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Abstract
We study the multi-armed dueling bandit problem in which feedback is provided in the form of
relative comparisons between pairs of actions, with the goal of eventually learning to select actions
that are close to the best. Following Dudı́k et al. (2015), we aim for algorithms whose performance
approaches that of the optimal randomized choice of actions, the von Neumann winner, expressly
avoiding more restrictive assumptions, for instance, regarding the existence of a single best√action
(a Condorcet winner). In this general setting, the best known algorithms achieve regret Õ( KT )
in T rounds with K actions. In this paper, we present the first instance-dependent regret bounds for
the general problem, focusing particularly on when the von Neumann winner is sparse. Specifically,
we propose a √
new algorithm whose regret, relative to a unique von Neumann winner with sparsity s,
is at most Õ( sT ), plus an instance-dependent constant. Thus, when the sparsity is much smaller
than the total number of actions, our result indicates that learning can be substantially faster.
Keywords: dueling bandits, online learning, game theory.

1. Introduction
In many application domains, feedback can be more reliable and easier to obtain when given in the
form of a preference between a pair of items or choices, rather than assigning a real-valued score or
reward to individual options. For instance, humans may find it quite natural to select which of two
news articles they are more interested in reading, and each such selection between a pair of articles
can provide feedback to a learning system regarding user preferences. Similar examples include
ranker evaluation in information retrieval (Joachims, 2002; Yue and Joachims, 2011; Hofmann et al.,
2013), ad placement (Ciaramita et al., 2008; Pandey et al., 2007), and recommender systems (Park
and Chu, 2009).
The multi-armed dueling bandit problem of (Yue et al., 2012) provides a model for studying
such preference-learning problems. In this setting, the learner chooses from a pool of K possible
actions, that is, options or choices, also called “arms.” On each of a series of rounds, the learner
selects just two of the actions, and a duel is held between these two actions in which one or the
other is determined (stochastically) to be preferred. For instance, each round might model a website
selecting two news articles for presentation to a user, with the duel and its outcome corresponding
*
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to the user’s selection between the two articles. The goal is for the learner over time to select the
“best” actions on each round.
When individual actions yield scalar rewards, the best action is naturally the one producing
highest expected reward. But in the dueling-bandits setting, which is based solely on relative comparisons between pairs of actions, merely defining what is meant by “best” is a critical challenge.
One of the main approaches to this problem assumes the existence of a Condorcet winner, that is,
a single action that wins any duel against any other action with probability exceeding 1/2. When
such an action exists, it is clearly the best. Several methods have been proposed for dueling bandits under this assumption, including Interleaved Filter (Yue et al., 2012), Beat the Mean (Yue and
Joachims, 2011), Relative Confidence Sampling (Zoghi et al., 2014a), Relative Upper Confidence
Bound (RUCB) (Zoghi et al., 2014b), Doubler and MultiSBM (Ailon et al., 2014), mergeRUCB
(Zoghi et al., 2015b) and Relative Minimum Empirical Divergence (Komiyama et al., 2015). Often, additional assumptions are also needed, for instance, regarding transitivity among the actions.
However, as observed by Dudı́k et al. (2015) and Zoghi et al. (2015a), real-world problems do not
always have Condorcet winners.
Although there might not exist a single best action in the sense above, it was shown by Dudı́k
et al. (2015) (and previously by Rivest and Shen (2010) in a related setting), that there always must
exist a distribution over actions that is best in a similar sense. In other words, there must always
exist a randomized way of choosing an action that will win a duel against any other action with
probability at least 1/2. The existence of such a distribution, called a von Neumann winner, follows
from a game-theoretic view of dueling bandits together with a simple invocation of the minmax
theorem for zero-sum games.
Roughly speaking, the goal now becomes that of learning to choose actions to achieve performance almost as good as that attainable using a von Neumann winner, that is, a best choice of
actions. The difference between actual and optimal performance is the regret. For this problem,
the√sparring Exp3 algorithm (Ailon et al., 2014; Dudı́k et al., 2015) is known to achieve regret
Õ( KT ) in T rounds. This bound is worst-case or instance-independent in the sense that it holds
for all instances of this problem involving K actions.
In fact, under the strong assumption that a Condorcet winner exists (possibly along with other
assumptions), the algorithms listed above for this case achieve a much more favorable bound of
O(K ln T ). However, these bounds are instance-dependent in the sense that they hide an additive
constant that depends on the particular instance, that is, on the underlying probabilities controlling
the outcomes of pairwise duels. Such bounds can give a more fine-grained understanding of how
learning will progress on a single, fixed instance as T becomes large. They can be substantially better than instance-independent bounds for the same problem. Indeed, these much improved instancedependent bounds under the restrictive Condorcet assumption suggest that the instance-independent
bounds for the general case may be overly pessimistic on many instances.
In this paper, we prove the first such instance-dependent bounds for a very general case, without
relying on restrictive Condorcet or transitivity assumptions. We focus specifically on the case in
which the von Neumann winner is sparse, meaning that its support is concentrated on just a few of
the actions. In other words, we suppose that there are a handful of “good” actions, with the rest being
strictly inferior. For our analysis, we also assume that the von Neumann winner is unique, which is
known to be the case in almost all instances (Owen, 1995, Exercise II.6). √Under these conditions,
we give an algorithm called SPAR2 whose instance-dependent regret is Õ( sT ), plus a term that is
constant relative to T , though dependent on the particular instance. Here, s is the sparsity (number
2
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of nonzero elements) of the unique von Neumann winner. Thus, when the sparsity s is much smaller
than the total number of actions K, our result indicates that learning can be substantially faster.
Our algorithm is based on maintaining confidence bounds on relevant probability estimates, and
using these to explicitly eliminate actions which cannot belong to the support of the von Neumann
winner. For the remaining actions, previous methods, such as sparring Exp3, can be applied.
Although we present our results within the context of dueling bandits, they apply more generally
to the problem of repeatedly playing any symmetric zero-sum game.

2. Dueling Bandits and von Neumann Winners
In the multi-armed dueling bandits problem (Yue et al., 2012), the learner has access to K actions,
1, . . . , K. On each round t = 1, . . . , T , the learner must select two of these actions i and j. A duel
is then held between these actions, with an outcome of +1 if i wins the duel, and −1 if j wins. We
assume the outcome of each duel is independent, and that the probability of i beating j is fixed but
unknown. In particular, we define a matrix P whose (i, j) entry Pij is the expected outcome of a
duel between i and j; this is equivalent to saying that the probability of i beating j is (1 + Pij )/2.
For now, we assume only that this matrix P is skew-symmetric, meaning that P = −P> , which in
this setting means simply that a duel (i, j) is equivalent to the negative of a duel (j, i), as is natural.
Roughly, the learner aims to select actions that are close to the best. As discussed in §1, there
might not exist a single best action, a so-called Condorcet winner. Instead, Dudı́k et al. (2015)
propose viewing the matrix P as defining a zero-sum game. Then von Neumann’s minmax theorem,
together with P’s skew-symmetry, imply the existence of a probability vector w ∈ [0, 1]K (with
elements summing to 1) for which w> Pv ≥ 0 for all probability vectors v. Such a vector w,
which is really just a maxmin strategy for the game P, is called a von Neumann winner. The
randomized strategy defined by w is best in the sense that, for any action j, if i is chosen at random
according to the distribution defined by w, then i will beat j in a duel with probability at least 1/2.
(The same is true also if j is itself chosen at random from any fixed distribution.) Thus, we want
the learner’s performance to approach that of a von Neumann winner.
More precisely, let us write (i(t), j(t)) for the pair of actions selected on round t. Following
Dudı́k et al. (2015), we define the regret for such a sequence of choices to be
max
k∈[K]

