v ,

€3

the same numerical constant as in (18).

Proposition C.4 (Convergence rate of Dual APPA in gradient norm). Define v = A/(A + w) and let T be any scalar in
[v,1). Define

r:max{1/2, 7/V2, 7'2}, (19)
and
es (1= 7 citcatecs 1[(r—v\"2

_ = L A ) 20
7 max{2A<1+7> ’ o r<1+7> Cg(cl+62+6263)} 0

In the execution of Dual APPA (Algorithm 3), for every iterationt > 1,
Jooy () — g2 < o', and (21)
|VE(zi-1)|]? < e, (22)

where ¢ = 2|V F (z¢)||*.

Proof. The argument proceeds by strong induction on t. We begin the inductive argument with base case ¢t = 1.

For the first invariant (21), the algorithm takes o > 1/(2)) and we have

1

g

11 1

1
(920 (W0) — g < = —||[VF(z0)|* < =—c¢ (23)

_ Pt <
gxo (yl) grg —= o 2)\ g 4)\

because the algorithm explicitly takes yo = §(z¢) (see Lemma B.4). So this part of the claim holds as » > 1/2 and
o >1/(2X).
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The second invariant (22) holds immediately as ¢ = 2|V F (z0)||? and r > 1/2.

We will also explicitly handle the case t = 2 for the second invariant. By (23) and our choice of o, we have that

11 =\
IV a0l < ealgag ) = 420) < caZ LIV < (T2 ) VPG

and so by Corollary C.2,
72
IVE@)]? < 72 IVE(@o)|* < .

and the claim follows as r2 > 72/2

Now consider ¢ > 2. Concerning the first invariant (21), the algorithm takes o > %(01 + ¢2 + cac3) and so we have

Ger () — 08 < (e, (1) — 02,)
= % [(01 + ¢2¢3) (G, o (Ye—1) — g2 ) + Cz||VF(xt,2)||2}
< % [(c1 + cacs)er'™" + caer'™1]
< %C(Cl + co + caez)rt T
< crt

For the second invariant (22), we have already handled the case of ¢ = 2, and so assume that £ > 3. By Lemmas C.1 and
C.2, and by the choice of o, we have that

IVF(zi-1) < T4V s (@) | + A1V (22|

< (U )y es(ga, o (e 1) — 600 + IV F ()]

1 0
<(1+ V)\/ng(gmz(ytz) — gora) FVE(ze)|

1 o
<(1+ v)\/CSU [(c1 + c2¢3) (9o, s (i—2) — g2-,) + 2l VF (24-3) 2] + 7|V F (z0—2)]

1

\/63(61 + o+ cacz)ert=2 + yVert—1
o

Vert=l + yvert—1

<14y

<(T—7

)
)

IN
\]
ﬂ
ﬁ(‘#

[

where the final inequality is due to the choice of > 72. This completes the inductive argument. O

Equipped with Proposition C.4, we translate it into a statement about the convergence rate of Dual APPA in error, rather
than in gradient norm, to prove Theorem 2.10:

Proof of Theorem 2.10. Define v, 7, r, and ¢ as in Proposition C.4. In the execution of Dual APPA (Algorithm 3), at each
iteration ¢ > 1, we claim that

—cor T, (24)
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where €9 = F(zg) — F°P'. Consequently, for any € > 0, in order to achieve e error in Dual APPA, it suffices to take a

number of iterations
1 2nR?L
T2<log<n )—i—logm).
1—r W €

The first part of the claim follows directly from Proposition C.4, using the smoothness and strong convexity of F'. The
second part follows from a calculation sufficient to make the right hand side of (24) smaller than a given e. O

D. Convergence analysis of Accelerated APPA

The goal of this section is to establish the convergence rate of Algorithm 2, Accelerated APPA, and prove Theorem 2.6.
Note that the results in this section use nothing about the structure of F' other than strong convexity and thus they apply to
the general ERM problem (2); they are written in greater generality to make this distinction clear.

Aspects of the proofs in this section bear resemblance to the analysis in Shalev-Shwartz & Zhang (2014), which achieves
similar results in a more specialized setting.