T
X
Pk,i(t) + Pk,j(t)

2

t=1

(1)

where [K] = {1, . . . , K}. This regret is always nonnegative as can be seen by noting that if k is
chosen randomly according to a von Neumann winner, then the expected value of each term of the
sum, and therefore the entire sum, will all be nonnegative; thus, the maximum over k is as well.
Furthermore, if i(t) and j(t) are themselves chosen by a von Neumann winner, then the expected
value of the sum will be nonpositive. Therefore, the regret is minimized and equal to zero when
actions are chosen according to a von Neumann winner.
Summarizing, this definition of regret thus measures how the learner’s performance in its choice
of actions varies from the optimal performance, which can always be realized, in expectation, using
a von Neumann winner.
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Algorithm 1 Sparse Sparring (SPAR2)
Input: A von Neumann dueling bandit problem, an exploration parameter α > 12 , a horizon T ∈
{1, 2, . . .} and probability of failure δ > 0
1:

W = [Wij ] ← 0K×K // 2D array of wins: Wij is the number of times action i beat action j

2:

N = [Nij ] ← 0K×K // 2D array of plays: Nij is the number of times action i was compared
against action j

3:

A ← {1, . . . , K}

4:

Initialize two copies of Exp3.P with actions A: a row copy Exp3.PR and a column copy
Exp3.PC

5:

for t = 1, . . . , Tq
do

6:
7:

Uij =

Lij =

Wij
Nij

Wij
Nij

+

−

q

// Active actions

α ln(2/δ)
Nij

for all i, j ∈ {1, . . . , K} with i 6= j

α ln(2/δ)
Nij

for all i, j ∈ {1, . . . , K} with i 6= j

// We use the convention that

0
0

= 0 and

x
0

:= ∞ for any x 6= 0.

8:

Uii = 0 and Lii ← 0 for each i = 1, . . . , K

9:

Q := [Qij ] with Qij = Nijij for i 6= j and Qii = 0
// Frequentist estimate of preference matrix underlying the dueling bandit problem

10:

C ← the set of preference matrices R = [Rij ] such that Lij ≤ Rij ≤ Uij for all i, j

11:

E ← output of Algorithm 2 with Q and C as the input

12:

if E 6= ∅ then
A←A\E

13:
14:

W

Modify Exp3.PR and Exp3.PC by setting the weights of the actions in E to zero and removing them from further consideration.

18:

end if
Select actions r, c ∈ A by querying Exp3.PR and Exp3.PC , respectively.

1 if r won
Compare actions r and c and set o =
−1 if c won
Give feedback o to Exp3.PR and −o to Exp3.PC .

19:

Set Wrc + = o and Wcr − = o.

20:

Increment both Nrc and Ncr .

15:
16:
17:

21:

end for

3. The Algorithm
In this section, we give a basic description of our proposed algorithm, SPAR2. In the next section
§4, the interested reader can find more detailed justifications for some of the specific choices made
in the algorithm together with a summary of the proof techniques used in the analysis of SPAR2.
Our solution builds upon the existing, straightforward solution of sparring two independent
copies of Exp3 (presented as Sparring in Ailon et al. (2014)). For clarity, we provide a short review
of it. With this technique, we maintain two independent copies of any algorithm for the classic
Multi Armed Bandit problem, e.g. the Exp3 algorithm. We refer to them as the row and column
instances. In each round, the row instance plays action i and the column instance plays action j. The
4

R EGRET B OUNDS FOR D UELING BANDITS

Algorithm 2 Sub-procedure for action elimination
Input: A skew-symmetric matrix Q ∈ RK×K , and confidence region C ⊆ RK×K around Q.
Return: A subset E ⊆ [K] of actions that can be eliminated from being in the von Neumann
support of any matrix R ∈ C.
1:

Find a von Neumann winner v of Q.

2:

Set S ← supp(v), and s ← |S|.

3:

Set Q0 ← QS,S , the minor of Q formed by the rows and columns corresponding to indices that
are in S.

4:

For i ∈ [s], let Qi be the matrix obtained by replacing the ith column of Q0 with the all 1
column vector.

5:

Set σ = maxi σs (Qi ) where σj is the j’th largest singular value of a matrix.

6:

If σ = 0, return the empty set.

Set i = vi for i ∈ S and i = (v> Q)i for i ∈
/ S, where (v> Q)i denotes the ith coordinate of
>
the vector v .Q


i
2
8: Set ∆ = 9 σ · min min i , min
i∈S
i∈S
/ kQ{i},S k
sX
(Qij − Rij )2 > ∆, return the empty set.
9: If there exists a R ∈ C with
7:

i,j∈S

10:
11:

For i ∈
/ S, let ρi = max
R∈C

sX

(Qij − Rij )2 . If ρi > i /3 for some i ∈
/ S, return the empty set.

j∈S

Return [K] \ S

pair played by the dueling bandit solver is (i, j). One of the actions wins the duel, and its instance
is given a gain of 1; the other, losing instance gets a gain of −1. The two algorithms’ inputs and
outputs therefore depend on each other.
It is rather
straightforward to show that as long as the algorithms have a regret guarantee of the
√
e KT ) against an adaptive adversary, the empirical distribution of actions played by both
form O(
players is guaranteed to be close to the von-Neumann
winner of P (Dudı́k et al., 2015, §5). This
√
e
translates into a regret guarantee of the form O( KT ) in our setting. The main observation in this
paper is that although this bound may be tight in the worst-case scenario, typical game matrices P
tend to be easier.
We focus on the case where the matrix has a unique and sparse von Neumann winner. As
mentioned in the introduction, almost all preference matrices P have a unique von Neumann winner,
and matrices that arise in practice often have one with sparse support. So the matrix of interest
typically satisfies these criteria as well. In a setting with K actions but only s  K non-zero
values
√ in the von Neumann winner, we manage to prove a high probability bound on the regret of
e
O( sT + C(P)), where C(P) is an instance dependent parameter of P.
The idea behind our algorithm is quite simple: during the run of the sparring algorithm we
gradually get a clearer estimate of P formally defined as some confidence region C. Once it becomes
clear that an action is not in the support of any matrix Q ∈ C, the action can be excluded. This idea
naturally gives rise to a computationally inefficient scheme: in each round, compute the union of

5
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the supports of the von Neumann winners of all matrices in C, excluding any action outside of this
union. Now, if the non-supported actions
√ are excluded at an early stage, then by existing bounds for
e
sparring Exp3, the regret will be O( sT ).
This is the basic idea behind our SPAR2 algorithm, outlined in Algorithm 1. However, in order
to remedy the computational inefficiency of the above intractable algorithm, we replace the above
condition on C by a more conservative condition that has the advantage of being easier to check.
More specifically, the conditions in Lines 9 and 10 of Algorithm 2 ensure that the von Neumann
winners of all preference matrices in the confidence region C have identical supports. Assuming
that we know with high probability that our underlying matrix P lies inside C, then we can safely
discard actions that cannot be in the support of the von Neumann winner of P. This is done by
placing high-probability confidence intervals around our frequentist estimates of the entries of P
(cf. Lines 6-8 of Algorithm 1) and using the resulting constraints as the confidence region (Line 10
of Algorithm 1).
Next, we provide a brief overview of Algorithm 2. As mentioned above, the goal of this subroutine is to facilitate verifying whether or not a confidence region C around a given preference matrix
Q with von Neumann winner v (Line 1) contains a preference matrix R whose von Neumann winner is supported on a different set of actions than the support of v: if not, we call C “pure.” The
algorithm provides two conditions (Lines 9 and 10) which can easily be checked if the conditions
defining the confidence region C are given in terms of independent constraints on the entries of the
matrix R, as is the case with the constraints in Line 10 of Algorithm 1. There are two types of
quantities used by the two conditions imposed by Algorithm 2: the first one is σ (Line 5), which is
the smallest singular value of a modification of the submatrix of Q that corresponds to the actions
on which v is supported (Lines 3-4); the second type of quantity used to test the purity of C are the
i (Line 7) which roughly speaking are a measure of how far an action is from leaving or entering
the support of v if Q were to be perturbed. In §4.2.1, we provide a more intuitive explanation for
why these quantities are useful in accomplishing what Algorithm 2 is tasked with.
In this paper, we prove the following regret bound for our algorithm SPAR2:
Theorem 1 Suppose we are given a multi-armed dueling bandit problem, whose preference matrix
P has a unique von Neumann winner that puts nonzero weight on s actions, a time horizon T and a
probability of failure δ.pThen, applying Algorithm 1 to this problem
pleads to a regret that is bounded
2
e
by the minimum of O( sT log(s/δ) + C(P) log(1/δ) ) and O( KT log(K/δ)) with probability
at least 1 − δ for some constant C(P).

4. Our Techniques
In this section, we provide an outline of the main ingredients of the proof of Theorem 1, with the
goal of assisting the reader in developing an intuition for both the algorithm and the analysis. For
rigorous proofs and precise definitions we invite the reader to consult §5.
4.1. An Initial Idea
As has been shown in the literature (Dudı́k et al., 2015; Zoghi et al., 2015a), the dueling bandit
problems that arise in practice tend to have von Neumann winners that have much smaller support
size than the total number of actions. Therefore, if at some point we could discard the actions
outside the von Neumann winner support, we could thereafter deal with a much smaller dueling
6
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bandit problem, which has great computational and convergence benefits. Such reasoning suggests
the following notional scheme for dueling bandits in the von Neumann setting:
1. Apply any algorithm
A for the von Neumann dueling bandit problem with a regret bound of
√
e KT ) (e.g. Sparring Exp3.P as in Ailon et al. (2014); Dudı́k et al. (2015)) to a
the form O(
dueling bandit problem defined by P.
2. Use the outcomes of the comparisons carried out by the algorithm to maintain a high probability confidence region C around the empirical estimate Q of P.
3. Continue running A until a time comes when for every preference matrix R ∈ C, the von
Neumann winners of Q and R are supported on the same set of actions.
4. Eliminate the actions outside the common support of the von Neumann winners (call it S),
and continue applying A to the smaller set S of actions.
Let us denote this modification of A by SPAR2A . Note that SPAR2A can only improve upon
A, which can be seen by considering the following two scenarios: if Step 4 is never reached, then
SPAR2A will be identical
√ to A; alternatively, if Step 4 is reached, then the cumulative regret of
SPAR2A will be in O( sT ), where s is size of the support of w: this is because of our assumption
on the regret bound for A. So this approach seems a plausible way to solve the problem with low
regret.
However, there are two hurdles to overcome to make these ideas into an efficient algorithm.
1. Computation: It is not specified how to efficiently check that the von Neumann winners of
matrices in C have the same support. There appears to be no element-wise way to do so, as
existed for the Condorcet winner.
2. Convergence with Low Regret: It is not even clear that it is possible to eliminate actions
with certitude and drive this procedure to its final phase – Algorithm A is oblivious to the confidence region and so might not shrink C enough for us to be able to eliminate actions. Action
elimination to find the von Neumann winner requires more care than is typically necessary
with such algorithms (see §4.3).
4.2. Devising an Efficient Algorithm
We now give a detailed overview of how our proof proceeds to address the above computation and
convergence issues of SPAR2A , to derive the efficient algorithm SPAR2 and prove Theorem 1. The
interested reader can find the formal proofs in §5.
4.2.1. E FFICIENT C OMPUTATION
To translate the action elimination idea to our situation, recall that the suboptimal actions are those
outside of the support of the von Neumann winner. Therefore, given a confidence region C of
possible preference matrices, we must be able to determine whether an action is outside of the
support of the von Neumann winners of all P ∈ C. When the support size s is 1, each matrix
in C must have a Condorcet winner and it is easy to do this: if there exists some pair i, j such that
Pij > 0 for all P ∈ C, then action j can be eliminated. This element-wise scheme has the advantage

7
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Figure 1: A pictorial representation of the conditions defining a von Neumann winner: the left
plot depicts the von Neumann winner of a matrix Q and the right plot that of a small
perturbation of Q.
of being computationally tractable. However, when the support size s > 1, there is no obvious way
to generalize it.
In this vein, our first contribution is an analogous result for preference matrices that have unique
von Neumann winners, which is known to be the generic case encompassing almost all preference
matrices (Owen, 1995, Exercise II.6). In §5.3, we show that, given a preference matrix Q, the
efficiently computable quantities ∆ and i , defined in Lines 9 and 10 of Algorithm 2, can be used
to place proximity conditions on other preference matrices R to ensure that their von Neumann
winners have the same support as Q. So if we can empirically estimate the true preference matrix
P with some matrix Q so that the easily checkable conditions in Algorithm 2 are satisfied, then we
can indeed identify and retain only actions in the support of Q’s von Neumann winner – they are
exactly the actions in the support of the von Neumann winner of the true matrix P.
We more precisely explain the ideas behind the quantity ∆(P) (in Lemma 6). Consider the
matrix P, its von Neumann winner w and its support, which we assume w.l.o.g. to be [s]. As
discussed in §5.2,Pthe vector w is a solution to the linear system of equations defined by (w> P)i =
0 for all i ∈ [s], si=1 wi = 1, and wi = 0 for all i > s. When considering the first s entries of w,
this can be viewed as a set of s + 1 equations with s variables. Since w is unique, it must be the
only solution to this equation system, meaning the corresponding matrix is of rank s.
In our proof, we view the von Neumann winner as the solution to the above system of equations.
This point is illustrated in the left plot of Figure 1, where the blue lines represent the linear equations
determining the non-zero values of w; their intersection is the point w. The red lines represent the
columns of P numbered s + 1 through K. For w to be a von Neumann winner, it must remain on
the positive side of these lines: i.e. w> P > 0 , the region shaded green.
When considering a matrix Q that is close enough to P, as prescribed by Algorithm 2, all lines
move an amount proportional to ∆ and the i ’s. Our key observation here is the following: as long
as the blue lines describe a sufficiently well-conditioned system, the point w which is the intersection
of the blue lines moves by a distance proportional to ∆; similarly, as long as the perturbation of the
vectors defining the red lines are small enough, then w will remain a bounded distance away from