The rest of this section is structured as follows:

e In Lemma D.1 we show that applying a primal oracle to the inner minimization problem gives us a quadratic lower
bound on F'(z).

e In Lemma D.2 we use this lower bound to construct a series of lower bounds for the main objective function f, and
accelerate the APPA algorithm, comprising the bulk of the analysis.

e In Lemma D.3 we show that the requirements of Lemma D.2 can be met by using a primal oracle that decreases the
error by a constant factor.

e In Lemma D.4 we analyze the initial error requirements of Lemma D.2.

e In Lemma D.5 we provide an auxiliary lemma that combines two quadratic functions that we use in the earlier proofs.

The proof of Theorem 2.6 follows immediately from these lemmas.

Lemma D.1. Let f € R” — R be p-strongly convex and let fy, »(x) o f(@) + 3|z — z0||3. Suppose x™ satisfies.

fIU,)\(w+) S wn’elﬁg}’ f:l)(),)\(x) + 67

Then for p' def w/2, g def Mz — 27T), and all x € R™ we have

( 1+1
x — (xo 7 WA

Note that as ¢/ = /2 we are only losing a factor of 2 in the strong convexity parameter for our lower bound. This allows
us to account for the error without loss in our ultimate convergence rates.

1 2

F@) 2 [ = g5 lolP+ 5

A+ 24

/

2 1%

€.

Proof. Let x° = argmin,cpn fz,x(x). Since f is p-strongly convex clearly fy,  is u + X strongly convex and by
Lemma B.1

o +A
Foor (@) = fapa@?) 2 ES 2l — . (25)
By Cauchy-Schwartz we know
At A p (A +p')?
e =2 <= (le*$°"t||§+IIfC"p‘*ﬁII%)+5\\x*w°"‘\|§+TIII‘)P‘*»T*II%,
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which implies
A
2

A+
2

Atp Atp

I
lz = 23 > lz — 273 ~ 7 o 2™ = 2.

On the other hand, since fzo \(2) < fu 2 (%) + € by (25) we have 2 ||z — 272 < ¢ and therefore

f:p07,\(37) B me’A(x—i_) = fﬂCo,A(x) - fa:o,)\(-f()pt) —€

A
> B2 o — 2 - e

A+ A+ A+p

25 oz —2*)3 - 7 'TIII"‘”—JJ*II%—ﬁ
A+ A+ 2y

> THx —at|} - —-

7
Now since
+12 1 9 9 2 1 2
lz =272 = |z = 20 + 9ll2 = lle = 20" + 3 (g, 2 — @0} + 3 llgll2,

A

and using the fact that f,, x(z) = f(z) + 3|l — z0||3, we have

F@) 2@+ [ 2 2 gz (10 ) g — o) + e — o2 = 2T
= A 2)2 2 A 2 W

The right hand side of the above equation is a quadratic function. Looking at its gradient with respect to = we see that it

obtains its minimum when x = x — (i + %) ¢ and has a minimum value of f(z™) — 2/1M llgll3 — )\+T2'M/€' O
Lemma D.2. Let f : R™ — R be u-strongly convex and suppose that in each iteration t we have 1 def P % lz—v® 3
such that f(z) > (z) for all x. Then if we let p ef “IJ,A, fya(2) o @)+ 3y — 2|3 for A > 3y’ and

o y® & @ + %M

o Elfy @) = £ | < g (F0) — i),

o g La(y® — g+
def _ _
o v+ X (1 pm1/2)50) 4 =172 [y(t) _ (i + §) g<t>]

We have that

Proof. Regardless of how y(*) is chosen we know by Lemma D.1 that for vy = 1 + % and all x € R"

2
o <y<t> _ V/gm)
12 2 o

1 /
s mz L B

f(x) = f(aD) —

A+ 24 o
- ’ & (fy(t),A(x(t+l)) - fy?:),)\) . (26)
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Thus, for 8 = 1 — p~1/2 we can let

e 1 !
bena(0) ® Bun(e) + (1= ) | £ = g+ e (40 - 2 ) 1

A+ 2
- T(fym,,\(x(tﬂ)) - f;f);,x)}
LK 1 v
—ﬁ[ 2||x_v<t>||%} +(1-8) [f(x““))—wg“)ll%Qllw (“> u,g )II%
)\+2M

222 o e ) = 18

=g 4 = oD
where in the last line we used Lemma D.5. Again, by Lemma D.5 we know that

1

6P = B+ (1— 6) <f(x(t“)) - o9l -

W gl
#8185 0~ (40 - Zg0)

> g+ (1= 9 @0) = D10 4 51— gy (4,000 - )

2u!
_ A= +24)
W

)\+2u

(o a0 = 125 )

(fy(t),x(x(tﬂ)) - fof):),,\)

y
In the second step we used the following fact:

1-p w
—W‘Fﬁ(l—ﬁ)?'