8
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Figure 2: A pictorial representation of the perturbation of the sub-preference matrix corresponding
to the arms in the support.
the red lines. This is illustrated in the right plot of Figure 1, which illustrates what would happen if
we were to perturb the preference matrix depicted in the left plot by a small amount.
More specifically, Figure 2 provides a more detailed description of how the von Neumann winner w is affected by perturbations in the column vectors of the submatrix P0 (where P0 is the
sub-preference matrix corresponding to the arms in the support of the von Neumann winner): the
blue dots around the tips of the blue vectors represent an equispaced grid tiling a box around each
column of P0 (recall that P0 is equal to zero along the diagonal, so each column has s − 1 nonzero
entries); on the other hand, the black dots near the intersection of the three blue lines represent the
resulting perturbations in the von Neumann winner: each black dot corresponds to three blue dots
chosen, each of them coming from a different cluster of blue dots. As this figure indicates, the
resulting set of possible von Neumann winners can have a rather complicated shape, and so rather
than dealing with it directly, we inscribe it inside a larger ball and insist for this larger ball to be
contained inside the green region.
More precisely, the algebraic quantity determining how far w can move is the s’th singular value
of the matrix of equations detailed above, that measures how far away this matrix is from a lower
rank matrix. To conclude, the bound is obtained by making sure that the matrices are close enough

9
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so that w does not cross any red lines out of the shaded region, and remains a valid distribution.
Formalizing this intuition eventually leads to a measure of proximity between matrices that depends
on (a) the values wi for i ≤ s, (b) the values (w> P)i for i > s, and (c) the s’th singular value of
the matrix corresponding to the linear equation system described by the blue lines.
This reasoning gives us the efficient prescription of Algorithm 2 for identifying actions outside
the support of all preference matrices in C.
4.2.2. C ONVERGENCE WITH L OW R EGRET
As we mentioned earlier, it is not clear that actions can be eliminated using this method simply
because sparring Exp3.P might very well not shrink the confidence region C enough for Algorithm
2 to return anything other than the empty set. However, a careful inspection of the conditions in
Lines 9 and 10 of Algorithm 2 reveals the following important fact: as far as the proximity of the
matrices Q and R are concerned, we only care about the entries i, j with either i or j in [s]. Note
that this pertains to an s × K submatrix of the full K × K preference matrix P, so we simply need
to show that this smaller submatrix is queries enough.
We show that the low regret guarantees of Exp3.P translate into a guarantee that the actions in [s]
are queried a constant fraction of the time (Lemmas 12 and 13).
√ This, combined with an assumption
that all actions are queried at least a fraction of (roughly) 1/ T of the time allows us to find a finite
upper bound to the time required for two copies of Exp3.P to obtain a confidence bound in which
all matrices share the same von Neumann support (Corollary 17).
4.3. Related Work
Our reasoning follows the intuition behind the action elimination family of algorithms (see e.g. EvenDar et al. (2002)), where suboptimal actions are excluded once it is clear with high probability that
they are indeed suboptimal. These algorithms, when applied to the classic MAB problem, track a
confidence interval around each action’s reward, and eliminate an action once all reward settings
within these confidence intervals are such that the action is suboptimal. Typically, the action elimination algorithms use a uniform sampling approach, but one can consider algorithms that use other
sampling techniques that may require more time to eliminate actions, but eventually result in smaller
regret bounds. Although such an approach is not required in the MAB setting, in our setting
we must
√
sample the actions non-uniformly in order to guarantee a min-max regret bound of T rather than
T 2/3 for the problem, as is sometimes the case for -first approaches.
When removing actions from contention, the poorest-performing actions are the most natural
ones to choose to eliminate. However, it is not clear how this can be done in our setting. For
instance, there could be an action a1 which is included in the von Neumann winner solely because
it is uniquely capable of beating some other action a2 , while a1 itself performs poorly against almost
all other actions (and contending von Neumann winners). For instance, consider the case of three
actions, with a1 always beating a2 , and a2 beating a3 with some small probability δ, and a1 tying
with a3 , so that the von Neumann winner is just a1 . Then a3 is δ-close to being the von Neumann
winner, so it needs to be played; but the worse-than-von-Neumann action a2 cannot be eliminated,
because it is the only way of distinguishing a3 from being a von Neumann winner. In short, the
algorithm should not eliminate actions like a2 , whose deceptively poor performance belies their
importance to achieving low regret.

10
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Our algorithm sidesteps this concern, because our arguments motivating ∆(P) make it clear
that we are not necessarily removing actions just based on their individual performance. Rather, we
depend in a more complex way on actions’ interactions through the geometry of the constraint set
represented by ∆(P).
Furthermore, there is another group of algorithms that do not assume the existence of a Condorcet winner and instead try to find a different notion of winner, such as Copeland (Urvoy et al.,
2013; Zoghi et al., 2015a; Komiyama et al., 2016), Borda (Busa-Fekete et al., 2013, 2014; Jamieson
et al., 2015) or Random Walk (Negahban et al., 2012; Busa-Fekete et al., 2013; Chen and Suh,
2015). As argued in (Dudı́k et al., 2015), from a preference learning point of view, the von Neumann winner is more preferable as a solution concept than these other notions that have their roots
in other fields such as social choice theory: this is because in a head-to-head comparison, the von
Neumann winner is preferred to any other choice of arms.