1-p

7 (1-p)?
w2 '

(=14 87%) > — o

Furthermore, expanding the term £||(z — y®) + m g™ ||3 and instantiating = with z(*) in (26) yields

1 A+ 2
FED) < 1) = S0+ (9090 = a0) + 22 o @)~ 8 ).

Consequently we know

a2
FEOD) =y < BlfY) o]+ {“Qf) - f} lg 13 +48 (9,9 —2® — (1 = B0 =)

A+ 2 .
+ O 20 o A0 = 10 )

Note that we have chosen y(*) so that the inner product term equals 0, and we choose § =1 — p~/2 > % which ensures

;)2
a-8" s _ 1 1 _,
20 X2+ N 2x T

3/2

Also, by assumption we know E[f, ) 5 (z(T1)) — fof:)’)\] < 22 (f(2®) — ™), which implies

Y

A+2u) p*2
W 4

E[f (2*+D) — 4] < <B n ) (F®) — ™) < (1— o2 /2) (f(2®) — 4.

In the final step we are using the fact that AJFTQ,“/ <2pandp > 1. O
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Lemma D.3. Under the setting of Lemma D.2, we have fy(f,>7/\(:17(t)) — P < fa®) — P In particular in order to

y®ON =
; t+1 —3/2
achieve E[f, ) \(zT1) < £
—3/2
p
8

(f(z®) — ") we only need an oracle that shrinks the function error by a factor of

(in expectation).
Proof. We know
A /\ p_l
t )y _ t 612 _ t )12
fy<t>,,\(93( )) - f(a' )) = §||3?( =y )||2 -9 m”ﬂ?( ) —of )||2-
opt

We will try to show the lower bound f;’?f) , is larger than ¢, by the same amount. This is because for all x we have

A uw A
Fyoa(®) = F@) + e~y 13 2 6+ = O3 4+ D -y,

The RHS is a quadratic function, whose optimal point is at x = % and whose optimal value is equal to
A o\ w A\ WA 1
opt | 2 ® _ O 2 (2 (t) _ (D)2 = 4P . ®) _ ,®)2.
3 () 10—y O+ (2] 10 -y =i s el 0
By definition of p~1, we know Q(ﬁ,li/\) . (1+p}1/2)2 |2 —v(®[|2 is exactly equal to % - ﬁ 2 —v®)||2, therefore
Fyoa@®) = 5\ < F) =™ O

Remark In the next lemma we show that moving to the regularized problem has the same effect on the primal function
value and the lower bound. This is a result of the choice of S in the proof of Lemma D.2. However this does not mean the
choice of § is very fragile, we can choose any 3’ that is between the current 8 and 1; the influence to this lemma will be
that the increase in primal function becomes smaller than the increase in the lower bound (so the lemma continues to hold).

Lemma D4. Let 5" = f(2(©) — ’\+T2,“/(f(x(0)) — "), and v(© = 2O, then vy < P + %/Hx — wo|? is a valid
lower bound for f. In particular when \ = LR? then f(2(©) — " < 2k(f(x(©) — forn).
Proof. This lemma is a direct corollary of Lemma D.1 with 2T = 2(%), O

Lemma D.5. Suppose that for all x we have

def

Fi(@) = o+ Slle = o3 and fo(w) = o + Sl — vall3

then s

afi(@) + (1= a)fa(2) = Y + S llo = val3
where u

Vo =av1 + (1 —a)ve and Yo = ay + (1 — o) + 504(1 —a)lor —valf3
Proof. Setting the gradient of o f1(x) + (1 — &) f2(z) to 0 we know that v,, must satisfy
ap (va —v1) + (1 = a)p (va —v2) =0

and thus
Vo = avy + (1 — a)ve.

Finally,
_ H 2 H 2
VYo = |1 + §||Ua —villz| + (1 —a) [t + §||va — v2l3
= aty + (1= @)y + 5 a1 = @)z w13 + (1 — @)’ vz — va]3]

= avy + (1 - a)gs + Sa(l — a)lloy — ol