5. Analysis
5.1. Notation
Let us begin by fixing some notation: Rk denotes the vector space of k-dimensional vectors or
real numbers. In what follows all vectors are given in bold letters and are row vectors. Also, ej
denotes the j th basis vector that is 1 in the j th coordinate and zero elsewhere. The dimension of
ej will be clear from context or stated otherwise. We also denote by 0k and 1k the k-dimensional
vectors, whose coordinates are all zeros and ones, respectively. The k-simplex ∆k is the subset of
Rk consisting of vectors whose coordinates are all non-negative and sum to 1. Recall that ∆k is the
convex hull of the k basis vectors e1 , . . . , ek
Definition 2 Given a matrix M and an ordered subset of indices S ⊆ {1, . . . , K}, we denote by
MS the matrix obtained from extracting the i, j entries of M for all i, j ∈ S. If S is equal to consecutive indices S = {i, i + 1, . . . , i0 }, we also use the notation Mi:i0 := MS . Also, more generally,
given ordered sets of indices S and S 0 , the notation MS,S 0 will denote the matrix consisting of the
numbers Mi,j for all (i, j) ∈ S × S 0 .
Definition 3 Given a preference matrix P with a unique von Neumann winner w, we define the
following entities:
1. We define the support of P to be the set of actions k such that the k th entry of w is non-zero
and use the notation
supp P := {k | s.t. wk > 0}.
Furthermore, we denote by s(P) the number of actions in supp P.
2. Relabeling the actions so that the actions in supp P are the first s := s(P) actions, we get
the following decomposition of P and its von Neumann winner:
#
"
 0

P0
P01
w
0
P=
,
w
=
(2)
>
−P01
P1
with P0 and P01 being matrices of size s × s and s × (K − s) respectively, and similarly
w0 a s-dimensional row vector with positive elements and 0 the (K − s)-dimensional zero
vector.
11

BALSUBRAMANI K ARNIN S CHAPIRE Z OGHI

5.2. Facts about the von Neumann winner
Let us now recall Theorem II.4.4 in (Owen, 1995), restricted to case of a unique von Nuemann
winner w, which in our notation states that for l = w> P,
min(w + l)i > 0

and

i

w◦l=0

(3)

where ◦ denotes the element-wise product of vectors. The second equality is a consequence of
complementary slackness in KKT. In other words, the above states that the supports of w, w> P
form a partition of [K].
Lemma 4 Suppose we are given a preference matrix P, whose s × s minor (i.e. P1:s using the
notation of Definition 2) has rank s − 1 and its 1-dimensional kernel intersects the interior of the
P
>
s-simplex ∆s at a point w0 (i.e. w0 P1:s = 0, i wi0 = 1 and w0 > 0) which additionally
>
satisfies w0 P1:s,s+1:K > 0. Then, w = [w0 0K−s ] is the unique von Neumann winner of P.
Proof First of all, let us note that w is a von Neumann winner for P since we have


 0

P1:s
P1:s,s+1:K
>
w P = w 0K−s
Ps+1:K,1:s
Ps+1:K
i
i h
h
= w0 > P1:s w0 > P1:s,s+1:K = 0 w0 > P1:s,s+1:K ≥ 0.
Now, let us assume that P has a von Neumann winner v 6= w. By Equation (3), we know that we
have vs+1:K = 0 since by assumption the last K − s coordinates of l := w> P are non-zero, so
>
we also have v = [v0 0K−s ], which means that v0 satisfies v0 P1:s = 0 and v0 ∈ ∆s . But, the
assumption that v 6= w implies that we also have v0 6= w0 and since we have v0 , w0 ∈ ∆s we can
conclude that v0 is not a constant multiple of w0 , but this would mean P1:s has a rank of at most
>
>
s − 2 as v0 P1:s = w0 P1:s = 0, and v0 and w0 are linearly independent. This contradicts our
assumption that P1:s has rank s − 1 and so v 6= w cannot be true.

5.3. The Stability of the von Neumann Support
In this section we analyze the proximity requirement of a pair of matrices for them to have the same
von Neumann support. We begin with the case of a s×s matrix P with a full von Neumann support.
Definition 5 Given a preference matrix P of size s × s and an index i ∈ {1, . . . , s}, we define the
modified matrix Pi to be the s × s matrix (with s > 1) obtained by removing the ith row of P and
replacing it with 1s , i.e. the s-dimensional row vector whose coordinates are all equal to 1.
Lemma 6 Suppose we are given the following for some parameter 1/3 > α > 0:
1. a preference matrix P of size s×s that has a unique von Neumann winner w with no vanishing
coordinates, i.e. with full support (so s is necessarily odd)
2.  ∈ (0, mini wi ]

12
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3. a preference matrix Q satisfying kP − Qk < ∆α (P), where ∆α (P) := α maxi σs (Pi ) and
σj (·) denotes the j th largest singular value of the matrix.
Then, we can deduce that Q also has a unique von Neumann winner v with no non-zero coordinates
such that kv − wk2 < 3α/2, and furthermore ∆α (Q) ≥ ∆α (P)/3.
Proof Define D := Q − P and Di := Qi − Pi : note that since Di is obtained by replacing the ith
>
the row of D with zeros we get that D>
i Di  D D and in particular we have
kDi k ≤ kDk < ∆α (P)

(4)

Fix j as the maximizer of σs (Pj ). We proceed to analyze Qj . We first observe that it is full
rank as by Weyl’s inequality we have
σs (Qj ) ≥ σs (Pj ) − kDj k ≥ σs (Pj ) − ∆α (P)
≥ σs (Pj ) − max σs (Pi )/3 = 2σs (Pj )/3 > 0
i

(5)

where the third inequality is due to the fact that  ≤ 1, α < 1/3 and hence Qj is full rank. It follows
−1
that the vector v := e>
j Qj is well defined. We proceed to show that v is the von Neumann winner
of Q. First, notice that (v> Q)i = 0 for all i 6= j by the definition of v. To prove that (v> Q)j = 0,
we define z as the unit vector orthogonal to Q, meaning Qz > = 0> (z is guaranteed to exist since Q
is not a full rank matrix). Notice that if zj = 0 then the columns other than j are linearly dependent
and Qi cannot be full rank, leading to a contradiction. It follow that zj 6= 0 and
(i)

0 = v · 0> = v> Qz > =

X

(ii)

zi (v> Q)i = zj (v> Q)j

i

Equality (i) is since Qz > = 0> . Equality (ii) holds since (v> Q)i = 0 for all i 6= j. We get that
since zj 6= 0, (v> Q)j = 0 meaning that v> Q = 0 as required.

13
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In order to prove that v is the von Neumann winner of Q it now remains to show that vi ≥ 0 for
all i. To do so, we bound its Euclidean distance from w.
−1
kv − wk = k(Q−1
j − Pj )ej k

= k((Pj + Dj )−1 − P−1
j )ej k
−1 −1
−1
= kP−1
j (I + Dj Pj ) Dj Pj ej k

by the binomial inverse theorem

−1 −1
= kP−1
j (I + Dj Pj ) Dj wk
−1 −1
≤ kP−1
j (I + Dj Pj ) Dj k

kDj k
−1
k(I + Dj P−1
j ) k
σs (Pj )
kDj k
≤
σs (Pj )σs (I + Dj P−1
j )
≤

≤

kDj k
σs (Pj )(1 − kDj P−1
j k)

≤

∆α (P)
σs (Pj )(1 − ∆α (P)kP−1
j k)

=
1
≤

by Weyl’s inequality
by Equation (4)

∆α (P)
σs (Pj )
(P)
− σ∆sα(P
j)

3∆α (P)
2σs (Pj )

since ∆α (P) ≤ σs (Pj )/3 and so 1 −

∆α (P)
≥ 2/3
σs (Pj )

< 3α/2.
Now, according to the definition of  and the fact that α < 1/3 we have for all i that
vi ≥ wi − kv − wk ≥ /2

(6)

and we conclude that v is indeed a von Neumann winner of the matrix Q.
We proceed to analyze the uniqueness of v. To this end we apply Lemma 4. Since Qj is full rank
and is obtained by replacing exactly one column of Q we get that rank(Q) ≥ rank(Qj )−1 = s−1
and Q is of rank s − 1 as required. By Equation (6) we have that vi > 0 for all i, hence Lemma
4 can indeed be applied and Q has a unique von Neumann winner. The lower bound for ∆α (Q)
follows immediately from Equations (5) and (6).
We are now ready to deal with the more general case of a K × K matrix with a von Neumann
winner with support size s. The following Lemma will later be used to show that after shifting
the matrix P, the columns of it for which w> P > 0, meaning those whose indices are not in the
support of w, remain to be outside the support after perturbing P. That is, if the perturbed version
of P is Q and its von Neumann winner is v then for these indices we still have v> Q > 0.
Lemma 7 Let p, q be vectors with kp − qk < 1 , and let w, v be such that kw − vk < 2 . We
have that
|hp, wi − hq, vi| < 2 kpk + 1 kvk
14
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Proof
|hp, wi − hp, vi| ≤ kpkkw − vk < 2 kpk
|hp, vi − hq, vi| ≤ kvkkp − qk < 1 kvk
The result follows from the triangle inequality
We are now ready to provide the final result of the section characterizing the proximity requirement of a pair of matrices for them to have the same von Neumann support.
Definition 8 Suppose we are given a preference matrix P with a unique von Neumann winner w
with support on the first s actions and the decomposition in Definition 3.2: in particular, P0 denotes
the s × s minor that determines the non-zero weights of w. We define the following quantities:
1. i := wi for i ≤ s
2. pi := P1:s,i using the notation of Definition 2
3. i := hw, pi i = (w> P)i for i > s
4. ∆(P) := 2 min {mini>s i /kpi k, mini≤s i } · maxi σs (P0i )/9
In the following lemma, we adopt the notation where for a matrix M, mi := M1:s,i .
Lemma 9 Let P be a preference matrix with a unique von Neumann winner, w, supported on the
first s indices and consider the decomposition in Definition 3.2. Let Q be a K × K preference
matrix satisfying
1. kQ1:s − P0 k < ∆(P), using the notation of Definition 8,
2. kpi − qi k < i /3 for all i > S.
Then, Q has a unique von Neumann winner v, supported on the first s actions. Furthermore, it
holds that i > s that hv, qi i > i /3, and that ∆(Q) defined as in Definition 8 is lower bounded by
∆(Q) ≥ ∆(P)/9.
Proof Applying Lemmas 6 to P0 and Q1:s and using the first bound above, we can conclude that
Q1:s has a unique von Neumann winner v0 with no vanishing coordinates and satisfying kw0 −
v0 k < /2. For i > s, applying Lemma 7 to w0 and pi and using the second bound above, we can
conclude that
hqi , vi > hpi , wi − ∆i /3 − kpi k/2 =


2∆i /3 − min min ∆j /kpj k, wmin kpi k/3 ≥ 2∆i /3 − ∆i /3 = ∆i /3
j>s

It follows that v defined as v0 padded with zeros is the unique von Neumann winner of Q. The
claim regarding ∆(Q) follows via an elementary calculation.
The previous lemma can now be used for two separate claims. The first is the correctness of the
algorithm. For a matrix Q and a confidence region C around it, if we conclude that any P inside C
15
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is close enough to Q, in the terms stated above then we can conclude that all the matrices in C share
the same support for their von Neumann winner. The second claim is for the convergence. Once our
hypothesis matrix Q is close enough to the true matrix P, it is guaranteed to have sufficiently large
∆ and  measures, meaning that an algorithm excluding actions based on the confidence region and
the ∆ and  measures will be able to do so within a bounded amount of time.
5.4. Tying the Loss in a Game to the Distance From the von Neumann Winner
In this section we prove that a low regret policy must have its strategy converge to that of the von
Neumann winner not only in terms of its regret, but only in terms of the strategy it plays. The rate
of convergence relies on the problem specific parameters. We start by bounding the loss obtained
by playing any vector that is orthogonal to the von Neumann winner, in the setting where the von
Neumann winner has a full support.
Lemma 10 Let P be a s × s skew-symmetric matrix with a unique von Neumann winner w with
full support. Let σ be the s − 1 singular value of the matrix P. Let x be a Euclidean unit vector
σ
orthogonal to w. Then it must be the case that mini (x> P)i ≤ − 2√
s
Proof Let  = − mini (x> P)i . Set r as the vector taking a zero value in the indices where
√
(x> P)i ≥ 0 and −(x> P)i elsewhere. We clearly have that krk ≤ s and kx> P + rk1 ≤
kx> Pk1 . Now, using the notation h·, ·i for the dot product of two vectors, we have


√
x> P + r
kx> Pk2 − x> Pr
kx> Pk2 − kx> Pk s
>
− x P, >
=
≥
kx P + rk1
kx> P + rk1
kx> Pk1
√
√
kx> Pk − s
σ − s
√
√
≥
≥
s
s
P
σ
. Notice that i (x> P)2i = kx> Pk2 ≥
Assume for the sake of contradiction that we have  < 2√
s
σ 2 , hence our assumption on  dictates that x> P has entries with a positive value. It follows that
x> P + r is non-zero, meaning that the inner product in the above equation is in fact a weighted
averaging of the entries of x> P. We conclude that
D
E σ − √s
>
>
>
>
√
 = max −(x P)i ≥ − x P, (x P + r)/kx P + rk1 ≥
i
s
√
Rearranging we get  ≥ σ/2 s contradicting our assumption. We conclude that it must be the case
√
that  ≥ σ/2 s.
We are now ready to lower bound the loss suffered by playing any vector that is orthogonal to
the von Neumann winner in the setting where the von Neumann winner does not necessarily have
a full support. We adopt the convention that for any matrix M, we use the notation mi to denote
the transpose of the ith column of M. Moreover, for any K-dimensional (row) vector x, we denote
by x0 the s-dimensional vector consisting of the first s coordinates and x1 the K − s-dimensional
vector consisting of the remaining coordinates. Furthermore, we use the notation
x0 := [x0 0] and x1 := [0 x1 ].

(7)

Note that we have x = x0 + x1 and that for any p we have kxi kp = kxi kp , where k · kp denotes the
Lp norm of a vector.
16
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Lemma 11 Let P be a K × K preference matrix with a unique von Neumann winner w with
support on the first s actions and consider the decomposition in Definition 3.2: in particular, P0
is the s × s minor and we have w = [w0 w1 ] with w0 of length s. Let us also define  :=
>
0
mini∈S
/ (w P)i . Denote by σ the smallest non-zero singular value of the matrix P . Let x be a
vector that is orthogonal to w. We have that
− min xpi ≥ kxk1
i≤s

σ
2s

Proof Using the notation of Equation (7), we have x = x0 + x1 and kxk1 = kx0 k1 + kx1 k1 , since
the nonzero coordinates of x0 and x1 are non-overlapping. Also, we have the following two facts:
"
#
 0
 w0 >
>
>
>
0>
0>
01
P P
x Pw = x
= (−w0 P0 + 0)(x0 )> = 0 as P0 = −P0 and w0 P0 = 0
0
>

x1 Pw ≤ −kx1 k1

by the definition of 

Using this and the notation bı := arg mini≤s xp>
i , we have

X
X
>
wi
as w is supported on the first s coordinates and so
min xp>
=
xp
wi = 1
i
bı
i≤s

i≤s

i≤s

≤

X

xp>
i



wi

since

i≤s
>

xpb>
ı

≤ xp>
i for all i

= x Pw
>

>

= x0 Pw + x1 Pw
≤ −kx1 k1
Multiplying everything in the above chain of inequalities by −1, we get
1
− min xp>
i ≥ kx k1
i≤s

On the other hand, according to Lemma 10 we have that
− min x0 p>
i ≥
i≤s

kx0 k2 σ
kx0 k1 σ
√ ≥
2s
2 s

17
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and by the definition of x = x0 + x1 we get


1 >
− min xp>
x 0 p>
i = − min
i + x pi
i≤s
i≤s


1 >
+
x
p
= max − x0 p>
i
i
i≤s

1 >
≥ − min x0 p>
i − max |x pi |
i≤s

≥

− min x0 p>
i
i≤s
kx0 kσ

i≤s
1

− kx k1

∀i, j, Pij ∈ [−1, 1]

√ − kx1 k1
2 s
kx0 k1 σ
≥
− kx1 k1
2s
σ(kxk1 − kx1 k1 )
− kx1 k1
≥
2s
σkxk1 − (σ + 2s)kx1 k1
=
2s

≥

Lemma 10
Cauchy-Schwarz inequality
kxk1 = kx0 k1 + kx1 k1
(9)

Equations (8) and (9) provide two lower bounds on − mini≤s xp>
i , both of them linear functions
1
of kx k1 , one with negative slope and the other with positive slope. But, the upper envelope of two
linear functions is bounded from below by the height of the point where the two lines intersect. So,
setting the right-hand sides of Equations (8) and (9) and so solving for kx1 k1 , we get
kx1 k1 =
and since  ≤ 1,
− min xp>
i ≥ kxk1
i≤s

σkxk1
2s(1 + ) − σ
σ
σ
≥ kxk1
2s(1 + ) − σ
4s

as required.
We are now ready for the main result of this section stating that by playing a vector v that is far
away from w, the suffered loss must be large with linear proportion to the distance of v from w.
Lemma 12 Let v be a probability vector in RK . Let P be a skew-symmetric matrix with entires in [−1, 1] and a unique von Neumann winner w. Let S be the support of w and let  =
>
th
mini∈S
/ (w P)i . Denote by σ the (|S| − 1) singular value of the matrix PS (cf. Definition 2).
Then it holds that
σkw − vk
min(v> P)i ≤ − √
i
2 K|S|kwk
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D
E
Proof Since w is a probability vector we have that w, √1K = √1K and in particular, w −
p
kwk2 − 1/|K|. It follows that for any vector z ⊥ 1, we have


1 h1, zi
h1, wi h1, zi
1 h1, wi
,z −
+
hw, zi = w −
|K|
|K|
|K|


1
= w−
,z
|K|
r
1
≤ kzk kwk2 −
K
Now, we can write
kwk2 kw + zk2 = kwk4 + 2 hw, zi kwk2 + kzk2 kwk2
and
hw, w + zi2 = kwk4 + 2 hw, zi kwk2 + hw, zi2
meaning that
kwk2 kw + zk2 − hw, w + zi2 = kzk2 kwk2 − hw, zi2 ≥

kzk2
K

Now, since both w, v are probability vectors, we have that z = v − w ⊥ 1 meaning that
kwk2 kvk2 (1 − cos2 θ) = kwk2 kvk2 − hw, vi2 ≥

kw − vk2
K

with θ being the angle between the vectors w, v. We conclude that
kw − vk
sin θ ≥ √
Kkwkkvk
This implies that if we write v = αw + u with u ⊥ w, it must be the case that
kw − vk
kuk = kvk sin θ ≥ √
Kkwk
We now apply Lemma 11 to conclude that for some i ∈ S, with S being the support of w,
−(v> P)i = −α(w> P)i − (u> P)i = −(u> P)i ≥

19
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√
≥
2|S|
2|S| Kkwk
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5.5. Low Regret Algorithms
In this section we use the fact that low regret implies converging to the von Neumann winner to
prove that when sparring two low-regret algorithms, after a finite (in term of T ) amount of time, the
matrix will be queried sufficiently many times in order to determine its von Neumann support.
In the following we fix P as a skew-symmetric K × K matrix with entries in [−1, 1] with a
unique von Neumann winner w. W.l.o.g. we assume the support of w is in entries 1 through s. We
analyze a two player game played for T steps where in each round the players choose x(t), y(t) ∈
∆K respectively. The gain for player #1 is x(t)> Py(t) and for player #2 is y(t)> P> x(t). We
assume that both players are playing a strategy with a high probability regret guarantee stating that
with probability at least 1 − δ,
T
X
p
min
(x(t)> Pz) ≥ −c KT log(K/δ)

z∈∆K

t=1

and the respective guarantee for y.
√ We assume here that for both algorithms, for all time points t
and indices i we have x(t)i ≥ 1/ KT .
Lemma 13 Let x =
for any ρ > 0 and

1
T

PT

t=1 x(t).

Let σ = σ(P),  = (P) be as defined in Lemma 12. It holds

4c2 K 2 s2 kwk2 log(K/δ)
T ≥
=O
σ 2 2 ρ2



K 2 s2 log(K/δ)
σ 2 2 ρ2



that kx − wk∞ < ρ with probability at least 1 − δ.
Proof By Lemma 12 we have that w.p. at least 1 − δ,
p
σkx − wk
√
≤ c KT log(1/δ)/T
2 K|S|kwk
Since kak∞ ≤ kak2 for any vector the claim follows.

Lemma 14 Let i be an action in the support of the von Neumann (w) winner of P, and let j ∈ [K].
There exist some
 2 2

K s log(K/δ) K log(1/δ)2
T0 = O
+
σ 2 2 wi2
wi4
√
Such that if T ≥ T0 then with probability at least 1−O(δ) the pair i, j is queried at least T wi2 /10
many times.
Proof We prove the lemma under the event in which kx − wk∞ < wi /4. By Lemma 13, this event
occurs w.p. at least 1 − δ given that T ≥ T0 for some
 2 2

K s log(K/δ)
T0 = O
σ 2 2 wi2
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Given the bound on kw − xk we would like to bound the number of times in which x(t)i is too
small. To this end we consider the random variable obtained by choosing t uniformly from [T ] and
considering the quantity 1 − x(t)i . This random variable is non-negative and its expected value is at
most 1−3wi /4. We apply Markov’s inequality and obtain that for at most 1/(1+wi /4) ≤ 1−wi /5
fraction of the time it may hold that
1 − x(t)i ≥ (1 − 3wi /4)(1 + wi /4) ≥ 1 − wi /2
In other words, there are at least T wi /5 many values of t ∈ [T ] in which x(t)i ≥ wi /2. According
1
to the property mentioned above we have that for all such t values, y(t)j ≥ √KT
. It follows that
√
wi2 T
x(t)i y(t)j ≥ √
10 K
t=1

T
X

Consider now the random variable Z(t) taking the value of 1 at round t if player #1’s random
process of choosing a single action based on x(t) chose action i and player #2 chose action j. We
have that all such Z(t)’s are Bernoulli random variables with
√
X
wi2 T
E[Z(t)] ≥ √
10 K
t
The following auxiliary lemma
PT provides a concentration bound, via standard techniques, that
allows to lower bound the sum t=1 Z(t)
Lemma 15 (Bernstein’s inequality)
PT Let Z(1), . . . , Z(T ) be a sequence of Bernoulli random variables. Let δ > 0 and assume that t=1 E[Z(t)] ≥ 2 log(1/δ). Then


s X
T
T
X
X
Pr 
Z(t) <
E[Z(t)] − 3
E[Z(t)] log(1/δ) < δ
t=1

In particular, if

PT

t=1 E[Z(t)]

t

t=1

≥ 12 log(1/δ) then
"
Pr

T
X
t=1

#
T
1X
Z(t) <
E[Z(t)] < δ
2
t=1

Proof By Bernstein’s inequality applied on the independent sequence of E[Z(t)] − Z(t), for any
positive α it holds
!
" T
#
X
α2
≤
Pr
(E[Z(t)] − Z(t)) > α < exp − PT
2 ] + 2α/3
2
E[(Z(t)
−
E[Z(t)])
t=1
t=1
α2

exp − PT
2 t=1 E[Z(t)] + 2α/3
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The second inequality is since
Z(t) is a Bernouli random variable and its variance is smaller than its
q P
P
expected value. Set α = 3 Tt=1 E[Z(t)] log(1/δ). Since Tt=1 E[Z(t)] ≥ 2 log(1/δ) we have
2α/3
2
P
= ·
3
t E[Z(t)]

s

2
3 log(1/δ)
P
≤ ·
3
t E[Z(t)]

s

3 log(1/δ)
<1
2 log(1/δ)

Hence,
!
#
T
X
α2
=δ
Pr
(E[Z(t)] − Z(t)) > α < exp − PT
3 t=1 E[Z(t)]
t=1
"

√
w2 T

We continue with the proof of Lemma 14. By the above, since 10i√K ≥ 12 log(1/δ), with large
enough constants in the O() term, we get that w.p. at least 1 − δ it holds that
√
X
wi2 T
Z(t) ≥ √
20 K
t
Since the analog can be said for the probability of player #1 choosing j and player #2 choosing i
the claim follows.

Theorem 16 Let P be a preference matrix with von Neumann winner w with support on the first s
actions and denote by wmin the smallest non-zero coordinate of w. Let n be some natural number,
and let δ > 0. For T ≥ T0 with

 2 2
K s log(K/δ) Kn2 + log(K/δ)2
T0 = O
+
2
4
σ 2 2 wmin
wmin
we have that w.p. at least 1 − δ, every point i, j with i ≤ s being in the support of w is queried at
least n times.
Proof By Lemma 14 we get that for any fixed i, j w.p. at least 1−δ/Ks that the point i, j is queried
at least
√
wi2 T
√ ≥n
10 K
times. The claim follows via union bound.

Corollary 17 For δ > 0,
 2 2

K s log(K/δ) log(K/δ)2 Ks2 log(K/δ)4 Ks4 log(K/δ)4
T0 = Õ
+
+
+
2
4
4
4
σ 2 2 wmin
wmin
4 wmin
∆(P )4 wmin
and T ≥ T0 we have that w.p. at least 1 − δ starting from time T0 and onwards any invocation of
Subroutine 2 will result in the exclusion of all actions outside of [s].
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Proof In what follows we prove the result under the occurrence of (1) the event that the confidence
region of the algorithm contain P and (2) the event leading to the correctness of Theorem 16. These
event occur together by union bound w.p. at least 1 − δ, with large enough constants in the above
O(·) term.
According to Theorem 16 we have that by time T0 , any pair i, j with i ∈ [s] is queried at least


s log(KT0 /δ)2 s2 log(KT0 /δ)2
O
+
2
∆(P )2
√
many times. It follows that that the confidence interval around it is of length at most c min{∆(P)/s, / s}
for some sufficiently small constant c. Also, by the definition of the confidence intervals we know
that the true value of Pij is contained in it. We conclude that at time T0 , w.p. at least 1 − δ, the
empirical estimate Q of P and the confidence region around it C have the following properties
1. P ∈ C
√
2. kQ1:s − P1:s k ≤ kQ1:s − P1:s kF < s · c min{∆(P)/s, / s} < c∆(P), using the notation
of Definition 8
√
√
3. ∀i > s, kqi −pi k < s·c min{∆(P)/s, / s} < ci (P), using the notation of Definition 8
Hence, we may applying Lemma 9 to conclude that additionally, assuming c is sufficiently small,
1. Q has a unique von Neumann winner with the same support as that of P (assumed w.l.o.g. to
be [s])
2. ∀P0 ∈ C, kQ1:s − P01:s k < ∆(Q)
3. ∀P0 ∈ C, kqi − p0i k < i (Q)
It is an easy exercise to show that given this, Subroutine 2 will indeed determine that [s] is the support of the von Neumann winner of all matrices P0 ∈ C, as required.

Corollary 18 There exists some C(P ) = Õ Ks2 min{mini≤s wi , mini>s (w> P)i , σ(PS ), ∆(P)}−4
such that the regret obtained by sparring two copies of Exp3.P with success probability of 1 − δ is
at most
o

n
p
p
O min C(P ) log(1/δ)2 + sT log(s/δ), KT log(K/δ)

6. Conclusion
In this work, we have provided the first instance-dependent regret bound for the multi-armed
dueling
√
e sT ), where s
bandit problem in the absence of a Condorcet winner. The bound takes the form O(
is a sparsity parameter that was shown to be small in practice,
even when the number of actions is
√
e KT ), where K is the number of actions.
large. This improves upon the worst-case bound of O(
Moreover, the result holds for almost all dueling bandit problem. This result is obtained by using a
mixture of multiplicative weights methods and those using confidence bounds for action elimination.
A natural direction for future work is applying the ideas put forth in this work to the contextual
dueling bandit problem, which could lead to the first online contextual dueling bandit algorithm.
Another avenue for further research is the lifting of the remaining restrictions placed on the multiarmed dueling bandit problem.
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